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Abstract

Modern neural networks often have great expressive power and can be trained
to overfit the training data, while still achieving a good test performance. This
phenomenon is referred to as “benign overfitting”. Recently, there emerges a line
of works studying “benign overfitting” from the theoretical perspective. However,
they are limited to linear models or kernel/random feature models, and there is still
a lack of theoretical understanding about when and how benign overfitting occurs
in neural networks. In this paper, we study the benign overfitting phenomenon
in training a two-layer convolutional neural network (CNN). We show that when
the signal-to-noise ratio satisfies a certain condition, a two-layer CNN trained by
gradient descent can achieve arbitrarily small training and test loss. On the other
hand, when this condition does not hold, overfitting becomes harmful and the ob-
tained CNN can only achieve constant level test loss. These together demonstrate
a sharp phase transition between benign overfitting and harmful overfitting, driven
by the signal-to-noise ratio. To the best of our knowledge, this is the first work that
precisely characterizes the conditions under which benign overfitting can occur in
training convolutional neural networks.

1 Introduction

Modern deep learning models often consist of a huge number of model parameters, which is more
than the number of training data points and therefore over-parameterized. These over-parameterized
models can be trained to overfit the training data (achieving a close to 100% training accuracy),
while still making accurate prediction on the unseen test data. This phenomenon has been observed
in a number of prior works (Zhang et al., 2017; Neyshabur et al., 2019), and is often referred to as
benign overfitting (Bartlett et al., 2020). It revolutionizes the classical understanding about the bias-
variance trade-off in statistical learning theory, and has drawn great attention from the community
(Belkin et al., 2018, 2019a,b; Hastie et al., 2019).

There exist a number of works towards understanding the benign overfitting phenomenon. While
they offered important insights into the benign overfitting phenomenon, most of them are limited
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to the settings of linear models (Belkin et al., 2019b; Bartlett et al., 2020; Hastie et al., 2019; Wu
and Xu, 2020; Chatterji and Long, 2020; Zou et al., 2021b; Cao et al., 2021) and kernel/random
features models (Belkin et al., 2018; Liang and Rakhlin, 2020; Montanari and Zhong, 2020), and
cannot be applied to neural network models that are of greater interest. The only notable exceptions
are (Adlam and Pennington, 2020; Li et al., 2021), which attempted to understand benign overfitting
in neural network models. However, they are still limited to the “neural tagent kernel regime” (Jacot
et al., 2018) where the neural network learning problem is essentially equivalent to kernel regression.
Thus, it remains a largely open problem to show how and when benign overfitting can occur in neural
networks.

Clearly, understanding benign overfitting in neural networks is much more challenging than that
in linear models, kernel methods or random feature models. The foremost challenge stems from
nonconvexity: previous works on linear models and kernel methods/random features are all in the
convex setting, while neural network training is a highly nonconvex optimization problem. There-
fore, while most of the previous works can study the minimum norm interpolators/maximum margin
classifiers according to the implicit bias (Soudry et al., 2018) results for the corresponding models,
existing implicit bias results for neural networks (e.g., Lyu and Li (2019)) are not sufficient and a
new analysis of the neural network learning process is in demand.

In this work, we provide one such algorithmic analysis for learning two-layer convolutional neural
networks (CNNs) with the second layer parameters being fixed as +1’s and —1’s and polynomial
ReLU activation function: o(z) = max{0, z}?, where ¢ > 2 is a hyperparameter. We consider a
setting where the input data consist of label dependent signals and label independent noises, and uti-
lize a signal-noise decomposition of the CNN filters to precisely characterize the signal learning and
noise memorization processes during neural network training. Our result not only demonstrates that
benign overfitting can occur in learning two-layer neural networks, but also gives precise conditions
under which the overfitted CNN trained by gradient descent can achieve small population loss. Our
paper makes the following major contributions:

» We establish population loss bounds of overfitted CNN models trained by gradient descent, and
theoretically demonstrate that benign overfitting can occur in learning over-parameterized neural
networks. We show that under certain conditions on the signal-to-noise ratio, CNN models trained
by gradient descent will prioritize learning the signal over memorizing the noise, and thus achiev-
ing both small training and test losses. To the best of our knowledge, this is the first result on the
benign overfitting of neural networks that is beyond the neural tangent kernel regime.

