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Abstract

Estimating the effects of continuous-valued interventions from observational data
is a critically important task for climate science, healthcare, and economics. Recent
work focuses on designing neural network architectures and regularization func-
tions to allow for scalable estimation of average and individual-level dose-response
curves from high-dimensional, large-sample data. Such methodologies assume
ignorability (observation of all confounding variables) and positivity (observation
of all treatment levels for every covariate value describing a set of units), assump-
tions problematic in the continuous treatment regime. Scalable sensitivity and
uncertainty analyses to understand the ignorance induced in causal estimates when
these assumptions are relaxed are less studied. Here, we develop a continuous
treatment-effect marginal sensitivity model (CMSM) and derive bounds that agree
with the observed data and a researcher-defined level of hidden confounding. We
introduce a scalable algorithm and uncertainty-aware deep models to derive and
estimate these bounds for high-dimensional, large-sample observational data. We
work in concert with climate scientists interested in the climatological impacts of
human emissions on cloud properties using satellite observations from the past 15
years. This problem is known to be complicated by many unobserved confounders.

1 Introduction

Understanding the causal effect of a continuous variable (termed “treatment”) on individual units
and subgroups is crucial across many fields. In economics, we might like to know the effect of price
on demand from different customer demographics. In healthcare, we might like to know the effect
of medication dosage on health outcomes for patients of various ages and comorbidities. And in
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climate science, we might like to know the effects of anthropogenic emissions on cloud formation and
lifetimes under variable atmospheric conditions. In many cases, these effects must be estimated from
observational data as experiments are often costly, unethical, or otherwise impossible to conduct.

Estimating causal effects from observational data can only be done under certain conditions, some
of which are not testable from data. The most prominent are the common assumptions that all
confounders between treatment and outcome are measured (“no hidden confounders”), and any level
of treatment could occur for any observable covariate vector (“positivity”). These assumptions and
their possible violations introduce uncertainty when estimating treatment effects. Estimating this
uncertainty is crucial for decision-making and scientific understanding. For example, understanding
how unmeasured confounding can change estimates about the impact of emissions on cloud properties
can help to modify global warming projection models to account for the uncertainty it induces.

We present a novel marginal sensitivity model for continuous treatment effects. This model is used to
develop a method that gives the user a corresponding interval representing the “ignorance region” of
the possible treatment outcomes per covariate and treatment level [D’A19] for a specified level of
violation of the no-hidden confounding assumption. We adapt prior work [Tan06, KMZ19, IMGS21]
to the technical challenge presented by continuous treatments. Specifically, we modify the existing
model to work with propensity score densities instead of propensity score probabilities (see Section 3
below) and propose a method to relate ignorability violations to the unexplained range of outcomes.
Further, we derive bootstrapped uncertainty intervals for the estimated ignorance regions and show
how to efficiently compute the intervals, thus providing a method for quantifying the uncertainty
presented by finite data and possible violations of the positivity assumption. We validate our methods
on synthetic data and provide an application on real-world satellite observations of the effects of
anthropogenic emissions on cloud properties. For this application, we develop a new neural network
architecture for estimating continuous treatment effects that can take into account spatiotemporal
covariates. We find that the model accurately captures known patterns of cloud deepening in
response to anthropogenic emission loading with realistic intervals of uncertainty due to unmodeled
confounders in the satellite data.

2 Problem Setting

Let the random variable X € X model observable covariates. For clarity, we will assume that X is a
d-dimensional continuous space: X C R?, but this does not preclude more diverse spaces. Instances
of X are denoted by x. The observable continuous treatment variable is modeled as the random
variable T € 7 C R. Instances of T are denoted by t. Let the random variable Y € ) C R model
the observable continuous outcome variable. Instances of Y are denoted by y. Using the Neyman-
Rubin potential outcomes framework [Ney23, Rub74, Sek08], we model the potential outcome of a
treatment level t by the random variable Y € ). Instances of Y are denoted by y;. We assume that
the observational data, D,,, consists of n realizations of the random variables, D,, = {(x;, t;, yi)}i;-
We let the observed outcome be the potential outcome of the assigned treatment level, y; = yy,, thus
assuming non-interference and consistency [Rub80]. Moreover, we assume that the tuple (x;, t;, y;)
are i.i.d. samples from the joint distribution P(X, T, Yr), where Yo = {Y; : t € T }.

