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Abstract

A series of recent publications by Awasthi, Mao, Mohri, and Zhong [2022b] have
introduced the key notion of H-consistency bounds for surrogate loss functions.
These are upper bounds on the zero-one estimation error of any predictor in a hy-
pothesis set, expressed in terms of its surrogate loss estimation error. They are both
non-asymptotic and hypothesis set-specific and thus stronger and more informative
than Bayes-consistency. However, determining if they hold and deriving these
bounds have required a specific proof and analysis for each surrogate loss. Can
we derive more general tools and characterizations? This paper provides both a
general characterization and an extension of J{-consistency bounds for multi-class
classification. We present new and tight J{-consistency bounds for both the family
of constrained losses and that of comp-sum losses, which covers the familiar cross-
entropy, or logistic loss applied to the outputs of a neural network. We further
extend our analysis beyond the completeness assumptions adopted in previous
studies and cover more realistic bounded hypothesis sets. Our characterizations are
based on error transformations, which are explicitly defined for each formulation.
We illustrate the application of our general results through several special examples.
A by-product of our analysis is the observation that a recently derived multi-class
H-consistency bound for cross-entropy reduces to an excess bound and is not
significant. Instead, we prove a much stronger and more significant guarantee.

1 Introduction

Bayes-consistency is an important property of surrogate loss functions. It requires that minimizing
the surrogate excess error over the family of all measurable functions leads to the minimization of
the target error loss in the limit [Steinwart, 2007]. This property applies to a broad family of convex
margin-based losses in binary classification [Zhang, 2004a, Bartlett et al., 2006], as well as some
extensions in multi-class classification [Tewari and Bartlett, 2007]. However, Bayes-consistency does
not apply to the hypothesis sets commonly used for learning, such as the family of linear models or
that of neural networks, which of course do not include all measurable functions. Furthermore, it is
also only an asymptotic property and does not supply any convergence guarantee.

To address these limitations, a series of recent publications by Awasthi, Mao, Mohri, and Zhong
[2022b] introduced the key notion of H-consistency bounds for surrogate loss functions. These are
upper bounds on the zero-one estimation error of any predictor in a hypothesis set, expressed in terms
of its surrogate loss estimation error. They are both non-asymptotic and hypothesis set-specific and
thus stronger and more informative than Bayes-consistency. However, determining the validity of
these bounds and deriving them have required a specific proof and analysis for each surrogate loss.
Can we derive more general tools and characterizations for J{-consistency bounds?
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This paper provides both a general characterization and an extension of J(-consistency bounds for
multi-class classification. Previous approaches to deriving these bounds required the development
of new proofs for each specific case. In contrast, we introduce the general concept of an error
transformation function that serves as a very general tool for deriving such guarantees with tightness
guarantees. We show that deriving an J{-consistency bound for comp-sum losses and constrained
losses for both complete and bounded hypothesis sets can be reduced to the calculation of their
corresponding error transformation function. Our general tools and tight bounds show several
remarkable advantages: first, they improve existing bounds for complete hypothesis sets previously
proven in [Awasthi et al., 2022b]; second, they encompass all previously comp-sum and constrained
losses studied thus far as well as many new ones [Awasthi et al., 2022a, Mao et al., 2023h]; third,
they extend beyond the completeness assumption adopted in previous work; fourth, they provide
novel guarantees for bounded hypothesis sets; and, finally, they help prove a much stronger and more
significant guarantee for logistic loss with linear hypothesis set than [Zheng et al., 2023].

Previous work. Here, we briefly discuss recent studies of J{-consistency bounds by Awasthi et al.
[2022a,b], Mao et al. [2023h] and Zheng et al. [2023]. Awasthi et al. [2022a] introduced and studied
H-consistency bounds in binary classification. They provided a series of tight H-consistency bounds
for bounded hypothesis set of linear models and one-hidden-layer neural networks. The subsequent
study [Awasthi et al., 2022b] further generalized the framework to multi-class classification and
presented an extensive study of J{-consistency bounds for diverse multi-class surrogate losses,
including negative results for max losses [Crammer and Singer, 2001] and positive results for sum
losses [Weston and Watkins, 1998], and constrained losses [Lee et al., 2004]. However, the hypothesis
sets examined in their analysis were assumed to be complete, which rules out the bounded hypothesis
sets typically used in practice. Moreover, the final bounds derived from [Awasthi et al., 2022b] are
based on ad hoc methods and may not be tight. [Mao et al., 2023h] complemented this previous work
by studying a wide family of comp-sum losses in the multi-class classification, which generalizes the
sum-losses and includes as special cases the logistic loss [Verhulst, 1838, 1845, Berkson, 1944, 1951],
the generalized cross-entropy loss [Zhang and Sabuncu, 2018], and the mean absolute error loss
[Ghosh et al., 2017]. Here too, the completeness assumption on the hypothesis sets was adopted and
their H-consistency bounds do not apply to common bounded hypothesis sets in practice. Recently,
Zheng et al. [2023] proved J{-consistency bounds for multi-class logistic loss with bounded linear
hypothesis sets. However, their bounds require a crucial distributional assumption, under which the
minimizability gaps coincide with the approximation errors. Thus, their bounds can be recovered as
excess error bounds, which are less significant.

Other related work on J{-consistency bounds includes JH-consistency bounds for pairwise ranking
[Mao, Mohri, and Zhong, 2023d,e]; theoretically grounded surrogate losses and algorithms for
learning with abstention supported by H-consistency bounds, including the study of score-based
abstention [Mao, Mohri, and Zhong, 2023f], predictor-rejector abstention [Mao, Mohri, and Zhong,
2023c] and learning to abstain with a fixed predictor with application in decontextualization [Mohri,
Andor, Choi, Collins, Mao, and Zhong, 2023]; principled approaches for learning to defer with
multiple experts that benefit from strong J-consistency bounds, including the single-stage scenario
[Mao, Mohri, and Zhong, 2023b] and a two-stage scenario [Mao, Mohri, Mohri, and Zhong, 2023a];
H-consistency theory and algorithms for adversarial robustness [Awasthi et al., 2021a,b, 2023a,
Mao et al., 2023h, Awasthi et al., 2023b]; and efficient algorithms and loss functions for structured
prediction with stronger J{-consistency guarantees [Mao et al., 2023g].

Structure of this paper. We present new and tight J{-consistency bounds for both the family
of comp-sum losses (Section 4.1) and that of constrained losses (Section 5.1), which cover the
familiar cross-entropy, or logistic loss applied to the outputs of a neural network. We further extend
our analysis beyond the completeness assumptions adopted in previous studies and cover more
realistic bounded hypothesis sets (Section 4.2 and 5.2). Our characterizations are based on error
transformations, which are explicitly defined for each formulation. We illustrate the application of
our general results through several special examples. A by-product of our analysis is the observation
that a recently derived multi-class JH{-consistency bound for cross-entropy reduces to an excess bound
independent of the hypothesis set. Instead, we prove a much stronger and more significant guarantee
(Section 4.2).

We give a comprehensive discussion of related work in Appendix A. We start with some basic
definitions and notation in Section 2.
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2 Preliminaries

We denote by X the input space, by Y the output space, and by D a distribution over X xY. We consider
the standard scenario of multi-class classification, where Y = {1, ...,n}. Given a hypothesis set I of
functions mapping X x Y to R, the multi-class classification problem consists of finding a hypothesis
h € H with small generalization error Ry,_, (h), defined by Ry, (h) = E(y y)~n[fo-1(h, z,9)],
where £o_1(h,,y) = Lp(s)+y is the multi-class zero-one loss with h(x) = argmax, .y h(z,y) the
prediction of h for the input point 2. We also denote by H(z) the set of all predictions associated to
input = generated by functions in H, that is, H(x) = {h(z): h € 3}.

We will analyze the guarantees of surrogate multi-class losses in terms of the zero-one loss. We
denote by £ a surrogate loss and by R, (h) its generalization error, R;(h) = E(; ) [£(h, z,y)].
For a loss function ¢, we define the best-in-class generalization error within a hypothesis set H as
R; (H) = infpeae Re(h), and refer to Ry (h) — R (H) as the estimation error. We will study the key
notion of H-consistency bounds [ Awasthi et al., 2022a,b], which are upper bounds on the zero-one
estimation error of any predictor in a hypothesis set, expressed in terms of its surrogate loss estimation
error, for some real-valued function f that is non-decreasing:

Vh e, Ry, (h) =Ry, (F) < f(Re(h) = Ry (H)).

These bounds imply that the zero-one estimation error is at most f(€) whenever the surrogate loss
estimation error is bounded by €. Thus, the learning guarantees provided by J-consistency bounds
are both non-asymptotic and hypothesis set-specific. The function f appearing in these bounds is
expressed in terms of a minimizability gap, which is a quantity measuring the difference of best-
in-class error R () and the expected best-in-class conditional error E,[C} (H,z)]: My (H) =
R7(H) - Ex[Cy(FH,x)], where C¢(h,x) = By, [£(h,z,y)] and C7(H, x) = infpegc Co(h, ) are
the conditional error and best-in-class conditional error respectively. We further write ACy 5¢ =
Ce(h,x) — C; (I, x) to denote the conditional regret. Note that that the minimizability gap is an
inherent quantity depending on a hypothesis set H and the loss function ¢.

By Lemma 1, the minimizability gap for the zero-one loss, My,_, (}), coincides with its approxi-
mation error Ay, , (30) = Ry (F() =R (Ian) when the set of all possible predictions generated
by JH covers the label space Y. This holds for typical hypothesis sets used in practice. However,
for a surrogate loss ¢, the minimizability gap M,(H) is always upper bounded by and in general
finer than its approximation error A;(H) = R; (H) — R;(FHan) since My (FH) = A (F) — L, (FH),
where J, is the family of all measurable functions and I (H) = E, [C} (H,z) — C; (Han, x)] (see
Appendix B for a more detailed discussion). Thus, an J{-consistency bound, expressed as follows for
some increasing function I':

fRfofl (h) - Rzg,l (g{) + MZO—I (j{) < F(Rf(h) - fRZ(fH) + MZ(:H))v (1)

is more favorable than an excess error bound expressed in terms of approximation errors Ry,_, (h) —
Ry, (FO) + Agy, (F0) <T(Re(h) = R7 (H) + Ap (). Here, ' is typically linear or the square-root
function modulo constants. When 3 = J(,j;, the family of all measurable functions, an J{-consistency
bound coincides with the excess error bound and implies Bayes-consistency by taking the limit. It is

therefore a stronger guarantee than an excess error bound and Bayes-consistency.

The minimizability gap is always non-negative, since the infimum of the expectation is greater than
or equal to the expectation of infimum. Furthermore, as shown in Appendix B, when J is the family
of all measurable functions or when the Bayes-error coincides with the best-in-class error, that is,
R; (H) = Ry (Han), the minimizability gap vanishes. In such cases, (1) implies the J{-consistency
of a surrogate loss ¢ with respect to the zero-one loss £_1:

n—+00 n—+oo

Re(hn) =Ri(H) —— 0 = Ry, (hn) = Ry, (H) ——0.

In the next sections, we will provide both a general characterization and an extension of J{-consistency
bounds for multi-class classification. Before proceeding, we first introduce a useful lemma from
[Awasthi et al., 2022b] which characterizes the conditional regret of zero-one loss explicitly. We
denote by p(x) = (p(x,1),...,p(x,n)) as the conditional distribution of y given x.

Lemma 1. For zero-one loss £y_1, the best-in-class conditional error and the conditional regret for
Lo-1 can be expressed as follows: for any x € X, we have

€, (3, 2) =1~ max p(z,y) and ACq , 5¢(h,x) = max p(z,y) - p(z,h(z)).
yeH(x) yeH(x)
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3 Comparison with previous work

Here, we briefly discuss previous studies of J{-consistency bounds [Awasthi et al., 2022a,b, Zheng
et al., 2023, Mao et al., 2023h] in standard binary or multi-class classification and compare their
results with those we present.

Awasthi et al. [2022a] studied H-consistency bounds in binary classification. They provided a
series of tight H-consistency bounds for the bounded hypothesis set of linear models 3! and
one-hidden-layer neural networks HRly, defined as follows:

lin

3 = {w > wez b fw| < W, < B)

H¥n = {z = D uj(wy-w+ ), | July <A, |w; | < W, |o| < B,
j=1

where B, W, and A are positive constants and where (+), = max(-,0). We will show that our bounds
recover these binary classification J{-consistency bounds.

The scenario of multi-class classification is more challenging and more crucial in applications.
Recent work by Awasthi et al. [2022b] showed that max losses [Crammer and Singer, 2001], defined
as (™ (h,z,y) = maxy ., ®(h(z,y) — h(z,y")) for some convex and non-increasing function
®, cannot admit meaningful JH-consistency bounds, unless the distribution is deterministic. They
also presented a series of J{-consistency bounds for sum losses [Weston and Watkins, 1998] and
constrained losses [Lee et al., 2004] for symmetric and complete hypothesis sets, that is such that:

H=A{h:XxY>Rh(,y)eF,VyeY} (symmetry)
Ve e X, {f(z):feTF} =R, (completeness)

for some family F of functions mapping from X to R. The completeness assumption rules out the
bounded hypothesis sets typically used in practice such as J(;;;,. Moreover, the final bounds derived
from [Awasthi et al., 2022b] are based on ad hoc proofs and may not be tight. In contrast, we will
study both the complete and bounded hypothesis sets, and provide a very general tool to derive
H-consistency bounds. Our bounds are tighter than those of Awasthi et al. [2022b] given for complete
hypothesis sets and extend beyond the completeness assumption.