* We also establish a negative result showing that when the conditions on the signal-to-noise ratio
do not hold, then the overfitted CNN model will achieve at least a constant population loss. This
result, together with our upper bound result, reveals an interesting phase transition between benign
overfitting and harmful overfitting.

e Qur analysis is based on a new proof technique namely signal-noise decomposition, which decom-
poses the convolutional filters into a linear combination of initial filters, the signal vectors and the
noise vectors. We convert the neural network learning into a discrete dynamical system of the
coefficients from the decomposition, and perform a two-stage analysis that decouples the com-
plicated relation among the coefficients. This enables us to analyze the non-convex optimization
problem, and bound the population loss of the CNN trained by gradient descent. We believe our
proof technique is of independent interest and can potentially be applied to deep neural networks.

We note that a concurrent work (Frei et al., 2022) studies learning log-Concave mixture data with
label flip noise using fully-connected two-layer neural networks with smoothed leaky ReLU activa-
tion. Notably, their risk bound matches the risk bound for linear models given in Cao et al. (2021)
when the label flip noise is zero. However, their analysis only focuses on upper bounding the risk,
and cannot demonstrate the phase transition between benign and harmful overfitting. Compared
with (Frei et al., 2022), we focus on CNNs, and consider a different data model to better capture
the nature of image classification problems. Moreover, we present both positive and negative results
under different SNR regimes, and demonstrate a sharp phase transition between benign and harmful
overfitting.

Notation. Given two sequences {z,,} and {y,}, we denote x,, = O(y,,) if there exist some ab-
solute constant C'; > 0 and N > 0 such that |x,| < Ci|y,]| for all n > N. Similarly, we denote
T = Qyp) if there exist C; > 0 and N > 0 such that |z,,| > Cs|y,| for all n > N. We say
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Xy = O(yp) if 2, = O(y,) and x,, = Q(y,,) both holds. We use O(+), (+), and ©(+) to hide loga-
rithmic factors in these notations respectively. Moreover, we denote x,, = poly(y,,) if z,, = O(y?)
for some positive constant D, and x,, = polylog(y,,) if z, = poly(log(y,)). Finally, for two
scalars a and b, we denote a V b = max{a, b}.

2 Related Work

A line of recent works have attempted to understand why overfitted predictors can still achieve a
good test performance. Belkin et al. (2019a) first empirically demonstrated that in many machine
learning models such as random Fourier features, decision trees and ensemble methods , the popula-
tion risk curve has a double descent shape with respect to the number of model parameters. Belkin
et al. (2019b) further studied two specific data models, namely the Gaussian model and Fourier series
model, and theoretically demonstrated the double descent risk curve in linear regression. Bartlett
et al. (2020) studied over-parameterized linear regression to fit data produced by a linear model
with additive noises, and established matching upper and lower bounds of the risk achieved by the
minimum norm interpolator on the training dataset. It is shown that under certain conditions on the
spectrum of the data covariance matrix, the population risk of the interpolator can be asymptotically
optimal. Hastie et al. (2019); Wu and Xu (2020) studied linear regression in the setting where both
the dimension and sample size grow together with a fixed ratio, and showed double descent of the
risk with respect to this ratio. Chatterji and Long (2020) studied the population risk bounds of over-
parameterized linear logistic regression on sub-Gaussian mixture models with label flipping noises,
and showed how gradient descent can train over-parameterized linear models to achieve nearly opti-
mal population risk. Cao et al. (2021) tightened the upper bound given by Chatterji and Long (2020)
in the case without the label flipping noises, and established a matching lower bound of the risk
achieved by over-parameterized maximum margin interpolators. Shamir (2022) proposed a generic
data model for benign overfitting of linear predictors, and studied different problem settings under
which benign overfitting can or cannot occur.

