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Abstract

We present an extensive study of H-consistency bounds for multi-class classifi-
cation. These are upper bounds on the target loss estimation error of a predictor
in a hypothesis set J{, expressed in terms of the surrogate loss estimation error
of that predictor. They are stronger and more significant guarantees than Bayes-
consistency, J{-calibration or J{-consistency, and more informative than excess
error bounds derived for J{ being the family of all measurable functions. We give
a series of new JH-consistency bounds for surrogate multi-class losses, including
max losses, sum losses, and constrained losses, both in the non-adversarial and
adversarial cases, and for different differentiable or convex auxiliary functions
used. We also prove that no non-trivial J{-consistency bound can be given in some
cases. To our knowledge, these are the first JH{-consistency bounds proven for the
multi-class setting. Our proof techniques are also novel and likely to be useful in
the analysis of other such guarantees.

1 Introduction

The loss functions optimized by learning algorithms are often distinct from the original one specified
for a task. This is typically because optimizing the original loss is computationally intractable or
because it does not admit some favorable properties of differentiability or smoothness. As an example,
the loss function minimized by the support vector machine (SVM) algorithm is the hinge loss (Cortes
and Vapnik, 1995) or the one associated to AdaBoost is the exponential loss (Schapire and Freund,
2012), both distinct from the binary classification loss used as a benchmark in applications. But, what
learning guarantees can we rely on when using a surrogate loss? This is a fundamental question in
learning theory that directly relates to the design of algorithms.

The standard property of Bayes-consistency, which has been shown to hold for several surrogate
losses (Zhang, 2004a,b; Bartlett, Jordan, and McAuliffe, 2006; Tewari and Bartlett, 2007; Steinwart,
2007), does not supply a sufficient guarantee, since it only ensures that, asymptotically, near optimal
minimizers of the surrogate excess loss nearly optimally minimize the target excess error. Moreover,
this asymptotic property only holds for the full family of measurable functions, which of course is
distinct from the more restricted hypothesis set used by a learning algorithm. In fact, it has been
shown by Long and Servedio (2013), both theoretically and empirically, that for some hypothesis sets
and distributions, the expected error of an algorithm minimizing a Bayes-consistent loss is bounded
below by a positive constant, while that of an algorithm minimizing an inconsistent loss goes to zero.
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This suggests that a hypothesis set-dependent notion of J{-consistency is more pertinent to the study
of consistency for learning (Long and Servedio, 2013), which has been used by Kuznetsov et al.
(2014); Cortes et al. (2016a,b) and Zhang and Agarwal (2020) and more generally by Awasthi, Frank,
Mao, Mohri, and Zhong (2021a) in an extensive study of both binary classification and adversarial
binary classification losses, as defined in (Goodfellow et al., 2014; Madry et al., 2017; Tsipras et al.,
2018; Carlini and Wagner, 2017). Nevertheless, J{-consistency remains an asymptotic property and
does not provide guarantees for approximate surrogate loss minimizers that rely on finite samples.

Awasthi, Mao, Mohri, and Zhong (2022a) recently presented a series of results providing -
consistency bounds in binary classification. These are upper bounds on the target loss estimation
error of a predictor in a hypothesis set J{, expressed in terms of the surrogate loss estimation error of
that predictor. These guarantees are significantly stronger than the J{-calibration or J{-consistency
properties studied by Awasthi et al. (2021b,c). They are also more informative than similar excess
error bounds derived in the literature, which correspond to the special case where J{ is the family
of all measurable functions (Zhang, 2004a; Bartlett et al., 2006; Mohri et al., 2018). Combining
I -consistency bounds with existing surrogate loss estimation bounds directly yields finite sample
bounds on the estimation error for the original loss. See Appendix C for a more detailed discussion.

This paper presents an extensive study of J{-consistency bounds for multi-class classification. We
show in Section 4.1 that, in general, no non-trivial H{-consistency bounds can be derived for multi-
class max losses such as those of Crammer and Singer (2001), when used with a convex loss auxiliary
function such as the hinge loss. On the positive side, we prove multi-class J{-consistency bounds for
max losses under a realizability assumption and give multi-class J{-consistency bounds using as an
auxiliary function the p-margin loss, without requiring a realizability assumption. For sum losses, that
is multi-class losses such as that of Weston and Watkins (1998), we give a series of results, including
a negative result when using as auxiliary function the hinge-loss, and J{-consistency bounds when
using the exponential loss, the squared hinge-loss, and the p-margin loss (Section 4.2). We also
present a series of results for the so-called constrained losses, such as the loss function adopted
by Lee et al. (2004) in the analysis of multi-class SVM. Here, we prove multi-class H{-consistency
bounds when using as an auxiliary function the hinge-loss, the squared hinge-loss, the exponential
loss, and the p-margin loss (Section 4.3). We further give multi-class adversarial H{-consistency
bounds for all three of the general multi-class losses just mentioned (max losses, sum losses and
constrained losses) in Section 5.

