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Abstract

The well-established practice of time series analysis involves estimating determin-
istic, non-stationary trend and seasonality components followed by learning the
residual stochastic, stationary components. Recently, it has been shown that one
can learn the deterministic non-stationary components accurately using multivari-
ate Singular Spectrum Analysis (mSSA) in the absence of a correlated stationary
component; meanwhile, in the absence of deterministic non-stationary components,
the Autoregressive (AR) stationary component can also be learnt readily, e.g. via
Ordinary Least Squares (OLS). However, a theoretical underpinning of multi-stage
learning algorithms involving both deterministic and stationary components has
been absent in the literature despite its pervasiveness. We resolve this open question
by establishing desirable theoretical guarantees for a natural two-stage algorithm,
where mSSA is first applied to estimate the non-stationary components despite the
presence of a correlated stationary AR component, which is subsequently learned
from the residual time series. We provide a finite-sample forecasting consistency
bound for the proposed algorithm, SAMoSSA, which is data-driven and thus re-
quires minimal parameter tuning. To establish theoretical guarantees, we overcome
three hurdles: (i) we characterize the spectra of Page matrices of stable AR pro-
cesses, thus extending the analysis of mSSA; (ii) we extend the analysis of AR
process identification in the presence of arbitrary bounded perturbations; (iii) we
characterize the out-of-sample or forecasting error, as opposed to solely consid-
ering model identification. Through representative empirical studies, we validate
the superior performance of SAMoSSA compared to existing baselines. Notably,
SAMOoSSA’s ability to account for AR noise structure yields improvements ranging
from 5% to 37% across various benchmark datasets.

1 Introduction

Background. Multivariate time series have often been modeled as mixtures of stationary stochastic
processes (e.g. AR process) and deterministic non-stationary components (e.g. polynomial and
harmonics). To handle such mixtures, classical time series forecasting algorithms first attempt to
estimate and then remove the non-stationary components. For example, before fitting an Autoregres-
sive Moving-average (ARMA) model, polynomial trend and seasonal components must be estimated
and then removed from the time series. Once the non-stationary components have been eliminatecf_-],
the ARMA model is learned. This estimation procedure often relies on domain knowledge and/or
fine-tuning, and theoretical analysis for such multiple-stage algorithms is limited in the literature.

Prior work presented a solution for estimating non-stationary deterministic components without
domain knowledge or fine-tuning using mSSA [3]. This framework systematically models a wide

"Note that Autoregressive Integrated Moving-average (ARIMA) and Seasonal ARIMA models use differenc-
ing in conjunction with unit root tests to remove stochastic non-stationary components, and are not suited for the
model we consider.

37th Conference on Neural Information Processing Systems (NeurIPS 2023).
8442 https://doi.org/10.52202/075280-0369



class of (deterministic) non-stationary multivariate time series as linear recurrent formulae (LRF),
encompassing a wide class of spatio-temporal factor models that includes harmonics, exponentials,
and polynomials. However, mSSA, both algorithmically and theoretically, does not handle additive
correlated stationary noise, an important noise structure in time series analysis. Indeed, all theoretical
results of mSSA are established in the noiseless setting [16] or under the assumption of independent
and identically distributed (i.i.d.) noise [4}, 3]

On the other hand, every stable stationary process can be approximated as a finite order AR process
[8126]. The classical OLS procedure has been shown to accurately learn finite order AR processes
[L7]. However, the feasibility of identifying AR processes in the presence of a non-stationary
deterministic component has not been addressed.

In summary, despite the pervasive practice of first estimating non-stationary deterministic compo-
nents and then learning the stationary residual component, neither an elegant unified algorithm nor
associated theoretical analyses have been put forward in the literature.

A step towards resolving these challenges is to answer the following questions: (i) Can mSSA
consistently estimate non-stationary deterministic components in the presence of correlated stationary
noise? (ii) Can the AR model be accurately identified using the residual time series, after removing
the non-stationary deterministic components estimated by mSSA, potentially with errors? (iii) Can
the out-of-sample or forecasting error of such a multi-stage algorithm be analyzed?

In this paper, we resolve all three questions in the affirmative: we present SAMoSSA, a two-stage
procedure, where in the first stage, we apply mSSA on the observations to extract the non-stationary
components; and in the second stage, the stationary AR process is learned using the residuals.