We are interested in the conditional average potential outcome (CAPO) function,

u(x,t), and the average potential outcome (APO) — or dose-response function —
u(t), for continuous valued treatments. These functions are defined by the expectations:
nix,t) = E[Y, | X = x] (1) n(t) = E (X, )] @)

Under the assumptions of ignorability, Yr 1L T | X, and positivity, p(t | X =
x) > 0 : WYt € T,vyx € X — jointly known as strong ignorability [RR83] —
the CAPO and APO are identifiable from the observational distribution P(X,T,Yr) as:

i) =EY |T=tX=x i) = B [f(X, ). )

In practice, however, these assumptions rarely hold. For example, there will almost always be
unobserved confounding variables, thus violating the ignorability (also known as unconfoundedness
or exogeneity) assumption, Yp £ T | X. Moreover, due to both the finite sample of observed
data, D, and also the continuity of treatment T, there will most certainly be values, T = t, that are
unobserved for a given covariate measurement, X = X, leading to violations or near violations of the
positivity assumption (also known as overlap).
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3 Methods

We propose the continuous marginal sensitivity model (CMSM) as a new marginal sensitivity
model (MSM [Tan06]) for continuous treatment variables. The set of conditional distributions of
the potential outcomes given the observed treatment assigned, {P(Yy | T =t,X =x):t € T},
are identifiable from data, D. But, the set of marginal distributions of the potential outcomes,
{P(Y; |, X =x):t €T}, each given as a continuous mixture,

P(Y, | X =x) = / p(t’ | X)P(Y, | T =1, X = x)dt’,
T

are not. This is due to the general unidentifiability of the component distributions, P(Yy | T =
t’, X = x), where Y cannot be observed for units under treatment level T = t’ for t’ # t: the well-
known “fundamental problem of causal inference” [Hol86]. Yet, under the ignorability assumption,
the factual P(Y; | T = t,X = x) and counterfactual P(Y; | T = t/,X = x) are equal for all
t" € T. Thus, P(Yy | X = x) and P(Y; | T = t,X = x) are identical, and any divergence between
them is indicative of hidden confounding. But, such divergence is not observable in practice.

The CMSM supposes a degree of divergence between the unidentifiable P(Y; | X = x) and the
identifiable P(Y; | T = t,X = x) by assuming that the rate of change of P(Y; | X = x) with
respect to P(Y; | T = t,X = x) is bounded by some value greater than or equal to 1. The Radon-

Nikodym derivative formulates the divergence, A(y¢; x,t) = %, under the assumption

that P(Y; | X = x) is absolutely continuous with respectto P(Y; | T =t,X =x),Vt € T.
Proposition 1. Under the additional assumption that P(Y, | T = t,X = x) and the Lebesgue
measure are mutually absolutely continuous, the Radon-Nikodym derivative above is equal to the

ratio between the unidentifiable “complete” propensity density for treatment p(t | yi,X) and the
identifiable “nominal” propensity density for treatment p(t | x),

. o op(t]x)
A(ye; x,t) = ot [vo %)’

Proof (Appendix A.3) and an analysis of this proposition are given in Appendix A.

®)

The value A(y¢; X, t) cannot be identified from the observational data alone; the merit of the CMSM is
that enables a domain expert to express their belief in what is a plausible degree hidden confounding
through the parameter A > 1. Where, A=! < p(t | x)/p(t | ys,%) < A, reflects a hypothesis that
the “complete”, unidentifiable propensity density for subjects with covariates X = x can be different
from the identifiable “nominal” propensity density by at most a factor of A. These inequalities allow
for the specification of user hypothesized complete propensity density functions, p(t | y,x), and we
define the CMSM as the set of such functions that agree with the inequalities.

Definition 1. Continuous Marginal Sensitivity Model (CMSM)

L _ pt]x)
PA:—{pt VoX): = < ————— < AVyeRVxeX (6)
(A) (t]y,x): & (6 [ yex)
Remark. Note that the CMSM is defined in terms of a density ratio, p(t | x)/p(t | yt, x), whereas

: _ . . , P(t|x) P(t]ys,x)
the MSM for binary-valued treatments is defined in terms of an odds ratio, T=P(e) / A=Pltlye )"

Importantly, naively substituting densities into the MSM for binary-treatments would violate the
condition that A > 0 as the densities p(t | x) or p(t | y¢,x) can each be greater than one, which
would result in a negative 1 — p(t | -). The odds ratio is familiar to practitioners. The density ratio is
less so. We offer a transformation of the sensitivity analysis parameter A in terms of the unexplained
range of the outcome later.