We are not aware of any prior H-consistency bound derived in the multi-class setting, even in the
special case of J{ being the family of all measurable functions, whether in the non-adversarial or
adversarial setting. All of our results are novel, including our proof techniques. Our results are
given for the hypothesis set J{ being the family of all measurable functions, the family of linear
functions, or the family of one-hidden-layer ReLU neural networks. The binary classification results
of Awasthi et al. (2022a) do not readily extend to the multi-class setting since the study of calibration
and conditional risk is more complex, the form of the surrogate losses is more diverse, and in general
the analysis is more involved and requires entirely novel proof techniques in the multi-class setting
(see Section 3 for a more detailed discussion of this point).

We give a detailed discussion of related work in Appendix A. We start with the introduction of several
multi-class definitions, as well as key concepts and definitions related to the study of J{-consistency
bounds (Section 2).

2 Preliminaries

We consider the familiar multi-class classification scenario with ¢ > 2 classes. We denote by X the
input space and by Y = {1,...,c} the set of classes or categories. Let H be a hypothesis set of
functions mapping from X x Y to R. The label h(z) associated by a hypothesis A € H to x € X is
the one with the largest score: h(x) = argmax, .y h(x,y) with an arbitrary but fixed deterministic
strategy used for breaking ties. For simplicity, we fix that strategy to be the one selecting the label
with the highest index under the natural ordering of labels. See Appendix B for a more detailed
discussion of this choice.

The margin pp,(x,y) of a hypothesis h € H for a labeled example (z,y) € X x Y is defined by
ph(xa y) = h(xv y) - ma’Xh(xa y,)v
Y'Y
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that is the difference between the score assigned to (x,y) and that of the runner-up. Given a
distribution D over X x Y and a loss function ¢:H x X x Y — R, the generalization error of a
hypothesis h € H and the minimal generalization error are defined as follows:
Re(h)=E [l(h d  Rjgc=inf Re(h).
(h)= E Whzy)] and  Rige= inf Re(h)

)~

The goal in multi-class classification is to select a hypothesis h € J{ with small generalization error
with respect to the multi-class 0/1 loss defined, for any h € H, by £o_1(h,7,y) = Th(g)+y. In the
adversarial scenario, the goal is to select a hypothesis i € J{ with small adversarial generalization
error defined, for any v € (0,1) and p € [1, +00], by Ry (h) = E(; ). [{+ (R, z,y)], where

E’Y(ha z, y) = sup ]lph(w',y)SO = ]lian,Z”I,I/H’ < Pr(2",y)<0>
al|lz—z'|| p<y ’

is the adversarial multi-class 0/1 loss. More generally, the adversarial generalization error and

minimal adversarial generalization error for a loss function £(h, x,y) are defined as follows:

Rz(h)z(mygw[ﬁ(h,x,y)] and R?EH:g?}fcﬂzz(h),

where 0(h,z,y) = SUDP s g-av |, <y L (s @', y) is the supremum-based counterpart of /.

For a distribution D over X x Y, we define, for any = € X, p(x) = (p(z,1),...,p(z,c)), where
p(x,y) = D(Y = y| X = x) is the conditional probability of Y = y given X = x. We can then write
the generalization error as Ry(h) = Ex[C(h,z)], where Cy(h,x) is the conditional ¢-risk defined
by Co(h, ) = ¥yey p(x,y)0(h,z,y). We will denote by P a set of distributions D over X x Y and by
P.u the set of all such distributions. For convenience, we define ¢max by Ymax = argmax, .y p(z,y).
When there is a tie, we pick the label with the highest index under the natural ordering of labels.

The minimal conditional {-risk is denoted by C; 5. (x) = infpesc Co(h, ). We also use the following
shorthand for the gap ACy 5¢(h,x) = Co(h,z) - €] 5¢(x) and call AC/ 5¢(h, ¥)Lac, 4 (h,z)>c the
conditional e-regret for £. For convenience, we also define, for any vector 7 = (71, ...,7.) in the
probability simplex of R, Co(h,z,7) = ¥yey 7y {(h,2,y), Cf 5¢(2,7) = infresc Co(h,x,7) and
ACyg¢(h,z,7) = €o(h,x,7) = €} 5¢(x,7). Thus, we have ACy 5¢(h, x,p(x)) = AC¢ 3¢(h,x). For
any € > 0, we will denote by [t]6 the e-truncation of ¢ € R defined by ¢14,.. Thus, the conditional
e-regret can be rewritten as [ACy 5¢(h, )],
For a hypothesis set { and distribution D, we also define the (¢, H)-minimizability gap as My ¢ =
Rigc—Ex [ng{(x)], that is the difference between the best-in class error and the expectation of
the minimal conditional ¢-risk. This is a key quantity appearing in our bounds that we cannot hope
to estimate or minimize. Its value only depends on the distribution D and the hypothesis set H. As
an example, when K is the family of all measurable functions, then the minimizability gap for the
multi-class 0/1 loss is zero for any distribution D.