[Mao et al., 2023h] complemented the work of [Awasthi et al., 2022b] by studying a wide family
of comp-sum losses in multi-class classification, which generalized the sum-losses and included as
special cases the logistic loss [Verhulst, 1838, 1845, Berkson, 1944, 1951], the generalized cross-
entropy loss [Zhang and Sabuncu, 2018], and the mean absolute error loss [Ghosh et al., 2017]. Here
too, the completeness assumption was adopted, thus their J{-consistency bounds do not apply to
common bounded hypothesis sets used in practice. We illustrate the application of our general results
through a broader set of surrogate losses than [Mao et al., 2023h] and significantly generalize the
bounds of [Mao et al., 2023h] to bounded hypothesis sets.

Recently, Zheng et al. [2023] proved HH{-consistency bounds for logistic loss with linear hypothesis sets
in the multi-class classification: Hyin = {z = wy, -z + b, | |wy | < W, |by| < B,y € Y}. However, their
bounds require a crucial distributional assumption under which, the minimizability gaps My,_, (Hyin)
and My, , (Hyin) coincide with the approximation errors Ry, _, (%lin)—ﬂgo_l (Fan) and Ry, , (Hiin) -
Rglog (FHan ) respectively (see the note before [Zheng et al., 2023, Appendix F]). Thus, their bounds

can be recovered as excess error bounds Ry, _, (h) — R} (Han) < ﬂ(ﬂ%glog (h) - fR,Tlog (J{all))é,

lo-1
which are less significant. In contrast, our J{j;,-consistency bound are much finer and take into
account the role of the parameter B and that of the number of labels n. Thus, we provide stronger
and more significant guarantees for logistic loss with linear hypothesis set than [Zheng et al., 2023].

In summary, our general tools offer the remarkable advantages of deriving tight bounds, which
improve upon the existing bounds of Awasthi et al. [2022b] given for complete hypothesis sets, cover
the comp-sum and constrained losses considered in [Awasthi et al., 2022a, Mao et al., 2023h] as well
as new ones, extend beyond the completeness assumption with novel guarantees valid for bounded
hypothesis sets, and are much stronger and more significant guarantees for logistic loss with linear
hypothesis sets than those of Zheng et al. [2023].

il
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4 Comp-sum losses

In this section, we present a general characterization of J{-consistency bounds for comp-sum losses,
a family of loss functions including the logistic loss [Verhulst, 1838, 1845, Berkson, 1944, 1951],
the sum exponential loss [Weston and Watkins, 1998, Awasthi et al., 2022b], the generalized cross
entropy loss [Zhang and Sabuncu, 2018], the mean absolute error loss [Ghosh et al., 2017], and many
other loss functions used in applications.

This is a family of loss functions defined via the composition of a non-negative and non-decreasing
function W with the sum exponential losses (see [Mao et al., 2023h]):

VheH, V(z,y)x X xY, 7P (h z,y)= \p( 3 e’L@vy')—h(xvy)). )
y'#Y

. . . . h(z,y)
This expression can be equivalently written as ¢“°™P(h,x,y) = <I>( Zy; TR

), where ®:u —
¥ (%) is a non-increasing auxiliary function from [0,1] to R, U {+00}. As an example, the logistic

loss corresponds to the choice ®:u + —log(u) and the sum exponential loss to ®:u ~ 1%,

4.1 3H-consistency bounds

In previous work, deriving J{-consistency bounds has required giving new proofs for each instance.
The following result provides a very general tool for deriving such bounds with tightness guarantees.
We introduce an error transformation function and show that deriving an J{-consistency bound for
comp-sum losses can be reduced to the calculation of this function.

Theorem 2 (J-consistency bound for comp-sum losses). Assume that H is symmetric and com-
plete and that T°™P is convex. Then, the following inequality holds for any hypothesis h € 3 and
any distribution

TP (R, (R) = RG,_ (H) + Mgy, (H)) € Ryeomp (h) = Rieomp (H) + Myeomn (H),  (3)
with T°°™P gn H-estimation error transformation for comp-sum losses defined for all t € [0,1] by
TP () =

inf sup  {IF[@(7) - (1 -7-p)]+ LEH@(1-7) - ®(7 + p)]} n=2

7e[0,5] pe[-r,1-7]
inf inf sup {PH [®(72)-D(my —p)] + Q_t[@(Tl)—(I)(TQ+,u)]} n>2.
PE[—vt 1] T12max(72,1/n) pel-12,71]
T1+72<1,72>0

Furthermore for any t € [0,1], there exist a distribution D and a hypothesis h € H such that
Re_y (h) =Ry, (F0) + My, (H) =t and Rycomp (h) = Rjcomp (F) + Mpeomp (F) = TP (2).
Thus, Theorem 2 shows that, when T°°™P is convex, to make these guarantees explicit, all that is
needed is to calculate T°°™P. Moreover, the last statement shows the fightness of the guarantees
derived using this function. The constraints in T°°™P are due to the forms that the conditional
probability vector and scoring functions take. These forms become more flexible for n > 2, leading to
intricate constraints. Note that our J{-consistency bounds are distribution-independent and we cannot
claim tightness across all distributions.

The general expression of T°°™P in Theorem 2 is complex, but it can be considerably simplified
under some broad assumptions, as shown by the following result.

Theorem 3 (characterization of T°°™V). Assume that ® is convex, differentiable at 5 L and @' (%) 0.
Then, T°™P can be expressed as follows:

comp py - | 2(2) ~ by {55 2 (5 + ) + @5 - m)) n=2
T = inf (1 1 {@(7) ~inf e {5EO(7 - ) + FO(r +p) }} n>2.

The proof of this result as well as that of other theorems in this section are given in Appendix C.

Examples. We now illustrate the application of our theory through several examples. To do so, we
compute the H{-estimation error transformation T°°™P for comp-sum losses and present the results in

q
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Table 1: H-estimation error transformation for common comp-sum losses.

Auxiliary function ® ‘ ~log(t) ‘ 1.1 ‘ %(l—tq),qe((],l) ‘ 1-t ‘ (1-1)?

1-
1 ((1+t)'1"+(17t)11") q7 1
2

qn qn?

2

Transformation TP % log(1+t) + % log(1-t) | 1-v1-¢2 1

1
n

Table 1. Remarkably, by applying Theorem 2, we are able to obtain the same H-consistency bounds

for comp-sum losses with ®(¢) = —log(¢), % -1, é(l —-t9),q € (0,1) and 1 - ¢ as those derived

using ad hoc methods in [Mao et al., 2023h], and a novel tight J{-consistency bound for the new
2

] with ®(¢) = (1 - t)? in Theorem 4.

@)

comp-sum loss gsq = [1 - W

The calculation of T°°™P for all entries of Table 1 is detailed in Appendix C.3. To illustrate the
effectiveness of our general tools, here, we show how the error transformation function can be
straightforwardly calculated in the case of the new surrogate loss £.

Theorem 4 (H-consistency bound for a new comp-sum loss). Assume that H is symmetric and
complete. Then, for all h € H and any distribution, the following tight bound holds.

Ruy , (B) = RE,(30) < 2Ry (B) = R, (30) + Mo, (F0)* = Mgy, (30).

Proof. For n = 2, plugging in ®(¢) = (1 - t)? in Theorem 3, gives

1 1-t(1 2 1+¢/(1 Y 1 1-¢2 ¢
‘.TCO“‘P:Z— inf —(f—u) +i(7+u) == =
pel-1 27l 2 \2 2 \2 4 4 4

Similarly, for n > 2, plugging in ®(¢) = (1 - )? in Theorem 3 yields

TOMP = inf {(1—7)2— inf {12”(1—T+M)2+1;(1—7—u)2}}

re[1,1] pe[-7,7]
= %rllfl]{(l -7 - (1-7)*(1-¢%)} (minimum achieved at p = ¢(7 - 1))
TE wr g
t2
= 1 (minimum achieved at 7 = %)
By Theorem 2, the bound obtained is tight, which completes the proof. O

4.2 Extension to non-complete/bounded hypothesis sets: comp-sum losses

As pointed out earlier, the hypothesis sets typically used in practice are bounded. Let J be a family of
real-valued functions f with |f(x)| < A(x) for all x € X and such that all values in [-A(z), +A(x)]

can be reached, where A(x) > 0 is a fixed function on X. We will study hypothesis sets 3 in which
each scoring function is bounded:

H={h:XxY—>R|h(,y)eF VyeY}. 4)

This holds for most hypothesis sets used in practice. The symmetric and complete hypothesis sets

studied in previous work correspond to the special case of J{ where A(z) = +oo for all z € X. The
hypothesis set of linear models H;,,, defined by

Hiin = {(Iay) B Wy T+ by | Hwa <W, |by| <B,ye y}a
is also a special instance of 3{ where A(x) = W x| + B. Let us emphasize that previous studies did
not establish any H-consistency bound for these general hypothesis sets, HH.

Theorem 5 (J{-consistency bound for comp-sum losses). Assume that T™ is convex. Then, the
following inequality holds for any hypothesis h € 3 and any distribution:

(Reg_y (h) =Ry, (FO) + Mgy, (H)) < Rgeomn (h) = Rijeomp () + Meomn (H)

—comp

T

A
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Lomcomp o= .
with T the H-estimation error transformation for comp-sum losses defined for all t € [0,1] by
—comp

T ()=
inf sup {Hto(r)-d(1-7-p)]+ BL[®(1-7) - (7 + )]} n=2
TE[O,%]p,e[smin—r,l—‘r—sm;n] Pt o
i i £ — — £t —
Pe[ifvt,l] SlninST;ISlflSS,nax ilelg{ 2 (@) =@ (m =]+ 2 [2(r) = (2 + LL)]} >z

T1+72<1
_ : _ 1
= min — ) ~ 9max Sy max ) ~ O9min S > °max — _ —2infy A(z)
where C' = [max{Smin — T2, T1 — Smax |, Min{s To,T1 — Smin})» S T Te and
Smin = WM Furthermore, for any t € [0, 1], there exist a distribution D and h € 3 such

that Rgo_l (h) - :RZQ,l (g{) + MZO—l (g{) =tand :Recomp (h) - chomp (:}C) + Mz(xomp (j‘() = Jeomp (t)

This theorem significantly broadens the applicability of our framework as it encompasses bounded
hypothesis sets. The last statement of the theorem further shows the tightness of the H-consistency
bounds derived using this error transformation function. We now illustrate the application of our
theory through several examples.

A. Example: logistic loss. We first consider the multinomial logistic loss, that is /°°™P with
®(u) = —log(u), for which we give the following guarantee.

Theorem 6 (J{-consistency bounds for logistic loss). For any h € I and any distribution, we have

Rey, (h) = R}, () + My, (T0) < 07 (Rey,, () = RG, (F0) + M, (7)),

where {155 = - log(

ey eh(z,y")

) ) and (1) % log(1+1t) + % log(1-t)  t< fmes—smin
= 2 maxSmin .
% log(—i‘;‘: ) + IOg(isvniﬂ:mn ) otherwise.

The proof of Theorem 6 is given in Appendix E.2. With the help of some simple calculations, we can
derive a simpler upper bound:

/oF (Smax—5min)’

2t t< 2(5nxin+sxnax)2
2smintsman) ¢ otherwise.

Smax ~Smin

() <T(t) = {

When the relative difference between s,,;, and s;,.x 1S small, the coefficient of the linear term in
T" explodes. On the other hand, making that difference large essentially turns I' into a square-root
function for all values. In general, A is not infinite since a regularization is used, which controls both
the complexity of the hypothesis set and the magnitude of the scores.

Comparison with [Mao et al., 2023h]. For the symmetric and complete hypothesis sets J{ consid-
ered in [Mao et al., 2023h], A(2) = +00, Smax = 1, Smin = 0, ¥(t) = Bt log(1 +t) + Lt log(1 - ¢)

and T'(t) = \/2t. By Theorem 6, this yields an H-consistency bound for the logistic loss.
Corollary 7 (H-consistency bounds for logistic loss). Assume that H is symmetric and complete.
Then, for any h € H and any distribution, we have
Rey y (h) =R}, (30) < U7 (Rey,, () = RE,(F0) + My, (30)) = M., (30)
where W (t) = 1 log(1+t) + L log(1 - t) and ¥ (¢) < V2t

Corollary 7 recovers the H-consistency bounds of Mao et al. [2023h].

Comparison with [Awasthi et al., 2022a] and [Zheng et al., 2023]. For the linear models Hj;,, =
{(x,y) Wy - T + by | wy| < W, b, < B}, we have A(z) = W|z|| + B. By Theorem 6, we obtain
Hiin-consistency bounds for logistic loss.

Corollary 8 (J};,,-consistency bounds for logistic loss). For any h € Hy;,, and any distribution,

Rey_, (h) = Ry, (Hin) < W71 (Rémg (h) =Ry, (Hain) + M, (Ufnn)) =My, (Hin)

n— 2B _o2B
where U (t) % log(1 +1) + % log(1-1) ts< W
= _ 2B e €2B o 6_23 .
$log( (i) + tog( YOI othervise

7
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L log(t +1) + L5t log(1 - ) t<Spt
t] 1+e28 2\/(1+e2B)(1+e2B) .~ which coincides
2 og( T+e 2B ) +log 57 e?B 128 otherwise,

with the Hy;,, -estimation error transformation in [Awasthi et al., 2022a]. Thus, Corollary 8 includes as
a special case the J{(j;,-consistency bounds given by Awasthi et al. [2022a] for binary classification.