3.1 Continuous Treatment Effect Bounds Without Ignorability

The CAPO and APO (dose-response) functions cannot be point identified from observational data
without ignorability. Under the CMSM with a given A, we can only identify a set of CAPO and APO
functions jointly consistent with the observational data D and the continuous marginal sensitivity
model. All of the functions in this set are possible from the point of view of the observational data
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alone. So to cover the range of all possible functional values, we seek an interval function that maps
covariate values, X = x, to the upper and lower bounds of this set for every treatment value, t.

Fort € T and x € X, let p(yt | t,x) denote the density of the distribution P(Y; | T = t,X = x).
As a reminder, this distribution is identifiable from observational data, but without further assumptions
the CAPO, u(x,t) = E[Y: | X = x], is not. We can express the CAPO in terms of its identifiable
and unidentifiable components as

Jy v By dye IS m>wmemmwmm@
)b et = (%, t ,
MOt = T g ) R el [l )
:/“L( (.7 ),X,t,A)

: 1 _ 1 A 1 .
where, by a one-to-one change of variables, ~wr—r = 1A + w(y, X)(W — W) with
w: )Y x X — [0,1]. Both [KMZ19] and later [[MGS21] provide analogous expressions for the
CAPO in the discrete treatment regime under the MSM, and we provide our derivation in Lemma 1.

The uncertainty set that includes all possible values of w(y, x) that agree with the CMSM, i.e., the
set of functions that violate ignorability by no more than A, can now be expressed as W = {w :
w(y,x) € [0,1] Vy € Y, Vx € X}.

With this set of functions, we can now define the CAPO and APO bounds under the CMSM. The
CAPO lower, pu(x,t;A), and upper, 7i(x, t; A), bounds under the CMSM with parameter A are:

wu(x,t;A) = inf ,u(w(y,x);x,t,/\) A%, 5 A) = Slelgvﬂ(w(%x);Xat,A)
"t ueins) ® — swp_plw(y)ix.t) O
weW! weWhH
Where the sets WH = {w:w(y) =H(yn —¥)}y,ey» and  WH =

{w:w(y) =H(y —vyu)}ty,cy- and H(:) is the Heaviside step function. Lemma 2 in ap-
pendix D proves the equivalence in eq. (9) for bounded Y. The equivalence in eq. (8) can be proved
analogously.

The APO lower, pu(t; A), and upper, 7i(t; A), bounds under the CMSM with parameter A are:
u(t; A) = [u(X, t;A)] (10) At A) =B [A(X, t; A)] an

Remark. It is worth pausing here and breaking down Equation (7) to get an intuitive sense of how
the specification of A in the CMSM affects the bounds on the causal estimands. When A — 1, then
the (A2 — 1)_1 term (and thus the denominator) in Equation (7) tends to infinity. As a result, the
CAPO under A converges to the empirical estimate of the CAPO — p(w(y);x,t, A — 1) — f(x,t)
— as expected. Thus, the supremum and infimum in Equations (8) and (9) become independent of w,
and the ignorance intervals concentrate on point estimates. Next, consider complete relaxation of the
ignorability assumption, A — co. Then, the (A2 — 1)~ term tends to zero, and we are left with,

fyw(}’)(y — u(x,t)p(y | t,x)dy o o
Jyw)p(y | t,x)dy, = Al t) im(IyE)\x,g A B,

(ws -, A = 00) = fi(x, t) +

where, p(w(y) | x,t) = %, a distribution over Y given X = x and T = t. Thus,
v 7

when we relax the ignorability assumption entirely, the CAPO can be anywhere in the range of Y.

The parameter A relates to the proportion of unexplained range in Y assumed to come from unob-
served confounders after observing x and t. When a user sets A to 1, they assume that the entire
unexplained range of Y comes from unknown mechanisms independent of T. As the user increases
A, they attribute some of the unexplained range of Y to mechanisms causally connected to T. For
bounded Y, this proportion can be calculated as:

(%, 6 A) — p(x,t;A) a(x, 6 A) — p(x, t;A)

t;A) = = .
px, 6 A) a(x,t; A = 00) — pu(x,t;A = 00)  Ymax — Ymin | X =2, T =1t

The user can sweep over a set of A values and report the bounds corresponding to a p value they deem
tolerable (e.g., p = 0.5 yields bounds for the assumption that half the unexplained range in Y is due
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to unobserved confounders). For unbounded outcomes, the limits can be estimated empirically by
increasing A to a large value. Refer to Figure 10 in the appendix for a comparison between p and A.

For another way to interpret A, in Appendix A.3.1 we A can be presented as a bound on the

Kullback-Leibler divergence between the nominal and complete propensity scores through the
relationship: |log (A)] > Dk, (P(Y: | T =t,X = x)||P(Y: | X = x)).

