Non-Stationary Bandits with Auto-Regressive
Temporal Dependency

Qinyi Chen Negin Golrezaei
Operations Research Center Sloan School of Management
Massachusetts Institute of Technology Massachusetts Institute of Technology
ginyic@mit.edu golrezae@mit.edu

Djallel Bouneffouf
IBM Research
djallel.bouneffouf@ibm.com

Abstract

Traditional multi-armed bandit (MAB) frameworks, predominantly examined under
stochastic or adversarial settings, often overlook the temporal dynamics inherent in
many real-world applications such as recommendation systems and online advertis-
ing. This paper introduces a novel non-stationary MAB framework that captures
the temporal structure of these real-world dynamics through an auto-regressive
(AR) reward structure. We propose an algorithm that integrates two key mecha-
nisms: (i) an alternation mechanism adept at leveraging temporal dependencies to
dynamically balance exploration and exploitation, and (ii) a restarting mechanism
designed to discard out-of-date information. Our algorithm achieves a regret upper
bound that nearly matches the lower bound, with regret measured against a robust
dynamic benchmark. Finally, via a real-world case study on tourism demand
prediction, we demonstrate both the efficacy of our algorithm and the broader
applicability of our techniques to more complex, rapidly evolving time series.

1 Introduction

The multi-armed bandit (MAB) framework [51] [46]] is commonly used to study online decision-
making under uncertainty. It is primarily examined under either the stochastic setting [51} 6], where
arms have fixed unknown reward distributions, or the adversarial setting [7, 15, 131} [16]], where an
adversary determines the reward distributions that can change arbitrarily over time. However, neither
setting accurately represents real-world decision-making problems (see examples in dynamic pricing
[30], online advertising [42], and online auctions [33]), where reward distributions change over
time following intrinsic temporal structures. These structures often exhibit frequent variations and
temporal dependencies, making them challenging to approximate using stationary distributions.

This motivates us to consider a non-stationary bandits setting involving certain temporal structure,
which captures the real-world characteristics. Specifically, we are interested in temporal structures
with linear amount of changes, which are distinct from the infrequent, limited changes typically
handled by change-point detection [25] or seasonality analysis [15]. Such frequent changes are
commonly observed in applications such as financial data [[14] and click-through rates in online
advertising [2]], where the data experience lots of volatility within a short time. Traditional bandits
algorithms, such as Thompson sampling or UCB, may explore too aggressively in response to these
drastic changes, leading to suboptimal performance [39]. That being said, the observed time series in
these scenarios typically exhibit certain temporal dependencies between past and present, which can
be leveraged to improve decision-making.

To encapsulate the main characteristics of real-world time series, we relax the previously restrictive
assumptions on the reward distributions and study a non-stationary MAB problem, where the reward

37th Conference on Neural Information Processing Systems (NeurIPS 2023).

7895 https://doi.org/10.52202/075280-0346



of each arm evolves over time following an auto-regressive (AR) temporal structure. The AR model is
a popular time series model for predicting outcomes in applications such as sales [47], advertising 1]
and marketing [18]]. It simultaneously captures frequent changes (i.e., linear amount of changes over
the time horizon) and temporal dependencies, both of which impact the quality of online decision-
making. Although real-world data cannot be perfectly represented by an AR model, it has been
shown that the AR parameters accurately capture temporal dependencies and can serve as a useful
proxy [47]. The non-stationary bandits framework with an AR reward structure can effectively model
a wide range of real-world applications, including:

(1) recommendation systems, where MAB can determine the best product/contents to display to
users, while the AR model captures the evolution of user preferences and demand over time [21]] (see
Section[7]for a related case study on tourism demand prediction);

(2) online advertising, where MAB adjusts budget allocation for ad campaigns, and the AR model
can capture the evolution of click-through rates of ads. The amount of changes are usually linear in
time, making the AR structure a potential modeling choice [2];

(3) financial portfolio management, where MAB can determine the investment allocation, and the
AR model can capture the evolution of returns for each investment/asset 4} [19]].

When making online decisions in the presence of frequent changes, traditional methods that are
designed for stationary or adversarial settings can be ineffective, due to two main challenges.

1. Balancing exploration and exploitation becomes more challenging, as complete exploration is
often unattainable. Continuous exploration is crucial, but there is also a risk of over-exploration.
Therefore, finding the right balance becomes essential in navigating this tradeoff effectively.

2. Frequent changes in the environment can significantly diminish the value of past learnings. Failing
to promptly leverage the knowledge we have gained can lead to a swift deterioration in our
confidence levels regarding the accuracy of our reward estimates.

The goal of this work is to show, via our non-stationary bandits framework with an AR reward
structure, that effectively leveraging knowledge of temporal structure can address these challenges.
In our approach, we would use our knowledge or estimates of the temporal dependency, measured by
the AR parameter. Since non-stationary bandits with temporal structures exhibiting such real-world
characteristics have been scarcely explored in the literature, we consider the AR structure as a suitable
starting point for showcasing key ideas and techniques. We anticipate that this work will inspire
future research on bandits with alternative temporal structures with similar features.

1.1 Main Contributions

We present an algorithm for the non-stationary AR bandits, called AR2, which stands for “Alternating
and Restarting” algorithm for non-stationary “AR” bandits. AR2 features two mechanisms: (i) an
alternation mechanism that handles the first challenge above by enforcing exploitation at least every
other round, and switch to exploration only when we discover an arm with potential, instead of simply
adopting the principle of “optimism in the fact of uncertainty”” which can lead to over-exploration.
(ii) a restarting mechanism that handles the second challenge by discarding unnecessary information
when our confidence level deteriorates significantly, which balances a second tradeoff known as
“remembering”’-and-“forgetting”; this tradeoff is crucial even for time series with limited changes [10].
Overall, our work addresses an important gap in the literature by studying non-stationary bandits with
temporal structure that exhibit frequent changes and temporal dependency. While the AR structure
does not capture all temporal structures in the real world, we believe that our high-level messages
and techniques will guide future research on bandits with other temporal structures.

In evaluating the performance of our algorithm, we employ the concept of per-round steady state
dynamic regret (Definition [2.T)). This metric serves as a robust dynamic benchmark that competes
with the best arm in each round. It surpasses the static benchmark used in stochastic and adversarial
MAB, making it a considerably stronger measure of performance. We provide an upper bound on the
regret of AR2 (Theorem @ for which the analysis is rather intricate (Section @), and show that it
almost matches the regret lower bound (Theorem [3.1)). Our lower bound result also characterizes the
challenges embedded in AR temporal processes, as it shows the per-round dynamic regret does not
go to zero as 7' increases, implying that any algorithm needs to keep exploring over time.

Finally, we conduct a real-world case study on tourism demand prediction [36] in Section|[/| con-
firming the superiority of AR2 compared to benchmark algorithms. There, we also show that the
techniques and high-level ideas of our algorithm can be readily extended to handle more complicated,
rapidly changing temporal structure (e.g., general AR-p processes) while still achieving good perfor-
mance. Our case study is complemented by synthetic experiments in Appendix [A] which show the
strength of AR2 against a number of benchmarks designed for stationary and non-stationary settings.
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1.2 Related Work

Our work, which focuses on MAB with an AR temporal structure, contributes to the non-stationary
MAB literature that draws attention in recent years. Most related works on non-stationary bandits
focused on either the rested bandits [26] or restless bandits [S3]]. In rested bandits, only the expected
reward of the arm that is being pulled will change, while in restless bandits, the expected reward of
each arm changes at each round according to a known yet arbitrary stochastic process, regardless
of whether the arm is pulled. Recently, there has also been a third stream of literature that studies
non-stationary bandits where the changes in reward distributions depend on both which arm is pulled
and the time period that passes by since its last pull (see, e.g., [32,[13]]). The non-stationary bandit
problem that we study belongs to the restless setting, since the reward distributions change at each
round based on AR processes, independent of our actions. Restless bandits, however, is known to
be difficult and intractable [43]], and many work thus focus on studying its approximation [28] or
relaxation [9].

One line of closely related work on restless bandits studies non-stationary MAB problems with limited
amount of changes. These works either assume piecewise stationary rewards (see [25 37, [12]), or
impose a variation budget on the total amount of changes (see [10]). They differ from our setting
in that they rely on the amount of changes in the environment to be sublinear in 7', while in AR
processes, changes are more rapid and linear in 7". Another line of relevant research on restless bandits
assumes different types of temporal structures for the reward distributions. See, e.g., [38}141} 50} 40]
for finite-state Markovian processes, [27] for stationary ¢-mixing processes and [48]] for Brownian
processes, which is a special case of an AR model but does not experience the exponential decay in the
correlation between the past and the future. Recently, [39] proposed a predictive sampling algorithm
that can also be applied to AR-1 bandits; their main focus, however, is to show the algorithm’s
superiority over the traditional Thompson sampling algorithm in non-stationary environments.

Similar to the second line of works above, our work also aims to exploit the temporal structure of the
reward distributions to devise well-performing learning algorithms. However, the AR process is much
more unpredictable than the temporal structures studied previously, due to its infinite state space
and the fast decay in the values of the past observations. We are thus prompted to take a different
approach that is designed specifically for adapting to the rapid changes attributed to the AR process.

2 Preliminaries

Expected rewards. Consider a non-stationary MAB problem with k£ arms over 7" rounds. The state
(expected reward) of arm ¢ € [k] at any round ¢ € [T is denoted by r;(t), where r;(¢) € [-R, +Q].
Conditioned on the state r;(t), the realized reward of arm ¢ at round ¢, denoted by R;(?), is given by
R;(t) = ri(t) + €(t) , where €;(t) ~ N(0, o) is independent across arms and rounds and we call
o € (0, 1) the stochastic rate of change. More generally, if each arm ¢ € [k] has a different, unknown
stochastic rate of change o, as long as we have an upper bound o > max; o;, all of our theoretical
results naturally carries over with the same dependency on o.

Evolution of expected rewards. The expected reward of each arm 4 € [k], r;(t), evolves over time.
In our model, we assume that r;(¢) undergoes an independent AR-1 process:

’I’i(t + ].) = O[(Ti(t) + Gl(t)) = O[Rl(t) y

or equivalently, R;(t + 1) = aR;(t) + €;(t + 1), where a € (0,1) is the parameter of the AR-1
model and can be used as a proxy to measure temporal correlation over time. As « increases, the
temporal correlation increases. As commonly seen in the bandit literature (e.g., [35]]), we make the
rewards bounded by truncating r;(¢ + 1) when its absolute value exceeds some finite boundary value

® > 0. Thatis, 7;(t + 1) = B(a(r;(t) + €(t))) , where B(y) = min{max{y, — R}, R}.

Here, we assume that the AR parameter « is known to the decision maker, a common assumption in
literature [10} 27, 48]|, and often justifiable in real-world scenarios where sufficient historical data
enables accurate fitting of AR models (see Section [7). This assumption is made to simplify the
analysis. However, in Section [§] we would show that this assumption can be relaxed, and the AR
parameter can be effectively estimated via maximum likelihood estimation.

We also assume here that all arms share the same AR parameter . As our numerical studies in
Appendix [A]and Section [§] suggest, this assumption can be relaxed too. There, we generalize our
model by considering heterogeneous AR parameters «; for each arm ¢ € [k], and our algorithm
maintains its performance. Nonetheless, it is worth noting that the homogeneity of AR parameter can
be justified in some applications. One example can be seen in our case study in Section[7] where a
travel agency offers vacation packages to travelers originating from a particular origin and heading
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to a specific destination. In this scenario, the demand is modeled as a general AR-4 process, with
the AR parameters being consistent across all arms. This is because the temporal correlation here is
primarily determined by exogenous factors related to the travel route, such as popular attractions and
the availability of flights between the two locations, hence impacting all arms in the same way.

Feedback structure and goal. Our goal is to design an algorithm that obtains high reward, against a
strong dynamic benchmark that in every round ¢, pulls an arm that has the highest expected reward.
This benchmark is much more demanding than the time-invariant benchmark used in traditional MAB
literature. Obtaining good performance against the dynamic benchmark is particularly challenging as
in any round ¢ € [T, only the reward of the pulled arms can be observed. Not being able to observe
the reward of unpulled arms in dynamic and time-varying environments introduces missing values in
the AR process associated with arms. This, in turn, deteriorates the prediction quality of the future
expected rewards and the performance of any algorithm that relies on such predictions (see [3]] for a
work that studies the impact of missing values on the prediction quality in AR processes).

We now formally define how we measure the performance of any non-anticipating algorithm.
Definition 2.1 (Dynamic steady state regret). Let A be a non-anticipating algorithm that, at each
round t € [T, pulls arm I; based on the history {I, Ry, ..., I;_1, Ri_1}, where Ry = Ry, (1) is
the observed reward at round t' < t. The dynamic regret of A at round t is defined as

REGA(t) = r*(t) — r, (1),

where 7*(t) = max;cp{r:(t)} is the maximum expected reward at round t. Furthermore, the
per-round steady state regret of algorithm A is defined as

T
1
REG4 = lim sup E | = REG4(t)] .
We remark that in Definition 2.1} our per-round regret is defined asymptotically mainly because we
would like to focus on evaluating the steady state performance of our algorithm (i.e., under the steady
state distribution)ﬂ All of our theoretical analyses for regret lower bound (Section [3) and upper
bounds (Section [5) are also performed under the steady state distribution.

In this work, we would like to design an algorithm with a small per-round steady state regret, where
the per-round regret is a function of the stochastic rate of change (o) and the temporal correlation («).

3 Regret Lower Bound

‘We now provide a lower bound on the best achievable dynamic per-round steady state regret.