Setup. We consider the discrete time setting where we observe a multivariate time series Y () :=
[y1(),...,yn(t)] € RN at each time index t € [T] = {1,...,T} where T > N ] For each
n € [N], and each timestep ¢ € [T, the observations take the form

yn(t) = fn(t) + xn(t)7 (1)

where f,, : Z* — R denotes the non-stationary deterministic component, and z,,(¢) is a stationary
AR noise process of order p,, (AR(p,,)). Specifically, each x,, () is governed by

Pn
Tn(t) = aniwn(t — i) + 0 (t), @)
=1

where 7),, (t) refers to the per-step noise, modeled as mean-zero i.i.d. random variables, and «,; €
R Vi € [p,] are the parameters of the n-th AR(p,,) process.

Goal. For each n € [N], our objective is threefold. The first is estimating f,,(¢) from the noisy
observations yy, () for all t € [T]. The second is identifying the AR process’ parameters ov,; V i €
[pr]. The third is out-of-sample forecasting of y,, (¢) for t > T.

Contributions. The main contributions of this work is SAMoSSA, an elegant two-stage algorithm,
which manages to learn both non-stationary deterministic and stationary stochastic components of
the underlying time series. A detailed summary of the contributions is as follows.

(a) Estimating non-stationary component with mSSA under AR noise. The prior theoretical results for
mSSA are established in the deterministic setting [[L6] or under the assumption of i.i.d. noise [4}, 3]
In Theorem we establish that the mean squared estimation error scales as ~ 1/v/NT under
AR noise — the same rate was achieved by [3] under i.i.d. noise. Key to this result is establishing
spectral properties of the “Page” matrix of AR processes, which may be of interest in its own right

(see Lemmal[A.2).

(b) Estimating AR model parameters under bounded perturbation. We bound the estimation error for
the OLS estimator of AR model parameters under arbitrary and bounded observation noise, which
could be of independent interest. Our results build upon the recent work of [[17] which derives similar
results but without any observation noise. In that sense, ours can be viewed as a robust generalization
of [17].

%if T < N, we divide the N time series into [ N/T"] sets of time series where this condition will hold.
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(c) Out-of-sample finite-sample consistency of SAMoSSA. We provide a finite-sample analysis for
the forecasting error of SAMoSSA- such analysis of two-stage procedures in this setup is nascent
despite its ubiquitous use in practice. Particularly, we establish in Theorem that the out-of-

sample forecasting error for SAMoSSA for the T" time-steps ahead scales as ~ 7 + ﬁ with high

probability.

(d) Empirical results. We demonstrate superior performance of SAMoSSA using both real-world
and synthetic datasets. We show that accounting for the AR noise structure, as implemented in
SAMOoSSA, consistently enhances the forecasting performance compared to the baseline presented
in [3]]. Specifically, these enhancements range from 5% to 37% across benchmark datasets.

Related Work. Time series analysis is a well-developed field. We focus on two pertinent topics.

mSSA. Singular Spectrum Analysis (SSA), and its multivariate extension mSSA, are well-studied
methods for time series analysis which have been used heavily in a wide array of problems including
imputation [4} 3], forecasting [18 2], and change point detection [22| |6]. Refer to [16} [15] for a
good overview of the SSA literature. The classical SSA method consists of the following steps: (1)
construct a Hankel matrix of the time series of interest; (2) apply Singular Value Decomposition
(SVD) on the constructed Hankel matrix, (3) group the singular triplets to separate the different
components of the time series; (4) learn a linear model for each component to forecast. mSSA is an
extension of SSA which handles multiple time series simultaneously and attempts to exploit the shared
structure between them [[18]]. The only difference between mSSA and SSA is in the first step, where
Hankel matrices of individual series are “stacked” together to create a single stacked Hankel matrix.
Despite its empirical success, mSSA’s classical analysis has mostly focused on identifying which
time series have a low-rank Hankel representation, and defining sufficient asymptotic conditions for
signal extraction, i.e., when the various time series components are separable. All of the classical
analysis mostly focus on the deterministic case, where no observation noise is present.

Recently, a variant of mSSA was introduced for the tasks of forecasting and imputation [3]]. This
variant, which we extend in this paper, uses the Page matrix representation instead of the Hankel
matrix, which enables the authors to establish finite-sample bounds on the imputation and forecasting
error. However, their work assumes the observation noise to be i.i.d., and does not accommodate
correlated noise structure, which is often assumed in the time series literature [26]. Our work extends
the analysis in Agarwal et al. [3] to observations under AR noise structure. We also extend the
analysis of the forecasting error by studying how well we can learn (and forecast) the AR noise
process with perturbed observations.