Forn = 2, we have ¥(t) =

Our bounds of Corollary 8 improves upon the multi-class Jj;,-consistency bounds of recent
work [Zheng et al., 2023, Theorem 3.3] in the following ways: 1) their bound holds only for
restricted distributions while our bound holds for any distribution; ii) their bound holds only for
restricted values of the estimation error Ry, (h) - iRZog (Hyin) while ours holds for any value
in R and more precisely admits a piecewise functional form; iii) under their distributional as-
sumption, the minimizability gaps My,_, (Hiin) and My, , (Hin) coincide with the approximation
errors Ry, , (Hiin) — Ry, (Fan) and Ry, (Hiin) - iRZOg (Han) respectively (see the note before
[Zheng et al., 2023, Appendix F]). Thus, their bounds can be recovered as an excess error bound

1
Re_ (h) =R, (FHan) < \/i[j%og (h) - Rioe (J—Can)] *, which is not specific to the hypothesis set

H and thus not as significant. In contrast, our H;,,-consistency bound is finer and takes into account
the role of the parameter B as well as the number of labels n; iv) [Zheng et al., 2023, Theorem 3.3]
only offers approximate bounds that are not tight; in contrast, by Theorem 5, our bound is tight.

Note that our J{-consistency bound in Theorem 6 are not limited to specific hypothesis set forms. They
are directly applicable to various types of hypothesis sets including neural networks. For example, the
same derivation can be extended to one-hidden-layer neural networks studied in [Awasthi et al., 2022a]
and their multi-class generalization by calculating and substituting the corresponding A(z). As a
result, we can obtain novel and tight H{-consistency bounds for bounded neural network hypothesis
sets in multi-class classification, which highlights the versatility of our general tools.

B. Example: sum exponential loss. We then consider the sum exponential loss, that is £°°™P with
D(u) = 1‘7“ By computing the error transformation in Theorem 5, we obtain the following result.

Theorem 9 (7(-consistency bounds for sum exponential loss). For any h € H and any distribution,

R, (R) = Ry, (FC) + My, (F) < TRy, (h) - R,

exp exp

(70) + M., (7))

2 2
h N_h 1- V 1- t2 t < %
1y € (@9 )-h(z:9) and W(t) = N

where EEXP - Z Smax—Smin 4 _ (Smax—smin)2 otherwise

Y

2Smax Smin 2SmaxSmin (Smax+Smin)

The proof of Theorem 9 is given in Appendix E.3. Observe that 1 — /1 — 2 > t?/2. By Theorem 9,
making sy, close to zero, that is making A close to infinite for any x € X, essentially turns ¥ into a
square function for all values. In general, A is not infinite since a regularization is used in practice,
which controls both the complexity of the hypothesis set and the magnitude of the scores.

C. Example: generalized cross-entropy loss and mean absolute error loss. Due to space limita-
tions, we present the results for these loss functions in Appendix E.

5 Constrained losses

In this section, we present a general characterization of J{-consistency bounds for constrained loss,
that is loss functions defined via a constraint, as in [Lee et al., 2004]:

5™ (p g y) = > ®(=h(z,y")) (5)

y'#y
with the constraint that 3,y h(z,) = 0 for a non-negative and non-increasing auxiliary function ®.
5.1 3H-consistency bounds
As in the previous section, we prove a result that supplies a very general tool, an error transformation

function for deriving J(-consistency bounds for constrained losses. When T¢*"4 is convex, to make
these guarantees explicit, we only need to calculate T¢5t"d,

R
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Table 2: H-estimation error transformation for common constrained losses.

Auxiliary function ® | @exp(t) =€ | Phinge(t) = max{0,1-t} | Peqoninge(t) = (1-1)*Lycq | Psq=(1-1)?
Transformation T¢st"d ‘ Jestnd () =2 -4 -2 ‘ Jestnd () = ¢ ‘ gestnd () = % ‘ Jostad () = %

Theorem 10 (H-consistency bound for constrained losses). Assume that H is symmetric and
complete. Assume that T is convex. Then, for any hypothesis h € H and any distribution,

T (R, (h) = Rp.(F) + My, (H)) € Rgestna (h) = Ricorna (3) + Mestna (3)

with H-estimation error transformation for constrained losses defined on t € [0,1] by T*™d(¢) =
. 1-t _ _ 1+t _ B _ ~
i sup(54(8(7) = B(r+ 1) + 30(-) = B — )] ne?

inf inf sup{ ZL=L[D(-1) - B (-7 + + 2L () - P (=1 — n>2.
Pé[ﬁ»l]ﬁZmaX{mo}ueg{ 2 [®(-72) (=11 + )] 2 [@(-71) (-2 ,u)]}

Furthermore, for any t € [0,1], there exist a distribution D and a hypothesis h € H such that
Reg_y (h) =Ry (F) + My,_, () =t and Ryesina (h) = Rjearna (H) + Myestna (3) = gestnd (),

Here too, the theorem guarantees the tightness of the bound. This general expression of T4 can be
considerably simplified under some broad assumptions, as shown by the following result.

Theorem 11 (characterization of TCStnd). Assume that ® is convex, differentiable at zero and
®'(0) < 0. Then, T can be expressed as follows:

o ®(0) - infueR{%@(u) + %@(—M)} n=2

T = infaof (2 o11)(-7) - infyen{ 5L R(-r + ) + 25T R(-r - )} w2
. [2(0) - inf,er{ 5L (p) + LD (-p)} n=2
- inszo{Qq)(—T) - inf,iem{%q)(ﬂ' +p) + 2D (—7 - u)}} n>2.

The proof of all the results in this section are given in Appendix D.

Examples. We now compute the J{-estimation error transformation for constrained losses and
present the results in Table 2. Here, we present the simplified 7' by using the lower bound in
Theorem 11. Remarkably, by applying Theorem 10, we are able to obtain tighter J{-consistency
bounds for constrained losses with @ = P56, Psg_hinge, Pexp than those derived using ad hoc
methods in [Awasthi et al., 2022b], and a novel J{-consistency bound for the new constrained loss
= () = 3y (L4 h(a,y'))? with D(8) = (1-1)2

5.2 Extension to non-complete or bounded hypothesis sets

As in the case of comp-sum losses, we extend our results beyond the completeness assumption

adopted in previous work and establish F(-consistency bounds for bounded hypothesis sets. This
significantly broadens the applicability of our framework.

— —cstnd
Theorem 12 (J{-consistency bound for constrained losses). Assume that T s convex. Then,
the following inequality holds for any hypothesis h € H and any distribution:

—cstnd

TN (Re, (B) = Re, L (F) + Moy, (FO)) < Rygestna (h) = Rierna (FO) + Mgesna (F). (6)

—cstnd —
with T the H-estimation error transformation for constrained losses defined for all t € [0,1] by
—cstnd

(t) =

in(f) sup {%[@(7‘)—@(—7‘4—@)]+%[¢(—T)—<I>(T—u)]} n=2
T2 ,UE[T—Amin 7T+Amjn]
inf inf  sup{ZLEL[D(-712) - B(—71 + p)] + ELH[®(-71) - @(-12 - p)]} n>2,

Pe[ 15 1] mi2max{72,0} yeC

where C' = [max{71, -T2} — Amin, min{7, -T2} + Apin] and Awin = infrex A(z). Furthermore,
foranyt € [0, 1], there exist a distribution D and a hypothesis h € H such that Ry, , (h)=R;  (H)+
My, (H) =t and Ryesina (h) = Rjesina () + Myestna (F) = TERI(2).

Q
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The proof is presented in Appendix F.1. Next, we illustrate the application of our theory through
an example of constrained exponential losses, that is £°*'"d with ®(¢) = e~*. By using the error

transformation in Theorem 12, we obtain new F(-consistency bounds in Theorem 13 (see Appendix F.2
for the proof) for bounded hypothesis sets J.

Theorem 13 (J{-consistency bounds for constrained exponential loss). Ler ®(t) = e. For any
h € H and any distribution,

Reor (R) = RG, (F) + Mgy, () < U (Rpeotna (h) = Rpeaena (F) + Mestna (H))

1-VI-£2 t< Gpmincl
where U(t) =1, A o oAmin _o-Amin e*tmintl

5(6 min — ¢ m"‘) + =—55—— otherwise.
Awasthi et al. [2022b] proves J-consistency bounds for constrained exponential losses when JH is
symmetric and complete. Theorem 13 significantly generalizes those results to the non-complete
hypothesis sets. Different from the complete case, the functional form of our new bounds has two
pieces which corresponds to the linear and the square root convergence respectively, modulo the
constants. Furthermore, the coefficient of the linear piece depends on the the magnitude of A;y,.
When A,,;, is small, the coefficient of the linear term in ¥~* explodes. On the other hand, making
Amin large essentially turns W~ into a square-root function.

6 Discussion

Here, we further elaborate on the practical value of our tools and J{-consistency bounds. Our contri-
butions include a more general and convenient mathematical tool for proving JH{-consistency bounds,
along with tighter bounds that enable a better comparison of surrogate loss functions and extensions
beyond previous completeness assumptions. As mentioned by [Awasthi et al., 2022b], given a
hypothesis set 3, J{-consistency bounds can be used to compare different surrogate loss functions
and select the most favorable one, which depends on the functional form of the J{-consistency bound;
the smoothness of the surrogate loss and its optimization properties; approximation properties of
the surrogate loss function controlled by minimizability gaps; and the dependency on the number of
classes in the multiplicative constant. Consequently, a tighter J{-consistency bound provides a more
accurate comparison, as a loose bound might not adequately capture the full advantage of using one
surrogate loss. In contrast, Bayes-consistency does not take into account the hypothesis set and is an
asymptotic property, thereby failing to guide the comparison of different surrogate losses.

Another application of our J{-consistency bounds involves deriving generalization bounds for sur-
rogate loss minimizers [Mao et al., 2023h], expressed in terms of the same quantities previously
discussed. Therefore, when dealing with finite samples, a tighter H-consistency bound could also
result in a corresponding tighter generalization bound. Moreover, our novel results extend beyond
previous completeness assumptions, offering guarantees applicable to bounded hypothesis sets
commonly used with regularization. This enhancement provides meaningful learning guarantees.
Technically, our error transformation function serves as a very general tool for deriving J{-consistency
bounds with tightness guarantees. These functions are defined within each class of loss functions
including comp-sum losses and constrained losses, and their formulation depends on the structure
of the individual loss function class, the range of the hypothesis set and the number of classes. To
derive explicit bounds, all that is needed is to calculate these error transformation functions. Under
some broad assumptions on the auxiliary function within a loss function, these error transformation
functions can be further distilled into more simplified forms, making them straightforward to compute.

7 Conclusion

We presented a general characterization and extension of J{-consistency bounds for multi-class
classification. We introduced new tools for deriving such bounds with tightness guarantees and
illustrated their benefits through several applications and examples. Our proposed method is a
significant advance in the theory of J{-consistency bounds for multi-class classification. It can
provide a general and powerful tool for deriving tight bounds for a wide variety of other loss functions
and hypothesis sets. We believe that our work will open up new avenues of research in the field of
multi-class classification consistency.
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A Related work

The notions of Bayes-consistency (also known as consistency) and calibration have been well studied
not only with respect to the binary zero-one loss [Zhang, 2004a, Bartlett et al., 2006, Steinwart, 2007,
Mohri et al., 2018], but also with respect to the multi-class zero-one loss [Zhang, 2004b, Tewari
and Bartlett, 2007], the general multi-class losses [Ramaswamy and Agarwal, 2012, Narasimhan
et al., 2015, Ramaswamy and Agarwal, 2016], the multi-class SVMs [Chen and Sun, 2006, Chen and
Xiang, 2006, Liu, 2007, Dogan et al., 2016, Wang and Scott, 2020], the gamma-phi losses [Wang and
Scott, 2023], the multi-label losses [Gao and Zhou, 2011, Dembczynski et al., 2012, Zhang et al.,
2020], the losses with a reject option [Ramaswamy et al., 2015, Cortes et al., 2016a,b, 2023], the
ranking losses [Ravikumar et al., 2011, Ramaswamy et al., 2013, Gao and Zhou, 2015, Uematsu and
Lee, 2017], the cost sensitive losses [Pires et al., 2013, Pires and Szepesvari, 2016], the structured
losses [Ciliberto et al., 2016, Osokin et al., 2017, Blondel, 2019], the polyhedral losses [Frongillo
and Waggoner, 2021, Finocchiaro et al., 2022], the Top-k classification losses [Thilagar et al., 2022],
the proper losses [Agarwal and Agarwal, 2015, Williamson et al., 2016] and the losses of ordinal
regression [Pedregosa et al., 2017].

Bayes-consistency only holds for the full family of measurable functions, which of course is distinct
from the more restricted hypothesis set used by a learning algorithm. Therefore, a hypothesis set-
dependent notion of J{-consistency has been proposed by Long and Servedio [2013] in the realizable
setting, used by Zhang and Agarwal [2020] for linear models, and generalized by Kuznetsov et al.
[2014] to the structured prediction case. Long and Servedio [2013] showed that there exists a case
where a Bayes-consistent loss is not JH-consistent while inconsistent losses can be J-consistent.
Zhang and Agarwal [2020] further investigated the phenomenon in [Long and Servedio, 2013] and
showed that the situation of losses that are not J{-consistent with linear models can be remedied
by carefully choosing a larger piecewise linear hypothesis set. Kuznetsov et al. [2014] proved
positive results for the J(-consistency of several multi-class ensemble algorithms, as an extension of
H-consistency results in [Long and Servedio, 2013].