Theorem 3.1 (Regret Lower Bound). Consider a non-stationary MAB problem with k arms, where
the expected reward of each arm evolves as an independent AR-1 process with parameter o, stochastic
rate of change o and truncating boundaries [—R, R|. Then the per-round steady state regret of any
algorithm A is at least Q(g(k, a, 0)ao), where g(k, o, o) is the probability that two best arms are
within oo distance of each other at any given round, under the steady state distribution. See the
expression of this probability in Equation (16)) in Appendix[F]

The proof of Theorem [3.1] provided in Appendix [F} builds on the following idea: even if algorithm A
has access to all past information at round ¢, due to stochastic noise €;(¢), A will pull a sub-optimal
arm with constant probability at round ¢ + 1. We show that the probability of the two best arms’
expected rewards being within o of each other can be expressed as g(k, «, o) (see @]))E] If the two
best arms are ao close, A will incur ©(«o) regret with constant probability at round ¢ + 1.

In the extreme case when « is close to one, the steady state distribution of r;(¢) can be approximated
with a uniform distribution within the boundaries and two probability masses at the boundaries
(see Appendix D). Using the uniform approximation, one can show that g(k, a, o) = Q(kao) (see

discussion in Appendix E]) This then yields a regret lower bound of order Q(ka?o?).

Theorem [3.1] implies that under our setup, the best achievable per-round regret with respect to a
strong dynamic benchmark does not converge to zero, which differs from stationary or adversarial

'If we assume that the initial state r;(0) is drawn from the steady state distribution, defined in Appendix@

we can simply define our per-round regret as REG4 = E [l Zthl REG 4 (t)] , and all of our results remain valid.
This also matches the definition of dynamic regret in works such as [10} [111139].
2See, also, Appendixfor an illustration of how g(k, , o) evolves with respect to o under different c.
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Algorithm 1 Alternating and Restarting algorithm for non-stationary AR bandits (AR2)
Input: AR Parameter «, stochastic rate of change o, epoch size Ap, parameter co.

1. Set the epoch index s = 1, parameter ¢; = 24co.
2. Repeat while s < [T/Agp]:
(a) Initialization: Setto = (s — 1)Aep. Set the initial triggered set 7 = ). Pull each arm 4 € [k] at round
to + i and set ; = to + 4. Set estimates 7;(to + k + 1) = aFt. B(aR;(to +1)).
(b) Repeatfort =to+ (k+1),...,min{to + Aep, T}
» Update the identity of the superior arm and its estimated reward

4 _f Ly ifTr_ () > 71, (1) A =7
isup(t) = I_o if ;:Ii_i (t) < ?I:_Q(t) and  Taup(t) = i) (1) - (D

* Trigger arms with potential: For ¢ ¢ T U {4z (¢)}, trigger arm ¢ if

Tap(t) —Ti(t) < 010\/((12 —a2(t=7i+D) /(1 — a?). @)

If triggered, add i to 7 and set T;“ig =t

Alternate between exploration and exploitation:

— Iftis odd and T # 0, pull a triggered arm with the earliest triggering time: I; = arg min, e T;ﬂg .
— Otherwise, pull the superior arm Iy = iy (t).
* Receive a reward Ry, (t), and set 77, = t¢.
* Maintain Estimates: Set 77, (t + 1) = B(aRy, (t)) and set 75 (t + 1) = a7;(t) for ¢ # I,.
(c) Sets=s+1.

bandits with a time-invariant benchmark where algorithms like UCB for stationary bandits and Exp3
for adversarial bandits can achieve zero per-round regret as 1" approaches infinity. In our setting, each
arm undergoes linear amount of changes, making it challenging for any algorithm to adapt to the
changing environment in time. Our result aligns with the lower bound from [10]], which states that
when the total variation of expected rewards is O(T'), the regret also grows linearly.

4 Algorithm AR2

In this section, we present our algorithm, called AR2 (Alternating and Restarting algorithm for non-
stationary "AR" bandits). Algorithm [T]outlines the workings of AR2, which operates in epochs of a
fixed length. Within each epoch, AR2 maintains and updates estimates of the expected rewards for
each arm ¢ € [k]. It alternates between exploitation and exploration steps based on these estimates.
During exploitation, AR2 plays a "superior arm" expected to yield high rewards, while in exploration,
it selects a "triggered arm" that hasn’t been pulled recently but has high potential. At the end of
an epoch, the algorithm restarts. As alluded earlier, AR2 effectively balances two inherent tradeoffs
in non-stationary MAB problems with AR reward structure. Firstly, it addresses the exploration-
exploitation tradeoff by alternating between exploiting the superior arm and exploring the triggered
arm within each epoch. Secondly, it handles the tradeoff between “remembering”-and-“forgetting”, a
commonly considered tradeoff in non-stationary environments [[10, [11], via restarting.

Maintaining estimates of expected reward of arms. For any round ¢ and arm ¢ € [k], let 7;(¢)
be the last round before ¢ (including ¢) at which arm i is pulled, and let 7*°**(¢) be the next round
after ¢ (excluding ¢) at which arm 7 is pulled. Let A7;(t) = 7°**(¢) — 7;(t) be the gap between two
consecutive pulls of arm ¢ around ¢. Define 7;(t) as the estimate of the reward of arm ¢ at ¢ based on
the most recent observed reward of arm i (i.e., R;(7;(t))). Via recursive updates (see Step (b)), AR2
maintains the following estimate of expected reward for each arm:

() =T O () + 1) = at_”(t)_lB(ozRi(Ti(t))) .

Superior arms. The superior arm at round ¢, denoted by 44, (%), is one of the two most recently
pulled arms, i.e., I;_; or I;_o, that has the higher estimated reward (see (E])). We further define
Tsup(t) = Ty, (1) (t) as the estimated reward of the superior arm at round ¢. We remark that here, for
simplicity of analysis, our definition of the superior arm only considers the two most recently pulled
arms. We can in fact set the superior arm to be the one with the highest estimated reward among the
m most recently pulled arms for any constant m > 2. A similar theoretical analysis will then yield
the same theoretical guarantee, as shown in Theorem[5.2] We further verify the robustness of AR2 to
the choice of m in our numerical studies, where we consider all arms as potential candidates for the
superior arm, and AR2 maintains its competitive performance (see Appendix [A).

q
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Triggered arms. In order to adapt to changes, AR2 identifies and keeps track of a set of arms with
potential that are not pulled recently. We refer to these arms as triggered arms and denote their
associated set by 7. In a round ¢, an arm i # g, (t) gets triggered if the triggering criteria in
is satisfied. We call the earliest such time ¢ > 7;(t) as the triggering time of arm i and denote it as

Tz-mg (t). If arm 4 is triggered, it is added to the triggered set 7. When arm ¢ gets pulled or is chosen as
the superior arm, it is removed from 7. The right-hand side of the triggering criteria is a confidence

bound constructed based on Hoeffding’s Inequality (see details in Section [6|and Appendix H).

Note that at the exploration step, AR2 would only pull a triggered arm if the triggered set T is
non-empty. This inherently adjusts the rate of exploration in our alternation mechanism. In a slowly-
changing environment (e.g., with small o), the triggered set may not always include arms needing
exploration, thus allowing focused exploitation of the superior arm; in a fast-changing environment,
the rate of exploration can be as high as the rate of exploitation.

5 Regret of Algorithm AR2

Our algorithm AR2 works for AR-1 model with any choice of parameter « € (0, 1). However, it
turns out that the problem is less challenging when the future is weakly correlated with the past
(i.e., when « is small). Theorem states that any algorithm—including both a naive approach that
continuously pulls the same arm throughout the horizon and our algorithm AR2—can achieve near-
optimal performance when « is too small. This is because with small «, (i) for any arm ¢ € [k], the
steady state distribution of its expected reward r;(¢) concentrates around zero with high probability,
and (ii) our observations of past rewards quickly deteriorate in their value of providing insights on
the evolution of expected rewards in the future.

Theorem 5.1. Any non-anticipating algorithm A incurs per-round steady state regret of at most
O(min(\/log(l Jao) +logk - 22 m)).

Vi-az’

In Figure [, we compare the order of the regret upper 7
bound in Theorem |5.1| with the order of the regret lower :

bound in Theorem [3.1[}| Observe that & £ 0.5 serves as

a rough threshold value such that when « € (0, &), the 10
orders of lower and upper bounds almost match each other,
which suggests limited room for improvement. (That be-
ing said, our numerical studies in Appendix [A]in fact show

value

— C+\/log(1/a0) + logk—3<

Vi-a

that AR2 still outperforms other benchmarks even when 107 glk, a, 0)ac
o is small.) On the other hand, as o — 1, the gap be- 02 04 06 08
tween lower and upper bounds start to expand, implying a

that the problem becomes more difficult and simplistic .
approaches such as the naive algorithm would no longer Figure 1: Comparison of the orders of

produce satisfying performance. the regret upper bound in Theorem
i i and the lower bound in Theorem 3.1} ob-
In the rest of the discussion, we thereby focus on the more  tajned with k = 5,0 = 0.2,C = 0.4.

challenging regime (i.e., & € [@, 1)), and establish aregret (Similar plots can be obtained for differ-
upper bound for AR2 when « € [@&, 1). ent values of k and )

Theorem 5.2. Let K(a) £ [$(log(5)/loga + 1)), and let A be the AR2 algorithm that gets
restarted in each epoch of length A,, = [ka™3073]. If a € [a,1) and k < K(«), the
per-round steady state regret of A satisfies REG4 < O(c3a’0?k®log(coaak)), where ¢ =
V4log(1/ao) + 4log A, + 2log(4k).

Recall that if « is close to one, the regret lower bound can be characterized as Q(ka?0?). This
shows that our algorithm is optimal in terms of AR parameter o and stochastic rate of change o (up
to logarithmic factors). In Appendix we further highlight the significance of Theorem [5.2] by
illustrating the evolution of upper and lower bounds, as well as the per-round regret attained by AR2,
at different values of & and 0. We show that Theorem [5.2] well characterizes the performance of AR2
under different settings.

We remark that in terms of the dependency on &, Theoremrequires k < K(«) mainly for the rigor
of theoretical analysis, and this bound loosens as « approaches one (for example, when o« = 0.95,

3See, also, Figure in Appendix for a comparison of upper/lower bounds with respect to o.
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K(a) = 20.)E] Our numerical studies in Appendixalso reveal that (i) AR2 maintains its competitive
performance even when the number of arms k exceeds XC(«); and (ii) its per-round regret grows
modestly with k. These suggest that the assumption/dependency on & for our upper bound are artifacts
of our analysis, rather than an intrinsic property of our algorithm.

6 Proof of Theorem 5.2

The proof of Theorem [5.2] proceeds in four steps. Step 1 introduces distributed regret, a novel notion
that distributes instantaneous regret over subsequent rounds, enabling us to rephrase per-round steady
state regret. Step 2 defines a high-probability good event crucial for analyzing distributed regret. In
Step 3, we leverage the good event to establish an upper bound for each round’s distributed regret.
Finally, Step 4 aggregates these regrets across rounds and epochs, establishing the per-round steady
state regret of AR2 against the dynamic benchmark.

Step 1: Distributed regrets. Let Ar;(t) = r*(t) — r;(t) be the instantaneous regret from pulling
arm i at round ¢, where 7*(t) = max;¢[y) 7;(t) is the maximum expected reward at round . Consider
the expected per-round regret: REG4 = E{% S REGA(t)} = Lyr ]E[Arlt (t)} , where

Ary, (t) = r*(t) — rp,(t) is the instantaneous regret incurred at round ¢. In the following, we show
that we can distribute this instantaneous regret over subsequent rounds.

Note that for any ¢ € [k], let ﬁl(-j ) denote the round at which arm i gets pulled for the jth time within

an epoch. Then during the period between two consecutive pulls égj ) <t< Egj H), the only regret

incurred from pulling arm ¢ is the instantaneous regret Ari(&(;] )). By previous definition, we also

have 7;(t) = Ez(j), Thext (1) = €Ej+1) and A7;(t) = Zgjﬂ) . Ez(j) for all Zgj) <t< €,§j+1). Observe

7

that we can decompose Ari(ﬁz(»j )) as follows, which then leads to the notion of distributed regret:

I g (D g

Ari(&(‘j)) _ Z ( A?‘i(él(,j))QQ(tffgj)) ) B Z ( Ari(Ti(t))QQ(tfn(t)) ) |

14 a2 4+ 2@ -1-6) 1+a2+ - +a2@n®-D

e =0

Definition 6.1 (Distributed regret). The distributed regret of arm i at round t is defined as

_ Ari(Ti(t)) 2(t—7;(t))
Dl(t> - (1+a2+...+a2(A7i(t)l) @

3

Note that D;(¢) = 0 if arm 4 is the best arm at round 7;(¢). Now, let T} be the total number of rounds
we pull arm ¢ in the horizon, we can rewrite the expected per-round regret as

1 E T _ 1 E T 1 kS EYAvSS
REGA = ZZE{AQ(&@)} - E{Di(t)} =222 > ED)
i=1j=1 i=1 i=1 i=1 s=1 t=(s—1)Agp+1

“)
where the second equality follows from the Definition [6.T]and the third equality follows from that
AR2 proceeds in epochs of length A, and S = T'/ A, 1s the total number of epochs.

Step 2: Good event and its implications. Before proceeding, we first define a good event G(¢) at
round ¢, which would help simplify our analysis. In principle, we say that a good event G (¢) happens at
round ¢ if the noises within the epoch including ¢ are not too large in magnitude. Recall from Section
that r;(¢) follows an AR-1 process with truncating boundaries: r;(t + 1) = B (a(r;(t) + €:(t))),
where B(y) = min{max{y, —®}, R}. Hence, we need to first define a new noise term that shows
the influence of the truncating boundary.

) () i a(ri(t) +a(t) € R
ai(t) = { L1B(alri(t) + e(0)) — ar(6)]  otherwise ©)

*Here, the bound /C(a) results from our loose upper bound for the number of triggered arms in the proof of
Lemma where we used the fact that there are at most k — 1 < K(«) triggered arms at any round to limit
how quickly the values of the past observations diminish. If, at any given round, the number of triggered arm is
O(1), the upper bound K () would no longer be required, and the regret upper bound can be further reduced to

O(cda?o?klog(coao)), which matches the lower bound up to logarithmic factors.