Besides the studies on linear models, several recent works also studied the benign overfitting and
double descent phenomena in kernel methods or random feature models. Zhang et al. (2017) first
pointed out that overfitting kernel predictors can sometimes still achieve good population risk. Liang
and Rakhlin (2020) studied how interpolating kernel regression with radial basis function (RBF) ker-
nels (and variants) can generalize and how the spectrum of the data covariance matrix affects the
population risk of the interpolating kernel predictor. Li et al. (2021) studied the benign overfitting
phenomenon of random feature models defined as two-layer neural networks whose first layer param-
eters are fixed at random initialization. Mei and Montanari (2019); Liao et al. (2020) demonstrated
the double descent phenomenon for the population risk of interpolating random feature predictors
with respect to the ratio between the dimensions of the random feature and the data input. Adlam and
Pennington (2020) shows that neural tangent kernel (Jacot et al., 2018) based kernel regression has
a triple descent risk curve with respect to the total number of trainable parameters. Montanari and
Zhong (2020) further pointed out an interesting phase transition of the generalization error achieved
by neural networks trained in the neural tangent kernel regime.

3 Problem Setup

In this section, we introduce the data generation model and the convolutional neural network we
consider in this paper. We focus on binary classification, and present our data distribution D in the
following definition.

Definition 3.1. Let 1 € R? be a fixed vector representing the signal contained in each data point.
Then each data point (x,y) withx = [x(DT x@T|T € R*? and y € {—1,1} is generated from the
following distribution D:

1. The label y is generated as a Rademacher random variable.

2. A noise vector £ is generated from the Gaussian distribution N (0,07 - (I — i ]l ?)).

3. One of xXV, x?) is randomly selected and then assigned as vy - p, which represents the signal;
the other is then given by &, which represents noises.
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Our data generation model is inspired by image data, where the inputs consist of different patches,
and only some of the patches are related to the class label of the image. In detail, the patch assigned
as y - o is the signal patch that is correlated to the label of the data, and the patch assigned as £ is the
noise patch that is independent of the label of the data and therefore is irrelevant for prediction. We
assume that the noise patch is generated from the Gaussian distribution N (0, 02+ (T— g " - || pal|5 )
to ensure that the noise vector is orthogonal to the signal vector p for simplicity. Note that when
the dimension d is large, ||&||2 ~ ap\/g by standard concentration bounds. Therefore, we can treat
lwell2/(opvV/d) = ||pll2/||€]l2 as the signal-to-noise ratio (SNR). For the ease of discussion, we

denote SNR = ||p1]|2/(c,/d). Note that the Bayes risk for learning our model is zero. We can also
add label flip noise similar to Chatterji and Long (2020); Frei et al. (2022) to make the Bayes risk
equal to the label flip noise and therefore nonzero, but this will not change the key message of our
paper.

Intuitively, if a classifier learns the signal @ and utilizes the signal patch of the data to make predic-
tion, it can perfectly fit a given training data set {(x;,y;) : ¢ € [n]} and at the same time have a good
performance on the test data. However, when the dimension d is large (d > n), a classifier that is a
function of the noises &;, i € [n] can also perfectly fit the training data set, while the prediction will
be totally random on the new test data. Therefore, the data generation model given in Definition 3.1
is a useful model to study the population loss of overfitted classifiers. Similar models have been
studied in some recent works by Li et al. (2019); Allen-Zhu and Li (2020a,b); Zou et al. (2021a).

Two-layer CNNs. We consider a two-layer convolutional neural network whose filters are applied
to the two patches x(!) and x(?) separately, and the second layer parameters of the network are fixed
as +1/m and —1/m respectively. Then the network can be written as f(W,x) = F1(W1,%x) —
F_1(W_q,x), where F 1 (W41,x), F_1(W_1,x) are defined as:

1 1
(W) = — 3 [o((wjr x0)) + o ((wirsx@))] = =3 [0 Wiy - 1) + o((w,€))]

Tr=1 r=1

for j € {+1,—1}. Here, m is the number of convolutional filters in Fy; and F_;, o(z) =
(max{0,z})9 is the ReLU? activation function where ¢ > 2, w;,, € R? denotes the weight for
the r-th filter (i.e., neuron), and W is the collection of model weights associated with F;. We also
use W to denote the collection of all model weights. We note that our CNN model can also be
viewed as a CNN with average global pooling (Lin et al., 2013). We train the above CNN model by
minimizing the empirical cross-entropy loss function

1 n
Ls(W)=— l i W; i)]y
(W)= 1 SO,
where £(z) = log(1 + exp(—=z)), and S = {(x;,y;)}", is the training data set. We further define

the true loss (test loss) Lp(W) := E ,yplly - [(W,x)].