3.2 Semi-Parametric Interval Estimator

Following [JMGS21], we develop a semi-parametric
estimator of the bounds in eqgs. (8) to (11). Un-
der assumption A, the bounds on the expected Require: x is an instance of X, t is a treat-

Algorithm 1 Grid Search Interval Optimizer

potential outcome over p(w(y);x,t,A) are com- ment level to evaluate, A is a belief in the
pletely defined in terms of identifiable quantities: amount of hidden confounding, 6 are op-
n?mely, the .conditional density of the outcome timized model parameters, j} is a set of
given the ass1gn.ed treatment and measured covari- unique values {y ~ p(y | t,x,6)}. -
ates, pﬁy | t,x); and the conditional §xpect§d out- | g ction GRIDSEARCH(x. t. A, 6. 3)
come [i(x,t). Thus, we define a density estimator, 5 T —00. % < 0
p(y | t,x,0), and estimator, u(x,t;0), parame- 3: K - }:_ 0
terized by instances @ of the random variable ©. ' Boo Y2
The choice of density estimator is ultimately up to ~ 4: foryy € YV do
the user and will depend on the scale of the prob-  5: R pw(H(y —ym)ix,t,A,0)
lem examined and the distribution of the outcome ~ ©: k< w(H(ym —y);x,t,A,0)
variable Y. In Section 3.5, we will outline how 7 if & > i then
to define appropriate density estimators for high-  8: 4R,y < YH
dimensional, large-sample, continuous-valued treat-  9: if k < p then
ment problems. Next, we need an estimator of the in-  10: 4 K, Y < Vi
t((;:grals in ,u(y)(y); X, 6, A, 0), eq. (7). We use Monte- ;. return y,y

arlo (MC) integration to estimate the expectation
of arbitrary functions h(y) with respect to the para-
metric density estimate p(y | t,x,0): I(h(y)) == = 31" h(yi), yi~ p(y |t x,6). We outline

how the Gauss-Hermite quadrature rule is an alternate estimator of these expectations in Appendix C.
The integral estimators allow for the semi-parametric estimators for the CAPO and APO bounds
under the CMSM to be defined.

The semi-parametric CAPO bound estimators under the CMSM with sensitivity parameter A are:

p(x,t:A,0) = inf p(w(y);x,t,A,0) (12) Blx,tA,0) = sup p(w(y);x,t,A,6) (13)

weWh weW,{
where,
I (w(y)(y — p(x,t;6)))
(A2 =1)~ 1+ 1 (wly))

plw(y);x,t, A, 0) = [i(x,t;0) +

The semi-parametric APO bound estimators under the CMSM with sensitivity parameter A are:
p(t; A, 0) =E [u(X,t;A,0)] (14 fi(t; A, 0) =E[A(X,t;A,0)]  (15)

Theorem 1. In the limit of data (n — o) and MC samples (m — o), for observed (X = x,T =
t) € Dy, we assume that p(y | t,x, 0) converges in measure to p(y | t,x), i(x,t; 0) is a consistent
estimator of [1(x,t), and p(t | yi,X) is bounded away from O uniformly for all y; € ). Then,

u(x,t; A, 0) LN u(x,t;A) and Ti(x, t; A, 6) 2 Zi(x, t; A). Proof in Appendix E.

3.3 Solving for w

We are interested in a scalable algorithm to compute the intervals on the CAPO function, eqs. (12)
and (13), and the APO (dose-response) function, eqgs. (14) and (15). The need for scalability stems
not only from dataset size. The intervals also need to be evaluated for arbitrarily many values of the
continuous treatment variable, t, and the sensitivity parameter A. The bounds on the CAPO function
can be calculated independently for each instance x, and the limits on the APO are an expectation
over the CAPO function bounds.
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The upper and lower bounds of the CAPO function under treatment, t, and sensitivity parameter, A,
can be estimated for any observed covariate value, x, as

w(x,tA,0) = p(H(y —y);ix, t,A,0),

Ai(x, 6 A,0) = u(H(y — 7);x,t, A,6),
where y and y are found using Algorithm 1. See Algorithm 2 and Appendix F for optional methods.

The upper and lower bounds for the APO (dose-response) function under treatment T = t and
sensitivity parameter A can be estimated over any set of observed covariates Dy = {x;}!", as

At A, 0) = Z@x“tAG at; A, 0) Zuxq,tAO %, €D,

3.4 Uncertainty about the Continuous Treatment Effect Interval

Following [ZSB19], [DG21], and [CCNT21], we construct (1 — ) statistical confidence intervals for
the upper and lower bounds under the CMSM using the percentile bootstrap estimator. [JMSG20] and
[JMGS21] have shown that statistical uncertainty is appropriately high for regions with poor overlap.
Let Pp be the empirical distribution of the observed data sample, D = {xl, Vit = {Si}q.