7
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In particular, the new noise ¢;(t) satisfies the following recursive relationship: 7;(t + 1) = ar;(t) +
aé;(t). We now formally define the good event G(t), which states that for any sub-interval [¢g, ¢1]
within the epoch including ¢, the weighted sum of ¢;(¢) satisfies a concentration inequality.

Definition 6.2 (Good event at round t). We say that the good event G(t) occurs at round t if for
every i € [k], and for every sub-interval [to,t1], where t — A,, < to < t1 <t + A, the weighted

sum of the noises €;(t) satisfies ‘ ?:201 atl_téi(t)’ < coov/(a? — a2ti—to+D) /(1 — a2) , where

co = \/4log(1/ac) + 4log A, + 21og(4k).

By building a connection between €;(t) and ¢, (¢) and Hoeffding’s inequality, we show Lemma
which confirms that the good event G(t) happens with high probability.

Lemma 6.3. Foranyt € [T, we have P[G°(t)] < (ao)?.

Step 3: Distributed regret analysis. For a given round ¢ in the s-th epoch, we can bound its expected
distributed regret by first decomposing it into two terms: E[D; (t)] = E[D;(t)Lge | +E[D;(t)1g ],
where 1¢ is the indicator function of event £. We can bound the first term by applying Lemma@]

E[D;(t)1ges)] < 2R-P[G°(t)] < 2R - (ao)? = O(c°a?). (6)

To bound the second term, we rely on the implications of the good event G(t) (presented in Ap-
pendix [H.T)) to show the following.

Lemma 6.4. Suppose that we apply AR2 to the non-stationary MAB problem with a € [&,1)
and and k < K(a), for every arm i € [k] and some round 7;(t) < t < TP(t), where
7i(t) and TP(t) are two consecutive rounds at which i gets pulled, we have E[D;(t)1g] <

O(c2a?0?k? log(cooav'k)).

The proof of Lemmal6.4]is deferred to Appendix[H.2] There, we provide a bound for the nominator
and denominator of D; (%) respectively, conditioning on the good event G(t) and the value of Ar;(t).
In the proof, we critically use the implications of the good event (see Appendix [H.T). Now, combining
(6) and Lemma(6.4] for any round ¢ within the sth epoch such that 7;(t) < t < 77°*!(¢), we have

E[D;(t)] = E[D;(t)Lge ()] + E[D;(t) L)) < O(cio?a’k?log(cooav'k)). )

Step 4: Summing the distributed regrets. Given Equations @), (7) and A, = [ka"207?],
summing the expected distributed regrets first within an epoch, and then along the horizon yields

E S Q¢ k
. 1 1 . . - -
REGA = § : § : E[D;(t)] < 7 § S - [0(C?1og(C))Ap + 2R] = O(kC? log(0)),
i=1 s=1t=(s—1)Agp+1 i=1

where the additional 2® term comes from the initialization round and the last round we pull arm i
within an epoch. This concludes the proof if we plug in C' = cpao/k. B

7 A Real-World Case Study on Tourism Demand Prediction

In this section, we numerically demonstrate the efficacy of AR2 via a real-world case study based
on a international Tourism Demand dataset for Australia [36]. In this case study, we act as a travel
agency that needs to determine which vacation package to offer, where the demand for each vacation
package is highly dependent on the tourism demand during each quarter. Our case study is further
complemented by a number of synthetic experiments in Appendix [A} where we compare AR2 against
various benchmarks designed for both stationary and non-stationary settings and again show the
superior performance of AR2 in adapting to the rapidly changing environment.

Dataset and setup. The international tourism demand dataset [36], obtained from the Australian
Bureau of Statistics, records the number of individual tourist arrivals to Australia from Hong Kong
during each quarter between the years 1975-1989. The authors of [36] have fitted an AR model to the
logarithms of quarterly tourist arrivals, which results in an AR-4 model with a trend componentE}
r;(t) = —0.01 + 0.32R;(t — 2) + 0.6R;(t — 4) . Note that here, the number of tourist arrivals 1s
strongly correlated with the number of arrivals four quarters before, which is likely due to seasonal
patterns. The time series analysis in [36] also supports our assumption in Section [2] that the AR

>We keep the significant lags in forecasting tourist arrivals, which are the second and fourth lags.
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parameters are known. In this dataset, as well as many others from the real world, decision-makers are
likely to have access to historical data, which enables them to fit AR processes with good precision.

Given the AR model, we consider a recommendation setting where the travel agencies have £ = 5
vacation packages (arms) to offer to the tourists from Hong Kong, and wish to dynamically feature
the package with the highest demand (reward) at each round. For each arm, we simulate its reward
sequence by randomly drawing the initial reward from a uniform distribution in [0, 1] and simulate
r;(t) for a total of T' = 200 rounds, based on the AR-4 model above. We take the stochastic rate of
change to be o = 0.1 for all arms.

Extension of AR2 to AR-p processes. We extend our algorithm AR2 to handle MAB problems with
rewards modeled using general AR-p processes with trends; see Algorithm [2]in Appendix Ata
high level, the extension of AR2 uses similar techniques as described in Section[d] The key difference
is that, for each arm ¢ € [k], it maintains not only an estimate 7; () of the arm’s reward at round ¢, but

also an estimate F;(¢) that captures the associated estimation error. These estimates are dynamically
updated based on the structure of the AR-p process with trends. The extended algorithm, akin to
Algorithm I} (i) selects the arm with the highest estimated reward 7;(¢) and (ii) triggers arms with
potential, where the confidence bound in the triggering criteria now depends on the estimate of the

error F;(t). For a comprehensive discussion of our extension, please refer to Appendix

Results. We compare the performance of AR2 against the two most competitive benchmarks (e-greedy
and a modified UCB algorithm) that we identfied in synthetic experiments; see Appendix [A|for
comparisons with the other benchmarks. The comparison is shown in Table[I] It can be seen that
AR2 stands out in terms of both the regrelﬂ and the number of times it pulls the optimal arm. In this
case study, while the e-greedy algorithm frequently selects the optimal arm, it still accumulates high
regret due to its purely random exploration, which can lead to the selection of arms with low rewards.
Similarly, the modified UCB algorithm, which leverages the knowledge of the temporal structure
in its confidence bound (see description in Appendix [C)), doesn’t perform well. Due to the rapidly
changing nature of the AR-p process, modified UCB over-explores. AR2, on the other hand, prove to
be effective even amidst the rapid changes introduced by more complex time series.

Table 1: Performance comparison.

Algorithm | normalized regret # optimal arms

AR2 0.26 (0.14) 142.04 (15.71)
UCB-mod 0.60 (0.27) 106.62 (7.12)
e-greedy 0.38 (0.16) 133.83 (12.47)

8 Extension on Learning the AR Parameter

In the previous sections, we have assumed full knowledge of the AR parameter, which as discussed
in Sections [2]and[7} when we have access to past data. This section proposes an algorithm extension
for when the AR parameter needs estimation. We introduce a maximum likelihood method and
numerically evaluate the performance of AR2, which show that AR2 still remains competitive despite
noise in the estimated AR parameter.

A Maximum Likelihood Estimator. If the decision maker does not have prior knowledge of the
AR parameter «, one can learn the AR parameter via Maximum Likelihood Estimation (MLE). In
the first T, rounds of the time horizon, where Ty = O(TB) for some 8 € (0, 1), we pull one arm
i € [k] consecutively for a fixed arm ¢ and observe rewards R;(1), ..., R;(Tes). We then define
the maximum likelihood estimator & = argmin,¢ (g 1) £(), where £(«a) is the negative of the
log-likelihood function defined in (60) of Appendix [} Observe that here we cannot directly apply
linear regression for estimating o because the existence of truncating boundaries would lead to a
biased estimator. MLE, on the other hand, remains robust even when the expected reward of our arm
hits the boundary. Since the number of rounds used for estimation T¢ scales sublinearly with 7', the
regret incurred within the first 7y rounds would not impact our per-round regret upper bound. If we
have heterogeneous AR parameters «; for arms ¢ € [k] (as in Appendix , one can simply pull each
arm ¢ € [k] consecutively for Ty rounds and perform MLE for each «;.

The following proposition quantifies the amount of noise in the estimated AR parameter.
Proposition 8.1. Let & = arg ming e (g1 L(«) be the estimated AR parameter. Then, for v > 0,

with probability at least 1 — 2T}, — 2 exp(—T,sV?/ 2@(2), there exists constants Ly, Lo such that

®Here we evaluate each algorithm using the normalized regret: 3, REGA(t)/ S ;_, r*(t) , which nor-
malizes the total regret with the optimal reward in hindsight.

Q
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| — a| < (40RLy)/(VLs) - \/27v10g Tost/ Tes , where V. is the variance of the observed reward in
the steady state distribution, which is independent of our algorithm or the time horizon T.

We plot the normalized regret incurred by AR2, e-greedy and mod-UCB using the estimated AR
parameters, obtained through MLE with Toy = {25,50,100}. We observe that whenever the AR
parameters «; are small or large, the performance of AR2 outcompetes the other two benchmarks. In
particular, AR2 appears to be robust to the noises in the estimated AR parameter, with performance
close to what we would otherwise obtain with the accurate AR parameters (see Table[2]in Appendix [A).

https://doi.org/10.52202/075280-0346
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Figure 2: Box plots of normalized regret incurred by each algorithm at 7' = 10,000 (AR2 highlighted
in gray). The input AR parameter &; is the maximum-likelihood estimator of the true AR parameter. We
vary the magnitudes of AR parameters E[c;] € {0.4,0.9} and the number of rounds used for estimation
Tew € {25,50,100}. The parameters of our instances are the same as in Appendix@ and we take k = 6.

9 Conclusion and Future Directions

In this paper, we studied a non-stationary MAB problem with an AR structure, which captures the
rapid changes commonly observed in real-world dynamics. Our proposed algorithm, AR2, leverages
our knowledge or estimate of the temporal dependency to effectively handle the challenges associated
with the fast-changing environment, and our techniques can be potentially adapted to more complex
temporal series. As the realm of non-stationary bandits with rewards governed by temporal structures
remains largely unexplored, there are several exciting avenues for future research. One intriguing
direction is to incorporate seasonality into our framework, exploring models such as seasonal ARIMA
with both long-term and short-term changes. Additionally, building on the promising numerical results
in Section 8] it would be interesting to theoretically characterize the performance of our algorithm
when estimation of the AR parameter and online-decision making are performed simultaneously.
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Appendices for

Non-Stationary Bandits with Auto-Regressive Temporal
Dependency

A Numerical Studies on Synthetic Data

Set-up. We consider a non-stationary bandit problem with k& arms and 7" = 10, 000 rounds. To make
the setting more general, we let the expected reward r;(¢) of each arm ¢ € [k] follow an independent
AR-1 process with heterogeneous AR parameter «;, stochastic rate of change o0;, and truncating
boundary [—1, 1]. We consider two different regimes of «;’s: (i) Small «;’s: the AR-1 parameters
{a; }¥_, are drawn from a dirichlet distribution with rescaling such that for all i € [k], E[a;] = 0.4,
which is less than the threshold value & = 0.5 that we defined in Section[5} (ii) Large «;’s: the AR-1
parameters {a; }¥_, are chosen from a dirichlet distribution with rescaling such that E[a;] = 0.9 for
all ¢ € [k]. The concentration parameters of the dirichlet distributions are all set to be 5. For each
regime of «;’s (small v.s. large), we consider 100 instances, where each instance corresponds to AR
parameters (av, . . ., ) generated as described above; and stochastic rates of change (o1, ..., 0%)
generated from i.i.d. uniform distributions in (0, 0.5). The initial reward r;(0) is drawn independently
from the steady state distribution discussed in Appendix

Performance comparison. We implement AR2 and compare it against a number of benchmarks
designed for stationary and non-stationary bandits respectively. (See Appendix for the imple-
mentation details, where we generalize AR2 to the setting with heterogeneous «;’s and o;’s.) All
parameters used in the following algorithms are tuned.

The benchmark algorithms designed for stationary settings are: (i) “explore-then-commit” (ETC)
policy [24] that first selects each arm for m rounds, and commits to the arm with the highest average
pay-off in the remaining 7" — mk rounds; (ii) UCB algorithm [[6], which achieves sublinear regret
under static settings; (iii) e-greedy algorithm [49] with probability of exploration ¢ = 0.1, which
acts greedily with probability (1 — €) and explores a random arm otherwise. (iv) Exp3 algorithm [[7],
which is designed for the adversarial setting and achieves sublinear regret when evaluated against the
weak static benchmark.

Further, we also consider several benchmark algorithms designed for non-stationary settings: (i)
Rexp3 algorithm [10], which modifies the Exp3 algorithm for the non-stationary setting by introducing
a restarting mechanism, and assumes that the total variation of expected rewards is bounded by a
variation budget V7; (ii) a modified UCB algorithm (mod-UCB), which modifies the upper confidence
bound based on the structure of the AR-1 process; see Appendix [C|for a description and discussion
of the algorithm; (iii) the sliding-window UCB (SW-UCB) algorithm [25]] and the sliding-window
Thompson Sampling (SW-TS) algorithm [52]], both of which adopt sliding-window approaches; (iv)
the predictive sampling (PS) algorithm for AR-1 bandits recently introduced by [39], which is shown
to outperform the Thompson sampling algorithm in non-stationary environments.

Results. In Table |2 we evaluate and compare the performance of AR2 against the benchmark
algorithms in instances with small ;’s (E[o;] = 0.4) as well as large «;’s (E[o;] = 0.9). We also
vary the number of arms & € {2, 10, 20}. To keep our results consistent across instances, we evaluate

each algorithm A using the normalized regre{’t 3", REG 4(t)/ 3", 7*(t), which normalizes the
total regret using the reward of optimal in hindsight dynamic policy.