We consider gradient descent starting from Gaussian initialization, where each entry of W, ; and
W _ is sampled from a Gaussian distribution N (0, 03), and o2 is the variance. The gradient descent
update of the filters in the CNN can be written as

wi = wil) = Y, Ls(W)

U . N .
= Wj(ti - Zd(t) ‘U/(<W§‘,tl7§i>) Jyi&i — pryee Zd(t) -o'((wﬁ%ym}) cjp (3.1)
i i=1
for j € {£1} and r € [m], where we introduce a shorthand notation ég(t) = 'y - FW® x;)].

4 Main Results

In this section, we present our main theoretical results. At the core of our analyses and results is a
signal-noise decomposition of the filters in the CNN trained by gradient descent. By the gradient
descent update rule (3.1), it is clear that the gradient descent iterate thr is a linear combination
of its random initialization wﬁ}, the signal vector g and the noise vectors in the training data &;,
i € [n]. Motivated by this observation, we introduce the following definition.
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Definition 4.1. Let W;tz for j € {£1}, r € [m] be the convolution filters of the CNN at the t-th

iteration of gradient descent. Then there exist unique coefficients ’yj(tr) > 0and pgtzl such that

t t —
O = WO Al e+ YAl - &

w
i=1
=) . @) () t)y . @ (®
We further denote p; .., = p; ;. ; 1(p; ... > 0), pglz i= p; i L(pj ;i < 0). Then we have that
n
wil = w5 e n B &l &+ Zggtiz l&:)z2 & @)
i=1

We refer to (4.1) as the signal-noise decomposition of W(t). We add normalization factors

2]l %, 11€il| % in the definition so that +\") ~ (w'"), 1), p§t31~< wi),

fyj( 2 characterizes the progress of learning the signal vector p, and p§ Z , characterizes the degree of

noise memorization by the filter. EV1dently, based on this decomposition, for some iteration ¢, (i)
(®)»

&;). In this decomposition,

If some of v; .’s are large enough while | Pjr. 2| are relatively small, then the CNN will have small

training and test losses; (ii) If some p( ) 5 are large and all 'yg )°s are small, then the CNN will
achieve a small training loss, but a 1arge fest loss. Thus, Definition 4.1 provides a handle for us to
study the convergence of the training loss as well as the the population loss of the CNN trained by
gradient descent.

Our results are based on the following conditions on the dimension d, sample size n, neural network
width m, learning rate 7, initialization scale oy.

Condition 4.2. Suppose that
1. Dimension d is sufficiently large: d = Q(m?2V14/(a=2)]pavI(24-2)/(a=2)]),

2. Training sample size n and neural network width m satisfy n, m = Q(polylog(d)).

3. The learning rate 0 satisfies n < 6(min{||u||52, o, 2d"1}).

4. The standard deviation of Gaussian initialization oo is appropriately chosen such
that O(nd ) - min{(o,Vd) L |ulz'} < oo < O(m-2/(a-2p-/a-20v1)
min{ (o, V) ", [|pllz '}

A few remarks on Condition 4.2 are in order. The condition on d is to ensure that the learning
is in a sufficiently over-parameterized setting, and similar conditions have been made in the study
of learning over-parameterized linear models (Chatterji and Long, 2020; Cao et al., 2021). For
example, if we choose ¢ = 3, then the condition on d becomes d = Q(m*n*). Furthermore, we
require the sample size and neural network width to be at least polylogarithmic in the dimension
d to ensure some statistical properties of the training data and weight initialization to hold with
probability at least 1 — d~!, which is a mild condition. Finally, the conditions on ¢ and 7 are to
ensure that gradient descent can effectively minimize the training loss, and they depend on the scale
of the training data points. When o, = O(d~'/2) and ||p||2 = O(1), the step size 7 can be chosen
as large as O(1) and the initialization o can be as large as O(m~2/(4=2)p~[1/(@=2)IV1) " In our
paper, we only require m,n = (polylog(d)), so our initialization and step-size can be chosen as
an almost constant order. Based on these conditions, we give our main result on signal learning in
the following theorem.

