


Its corresponding robust Bellman operator requires searching the entire state space S to calculate
the minimum value in V/, and thus intractable for large state space.

¢, norm [28] For any nominal model p°, the uncertainty set is P = ®;,,Ps o, With Ps , = {p :
lg —psalle <0, >, q(s") = 1}, where || - ||, is an £, norm with its dual norm || - || satisfying
% + % = 1, and the domain of ¢ € Ag is relaxed to hyperplane ), ¢(s’) = 1 due to the difficulty
in handling the boundary of Ags. It was shown [28] that

f T o Ty, _ 3 —wl
b PV =(pLa) V- min [V —wil, ©)

which requires solving a minimization problem via binary search. The minimum value may have a
closed-form representation (c.f. Table 1 in [27]). For example, the minimum value is the average
of V for ¢ norm, the median of V' for ¢; norm, and the average peak of V (i.e., the average of the
maximum and minimum value of V') for /o, norm. £, norm-based uncertainty set is thus intractable
in the large-scale scenario.

f-divergence Given a continuous strict convex function f : Ry — R with f(1) = 0, f-divergence
is defined by d¢(q,p) = > . p(s)f (Q(:i) By distributionally robust optimization literature [12], we
have

inf p'V= sup Ey [ Y (ﬁ> — A6 — r]] , (10)

PEPs,a A>0,neER A

where f* is the Fenchel conjugate of f, i.e., f*(y) = sup,~o(yx — f(«)). Given such a formula,
the robust Bellman operator can be estimated given samples from the nominal model but requires
the optimal dual variables X, 7 for each (s, a) pair.

Wasserstein distance Given some metric d(-, -) on state space S, Wasserstein-o distance is defined
for any p,q € Ag that

Wo(p,q) == ( inf By eyuld(s,s)7))7,

(o) = (_inf  Eurympld(s.5)7)

where U (p, q) is the set of all couplings of p and q. Wasserstein RMDP has uncertainty set P =
®@s,aPs,a With Ps o = {q: W5 (q, 15 ,) < 9} and we have

z JYO _
pelgfap V—suprsa 1nf [V(8) + A(d(3,s)7 —9)]. (11)

The Wasserstein RMDP has been previously studied [1, 26]. Kuang et al. [26] gives a state dis-
turbance view of Wasserstein RMDP, where the robust Bellman operator requires searching the
worst-case state in the vicinity of the next state sample, i.e., inf.5_ <5 V(5). Although this ap-
proach can be applied to RMDP with large state space, the theoretical guarantee provided in [26] is
only for policy iteration (planning problem) in the tabular setting (i.e., the robust Bellman operator
is a contraction mapping under || - ||o0)-

B.1 Double-Sampling Uncertainty Sets

When action a is taken at state s, the nominal model transits to the next state s’ ~ pg’a. It can
be viewed as a double-samphng process that the next state s’ 1s generated by uniformly sampling
one from m states s}, sh, . .., s, sampled i.i.d. according to p? .- The transition kernel in the DS
uncertainty set at (s, a)-pair can be viewed as selecting the next state s’ in {s/, ..., s,,} according
to a distribution @ € A(m) that is perturbed from a uniform distribution Unif(m) and potentially
depends on the samples {s],...,s.,}. The DS uncertainty set is implicitly defined by a choice of
m, divergence measure d(-, -) and radius § > 0.

Bellman completeness for robust linear MDP under DS uncertainty set: A Q function class
G C RS*4A jg said to be Bellman complete if it is closed, and for all g € G, T*g also lies in G,
where

T*g(s,a) :=r(s,a +72p5a maxg(e a).
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Bellman completeness is critical for reinforcement learning. For RMDP with the Double-Sampling
(DS) uncertainty set, the linear function approximation can satisfy Bellman completeness if the
nominal model is a linear MDP. In linear MDP [22], we have

pz,a(sl) = ¢(53 a)T/J'(S/)v T(Sv a) = ¢(53 a)Ta?

where p is a vector of (signed) measures over S. Then for any V € RS

r(5:0) + 1By V()] = (5,0) 47 [ 6s,0) (s )V (")

—os0)” (047 [ W) € span(a)

For the DS uncertainty set P = ®;,Ps,, determined by m,d(,-),d, let fy(s},,) =

Infaea,da.Unit((m]))<s Diey @iV (s}), and fy(s}) := E, o [fv(8}.,m)]- It then follows
2:m s,a

that for any V'

r(s,a) +y inf pTV=r(s,a) +9E, o, [fr(shn)]
peps,a Sitim ~ P

s,a

= 8(5,0) 70+ 1Bup e [y ()] = 6(s,0) " (e 7 / M(S’)fv(S’)dS’) € span(®).

The Bellman completeness for DS-based RMDP with linear MDP nominal model is thus proved.

’

B.2 Integral Probability Metric Uncertainty Sets

Under the linear value function approximation, Vi, (s) = 1(s) w. Denote ¥ € RS*? as the
feature matrix by stacking up ¢(s) ", and the value function approximation is a linear regressor
Vi = Ww € RS, Let W = [)1,...14] with 1; € RS, without loss of generality, assume ¢ is an
all-one vector, which corresponds to the bias term of the linear regressor, and ¥ is full column rank.

We propose the IPM dx(p, q) = supsc 7{p' f — ¢ f} determined by function class
F={Ue:£cR €| <1} restatement of Eq (5) in matrix form.

The robust Bellman operator 75V (2) requires solving the optimization infep, , q"V, which is
equivalent to

mingeag 'V st SUp fe q'f - (p;a)—'—f <.
We relax the domain constraint ¢ € As to ) q(s) = 1 and define P, , = {q : dr(q,ps,) <

0, Y. q(s) = 1}. This relaxation omits the boundary effect of As, which facilitates the following
analysis. The relaxation is also made for £, norm-based uncertainty set [28], and one can argue that
it does not introduce any relaxation error for pgﬁa(s’ ) > 0,Vs,a, s and small 4.

Restatement of Proposition 1. For the IPM with F in (5), we have infgep, , q' Vi = (p3.,) " Viu—
Ollwaall-

Proof of Proposition I. Denote u = q — pj ,. The infyep, , ¢ "V under the relaxation is

min (p2 ) "Ww +u' Vw, st sup u' WE<H, u'l=0.
“ ’ lel<t

Since W is full column rank and ¢ is an all 1 vector, we know {¥U Ty :u"1 =0,u € R} = {y €
R : y; = 0}. The optimization problem can then be written as

min (p;a)T\I/w + y;dUJQ;d, s.t. sup y;dgg:d < 6.
Y I€2:all<1

The constraint is equivalent to ||y2.4||« < & and the optimal value can then be written as (pg ,) " Viy —
0 ||wa.ql|, which concludes the proof of Proposition 1. O

The IPM has many merits due to its capability to take advantage of the geometry of the domain
(state space) through the function class.
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C Robust Critic Analysis

We analyze the robust critic component in the RNAC algorithm (Algorithm 1). This section would
also be of independent interest for the robust policy evaluation problem, where one aims to estimate
the robust value of some policy given Markovian data.

The first two subsections focus on the linear function approximation and prove the main theorems
as stated in Section 5 of the main paper. The last subsection focuses on the general function approx-
imation.