From Table [2| we see that AR2 clearly outperforms the benchmarks in almost all choices of k
and regimes of «;’s. The algorithms designed for stationary settings (ETC, UCB, Exp3) perform
poorly, as the AR setting includes non-stationarity that differs substantially from the stochastic or
adversarial settings they were intended for. Similarly, the algorithms designed for non-stationary
setting with limited amount of changes (RExp3, SW-UCB, SW-TS) do not perform well since they
are designed to tackle environments either with abrupt changes, or with sublinear amount of changes,
and are not suited for the fast changes in the AR environment. Finally, when compared against
benchmarks that take into account the AR structure of rewards (e-greedy, modified UCB, PS), AR2
also displays superior performance. Here, the PS algorithm indeed dominates TS-based approaches

"Note that since the expected rewards can be negative, the normalized regret can exceed one. Further, when
«;’s are small, the normalized regret of each algorithm is in general larger. This is because the optimal reward
used in normalization tends to be smaller, and hence does not contradict the fact that our problem is more
challenging when the AR parameters are small.

1
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Table 2: The mean and standard deviation (in parenthesis) of normalized regret incurred by each
algorithm at 7" = 10,000. All experiments are run with 100 instances. The algorithm with the
smallest normalized regret is highlighted in gray.

(a) Comparison with Stationary Benchmarks

Elas] k| AR2 | ETC UCB e-greedy Exp3

2 | 0.38(0.10) | 1.00(0.03) 0.68(0.09) 0.43(0.09) 0.99 (0.02)

0.4 10 | 0.67 (0.01) | 1.00(0.01) 0.80(0.01) 0.76 (0.02) 1.00(0.01)

20 | 0.72(0.01) | 1.00(0.01) 0.84(0.01) 0.81(0.01) 1.00(0.01)

2 | 0.18(0.06) | 1.00(0.11) 0.65(0.13) 0.36(0.14) 0.95(0.12)

0.9 10 | 0.40(0.04) | 1.00(0.05) 0.58(0.04) 0.60 (0.06) 0.99(0.02)

20 | 0.49(0.02) | 1.00(0.02) 0.62(0.02) 0.64(0.03) 0.99(0.01)

(b) Comparison with Non-Stationary Benchmarks
Elou] k| AR2 |  Rexp3 mod-UCB  SW-UCB SW-TS PS

2 | 0.38(0.10) | 0.96(0.03) 0.45(0.05) 0.69(0.05) 1.00(0.03) 0.51(0.04)
0.4 10 | 0.67 (0.01) | 0.99 (0.01) = 0.67 (0.03) 0.90(0.02) 0.98(0.01) 0.78 (0.03)
20 | 0.72(0.01) | 1.00(0.01) 0.72(0.02) 0.95(0.01) 0.99(0.01) 0.84(0.02)
2 | 0.18 (0.06) | 0.87(0.08) 0.20(0.07) 0.55(0.13) 0.99 (0.15) 0.52(0.33)
0.9 10 | 0.40(0.04) | 0.97 (0.01) 0.43(0.05) 0.70(0.03) 0.86(0.04) 0.47 (0.03)
20 | 0.49(0.02) | 0.99(0.01) 0.53(0.03) 0.84(0.02) 0.91(0.02) 0.52(0.02)

in non-stationary environments, as suggested by [39]], but AR2 remains competent in all kinds of
AR-based setups; further, [39] also suggests that deriving the conditional probability distribution in
the predictive sampling procedure and implementing it can be complicated in general, and hence
it is unclear how one can adapt the PS algorithm for more complicated AR-p processes as we did
in our case study (see Section[7]and Appendix [B.2). Among all stationary benchmarks, e-greedy is
the most competitive; while mod-UCB stands out as the most competitive within the non-stationary
benchmarks. However, there are instances where AR2 can contribute to a decrease in regret as high
as 50% when compared to e-greedy, and a 15.5% decrease in regret when compared to modified
UCB. All of the aforementioned results attest to the efficacy of AR2 in rapidly changing environments
governed by the AR process.

B Implementation Details and Extensions of Algorithm AR2

B.1 Implementation of AR2

To apply AR2 to the more general setting described in Appendix [A] where the expected reward of
each arm ¢ undergoes an AR-1 process with heterogeneous AR parameter a; and stochastic rate of
change o;, we make a few straightforward updates to AR2: (i) when maintaining estimated reward
7i(t) of arm 7, we use its AR parameter «;; (ii) we assume that an arm ¢ # ig(t) gets triggered if at
round ¢,

Fan(t) = (1) < croi (02 — 2TD) /(1 - a2).

Empirically, we make two more minor changes to AR2 in its numerical implementation. (i) The
definition of the superior arm: instead of considering one of the two most recently pulled arms,
we consider all arms and choose the one with the highest estimated reward at round ¢ to be the
superior arm at round ¢, i.e., isup(t) = argmax;cy, 7i(¢). (ii) The triggered arm to be played: in
the exploration round ¢ (when ¢ is odd and 7 # @), we consider the upper confidence bound of the
expected reward of each arm ¢, defined as:

UCB; (t) = 74(t) + c10 \/ (a2 — a2y /(1 — 02)

and pull the triggered arm with the highest upper confidence bound, i.e. I; = arg max ;s UCB; (t).
Note that the arms in the triggered set 7 differ in terms of both triggering time and estimated rewards.
Previously, our criteria for selecting the triggered arm to play only takes into account one aspect of
such heterogeneity, i.e., the triggering time. The new criteria allows us to also consider the estimated
reward of each arm, which is another indicator of the arm’s potential.

2
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B.2 Extension of AR2 to AR-p Process with Trend

In this section, we provide an extension of AR2 (Algorithm [I)), which would apply to non-stationary
bandits where the rewards follow general AR-p processes with trends for any p > 1. This algorithm
is applied when we perform our case study on tourism demand prediction in Section [/} and is shown
to adapt well to the more complex, rapidly evolving environment.

Let us assume that for each arm ¢ € [k], the reward distribution following an AR-p process, potentially
with a trend component. That is, conditioning on past history during rounds t — 1, . . ., 1, the expected
reward of arm 7 at round ¢ is

P
ri(t) = aio + Y i Rilt = ),
j=1

where «; g is the trend component and (¢ 1, . . ., @; p) is the set of AR parameters associated with
arm 1.

The details of the extension of AR2 is presented in Algorithm[2} which we called AR2-p. At a high
level, the main techniques used in AR2-p are very similar to those used in AR2. As AR2-p is specifi-
cally designed to address practical scenarios where real-world dynamics are represented by more
complex time series, we have incorporated the implementation changes discussed in Appendix [B.1]to
enhance its practical applicability.

At each round ¢ of Algorithm [2] we first determine the superior arm g (), which is the arm with the
highest expected reward. We then decide if there are any arms that we wish to trigger, depending on
whether some untriggered arm has an upper confidence bound that exceeds the expected reward of the
superior arm 7'y, (t). We then alternate between exploration and exploitation: (i) during exploitation
rounds, we pull the superior arm; (ii) during exploration rounds, we pull the arm with the highest
upper confidence bound out of the set of triggered arms, denoted as 7. Finally, after we pull arm I;
at each round, we update the estimate for the state of each arm ¢ € [k].

The main difference between AR2-p and AR2 for AR-1 process lies in how we maintain estimates for
each arm. To account for the more complicated structure of an AR-p process with trends, we need to
maintain two estimates for each arm—an estimate for the expected reward 7;(t), and an estimate for

the error bound E; (t), defined as follows:
p . D .
?l(t) = Q40+ Zai,j?}(t — j) and Ez(t) = Z Oéi7jEi(t — ]) + -
J=1 j=1

Here, the estimate for error bound F;(t) essentially captures how much error is contained in our
estimate for arm 7 at round ¢, i.e., 7;(¢). Since we estimate 7;(¢) based on p past estimates 7 (¢ —

1),...,7:(t — p), the error associated with each of these terms, i.e., E(t —-1),...,E;(t —p), would
contribute the total error for arm ¢ at round ¢, i.e., F;(t).

We would then use the error estimate El (t) in determining our triggering condition. We trigger an
arm ¢ ¢ T U {ip(t)} at round ¢ if
Tap(t) — Ti(t) < cog\/ Ei(t).

The error bound estimates would also be useful when we determine which arm to pull out of all the
triggering arms. To do that, we form the upper confidence bound for each arm

~

and pick the one with the highest upper confidence bound: I; = arg max;c; UCB,(¢) .

C Description of Modified UCB Algorithm

In our numerical studies (Appendix [A]), we have considered the modified UCB algorithm as one of
the non-stationary benchmarks. We now describe this algorithm, which borrows idea from the UCB
algorithm [6] for stochastic MAB, and modifies the expression of the upper confidence bound based
on the AR temporal structure.

2
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Algorithm 2 Alternating and Restarting algorithm for non-stationary bandits with AR-p reward
structure (AR2-p)

Input: AR parameters {c; ; } ic() , trend components {0 }ic ], Stochastic rate of change {0 };c[x), epoch
J€lp]

size A.p, parameter c.

1. Set the epoch index s = 1.
2. Repeat while s < [T/Ag]:
(a) Initialization:
* Setto = (s — 1)Aep. Set the initial triggered set 7 = (0.
* For each arm ¢ € [k], set estimates for expected rewards 7;(¢) = 0 and error bound estimates
Ey(t) = oo fort < 0.
(b) Fort =to+1,...,min{to + Aep, T}
o Ift—to <p-k,pullarmi = |(t —to —1)/p] + 1. /I Pull each arm consecutively for p rounds.
¢ Else,
— Update the identity of the superior arm and its estimated reward

sup (£) = arg max ri(t) and  Tap(t) = Tig, (1) (1)

- Trigger arms with potential: For ¢ ¢ T U {iap(t)}, trigger arm ¢ if

?sup(t) - ﬁ(t) < co; El(t)

If triggered, add ¢ to 7.
— Alternate between exploration and exploitation:

i. If tis odd and T # 0, pull a triggered arm with the highest upper confidence bound estimate:

I, = argmax; ., 7i(t) + co; Ei(t).
ii. Otherwise, pull the superior arm I, = s ().

* Receive a reward Ry, (t). Update 77, (t) = Ry, (t) and Er, (t)=0.
* Maintain Estimates: For each arm ¢ € [k], set estimates for expected rewards and error bounds

p
i(t) = oo+ Y iTi(t—j) and B Z ai B )+

j=1

(c) Sets=s+1.

Algorithm 3 A modified UCB algorithm for non-stationary AR bandits (mod-UCB)
Input: AR Parameters (o, .. ., ax), stochastic rates of change (o1, ..., o%), parameter J.
1. Initialization: pull each arm 4 € [k] at round i. Set estimates 7;(k 4+ 1) = o* =" - B(aR;(i)) and 7; = i.
2. While t < T
(a) Foreach arm 4 € [k], compute its upper confidence bound (UCB):

UCB, ( )+ 1/21og(2/96) - Uz\/ a?(t_”(t)))/(l_a?)'

(b) Pull the arm with the highest UCB: I; = argmax;c, UCB;(t). Receive a reward Ry, (t), and set
TI, — t.

(c) Maintain Estimates: Set 77, (t + 1) = B(aRy,(t)) and set 7; (¢t + 1) = a7 (¢) for i # I.

The details of modified UCB is presented in Algorithm [3] Similar to the original UCB algorithm,
we consider an upper confidence bound of the expected reward of each arm ¢ at round ¢, denoted as
UCB; (), which consists of two terms. The first term 7 () is the estimated reward of arm ¢ based on
past observations; the second term is the size of the one-sided confidence interval for the expected
reward 7;(t). The confidence interval is constructed based on Hoeffding’s Inequality (see Lemma[.3)),
and is designed such that the true expected reward r;(¢) will fall into the confidence interval wit
probability at least 1 — §, where ¢ is an input parameter. To derive the expression of the upper
confidence bound in the AR setting, consider a non-stationary MAB problem, in which the expected
reward of arm ¢ follows an AR-1 process with parameter a; € , stochastic rate of change
€ (0,1), and truncating boundary [—®, ®|. (See Section [2] !for detalls about the set-up.) The
estimated reward of arm ¢ at round ¢, 7;(¢), can be maintained in the same way as done in Algonthml
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The modified UCB algorithm always selects the arm with the highest upper confidence bound. To
construct the confidence bound, we first recall from Section E] that we define a new noise term €é;(t)
(see (@) that incorporates the influence of the truncating boundary, and the new noise term satisfies
the recursive relationship: r;(t + 1) = ar;(t) + «€;(t). Suppose that at round ¢, we last observed the
reward of arm ¢ at round 7;(¢). Using the recursive relationship, we have:

rit) = airi(t — D)+ aséi(t— 1) = ol O (m®) + D+ o O (m() + D) 4+ gt — 1)
t—1 t—1
=a, T (m )+ Y oTTEE) =R+ Y. o TE),
t’:7,;(t)+1 t’:-r,;(t)—i—l
®)

where the last equality follows from the way we maintain estimates. By Lemma[H.T] we have that for

any s > 0,
t—1 t—1
IP’H S atEw)| <s| = PH Yo o)
t'=7;(t)+1 t'=7;(t)+1

where ¢;(t') ~ N (0, 0;) is the independent Gaussian noise applied to arm 4 at round ¢'. By Hoeffd-
ing’s Inequality (Lemma[J.3)), for fixed 6 > 0, we also have the following concentration result:

<, ©)

t—1
PH Z otV e;(t)| < v/210g(2/0) -O‘i\/(a% — 2y (g - a?)} >1-6. (10
=, (t)+1

Equations (B), (9) and (I0) together establish a confidence bound centered around 7;(t), such that
the true expected reward r;(t) falls into the confidence bound with probability at least 1 — §. In
Algorithm[3] we thus define the upper confidence bound of arm ¢ at round ¢ as:

UCB;(1) = 7i(t) + /2108(2/0) - 011/ (02 — a2 ) (1 — 02),

and we have P[r;(t) > UCB;(t)] < 1 — ¢ when implementing the modified UCB algorithm for
numerical experiments in Appendix [A]

Finally, we remark that our algorithm AR2 and the modified UCB algorithm share some similarities.
Both algorithms incorporate our knowledge of the AR temporal structure into their design, which
makes them more competitive against the rest of the benchmarks. The triggering criteria of AR2
essentially constructs a confidence interval around the estimated reward 7; (¢) of arm ¢ at round ¢, and
triggers arm ¢ if the upper confidence bound of arm ¢ exceeds the estimated reward of the superior arm.
On the other hand, AR2 also differs from the modified UCB in two main aspects. (i) By alternating
between exploration and exploitation rounds, AR2 avoids potential over-exploration. This is especially
common when «;’s are close to one, and any arm that has not been explored for a few rounds would
have a very high confidence bound. In that case, modified UCB is likely to shift in between arms
very often, which leads to too little exploitation. (ii) As discussed in Section[d] unlike the modified
UCB algorithm, AR2 also deals with the tradeoff of “remembering” and “forgetting” via the restarting
mechanism, which is especially important in a fast changing environment such as the AR setting.