3 General theorems

The general form of the I -consistency bounds that we are seeking for a surrogate loss ¢; of a target
loss £2 is Ry, (h) = R}, 4¢ < f(Re, (h) = R7, 4¢) for all h € H, for some non-decreasing function
f. To derive such bounds for surrogate multi-class losses, we draw on the following two general
theorems, which show that, under some conditions, the target loss estimation error can be bounded
by some functional form of the surrogate loss estimation error involving minimizability gaps.
Theorem 1 (Distribution-dependent W-bound). Assume that there exists a convex function
U:R, > R with ¥(0) > 0 and € > 0 such that the following holds for all h € H, xz € X and
DeP: \I/([Aeg2,g{(h, 2)].) < A€y, 5¢(h, ). Then, for any hypothesis h € H and any distribution
DeP,

U(Re, (h) = R7, g + Moy 5¢) < R, (R) = RG, g¢ + Mg, 5¢ + max{¥(0), ¥(e)}.

Theorem 2 (Distribution-dependent I'-bound). Assume that there exists a concave function
IR, - R and € > 0 such that the following holds for all h € H, v € X and D € P:
[ACy, 3¢ (h,x)], <T'(ACy, 3¢(h,x)). Then, for any hypothesis h € 3 and any distribution D € P,

Re, (h) = R, 50 <T(Rey (B) = R, g0+ My 5¢) = My 3¢ + €
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The theorems show that, to derive such bounds for a specific hypothesis set and a set of distributions,
it suffices to verify that for the same hypothesis set and set of distributions, the conditional e-regret
for the target loss can be upper bounded with the same functional form of the gap between the
conditional risk and minimal conditional risk of the surrogate loss. These results are similar to their
binary classification counterparts due to Awasthi et al. (2022b). In particular, the conditional ¢-risk
C¢(h,z) in our theorems is the multi-class generalization of their binary definition. The proofs are
similar and are included in Appendix E for completeness.

For a given hypothesis set J{, the resulting bounds suggest three key ingredients for the choice of a
surrogate loss: (1) the functional form of the JH-consistency bound, which is specified by the function
U or I'; (2) the smoothness of the loss and more generally its optimization virtues, as needed for
the minimization of Ry, (h) — th%; (3) and the approximation properties of the surrogate loss
function which determine the value of the minimizability gap My, 4¢. Our quantitative J{-consistency
bounds can help select the most favorable surrogate loss function among surrogate losses with good
optimization merits and comparable approximation properties.

In Section 4 and Section 5, we will apply Theorem | and Theorem 2 to the analysis of multi-class loss
functions and hypothesis sets widely used in practice. Here, we wish to first comment on the novelty
of our results and proof techniques. Let us emphasize that although the general tools of Theorems 1
and 2 are the multi-class generalization of that in (Awasthi et al., 2022a), the binary classification
results of Awasthi et al. (2022a) do not readily extend to the multi-class setting. This is true, even in
the classical study of Bayes-consistency, where the multi-class setting (Tewari and Bartlett, 2007)
does not readily follow the binary case (Bartlett et al., 2006) and required an alternative analysis and
new proofs. Note that, additionally, in the multi-class setting, surrogate losses are more diverse: we
will distinguish max losses, sum losses, and constrained losses and present an analysis for each loss
family with various auxiliary functions for each (see Section 4).

Proof techniques. More specifically, the need for novel proof techniques stems from the following.
To use Theorem | and Theorem 2, we need to find ¥ and I' such that the inequality conditions in
these theorems hold. This requires us to characterize the conditional risk and the minimal conditional
risk of the multi-class zero-one loss function and the corresponding ones for diverse surrogate
loss functions in both the non-adversarial and adversarial scenario. Unlike the binary case, such a
characterization in the multi-class setting is very difficult. For example, for the constrained loss,
solving the minimal conditional risk given a hypothesis set is equivalent to solving a c-dimensional
constrained optimization problem, which does not admit an analytical expression. In contrast, in the
binary case, solving the minimal conditional risk is equivalent to solving a minimization problem for
a univariate function and the needed function ¥ can be characterized explicitly by the J{-estimation
error transformation, as shown in (Awasthi et al., 2022a). Unfortunately, such binary classification
transformation tools cannot be adapted to the multi-class setting. Instead, in our proof for the multi-
class setting, we adopt a new idea that avoids directly characterizing the explicit expression of the
minimal conditional risk.