C.1 Linear Robust Value Function Approximation

Setting: We aim to approximate the robust value function V'™ thorough linear function class
V() =0(s)Tw, VseS. (12)

The “optimal” linear value approximation V,,~ is the solution of the projected robust Bellman equa-
tion i.e.,

™ TE Ve = Vi,

where the projection matrix is II™ = W(¥ T D™W)~1¥ T D™ with D™ = diag(v™) and v™ is the state
stationary distribution of executing policy 7 on the nominal model p°.

Definition 3 (Linear value approximation error). €y piqs := sup, [|[II"V7™ — V7|, x.

w™ is the solution of the projected robust Bellman equation II"75V,, = V,,. When II"T] is

B-contraction w.r.t. || - ||,~, we have (according to Corollary 4 in [53])
1 €V bias
Vir =V lpr < ——|[|[ITTVT =V ||)r < ——. 13
Var =Vl < 75 - < S (13)

C.1.1 Contraction of Projected Robust Bellman Operator

The contraction property of the projected robust Bellman operator is the key to guaranteeing the
convergence of linear TD algorithms. The contraction property can be guaranteed when Assumption
2 is satisfied, and we show that the DS uncertainty set with a small § indeed satisfies this assumption.

We refer to a divergence d(, ) as C-continuous at uniform distribution Unif([m]), if {a € Apy,
d(a, Unif([m])) < €} € {a € Ay ¢ [la — Unif([m]) |0 < Ce}, Ve > 0.

Proposition 4. Uncertainty set implicitly defined by double sampling with divergence d(-,-) that is
C'-continuous at uniform distribution Unif([m]) and § < ,3”% satisfies Assumption 2.

Proof. For the uncertainty set P implicitly defined by double-sampling with robust Bellman opera-
tor 3

5V = ]Ea~7r -|s),s% . ~p° )
<TP )(8) C18)81m Ps,a T(S a) +’ya€A d(a Umf( 1)<é Z; ]
Since d(-, -) is C'-continuous at uniform distribution, take arbitrary (s, a, s"), we know
P () = B swp S =)
q€Ps.a T | @€ A (e, Unif(m)) <6 7
S By ~po a;1(s; =
P | a€A il Un1f(m)|\oo<C6; ]
Fm O
B, |+ OO = S’)] = 12,51+ mC).
Li=1

To guarantee v Sup,cp, “ q( ") < Bpg , with some 3 < 1, we know need (1 + mC9) < %y’ which

can be achieved by § < O

'ymC
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The following theorem shows that choosing a small ¢ is not a panacea for the well-known f-
divergence uncertainty set. Note that many well-known metrics, such as KL-divergence, total varia-
tion, and x2-divergence are special cases of f-divergence.

Proposition 5 (Restatement of Proposition 3). For any f-divergence and radius § > 0, there exists
a geometrically mixing nominal model such that the f-divergence defined uncertainty set violates
Assumption 2.

Proof of Proposition 3. Given a continuous strict convex function f : Ry — R with f(1) = 0, the

f-divergence is defined as d(q,p) = >, p(s)f (p(sg)

Given a nominal model p° and a radius 6 > 0, the f-divergence-based uncertainty set is P
with P, = {q¢ : dy(¢,ps,) < 6}. For any f and 6 > 0, consider a nominal model
p°, which has a uniform transition probability, i.e., transits to a uniformly and randomly se-
lected next state at any state-action pair, except for (s,a). The transition probability at (s,a) is
P = (o, | 3\ <, I SI i PR |‘19"_“1 ), where « is some parameter to be determined later. It is clear
that this nominal model p° is well mixed for any @ € [0,1]. Consider another model ¢ which
coincides with p° except for states (s,a) with g5, = (a/7, l‘gl‘i/;’ 1@“’7/17, e ﬁ;f‘f{’) Note that
ZZ'“ER = %, thus if ¢ € P, the Assumption 2 of 8 < 1 is violated. Since as a — 0, by the continuity
of fand f(1) = 0, we have

df(gsarP2.0) Zpsa ;ZZE‘Z;)_af(l/’y)—i-(l—a)f(ll—_a({y.)

=af(l/y)+1-a)f(l-

Therefore, with a sufficiently small o, we have ¢, , € P; , and clearly ¢ € P. Thus there does not
exist a universal choice of ¢ for f-divergence-based uncertainty set to guarantee Assumption 2. [

1/v—-1
/v—a)—>0<5.

We next prove Lemma 1, which shows the contraction of robust Bellman operator for IPM-based
RMDP without Assumption 2.

Proof of Lemma 1. Let P7(s'|s) := 3, p] (415 (') be the state transition kernel of executing

policy 7 on the nominal model p°. We can view P™ € RS*S

we have

as a matrix. Recall D™ = diag(v™),

1750w = TE Wl = [7P™0w = y8llwsallL = P00’ + 8wy 11]|
6

NPw = Vo'llyr + 50 llwll = ] < AIw = Pulllyr + 3y P = T/~
Since II™ is a non-expansion mapping w.r.t. || - |,=, II"7} is a contraction mapping if (1 +
m) < 1, which is equivalent to the condition § < /\min(\I/TD”\Il)l_T”.

d

C.1.2 Convergence of Robust Linear TD

As discussed in the paragraph under Assumption 1, robust linear TD (RLTD) is a stochastic approx-
imation (c.f. Section F.3 for a brief overview of stochastic approximation) since empirical operator

T ((3) or (6)) is unbiased with
E(s.ar)amonops [9(5) [(TEVa)(s,0,9/) = () Tw] | = 9T D" (T3 Vs — Vo).

We can then let F(w,z) = 1(s) [(7"T w)(s,a,y") — w(s)Tw} with z = (s,a,y’) and RLTD is
solving the following equation

F(w) := U D(TF¥w — Yw) = 0,
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through stochastic approximation:

w1 = Wi, + apF(we, Tk), Tk = (Sk, Ak, Yrr1)-
It is clear that {x} is also a Markov chain with domain X = § x A x Y, Y = 8™ for the
double-sampling uncertainty set with m samples and )V = S for the IPM uncertainty set.

Theorem 5 (Formal statement of Theorem 3). Take § as in Lemma 1 and in Proposition 4, for the
DS uncertain set or the IPM uncertainty set, respectlvely Under Assumption 1, RLTD with step

sizes oy, = O(1/k) guarantees E|| %] = O( ) and E[|| Vi, — Vipr [|2+] = O(%)

Proof of Theorem 5. By Proposition 4 and Lemma 1, DS or IPM with small § can guarantee I[I" 775
is a B-contraction w.r.t. || - ||~ for some 8 < 1. The theorem can be proved by applying Lemma 12.
For this purpose, we only need to show that Assumption 8 is satisfied for RLTD. We check the three
conditions in Assumption 8§ as follows.

1. The geometric mixing property of {xy = (S, Gk, Yk+1) tr>0 is straightforward given geo-
metrically mixed {sx }x>0-

2. Since r € [0,1] and |[¢)(s)|| is bounded Vs € S, we have ||F(0,2)| = ||¢(s)r(s,a)|| <
l1(s)]| is also bounded for any = = (s, a,y’).

For double-sampling (3) and any = = (s, a, $.,,,)»

Fw,z) =1(s) <T(57a) +’ya€A lilgnlf(m <5Za7 w - (S)TUJ) :

Let U, € R™*? be the matrix by stacking up ¢(s7)",...,1(s,) T, we have
[ F(w1, ) — F(ws,z)
<o) [t 0Ty — infaT e w0 (s)00) 0 — o)
<7l (s)lll sup al Wy (wr —wo)| +[[¢(s)]*[lwr — ws

< max 29| (s") | *[lwr — wa),

where sup,,, inf,, are taking in {a € A,y : (o, Unif([m])) < §}. Thus there exists Ly =
max(max; ||¢(s)]], 2y maxg [|#(s)||?) that guarantee ||F(0,z)|| < L; and ||F(w,z) —
F(w',z)|| < L1||Jw — w'|| for the double-sampling RMDP.