D Steady State Distribution of Rewards

In this section, we characterize the steady state distribution of the expected reward r;(¢). Lemma
shows that the steady state distribution depends on two probability masses at the boundaries and a
probability density function between the boundaries.

Lemma D.1 (Probability density of steady state distribution). Consider the steady state distribution
of i(t), which follows the AR process with truncating boundaries defined in Section [Z] Suppose that
at the steady state distribution, we have two probability masses at the boundaries, i.e., P[r;(t) =
®] = Plr;(t) = —®] = p, where p € (0,1/2) depends on o and o. Then, the steady state distribution
between the boundaries can be characterized by the following probability density function (PDF),
denoted by f, : (—R,®R) — R*.

(a —1)a?

fo(@) = (1=2p)Cla,0)exp (~—5—5—) € (-RW), (11
where C(a,0) = V1o is a normalization factor and erf(z) = %= [* e=%"ds is the
VmTao erf (LRF) VT fO

error function.

q
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Given LemmaD.1] we are now ready to define the steady state distribution of 7;(t):

Definition D.2 (Steady state distribution of rewards). Let r be a random variable with range [—R, R
whose probability distribution characterizes the steady state distribution of r;(t). It has probability
masses on the boundaries, i.e., Plr = R] = P[r = —Q| = p, and probability density function f, on
(=R, R) as defined in (T1), that satisfies the following conditions:

1. Pla(r+e) >R =Pla(r+¢) <-R| =p.
2. Pla(r+e¢) <yl=p+ fffa fp(x)dz  forally € (—R,R).

Note that the probability masses on the boundaries result from the truncating boundary condition,
and by symmetry, the masses on upper and lower boundaries are the same. If one adopts a reflecting
boundary condition, we would have p = 0; if one adopts an absorbing boundary condition, we would
have p = 1/2 (see [44] for definitions of the aforementioned boundary conditions).

We remark that for any fixed o € (0,1), when o — 1, the probability density function f,(z) in
the steady state distribution of 7;(¢) can be well approximated by a constant function. In Figure
we plot the PDF of the steady state distributions for « € {0.3,0.6,0.9} (with 0 = 0.8 and R = 1),
and numerically compute the value of p (see legends in Figure It can be seen that for larger «,
the distribution within the boundaries becomes almost “uniform”. In the other extreme case, when
a — 0, it can be seen both from Figure [3|and from the definition of f,,(x) in Lemma that the
distribution can be approximated by a normal distribution.

2.00
1.75
1.50

—— a=0.3,p=3x10"°
a@=0.6,p=0.04
a=0.9,p=0.16

125
5
21.00
S
0.75
0.50
025

0.00

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Figure 3: PDF of the steady state distribution of AR process with truncating boundaries for o €
{0.3,0.6,0.9},0 = 0.8, R = 1. The probability masses p associated with the steady state distribution
are included in the legends.

Proof of Lemma [D.T;  We first note that the continuous-time analogue of an AR-1 process is a
Ornstein-Uhlenbeck (OU) process [22], defined as the following stochastic differential equation
(SDE):

dT’t = H(Q—T’t) dt—'—Cth, (12)
where &, 0, ( are constant parametersﬂ and W; denotes the Wiener process{]ﬂ If we perform Euler-
Maryuama discretization (see [34]]) on the above OU process at At, 2At, ..., we get

rir1 = KOAL — (KA — 1)1y + Ce, VAL, (13)

where € is a standard normal noise. Now, recall from Sectionthat the evolution of expected rewards
evolve as an independent AR-1 process:

ri(t+1) = aR;i(t) = a(ri(t) + (), (14)

where ¢€;(t) ~ N(0,0). Let r; = r;(t). By coefficients in (I3) and (T4), the two equations are
equivalentif we let x = 1 — o, 0 = 0, { = oo, At = 1. By plugging the values of coefficients into
(I2), the continuous-time analogue of (I4) can be described by the following SDE:

dry = (a — )rydt + acdWy.

Let f,(z) be the PDF for the steady state distribution of 7;(¢) on (®, R), given that the probability
mass on either side of the boundary is p. We can now solve for f,(z) by solving the following

8For numerically simulating steady state distributions of SDEs, see [34]).

“We will see that when 7 follows an AR-1 process with AR parameter « and stochastic rate of change o,
these constants take the following values: kK =1 — a,0 = 0,7 = ao.

'9A Wiener process WW; is a continuous-time stochastic process that satisfies the following properties: (i) Wy =
0; (ii) W, is continuous in ¢; (iii) { W }+>0 has stationary, independent increments; (iv) Wis — W, ~ N(0, t).
(See [20] for more details.)

A
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ordinary differential equation (see [23}44] for a discussion of forward and backward equations for

SDEs):
(1= @)(fyle) + 2 fy(w)) + 50?0 £1(x) =0, (1s)
which gives
. _ 2
fole) = Olar o) exp @05

for C that depends on «, . Since f, () is a probability density, we can solve for C'(v, o) by requiring

f:RYR fp(x)dx =1 — 2p, given that the total probability within the boundaries is 1 — 2p. This then

gives
Cla,0) = (1 = 2p)V1 — a/(Vrao erf (%

where C (v, 0) is defined in the statement of Lemma[D.1] W

) = (1 =2p)Cla0),

E Additional Illustrations

E.1 Illustration of g(k, o, o) in Regret Lower Bound

Recall that in Section [3] we characterize our regret lower bound to be Q(g(k, o, o)aa), where
g(k, o, o) is the probability that two best arms are within cco distance of each other at any given round
under the steady state distribution, with its closed form presented in Equation (I6) in Appendix [F|

To better understand how g(k, v, o) evolves in terms of our parameters, in Figure 4| we plot the
evolution of g(k, v, o) in terms of ¢ in two different regimes: (i) a small-« regime when « = 0.4,
and (ii) a large-a regime when o = 0.9. Note that here, we consider the two regimes separately
because in Section[5] we will show that the large-a regime is inherently much more challenging than
the small-« regime.

In Figure we see that in the small-« regime (o = 0.4), g(k, a, ) is roughly constant as o increases,
while in the large-« regime (o = 0.9), g(k, o, o) is roughly linear in terms of . To understand why,
recall from our discussion in Appendix |D|that when o« — 0, the steady state distribution approaches
a normal distribution with standard deviation proportional to o, while when o« — 1, the steady state
distribution resembles a uniform distribution. Hence, when « is small, we expect g(k, o, o) to be
roughly constant in terms of o, while when « is close to one, we expect g(k, o, o) to be roughly
linearly in terms of o. Here, our observations in Figure ] concur with our discussion in Appendix [D]

(IR RS B P EY ol EEEY EEEY it LT EE ]
0.7
B
53
X 06
(o))
0.5 -o- a=04
a=0.9
0.1 0.2 0.3 0.4 0.5
o

Figure 4: The evolution of function g(k, o, o), as defined in Equation (16) in Appendix E with
respect to o. Here, we set @ € {0.4,0.9}, k =5and R = 1.

E.2 Tllustration of Upper/Lower Bounds in the Small-oo Regime

In Figure [5] we illustrate the evolution of our upper and lower bounds in the small-« regime (i.e.,
a € (0, @)). Here, we take o = 0.4, and similar plots can be obtained for different values of o < a.
Recall from Section [5]that this regime is considered less challenging due to our result in Theorem
which states that any algorithm can attain near-optimal performance when « € (0, &). Here, Figure
[3reveals that our upper/lower bounds indeed have the same trend of increase in terms of o in the
small-« regime, which complements our result in Figure/T] (that shows our upper/lower bounds match
in terms of « in the small-« regime).

7
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Figure 5: Comparison of the order of the regret upper bound in Theorem and the order of the
lower bound in Theorem [3.1] with respect to o, obtained with k = 5, = 0.4, ® = 1,C = 0.4. This
plot complements Figure|1|that shows dependency on a.

E.3 Illustrations of Upper/Lower Bounds and Per-Round Regrets of AR2

To further highlight the significance of Theorem [5.2]and how well it characterizes the performance of
AR2, in Figure@ we plot the evolution of the upper bound in Theorem the lower bound O (ka?0?)
for « close to one, and the per-round regret attained by AR2, at different values of parameters « and o
respectively. In Figure[6a] the per-round regret of AR2 increases at roughly the same rate as the upper
and lower bounds, and stays close to the lower bound, as « increases. In Figure[6b] the upper and
lower bounds follow the same trend of increase with respect to 0. We note that as ¢ increases, the
upper bound loosens up as the per-round regret of AR2 experiences smaller growth and approaches
the worst-case lower bound. This especially highlights the strength of AR2 in adapting to a rapidly
changing environment.

10

0
0 10 /
= ./'/o—-"—"._‘—_'_"_‘

10

value
>
value

-t 107

086 0.8 090 092 094 0.1 0.2 0.3 0.4 0.5
a o
—— upper bound —e— per-round regret —— upper bound —e— per-round regret
lower bound lower bound
(a) Evolution of the upper/lower bounds and (b) Evolution of the upper/lower bounds and
per-round regret of AR2 with varying oe. We per-round regret of AR2 with varying o. We
take a € [0.85,0.95] and o = 0.4. take o € [0.1,0.5] and @ = 0.9.

Figure 6: Comparison of the order of regret upper bound of AR2 (Theorem|[5.2)), the order of the lower
bound, and per-round regret attained by AR2 (averaged across 100 experiments). The constants of
upper/lower bounds are tuned for illustration purposes. Here, kK = 5 and ® = 1.

F Missing Proof of Section 3]

Before we show the proof for Theorem [3.1] we first present Lemma [F.I] [17] which characterizes the
joint distribution for order statistics.
Lemma F.1 (The joint distribution of order statistics of a continuous distribution). Let X D <

X®@ < ... < X% pe the order statistics of k i.i.d. samples drawn from some continuous distribution
with probability density function (PDF) f(x) and cumulative density function (CDF) F(x). The joint

PDF of X9 XU forany1 <i < j < kis
R (u)™! (F (v) = F ()7 (1= F ()" £ (u) £ (v)
Ixo xo (u,v) = - U(z — 1)!5’ —i— 1)k —j;]! =

In particular, if we take ¢ = k — 1 and j = k, Lemma[F.I|suggests that

Fxoen x (u,0) = k(k = DF ()" f(u) f(v),
which will be used in the following proof of Theorem 3.1]

R
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Proof of Theorem The proof proceeds in two steps. First, we compute the probability that the
expected rewards of two best arms are close to each other at any given round ¢. Then, conditioning
on this event, we show that at the next round ¢ + 1, any algorithm incurs (o) regret with constant
probability.

Step 1. We first lower bound the probability that the expected rewards of the two best arms are within
ao of each other at round ¢. Recall from Appendix |D|that r;(¢) follows the steady state distribution
with probability mass p on the boundary and PDF [,(z) defined in (II)) within the boundaries. Let

F(x) be the CDF of the the steady state distribution of r;(¢). We can compute the probability that the
expected rewards of the two best arms are within ao by breaking the event into the following cases:

1. Both arms are at the upper boundary. This will happen with probability Z ( ) P (1 —
p)k=7 | where j denote the number of arms are at the upper boundary, i.e., have expected

reward .
2. The best arm is at the upper boundary, and the second best arm is within the boundaries.

This will happen with the following probability: k(k — 1) - p - f/g\_aa F(x)k=2f,(z)dx

3. Both the best arm and the second best arm are between the boundaries. This will happen

with the following probability: k(k—1) [, fz;%( F(2)k=2f,(x)f,(z + z)dzdz . To obtain
this probability, we used the joint PDF stated in Lemma [F1]

4. The best arm is within the boundaries, and the second best arm is at the lower boundary.

This will happen with the following probability & - [“7 R fp( x)dw - pFt.

5. Both arms are at the lower boundary. This will happen with probability p*.

We define g(k, o, o) as the probability that the expected rewards of the two best arms are within co
of each other at round ¢, which is the sum of the terms above:

ol 0) = i (C)wa-pt e ie=n-p- [ e
—1/ / )" 2 o ‘)fp(:c+z)dxd2+k-/Z_mfp(:v)dw P!