For example, for the constrained loss, we leverage the condition of (Lee et al., 2004) that the scores
sum to zero, and appropriately choose a hypothesis & that differs from h only by its scores for
h(z) and ymax (see Appendix K). Then, we can upper bound the minimal conditional risk by the
conditional risk of h without having to derive the closed form expression of the minimal conditional
risk. Therefore, the conditional regret of the surrogate loss can be lower bounded by that of the
zero-one loss with an appropriate function W. To the best of our knowledge, this proof idea and
technique are entirely novel. We believe that they can be used for the analysis of other multi-class
surrogate losses. Furthermore, all of our multi-class J{-consistency results are new. Likewise, our
proofs of the H-consistency bounds for sum losses for the squared hinge loss and exponential loss
use similarly a new technique and idea, and so does the proof for the p-margin loss. Furthermore, we
also present an analysis of the adversarial scenario (see Section 5), for which the multi-class proofs
are also novel. Finally, our bounds in the multi-class setting are more general: for ¢ = 2, we recover
the binary classification bounds of (Awasthi et al., 2022a). Thus, our bounds benefit from the same
tightness guarantees shown by (Awasthi et al., 2022a). A further analysis of the tightness of our
guarantees in the multi-class setting is left to future work.
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4 H-consistency bounds

In this section, we discuss J{-consistency bounds in the non-adversarial scenario where the target loss
{5 is £o_1, the multi-class 0/1 loss. The lemma stated next characterizes the minimal conditional £_1 -
risk and the corresponding conditional e-regret, which will be helpful for instantiating Theorems 1
and 2 in the non-adversarial scenario. For any x € X, we will denote, by H(z) the set of labels
generated by hypotheses in H: H(x) = {h(x):h € H}.

Lemma 3. For any x € X, the minimal conditional {y_;-risk and the conditional e-regret for {y_q
can be expressed as follows:

G;fo_hg{(x) =1- max p(z,y)
yeH(z)

[AC_, 3c(h@)], = yg'gaé)p(x»y)—p(%h(x)) :

€

The proof of Lemma 3 is given in Appendix F. By Lemma 3, Theorems 1 and 2 can be instantiated
as Theorems 4 and 5 in the non-adversarial scenario as follows, where J{-consistency bounds are
provided between the multi-class 0/1 loss and a surrogate loss /.

Theorem 4 (Non-adversarial distribution-dependent W-bound). Assume that there exists a convex
Sunction U:R, — R with ¥(0) > 0 and € > 0 such that the following holds for all h € H, x € X and
DeP:

w([ i p(e.9) . h(m))]

yeH(x

) < ACqse(h ). 1)

€

Then, for any hypothesis h € H and any distribution D € P, we have
U(Reo, (R) = Ry, | ac + Meg_y 30) < Re(h) = R 50 + My ge + max{¥(0),T(e)}. (2

Theorem 5 (Non-adversarial distribution-dependent I'-bound). Assume that there exists a con-
cave function I':R, - R and € > 0 such that the following holds for all h € H, x € X and D € P:

[yggg) (2.9) —p(x,h<x)>] < T(ACya(h,)). G)

Then, for any hypothesis h € H and any distribution D € P, we have
Reo () = RG, | a¢ <T(Re(h) = Rf g¢ + Meac) = Mg,y 3¢ + €. 4)

In the following, we will apply Theorems 4 and 5 to study the J-consistency bounds for different
families of multi-class losses parameterized by various auxiliary functions, for several general
hypothesis sets. It is worth emphasizing that the form of the surrogate losses is more diverse in the
multi-class setting and each case requires a careful analysis and that the techniques used in the binary
case (Awasthi et al., 2022a) do not apply and cannot be readily extended to our case.

Hypothesis sets. Let Bf(r) = {zeR?||z], <r} denote the d-dimensional £,-ball with radius
r, with p € [1,+0c0]. Without loss of generality, in the following, we choose X = Bg(l). Let
p,q € [1,+00] be conjugate indices, that is - + 1 = 1. In the following, we will specifically study
three families: the family of all measurable functions J{,j;, the family of linear hypotheses

Hiim = {(2,) > wy -z + by | Jwyll, < W, [by| < B,

and that of one-hidden-layer ReLU networks defined by the following, where (-). = max(-,0):

n
Hoo - {(ac,y) Sty (wyg -4 by )o | gl < A Jg s la < Wi by < B}.
=1

Multi-class loss families. We will study three broad families of multi-class loss functions: max

losses, sum losses and constrained losses, each parameterized by an auxiliary function ® on R,
assumed to be non-increasing and non-negative. In particular, we will consider the following
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Figure 1: Left: auxiliary functions with p = 0.8. Right: H-consistency dependence between ¢y_; and
pestnd with p = 0.8.

common auxiliary functions: the hinge loss ®pinge(t) = max{0,1-t}, the squared hinge loss
Dyq—hinge(t) = max{0,1 - t}?, the exponential loss Pexp(t) = €', and the p-margin loss @, (1) =
min{max{0,1-¢/p}, 1}. Note that the first three auxiliary functions are convex, while the last one
is not. Figure 1 shows plots of these auxiliary functions.