Let Pp = {Dk} , be the bootstrap distribution over n;, datasets, Dy, = {S;}™_,, sampled with re-
placement from the empirical distribution, Pp. Let @, be the a-quantile of u(w(y);x,t, A, 0)

in the bootstrap resampling distribution: @, := inf,- {ﬁp(u(w(y);x,t,A,O) <up*) >«

Finally, let 8; be the parameters of the model of the k-th bootstrap sample of the data.
Then, the bootstrap confidence interval of the upper and lower bounds of the CAPO function

under the CMSM is given by: CI, (u(x,t; A, a)) = {Hb(x/c;A,a),ﬁb(x,t;A,a)} , where,

—~ b = b
Hb(X,t; A, Ot) = Qa/Q ({H(X7ta A7 ak)}kzl) ’ ﬁb(xat;Aa a) = Ql—a/? ({:U’(Xat; Av ek)}k_l) .

Furthermore, the bootstrap confidence interval of the upper and
lower bounds of the APO (dose-response) function under the CMSM
are  given  by: CIp (u(t; A, o)) = [ub(t A, ), (6 A 04)} ,  Wwhere,
~ b _ :
Hb(t; A7 Oé) = Qa/Q ({H(ta Aa ak)}kzl) ) /’cb(t;Aa « Ql /2 ( ,U/ t A Bk _1> .

3.5 Scalable Continuous Treatment Effect Estimation

Following [SJIS17], [SLBT20], and [NYLN21], we propose using neural-network architectures with
two basic components: a feature extractor, ¢(x; ) (¢, for short) and a conditional outcome prediction
block f(¢,t;0). The feature extractor design will be problem and data specific. In Section 5, we
look at using both a simple feed-forward neural network, and also a transformer [VSP*17]. For
the conditional outcome block, we depart from more complex structures ([SLBT20, NYLN21]) and
simply focus on a residual [HZRS16], feed-forward, S-learner [KSBY 19] structure. For the final
piece of the puzzle, we follow [JIMGS21] and propose a n,, component Gaussian mixture density:

(v |t,x,0) = Zm¢w (v | (9. t:0),52 (¢, 1:0)) ,

and ji(x,t;0) = Z 2T, t G)MJ(qb t; @) [Bis94]. Models are optimized by maximizing the
log-likelihood of p(y | t,x, 8).

4 Related Works

Scalable Continuous Treatment Effect Estimation. Using neural networks to provide scalable
solutions for estimating the effects of continuous-valued interventions has received significant
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attention in recent years. [BJvdS20] provide a Generative Adversarial Network (GAN) approach.
The dose-response network (DRNet) [SLBT20] provides a more direct adaptation of the TarNet
[SJS17] architecture for continuous treatments. The varying coefficient network VCNet [NYLN21]
generalizes the DRNet approach and provides a formal result for incorporating the target regularization
technique presented by [SBV19]. The RieszNet [CCNT21] provides an alternative approach for
targeted regularization. Adaptation of each method is straightforward for use in our sensitivity
analysis framework by replacing the outcome prediction head of the model with a suitable density
estimator.

Sensitivity and Uncertainty Analyses for Continuous Treatment Effects. The prior litera-
ture for continuous-valued treatments has focused largely on parametric methods assuming linear
treatment/outcome, hidden-confounder/treatment, and hidden-confounder/outcome relationships
[CHH16, DHCH16, MSDH16, Ost19, CH20a, CH20b]. In addition to linearity, these parametric
methods need to assume the structure and distribution of the unobserved confounding variable(s).
[CKC*19] allows for sensitivity analysis for arbitrary structural causal models under the linearity
assumption. The MSM relaxes both the distributional and linearity assumptions, as does our CMSM
extension. A two-parameter sensitivity model based on Riesz-Frechet representations of the target
functionals, here the APO and CAPO, is proposed by [CCNT21] as a way to incorporate confidence
intervals and sensitivity bounds. In contrast, we use the theoretical background of the marginal
sensitivity model to derive a one-parameter sensitivity model. [DBSC21] purport to quantify the bias
induced by unobserved confounding in the effects of continuous-valued interventions, but they do
not present a formal sensitivity analysis. Simultaneously and independently of this work, [MVSG]
are deriving a sensitivity model that bounds the partial derivative of the log density ratio between
complete and nominal propensity densities. Bounding the effects of continuous valued interventions
has also been explored using instrumental variable models [KKS20, HWZW21, PZW22].