Recently, Awasthi et al. [2022a,b], Mao et al. [2023h], Zheng et al. [2023] presented a series of results
providing H-consistency bounds. These are upper bounds on the zero-one estimation error of any
predictor in a hypothesis set, expressed in terms of its surrogate loss estimation error. They are more
informative guarantees than similar excess error bounds derived in the literature, which correspond to
the special case where H is the family of all measurable functions [Zhang, 2004a, Bartlett et al., 2006,
Mohri et al., 2018]. Awasthi et al. [2022a] studied H-consistency bounds in binary classification.
They provided a series of tight H{-consistency bounds for bounded hypothesis set of linear models and
one-hidden-layer neural networks. The subsequent study [Awasthi et al., 2022b] further generalized
the framework to multi-class classification, where they presented a extensive study of J{-consistency
bounds for diverse multi-class surrogate losses including negative results for max losses [Crammer
and Singer, 2001] and positive results for sum losses [Weston and Watkins, 1998], and constrained
losses [Lee et al., 2004]. However, the hypothesis sets adopted there were assumed to be complete,
which rules out the bounded hypothesis sets typically used in practice. Moreover, the final bounds
derived from [Awasthi et al., 2022b] are based on ad hoc methods and may not be tight. [Mao
et al., 2023h] complemented the previous work by studying a wide family of comp-sum losses in the
multi-class classification, which generalized the sum-losses and included as special cases the logistic
loss [Verhulst, 1838, 1845, Berkson, 1944, 1951], the generalized cross-entropy loss [Zhang and
Sabuncu, 2018], and the mean absolute error loss [Ghosh et al., 2017]. Here too, the completeness
assumption on the hypothesis sets was adopted and their J{-consistency bounds do not apply to
common bounded hypothesis sets in practice. Zheng et al. [2023] proved H-consistency bounds for
multi-class logistic loss with bounded linear hypothesis sets. However, their bounds require a crucial
distributional assumption under which, the minimizability gaps coincide with the approximation
errors. Thus, their bounds can be recovered as excess error bounds, which are less significant.

This paper provides both a general characterization and an extension of J{-consistency bounds for
multi-class classification. Our general tools and tight bounds show several remarkable advantages:
first, they improve existing bounds for complete hypothesis sets previously proven in [Awasthi et al.,
2022b], second, they encompass all previously comp-sum and constrained losses studied thus far
as well as many new ones [Awasthi et al., 2022a, Mao et al., 2023h], third, they extend beyond the
completeness assumption adopted in previous work, fourth, they give novel guarantees for bounded
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hypothesis sets, and finally they help prove a much stronger and more significant guarantee for
logistic loss with linear hypothesis set than [Zheng et al., 2023].

Other related work on J{-consistency bounds includes: J{-consistency bounds for pairwise ranking
[Mao et al., 2023d,e]; theoretically grounded surrogate losses and algorithms for learning with
abstention supported by H-consistency bounds, including the study of score-based abstention [Mao
et al., 2023f], predictor-rejector abstention [Mao et al., 2023c] and learning to abstain with a fixed
predictor with application in decontextualization [Mohri et al., 2023]; principled approaches for
learning to defer with multiple experts that benefit from strong J{-consistency bounds, including the
single-stage scenario [Mao et al., 2023b] and a two-stage scenario [Mao et al., 2023a]; H{-consistency
theory and algorithms for adversarial robustness [Awasthi et al., 2021a,b, 2023a, Mao et al., 2023h,
Awasthi et al., 2023b]; and efficient algorithms and loss functions for structured prediction with
stronger JH-consistency guarantees [Mao et al., 2023g].

B Minimizability gap

This is a brief discussion of minimizability gaps and their properties. By definition, for any loss
function ¢, the minimizability gap is defined by

2690 = jf{ B 100200} - E| o, B 100,00 - 2390 - Bl 00, 00)

B.1 Zero minimizability

Lemma 14. Let ¢ be a surrogate loss such that for (x,y) € X x Y and any measurable function
h € Han, the loss £(h, x,y) only depends on h(x) and y (thus we can write £(h,x,y) = ((h(z),y)
Sfor some function £). Then, the minimizabiliy gap vanishes: Ny(Han) = 0.

Proof. Fix € > 0. Then, by definition of the infimum, for any x € X, there exists h, € I, such that

E[l(hg,z,y)] < inf E[L(h,z,y)]+e€
ylo heXHan ylz

Now, define the function h by h(x) = h;(x), for all z € X. h can be shown to be measurable, for
example, when X admits a countable dense subset. Then,

JE [hep))= B @)= E | [F(h(2),0)]
= ($,£~‘D[£(hm €, y)]

<E| inf E[l(h,x,y)]+
£ h;g{anylx[( z,y)] +e

= E[C; (Han, z)] +e.

Thus, we have
inf E [k < B[} (Han, )] + .
uf L E [l e, y)] <EIE; (Han2)] +¢
Since the inequality holds for any ¢ > 0, we have Rj(Han) = infrescy Ea,y)-nl[0(h,2,y)] <
E,[C; (Han,z)]. This implies equality since the inequality R; (H) > E,[C; (H,z)] holds for any
H. y

B.2 Relationship with approximation error

Let A; denote the approximation error of a loss function ¢ and a hypothesis set H: Ay(H) =
Ry (H) — R;(Han). We will denote by I,(FH) the difference of pointwise infima I,(H) =
E, [C;(H,z) — € (Han, x)], which is non-negative. The minimizability gap can be decomposed as
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follows in terms of the approximation error and the difference of pointwise infima:

M(3H) =Ry
=R

H) - Ex [C (H, z)]

H) = Ry (Han) + Ry (Han) - Eq [C7 (H, 2)]

= Ag(30) + R (Han) - Eq [€5(H, 2)]

= Ag(H) +E, [C) (Han,x) — C; (H, z)] (By Lemma 14)
= Ae(30) = 1,(30).

The decomposition immediately implies the following result.

Lemma 15. Let ¢ be a surrogate loss such that for (x,y) € X x Y and any measurable function
h € Han, the loss £(h,x,y) only depends on h(x) and y (thus we can write £(h,x,y) = ((h(z),y)
Sor some function ). Then, for any loss function ¢ and hypothesis set H, we have: My(H) < Ay (H).

By Lemma 1, when ¢ is the zero-one loss, I;(H) = 0 when the hypothesis set generates labels
that cover all possible outcomes for each input. However, for a surrogate loss function, I,(J() is
non-negative, and is generally non-zero.

Take the example of binary classification and denote the conditional distribution as n(z) = D(Y =
1|X = z). Let K be a family of functions h with |h(z)| < A for all z € X and such that all values
in [-A, +A] can be reached. Consider for example the exponential-based margin loss: £(h, z,y) =

e ¥M®) Then, Cy(h,z) = n(x)e ) + (1 -n(z))e™®). Upon observing this, it becomes apparent
that the infimum over all measurable functions can be expressed in the following way, for all x:

€7 (Han, ) = 2¢/n(x) (1 -n(x)),

while the infimum over H, €} (J(, z), depends on A and can be expressed as

max{n(z),1-n(z)}e™™ + min{n(z),1 -n(z)le® A< %|log 1175;2:)

2v/n(z)(1 -n(x)) otherwise.

Gy (H,x) = {

Thus, in the deterministic scenario,

Ii(H) = B, [C) (K, ) — Cf (Han, )] = ™.

B.3 Significance of J{-consistency bounds

As shown in the previous section, for target loss ¢y_1, the minimizability gap coincides with the
approximation error M,,_, (H) = Ay,_, () when the hypothesis set generates labels that cover
all possible outcomes for each input. However, for a surrogate loss ¢, the minimizability gap is
generally strictly less than the approximation error M, (H) < Ay (H). Thus, an H-consistency bound,
expressed as follows for some increasing function I':

Reoy (h) = Ry, (F) + Mgy, (H) <T(Re(h) = Ry (H) + My ().
is more favorable than an excess error bound expressed in terms of approximation errors:
Reo (h) = Ry (H) + Ay, (H) ST (Re(h) = Ry (H) + A (H)).

Here, I is typically linear or the square-root function modulo constants. When J{ = J{,j;, the family
of all measurable functions, by Lemma 14, the H{-consistency bound coincides with the excess error
bound and implies Bayes-consistency by taking the limit. It is therefore a stronger guarantee than an
excess error bound and Bayes-consistency.

C Proofs for comp-sum losses

Let Ymax = argmax, .y p(z,y) and h(z) = argmax, .y h(z,y), where we choose the label with the
highest index under the natural ordering of labels as the tie-breaking strategy.
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C.1 Proof of H-consistency bounds with T7°°""? (Theorem 2)

Theorem 2 (H-consistency bound for comp-sum losses). Assume that H is symmetric and com-
plete and that T°°™P is convex. Then, the following inequality holds for any hypothesis h € H and
any distribution

(‘Tcomp<fRZ04 (h) - fRZH (J{) + Me(l—l (j{)) < :Rfcomp(h) - :R;CO"‘P (J{) + M@Comp(g{)7 3)

with T°°™P gn H-estimation error transformation for comp-sum losses defined for all t € [0,1] by

.:Tcomp(t) _
Tei[rolfl] [full) {Bho(r)-@(1-7-p)]+ BL[@(1-7) - (7 + )]} n=2
inf inf sup  {EL[@(72) - ©(m1 - )] + BE[®(11) - R(m2 + )]} n>2.

Pe[Lovt,1 T12max(72,1/n) el—7o .+
[ ] T1+72<1,72>0 pel=ra,m]

Furthermore, for any t € [0,1], there exist a distribution D and a hypothesis h € H such that
Regs (h) = R, (F) + My, (F) = t and Rgeomv (h) = Ricomp (F) + Myeomp (H) = TP (2).

Proof. For the comp-sum loss £°°™P, the conditional £°°™P-risk can be expressed as follows:

Cpeomp (h,.’L‘) = Z p(x7y)€comp(h)x7y)

yey

PUCH))
= Z p(z,y)® W)

yed
= ,Zyp(x7y)q>(Sh(m, y))
= P(2, Ymax ) P(Sh (T, Ymax ) ) + p(x, h(2))@(Sy (z, h(x)))
+ Z p(Ivy)(I)(Sh(xay))

yé{yma)uh(w)}

eh(@,y)
eh(T y’)

any h € H such that h(:c) ;t ymaX and z € X, we can always find a family of hypotheses {h, } c I

ho ()
— et
such that Sy (2, ) = ey
y'e

where we let Sy, (x,y) = for any y € Y with the constraint that 3,y Sy (,y) = 1. For

take the following values:

Sh(xvy) ify ¢ {ymax, h(fﬂ)}
Shou(®,y) = 4 Sh(, Ymax) + 1 if y = h(z)
S;L(x,h(x))—,u if ¥ = Ymax-

Note that S}, ,, satisfies the constraint:

> Shplz,y) =Y Su(z,y) = 1.

yey yeY
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Let p1 = p(«, Ymax)> P2 = p(z,h(x)), 71 = Sp(x,h(x)) and 75 = Sp(x, Ymax) to simplify the
notation. Then, by the definition of S}, ,,, we have for any h € H and = € X,

e[cump (h, .T) - inf ] e[comp (hl“ l')

pe[—72,71

~ s {pl[ém) (s - )]+ pal () - D(ra + u)]}

ne[-72,71]
P+p - P-p +
- s ]{p;p?w»m)—@(n—u)h@“[@(n)—@(mm]}
ME|—T2,T1
(P=pr+p2e[-5vpi—p21)

P _
< inf inf sup {M[Q)(Tg) —®(m — )]
Pel sty vpi-ps,1] izmax(ra1/n) el -y 7] 2
T1+7251,T22
P—p1+ps

+ 5 [®(11) - P(m2+ )] (r1 2max(72,1/n), 71 + T2 < 1,72 2 0)
=T (p1 - p2)
= TP (AC,_, sc(h,x)), (by Lemma 1)

where for n = 2, an additional constraint 7; + 75 = 1 is imposed and the expression of T™P ig
simplified. Since TP is convex, by Jensen’s inequality, we obtain for any hypothesis . € J{ and
any distribution,

TP (R, () - R, (3€) + My, (36))
- 7o (BlAe, ,ac(h )]
<E[TO(AC), , 50(h.1))]

< E[ACms 3¢(h,7)]

= Rycomn (h) = Rcomp (F0) + Mpcom (30).

For the second part, we first consider n = 2. For any ¢ € [0, 1], we consider the distribution that

concentrates on a singleton {z} and satisfies p(z,1) = &%, p(x,2) = 15X, For any € > 0, by the

definition of infimum, we can take h € H such that Sy, (z,1) = 7. € [0, %] and satisfies

1 1-
sup (L [B(n) = B(1 - 7= )]+ 2 [R(1L - 7) - B+ )]} < TR e
pe[—Te,1-7¢] 2 2
Then,
:Rfo—l (h) - :Rzo_l (:H:) + Mﬁo-l (:H) = :Rfoq (h) - EX[GZO_l (g{a I)]
= e4071 (h’ {L‘) - GZH (J‘C,LIJ)
=t
and

(.Tcomp(t) S Reaomp (h) - choxnp (J{) + M[comp (J‘C)
= Ryeoms (h) = Ex [ € (3, 2)]
= chomp (h, l‘) - ezconlp (}C, I)
1+t 1-t¢
- s [ Ne6) - a0 -r- ]+ R0 - ) - (]
pe[—Te,1-7¢]
<TOMP(E) +e.

By letting € — 0, we prove the tightness for n = 2. The proof for n > 2 directly extends from the case
when n = 2. Indeed, for any ¢ € [0, 1], we consider the distribution that concentrates on a singleton
{z} and satisfies p(z,1) = 5, p(2,2) = 54, p(z,y) =0, 3 <y < n. Forany € > 0, by the definition
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of infimum, we can take h € 3 such that Sp,(z,1) = 71 ¢, Sn(2,2) = T2, Sp(x,y) =0,3<y<n
and satisfies 71  + T2 = 1, and

inf sup
Pe[ﬁvt,l] pe[-T2,¢,71 ]

- {0 - B -]+ () - e+ )]

He[—T2 ¢, T1,e] 2
< TOMP(4) 4.