(16)

We now make a brief remark about the order of g(k, o, o) as « approaches one. First note that among
the aforementioned cases, the first three cases would happen with probability at least 1/2 given that
the steady state distribution of expected reward is symmetric and the expected rewards of the two
best arms are skewed towards the upper boundary. Conditioning on the third case, i.e., both the best
and the second best arms are within the boundaries, as o approaches one, the conditional PDF can be
approximated as a uniform function (see Remark [G.T]in Appendix [G]for a related discussion), and
hence the conditional probability that two best arms are within «eo of each other are of order Q(kao).
Further, conditioning on the first and the second cases, i.e., the best arm is at the upper boundary, the
conditional probability that two best arms are within ao of each other are lower bounded by Q(kao).
We thus have g(k, «, o) > Q(kao) as « approaches one.

Step 2. Let A be any algorithm that selects arm A(¢) at round ¢. In this step, we show that
conditioning on the event that the two best arms are within ao of each other at round ¢, with constant
probability, A will make a mistake at round ¢ + 1 and incur regret of order O(ao).

Without loss of generality, let us suppose 71 (t) > - - - > ri(t), and that algorithm .A(¢) selects arm 1
atround ¢ (if A(t) selects a different arm at round t the following proof works similarly). We first

assume that r1 (t) € [- R+ 30, ® — 30]. Let () be the CDF of standard normal distribution. Since

€(t) N (0,0), when A pulls arm 1 at round ¢, with constant probability 2@ (1) — 1, we have

ler(t)| < §. Let A(t + 1) be the arm that A chooses to pull at round ¢ + 1. At round ¢ + 1, one of
the following scenarios will take place:

Q
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(i) IfA(t+ 1) = 1, then if e2(t) € [20, 30], it will incur regret

Tg(t + ].) — Tl(t-l- 1) =« (Tg(t) + Ez(t) — Tl(t) — El(t))

> afex(t) = [ra(t) — r(t)| — e (D)])
> a(20 — ao — %)
> 27

-2

The event e3(t) € [20, 30] happens with constant probability ®(3) — ®(2).
(i) If A(t+1) =jforany j # Latt+ 1, thenif ¢;(¢t) € [-20, —0], it will incur regret

ri(t+1) =t +1) = o (r(t) + ex(t) — () — €(t))

The event €;(t) € [—20, —o] happens with constant probability ®(2) — ®(1).

In all of the above cases, we show that A will incur regret at least %> with constant probability,

conditioning on the event that 7)) — (2) < ag. If r|(t) is close to either side of the boundary, a
similar analysis can establish the same result. To see that, if 71 € [R — 30, ®] and A pulls arm
1 at round ¢, with constant probability we have €;(t) € [-20, —30]. Then, we have one of the
following: () A(t+ 1) = 1. If |e2(¢)| < £, arm 1 is sub-optimal and incurs regret by at least 27 ;
(i) A(t + 1) = j for some j # 1. If ¢;(t) € [-30, —40], arm j is sub-optimal and incurs regret
by at least ao. This, again, shows that A incurs regret at least (o) at round ¢ + 1 with constant
probability. The proof follows similarly when r; € [-®, —® + 30].

Combining step 1 and 2, we conclude that the per-round regret of any algorithm 4 is at least
Q(g(k, a, 0)ao), which concludes the proof. B

G Missing Proof of Section [5|

Proof of Theorem[5.1} At any given round ¢, recall from Appendix D|that r;(¢) follows a steady
state distribution as defined in Deﬁnition Let us define r}(t) “REN (0, \/%) The variable
r}(t) has the following PDF:

o) = V1-a? ((a2 - 1)x2>

ex
V2rao P 20202

for all x € R. Note that for all 0 < s < R, we have that P[|r;(t)| > s] < P[|r;(¢)] > s],
which can be obtained by directly computing both probabilities. Intuitively, one can think of the
normal distribution above as the steady state distribution of r;(¢) that follows the same AR-1 process
ri(t4+1) = a(r;(t)+e€;(t)), without the truncating boundaries at [—®, ®]. As a result of the truncating
boundaries, the steady state distribution D (characterized in Appendix [D) is more “concentrated”
than the normal distribution N (0, \/%) Now, using the concentration bound for normal random
variable (see Lemma[J.2), we have

2

P |lri(t)] > ¢ (t)] > ¢ < 2exp(—5)

ao } <P {| , ao
_9 ’ _9
V1i—a?] ~ ! V1—a?
for every arm ¢ € [k]. Now let § = 2 exp(—%). By the union bound, with probability at least 1 — k4,

we would have |r;(t)]| < ¢ foralli € [k]. And hence Ar;(t) < 2c A% foralli € [k]. Let

us denote the above event as &. If we set ¢ = /2log(1/ac) + 2log(2k), we would have § = 22,
andhence P[] > 1 —kéd =1 — ao.

10
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Let A be any non-anticipating algorithm that selects arm .4(t) at round ¢. The expected regret A
incurs at round ¢ is

ao
E[Ar t Ar EIPE] + E[Ar t)|EIPIES] € 2¢—— + 2R - a0
[Ara(0)] = B[Araq (IEPIE] + ElAra (€ TBlE"] < 200
oo (o}
=0 | c— log(1/ao) + log k) ——
(e ) =0 (Visett/ao) T Togh) 22— )
Given that the per-round regret is also bounded by 2T, this naturally gives
1 T
—E ZATA(t)(t) =0 (mln Vlog(1/ao) +logk72'07\)> . i
t=1 2 ?

In Section [5| we choose & £ 0.5 as the threshold value such that when « € [, 1), the problem is
more challenging and thereby of our interest. Given the threshold &, we further expand on the remark
made in Appendix [D] which will be useful in the proof of Lemma|6.4]in Appendix [H]

Remark G.1 (Uniform Approximation). For any fixed o € (0,1), when o — 1, the probability
density function that characterizes steady state distribution of r;(¢) within the boundaries can be well
approximated by a constant function. This can be seen from

C(a,0) — 0.

a—1

wx @) — min () —(1—2p) |1—exp [ @D
max r)— min z)=(1-2p —exp | ——%—
e (-RR) e (CRR o202

In particular, by Lemma forany o € [@,1) and 0 > ¢’+/1 — a, we can bound the PDF f,(x)
that characterizes the steady state distribution of r;(¢) for all z € [—®R, R] using constants:

p- < fol@) < py, (17)

where p_ = (1 — 2p)C(a, /1 — &) exp ( R /a2 ’2) ,pt = (1 =2p)C(a,c /1 — &) are both

constants.

When « € [@,1) and o = o(+/1 — «), the steady state distribution of 7;(¢) can be well approximated
by a normal distribution, and similar to what we show in Theorem in this case even the naive
algorithm performs well. We thus focus on the more challenging regime when o € [@, 1) and

o = Q(v/1 — «) in the following analysis.

H Missing Proofs of Section [6]

H.1 Step 2: Good event and its implications.

In Section[6] we define a new noise term in (3)) that shows the influence of truncating boundary:

oy €(t) if a(r;(t) + () € [-R, R
&(t) = é[B(a(ri(t) + ez(t))> —ar;(t)] otherwise

The new noise ¢;(t) satisfies the recursive relationship: r;(t + 1) = ar;(t) + aé;(t). Recall that here,
the boundary function is defined as B(y) = min{max{y, — R}, R}.

Before proceeding with the proof of Lemmal[6.3] we first show an auxiliary lemma that establishes
the relationship between €;(¢) and ¢;(t). In particular, Lemma shows that if the weighted sum of
€;(t) is small with high probability, the weighted sum of ¢;(¢) Ts also small with high probability.

Lemma H.1. Forany s > 0, i € [k], and rounds ty < t1, we have

Pl

t1—1 t1—1

Zatl t~ ‘<s]>]P’[Za ei ’75} (18)

tto ttO

11
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Proof of Lemma|[H.T}  For simplicity of notation, let us drop the notation for dependence on i. We
first show that the following inequality holds for any r(to):

Pl

To show (19), we first consider a fictional scenario in which 7(.) only gets truncated at the first
time it hits the boundary, and no longer gets truncated afterwards. Let ¢’ denote the first round at
which r(.) hits the boundary. With slight abuse of notation, we define corresponding fictional noises
€1(to),...,€1(t1 — 1) such that €1 (t) = €(¢) forall t # ¢/ and €1 (') = €(¢').

Since the expected reward r(.) hits the boundary for the first time at ¢/, we have |ar(¢') +ae(t')| > R
for some ¢ty < t' < t;. Recall that in the fictional scenario, €;(t) = €(¢) for all ¢ < ¢. Let

L = of' ~totlp(ty), By = ::_ti ol ~t1¢(t). Without loss of generality, let us assume that the

expected reward hits the upper boundary R, i.e.

t1—1

Zatl e(t) ‘<s\r(t0)} >]P’[

ti—tg( t)’ < s|r(t0)]. (19)

R < ar(t') + ae(t’ L—i—Zat_t'H =L+ E; + ae(t)).

t=to

Letd = L+ FEy +ae(t’) — R > 0 be the distance by which the expected reward exceeds the boundary
att’. By (3) and the definition of the truncating boundary in Section 2} we have

ar(t’) + ae (t') = Blar(t') + ae(t')) = R.

From the discussion above, we have 7 + ae(t’) = R+ d — L and E; + aeq(t') = R — L. Since in
the fictional scenario, the expected reward only gets reflected at the first time of hitting the boundary,
we also have €1 (t) = ¢(t) forall t > t'. Let Ey = il t’1+1 a't~'¢(t) denote the weighted sum of
the noises after time of reflection ¢’. Now conditioning on the initial expected reward r(t(), we have

t1—1

pl| S oztl_tel(t)’ < s|r(t0)} - P[

T t=to

= Plos—at 'Y R-L)< By <s—at !N ®R- L) |r(t0)}

oV IUE 4o e (1) + Eg‘ <s| r(to)]

> Plos—at 'Y Ryd—L)<Ey<s foﬁrt’*l(mwf L) |r(t0)}

= ]P)_atlitlilEl‘i_Oét ( —I—E2’<S|T t0i|: |:

ti—te(y ‘<3\r(t0)}. (20)

Note that the inequality in (20) holds because E7 is normally distributed (it is a weighted sum of
normal noises). If we let ¢ = o' ~" ~"}(®R — L) and ¢ = o' =¥ ~1(R 4 d — L), we must have
|g1] < |gz]|- This, along with the normal distribution of Es, gives

Pl—s—q1 <Ey<s—q]>P[-s—q2 < E2 <s—qo].

Following the same procedure as above, we can define fictional scenarios in which 7(.) only gets
truncated when it hits the boundary for the first m times, for 1 < m < t; — t5. We can then define
corresponding fictional noises ¢,, (o), - - . , €, (t1 — 1) and use the same proof ideas to show

|3

forall 1 < m < t; —tg. Note that if m = t; — tg, the fictional rewards €,,, = € forall ¢ € [to, ¢ — 1].

Hence,
HZQ“ te ‘<5\7‘t0]2 HZQ“ t ’<5|r(t0)}

Finally, since (T9) holds for any initial expected reward (o), taking expectation with respect to r (o)
gives (I8)), which concludes the proof. B

t1—1

Z o o1 (1)) < 5| (ko)

1=t ] <s|r(t0)} >1P>[

172
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Proof of Lemma Let us first consider the sequence of noises ¢;(¢) (i.e., the noises before
applying the truncating boundary). For any fixed ¢ € [k], and for t' € [t — Agp, t + Agp), we have

e (t) i N(0, o). Then, by Hoeffding’s inequality (see Lemma where for 1 < j < t; — tg, we

. s —2(t1—tg+1)
set X; = ale;(t1—j), 05 =aloand s = 725/ a? 0‘1:;;0 ), fort—Aep < to <t < t+Agp,

we have
t1—1 2 2
ti—t b —t 0y _ (ao)
p| t;oal (1) > cooy/ (a2 — a2t fo+1>>/<1—a2>}szexp<—5>—mgp7

where the last equality follows from ¢y = \/4log(1/ac) + 4log A, + 2log(4k). By Lemma ,
we can use the above inequality to also obtain a concentration inequality for the weighted sum of the
new noises ¢;(t), which incorporate the influence of truncating boundary:

Pl
Pl

Since we have & arms and the number of sub-intervals to consider in [t — Ay, t + Agp| is
we can apply union bounds to get

t1—1

Z alt e ( ‘ > coa\/(a2 — a2(ti—to+1)) /(1 — ag):|

t=to

t1—1
(ao)
ah ‘ > cooy/ (a2 — a2(ti—tot1)) /(1 — a2?) | < .
> \/ } 2kA2,

t=to

20 (2A5—1)
2 b

k t1—1
IESY 3 IP’H 3 atrtei(t)‘ > cocr\/(OzQ ~a2(ti—to+D) /(] — a2)}
i=1 t—Agp<to<t1 <t+Aep t=t
k
20¢p(2A¢p —1) (a0)? 2
<2 2 | 2kAZ, Z =3 2kA2 = (o). W
=1 €

Having showed that good event G(¢) happens with high probability, we now establish a number of
important implications of the good event:

(i) In Lemma|H.2| we show that the expected reward r;(t) satisfies a series of concentration
inequalities. These inequalities guarantee that our estimated reward 7;(t) does not deviate
too much from the true expected reward r;(t).

(ii) In Lemma[H.3] we show that AR2 does not wait too long to play an arm with high expected
reward.

(iii) In Lemma we show that the best expected reward r*(¢) is not too far away from our
estimate reward for the superior arm 7 (%).

These implications will be critical for our proof of Lemmal6.4} Before we proceed, let us define the
following:

F(At) & cooVaZ +at ..+ 28t = coa\/(a2 — o2(At+1)) /(1 — a2), 21

where the second equality follows from the geometric sum formula. The expression (1) will be used
throughout the rest of the analysis. In particular, since ¢; = 24cy, the triggering criteria becomes: at
round ¢, an arm ¢ # 44, () gets triggered if the following is satisfied:

Taup(t) — Ti(t) < cla\/(az — 2(=mi)+1)) /(1 — a?) = 24F(t — 74;(t)) .