5 Experiments

Here we empirically validate our method. First, we consider a synthetic structural causal model
(SCM) to demonstrate the validity of our method. Next, we show the scalability of our methods by
applying them to a real-world climate-science-inspired problem. Implementation details (appendix H),
datasets (appendix G), and code are provided at https://github.com/oatml/overcast.

it}

t

(a) Observed Outcome (b) Observed Treatment  (c¢) CAPO functions (d) APO function

rZs 7 7
Y 4 Y
(e) A=1.0 ) A=1.1 (g) A=1.2 (h) A=1.6

Figure 1: Figures la to 1d: Synthetic data and ground truth functions. Figures le to 1h Causal
uncertainty under hypothesized A values. Solid lines are ground truth; thick solid lines where the
true A* is within the range of hypothesized A, thin solid lines otherwise. The dotted lines are the

estimated CAPO. Shaded regions are estimated CMSM intervals.
5.1 Synthetic

Figure 1 presents the synthetic dataset (additional details about the SCM are given in Appendix G.1).
Figure 1a plots the observed outcomes, y, against the observed confounding covariate, x. Each
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datapoint is colored by the magnitude of the observed treatment, t. The binary unobserved confounder,
u, induces a bi-modal distribution in the outcome variable, y, at each measured value, x. Figure 1b
plots the assigned treatment, t, against the observed confounding covariate, x. We can see that the
coverage of observed treatments, t, varies for each value of x. For example, there is uniform coverage
at X = 1, but low coverage for high treatment values at X = 0.1, and low coverage for low treatment
values at X = 2.0. Figure 1c plots the true CAPO function over the domain of observed confounding
variable, X, for several values of treatment (T = 0.0, T'= 0.5, and T = 1.0). For lower magnitude
treatments, t, the CAPO function becomes more linear, and for higher values, we see more effect
heterogeneity and attenuation of the effect size as seen from the slope of the CAPO curve for T = 0.5
and T = 1.0. Figure 1d plots the the APO function over the domain of the treatment variable T.

Causal Uncertainty We want to show that in the limit of large samples (we set n to 100k), the
bounds on the CAPO and APO functions under the CMSM include the ground truth when the CMSM
is correctly specified. That is, when 1/A < A*(t,x,u) < A, for user specified parameter A, the
estimated intervals should cover the true CAPO or APO. This is somewhat challenging to demonstrate
as the true density ratio A*(t, x, u) (eq. (50)), varies with t, x, and u. Figures le to 1h work towards
communicating this. In Figure le, we see that each predicted CAPO function (dashed lines) is biased
away from the true CAPO functions (solid lines). We use thick solid lines to indicate cases where
1/A < N*(t,x,u) < A, and thin solid lines otherwise. Therefore thick solid lines indicate areas
where we expect the causal intervals to cover the true functions. Under the erroneous assumption
of ignorability (A = 1), the CMSM bounds have no width. In Figure 1f, we see that as we relax
our ignorability assumption (A = 1.1) the intervals (shaded regions) start to grow. Note the thicker
orange line: this indicates that for observed data described by X > 0.5 and T = 0.5, the actual
density ratio is in the bounds of the CMSM with parameter A = 0.5. We see that our predicted
bounds cover the actual CAPO function for these values. We see our bounds grow again in Figure 1g
when we increase A to 1.2. We see that more data points have \* values that lie in the CMSM range
and that our bounds cover the actual CAPO function for these values. In Figure 1h we again increase
the parameter of the CMSM. We see that the bounds grow again, and cover the true CAPO functions
for all of the data that satisfy 1/A < A\*(t,x,u) < A.

Statistical Uncertainty Now we re-
lax the infinite data assumption and
set n = 1000. This decrease in data
will increase the estimator error for
the CAPO and APO functions. So
the estimated functions will not only
be biased due to hidden confound-
ing, but they may also be erroneous
due to finite sample variance. We P
show this in Figure 2b where the . .
blue dashed line c%eviates from the ac- (2) APO Function (b) CAPO Functions
tual blue solid line as x increases be- Figure 2: Statistical and causal uncertainty, « is statistical
yond 1.0. However, Figure 2b shows  significance level for the bootstrap. see Figure 1 for other
that under the correct CMSM, the un- details.

certainty aware confidence intervals,

section 3.4, cover the actual CAPO functions for the range of treatments considered. Figure 2a
demonstrates that this holds for the APO function as well.