[(I)(T2,e) - (I)(Tl,e - ,u)] +

{P+t

92 _t[q)(Tl,e)_(I)(T27e+M)]}

Then,
Reo-y (h) = Rp,_, (FO) + My, (F0) =t
and
TEOMP () < TOMP(¢) +e.
By letting € — 0, we prove the tightness for n > 2. [

C.2 Characterization of T7°°™P (Theorem 3)

Theorem 3 (characterization of T°°™V). Assume that ® is convex, differentiable at 5 L and @' (%) 0.
Then, T°™P can be expressed as follows:

qeomp gy _ | 2(3) ~inbuey {55125 + 1) + HE2(5 - )} n=2
(t) = infTE[%V%]{(I)(T)—infue[_T,T]{lgttI)(T p)+ SLo(r+p)}y n>2.

Proof. Forn =2, we have

com . . ﬂ _ o ﬂ B B
T p<’“‘)1:[%,2]ueffffﬂ{ SHB(r) - (1= )]+ S (@1 7) - (r + )]

inf](“t@() T la-n]- it {%@(1 o ,u)+<I>(7‘+u)})

(0,2 pe[om1-7]
:Tei[lgg](lz”w) %[@(1 T)]) Me[i_n;fé]{lgté(;+u) ﬁ@(f—u)}
> (o(5) 2 () 3)) - U e lG o)+ (5 o))

(P is convex)

1 1-t (1 1+t (1
= ( )_ inf {7¢(,+M)+L¢(,_M)} @ (3)<0,t(r-1)<0

2] pe[-1,470 2 2 2 2
where the equality can be achieved by 7 = =.

For n > 2, we have
JOMP(t) = inf inf sup  F(P,71,72, 1)
Pe[5iy1]mi2 jflj;ga?l)/g) pel-72,71]

where we let F(P, 11,72, 1) = L[ ®(72) - (71 — p)] + EL[@(71) = (72 + ) ]. For simplicity,

we assume that P is dlfferentlable For general convex ®, we can proceed by using left and right
derivatives, which are non-decreasing. Differentiate F' with respect to i, we have

8£_P+t
ou 2

@,(Tl —/L) +

Using the fact that P ¢ [— v, 1] t €[0,1] and @’ is non-decreasing, we obtain that 9E is non-
increasing. Furthermore, @’ is non-decreasing and non-positive, ® is non-negative, we obtam that
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®’(+00) = 0. This implies that (+oo) <0and aF ( o0) > 0. Therefore, there exists po € R such

that Pt i p
+ —
po) = ——=®'(1 = o) + —— (2 + o) = 0
By taking j = 7 — T» and using the fact that 7, < 3, &’ (%) <0, we have
oF P+t t- P
87(T1_T2)_ P'(my) + ——'(m1) <0.
7
Thus, since g—fz is non-increasing, we obtain py < 7 — 72. Differentiate F' with respect to 7o at pg,
we have oF P t i p
+ -
(7'2)+ (IJI(T2+[L0).
8’7'2 2
Since @’ is non-decreasing, we obtain
oF P +t -P oF
o’ —‘I) +7 - = - <0,
87 9 (m2) + 9 (2 +71-72)= BN (11 -72)

which implies that the infimum inleZmax{ml} is achieved when 7 = 71. Differentiate /' with
respect to P at pg and 7y = 72, by the convexity of ®, we obtain
OF

5p = 2(11) = ®(71 — o) + B(71) = &(71 + p10) <0,

which implies that the infimum inf Pe[ 1 1] is achieved when P = 1. Above all, we obtain
JEOMP(t) = inf  sup F(1l,7,7, 1)

el 3] pel-r7]

= inf {(I)(T)— inf {124—1"(1)(7'—#)+12_t‘1)(7'+u)}}.

re[1.1] pe[-7,7]
O
C.3 Computation of examples
Example: ®(¢) = —log(t). Forn =2, plugging in ®(¢) = —log(¢) in Theorem 3, gives
1- 1 1 1
JOMP = log2 - inf {——t log( + ,u) s log(f - u)}
pel-3.3] 2 2 2
1+t .. . ¢
—1 g(1+1) + — log(l -1). (minimum achieved at y1 = —7)
Similarly, for n > 2, plugglng in®(t) =- log(t) in Theorem 3 yields
1-t¢ 1+t
JOMP = inf {-logT - inf {——lo T+pu)- —log(r - }}
TG[M]{ g Jnf \mplos(r+ ) -~ les(r - )
1+1¢ 1-¢ . .
= log(1+t)+ 5 log(1 -1). (minimum achieved at y = —7t)
Example: ®(¢) = % - 1. Forn =2, plugging in ®(t) = % — 1 in Theorem 3, gives
1-¢t 1 1+t 1
TP 9 inf { e }
pe[-3410 2 gH+p 2 -
1 1
=1-V1-t2. (minimum achieved at y = M)

2((1+t)%+(1—t)%)

Similarly, for n > 2, plugging in ®(t) =

qeomp _ - jif l_ inf {1+t 1 +1+t 1 }
TE[%,] T  pe[-71,7] 2 T— U 2 THU

1 e 1
= inf —(1 -V1- t2) (minimum achieved at y = {=02=0+02 7y

1 — 1 in Theorem 3 yields

re[1,1]27 (1+6) 2 +(1-t) 2
=1-V1-1t2. (minimum achieved at 7 = %)
27
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Example: () = é(l —-t9),q € (0,1). For n = 2, plugging in ®(t) = %(1 — %) in Theorem 3,
gives

_ q q
pom L (YL ey
02" 5410 20 \2 29 \2

1 1\ 1-¢
L[ +t)T+ (1 -t) e 1
Cq20 2 q2e°

(1) Td —(14+4) T

(minimum achieved at p = — —
2((1+t) TG 4 (1-) Ta )

Similarly, for n > 2, plugging in ®(t) = %(1 —t9) in Theorem 3 yields

q 1+¢ 1-¢
JeomP = inf {—T - inf {—L(T ) - —(r+ u)q}}
re[1,11 g pel-m7] 2q 2q

n’

d((1e)Ta (1ot T g
C o AT (A1) 7
re(2.4] ¢ 2 q
. (1-t)i1q-(1+t)1ET
(1+t) =g +(1-t) 14

:1(a+ﬂ¢uwr%r¥yﬂ_:t 1

. (minimum achieved at 7 = =)
qnd 2 qnd

(minimum achieved at

n

Example: ®(¢) =1-t. Forn =2, plugging in ®(¢) = 1 — ¢ in Theorem 3, gives

Tcompzl_ 1nf {1_t(1_u)+ﬂ(l+u)}:1_ﬁzf
2 -5l 2 \2 2 \2 2 2 2

Similarly, for n > 2, plugging in ®(¢) = 1 — ¢ in Theorem 3 yields

omp _ S 1+t _ -t
JeOmD iy ]{(1 n- nf ]{ T (i u)}}

1.3 [-ror

= inf 7t (minimum achieved at j4 = —7)
e[ .3]
t .. .

=—. (minimum achieved at 7 = %)
n

Example: ®(t) = (1-t)2. Forn = 2, plugging in ®(¢) = (1 - t)? in Theorem 3, gives

qeomp 1 1—%1_Mf+1+%1+uf L1
4 pel-1,210 2 \2 2 \2 4 4 4’

Similarly, for n > 2, plugging in ®(¢) = (1 —t)? in Theorem 3 yields

JeOMP = inf {(1—7’)2— inf {12+t(1—7'+u)2+1;t(1—7—u)2}}

e[ £,3] pe[-7,7]

- Erllfl ]{(1 7)1 (minimum achieved at y = ¢(7 — 1))
TE s
t2

e (minimum achieved at 7 = %)

D Proofs for constrained losses

Let Ymax = argmax, .y p(z,y) and h(z) = argmax, .y h(z,y), where we choose the label with the
highest index under the natural ordering of labels as the tie-breaking strategy.
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D.1 Proof of JH-consistency bounds with Jestnd (Theorem 10)

Theorem 10 (H-consistency bound for constrained losses). Assume that 3 is symmetric and
complete. Assume that T is convex. Then, for any hypothesis h € H and any distribution,

TCStnd(Rfo,l (h) _ REO—I (ﬂ-() + M‘eo—l (j‘f)) < ngstnd (h) - chstnd (g{) + M@cstnd (g{)
with H-estimation error transformation for constrained losses defined on t € [0,1] by T4 (¢) =
i 1t _P(— 1+t I _ _
ifsup{ SHB(T) - (74 )]+ HH(-7) - (7 - )]} n=2
inf inf  sup{ZLE[D(-72) - D(-71 + )] + EEHL[B(-71) - B(-2 - p)]} n>2.

Pe[ A7 ,1] mizmax{72,0} yeR
Furthermore, for any t € [0,1], there exist a distribution D and a hypothesis h € H such that
Reo'l (h) B :RZOA (g{) + My, (:H:) =t and Ryesena (h) - :Rchcnd (}C) + Mestna (J{) = {.TCStnd(t).

Proof. For the constrained loss £°"9, the conditional £°5*™d-risk can be expressed as follows:
Cpesina (hyx) = 3 p(,y) =" (h, 2, y)

yeY
- %p(x,y) Z ®(~h(z,y"))
- Z‘Z, (=h(z,y)) 3 p(e,y")
- Z:dfb(—h(x,y))(l -p(z,y))

= ©(=N(@, Ymax)) (1 = P(; Ymax)) + ©(=h(2,h(2)))(1 - p(z,h(z)))

Y¢{Ymax,h(z)}

For any h € H and = € X, by the symmetry and completeness of H, we can always find a family of
hypotheses {h,, : ;1 € R} c H such that b, (x,-) take the following values:

h(z,y) if y # {Ymax, h(z)}
h#(:ﬂ,y) =1 (2, Ymax) + 0 if y =h(x)
h($7h(x))_ﬂ ify:ymax~
Note that the hypotheses h,, satisfies the constraint:
Z hu(z,y) = Z h(z,y) =0, VueR.
yeY yeY

Let p1 = p(Z, Ymax)> P2 = p(x,h(x)), 71 = h(x,h(x)) and 72 = h(z, Ymax ) to simplify the notation.
Then, by the definition of h,,, we have for any h € H and = € X,

chsmd (h, I‘) — inf egcsmd (h’l“ .73)
pelR

:igﬂg{u—pl)[@(—m) C(er )]+ (1 po)[@(-m) —@(—m—u)]}

2-P-p1 + QY- P+p —
- sup{’“”[@(—m - (-1 + )] + T [0 (-m) - @ (-7 —m]}
peR 2 2
(P=p1+p2e[:25,1])
: : 2-P-pi+ps
= inf inf supy ———————= [P (-19) = D(—-7y +
Pe[-1;,1] ri2max{r2,0} #gﬂg{ 2 [ ( 2) ( ! M)]
2-P+p -
+2mp2[q>(—71)—‘1>(—72—u)]} (120,72 <71)
_ :Icstnd (pl _p2)
= TCStnd(Aeéofl,Jf(h@))- (by Lemma 1)
24
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where for n = 2, an additional constraint 7; + 75 = 0 is imposed and the expression of T™P ig
simplified. Since T°*"¢ is convex, by Jensen’s inequality, we obtain for any hypothesis 4 € H and
any distribution,

qestnd (:Rem1 (h) - :RZH (H) + My, (j'f))
_ ‘J'CStnd(g[Aeég,hf}C(h’ x)])
<E[T%(AC, ., 3¢ (. 2))]

S @[Aegcstnd,j—((h,x)]

= Recstnd (h) - chstnd (g{) + MZCS“'d (j{)

For the second part, we first consider n = 2. For any ¢ € [0, 1], we consider the distribution that
concentrates on a singleton {2} and satisfies p(z,1) = %, p(z,2) = 1L, For any € > 0, by the

definition of infimum, we can take h € H such that h(x,2) = 7. > 0 and satisfies

sup{ 2 [B(7e) = B+ )] + 2 [B(-7) = D7 - )]} < TEH) e

peR
Then,

Reoy (h) = RG, (F0) + My, (H) = Ry, (h) ~Ex[CF, , (H, )]
= e5071 (h’ l‘) - GZH (j{v Ji)
=t

and

‘J'CStnd(t) < Ryestna (h) — fchstnd (H) + Myesena (H)
= Ryesma(h) - Ex [echtnd (3, x)]
= egcscnd (h, l') - ezcstnd (9{7 I)

= sup{ @) - @+ )]+ (D7) - (- )]
<TEM() e,

By letting € — 0, we conclude the proof. The proof for n > 2 directly extends from the case when
n = 2. Indeed, For any ¢ € [0, 1], we consider the distribution that concentrates on a singleton {x}
and satisfies p(x,1) = %, p(z,2) = %, p(xz,y) =0, 3 <y < n. For any € > 0, by the definition
of infimum, we can take h € H such that h(x,1) = 71 ¢, h(2,2) = 2., h(z,y) = 0,3 <y <n and
satisfies 7y ¢ + 72, = 0, and

inf  sup

{2—P—t 2-P+t
Pe[47.1] peR

3 [B(-7,) = @+ )]+ T (@) - B - )]

=sup{ o [B(-1.0) - B+ )]+ T [B(-) B - )]
<TE(f) e,

Then,

Reg, () = R, (30) + M, (30) =1

and

TCStnd(t) < Récstnd (h) — fRchmd (J—C) + M[cstnd (f}{) < ‘ICStnd (t) + €.
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D.2 Characterization of 7¢'"4 (Theorem 11)

Theorem 11 (characterization of T'"Y), Assume that ® is convex, differentiable at zero and
®'(0) < 0. Then, T can be expressed as follows:

CI)(O)—infueR{ﬁqD(u)+ﬁ<1>(—u)} n=2
inszo{(Z——)i( T) - mfﬂeR{Q_t =L H(- T+p)+ = 1<I>( T - u)}} n>2

S {@(()) - inf {15 @ (1) + LD (-p)} n=2
inf720{2<1>(—7') - infuem{%q)(ﬂ' +p) + 2D (-7 - u)}} n>2.

rIcstnd (t) _

Proof. For n =2, we have

T () = inf sup{ 15 [(r) - (o + )] + S [B(-7) - B(r - )]

nf sup Z
= inf( =) + (e - int L r e+ (- )

< inf(F () s @) - mf{% ()

> inf (2(0) - #/(0)tr) - 1nf{—¢>(u)+£q>( N)} (@ is convex)
:@(o)—%;{%@( )+ﬁ¢( u)} (@'(0) <0, tr > 0)

where the equality can be achieved by 7 = 0.