Estimating AR parameters. AR processes are ubiquitous and of interest in many fields, including
time series analysis, control theory, and machine learning. In these fields, it is often the goal to
estimate the parameters of an AR process from a sample trajectory. Estimation is often carried out
through OLS, which is asymptotically optimal [11]]. The asymptotic analysis of the OLS estimator
is well established, and recently, given the newly developed statistical tools of high dimensional
probability, cf. [31) 29], various recent works have tackled its finite-time analysis as well. For
example, several works established results for the finite-time identification for general first order
vector AR systems [20} 19, 27, 24, 21]]. Further, Gonzélez et al. [17] provides a finite-time bound on
the deviation of the OLS estimate for general AR (p) processes. To accommodate our setting, we
extend the results of [17] in two ways. First, we extend the analysis to accommodate any sub-gaussian
noise instead of assuming gaussianity; Second, and more importantly, we extend it to handle arbitrary
bounded observation errors in the sampled trajectory, which can be of independent interest.

2 Model

Deterministic Non-Stationary Component. We adopt the spatio-temporal factor model of [3! 6]
described next. The spatio-temporal factor model holds when two assumptions are satisfied: the first
assumption concerns the spatial structure, i.e., the structure across the IV time series f1, ..., fn; the
second assumption pertains to the “temporal” structure. Before we describe the assumptions, we first
define a key time series representation: the Page matrix.

Definition 2.1 (Page Matrix). Given a time series f : ZT — R, and an initial time index to > 0, the
Page matrix representation over the T entries f(to), ..., f(to+T — 1) with parameter 1 < L < T is
given by the matrix Z(f, L, T, to) € REXUT/ Ll with Z(f, L, T, t0)ij = f(to+i— 1+ (j — 1) x L)
forie[L], j €[|T/L]]
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In words, to construct the L x |T'/L| Page matrix of the entries f(to),..., f(to + T — 1), partition
them into |7/ L | segments of L contiguous entries and concatenate these segments column-wise (see
Figure[I)). Now we introduce the main assumptions for f1, ..., fn.

Assumption 2.1 (Spatial structure). For eachn € [N], f,(t) = Zil Unrwy(t) for some Uy, € R
and w, : ZT = R.

Assumptionposits that each time series f,,(-) Vn € [N] can be described as a linear combination
of R “fundamental” time series. The second assumption relates to the temporal structure of the
fundamental time series w,.(-) Vr € [R], which we describe next.

Assumption 2.2 (Temporal structure). For eachr € [R] and foranyT > 1, 1 < L <T,ty > 0,
rank(Z(w,., L, T, to)) < G.

Assumption [2.2] posits that the Page matrix of each “fundamental” time series w, has finite rank.
While this imposed temporal structure may seem restrictive at first, it has been shown that many
standard functions that model time series dynamics satisfy this property [4} 3]]. These include any
finite sum of products of harmonics, low-degree polynomials, and exponential functions (refer to
Proposition 2.1 in [3]).

Stochastic Stationary Component. We adopt the following two assumptions about the AR processes
Z, Vn € [N]. We first assume that these AR processes are stationary (see Deﬁnitionin Appendix

Assumption 2.3 (Stationarity and distinct roots). x(t) is a stationary AR(p,,) process Vn € [N].
That is, let \; € C, i € [py] denote the roots of g,,(z) == 2P — Y '™ ;2P " Then, |Ap;| < 1
Vi € [py]. Further, Vn € [N, the roots of g, (z) are distinct.

Further, we assume the per-step noise 7,,(t) are i.i.d. sub-gaussian random variables (see Definition
in Appendix [H).

Assumption 2.4 (Sub-gaussian noise). Forn € [N|,t € [T], n,(t) are zero-mean i.i.d. sub-gaussian

random variables with variance o>.

Model Implications. In this section, we state two important implications of the model stated above.
The first is that the stacked Page matrix defined as

Zf(L7T’t0) = [Z(flaLaTatO) Z(anLvTatO) Z(fnvaTvtO)]a
is low-rank. Precisely, we recall the following Proposition stated in [3].

Proposition 2.1 (Proposition 2 in [3] ). Let Assumptions[2.1|and[2.2|hold. Then for any L < |V/'T|
withany T > 1, tg > 0, the rank of the Page matrix Z(f,, L, T,to) for n € [N] is at most R x G.
Further, the rank of the stacked Page matrix Z;(L,T, ) is k < R x G.