We will say that a hypothesis set H is symmetric if there exists a family F of functions f mapping
from X to R such that {[h(z,1),...,h(x,c)]:he H} = {[fi(z),..., fe(2)]: f1,..., fc € F} and
{f(z): f € F}| > 2 for any x € X. The hypothesis sets defined above (Hay, Hyi, and Hyy) are all
symmetric. Note that for a symmetric hypothesis set H, we have H(x) = Y.

We will say that a hypothesis set J is complete if the set of scores it generates spans R, that is,
{h(z,y):h e H} =R, for any (z,y) € X x Y. The hypothesis sets defined above, H,y, Hyi, and
Hnn with B = +oo are all complete.

4.1 Max losses

In this section, we discuss guarantees for max losses, that is loss functions that can be defined by the
application of an auxiliary function ¥ to the margin py, (2, ), as in (Crammer and Singer, 2001):

V(z,y)eXxY, O"¥(h,x,y)= r;}ggé(h(ar,y) = h(z,y")) = ®(pn(z,y)). ©)

i) Negative results. We first give negative results showing that max losses ®™2*(h, x, ) with convex
and non-increasing auxiliary functions ¢ do not admit useful H-consistency bounds for multi-class
classification (c > 2). The proof is given in Appendix G.

Theorem 6 (Negative results for convex ®). Assume that ¢ > 2. Suppose that ® is convex and
non-increasing, and H satisfies there exist v € X and h € H such that |H(x)| > 2 and h(x,y) are
equal for all y €Y. If for a non-decreasing function f:R, — R, the following H-consistency bound
holds for any hypothesis h € H and any distribution D:

:R’ZO—I (h) - fRzo,l,J{ < f(:R‘Pmax (h) - :Rz%max,ﬂ-f)ﬂ (6)
then, f is lower bounded by %

The condition on the hypothesis set in Theorem 6 is very general and all symmetric hypothesis sets
verify the condition, e.g. .1, Hiin and Hyy. It is also worth pointing out that when ¢ = 2, that is,
in binary classification, Theorem 6 does not hold. Indeed, Awasthi et al. (2022a) present a series of
results providing J{-consistency bounds for convex ® in the binary case. In the proof, we make use
of the assumption that ¢ > 2 and thus are able to take a probability vector p(x) whose dimension is at
least three, which is crucial for the proof.

ii) Positive results without distributional assumptions. On the positive side, the max loss with the
non-convex auxiliary function ® = ®, admits J{-consistency bounds.

Theorem 7 (H-consistency bound of ©'**). Suppose that H is symmetric. Then, for any hypothesis
h € H and any distribution D,

*
R(I)glax (h,) - R 21ax’f}( + Mq;.g\ax’g{

min{l, inf e suphgl}; on(z,h(z)) }

jzeo—l (h) - Rzo,hg{ < - MZD,IJ—(- (7)

See Appendix G for the proof. Theorem 7 is very powerful since it only requires J{ to be symmetric.
We can use it to derive H-consistency bounds for ®7'** with common symmetric hypothesis sets
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Table 1: H{-consistency bounds for ®*** with common symmetric hypothesis sets.

Hypothesis set ~ H-consistency bound of ®** (Corollaries 18, 19 and 20)

* *
Han Reoy (h) - :Rfo—lﬂfan S R‘I)Bmx(h) B :Rq);“axyf}fau
Romax (h)-Rimax g¢,, +Memax ¢,
. _ P P p 7 in p >7lin
Hiin ‘(Rfofl(h) fRéo,l,ﬂ—Clm < min{l E} Mzo—l’}(lin
P
Remax (h)=Rpmax g, +Memax g
_ P P p O THIINN p NN
Hnn IRZoq(h) R£0,179—CNN < min{l 2AB} Mzo—la}CNN
Top

such as J,y1, Hji,n and Hny, as summarized in Table 1. The proofs with corresponding summarized
Corollaries 18, 19 and 20 are included in Appendix H. In the proofs, we characterize the term
inf ex sup,eqc pr (2, h(2)) for each hypothesis set.