For n > 2, we have

gestnd(4) = inf inf  supF(P, 71,72, 1)
Pg[ﬁ@] T12max{12,0} ;eR
where we let F'(P, 71,72, 1) = 27.1294 [(I)(—Tz) —O(-1y +p)] + EEE[D(-71) - B(-72 - ,u)] For
simplicity, we assume that & is differentiable. For general convex ®, we can proceed by using left
and right derivatives, which are non-decreasing. Differentiate F' with respect to u, we have

OF P+t-2 2-P+t

— =0 (- )+ —————D (-1 — ).

BN 9 (=71 + 1) 9 (-2 - )
Using the fact that P € [ 1] t € [0,1] and ®' is non-decreasing, we obtain that 2 T is non-
increasing. Furthermore, @’ is non decreasing and non-positive, ® is non-negative, we obtain that
®’(+00) = 0. This implies that (+oo) <0and é’F( 00) > 0. Therefore, there exists pio € R such

that P+t-2 2-P+t
+ -P+
G ) = 20 )+ 2 (= o) =0
By taking p = 71 — 72 and using the fact that ®'(0) < 0, we have
oF P+t-2 2-P+t
7(7-1_7-2) = 7¢,(—72)+7(I),(—7—1) <O
ou 2 2
Thus, since ?TI: is non-increasing, we obtain py < 7 — 72. Differentiate F' with respect to 7o at pg,
we have oF P+t-2 2-P+t
+t- -P+
— =P (~1) + ———— D' (72 — o).
72 5 (-72) 5 (=72~ po)
Since @’ is non-decreasing, we obtain
OF P+t-2 2-P+t oF
<—— () + ———0(-m-T+7) = — (11 —-T2) <0,
87'2 2 2 ou

which implies that the infimum inf 5 ax(r,,0} is achieved when 72 = 1. Differentiate " with respect
to P at o and 71 = 7o, by the convexity of ®, we obtain
oF

5p = 20T+ p0) = (=) = @(=71) + B(=71 = j1o) 20,
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which implies that the infimum inf Pe[1 1] is achieved when P = ﬁ Above all, we obtain

1
:J-cstndt _; f F( )
(1) infsup P\ T =g m T
el (o 1 o - Q—t—ﬁq) 2+t—ﬁ®
= inf ( _T—l) (_T)_}ER — (—T+u)+72 (=7 -p)

> inf sup F(0, 7,7, 1)
720 neR

- iTIZlg{z@(—T) - inf{?@(” )+ %‘I’(_T - “)}}'

peR
O
D.3 Computation of examples
Example: ®(t) = ®ey,(t) = €. Forn =2, plugging in ®(¢) = ™" in Theorem 11, gives
1-t¢ 1+t
Jeomp = ] — inf{—e—“ + ieﬂ}
ueR L 2 2
=1-V1-t2. (minimum achieved at p = % log %)
For n > 2, plugging in ®(¢) = e in Theorem 11 yields
2-1 2+t
Jeomp > inf{ZeT - inf{—eT_“ + ieﬂ“}}
720 peR 2 2
2-1t 2+t
> 2 —inf {—e‘“ + ie“} (minimum achieved at 7 = 0)
peR 2
=2-V4-1t2. (minimum achieved at p = % log %)

Example: ®(t) = Ppipnge(t) = max{0,1-¢}. Forn = 2, plugging in ®(¢) = max{0,1 -t} in
Theorem 11, gives

1-t 1+t
Jeomp — 1 inf{— max{0,1 - p} + Eha max{0, 1 + M}}
peR 2 2

=1t. (minimum achieved at p = —1)

For n > 2, plugging in ®(¢) = max{0,1 - ¢} in Theorem 11 yields

2-1 2+t
Jeomp > inf{? max{0,1+7} - inf{— max{0,1+7—pu}+ o max{0,1+ 7+ u}}}
720 peR 2 2

2-1 2+t
=2- inﬂg{T max{0,1 - pu}+ % max{0,1+ u}} (minimum achieved at 7 = 0)
s

=t. (minimum achieved at y = -1)

Example: ®(t) = Pgq-ninge(t) = (1 - t)?1<;. Forn = 2, plugging in ®(¢) = (1 -t)?1;« in
Theorem 11, gives

. 1-t 1+t
Jeomp _ | _ Lllnfx{T(l 1)1 per + T(l + u)Qn,e_l}
=2 (minimum achieved at y = —t)

For n > 2, plugging in ®(t) = (1 - t)?1,<; in Theorem 11 yields

Jeomp > g(f){Q(l +7) Ly - Lrelﬂf{{T(l +7 = )y + T(l +T+ N)Q]l‘r+uz—l}}

2-1 2+t
>2- inﬂg{T(l 1)1 per + T(l + ,u)QILMZ_l} (minimum achieved at 7 = 0)
e
2
=5 (minimum achieved at 1 = - %)
77
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Example: ®(t) = ®,,(t) = (1 -t)?. Forn = 2, plugging in ®(¢) = (1 - ¢)? in Theorem 11, gives

1-t¢ 1+t
T = 1 inp{ S () (L))
=12, (minimum achieved at p = —t)

For n > 2, plugging in ®(¢) = (1 —t)? in Theorem 11 yields

2-t 2+t
Jeomp > iTrzlg{Q(l +7)2 —Lrelﬂg{T(l +7—p)?+ %(1 +T+u)2}}

2-t 2+t
>2- inf{—(l -p)+ i(1 + ;1)2} (minimum achieved at 7 = 0)
pelR 2 2
£2
= 5 (minimum achieved at p = —%)

E Extensions of comp-sum losses

E.1 Proof of H-consistency bounds with T~ (Theorem 5)

Theorem 5 (J{-consistency bound for comp-sum losses). Assume that T s convex. Then, the
following inequality holds for any hypothesis h € H and any distribution:

i’comp(:kfo—l (h) - :Rzofl (ﬁ) + Mfo—l (ﬁ)) < fRécomp (h) - fREmmp (ﬁ) + Mlcomp (ﬁ)

with T°"" the H-estimation error transformation for comp-sum losses defined for all t € [0, 1] by
—comp

T ()=
i[nfl] sup {Hto(r) - 2(1-7-p)]+ B [@(1 -7) - (7 + )]} n=2
7€0,3 | pe[Smin—7,1-T—Smin
inf inf B@ (1) - @(r1 - p)] + L[ @(71) - B(72 + >2
e m]Smmg%g%smigg{ S [@(r2) - (m - )] + () - (2 + )]} m>2,
T1+7T2=

— : _ 1
where C' = [max{smin = T2, 71 = Smax }, MIN{Smax = 72, 71 = Smin} |, Smax = 75 e rmrmaey and
1

Smin = T3 Tyermis A@ Furthermore, for any t € [0, 1], there exist a distribution D and h € 3 such

that Re, , (h) = RE (H) + My, (F) = t and Rgeomp () = Reomp (F€) + Mgeomp (F€) = TN (1),

lo-1
Proof. For the comp-sum loss £°°™P, the conditional £°°™P-risk can be expressed as follows:
egcomp (h, l’)
= 2 p(@, )" (h, 2, y)

yey

el ()

= y%p(m,y)@(zyley e )

= Z;p(x7y)(p(sh(xvy))

= (@, Ymax) P(Sh (2, Ymax)) + p(z, h(2))@(Sh(z, h(2))) + { > ( )}P(%y)@(sh(%y))
Y¢{Ymax,h(z

eh(@y)

where we let S}L($,y) = W
y'e

for any y € Y with the constraint that >, .y S, (z,y) = 1. Note

that for any h € I,
1 e~ Ax) M) 1
= < Sh(xa y) < =
1+ (n-1)e2rM=) A=) 4 (n—1)er ) eAM@) + (n-1)e 2@ 1+ (n-1)e2A)
Therefore for any (x,y) € X x Y, Sp(2,y) € [Smin, Smax ], Where we let Spayx = m and

Shin = m Furthermore, all values in [ Smin, Smax] 0f Sk, can be reached for some h € K.

7R
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Observe that 0 < Sphax + Smin < 1. Let Ymax = argmax, .y p(x,y), where we choose the label with
the highest index under the natural ordering of labels as the tie-breaking strategy. For any h €
such that h(z) # yYmax and € X, we can always find a family of hypotheses {h,} ¢ H such that

B (o)
Sh,u(l’,') = o

ST take the following values:
y'ey ’

Sh(xvy) lfy¢ {ymamh(x)}
Sh,#(‘ray) = Sh(xaymax) +u ify = h(l‘)
Sp(z,h(z)) - p if Y= Ymax-
Note that S}, ,, satisfies the constraint:
Y Snul,y) =Y Sz, y) = 1.
yeY yeY
Since Sp, (2, ) € [Smin, Smax], We have the following constraints on s
Smin - Sh(:r7ymax) < H < Smax - Sh(l’, ymax) (7)
Sp(z,h(z)) = Smax < 1 < Sp(x,h(z)) = Siin-
Let p1 = p(2,Ymax), p2 = p(x,h(x)), 71 = Sp(x,h(z)) and 72 = Sh(x, Ymax) to simplify the
notation. Let C = {y € R : p1 verify constraint (7)}.§ince Sh(z,h(2)) = Smax < Smax —Sh(Z, Ymax)
and Sin — Sh(, Ymax) < Sp(z,h(x)) — Smin, C is not an empty set and can be expressed as
C= [max{smin —T2,T1 — Smax}a min{Smax —T2,T1 — Smin}]-
Then, by the definition of S}, ,,, we have for any h € H and x € X,

Cpeomp (R, ) — inf Cpeomp (hy,, x)
peC

= SUP{Pl[@(Tz) = (11 = p)] + pa[@(1) - (72 + M)]}
peC

- SHE{W[¢(T2) —®(r - )] + #[Q(ﬁ) — (4 M)]}

(P=pr+p2e[-5vpi—p2. 1)

. ) P+p -
> ) inf inf sup {M[‘D(Tz) - (1 - )]
Pe Vo1 —pa.1] SminSTaSTi<Smas 2
P —
+ pfﬁrl&[@(ﬂ) - D(7y +M)]} (Smin £ T2 <71 < Siax, T1 + T2 < 1)
P+p; -
> inf inf sup M[‘b(ﬁ) - ®(m - p)]
Pe[ -1 vp1—p2,1] Smin$T2<T1 SSmax e 2
T14+72<1
P-p+
+ #[(ﬁ(ﬁ) - ®(72 + M)]} (Smin < Smin < Smax < Smax)
= TP (p1 - pa)
= TOMP(AC, | se(h, ), (by Lemma 1)

: ral 1
Where C = [max{smin —T2,T1 — Smax}; mln{smax —T2,T1 — Smin}] c C, Smax = 1+(n_1)e—2inf1 A(z)
1

and Spin = TrnoD) e mta A - Note that for n = 2, an additional constraint 7 + 72 = 1 is imposed and
the expression can be simplified as

egcomp (]'L7 x) - llli egcomp (h#, CC)
neC

> inf sup {w[q>(7)—q>(1—7-u)]+71‘7’”?”2[@(1-7)_@(””)]}
TE[07 %] Ne[smin_Tal_T_smin] 2 2

- Ty - )
= TOMP(AC,_, 5c(h,x)), (by Lemma 1)
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where we use the fact that ;5% + Smin = 1 and P = 1 when n = 2. Since T°°™P is convex, by Jensen’s
inequality, we obtain for any hypothesis h € H and any distribution,

TP Ry, (h) = Ry (H) + My, , ()
‘Icomp(g[AGzo,l,ﬂf(h’ CU)])
@[Tcomp(A@zo,l,}c(hax))]
<E[ACqoms 5 (h, )]

= :Recomp (h) - cho[np (g{) + Mlcomp (j‘()
For the second part, we first consider n = 2. For any ¢ € [0, 1], we consider the distribution that
concentrates on a singleton {x} and satisfies p(x,1) = 12, p(x,2) = 15, For any € > 0, by the

IN

2 2
definition of infimum, we can take i € H such that Sy (z,1) = 7. € [0, %] and satisfies
1+¢ 1-¢
sup {0 - 01— )]+ S (@1 ) - B+ )] < TR e
JE[Smin—Tes1=Te=Smin | 2 2
Then,

R () = R, (30) + My, (30) = Reg., (1) - Ex[€7, , (96,0
= Cyy_, (hyz) - Cp,_ (3, 2)
=t
and
TP (1) < Ryeomp () = Rjeomp (F) + Mpeomp (H)
= Rycomp (h) = Ex[Cleomp (3, 2)]
= Cpeomp (h, ) = Cleomp (I, )
1+¢ 1-t
= sup ]{[q)(Te)_‘I)(l_Te_u)]+2[(1)(1_76)_(1)(7.6+M)]}

KE[Smin—Te,1-Te—Smin 2
< TOMP(E) + €.
By letting € — 0, we conclude the proof. The proof for n > 2 directly extends from the case when
n = 2. Indeed, For any ¢ € [0, 1], we consider the distribution that concentrates on a singleton {x}
and satisfies p(z, 1) = % p(x,2) = % p(z,y) =0, 3 <y < n. Forany € > 0, by the definition of
infimum, we can take h € H such that Sy, (z,1) = 71, Sp(2,2) = 72, and Sp(z,y) =0,3 <y <n
and satisfies 71  + 72 = 1, and

P+t
inf sup{;[‘P(TQ,e)—¢(Tl,e—ﬂ)]+
Pe[Love 1] pec L 2

=sup{ @)~ (- )]+ T (8071, - B+ )]

< TOWP(4) 4.