Theorem 4.3. For any e > 0, let T = O(n~ 1ma )H[LHQ + 07t 'm?|| )3 ). Under
Condition 4.2, if n - SNR? = Q( )*, then with probability at least 1 — d ', there exists 0 <t < T
such that:

1. The CNN learns the signal: max, 'yj(-tz = Q(1) forj € {£1}.

2. The CNN does not memorize the noises in the training data: max; , ; |p] . 1| = (aoap\/&)

*Here the Q(-) hides an polylog(e ) factor. This applies to Theorem 4.4 as well.
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3. The training loss converges to €, i.e., LS(W(t)) <e
4. The trained CNN achieves a small test loss: Lp(W®)) < 6¢ + exp(—n?).

Theorem 4.3 characterizes the case of signal learning. It shows that, if n-SNR? = (NZ(l), then at least
one CNN filter can learn the signal by achieving fyj(fr) > Q(1), and as a result, the learned neural

network can achieve small training and test losses. To demonstrate the sharpness of this condition,
we also present the following theorem for the noise memorization by the CNN.

Theorem 4.4. For any ¢ > 0, let T = O(n~'m - n(o,V/d)=9 - Uof(qu) +n e tnm?d o, ?).
Under Condition 4.2, if n~' - SNR™? = S~2(1) then with probability at least 1 — d™', there exists
0 <t < T such that:

1. The CNN memorizes noises in the training data: max, ﬁ?(f)m =Q(1).

2. The CNN does not sufficiently learn the signal: max; , %(tr) < O(ool]|2).
3. The training loss converges to ¢, i.e., Ls(W®)) < e.
4. The trained CNN has a constant order test loss: Lp(W®)) = ©(1).

Theorem 4.4 holds under the condition that n ! - A
SNR™? = Q(1). Clearly, this is the opposite regime
(up to some logarithmic factors) compared with The-
orem 4.3. In this case, the CNN trained by gradi-
ent descent mainly memorizes noises in the training
data and does not learn enough signal. This, together
with the results in Theorem 4.3, reveals a clear phase
transition between signal learning and noise memo-
rization in CNN training:

Benign Overfitting
n- (SNR)? = Q(1)

Sample Size n

o Ifn-SNR? = (1), then the CNN learns the signal
and achieves a O(e + exp(—n?)) test loss. This is
the regime of benign overfitting.

e If n=! - SNR™? = (1) then the CNN can only
memorize noises and will have a O(1) test loss. SNR =
This is the regime of harmful overfitting.

n~! - (SNR)™ = (1)
Harmful Overfitting

llll2

Figure 1: Illustration O?f’;ﬁg phase transi-
The phase transition NiS illustrated in Figure 1. tion between benign and harmful overﬁtting.
Clearly, n - SNR? = Q(1) is the precise condition The blue region represents the setting under
under which benign overfitting occurs. Remarkably, which the overfitted CNN trained by gradi-
in this case the population loss decreases exponen- ent descent is guaranteed to have small popu-
tially with the sample size n. Under our condition lation loss, and the yellow region represents
that n = Q(polylog(d)), this term can also be upper the setting under which the population loss is
bounded by 1/poly(d), which is small in the high- guaranteed to be of constant order. The slim
dimensional setting. Note that when ||u|l2 = ©(1) gray band region is the setting where the pop-
and op = @(d—l/Z), app1y1ng standard uniform con- ulation loss is not well characterized.
vergence based bounds (Bartlett et al., 2017; Neyshabur et al., 2018) or stability based bounds (Hardt
et al., 2016; Mou et al., 2017; Chen et al., 2018) typically give O(n‘l/Q) bounds on the general-
ization gap, which are vacuous when n = O(polylog(d)). Our bound under the same setting is
O(1/poly(d)), which is non-vacuous. This is attributed to our precise analysis of signal learning
and noise memorization in Theorems 4.3 and 4.4.

Comparison with neural tangent kernel (NTK) results. We want to emphasize that our analysis
is beyond the so-called neural tangent kernel regime. In the NTK regime, it has been shown that
gradient descent can train an over-parameterized neural network to achieve good training and test
accuracies (Jacot et al., 2018; Du et al., 2019b,a; Allen-Zhu et al., 2019b; Zou et al., 2019; Arora
et al., 2019a; Cao and Gu, 2019a; Chen et al., 2019). However, it is widely believed in literature
that the NTK analyses cannot fully explain the success of deep learning, as the neural networks
in the NTK regime are almost “linearized” (Lee et al., 2019; Cao and Gu, 2019a). Our analysis
and results are not in the NTK regime: In the NTK regime, the network parameters stay close

to their initialization throughout training, i.e., |[W® — W) |z = O(1), so that the NN model
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can be approximated by its linearization (Allen-Zhu et al., 2019b; Cao and Gu, 2019a; Chen et al.,
2019). In comparison, our analysis does not rely on linearizing the neural network function, and
[W® — WO 1 can be as large as O(poly(mn)).