Throughout, we will use the shorthand Zy :== Z (L, T, 1) and Z;(to) == Z;(L, T, to) ﬂ The second
implication is that there exists a linear relationship between the last row of Z; and its top L — 1 rows.
The following proposition establishes this relationship. First, Let [Z ] 1. denote the L-th row of Z ¢

and let Z’f € RE-DX(NLT/L]) denote the sub-matrix that consist of the top L — 1 rows of Zy.

Proposition 2.2 (Proposition 3 in [3]] ). Ler Assumptions[2.1\and 2.2 hold. Then, for L > RG, there
exists 3* € RETL such that [Zf]] = Z'fTﬁ*. Further, ||3*]lo < RG.

3 Algorithm

The proposed algorithm provides two main functionalities. The first one is decomposing the observa-
tions y,, (t) into an estimate of the non-stationary and stationary components for ¢ < 7T'. The second
is forecasting y, (t) for t > T, which involves learning a forecasting model for both f,,(¢) and z,,(¢).

Univariate Case. For ease of exposition, we will first describe the algorithm for the univariate
case (N = 1). The algorithm has the following parameters: 1 < L < /T, and 1 < k < L (refer

*We will use the same shorthand for the stacked page matrices of i and x: namely, Z, and Z..
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to Appendix [B.Z] for how to choose these parameters). For clarity, we will assume, without loss
of generality, that L is chosen such that 7'/ L is an integerﬂ In the first step of the algorithm, we
transform the observations y; (), ¢ € [T] into the L x T'/L Page matrix Z(y, L, T, 1). We will use
the shorthand Z,,, = Z(y,, L, T, 1) henceforth.

Decomposition. We compute the SVD Z,, = Zle SgUg’U;, where s1 > s9--- > s, > 0
denote its ordered singular values, and u, € R* v, € RT/Z denote its left and right singular
vectors, respectively, for £ € [L]. Then, we obtain Z #, by retaining the top k singular components
of Z,, (. e, by applying Hard Singular Value Thresholding (HSVT) with threshold k). That is,

Zy, Zz | Seugv] -

We denote by f;(t) and 71 (£) the estimates of f;(t) and 21 (t) respectively. We read off the estimates
fi(t) directly from the matrix Zy, using the entry that corresponds to ¢t € [T']. More precisely,
for t € [T, fi(t) equals the entry of Zs, in row (¢ — 1 mod L) + 1 and column [¢/L], while

F1(t) = p(t) — fu(d).

Forecasting. To forecast y;(t) for t > T, we produce a forecast for both fl(tl and z1(¢). Both
forecasts are performed through linear models (/3 for f1 () and &y for Z'1(¢).) For f1(t), we first learn
a linear model 3 defined as
T/L
B=argmingege s (y1(Lm) — BT Fp)?, 3)
m=1
1(Lxm — 1)] form € [T/L] We then use /3 and the
1(t). Thatis fi(t) = BTY1(t — 1), where Yi(t — 1) =

where F,, = [fi(L(m —1)+1),...,
L — 1 lagged observations to produce
[yl(t - 1)7 .. ,yl(t - L)]

For 71 (t), we first estimate the parameters for the AR(p;) process. Specifically, define the p;-
dimensional vectors X (t) .= [Z1(¢),...,Z1(t — p1 + 1)]@ Then, define the OLS estimate as,

%)*’*)

T-1
Q) = argmingcps Y (Tt +1) —a Xy (1)) 4)
t=p1
Then, let Z1 (t') = y1 (') — fi (t') forany t’ <t ﬂ We then use &1 and the p; lagged entries of 71 (+)
to produce Z1 (¢). That is Z1(t) = @] X1(t — 1), where X1(t — 1) = [F1(t — 1),...,71(t — p1)).
Finally, produce the forecast g3 (t) = f1(t) + Z1(¢).

Multivariate Case. The key change for the case IV > 1 is the use of the stacked Page matrix Z,,
which is the column-wise concatenation of the Page matrices induced by individual time series.
Specifically, consider the stacked Page matrix Z, € RE*N T/L defined as

Z,=Z(y,,L,T,1) Z(yp, L, T,1) ... Z(y,,L,T,1)]. 5)

Decomposition. The procedure for learning the non-stationary component f1, ..., fy fort < T'is
similar to that of the univariate case. Specifically, we perform HSVT with threshold k on Z, to
produce Z,. Then, we read off the estimate of f,(t) from Z,,. Specifically, for ¢ € [T], and n € [N],
let Zf refer to sub-matrix of Zf induced by selecting only its [(n — 1) x (T/L) +1,...,n x T/L]

*Otherwise, one can apply this algorithm to the two ranges {1,...,L x |T/L]} and {(T mod L) +
LT

>In the forecasting algorithm, the estimates [fl (L(m—=1)+1),..., h (L x m—1)] are obtained by applying
HSVT on a sub-matrix of Z,,, which consists of its first L — 1 rows. This is done to establish the theoretical
results as it helps us avoid dependencies in the noise between y1 (Lm) and Fi, for m € [T/L).