Lemma H.2. Given G(t), for any arm i € [k] and any rounds to,t, such thatt — A,, <ty < t; <
t + Ay, the expected rewards satisfy the following inequalities:

|’I“i(t1) - O(tl_tOTi(to” S f(h - to) (22)
[ (t1) — @ 701 (to)| < F(ts — to) (23)
‘AT@(tl) — O[tlitOATi(t()” S 2]:(t1 — to) (24)

17
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Proof of Lemma[H.2] Given the AR-1 model and (5), we have the following recursive relationship
ri(t) = afri(ty — 1) + &(t1 — 1)]
=« [Oé(’l"i(tl - 2) + Ez(tl - 2)) + gz(tl - 1)]
t1—1

=a" ori(te) + Y o TE () (25)

t=to
by repeating the above steps. Then by Lemma[6.3] we have that

t1—1

> ol (1)

t=to

|ri(t1) — " ~*ori(to)| = < F(t1 —to),

which concludes the proof for (22).
As for (23), note that

™ (t1) = m%c)]{ri(tl) < m%{)]( {atl_tori(to) + F(t1 — to)} < altTor*(tg) + F(ty — to)
1€ 1€

and the other side of the inequality can be derived similarly.
The last inequality (24) easily follows from (22)), (23), and the triangle inequality
[Ari(ty) — a7 Ari(to)] < |(r*(t1) — ri(t)) — @ T (r*(to) — 7i(to)))|
< |r*(ty) — ot T (k)| + |1 (tr) — ot T (t0)| < 2F (41 — to)-
This concludes the proof of Lemma[H.2] W

Lemma H.3. Suppose we apply AR2 to the non-stationary MAB problem with o € [a,1) and
k < K(w), given G(t), the following holds for the best arm i at round t: t — 7;(t) < 4k — 3.

Proof of Lemma Suppose o € [a,1). Let arm i be the best arm at round ¢, ie. i =
argmax; r;(t). We let 7 = 7;(t), and let 7'¢ > 7 be the triggering time of arm i after it gets pulled

at round 7. First note that by design of AR2, we must have ¢ — 78 < 2(k — 1), since at any given
round there are at most k£ — 1 triggered arms. We would prove the statement of the lemma by showing
the following inequality: _ _

TUE <t — 7N 4] (26)
If (26)) holds, we then have t — 7 = (798 — 7) 4 (¢ — 7"8) < 2(¢ — 7%i¢) + 1 < 4k — 3.

Suppose by contradiction that (26) does not hold. By the triggering criteria, we have
Tap(T"8 = 1) = F(7"8 — 1) > 24 F((v"8 — 1) — 1) (27)

Letj = igyp(7"€—1) as defined in (T). Hence we have Ty (78 —1) = 7, (71 —1) or Tyyp(7"E—1) =
ar;j (T8 — 2). Let us assume 7y, (7€ — 1) = r;(7"€ — 1) and the proof follows similarly for the

other case. Since we also have 7;(77€ — 1) = o™~ 2B(aX;(7)) = o™~ 2r;(7 + 1), @7) can
be rewritten as

(€ — 1) — o™ T 2y (7 1) > 24 F((7E — 1) — 1) (28)

By (22)) of Lemma[H.2} we also have the following two inequalities:
ri(t) < o~ ri(r + 1) + F(t — (1 + 1)) (29)
ry(t) > @~ (e 1) — F(t - (7 - 1)) (30)

Then by (29) and (30), we have
ry(t) = ri(t) 2 (a0 V(e = 1) = Fle = (7 - 1) = (@ T n(r £ )+ Fle - (74 1)
> T (rj (T — 1) — ™" T 2y (1 + 1)) — F(t— (1" — 1)) = F(t — (1 + 1))

> 24 ot THLE(( 1) — r) — F(t— (75 — 1)) — F(t— (7 + 1)),
(€29

14
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where the last inequality follows from 28). Since & < K(«), we have b= T > g 2k-1 > é,
which yields
1 : !
ri(t) —ri(t) > 24- 3 CF(Me—r 1) = F(t -7+ 1) - F(t—7-1).
Since 7 — 7 >t — 72 + 2 we have F(7"& — 1 — 7) > F(t — 7€ + 1). This further yields
1 . .
ri(t) —ri(t) > (24 - s 1)-F(r" =7 - 1) = F(t—7—-1)=2F (" -7 —1) = F(t — 7 —1).
(32)
Note that if 78 — 7 > ¢ — 7"¢ 4 1, then since t — 7 = (¢t — 7"¢) + ("¢ — 7), we must have
2(T"¢ — 1) > ¢t — 7 + 1, and thus
2F(rME — 7 —1) = 2000\/a2 4 v 2(rE—T—1)
> 290/ a2 + -+ at—71
> coa(\/on o tat Tl a4y a2(t=7)=2)

> ooV a2 + -+ a2t-7)-2 since /a+ Vb > Va+b
=F({t—1-1).
Plugging this into (32) gives r;(¢) —r;(¢) > 0, which contradicts that arm i is the best arm at ¢. Hence,
we must have 7¢ — 7 < t — 7' 4 1. By our previous argument, this then gives t — 7 < 4k — 3. H

Lemma H.4. Suppose we apply AR2 to the non-stationary MAB problem with o € [&,1) and
k < K(«), for any arm i € [k] and round t, we have

(1) = Tap(t) < O(cooak), (33)
where T, (t) = T, (1) (t) and g,y (t) is defined in (T).

Proof of Lemma Without loss of generality, suppose that ¢ is even, and as a result J; = igp(2).
The proof then proceeds in two steps. In step one, we establish a recursive inequality for the estimated
reward of the superior arm. In step two, we show that the estimated reward of the superior arm is in
fact close to the expected reward of the best arm.

Step 1: Establish a recursive inequality for 7, (t). We first assume that 44, (t) = I;_» and hence
Taup(t) = aB(aR;, 1) (t —2)) = ar;, ) (t — 1). We also have
Tigp(t) (1) = ari 1) (E = 1) + a1 (t = 1) = Tap(t) + aei, @ (t — 1),
which then gives
T () (t) > Taup(t) — acoo (34)
by definition of the good event G(t) (set tg = t and t; =t + 1). Since I; = iqp(t), we additionally
have
Tap(t +1) = B(aRy, 1) (1) = a(riy, (1) (t) + €igt) (1)) = ariy (1)(t) — acoo (35)
Combining (34) and (33)) gives us the following inequality, which is the desired result.
Tap(t + 1) > aTaup(t) — acoo) — acoo > argy(t) — 2coao. (36)
On the other hand, if igy(t) = I;—1, we have vy, ()(t) = B(aR;, ) (t — 1)) = Twp(t), and
combining this with (33)) also gives
Tap(t +1) > arisup(t)(t) — Q0 = gy (t) — acoo > afy(t) — 2¢cpa0.

Overall, we show that 7, (t + 1) > g (t) — 2coao, which completes the proof of the first step.

Step 2: Show that 7, (¢) and r*(t) are close. For simplicity of notation, let j be the best
arm at round ¢, so 7*(t) = 7;(t). Let 7 = 7;(t). Recall that by Lemma we have that
t — 7 < 4k — 3 = O(k). First note that

Taup(t) > algp(t — 1) — 2co00 by (36)
> ol TR (7 4+ 1) = 2¢p0 (a4 - + "D by applying (36) recursively
> ol =R (r +1) = 2000 (a+ -+ a7 sincet —7 <4k — 3
> o' T B(aR; (1)) — 2cp0a(dk — 4) since Ty (7 + 1) > 75(7 + 1) = B(aR;(7))

_ atf‘rfl,r.j(,r + 1) — O(COO'OCIC)
(37)

15
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‘We also note that

) =rit) < hry(r+ )+ Ft—T1 1) by (22) of Lemma|[H.2]
= ot Tl (7 + 1) + oV a? + -+ a2(t=T-1) (38)
i (r 4+ 1) 4 cpoan/t — 7
= a7 (1 4+ 1) 4+ O(cooaVk) since t — 7 < 4k — 3.

Combining (37) and (38) then gives r*(t) — Fyp(t) < O(cooak). The proof works in a similar
fashion for the case when ¢ is odd. B

H.2 Step 3: Distributed regret analysis.
Recall from Definition [6.1]that the distributed regret of arm 7 at round ¢ is defined as
Dy(t) = Ari(ri(t)) Q2-7i(0)
¢ 1+0[2+,_,+a2(AT,1(t)—1)

Before proceeding with the proof of Lemma [6.4] we first establish the following two claims. In
Claim and Claim we respectively bound the nominator and denominator of D;(¢), condi-
tioning on the good event G(¢) and the value of Ar;(¢).

(39)

Claim H.5. Suppose we apply AR2 to the non-stationary MAB problem with o € [@, 1) and k < K(«).
Given G(t), for any armi € [k), let n = Ar;(t) > 0 for time 7;(t) < t < 7P(t), we have that the
nominator of @9) satisfies: o>~ Ary(1;(t)) < O(n + cooavk) .

Proof of Claim For simplicity of notation, let 7 = 7;(¢) and 77" = 77xt(¢). Let 7" be the
first round at which arm 7 gets triggered after it gets pulled at round 7. We divide our proof into two
cases.

Case 1: 78 — 7 < ¢ — rWig If 7iie < ¢ 7%e < O(k), we must have t — 7 = O(k). Then by

(22) of Lemma[H.2] we have
|Ary(t) — @'~ Ary(7)| < 2F(t — 1) < 2c00a/t — 1 < O(cooaV'k)
= o' TAri(1) < 0+ O(cooavk)
= o® T Ar(1) < o' TTO(n + cooavk) < O(n + cooavk).

Case 2: 78 — 7 > ¢ — 7™M, Consider time ¢ such that 7 < ¢t < 7°¢**_ Then, we have
Tsup(t) = max {lﬁo’(ozRIF1 (t—1)),aB(aRy, ,(t— 2))} = max {rlt—l (t),ary,_,(t— 1)}
< max {r*(t),ar*(t —1)} < max {r*(t)7 r*(t) + 2¢cooV a2} by 23) of Lemma[H.2]
=r*(t) + 2¢poa.
, (40)
Let t' = 7€ — 1 denote the round right before the round arm 4 gets triggered. Then since at round ¢
the arm has not been triggered, we have
24F(t' — 1) < Tap(t) — ()
< () + 2co0a — ot TTlr(7 +1) by @0)
< Ar(t') + 2co0a + F(t' — (1 +1)) by 22) of Lemma[H.2J]

< Ari(t') + 2cooca+ F(t' — 1) (41)
This then gives
1
Ft' —7)< 23 (Ar;(t') + O(coo)) (42)
By (22) of Lemma|[H.2]and Equation (#2)), we also have
/ 2
A" TEAR () < Arg(t) + 2F(t — 1) < Ari(t) + %Ari(t’) + O(cpao) (43)

1A
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We also have

2 IAr () < at*t/Ari(t’), (44)
sincet —t' =t —7" +1 < 2(k—1)+1 =2k — 1. Now since k < K(a) = £ (log(§)/log v+ 1),
we have %=1 > 1 and hence
11 ,
s %3 Ar;(t") < Ari(t) + O(cpao) (45)

Now by (22)) of Lemma[H.2] we also have
o TTAr(T) < Ari(t') + 2F (' — 7) < Arg(t) + %Ari(t') + O(cpao), (46)

where the last inequality follows from @2) and ¢t — ¢’ < ¢’ — 7. By multiplying the last equation by
t—t’

a'~", and by applying Equation (@3), we then have

/ 2 2 / ,
a"TAr(t) < att (Ari(t’) + = Ar(t') + O(coaa)) < (1+ =) " Ary(t') + O(coa’ "t o)

23 23
< (1 I %)Aﬁ(t)1+ Ol(COOéU) + O(Coat—t/+10_) _ O(A?"Z(t) + CoaO') _ 0(77 + Coad)
8 23

@7
Since t — 7 > 0, we then have az(t_T)Ari(T) < O(n + coao).

In summary of both cases, we have o>~ Ar;(7) < O(n + cpoavk). B
Claim H.6. Suppose we apply AR2 to the non-stationary MAB problem with o € [, 1) and k < K(«).

Given G(t), for any arm i € [k], let n = Ar;(t) > 0 for time T < t < 7", the denominator of (3)
satisfies
1— a2AT 172
2 4 a2Aar-1) T _n
1+a”++a ) = - > max{Q(C(Q)UQQQkQ),l}.

Proof of Claim[H.6| The first equality follows from the geometric sum formula. Since 1+a?+- - -+
2
n

AT—1)
cdo2a?k?

a?( > 1, it suffices to show that it is also lower bounded by £( ). Let 7 < ¢ < rhext

and recall that = Ar;(¢). We divide our proof into two cases.

Case 1: o' =" Ar;(7) < n/2. Then by (Z2) of Lemmal[H.2] we have
In — ' TAr ()| = |Ari(t) — o' TTAr(7)| < 2F(t —7)

SOF(E-T)20/2 = 200004/(1-a2-7)/(1 - a?) > /2

(1= a2 /(1) 2 ()

cdo?a?
) 1 — 24T 1— Oé2(t7‘r) 712
Since AT >t — 7, we have 2 2 i 2 9(0302042 ).
1— 2AT 772
Case 2: o' "7 Ar;(1) > n/2. We would show that a2 2 (2(0(2)020[2]{:2 ). We have

Taup(t) = 75(t) = Taup(t) — o' Tri(7)

> (r*(t) — O(cooak)) — 7 (r* (1) — Ary(1)) by Lemma[H.4]

=o' TAr(T) + (r*(t) - at/_Tr*(T)) — O(cpoak)
> g — (2F(t — 1) 4+ O(cooark)) by 23)) of Lemma[H.2]
> 5~ O(kF(t—)
(48)
17
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Now consider 7", the round at which arm i gets triggered. By the triggering criteria, we have

Fap(778) = Fi(7") S UF (7™ —7) = 7 = O (kF(" = 7)) < UF(r"™ —7) by @B)

= 0 (k}"(ng — 7')) > g

a? — o207 =T+ 0>

= >0 b
1— OL2(ngf‘r) 772

= >0

1—a? - (02a202k32)
‘ 49)
Since we must have A7 > 7% — 7 we have
1— a2AT 1— a2(7_mg_7_) - Q( 772 ) -
1—a?2 — 1—a2 ~ N ao?k?’