5 Overview of Proof Technique

In this section, we discuss the main challenges in the study of CNN training under our setting,
and explain some key techniques we implement in our proofs to overcome these challenges. The
complete proofs of all the results are given in the appendix.

Main challenges. Studying benign overfitting under our setting is a challenging task. The first chal-
lenge is the nonconvexity of the training objective function Lg(W'). Nonconvexity has introduced
new challenges in the study of benign overfitting particularly because our goal is not only to show
the convergence of the training loss, but also to study the population loss in the over-parameterized
setting, which requires a precise algorithmic analysis of the learning problem.

5.1 [Iterative Analysis of the Signal-Noise Decomposition

In order to study the learning process based on the nonconvex optimization problem, we propose a
key technique which enables the iterative analysis of the coefficients in the signal-noise decomposi-
tion in Definition 4.1. This technique is given in the following lemma.

) —(®)

Lemma 5.1. The coefficients ; ., p; ;. ;s Bgtiz in Definition 4.1 satisfy the following equations:
7](07)»/’50214);0,)7 =0, (5.1)
= ;fglzyw o ()i 1)) - a3, (5:2)
P == 60 o' (wil) 60) 1613 L = ), (5.3
P =0 L g0 o (wll) ) - 1€l - Ly = —). (5.4)

Remark 5.2. With the decomposition (4.1), the signal learning and noise memorization processes
of a CNN can be formally studied by analyzing the dynamics of 7 i, T, p( )

J,ryt0
ical system (5.2)-(5.4). Note that prior to our work, several existing results have utilized the inner
products (w (¢ ), w) during the neural network training process in order to establish generalization
bounds (Brutzkus et al., 2018; Chatterji and Long, 2020; Frei et al., 2021). Similar inner product
based arguments are also implemented in Allen-Zhu and Li (2020a,b); Zou et al. (2021a), which
study different topics related to learning neural networks. Compared with the inner product based
argument, our method has two major advantages: (i) Based on the definition (5.2)-(5.4) and the fact

p(,tz ; based on the dynam-

that 6/(t) < 0, it is clear that ’y§ r),ﬁg l , are monotonically increasing, while p(t) is monotonically

decreasing throughout the whole training process In comparison, monotomczty does not hold in the
inner product based argument, especially for ( o £Z> (ii) Our signal-noise decomposition also

enables a clean homogeneity-based proof for the convergence of the training loss to an arbitrarily
small error rate € > 0, which will be presented in Subsection 5.2.

With Lemma 5.1, we can reduce the study of the CNN learning process to the analysis of the discrete

dynamical system given by (5.1)-(5.4). Our proof then focuses on a careful assessment of the values

of the coefficients 'y(?, p§t2 it p(t) throughout training. To prepare for more detailed analyses, we

first present the following bounds of the coefficients, which hold throughout trammg

-2

Proposition 5.3. Under Condition 4.2, for any T* = n~'poly(e ", |p|l5*,d~* o, Lot n,m, d),

the following bounds hold for t € [0,T*]:
1.0 <) 5V) . < 4log(T*) forall j € {£1}, v € [m] and i € [n].

r7p]rz —

2.0 > o0, > —2max (w0 ], (Wl €[} — 16ny/ 520 - 410g(T7) for all j €
{+1}, 7‘6[ |and i € [n).

25243 https://doi.org/10.52202/068431-1830



We can then prove the following lemma, which demonstrates that the training objective function
Ls(W) can dominate the gradient norm ||V Lg(W )| along the gradient descent path.

Lemma 5.4. Under Condition 4.2, for any T* = n~*poly(e ™", ||p|l3 d~lo,?, oo i, m,d), the

following result holds for t € [0, T*]:
IV Ls (W) |2 = O mas{ |l 02d}) - Ls(W).