Note that by Theorem 6, there is no useful J{-consistency bound for the max loss with ® = ®y;;e,
®gq—hinge OF Peyp in these cases. However, under the realizability assumption (Definition 8), we will
show that such bounds hold.

iii) Positive results with realizable distributions. We consider the J{-realizability condition (Long
and Servedio, 2013; Kuznetsov et al., 2014; Cortes et al., 2016a,b; Zhang and Agarwal, 2020; Awasthi
et al., 2021a) which is defined as follows.

Definition 8 (H-realizability). A distribution D over X x Y is H-realizable if it labels points
according to a deterministic model in 3, i.e., if 3h € 3} such that P, ,y.o (pn(z,y) >0) = 1.

Theorem 9 (Realizable J{-consistency bound of ®™%*). Suppose that H is symmetric and complete,
and @ is non-increasing and satisfies that limy_, o, ®(t) = 0. Then, for any hypothesis h € H and
any H-realizable distribution D, we have

:R&Fl (h) - R;Oil’g{ < R@maX(h) - R:%[nax,g.c + M@max)g—c. (8)
See Appendix G for the proof. Long and Servedio (2013, Theorem 9) show that @ﬂige is realizable
H-consistent for any symmetric hypothesis set J{ that is closed under scaling. Since for any H-
realizable distribution, the assumption that I is closed under scaling implies that H is complete and
Mgmax g¢ = 0, Theorem 9 also yields a quantitative relationship in that case that is stronger than the
asymptotic consistency property of that previous work.

4.2 Sum losses

In this section, we discuss guarantees for sum losses, that is loss functions defined via a sum, as in
(Weston and Watkins, 1998):
O™ (h,x,y) = Y O(h(w,y) - h(z,y)). 9

y'#Fy

i) Negative results. We first give a negative result showing that when using as auxiliary function
the hinge-loss, the sum loss cannot benefit from any useful J{-consistency guarantee. The proof is
deferred to Appendix J.

Theorem 10 (Negative results for hinge loss). Assume that ¢ > 2. Suppose that H is symmetric and
complete. If for a non-decreasing function f:R, — R, the following I -consistency bound holds for
any hypothesis h € H and any distribution D:

Reoo (B) =Ry, a¢ < f(%b;l;;;;e (h) - R;f]‘;‘]‘ée,%)’ (10)

then, f is lower bounded by %.

ii) Positive results. We then complement this negative result with positive results when using the
exponential loss, the squared hinge-loss, and the p-margin loss, as summarized in Table 2. The proofs
with corresponding summarized Theorems 22, 23 and 24 are included in Appendix J for completeness.
For @7, the symmetry and completeness assumption can be relaxed to symmetry and the condition
that for any = € X, there exists a hypothesis h € H such that |h(x,i) — h(x,j)| > pforany i +j €Y,
as shown in Theorem 24. In the proof, we introduce an auxiliary Lemma 21 in Appendix I, which
would be helpful for lower bounding the conditional regret of ®7*™ with that of the multi-class 0 /1
loss.
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Table 2: JH-consistency bounds for sum losses with symmetric and complete hypothesis sets.

Sum loss JH-consistency bound (Theorems 22, 23 and 24)

(S

sum Regy (h) =R, g < (Jz@um (h) = Ryeum  g¢ + Mapsum }C) =My, 3¢

sq-hinge sq-hinge o hinge? sq-hinge’

sum * * 2

(I)exp Reo_y (h) - fRzo_l,ﬂLf < \/i(mé;;;;‘(h) -R Sum,oC + be:;{;‘&f) =M, 3¢
sum * *

5 Reg1 (h) = R}, 5 < Ragom (1) = R ¢ + Maagum 90 = Mo, 3¢

Table 3: J-consistency bounds for constrained losses with symmetric and complete hypothesis sets.
Constrained loss J{-consistency bound (Theorems 25, 26, 27 and 28)

cstnd * *
cI)hingc fR@oq (h) - ‘{Réo_l,ﬂ < R@ﬁf;‘;‘ (h) - R@;?;x;ij{ + M@Eﬁ;‘;,}( - Mfoflﬂ'f
cstnd * " %
(I)sq—hinge :Réo—l (h) - :REO_l,ﬂ—C < R@Sgﬂgngc (h) - Rq)::t—ri:iiuge’% + M@::&‘}Sngc,}f - Mfo_hﬂ
cstnd * * 2
ol Reg, (h) =R}, 50 < V2(Rapggpa (h) - Riyesrna ¢ + Maggipa s )" = Meg s 96
cstnd * %
CI)p Rfo,l (h) - Rgml L < R@Zstnd (h) - R‘I)(’;Stnd,g{ + Mq;.zsmdﬂ{ - M@mh%