Having showed Claim [H.3]and Claim[H.6] we now formally prove Lemma[6.4]

Proof of Lemma Fix arm i € [k] and round t. For simplicity of notation, let 7 = 7;(t),
T = 7PeU(t) and AT = Ar(t). Let us write E[D;(t)1g«)] = E[D;(t)1gw)Liar,)=o0}] +

3

E[D;(t)1g(t)L{ar,(t)>0}], and in the following analysis, we will bound the two terms on the right-
hand side respectively.

First term (Arm ¢ is optimal at round ¢). We first rewrite the first term as
E[D;(t)1gw Liar,)=01] = E[Di(1)|G(t) N {Ari(t) = 0}] - P[G(t) N {Ar;(t) = 0}].
Note that if G(t) takes place and Ar;(t) = 0, we have
o T A1) = |at_TAri(7') — Ari(t)’ <2F(t—171). (50)
by (24) in Lemma[H.2] By Definition[6.1} we have

Dt = (1ot sy ) a7 = (( o) ) e

1+a2+,,,+a2(A7‘71) Oé2+"'+0(2AT)

2000.\/0[24'_...4_0[2@*7') _r
<< a2 4 .. 4 20T al 7T by (1) and 60
2
< (\/ : coo 5 )) ot—T+2 sincel <t—7 < AT
af 4.4 a®ttoT
(51)
That is,
ED;(0)]G(t) N {Ari(t) = 0}] < i a7 52
i ¢ - “\WVa2 - 4 a2@-7) .

Now, let j be the optimal arm at time 7. If G(¢t) takes place and Ar;(t) = 0, we have
Ar;(t) = |at_TArj(T) — Ary (t)| <2F(t—7).
by (24) in Lemma Hence we have

P[G(t) N {Ar;(t) = 0}] < P[Ar;(t) < 2F(t — 7), where j = arg max r;/(7)]
7 (53)
< P[3j # ¢ such that Ar;(t) < 2F(t —71)].

Recall from the discussion in Appendix E and Remarkthat the steady state distribution of r;(t)
can be reasonably approximated by a uniform distribution, and (T7) states that the PDF of the steady
state distribution f(z) satisfies p_ < f(z) < p; forall x € [-R, ®], where p_, p4 are constants.
Now let 7, ..., r} be k i.i.d. uniform(—1/2p4,1/2p, ) random variables. We have

IP[3j # i such that Ar;(t) < 2F(t — 7)]
= P|the two best arms of {ry(¢), ..., r(t)} are within 2F (¢ — 7)]
< P[the two best arms of {r}, ...,7}} are within 2F (¢t — 7)] = O(k - F(t — )] (54)

1R
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Combining (53) and (54) thus gives

PG(t) N {Ari(t) = 0}] < O(k - F(t — 7)) (55)
Overall, by (52) and (53), for all £ > 7 we have
E[D;i(t)1g()Liar,(=0y] = E[Ds(1)|G(t) N {Ari(t) = 0}] - P[G(t) N {Ar;i(t) = 0}]

2
< (\/a2 — Coi az(”)) T2 0 (k- F(t — 1)) = O(cko?a’k).
(56)

Second term (Arm i is sub-optimal at round ¢). Given G(t) and the value of Ar;(t 0,
we have bounded the nominator and denominator of D;(t) in Claim and Claimi respectlvely.

For any time 7 < ¢t < 7", in Claimwe have showed o>*=") Ar;(7) < O(n + cooa/k) and

7’
), 1 } These results

in Claim [H.6|we have showed 1 + a2 + - - - + a2(A7~1) > max {Q(m
cgola’k

then give
_(n+coaoVk
E [D;(t)1gt) 1ar t)>03|n] < min {372, n+ Coad\/%}
cga202k2

Let C = coaa\/%, this then yields

, +C - , c 3 -
E[Di(t)lg(t)l{Ari(t)>o}|77} f,rnm{]g(77 . )777+C}:m1n{k(f+f2),77+0}.

This then further leads to
kS ifn > C
E|D;(t)1 Teay < -1 -
[ () gty t{a 1(t)>0}|77] { o if0<n<C

We can now bound the second term by taking expectation of the above expression with respect to 7.
Recall from (T7) that the PDF of the steady state distribution of ;(¢) satisfies p_ < f(x) < p4 for
all z € [-R, R], where p_ and p are constants. This then gives
1 G ~ _
E[Di(1) 160 Liar >3] S / k=rdn = O(kC?log(C)) = O(cga’a”k* log(coao k) (57)
c

and
E[D;()1g( Ligear,iy<cy] S C - PO < Ary(t) < C] = O(C?) = O(c§a’a’k),  (58)
which provides an upper bound for the second term.

Finally, summing (56), (57), and (38) gives E[D;(t)1g()] < O(c3a?0?k?log(coaaV'k)), which
concludes the proof of Lemma[6.4] W

I Missing Proof of Section

Proof of Proposition[8.1; Before proceeding, we first make some notational changes that would
simplify our proof. Since we pull arm ¢ consecutively for T¢g rounds for some fixed arm ¢ € [k], in

the rest of this proof we omit the dependency of R;(t) on i and denote R; = R;(t).

Let us first define the loss function £(«) stated in the optimization problem

a = argmin L(a), (59)
a€e(0,1)

"'This follows from the fact that if X (1) < Xy < -+ < X4 are the order statistics of k i.i.d. uniform(0, 1)
random variables, then X () — X ;1) follows the Beta(1, k) distribution with CDF F(z) = 1 — (1 — z)" for
x € [0, 1] (see, e.g., [L7]).

10
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which is the negative of the log-likelihood function:
TES[

1 R—aR
£(0) = - > 1{R = R}log[1 - @(%ﬂ

est t=1
FL{R, = ) log [o( T o) (60)
+1{-R < R, < ®}log [cp(m - C;RH) _ (=% _O_O‘Rt—l )] ,

where ®(.) is the CDF of standard normal distribution Note that the three terms in the loss function
respectively represent the log likelihood of the observed reward at the upper boundary, at the lower
boundary and in between the boundaries.

Recall that @ is the solution to the optimization problem in (39). We can apply the second-order
Taylor’s Theorem to obtain the following:

L(a) = L(@) = —L/(a)(@ - a) — %ﬁ”(d)(a -a)’ (61)

for some & between true AR parameter « and estimated AR parameter &. In the rest of this proof, we
will provide a bound for |& — «| via bounding the first and second derivatives of the loss function

L(.).
‘We thus have

1 Tes ®—aR_ R
o= $Eata vt 1 o (e

®R—aRi— )} . <_Rt—1)

g

+1{R; = —®} - log’ [cp(_

g

®r- OéRt_l
g

—R—aRi )} (_Rt—l )
g g '
where log” h(y) denote the derivative of function log h(y) with respect to y. Let

+1{-R< R, < B} - log’ [@( ) —

®—aRi— —R—aR;—
up(a) =1{R, = R} - log’ {1 - @(%)} +1{R, = ~®} - log’ [@(%)}
R —aR —®—aR;_
+n{_m<Rt<m}-1og'{q>( i =1y g( JO‘ “)}.
Note that £ («) = ﬁ ij‘l ug(a) - %. To bound the first derivative of the loss function, our next
goal is to bound ZtT;”‘l ug(a). Let S; = {:1 ug (o). Observe that
1S; =Sl < s {max {1081 - ()], log’ B(y2),log' (@(y1) — B(y2)) } } -
v1€00,2R /o),
y2€*2m/010)
Let us define
Li= s {max{logl - ()], log’ (e, log (®(y1) — B(32)) } }. (62)
v1€02By/0),
1/26—2/@\/670)

Since ®(y) is the CDF of the standard normal distribution, y; € (0,2®R/0) and y2 € —2®R/0,0), we
have that L; is a constant well defined by the above expression. Also observe that

E[S] — Sj_1|Sj_1, ey 51] = E[ut(a)|5j_1, ey Sl]

R—aR,_ —R—aR,_
—p(Toet) o(— et
=P{R, =R} - E YP{R =R} — @
|:1 _ (I)(’(R*G;Rt—l ):| |:(I)( 7’R7:Rt,1 ):|
’(Rfoth,l _ 7R7aRt,1
T P s Ik
[@(Fefir) - g(=Hgtie)|
= R0l | TR o | R0y TR ol
=0.
20
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where ®(y) and ¢(y) are the CDF and PDF of the standard normal distribution. The third equality
above follows from ¢, being independent from Sy, . .., S;_1. Hence, S; is a martingale with bounded
difference.

By Azuma-Hoeffding Inequality (see Lemma [I.5)), we thus have that for v > 0, the following

concentration result holds:
2
P[|STCS|| > Ll 25Test IOg Test] < F . (63)
est

Let us denote the high probability event, i.e., |S7, | < L1v/27Tes log Teg, as £1. Note that condition-

ing on &1, we would have

T.
/ 1 = Rtf 1 Ll ® 2’7 10g Test
= . < . .
L) Test ; ui(@) o ( o ) Test 64)

We also bound the second derivative using a constant Lo > 0 as follow:

Test 2
" 1 _ mly ®R—aRy Ri_,
ﬁ (OZ) B Test;]l{Rt _R} log |:1 (I)( g ):| ( 0’2 )
—R—aRi R%—l
_ . " .
+ 1R = R} -log" [o(———)| - (=5
®—aR;_ B - aR;_ R?
" t—1 t—1 t—1
+1{-R < R, < ®} - log [@(f)—@( - )]( = )
1 Tes( R2
> t—11) | . . _ " o_ _ " _ "
> 7 (=) it {min { ~1og"[1 — B(y2)], ~ log” B(y2), ~ log” (¥(y1)
y2€72,R/(r,0)
Tes\ 2
a 1 R;_,
o Test ;( 0'2 ) L2
(65)
Here, we define the constant Lo as
Lo= inf {min{ “log![L — (y1)], — log” ®(ys), —log” (®(y1) — @(yQ))}} . (66)
ne©2R/o),
y2€*2m/5=0)

Similar to our arguments above, since ®(y) is the CDF of the standard normal distribution, y; €
(0,2® /o) and y2 € —2® /0, 0), we have that Ly > 0 is a constant well defined by the last equality.
Let V = E[R?] > 0 denote the variance of reward under the steady state distribution. Since R? is
bounded, we can apply Hoeffding’s Inequality (see Lemma([J.4) that states

TC&[

P B2, — T V| > =V o

HZ t—1 = Lest |—T]—2€Xp -
t=1

TestV2 )
om? /-

Let £ denote the high probability event that | ZtTi‘l R?_| — ToyV| < Y. Then, under this event,
we have that ZtT;’l R? | > % . Hence, conditioning on the event £, we have

L' (o) > ViLs. (67)

— 202

After bounding the first and second derivatives of £(«) respectively, we are now ready to show
the proximity between our estimated parameter & and the true parameter «, conditioning on the
high-probability events & N 2. By optimality of &, we have that £(a@) < L£(«). This, together with

(61), gives

1
FL" (@)@ =a)* < ~L'(a)@ - a) < [L(a)]-]a - af. (68)
Using (67), we can bound the left-hand side as
1., . o 1 (Vi 2
- — > (=) (o= .
L@@ —-a7 =5 (555) (@—a) (69)

21
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Conditioning on &7, we also know from (64) have that

=N LR 2vlog Test
!
L ()] - |a—a] < ( . ) T & — «| (70)

Finally, combmmg (68), (69) and (70), we have that with probability at least 1 — 2/77) —
2 exp(—TeeV2/2®R?), we have

% . (@) (a— a)2 < (LIR) i 27 log Tex |

O‘|
202 T
(o g est

which implies
40®RL, [ 2v]log Tey

|a a a| - VLQ Test

J Concentration Inequalities

In this section, we state some useful concentration inequalities for subgaussian variables (see [29) 18,
45| for references).

Definition J.1 (Subgaussian variables). We say that a zero-mean random variable X is o-subgaussian
2_2
(or, X ~ subG(0)), if for all A € R, E[e*X] < %

In particular, note that if X ~ N(0,0), then X ~ subG(o). Subgaussian variables satisfy the
following concentration inequalities:

Lemma J.2 (Concentration of subgaussian variables). A zero-mean random variable X is o-
subgaussian if and only if for any s > 0, P[| X| > s] < 2exp(— 202)

Lemma J.3 (Hoeffding’s Inequality). Let X1, ..., X, be independent zero-mean random variables
such that Xj ~ subG(o;), DD Xj‘ > s] < 2exp(—%).

In particular, bounded variables are known to be subgaussian, and we thus have a special case of the
Hoeffding’s Inequality that applies to bounded variables:

Lemma J.4 (Hoeffding’s Inequality for Bounded Variables). Let X, ..., X, be independent random
variables such that a; < X; < b;. Consider the sum of these random variables S,, = Z?:l X;. We

have that for s > 0, P[|S,, — E[S,]| > s] < 2exp (—%) .
i=1\0i—aq

Another related concentration result is the Azuma-Hoeffding’s Inequality stated below, which applies
to martingales with bounded differences.

Lemma J.5 (Azuma-Hoeffding’s Inequality). Suppose that {S; : j =0,1,2,...} is a martingale
and has bounded difference | Sy, — Si—1| < by almost surely. Then, the followmg concentration

bound holds for any N € Z" and s > 0: P (|]Sy — So| > s) < 2exp (QEN;Z)Q) .
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