Lemma 5.4 plays a key role in the convergence proof of training loss function. However, note
that our study of benign overfitting requires carefully monitoring the changes of the coefficients

in the signal-noise decomposition, which cannot be directly done by Lemma 5.4. This is quite a

(@) ()

challenging task, due to the complicated interactions among v, ., p; .. ; and p(t) Note that even

7]( 7),, which has the simplest formula (5.2), depends on all the quantities 7; )T,, pgt)r ; and 4( )T i

for j/ € {£1}, 7' € [m] and i € [n]. This is because the cross-entropy loss derivative term

é;(t) = V'[y; - f(W® x;)] depends on all the neurons of the network. To overcome this challenge,
we introduce in the next subsection a decoupling technique based on a two-stage analysis.

5.2 Decoupling with a Two-Stage Analysis.
We utilize a two-stage analysis to decouple the complicated relation among the coefficients 7](-?,

p; Z , and p( ) . Intuitively, the initial neural network weights are small enough so that the neural

network at 1n1t1ahzat10n has constant level cross-entropy loss derivatives on all the training data:

é;(o) = ly; - F(WO x;)] = ©(1) for all i € [n]. This is guaranteed under Condition 4.2 and
matches neural network training in practice. Motivated by this, we can consider the first stage of the
training process where /; 0 =

vj(tr), pgtl ; and p(t) Based on the result in the first stage, we then proceed to the second stage of

the training process where the loss derivatives are no longer at a constant level and show that the
training loss can be optimized to be arbitrarily small and meanwhile, the scale differences shown in
the first learning stage remain the same throughout the training process. In the following, we focus
on explaining the key proof steps for Theorem 4.3. The proof idea for Theorem 4.4 is similar, so we
defer the details to the appendix.

= O(1), in which case we can show significant scale differences among

Stage 1. It can be shown that, until some of the coefficients 'yj(tg, p§ Z , reach ©(1), we have 4(75) =

Oly; - F(W® x;)] = ©(1) for all i € [n]. Therefore, we first focus on this first stage of the training
process, where the dynamics of the coefficients in (5.2) - (5.4) can be greatly simplified by replacing
the E;(t) factors by their constant upper and lower bounds. The following lemma summarizes our
main conclusion at stage 1 for signal learning:

1

Lemma 5.5. Under the same conditions as Theorem 4.3, there exists Ty = O(n~ mog Y ull59)

such that
1. max, 7]( ) = Q1) forj € {£1}.
2. p\") ;| = O(000,Vd) forall j € {£1}, v € [m), i € [n] and 0 < t < T

Lemmas 5.5 takes advantage of the training period when the loss function derivatives remain a

constant order to show that the CNN can capture the signal. At the end of stage 1 in signal learning,

()

max, 7y, , reaches ©(1), and is significantly larger than p; 7 ;. After this, it is no longer guaranteed

that the loss derivatives éi will remain constant order, and thus starts the training stage 2.

Stage 2. In this stage, we take into full consideration the exact definition E;(t) =y - WD x))]
and show that the training loss function will converge to Lg(W (")) < ¢. Thanks to the analysis in
stage 1, we know that some 'y( ) is significantly larger than all p( ) ;s at the end of stage 1. This scale

dlfference is the key to our analy51s in stage 2. Based on this scale difference and the monotonicity

t t
of V(T)’ pglz, p(t)

that y; - (V f(W)] xi), W*) > qlog(2q/¢) throughout stage 2. Moreover, since the neural network

in the signal-noise decomposition, it can be shown that there exists W* such
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f(W,x) is g¢-homogeneous in W, we have (Vf(W®) x) W) = ¢. f(W® x). Therefore,

(VLs(W®) W® W) = Z OOy (VWD ), WO - W)

LS 0 g WO, x,) = - (9F(W, ), W)
1=1

Y

% Zf’[yi FWE x)] - [yi - - FW®,x;) — qlog(2q/e)]

>q- fz FW® x;)) - £(log(2g/e))]

>q- LS(W(t)) — /2,
where the second inequality follows by the convexity of the cross-entropy loss function. With the
above key technique, we can prove the following lemma.