[(I)(Tl,e) - q)(TQ,e + :u)]}

Then,
Reoy (h) = Ry, (F) + My, (H) =t
and
TP () < Ryeomp (h) = Rjcomp (F) + Myeomp () < TOP(t) + €.
By letting € — 0, we conclude the proof. O

E.2 Logistic loss

Theorem 6 (J{-consistency bounds for logistic loss). For any h € H and any distribution, we have
Rey, (h) = R}, () + My, (T0) < 07 (Rey,, () = R7,(F0) + M, (7)),
—t

1+t 1 s s
z,y 710g 1+t +710g]_—t t < Smax—Smin
) )and\IJ(t):{z ( )+ ( )

9 Smin+Smax
SmaxSmi
%log(;‘z?:) +10g( V SmaxSmin

where {1, = — 10 ( .
log 8\z, e ) otherwise.

ey €M)

20
https://doi.org/10.52202/075280-0199 4499



Proof. For the multinomial logistic loss ¢1o,, plugging in ®(t) = —log(¢) in Theorem 5, gives TP

Pt Pt
> inf inf Sup{7+ [=log(7s) + log(1 — 1)] + —— [~ log(r1) + log (s + u)]}
Pe[-1vt,1] SminSTiSﬁflSmax ueC 2
T1+72=

where C' = [max{Smin — T2, T1 — Smax }, MIN{Smax — T2, 71 — Smin } |- Here, we only compute the
expression for n > 2. The expression for n = 2 will lead to the same result since it can be viewed as
a special case of the expression for n > 2. By differentiating with respect to 7 and P, we can see
that the infimum is achieved when 71 = 7 = M% and P =1 modulo some elementary analysis.

—comp
Thus, T can be reformulated as

iﬂcomp - su 1+1 [_ lo (Smin + Smax) +lo (Smin + Smax _ ):|
e B e S e At S

n 1- t|: 1 (Smin + Smax) | (Smin + Smax " ):|
- |-log| —m—/}/————== og| —m—  ——==
2 8 2 & 2 .

min T Smax
= —log(ﬂ) +sup g(p)
2 peC

Smin—=Smax Smax—Smin _ 1+t Smin+Smax 1-t min+Smax
where O = [fmugtuas, mazinin ] and g(pn) = 5t log(smnpmes — ) & Lt log( fmjimes ¢ p1),
Since ¢ is continuous, it attains its supremum over a compact set. Note that ¢ is concave and
differentiable. In view of that, the maximum over the open set (—oo, +00) can be obtained by setting
its gradient to zero. Differentiate g(u) to optimize, we obtain

* * t(smin + Smax)
g(u) =0, g7 = -Eimin e,
Moreover, by the concavity, g(u) is non-increasing when p > p*. Since S$yax — Smin > 0, we have
Smax ~ Smin

2
In view of the constraint C, if pu* > %, the maximum is achieved by i = p*. Otherwise,
if pu* < Smingimax_since g(u) is non-increasing when p > i, the maximum is achieved by u =
SminzPmax  Since 1 > Sminzimax jg equivalent to ¢ < Tmex—iminthe maximum can be expressed as

mintSmax

9(n*) v
g( FminzSmax ) otherwise
Computing the value of g at these points yields:
1+¢ 1+¢ in + 1-¢
Q(M*) _ : lOg ( )(Smm Smax) 4
(Smin_smax) _ 1+1
N T2
Then, if ¢ < Smax=Smin "\ye obtain

SmintSmax
com min max 1 1 min max 1- 1- min max
70 p:—log(s -;S a )+ ;tlog( +t)(s2 + Sma )+ 2tlog( t)(s2 + Smax)
1+¢

1-t¢
= Tlog(l +t) + Tlog(l —t)

pr<0<

Igggg(u) = {

log (1 - t)(Smin + Smax)
2 2 2

1-t
log(smax) + T log(smin)

Otherwise, we obtain

—com min max 1 4 1- t
rJ,co P _ —10g(8 ';8 ) n ;’ log(Smax) + T log(Smin)

t max 2\/ max®omin
:flog(s )+log(88).

2
Since fcomp is convex, by Theorem 5, for any h € H and any distribution,
Re o (h) = Ri,, (F€) + Moy, (F) < 071 (Ray,, (h) - R, (FC) + M, (57)),

Smin Smax T Smin

where

() - Lllog(1+t)+ Lllog(1-t) t< P ——
o)

SmaxtSmin

) otherwise.
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E.3 Sum exponential loss

Theorem 9 (H-consistency bounds for sum exponential loss). For any h € H and any distribution,

Reor (h) = :Rfo 1( ) + My, (f}{) ( cxp(h) :Rlexp (ﬁ) + M, (ﬁ))
2 2
, —V1-t2 t < Lszmm
where lexp = Zy'*y eV Ew) and v(t) = Smax—Smin (Smax—5min)> thsmnfsmax :
2SmaxSmin ~ 25maxSmin (Smax+Smin ) Otherwise.

Proof. For the sum exponential 10ss feyp,, plugging in ®(¢) = 1 — 1 in Theorem 5, gives Feomr

. P+t 1 1 P-tl1 1
> inf inf sup — - + — -
Pe[17vt 1] Smln<7—3—<7—1<snlzxx ueC 2 To T1— U 2 T1 To+ U
T1+72<

where C' = [max{Smin — T2, T1 — Smax }, MIN{Smax — T2, 71 — Smin } |- Here, we only compute the
expression for n > 2. The expression for n = 2 will lead to the same result since it can be viewed as
a special case of the expression for n > 2. By differentiating with respect to 7 and P, we can see
that the infimum is achieved when 7, = 75 = "‘m“;ﬂ and P = 1 modulo some elementary analysis.

—comp
Thus, T can be reformulated as

—comp { 1+¢ |: 2 2
T sup
peC 2

Smin T Smax Smin T Smax — 2/~L:|

N 1-¢ [ 2 2 ]
2 Smin T Smax Smin T Smax T 2M

2
=————— +supg(p)
Smin T Smax  peC

— [ Smin—=Smax Smax—Smin _ _ 1+t _ 1-t : : :
where C' = [ S 5 ] and g(p) = e In T smiisnoan- Since g is continuous,

it attains its supremum over a compact set. Note that g is concave and differentiable. In view of
that, the maximum over the open set (—oo, +00) can be obtained by setting its gradient to zero.
Differentiate g(i4) to optimize, we obtain

gy =0, p* = Smin + Smax V1—t -1+t
’ 2 Viet+/1-t
Moreover, by the concavity, g(u) is non-increasing when p > . Since Syax — Smin > 0, we have
Smax ~ Smin
2
In view of the constraint C, if y* > *minzfmax the maximum is achieved by p = p*. Otherwise,
if p* < SmingEmax since g(u) is non-increasing when p > p*, the maximum is achieved by p =

pr <0<

2 2 . .
Smin—Smax Qipce ¥ > Smin“Smax g equivalent to ¢ < 2pax—min the maximum can be expressed as
2 2 s +52

min = “max

2
max g(p) = g(p”) t<ﬁ
ST g emgenns) othervise

Computing the value of g at these points yields:

o) =1- VI - —

Smin * Smax

Smin — Smax 1+t 1-¢
g 5 =-

25max 25min

2
Then, if t < s"”ﬂrA we obtain

—Ccom 2 2
T 2 - Vi-e-—2

Smin t Smax Smin t Smax

-V1-t2
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Otherwise, we obtain

—comp 2 1+t 1-t¢
TP 2 - -
Smin t Smax 2Smax 2smin
2
_ Smax — Smin _ (Smax - Smin)
25max5min 25max3min(smax + Smin)

Since T is convex, by Theorem 5, for any h € H and any distribution,

jzz0—1 (h) - :Rzo—l (ﬁ) + MEO—I (ﬁ) < \1171 (:Rze)cp (h) - :Rzexp (ﬁ) + Mzexv (ﬁ))’
where
1-vV1-1¢2 t< s.znax;sfnin
\Il(t) - Smax—Smin (Smax_smin)2 émin’ e
25max Smin t- 25max Smin (Smax+Smin) otherwise.

E.4 Generalized cross-entropy loss

Theorem 16 (J(-consistency bounds for generalized cross-entropy loss). For any h € 3 and any
distribution, we have

Reoy () =R, (F) + My, (FH) < 7Ry, (h) - R;... (7€) + My, (3)),

Cgce

1 1\ 1-g 1eg 1.
L ( mintsmax )q (A+t)17a +(1-t) =g -1 t < Smax"%min
2 2 = glma 1-a

where ¥(t) = {1 min*Smax  and (g =
q q
t (.q _ 4 ) 1( SminTSmax _ (Smin+51nax )q :
2q (Smax Smin) t g 3 5 otherwise.

1y TR
q Tyrey eh(z,y") :

Proof. For generalized cross-entropy 10ss £gc., plugging ®(t) = %(1 —t7) in Theorem 5, gives FemP

P+t 1 1 P—-t[ 1 1
> inf inf sup{ [—*(Tg)q +—(11 - ,u)q] + [—*(Tl)q + (T2 + M)q]}
Pé[n%l\/tyl] Slninf—TiiT1<SISlnax neC q q 2 4 q
1 2>

where C' = [max{Smin — T2, T1 — Smax }, MIN{Smax — T2, 71 — Smin } |- Here, we only compute the
expression for n > 2. The expression for n = 2 will lead to the same result since it can be viewed as
a special case of the expression for n > 2. By differentiating with respect to 7 and P, we can see
that the infimum is achieved when 71 = 75 = s‘“”% and P = 1 modulo some elementary analysis.

—comp
Thus, T can be reformulated as

~comp 1+ t|: (smin + Smax )q (smin + Smax )q]
T = sup - + -l
ueC | 2q 2 2

1- t[ (Smin + Smax )q (Smin + Smax )q]
+ - + + U
2 2 2

_ _l(smin + Smax)
q 2

q
+sup g(p)
pneC

— [ Smin—Smax Smax—Smin _ 14t ( Smin+Smax 9, 1-t( Smin*+Smax 7 g;
where C' = [S e maxed ] and g(u) = %(% —u) + Tq(% +u) . Since g
is continuous, it attains its supremum over a compact set. Note that g is concave and differentiable.
In view of that, the maximum over the open set (—oo, +00) can be obtained by setting its gradient to

zero. Differentiate g(p) to optimize, we obtain

(1 _t)ﬁ - (1 "'t)ﬁ Smin t Smax

(1+t)T7 +(1-t)Ta 2

g(p*)=0, pu*=
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Moreover, by the concavity, g(u) is non-increasing when p > . Since Syax — Smin > 0, we have

Smax ~ Smin

pr <0<

In view of the constraint C, if p* > *mnzimaxthe maximum is achieved by p = p*. Otherwise,
if p* < ZmingPmax gince g(u) is non-increasing when y > p*, the maximum is achieved by p =

- 1-
gl-a q

g . A . . Smax " Smin .
Jminomax  Since p* > Pminztmax jg equivalent to ¢ < R, the maximum can be expressed as

=
min +Smak
1-q __1-q
% S o S
t < Spa S
max g(u) = 9(n’) sahsind
neC g( SminSmax ) otherwise

Computing the value of g at these points yields:

1 (e a(1-pTa)
* Smin T Smax + e+ - 1-a
0= )( )

2 2
Smin — S 1+¢ 1-¢
g( min 5 max) _ 2q (Smax)q"'Tq(Smin)q
1-q __1-q
Then, if ¢t < sz;‘isﬁq, we obtain

q

; 2(m;m)[( QR )lq _ 1]

Otherwise, we obtain

q 2 2 2

1 1\ 1-¢
ﬁ,comp B 1(Smin + Smax )q( (1 + t) 11‘1 + (1 - t) 11(1 ) _ 1 (Smin + Smax)q
q

—comp 1({Smin+ 58 4 1+¢ 1-t¢
‘I :_5( min 5 max) 2q (smax)q'i'Tq(Smiﬂ)q
_ i(sq — g1, ) " 1 S?nin + Shax _ (Smin + Smax )q
2(] max min q 2 2

Since T " is convex, by Theorem 5, for any & € J( and any distribution,
Rege (h) = R, (FO) + Mg, (3) < 071 (Rey, (B) = R7, () + M., (F))

where

Q

1 1\ 1-g 1. 1.q
1 ( SmintSmax )q (A+t)-a+(1-t)1-a -1 1< Srlnax*SImin
W(t) = 2 2 S it Smax

q

2tiq (Sgnax - S?nin) + %( Zamin -;S?nax - ( Smin+28nmx )q) otherwise.