4.3 Constrained losses

In this section, we discuss guarantees for constrained loss, that is loss functions defined via a
constraint, as in (Lee et al., 2004):

O (b, z,y) = Y ®(-h(z,y")) (11)
y'#y

with the constraint that 3°, .y h(z,y) = 0. We present a series of positive results by proving multi-class
H-consistency bounds when using as an auxiliary function the hinge-loss, the squared hinge-loss,
the exponential loss, and the p-margin loss, as summarized in Table 3. As with the binary case

(Awasthi et al., 2022a), the bound admits a linear dependency for @ﬁ?;’; and @fftnd, in contrast
with a square-root dependency for @ggﬂ’}ﬂnge and @gf&?d, as illustrated in Figure 1. The proofs with

corresponding summarized Theorems 25, 26, 27 and 28 are included in Appendix K for completeness.
For @f,smd, the symmetric and complete assumption can be relaxed to be symmetric and satisfy that

for any x € X, there exists a hypothesis h € H such that h(z,y) < —p for any y # Ymax, as shown in
Theorem 28.

The main idea of the proofs in this section is to leverage the constraint condition of Lee et al. (2004)

that the scores sum to zero, and appropriately choose a hypothesis 4 that differs from & only by its
scores for h(xz) and Ymax. We can then upper bound the minimal conditional risk by the conditional

risk of A, without having to derive the closed form expression of the minimal conditional risk.

As shown by Steinwart (2007, Theorem 3.2), for the family of all measurable functions, the min-
imizability gaps vanish: My,_, 3¢, = Masum 5¢,; = Mgesma g¢,,, = 0, for & = Ppipge, Psqoninges
®.yp and ®,. Therefore, when H = H,y1, our quantitative bounds in Table 2 and Table 3 imply the
asymptotic consistency results of those multi-class losses in (Tewari and Bartlett, 2007), which shows
that our results are stronger and more significant. We also provide bounds for multi-class losses using
a non-convex auxiliary function, which are not studied in the previous work.

5 Adversarial H-consistency bounds

In this section, we analyze multi-class J{-consistency bounds in the adversarial scenario ({2 = £.,).
For any = € X, we denote by J{,(z) the set of hypotheses h with a positive margin on the ball
of radius ~ around x, H, (z) = {h € H:inforpear) <y pr(x’ h(x)) > 0}, and by H, (z) the set of

labels generated by these hypotheses, H, (z) = {h(z):h e H,(z)}. When H is symmetric, we
have H,(z) = Y iff H,(x) # @. The following lemma characterizes the conditional e-regret for
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adversarial 0/1 loss, which will be helpful for applying Theorem 1 and Theorem 2 to the adversarial
scenario.

Lemma 11. For any x € X, the minimal conditional {.,-risk and the conditional e-regret for (., can
be expressed as follows:

Cr ac(x)=1- gﬂaX)P(%y)]lﬂfv(x)m
2% xT

maXyeH., (= p(:L‘,y) _p(m7h(‘T))]lheﬂ-C,Y x lfg{ (il?) * 0
[Aeg%:}((h,l‘)]e B {([) e ( )]6 othe:'wise.

The proof of Lemma 11 is presented in Appendix F. By Lemma 11, Theorems | and 2 can be
instantiated as Theorems 12 and 13 in the adversarial scenario as follows, where J{-consistency
bounds are provided between the adversarial multi-class 0/1 loss and a surrogate loss £.

Theorem 12 (Adversarial distribution-dependent U-bound). Assume that there exists a convex
Sunction U:R, — R with ¥(0) = 0 and € > 0 such that the following holds for all h € 3, x €
{xeX:H, (z)*2} and D € P:

(| e o) =l bD e 0| ) At 12
Then, for any hypothesis h € H and any distribution D € P, we have

U(Re, (h) = Ry, g+ Me, 30) < Re(h) = R g¢ + My ¢ + max{0, U(e)}. (13)
Theorem 13 (Adversarial distribution-dependent I'-bound). Assume that there exists a non-

negative concave function IR, — R and € > 0 such that the following holds for all h ¢ T,
re{reX:H () * 3} and D eP:

| o) =D e | <TAC00(0)) (19
Then, for any hypothesis h € H and any distribution D € P, we have

Re, (h) =R} g¢ <T(Re(h) = R} ¢ + Megc) = Me, g¢ + €. (15)
Next, we will apply Theorem 12 and Theorem 13 to study various hypothesis sets and adversarial

surrogate loss functions in Sections 5.1 for negative results and Section 5.2, 5.3, and 5.4 for positive
results. A careful analysis is presented in each case (see Appendix L, M, N and O).