For IPM (6) and any = = (s, a, s'),
F(w,x) = ¢(s) (r(s,a) + 79 (s") 'w — 8 |waal| — 9 (s) "w) .
We have
1F(w.2) — P, 2)]| < mas (7 -+ D) +100()]) flo — o],

which also satisfies the second item of Assumption 8 by setting L; =

max(max, [[¥(s)[|, max, ((v + D[[¢(s) [ + vo[[¢(s)]))-

3. Note that for small ¢, [I"7.5 is a S-contraction w.r.t. || - [|,~. Since there exists w™ with
F(w™) =0,let D := D™ = diag(v™), we have

(w—w™, F(w)) = (w—w", F(w) - F(w"))

= (w—w", UV D(T" 0w — T"Tw™)) — |¥(w —w™)|2-

= (V' DU (w —w™), (W' DY) D(T"Vw — T Vw™)) — || ¥(w — w™)||2

= (DY2W(w — w™), D2 (U DO) T D(T" 0w — T 0w™)) — | ¥(w — w™)||2
< [ (w — ™) o [O7TF Yw — ITTEYw™ [y — [ € (w — w3

<=1 =¥ (w = w2 < =1 = B)Amin(¥ " D) [ — w™ 1%,

where the first inequality is due to the Cauchy-Schwarz inequality and the second inequality
is due to the 3-contraction property of II"™ 7.
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In addition, we have
E[|[Vse = Vaor l2+] = E[(wi —w™) (¥ T D™ ¥)(wg — w™)]
< A (T D™O)E[|wg — w™||*)] = O(1/K).

C.2 Extension of General Value Function Approximation

Setting: In the general function approximation setting, we consider a known finite and bounded
function class G C R to fit the robust value function V7, i.e.,

GCR®, |G| <oo, |g(s)]<oo,VgeG,VseS. (14)

Note that IPM-based RMDP with empirical robust Bellman operator (6) only applies to linear func-
tion approximation. We implement it similarly by adding a negative regularization with neural
network approximating the robust values, which also induces robust behavior of the learned policy
as illustrated in the experiments (Section 7). However, it may not directly match any specific uncer-
tainty set. We thus only consider the DS-based RMDP in this general value function approximation
setting.

We define the robust Bellman error as follows.

Definition 4 (Robust Bellman Error). €4 piqs := max; maxgeg Mingeg || 759 — ¢'[|o~-

If €4.4ias = 0, then the robust value is realizable within the function class, i.e., V™ € G for any
T eqg.

C.2.1 Fitted Robust Value Evaluation Algorithm

We propose the fitted robust value evaluation (FRVE) in Algorithm 5, a robust version of the fitted
value evaluation commonly used in offline RL. This algorithm first samples a batch of data from
the nominal model, then select the last half as training data for analytical purpose without losing
the order while the Markovian data are close to the stationary distribution due to geometric mixing
Assumption 1, and iteratively solve for a better robust value approximation based on the current

approximation g, and its robust value estimate ﬁ(gk).

Algorithm 5: Fitted Robust Value Evaluation (FRVE)

Input: 7, K

Initialize: g, so

fork=0,1,..., K —1do

Sample ay, ~ 7(-|sk), Yr+1 according to p, ., and sx1 1 from yx g

i Doy.ans Sk+1 ™~ Unif(yg+1) and 7'737 in (3)

L // For DS: Ye+1 = s/lzm
Let D = {(sg, ax, yk+1)}£(:_]§/2 be the dataset
fork=0,1,...,K —1do

. 2
Update gs1 = arg mingeg thy Yo en ((TE00)(s:0.8) — 9(5))
Return: gx

Theorem 6 (Convergence of FRVE). For DS RMDP with § suggested by Proposition 4, T7 is a
B-contraction mapping for some 3 < 1. Under Assumption 7, the return of FRVE Algorithm 5 has

1 €g,stat €g,bias
E[[|[VT — vT < KGmaX “ . ’
IV = gl < B G+ =) + P25+ S22

where Grax 1= maxgeg(( T59)(8,a,9"), 1T, lgllo) and ey star = O(1/VK). Thus
E[|V™ — gxllux] = O(1/VE) + Olegpias)-
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Proof. By the contraction mapping of 75

V™ =gxllvs < |TRV™ =T gr-1llv= + 1T 9x -1 — 9K l|u=
<BIVT = gr-1llvr + TP 9 -1 — 9K ||=

K
< B ITE gk = gl + BEIVT = gollun
k=1

K _
— T 1
< 3B HITE ks = gelloe + 8 (lgollur + 1)
k=1

Note that 75 gi—1 is a target that g, is an approximation through MSE with Markovian data. If the
data is stationary, i.e., i /2 ~ V"™, applying Lemma 11 and the union bound over G (taking 77 g as
a target for each g € G), we know with probability at least 1 — ¢,

||7;;Tgk’—1 - ngV” =0 <GmaT\/log(|g|) —I};log(l/é)) + O(eg,bias)a Vk = 17 27 o 7K'

Let P, be a distribution on D with xf /5 ~ 1, and let P,~ be a distribution on D with x5 ~ V7.
Take p as the true distribution of z g /o according to the data sampling process as in Algorithm 5.

We know || — v™||7v = O(e~*) by Assumption 1, and thus

Ep~p, [T gk-1 = grllv=] < 2Gumax||[ Py — Porl7v + Epap,« (|75 951 — gillu~]
= QGmaxHﬂ - Vﬂ—HTV + EDNP,,# [HT’I;Tgk—l - ngu”]
_ log(|G|) + log(K
= O(Gymax6 K) +0 (Gmax\/ (| DK ( ) + O(eg,bias)-
The proof of the theorem is thus concluded. O

D Robust Natural Actor Analysis

We analyze the robust natural component in the RNAC algorithm (Algorithm 1).

We first discuss the Fréchet supergradient of the robust value function in the first subsection. The
second subsection focuses on the linear function approximation and proves the main theorems as
stated in Section 5 of the main paper. The last subsection focuses on the general function approxi-
mation.

D.1 Policy Gradient and Performance Difference

The robust value function J(6) = V™ (p) is in general not differentiable. But since it is Lipschitz
(w.r.t. to Lipschitz policy parameterization), it is differentiable almost everywhere according to
Rademacher’s theorem [14]. At the place not differentiable, Fréchet supergradient V.J of .J is then
defined as

. J(O") = J0) — (VJ(),0 —0)
lim sup <0.
60 16" — 0]
When function J is differentiable, J at any point 6 has a unique Fréchet supergradient, which is the
gradient of .J at 6.

Proof of Lemma 2. The Fréchet supergradient exists for tabular RMDP [29], which is

Va V() f%d;’“ww)@”(s,a), Vs, a,

s,a — 1

where [V V™ (p)]s . indicates the (s, a) coordinate of vector V.V ™ (p). m = mg is a policy param-
eterized by 6.