pit)

pix,T)

5.2 Estimating Aerosol-Cloud-Climate Effects from Satellite Data

Background The development of the model above, and the inclusion of treatment as a continuous
variable with multiple, unknown confounders, is motivated by a real-life use case for a prime topic
in climate science. Aerosol-cloud interactions (ACI) occur when anthropogenic emissions in the
form of aerosol enter a cloud and act as cloud condensation nuclei (CCN). An increase in the number
of CCN results in a shift in the cloud droplets to smaller sizes which increases the brightness of
a cloud and delays precipitation, increasing the cloud’s lifetime, extent, and possibly thickness
[Two77, AlIb89, TCGB17]. However, the magnitude and sign of these effects are heavily dependent
on the environmental conditions surrounding the cloud [DL20]. Clouds remain the largest source
of uncertainty in our future climate projections [MDZP™21]; it is pivotal to understand how human
emissions may be altering their ability to cool. Our current climate models fail to accurately emulate
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Figure 3: Causal diagrams. Figure 3a, a simplified causal diagram representing what we are reporting
within; aerosol optical depth (AOD, regarded as the treatment T) modulates cloud optical depth (7,
Y), which itself is affected by hidden confounders (U) and the meteorological proxies (X). Figure 3b,
an expanded causal diagram of ACI. The aerosol (a) and aerosol proxy (AOD), the true confounders
(light blue), their proxies (dark blue), and the cloud optical depth (red).

ACI, leading to uncertainty bounds that could offset global warming completely or double the effects
of rising COy [BRAT13].

Defining the Causal Relationships Clouds are integral to multiple components of the climate
system, as they produce precipitation, reflect incoming sunlight, and can trap outgoing heat [SF09].
Unfortunately, their interconnectedness often leads to hidden sources of confounding when trying to
address how anthropogenic emissions alter cloud properties.

Ideally, we would like to understand the effect of aerosols (a) on the cloud optical thickness,
denoted 7. However, this is currently impossible. Aerosols come in varying concentrations, chemical
compositions, and sizes [SGW T 16] and we cannot measure these variables directly. Therefore, we use
aerosol optical depth (AOD) as a continuous, 1-dimensional proxy for aerosols. Figure 3b accounts
for the known fact that AOD is an imperfect proxy impacted by its surrounding meteorological
environment [CNP*17]. The meteorological environment is also a confounder that impacts cloud
thickness 7 and aerosol concentration a. Additionally, we depend on simulations of the current
environment in the form of reanalysis to serve as its proxy.

Here we report AOD as a continuous treatment and the environmental variables as covariates.
However, aerosol is the actual treatment, and AOD is only a confounded, imperfect proxy (Figure 3a).
This model cannot accurately capture all causal effects and uncertainty due to known and unknown
confounding variables. We use this simplified model as a test-bed for the methods developed within
this paper and as a demonstration that they can scale to the underlying problem. Future work will
tackle the more challenging and realistic causal model shown in Figure 3b, noting that the treatment
of interest a is multi-dimensional and cannot be measured directly.

Model We use daily observed 1° x 1° means of clouds, aerosol, and the environment from sources
shown in Table 1 of Appendix G. To model the spatial correlations between the covariates on a
given day, we use multi-headed attention [VSPT17] to define a transformer-based feature extractor.
Modeling the spatial dependencies between meteorological variables is motivated by confounding that
may be latent in the relationships between neighboring variables. These dependencies are unobserved
from the perspective of a single location. This architectural change respects both the assumed causal
graph (fig. 3a) and some of the underlying physical causal structure. We see in Figure 4 (Left) that
modeling context with the transformer architecture significantly increases the predictive accuracy
of the model when compared to a simple feed-forward neural network (no context). Discussion &
Results The results for the APO of cloud optical depth (7) as the “treatment”, AOD, increases are
shown in Figure 4. As the assumed strength of confounding increases (A > 1), the range of uncertainty
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Figure 4: Left: The values of the observed, true 7 against the modeled 7. Right: The curve for
continuous treatment outcome of our aerosol proxy (AOD) on cloud optical depth (7). The darkest
shaded region (A = 1) represents the uncertainty in the treatment outcome from the ensemble due
to finite data. As the strength of confounders increases (A > 1.0), the range of uncertainty in the
treatment outcome increases.

in the treatment outcome increases. Within this range of confounding, the modeled outcomes agree
with two conflicting hypotheses. First, that aerosol acts to invigorate the cloud, inducing a large
response that would follow a maximum curve within this uncertainty range [CS11, DL21]. And
second, that aerosol has little impact on cloud depth, and the actual response is a minimal, flat line
[GGS™19]. We further find the reported dose-response curves in agreement with multiple estimates
of aerosol-cloud interactions using satellite observations [BTG02, MSJT07, TCQB19]. The upper
bound for log A = .2 agrees with measurements of the in-cloud environment and aerosol-cloud
interactions from aircraft-mounted sensors [PZ13], this may indicate the need for additional control
variables when using satellite data.