5.1 Negative results for adversarial robustness

The following result rules out the J{-consistency guarantee of multi-class losses with a convex
auxiliary function, which are commonly used in practice. The proof is given in Appendix L.

Theorem 14 (Negative results for convex functions). Fix c = 2. Suppose that ® is convex and non-
increasing, and H contains 0 and satisfies the condition that there exists x € X such that 3 (z) # @.
If for a non-decreasing function f:R, — R, the following H-consistency bound holds for any
hypothesis h € H and any distribution D:

Re, (h) =R a0 < F(Re(h) - Rz, ), (16)
then, f is lower bounded by % for U= ®max sum gpg Foestnd,

Instead, we show in Sections 5.2, 5.3, and 5.4 that the max, sum and constrained losses using
as auxiliary function the non-convex p-margin loss admit favorable J{-consistency bounds in the
multi-class setting, thereby significantly generalizing the binary counterpart in (Awasthi et al., 2022a).

5.2 Adversarial max losses

We first consider the adversarial max loss $™#* defined as the supremum based counterpart of (5):
O (h,z,y) = sup D(pa(,y)). (17

a|a-a'] <y

For the adversarial max loss with ® = ®,, we can obtain J-consistency bounds as follows.
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Theorem 15 (J-consistency bound of 5;“‘”‘). Suppose that H is symmetric. Then, for any hypoth-
esis h € H and any distribution D, we have

fR@gmx (h) = RZ e 5 * M@,axﬂ

q;.xglax’

Re, (h) =Rg 5¢ < Mg 5. (18)

Iy foentiac, (2)20) SUPherC (2) D atifaar| <y PR(270(2)) } v

p

min{l,

5.3 Adversarial sum losses

Next, we consider the adversarial sum loss d5"m defined as the supremum based counterpart of (9):

55“’Il(h,x,y) _ sup Z ‘I’(h(l",y) — h(az',y')). (19)

atle—'|| <y y'#y

Using the auxiliary Lemma 21 in Appendix I, we can obtain the J{-consistency bound of 5;“‘“.

Theorem 16 (H-consistency bound of &™), Assume that H is symmetric and that for any
x € X, there exists a hypothesis h € H inducing the same ordering of the labels for any

a' e {x': |z =2, < ’y} and such that infzr;Hz,x/”pS”h(x',i) -h(z',§)| = pforanyi + j €Y.
Then, for any hypothesis h € H and any distribution D, the following inequality holds:

v

ﬂew(h) - fRZﬂ“g{ < :R%zum(h) - Rx g T Mazuru’j{ - My 5. (20)

sum
P )

5.4 Adversarial constrained loss

Similarly, we define the adversarial constrained loss Pestnd g supremum based counterpart of (11):

$cstnd(h7x’y) — sup Z (I)(—h(x’7y’)) (21)

x| w—a’|| <y 'y

with the constraint that 3, .y h(x,y) = 0. For the adversarial constrained loss with ® = ®,, we can
obtain the J{-consistency bound of 5;““‘1 as follows.

Theorem 17 (JH-consistency bound of 5;St“d). Suppose that H is symmetric and satisfies that

for any x € X, there exists a hypothesis h € 3 with the constraint }.,cy h(x,y) = 0 such that

SUD 12 g—a | <y h(x',y) < —p for any y # Ymax. Then, for any hypothesis h € H and any distribution,
<

fRz,y (h) - :Rz.y,f}f < fR$fCﬁmd (h) - R%g““d,f}f + M$r53tnd’ﬂ - Mg%g{. (22)

The proofs of Theorems 15, 16 and 17 are included in Appendix M, N and O respectively. These
results are significant since they apply to general hypothesis sets. In particular, symmetric hypothesis
sets Hanr, Hin and Hyy with B = +oo all verify the conditions of those theorems. When B < +oo,
the conditions in Theorems 16 and 17 can still be verified with a suitable choice of p, where we can
consider the hypotheses such that w,, = 0 in Hy;,, and Hyn, while Theorem 15 holds for any p > 0.

6 Conclusion

We presented a comprehensive study of H{-consistency bounds for multi-class classification, including
the analysis of the three most commonly used families of multi-class surrogate losses (max losses, sum
losses and constrained losses) and including the study of surrogate losses for the adversarial robustness.
Our theoretical analysis helps determine which surrogate losses admit a favorable guarantee for a
given hypothesis set J{. Our bounds can help guide the design of multi-class classification algorithms
for both the adversarial and non-adversarial settings. They also help compare different surrogate
losses for the same setting and the same hypothesis set. Of course, in addition to the functional form
of the J{-consistency bound, the approximation property of a surrogate loss function combined with
the hypothesis set plays an important role.
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