V@Vﬂe (/)) = Z[Vﬂ—vﬂ- (P)]s,aVQﬂ-f) (CL|S)

s,a
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1
= mESNd’;M Eqnr, [@7(s,a)Volog mo(als)]

1
= 75 Banapm Banr, [A7(s,0) Ve log mo(als)],

where the first relation is by the chain rule of supergradient. O

D.2 Linear Function Policy Approximation

Setting: This subsection considers the log-linear policy with
exp(¢(s, a)TG)
Y exp(d(s,a’)T0)’

where ¢(s,a) € R? is some known feature vector and # € R is the policy parameter. Let ® €
RISIIAIXd pe the feature matrix by stacking up the feature vectors ¢(s,a) .

mo(als) = V(s,a) € S x A, (15)

Recall the discussion of the proposed RQNPG in Section 6. We approximate the robust Q
function Q™ via Qq(s,a) = r(s,a) + infyep, , p' Vi given a value function approximation
V. from the robust critic, and then approximate (),, by a policy-compatible [52] robust Q-
approximation Q% = ®u. In other words, we project Q,, onto span(®). Denote by IIf :=
®(® T diag(v™om)®)~1® Tdiag(v™ o) € RISIAIXISIIAI the projection matrix onto space span(®)
w.r.t. norm || - ||,=or. We then define the approximation error €g ;s below. When realizable, i.e.,
Q™ € span(®), the approximation error €g pias = 0.

Definition 5. €( piqs 1= max; maXd:d;'”””’ AT oyt IIEQ™ — Q7 || dovmir

We assume a finite relative condition number (Assumption 3) (similar to that in [3]). The relative
condition number is not necessarily related to the size of the state space (details are shown in Remark
6.3 of [3]).

. (o) il
Assumption 3. max, . max l[®ulldouny

SUDy, [[Full,r o < & < oo for some €.

7Kk

d=d,,

L ,d;*‘*‘” orvT™
Now we look at a specific update '+ = RQNPG(6?, ', w', N), where w! = RLTD (¢, K).

D.2.1 RQNPG One-Step Analysis — Robust Q Function Approximation

In this update '*1 = RQNPG(A?, n, w!, N), where w® = RLTD(7y¢, K ). RQNPG first approximates

Qut(s.a) =r(s,a) +yinfpep, , p' Vipr = E[(TE Vit ) (s, a,9)|s,a] by Q“(s,a) = ¢(s,a) " u, as
the caculation of u in Algorithm 3. Let

ul ;= arg muin]E(s’a)Nl,f,oﬂt[(th(&a) —Q"(s,a))?].

be the optimal approximation for the target Q,,+. u’ is approximated by stochastic approximation
(c.f. Section F.3 for a brief overview of stochastic approximation) with a mean squared error loss

N 2
L(U, th y 71') = E(S,a,y’)r\/y"owopo |:<(T7§th)($7 a, y') _ d)(S, a)T’U,) :| .
We know ! is the unique solution of

0= —=VuL(u; Vit , ) = E(s,0,p/)mvromope [(b(s,a) ((ﬁérth)(s, a,y’) — ¢(s7a)Tu)] .

Let F(u, z) be the function inside the expectation with z = (s, a,y'), and F'(u) be the negative gra-
dient —V,, L(u; V, 7). We then solve this stochastic zero point problem by stochastic approximation
as in

Up4+1 = Un + Cn(b(sny an) [(%rvw)(sny an7yn+1) - ¢(3na an)Tun] = Up + CnF(unvxn)7

where ., = (Sp, ny Ynt1)-

Lemma 3 (Convergence of compatible Q function approximation (SGD with Markovian data)).
Under Assumption 1, RONPG (Algorithm 3) with step sizes ¢, = O(1/n) guarantees E[||luy —

ut 2] = O(%) and E[|Q™~ — Q" |[20:] = O().

76
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Proof of Lemma 3. The lemma is implied by Lemma 12. To see this, we only need to show that
Assumption 8 is satisfied. We check the three conditions in Assumption 8 as follows.

1. The geometric mixing property of {xy }r>o is straightforward given geometrically mixed
{si}r>o0.

2. Since ||¢(s, a)|| is bounded ¥(s,a) € S € A, similar proof follows as in the proof of 5.

3. Since there exists ur with F(u) = 0 and L(u; V,7) is Apin(Es.a[ds,a®.,])-strongly
convex, we have
(u—tr, F(u)) = (u = g, F(u) = F(uz))
= - <u — Ung, VL(’LL, V; ﬂ-) - VL(uTrv ‘/a 7T)> < _/\min(zy"ow)”u - u7r||27

where X7 or 1= ESNV"',QNTF [(bs,ad);l:a]'

Denote by TT7, := ®(® " diag(v™ omr)®) 1@ T diag(v™ onr) € RISIMAIXISIAL the projection matrix of
function @ € RISIIA! onto matrix ® € RISIMI*4 under norm || - ||, orr. We know Q"+ = Hthwz.
We have

E[|Q"Y — Q" [|20r] = E[(ul — un)T (@ diag(v! o 7*)®) (ul — un)]
< Amaz (® Tdiag(vt o 7)) ®)E[[|ul — un]|?] = O(1/N).
O

For the update at step t, §*! = RQNPG(#!, nt, w!, N) and w® = RLTD(mg¢, K), let ¢ = my: be
the policy at step ¢. Let u* = uy (uy in Algorithm 3) and Lemma 3 above shows that ]E[||Q“t —
QU 1200e) = O(%) This does not necessarily implies that Q*° and Q™ are close since the
property of the critic returned w? is required. We measure the difference between Q“t and Q”t in
the following lemma.

Let w! = w™ and w' = RLTD(7g¢, K) is the output of RLTD at step ¢t. Define ey stqr 1=
maXt:o,l,...,T—l{\/E[vag — Vit ||12,,}}, and €y sq1 = O(l/\/?) by Theorem 3.

Lemma 4. Under the conditions in Theorem 5 and Assumption 3, there is some € = €siqt + €pias

that for any w, 7' and any d = d:;r/’ﬁ”", dz*’ﬁ”t orv™,
t t
B [E(oa)aon @ (5,0) = Q7' (s,0)]] | < (16)

where the outside expectation is taken w.rt. the randomness of the data collected in w'® =
RLTD(mye, K) and 0"t = RQNPG(0",nt, w', N). Moreover, €siar = /| A| (£B€v,stat + E€Q stat)
with €V, stat = O(VL?) and €Q,stat = O(ﬁ), €bias = \/ |-A| (%Gv,bias + €Q7bias) with €V.bias
and €q piqs in Definitions 3 and 5, respectively.