E.5 Mean absolute error loss

Theorem 17 (H-consistency bounds for mean absolute error loss). For any h € H and any

distribution, we have

R (1) 83y, (3) 30, (30 < e ()= R0 (99 2200 (50)

Smax — Smin

Proof. For mean absolute error 10ss £y,e, plugging ®(t) = 1 — ¢ in Theorem 5, gives Femr

. . P+t P-t
> inf inf sup{ [—(m2) + (11— )] + [-(71) + (72 + ,u)]}
Pe[-1vt,1] SminSTiSTLSISmax ueC
T1+t72=

4
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where C' = [max{smin — T2, T1 — Smax }, MiN{Smax — T2, 71 — Smin } |- Here, we only compute the
expression for n > 2. The expression for n = 2 will lead to the same result since it can be viewed as
a special case of the expression for n > 2. By differentiating with respect to 75 and P, we can see
that the infimum is achieved when 7, = 75 = "'m“;ﬁ and P = 1 modulo some elementary analysis.

Thus, TP can be reformulated as

~comp 1+t [ (Smin + Smax ) ( Smin t Smax ):|
T =sup - + -l
ueC 2 2 2

1- tl: (Smin + Smax) (Smin + Smax )]
+ - + + U
2 2 2

=sup -t
neC

where C' = [Sm‘“?m" , Smaxsfmin ] Since —tu is monotonically non-increasing, the maximum over
C can be achieved by

Smin — Smax fcomp _ Smax — Smin
Zmin Fmax — 2max = “min
2 2

Since T is convex, by Theorem 5, for any h € H and any distribution,
2(Repoe (h) =R; () + M, (H))

wh = t.

mae

j2404 (h) - fRZH (ﬁ) + Mzofl (ﬁ) <

Smax ~ Smin

F Extensions of constrained losses
F.1 Proof of ﬁ-consistency bound with i'csmd (Theorem 12)

— —cstnd
Theorem 12 (J{-consistency bound for constrained losses). Assume that T is convex. Then,
the following inequality holds for any hypothesis h € H and any distribution:

—cstnd

T (Reoy (R) = RG,_ (F) + My, (H)) € Rpestna (h) = Rjecena (FO) + Myesma (F). (6)

with T the H-estimation error transformation for constrained losses defined for all t € [0,1] by
—cstnd
(t) =

inf sup {%[(D(T)_®(—T+M)]+%[’1)(_T)_’1)(T—M)]} n=2
720 [T Amin,7+Amin]

inf inf sup{ ZL=L[D(~1p) - B(-7; + + 2L (P (~7y) - D(-7 - n>2,
ol SR [R(m) ~ @+ )]+ 2[R ~ B = )]

where C' = [max{71, -T2} = Amin, min{7y, =72} + Amin| and Anin = infrex A(x). Furthermore,
foranyt € [0,1], there exist a distribution D and a hypothesis h € H such that Ry, (h)-R;  (H)+

Lo-1
My, (j‘f) =t and Ryestna (h) - chsmd (J—() + M pestna (j.() _ TCStnd(ﬁ),

Proof. For the constrained loss ¢estmd the conditional £°5™d.risk can be expressed as follows:
Cpesna (h, ) = 3 p(a, y)=" 4 (h, 2, y)

yey
= Z;p(x,y)z ®(~h(z,y"))
- %@(—h(m,y)) > p(@y)
= Zy (~h(z,y))(1-p(z,y))

= Cb(_h(xaymax))(l _p(xvymax)) + (b(_h(xv h(l’)))(l —p((L'7 h(l’)))
+ ) O(h=y)A-p(z,y).

YE{ Ymax,h(z)}

35
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For any h € 3 and 2 € X, by the definition of J(, we can always find a family of hypotheses {h uycH
such that h,,(z, -) take the following values:

h(z,y) if y # {Ymax, h(2)}
hu(,y) =1 h(@, Ymax) + o if y = h(z)
h(l‘, h(l‘)) K it Y = Ymax-
Note that the hypotheses h,, satisfies the constraint:
Z hu(z,y) = Z h(z,y) =0, Vi eR.
yey yeY
Since hy,(z,y) € [-A(z), A(x)], we have the following constraints on /:
= A(@) = M2, Ymax) < p < A(@) = W(@, Ymax)
- A(z) +h(z,h(z)) <p < Az) + h(z, h(z).
Let p1 = p(&, Ymax ), P2 = p(x,h(x)), 71 = h(x,h(x)) and 72 = h(z, Ymax ) to simplify the notation.
Then, the constraint on p can be expressed as
peC, C=[max{r,-m}-A(x),min{r,-n}+A(x)]
Since max{7i, -7} —min{7y, -7} = |7 + 72| < |71| + |72| < 2A(z), C' is not an empty set. By the
definition of h,, we have for any h € H{ and = € X,

e[cstud (h, l‘) - lni egcstnd (h/'“ .’L‘)
peC

= SUE{U —p)[®(=72) = (=11 + p)] + (1 = p2)[®(-71) - P(-72 - u)]}

2_P-— + 2-P+ -
_ Sup{;lp?[@(—m) - 0(-m )]+ RO (-m) - (-T2 - M)]}
peC
(P=p1+p2e[15,1])
. _ 2-P-pi+po
= inf £ ———[2(-m) - (-7 +
pe[li,l]nzmgi{m,()}ifg{ 5 [®(-72) = (=71 + )]
2-P+p -
+2mpz[¢>(—7'1)—q>(—7'2—ﬂ)]} (20,7 <m)
. _ 2-P-p1+p2
> f f — " [®(- - O(-71 +
I LR R

s USR]

2
(C = [maX{Th _7_2} - Amin; min{Tlv _7—2} + Amin] c 6 since Amin s A(LL‘))
2-P- 2-pP -
= inf inf ﬂ@(—ﬁ) + Mq’(—ﬁ)
Pe[ -1, 1] ri>max{rs,0} 2 2

2-P- 2-P -
_ inf{ﬂ@(_ﬁ )+ M@(_Tz _ M)}
peC 2 2

_ .'Icstnd (pl _ p2)
= T (AR, 3c(h,x)). (by Lemma 1)

Note that for n = 2, an additional constraint 7; + 7o = 1 is imposed and the expression can be
simplified as

elcsmd (h7 .Z') - ll’li egcsmd (hI“ ZC)
peC

1- 1 -

sing swp (PR (0(r) - o))+ 2 @) - 0 - )]
720 je[7=Amin,+Amin] 2 2

= TCStnd(Pl - p2)

_ (-TCStnd(AeEo,hﬂ”f(hv J])) (by Lemma 1)
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Since T¢™d is convex, by Jensen’s inequality, we obtain for any hypothesis A € H and any distribu-
tion,

TCStnd(Réo—l (h) - :Rz()—l (:H:) + Mgo‘l (:H:))
- ‘J‘CSt“d(@[A@eg,l,ﬂf(hv CE)])
<E[T" (A, , 9c(h,))]

< E[Aegmd gc(h, )]

= R[thnd (h) R@c%n(l (f}f) + Mgcsmd (j‘()
Let n = 2. For any ¢ € [0, 1], we consider the distribution that concentrates on a singleton {x} and
satisfies p(z, 1) = 154, p(z,2) = 5. For any € > 0, by the definition of infimum, we can take h € H
such that h(zx,2) = 7'6 >0 and satlsﬁes

sup {12 [D(7e) - P(—Te + )] + [‘P( Te) — ®(7e - M)]}<g~c:smd(t)+6
]

€[ Te=Amin;Te +Amin
Then,
Ry, (B) = Ry, (F0) + Mey_, (H) = Reo, (h) -Ex[€F, (K, z)]
= Cq_, (hyz) - Cp,_ (I, 2)
=t
and
T (1) < Rpestna (B) = Rieetna (F) + Mestna (3)
= Ryestna (h) = Ex [Cecena (3, 7)]
= Cyestnd (h, .%') - e;cqtnd ([’]—C 3'3)
R R e L O B G PRI S RG]
e[ Te—Amin,Te+Amin |

<gestnd (g e,
By letting € — 0, we conclude the proof. The proof for n > 2 directly extends from the case when
n = 2. Indeed, for any ¢ € [0, 1], we consider the distribution that concentrates on a singleton {z}
and satisfies p(z,1) = 1%, p(z,2) = 43¢, p(2,y) = 0,3 <y < n. For any € > 0, by the definition
of infimum, we can take h € 3 such that h(x,1) = 71 ¢, h(x,2) = 7o, A(2,3) = 0,3 <y <nand
satisfies 7y ¢ + T2 = 0, and

{2—P—t 2-P+t

inf  sup 2 [P(-To,e) = P(~T1,e + )] + 9

Pe[4y.1] peC
R ) O Rl

< ‘J’CStnd(t) + €.
Then,

[B(-71.0) - (-~ )]}

REO—I (h) - Rzo_l (j{) + MZO—I (f}f) =t
and
T () < Ryestna (B) — Rjestna (F) + Myesena (H) < gestnd(4) 4 e,
By letting € — 0, we conclude the proof. O

F.2 Constrained exponential loss

Theorem 13 (J{-consistency bounds for constrained exponential loss). Ler ®(t) = e~*. For any
h € 3 and any distribution,

B 1) 85y (7) 3, ()83 1) () ()
Vi I,

where U(t) = 1 Al_ t A 9 eMmin —e~Amin b= eQA“”“*l.
L(ehmin — g7 Amin) 4 Zmemioc R otherwise.
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Proof. For n = 2, plugging in ®(t) = e~* in Theorem 12, gives
—cstnd 1-¢ 1+t
T (t) = inf sup {—[6_7 —eTH+ —[€ - e_T+“]}.
720 He [T_An\i1\77—+An\ir\] 2 2
By differentiating with respect to 7, we can see that the infimum is achieved when 7 = 0 modulo

. —cstnd
some elementary analysis. Thus, T can be reformulated as

—cstn 1-t¢ 1+¢
gl sup {—[l—e_“]+i[l—e”]}
HE[~Amin;Amin] 2 2
=1+  sup  g(p).

H#E[~Amin;Amin

where g(p) = —%e’“ - %e“. Since g is continuous, it attains its supremum over a compact set.

Note that g is concave and differentiable. In view of that, the maximum over the open set (—oco, +00)
can be obtained by setting its gradient to zero. Differentiate g(11) to optimize, we obtain

1 1-t
*Y\ 0’ * 71 -
9(u™) wo=glog
Moreover, by the concavity, g(u) is non-increasing when g > p*. Since p* < 0 and Ay > 0, we

have
,U* <0< Amin

In view of the constraint, if y* > —A,, the maximum is achieved by p = p*. Otherwise, if
1* < =Ampin, since g(u) is non-increasing when g > p*, the maximum is achieved by p = —A .

min ]

. . . 2 .
Since p* > — Ay is equivalent to ¢ < 22 x the maximum can be expressed as

min+1"°

2Amin _1

* e
max Q(N) _ g(,LL ) t< €2Ar.nin+1
pe[~Amin, Amin] g(=Amin) otherwise

Computing the value of g at these points yields:

o) = VT8

1-t¢ 1+t
A )= — eArnin _ e_Axnin.
g( mln) 9 9
. e2Amin _1 .
Then, if t < Ry Ve obtain
T VIR
Otherwise, we obtain
i‘CStnd — 1 _ 1 — teAmin 1 + t _Amiu
2 2
t _ _ 9 — eAmin _ g=Amin
- 7(6Amm — e_Amm) +
2 2
For n > 2, plugging in ®(¢) = ¢~ in Theorem 12, gives
stnd 2-P-t 2-P+t
Fe (t)= inf inf sup{i[eT2 -y —[e™ - 6T2+M]}.
Pe[ﬁ,l] T12max{72,0} ueC 2 2

where C' = [max{7y, -T2} — Apmin, min{7, -T2} + Amin|. By differentiating with respect to 75 and
P, we can see that the infimum is achieved when 75 = 7y = 0 and P = 1 modulo some elementary

—cstnd
analysis. Thus, T ’ can be reformulated as
—cstnd 1-¢ 1+¢
Feme 2 sup{—[l —e M+ —[1- e“]}
peC 2 2

~ 1+ supg(j)-
peC

2R
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where C' = [~ Amin, Amin] and g(u) = —%e‘“— %e“. Since ¢ is continuous, it attains its supremum
over a compact set. Note that g is concave and differentiable. In view of that, the maximum over the
open set (—oo, +00) can be obtained by setting its gradient to zero. Differentiate g(u) to optimize,
we obtain
1 1-t
* *
=0 = —log —
9w =0, p'=log—
Moreover, by the concavity, g(u) is non-increasing when p > p*. Since p* < 0 and A,y > 0, we
have

M* SOSAmin

In view of the constraint, if p* > —Ain, the maximum is achieved by p = p*. Otherwise, if
1* < =Ampin, since g(u) is non-increasing when g > p*, the maximum is achieved by g = —Apin.
min —7]

. . . 2A
Since p1* 2 =Amin is equivalent to ¢ < Sx——,

the maximum can be expressed as

2Amin _1

* e
max g(M) _ g(,u ) t< PRmin+1
He[~Amin, Amin] g(_Amin) otherwise

Computing the value of g at these points yields:
gy =—Vi-e

1-t¢ A 1+¢ A
_Amin - _ min _
g( ) 9 € 9 €

min

. 2A i — .
Then, if t < St we obtain
e min+1

—cstnd
F oo Vi-e

Otherwise, we obtain

—cstnd 1-¢ ) 1+t 5 .
=1- eAmln Amin
2 2
t _ o 9 — eAmin _ p=Amin
— 7(6Amln —e Amm) +
2 2

Since fcsmd is convex, by Theorem 12, for any h ¢ H and any distribution,
Reor (R) = RG (F) + Mgy, () < U7 Rpestna (h) = Ricorna (F) + Mestna (H))

where

e“Smin+1

L(ehmin — 7 Amin) 4 72761\"""2’6/\""" otherwise.

1-V1_¢2 < e2Mmin_1
\I/(t):{ V1=t b< o
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