The resolution of the satellite observations (1° x 1° daily means) could be averaging various cloud
types and obscuring the signal. Future work will investigate how higher resolution (20km x 20km)
data with constraints on cloud type may resolve some confounding influences. However, even our
more detailed causal model (Figure 3b) cannot account for all confounders; we expected, and have
seen, imperfections in our model of this complex effect. The model’s results require further expert
validation to interpret the outcomes and uncertainty.

Societal Impact Geoengineering of clouds by aerosol seeding could offset some amount of warming
due to climate change, but also have disastrous global impacts on weather patterns [DGL™22]. Given
the uncertainties involved in understanding aerosol-cloud interactions, it is paramount that policy
makers are presented with projected outcomes if a proposals assumptions are wrong or relaxed.
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Checklist

The checklist follows the references. Please read the checklist guidelines carefully for information on
how to answer these questions. For each question, change the default [TODO] to [ Yes] , , Oor
[N/A] . You are strongly encouraged to include a justification to your answer, either by referencing
the appropriate section of your paper or providing a brief inline description. For example:

* Did you include the license to the code and datasets? | Yes| See Section.

* Did you include the license to the code and datasets? The code and the data are
proprietary.

 Did you include the license to the code and datasets? [IN/A |

Please do not modify the questions and only use the provided macros for your answers. Note that the
Checklist section does not count towards the page limit. In your paper, please delete this instructions
block and only keep the Checklist section heading above along with the questions/answers below.

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [ Yes]

i. we claim to introduce a novel marginal sensitivity model for continuous valued
treatment effect (the CMSM). See Section 3.
ii. we claim to derive bounds for the CAPO and APO functions that agree with the
CMSMS and observed data. See Section 3.1.
iii. we claim to provide tractable estimators of the CAPO and APO bounds. See
Sections 3.2 and 3.3.
iv. we claim to provide bounds that account for finite-sample (statistical) uncertainty.
See Section 3.4.
v. we claim to provide a novel architecture for scalable estimation of the effects of
continuous valued interventions. See Section 3.5.
vi. we claim that the bounds cover the true ignorance interval for well specified A. See
Figures le to 1h and Theorem 1.
vii. we claim that this model scales to real-world, large-sample, high-dimensional data.
See Section 5.2

(b) Did you describe the limitations of your work? | Yes]

i. We have discussed the major limitation of sensitivity analysis methods, that unob-
served confounding is not identifiable from data alone. We have tried to be honest
and transparent that our method provides users with a way to communicate the
uncertainty induced when relaxing the ignorability assumption. We do not claim
that lambda is in any way identifiable without further assumptions.

ii. In Section 5.2, we have clearly discussed the limitations of analyses of aerosol-cloud
interactions using satellite data where we only see underlying causal mechanisms
through proxy variables. We hope this paper serves as a stepping stone for work
that specifically addresses those issues.

(c) Did you discuss any potential negative societal impacts of your work? [ Yes]
(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes| We have
five theoretical results. Proposition 1, Equation (7), Equation (8), Equation (9), and
Theorem 1. All assumptions are stated for each.

(b) Did you include complete proofs of all theoretical results? [ Yes] The proof of Propo-
sition 1 is given in Appendix A.3. The proof of Equation (7) is given in Lemma 1.
The proofs for Equation (8) and Equation (9) are given in Lemma 2. The proof for
Theorem 1 is given in Appendix E.

3. If you ran experiments...
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(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [ Yes| Code, data,
and instructions are provided in the suppleemental material.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [ Yes|] We specify these details in Appendix G and Appendix H as well
as in the provided code.

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [ Yes| Both random seeds and random bootstrapped sampling
of the training data.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [ Yes] this is outlined in Appendix H

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a) If your work uses existing assets, did you cite the creators? [Yes| We use existing
satellite data and open source code libraries that we have cited.

(b) Did you mention the license of the assets? [ Yes]

(c) Did you include any new assets either in the supplemental material or as a URL? [ Yes]
we provide a new synthetic dataset and code base

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [ N/A |

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A ]|

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A |
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