Proof of Lemma 4. For any d = dgt“’”tﬂ, dg* " or ™ and for any , we know for any Q, Q’

B (B maor[Q(s,0) = Q' (5,0)]] | < E [/ JAIE (s 0)aoumil(Qs,0) — Q'(5,))?]]
= VIME[|Q - Q/HdoUnif] :
To quantify the error between Q"t’ — Q”t, recall Q“i = Hthwt and we decompose it into
Q" — Q" =(Q" ~ Q") + (I Qur — 1§ Quy) + (I Que —TIF Q™) + (I Q" —Q™),
and bound each term respectively. We can transfer the norm within the space spanned by ® via the

assumption that || ®u||gounit < &||Pu|,=or. Note that the first three terms all lie in the span(®), we
have the first term bounded by

e[l - prtont] < 5\/1@ [l — @

aouni| < €E [|Q" = Q"

2
Lt ont < §€Q,stat7

27
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for some €g stat = O(ﬁ) as in Lemma 3. The second term is bounded by

E I3 Que — 115 Qu

< SE [Hth - Qwi l,wtoﬂ—t] < gﬁE[”Vu’ - Vwi

doUnif} <¢E [HHZI‘; Qut — G Que ||y‘”to7'rt:|

o] < EBV/ELVir — Vit 1] < EBevstar

for some €y, stqt = O(\/LR) as in Theorem 5. The third term is bounded by

E (I3 Que — 115 Q" laounit] < €E [IT5 Que = T3 Q™ |t e | < €B [IQust = Q7' st ot
E[”Htvt - Vt”lﬂ‘] < gﬂe\/,bias

1-8 T o1-87
where the last inequality is by Definition 3 and inequality (13). The last term is then bounded by
Definition 5 ]E[||H$tQ7Tt — Q’Tt laounif] < €@ pias- We thus have

< EBE[|[Vir — V*lur] < €8

‘]E {E(s,a)NdOﬂ[QUt (57 a) - Qﬂ—t (57 a)}il ‘ < V |~/4| (geQ,stat + gﬂeV,stat + %6v,bias + 6Q,bias) P

which concludes the proof. (]

D.2.2 RQNPG One-step Analysis — Mirror Ascent Update

Now we look at the policy improvement of the update #'*1 = RQNPG(6?, 7', w!, N) with ¢, =
©(1/n) (Algorithm 3), where w' = RLTD(mg¢, K). Let u' = uy (uy in Algorithm 3), and we
know the RQNPG update is 0T = 6 + ntul.

This RQNPG update is equivalent to a certain mirror ascent update. Specifically, recall Q“t (s,a) =
#(s,a) Tul is the approximated robust Q function, the RQNPG update §* ! = 6 +-ntul is equivalent
to [4]

7t arg max (n"(QY . 7) —KL(r, ')} VseS, (a7
TEA A

where we let 7w, := m(-|s) and Qs := Q(s,-) for simplicity. Note that this update can be viewed
as a mirror descent step with KL-divergence as Bregman divergence. Given this mirror descent
formulation of policy update in Eq (17), the pushback property indicates that for any policy 7 (Eq
(2) in [68]),

QY m) — KL(rl™ ) 2 QY m) — KL(ma, w) + KL(m, n{*),

s 178 s s

which is equivalent to the following fundamental inequality

QY ms — ) + QY — mtt!y < KL(mr, 7)) — KL(mr, 7tt1) — KL(z!t1, 7f).  (18)

s S S

Restatement of Theorem 4 (Approximate policy improvement) For any t > 0, we know

KL 41, b, wt ) £ KL e, wttl gt
41 d, R t+1 ( ? ) d, e ( ’ ) €

v Sy - . (19
(p) = V7™ (p) + = )

where KLy, (m, ") := 3" v(s)KL(w(-|s), 7(-|s)) > 0 and Ele;] = O(\/LN + \/L?) + O(e€pigs)-

Proof of Theorem 4. Let k'T1 = k.41 be the worst-case transition kernel w.r.t. policy 7'*!, and

let e, = Eswd:tﬂﬁtﬂ QT — Qv xi+! — xt)]. We have
t41 t 1 t
Vﬂ' (p) — V‘ﬂ' (p) 2 mEswd;Hrl’NtJrl [< :;T 771"1;"'1 o 772”
1 u' __t4+1 t 1 mt ut __t4+1 t
= EESNd;'HAW“rl [< s s Mg - 7Ts>} + :Eswdg“rl,n“rl [<Q5 — s T - 7Ts>]
7R

https://doi.org/10.52202/075280-0007 124



Algorithm 6: Robust Natural Policy Gradient (RNPG)

Input: 0,7, w, N

Initialize: ug, s, let m = 7y

forn=0,1,...,N — 1do

Sample a,, ~ 7g(+|s,), Yn+1 according to pg, . and determine s, from y;, .,
Update w,,+1 = (1 — Nu, +

QLVG 10g o (an|5n) |:(7Ad7;rv’w)(5na Ap,y yn+1) -V (Sn) -V log 779(an|5n)TUn] .

Jid. : IS
// For DS: yni1 =8y, ~ Do an s Sntl ~ Unif(yn4+1) and 75 in (3)

| // For IPM: ypi1 = Spt1~Dp; ,, and 7;? in (6)

Return: 6 + nuy

KLdﬂ.tﬂ»l,Nt{»l (7Tt, 7Tt+1) + Kdet+1mt+1 (7Tt+1, 7Tt) €
P P _ t
(1=’ 1=’

where the first inequality is by Lemma 8, and the last inequality is by taking 7 = 7 in the funda-
mental inequality Eq (18), which implies

Qi wi — ml) = KL(xl, 7i™") + KL(x ™, ).

S

>

e; can then be bounded by Lemma 4 with E[e;] < 2¢ = 2640t + 2€pias, Where €siqr, €pias are
specified in Lemma 4 with €44 = O(\/LN + \/L?) O

D.3 Extension of General Function Approximation of Policy

Setting: In this subsection, we consider a general policy class of form
exp (fo(s, a)) d}
mo(als) = f R}, (20)
ok = =2

where fy is a differentiable function. This general policy class contains the log-linear policy class
as a special case by fy(s,a) = ¢(s,a)' 0.

D.3.1 Robust Natural Policy Gradient with General Function Approximation

For the general policy class in Eq (20), we propose a Robust NPG (RNPG) algorithm.

This algorithm can be applied to RNAC (Algorithm 1) for the robust natural actor update. Now we
look at a specific update §'*1 = RNPG(#?, n*, w’, N), where w! is the output of the robust critic at
step t. Note that for the critic with general function approximation Eq. (14), we slightly abuse the
notation by V,,» = g*, where g is the output of the FRVE (Algorithm 5) at step t of RNAC. We can
view g € G is parameterized by some w, as indicated in the RNAC algorithm Algorithm 1.

Denote by ¢’(s,a) := Vglogms(an|s,) and & € RISIAIXD a5 the feature matrix stacking up
feature vector ¢?. Foreacht = 0,1,...,T — 1, we let ¢! := ¢9t and ®! := ®°" for simplicity. The

RNPG update is 0T < 6 4 n*u?, where u? = wuy as the output of the stochastic gradient descent
in Algorithm 6,

Upt1 = (1 = Ny + (Vo log mge (an|sn) [(7}:“ Vit ) (Sns @y Ynt1) — Vit (sn) — Vg log ﬂg(an|sn)Tun] .

RNPG approximates the value approximated advantage function A,:(s,a) = r(s,a) +
vinfpep, , p' Vit — Vit (s) by AY := ®'u. Note that (ﬁrtit)(sn,an,ynH) — Vit (sn) is an
unbiased estimate of At (sy, ay,), i.e.,

E[(T3 Vi) 5y s Yns1) = Vit (82) |85 @] = Aut (83, ).

RNPG thus is iteratively solving the following optimization

1 A
slAw = @ ullGione + S llul, @1

790
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by stochastic approximation (stochastic gradient descent with Markovian data). Denote by uf the
optimal value of the optimization, which is also a solution of the equation

0= ()T (Ay — P'u) — Iu
= E(s,0,5/)~vmomope {(bt(s,a) ((ﬁ;ftth)(s, a,y’) — Ve (s) — (bt(s,a)Tu” — \u.