Lemma 5.6. Let T, T be defined in Theorem 4.3 and Lemma 5.5 respectively. Then under the same
conditions as Theorem 4.3, for any t € [Ty, T), it holds that |p§t21| < ooopVd forall j € {+1},

r € [m] and i € [n]. Moreover, let W* be the collection of CNN parameters with convolution filters
Wi, = W(() + 2gmlog(2q/e) - j - ||ptll5 % - p. Then the following bound holds

1 ! W) — W2 €
— N Lg(WH) < F__ 4
t—T1+1S:ZT s )_(Qq—l)n(t—TlJrl) (2 -1)

forall t € [Ty, T], where we denote |W ||z = \/|[W41][% + [[W_1]]2.

Lemma 5.6 states two main results on signal learning. First of all, during this training period, it
is guaranteed that the coefficients of noise vectors pg Z ; in the signal-noise decomposition remain

sufficiently small. Moreover, it also gives an optimization type result that the best iterate in [T}, T
is small as long as 7' is large enough. Clearly, the convergence of the training loss stated in Theo-
rems 4.3 directly follows by choosing 7" to be sufficiently large in Lemmas 5.6. The lemma below
further gives an upper bound on the test loss.

Lemma 5.7. Let T be defined in Theorem 4.3. Under the same conditions as Theorem 4.3, for any
t < T with Ls(W®) < 1, it holds that Lp(W®)) < 6 - Ls(W®) + exp(—n?).

Below we finalize the proof of Theorem 4.3. The proofs of other results are in the appendix.

Proof of Theorem 4.3. The first part of Theorem 4.3 follows by Lemma 5.5 and the monotonicity of

( ) . The second part of Theorem 4.3 follows by Lemma 5.6. For the third part, let W* be defined
1n Lemma 5.6. Then by the definition of W*, we have

W =W < [WT) = WO 4+ [ WO — W

—(Ty) (Tl)
T P T, Zg,r : —
<Zv( 5t *Zné i an i (m*/?log(1/e))||pll3*
7,751 v 7,752 v

= 0(m3/2||u||51)7

where the first inequality is by triangle inequality, the second inequality is by the signal-noise de-
composition of W(T1) and the definition of W*, and the last equality is by Proposition 5.3 and

Lemma 5.5. Therefore, choosing T = O (=T} + e m?|| |52 ) =0O(n" Loy (2= Q)H[J,H 74+

n~te m?||p|5 %) in Lemma 5.6 ensures that

T (Ty) _ YA7+2 .3 -2
LSy WO W Ol ..
T-Th+145 . 2¢—1m(T-T1+1) 2¢q—17 (2q—1n(T-T1+1) 2¢-1
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and there exists ¢ € [T}, T)] such that Ls(W ")) < e. This completes the proof of the third part of
Theorem 4.3. Finally, combining this bound with Lemma 5.7 gives

Lp(W®) <6 Ls(W) + exp(—n?) < 6e + exp(—n?),

which proves the last part of Theorem 4.3. O

6 Conclusion and Future Work

This paper utilizes a signal-noise decomposition to study the signal learning and noise memorization
process in the training of a two-layer CNN. We precisely give the conditions under which the CNN
will mainly focus on learning signals or memorizing noises, and reveals a phase transition of the
population loss with respect to the sample size, signal strength, noise level, and dimension. Our
result theoretically demonstrates that benign overfitting can happen in neural network training. An
important future work direction is to study the benign overfitting phenomenon of neural networks
in learning other data models. Moreover, it is also important to generalize our analysis to deep
convolutional neural networks.
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1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes] This is the first work that precisely characterizes the
conditions under which benign overfitting can occur in training convolutional neural
networks

(b) Did you describe the limitations of your work? [Yes] As we have discussed in the
conclusion, we only analysis two-layer CNNs. It’s important to generalize our analysis
to deep convolutional neural networks.

(c) Did you discuss any potential negative societal impacts of your work? [N/A] This
paper focuses on theoretical analyses of neural network training, and does not have
any direct negative social impact.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]

2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [ Yes]

(b) Did you include complete proofs of all theoretical results? [Yes] Please check the
appendix.

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes]

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes]

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [No| The purpose of experiments in this paper is to back up
our theoretical findings. The error bars are not required to verify our theory.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUgs, internal cluster, or cloud provider)? [No| The purpose of experiments in
this paper is to back up our theoretical findings. Information about the computation
resources are irrelevant to our purpose.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
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applicable? [N/A]
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Board (IRB) approvals, if applicable? [IN/A]
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