Theorem 7 (Convergence of compatible advantage function approximation (SGD with Markovian
data)). Under assumption 1, RNPG(0¢,nt, wt, N) (Algorithm 6) with step sizes (, = ©(1/n) guar-

antees Efl|uy — ut 2] = O(L) and B[ A% — A% |2, ] = O().

Proof of Theorem 7. The theorem can be proved in the same manner as that for Lemma 3, since the
objective function in Eq (21) is strongly convex. O

With slight abuse of notation, denote by X! = := E(;a)wvor [¢'(s,a)¢"(s,a)"]. The opti-
mal value vl = (A + (®*)Tdiag(v? o wt)®)~1((®*) "diag(v? o 7t)A,e) satisfies |[ul] <

Ayt llytont /iy 10512, 0 . ~
” H/\+>\ . %:zt - HQ:””” . Let u’ = uy, Theorem 7 gives E[[|u’[|?] < 2E[||ul||*] + O(+). We

vtorm

|u!||?] < U under the following assumption.

then have E|

Assumption 4 (Bounded feature). Assume supyg Zle 6711270 o, < 00. Since G (14) is bounded,
| At || otont < 00 and there exists 0 < U < oo that max, E[[|u’|?] < U.

D.3.2 Robust General Advantage Function Approximation

Denote by IT%, the projection mapping to the space {®'w : ||u|| < |lul||} under metric || - ||, tont.

Definition 6. €4 piqs := maxy—o 1, 7-1 E [Tl A" — A = o e ).

Note that €4 piqs also implicitly depends on the choice of A since u’ depends on A. If the realizable
case, i.e., A™ € span(®?), €4 pias = 0if A = 0.

0
”@ u”l,ﬂ'*oﬂ.* < 5/
Toulomgan, =&

Assumption 5. There is some 0 < ' < oo that for any 0, sup,,

Lemma 5. Under the conditions in Theorems 7 and 6 and Assumption 5, for any t,
B [Bayror 4" 5,0) = A7 5,00 | 5 € = s + € (22)

where the outside expectation is taken w.r.t. the randomness of the data collected the robust natural

. ! 3¢ _1 1 N\, o/ —
actor and robust critic update. Moreover, €., = O(\/_E + \/_N) €hias = O(€A bias + €g,bias) OF

O(€A,bias + €V bias) for linear robust critic.

Proof of Lemma 5. To quantify the error between A% — Al we decompose it into
A% = A = (A = AM) 4 (T Ay — T Ay ) + (T Ay — Tl AY) 4 (T AT — AY),

and bound each term respectively. The proof follows similarly to that in Lemma 4 by applying
Theorem 7 and Theorem 6. O

E Robust Natural Actor-Critic Analysis

In this section, we first state and prove the formal versions of the main theorems Theorem 1 and
Theorem 2 in Theorem 8 and Theorem 9, respectively. We then give the convergence of RNAC
employing general function approximation in Theorem 10.

an
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E.1 Linear Function Approximation

We introduce the detailed setup of the RNAC algorithm with linear function approximation, based
on which the theorems are stated and proved.

RNAC-Linear Setting: We study the RNAC (Algorithm 1) with robust critic performing RLTD
(Algorithm 2 with &, = ©(1/k) as in Theorem 5) and robust natural actor performing RQNPG
(Algorithm 3 with (,, = ©(1/n) as in Lemma 3) under linear value function approximation as in
Eq (12) and log-linear policy as in Eq (15), for DS or IPM uncertainty sets taking § suggested by
Proposition 4 or Lemma 1, respectively. We assume Assumption 1 and Assumption 3 hold.

For each time ¢ = 0,1,...,7 — 1, the value approximation and policy in RNAC are updated
as wt = RLTD(mg¢, K) and 0T = RQNPG(6?, 7', wt, N), respectively. Denote by u® as uy in
RQNPG (0%, nt, w?, N) (Algorithm 3), which defines a robust Q-function approximation Q“'. Let

7t = mgr, k! = ke, V= V™ for simplicity. We have the following lemma.

Lemma 6. Under the RNAC-Linear Setting, for any t = 0,1,...,T — 1, we have (Q* , wt™1 —
mt) > 0,Vs € S and

2e
1—7’
where the expectation E is taken w.r.t. the data sampled by RNAC, and € = €444t + €piqs IS the same
as that in Lemma 4.

E[E,,[(QY, 7t — 7t > E[V!(p)] - E[V!*(p)] -

s S S —_

Proof of Lemma 6. Taking m = 7' in the fundamental inequality Eq (18) gives
QY —alth) < —KL(nl, nl™) ~ KL(x{™, xl) <0,
which implies 7! is indeed improving 7' along Q"' direction. We then have

1
QU mt = a2 B e [(QU, L — 7]

s »!'s - 1 Y
——L]E 1 1[< m 7Tt+1—7r >]+;E 1 1[<Q —Q 7Tt —’/Tt+1>]
— 1 — 7 S/Nd:-f+ Rkttt s’y Mg ’ 1 — ,y d at+1 t+ sy ’
1 1
= — EES/Nd;rt-H‘Kt-H,a’Nwzfl [At(s/7 a/)>] + mEs'wdgt_H'“Hl [<Q — QS ’ﬂ't/ — 7rt+1>]
1
>Vi(s) — ViTi(s) + 1—E gt Rt [<Q - QS, ,mh — iy,
-y s'~dg
where the second inequality is by Lemma 8. The proof of the lemma is then concluded by taking
expectation E[E,.,[-]] on both sides and applying Lemma 4. d

Assumption 6. For initial state distribution p, there exists M that sup,.cp ||d”7||OO <M < oo
Theorem 8 (Formal statement of Theorem 1). Under RNAC-Linear Setting and Assumption 6,
M

RNAC with geometrically increasing step sizes n* > lli t=1 foreacht = 1,2,...,T, satisfies

1
M

T-1
Vi -EVT el < (1-572) (0= 500 - v + 1ol

+< 2, 2M >
67
L=y (1—-79)?

where € = €414t + €pias as in Lemma 4 with €0y = O( TR \/—) Omitting the approximation

€vias, the sample complexity for achieving e robust optimal value (i.e., V*(p) — EVT(p)] < ¢)is
O(1/€?) by taking N = K = ©(1/¢?) and T = O(log(1/¢)).

Proof of Theorem 8. Taking m = 7* in inequality (18), we have

t * ’U.t 1 * 1 *
< Z y g — 7T§> + < s 7772 - 772+1> < FKL(T‘-S’W;S) - FKL(T‘-svﬂ-?—l)' (23)

21
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We then take the expectation E[E__ ... []] on both sides. Note that
Elad 7
ut ot ut %
(@SS =) = BBt [(QF 75 — ) + BE__ e [(QF 75— )]

> (1=7)(V*(p) —E[V*(p)]) — 2,
where the inequality is by Lemma 8 and Lemma 4. Then by Lemma 6 and Assumption 6 that

E[E

SNdZ’

M = sup,, ||%||OO, we have

B[E, ..~ (@, 7f = mi™h]] > M <E[Vt(p)] — B[V (p)] - 12_67) ,

since (Q, wt — mi+1) < 0. The outside expectation E is taken w.r.t. the data sampled by RNAC,
and since all the following statements are under expectation [E, we omit [E in the proof for simplicity

and bring it back at the end. Combining the inequality above and Eq (23), we have

(1—v><v*<p>—vt<p>>—2e+M(v%p)—vf“(p)— 2 )

1—v
<Lki ot () — ) ot (LY,
gt Ay ’ nt dy ’
It follows that
1- 1
* t+1 * t * t
Vo) -1 < (1= 5570) 070 = V(o) + KL ()

1
Mnt

w _t+1 € €
KLd;YNt(ﬂ',TF )+2(M+1—’Y>,

which implies

T-1 KLdM o(m*,70)
) Mn0

T
V*(p) = VT(p) < (1 - 1_77) (V*(p) —V°(p)) + <1 — %

T-1 1\ 1 1=
* _t M * _t
+Z(1_7> <M77t ape (7 m) = M-t Ky Wﬂf))

M
Take geometrically increasing step sizes n’ > 1—7)t ! for each t. Since M = sup,, >
M
(1 =) sup, %Hm, we have
1 * 1 1- %Y t
M_’)’]tKLd;‘Rt (7T , T ) o Af/r}t_l KLd;‘RT 1 (7T , T )
11— 71—
M * * t
S W (TKLd;)Nt(’T( , ) — KL, ot (T )) <0.
We bring back the expectation E over the data and finally arrive at
T T-1 KL ..o (7%, 70)
1- 1—7 axe )
V*(p) —E[VT 1——2) (V*p)—-V° 1-— 2
0BTl < (1-572) 070 - v+ (1- 57 o
n 2M € n €
1—y\M 1—~)’°
where KL e (r*,7Y) < log |.A| when ¥ is a uniform policy. a

Theorem 9 (Formal statement of Theorem 2). Under RNAC-Linear Setting and Assumption 6 when
IPM uncertainty set is considered, take p = v™ andn' =1 = (1 — ) log(|.A|), RNAC satisfies

| 2 2 2~
ZEV ST AT TTp1 A

k)
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where [3 is in Assumption 6 (guaranteed by Proposition 4 for DS uncertamty set and assumed for
IPM uncertainty set), and € = €stqt + €pias S in Lemma 4 with €44 = O( 7R \/—) Omitting the
approximation €y;qs, the sample complexity for achieving € robust optimal value on average (i.e.,
V(p) = £ EVE(p)] <€) is O(1/e%) by N = K = O(1/e) and T = O(1/z).

Proof of Theorem 9. Taking m = 7* in inequality (18), we have
¢ 1 1
Q¥ my — )+ (QY mt — ) < KL(?T ) = —KL( o).

Since all the following statements are under expectatlon E over the data, we omit [E in the proof for
simplicity and bring it back at the end. According to Lemma 9 and Lemma 4, we have

Eopl(Q, 1% — 7)) = Boup [(QF w5 — 70)] + Eon o (QY — QT 7t — )]
> (1—B)(V*(p) — Vi(p)) — 2e.

Based on Lemma 6, we have

Eonp[(QY 7l — 1] > V() — VT (p) —

s

It then follows that

(L= B)(V*(p) = VT(p)) <VTH(p) = V'(p) +

KL, (7*, 7") — KL,,(ﬂ'*,ﬂ't"'l) n 2 — 726.

7 -y
Taking summation from £ = 0 to 7" — 1 from both sides we have
th VT( ) n KL, (7%, 70) n 2 2—7
-B8)T  n(1-pT 1-B1-v

We then conclude the theorem by choosing 7 = (1 — ) log(|.4]) and bringing back the expectation
E over data,

2 22—+~
P 1-7)(A-8T 1-51-~

O

Discussion: The linear convergence for NPG with linear function approximation has been previ-
ously studied in canonical MDP [4]. We present the linear convergence of RNAC (Algorithm 1) in
Theorem 8. Compared to Theorem 8, Theorem 9 utilizing constant step sizes and leads to sublinear
convergence, and it is proved only for initial state distribution p = ™ . Moreover, Theorem 9 does
not require Assumption 6 though may need Assumption 2 for IPM uncertainty set.

E.2 General Function Approximation

RNAC-General Setting. We study the RNAC (Algorithm 1) with robust critic performing FRVE
(Algorithm 5) and robust natural actor performing RNPG (Algorithm 6 with ¢, = ©(1/n) as in
Theorem 7) under general value function approximation as in Eq (14) and general policy class as
in Eq (20), for DS uncertainty set taking ¢ suggested by Proposition 4. We assume Assumption 1,
Assumption 5 and Assumption 4 (||ul]| < U), hold.

Theorem 10. Under RNAC-General Setting, suppose logmg(a|s) is an L-smooth function of 6.
Take p = v™ andnt =n = 1/ %ﬁ)r each t, RNAC satisfies

\/2LU KL, (7*, V) €
ZV G-V 1P

where (3 is in Assumption 6 ( guamnteed by Pmposmon 4 for DS uncertainty set), and €' = €., +

as in Lemma 5 with €,,,, = O(—= I \/%) Omitting the approximation €, ., the sample

Ebms

complexity for achieving € robust optimal value is 0(1/54) by N = K = é(1/52) and T =
O(1/&2).

23
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Proof. We have
(1= B)(V*(p) —E[V'(p)]) < E[E(s,a)mpor=[A"(5,a)]]
= E[E(s a)por- Vo log 7' (a]s) '] + E[E(q 4y por- [A'(5,0) — A" (s, 0)]]

1 a*(als)]] | nLE[u!|)
<E|E(sa)wpons | =1 !
= { (ss)~p [n %% i {als) H T e

1 LU?
< ZE[KL(x",7") — KLy (", 77| + T + ¢,
n

where the first inequality is by Lemma 9, the first equality is by the definition of A“t(s7 a) =
Vlog wt(als) Tu?, and the second inequality is by the L-smoothness of log 7y (a|s) and Lemma 5.

We then conclude the proof by summing from ¢ = 0 to 7' — 1 from both sides and taking n =
2KL, (r*,70) O
V —oT -

Note that in RNAC-General Setting, the critic is employing general function approximation, where
the IPM uncertainty set is not defined (c.f. Section C.2 for more discussion). It is not hard to show
a similar result as in Theorem 10 for the RNAC with robust critic performing RLTD (Algorithm 2)
and robust natural actor performing RNPG (Algorithm 6) for both DS and IPM uncertainty sets.

F Supporting Lemmas
We introduce some supporting lemmas for proving the results of this paper.

F.1 Performance Difference Lemmas

A key supporting lemma in the proof of convergence of policy gradient-based methods is the perfor-
mance difference lemma. In the canonical RL with a fixed transition kernel «, we have the following
performance lemma.
Lemma 7 (Performance difference [23]). For any policy w,w', and transition k, we have

/ 1

V/;r (P) - Vnﬂ(p) = mESng’mEaNﬂ/(.B) [AF(S,G,)].

However, due to the non-singleton uncertainty set P, the worst-case transition kernel is a function
of policy 7, and we have the following performance difference inequality lemma.

Lemma 8 (Robust performance difference). For any policy m, 7', denote k' = . and k = Kk be
their worst-case transition kernels, respectively. Then

1 ™ 7T/ s 1 ™
EESng',~'Ea~wI(.|s) [A™(s,a)] <V (p) = V7(p) < EESN%'.NE@NW'HS)[A (s,a)].

Proof of Lemma 8. The LHS is by

VI (0) = V() = B | D7 (r(st,a0) + V™ (50) = V™(30)) | — V™ (p)

=B | 7 (r(s1,00) + 7V (s141) = V7 (s1))

==
1 T
> 7B BT (5 0)
The RHS is by
’ T w’ T 1 m
K’ (p) - VK, (P) < VK (P) - V/{ (p) = mESN(iS/’NEU‘NW’(‘ls) [A (8,(1)].

https://doi.org/10.52202/075280-0007 130



Moreover, the optimality gap between the optimal policy 7* and any policy 7 is upper bounded as
in the lemma below.

Lemma 9 (Robust optimality gap lemma). Under Assumption 2, for any m and any p,

Vi(p) = V7(p) <

S TG sdy 7 s

(A7 (s, a)].

Proof of Lemma 9.
V*(p) = V7 (p) = EumpEann: [1(5,0) + 7 3 e (s']5, ) V*(s')] = V7(p)

ra

- ESNpEGNﬂ'* [T(Sa (I) + i Z Rz (S/|S7 a)VW(S/) VT (p)]
+ YEspEqmrn Z(mﬂ* (8'|s,a)V*(s") — kne(s']s,a) VT (s))

< EsupBomn=[AT(3,a)] + VEsmu pEqmr Z Kre(s']s,a)(V*(s") = VT (s))

< EonpBonr [A7(5,0)] + BEsnpBanm D 02a(s) V() = VT(5)

IN

1

— * o
1 _ﬁ s~dp P a~TE

(A7 (s, a)].

F.2 Concentration Lemmas with Markov samples

Assumption 7 (Uniformly geometric mixing, quantitative restatement of Assumption 1). There
exists some 0 < X\ < 1 and C > 0 such that for any policy m, the Markov chain {sy} induced by
applying 7 in the nominal model p° is geometrically ergodic with unique stationary distribution v™,
i.e., max, |P(s € -|so = 8) — V™ ||y < CA¥, Vk. The uniform convergence to unique stationary
distribution implies that for any policy 7 the spectral gap (i.e., the difference between the largest
and the second largest eigenvalues) of the state transition kernel has a strictly positive lower bound.

Lemma 10 (Bernstein’s inequality for stationary Markovian data, Theorem 2 in [21]). Suppose
21,2, . .., Ly follow some stationary Markovian data in space Z with stationary distribution v €
Az and spectral gap of the Markov chain strictly greater than 0. For any function | : Z — [—c, ¢]
that, Bz, [f(Z)] = 0 and Ez.,[f(Z)?] = o2, with probability at least 1 — 6,

%;f(zz) < 021nT(Ll/5) +Czcm(nl/5)

b

for some spectral gap-dependent multiplicative factors Cy, Cs.

Since we assume Assumption 7 throughout the paper during the analysis, the spectral gap is uni-
formly lower bounded by some constant great than zero, and we view C, Cs as some constant that
can be omitted in the big-O notation. We refer to [21] for further details of Bernstein’s inequality
for stationary Markovian data.

Lemma 11 (Lemma A.11 in [2] with Markovian data). Consider a stationary Markov chain on
domain X x Z that is geometrically mixing with transition p(x', 2'|x, z) = px/|z(2'|2)pz|x (¢'|x)
and stationary distribution v o py|x. Let D = {(X1,21),(X2,Z2),...,(Xn, Zy)} be station-
ary Markovian data sampled with X, ~ v. Given a function class G C R¥ and a func-
tion G : X x Z — R that Ezp,,  (10)|G(2,Z)] = g*(z) and |G(z,2)] < Guaa Let
§ = argmingeg 3 > (,ep(Glz,2) — g(2))? be the MSE estimate of g* within G, then with
probability at least 1 — 6,

v%mwkmm—ywmf]so<amm

1 1)
%) + O(€pias)s (24)
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where €piqs = mingeg ||g — g*|v-

Proof. The proof follows the same as [2]. The only difference is replacing the canonical Bernstein’s
inequality with i.i.d. data by Bernstein’s inequality for stationary Markovian data in Lemma 10. O

F.3 Convergence of Stochastic Approximation

F : R? x Z — R%is a stochastic operator. The stochastic approximation algorithm updates the
parameter by wi+1 = wi + axF(w, Zy), where (Zy, Z1, . ..) is a Markov chain, that is geometri-
cally ergodic for some C' > 0,1 > X\ > 0 with stationary distribution v, i.e., max, ||P(Zj € -|Zy =
2) — v|lry < CXF, Vk. (c.f. Assumption 1). The stochastic approximation algorithm solves the
following equation

0= F(w) :=Ez,[F(w,2Z)],
under the following assumption and appropriate step sizes («y, oo, . . .).
Assumption 8. 1. (Zy, Z1,...) are geometrically mixed to the stationary distribution.

2. L1 > 0 that ||F(w,2) — F(w', 2)|| < Li]jJw — w’
R%, z € Z.

F(0,2)| < Ly for any w,w' €

b

3. F(w) = 0 has unique solution w* and there exists co > 0 that (w — w*)T F(w) <
—co||w — w*||? for any w € R%

The second condition of Assumption 8 is a Lipschitz condition of the operator F’, and the third
condition is the “strongly-concavity” structure of the averaged operator F'.

Lemma 12 (Big-O version of Corollary 2.1.2 in [10]). Under Assumption 8, taking appropriate
ar = O(1/k) gives E[||lwrx — w*||?] = O(1/K).

To apply the lemma above, we need to show that the proposed operator F' satisfies Assumption 8.

G More Related Works

The framework of the robust Markov decision process (RMDP) is proposed by [19, 40] to learn the
optimal robust policy that achieves the optimal worst-case performance over all possible models in
the uncertainty set. For the planning problem of RMDP, Iyengar [19] and Nilim et al. [40] show that
value iteration achieves linear convergence to the optimal robust values.

When the transition model is unknown, several model-based and value-based approaches have been
proposed and studied for robust RL in both the tabular setting and the function approximation set-
ting. Under the tabular setting, Xu et al. [64] design the model-based robust phase value learning
algorithm and demonstrates an O(1/e?) sample complexity bound. Under the function approx-
imation setting, Panaganti et al. [43] develop a robust fitted Q-iteration with the total variation
uncertainty set and show an O(1/e?) sample complexity to achieve approximate optimality and [6]
develop a model-based method with the same sample complexity under certain coverage assump-
tion. However, these methods are not scalable to continuous control problems. Instead, policy-based
approaches directly parameterize policy and have more representation power in modeling stochas-
tic policies, more flexibility for policy manipulation, and a better ability to solve robotics control
problems with large action space.

The existing policy-based methods with convergence guarantees mainly focus on the tabular setting.
Wang et al. [61] show an O(1/€”) sample complexity for robust actor-critic with R-contamination

uncertainty sets. Li et al. [29] prove an O(1/€?) sample complexity for robust natural actor-critic
assuming the existence of an oracle to solve the inner optimization problem. Kumar et al. [27] de-
velop a robust policy gradient method based on £, norm uncertainty sets and extends its formulation
under the s-rectangular assumption. All works mentioned above are limited to the tabular case with
critic Q and adopt computationally infeasible uncertainty sets in the case of the large state space.
Kuang et al. [26] illustrate a state disturbance view of Wasserstein metric-based RMDP, which can
be generalized to the large state space. However, they only provide a policy iteration guarantee in
the tabular setting (contraction under || - ||). Instead, we focus on large-scale robust RL, propose
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two computationally efficient uncertainty sets, and demonstrate an O(1/€?) (resp., O(1/e*)) sam-
ple complexity under linear (resp., general) function approximation. Additionally, we regard V' as
a critic instead of Q, which is closer to the actual implementation of on-policy natural actor-critic
algorithms.
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