®Note that we assume knowledge of the true parameter p; (and p,, in the multivariate case).

"Note the subtle difference between 71 (t) and 71 (t) — precisely, for ¢ > T', @1 (t) is an estimate of z1 (t)
before observing y1 () (i.e., a forecast), whereas Z1 (¢) is an estimate of 1 (¢) after observing y1 ().
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Figure 1: A visual depiction of SAMoSSA. The algorithm five steps are (i) transform the time
series into its stacked Page matrix representation; (ii) decompose into and

components (iii) estimate 3; (iv) estimates &, Vn € [N]; (v) produce the forecast g, (t)
fort > T.

columns. Then for ¢ € [T7, n(t) equals the entry of Z f, inrow (t —1 mod L)+ 1 and column
[t/L]. We then produce an estimate for x,,(t) as T, (t) = yn(t) — fn(t).
Forecasting. To forecast y,, (t) for t > T, as in the univariate case, we learn a linear model ,@ defined
as
NXT/L
B = argmingcgr- Z (Ym — BT E,)2, 6)
m=1

where y,,, is the m-th component of [y1 (L), y1(2xL),...,y1(T), y2(L),...,y2(T),...,yn(T)] €
RNXT/L ‘and F),, € RE~! corresponds to the vector formed by the entries of the first L — 1 rows in

the mth column of Zf for m € [N x T/L). We then use 3 to produce f,,(t) = 37 Y, (t — 1), where
again Y,,(t—1) is the vector of the L—1 lags of y,, (t—1). Thatis Y,,(t—1) = [y, (t—1)) ...y (t—L)].

Then, for each n € [IN], we estimate a,; Vi € [p,], the parameters for the n-th AR(p,,) process. Let
Q,, denote the OLS estimate defined as

T-1
Gp = argmingegr, Y (Ea(t+1) —a' X, (1) (7)

t=pn

Then, produce a forecast for z, as T,(t) = &, X,,(t — 1), where again X, (t — 1) = [Zn(t —
1),...,Zn(t — pn)]. Finally, produce the forecast for y,, as 7, (t) = fn(t) + ZTn(t). For a visual
depiction of the algorithm, refer to Figure[T]

4 Results
In this section, we provide finite-sample high probability bounds on the following quantities:

1. Estimation error of non-stationary component . First, we give an upper bound for the estimation
error of each one of f1(t),..., fn(t) fort € [T]. Specifically, we upper bound the following metric

T
EstErr(N,T,n) = %Z(fn(t) - fn(t))za ®)
=1

$To be precise, Z  here is the truncated SVD of a sub-matrix of Z,, which consist of its first L — 1 rows.
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where J,,(t) n € [N], ¢ € [T] are the estimates produced by the algorithm we proposed in Section

2. Identification of AR parameters. Second, we analyze the accuracy of the estimates &, Vn € [N]
produced by the proposed algorithm. Specifically, we upper bound the following metrics

@ = anlly Ve [N, ®
where o, = [ap1, .- -, anpn]-

3. Out-of-sample forecasting error. Finally, we provide an upper bound for the forecasting error of
y1(t),...,yn(t) fort € {T +1,...,2T}. Specifically, we upper bound the following metric

N 2T
ForErr(N.T) = 2 37 (@ut) = Elyn(t) [ walt 1) pu(D])?, (10)
n=1t=T+1

where §, (1) Vn € [N],t € {T +1,...,2T} are the forecasts produced by the algorithm we propose
in Section 3] Before stating the main results, we state key additional assumptions.

Assumption 4.1 (Balanced spectra). Let Z(t) denote the Lx NT'/ L stacked Page matrix associated
with all N time series f1(-), ..., fn(-) for their T consecutive entries starting from to. Let k =
rank(Z(t)), and let o1, (Z;(to)) denote the k-th singular value for Z (o). Then, for any ty > 0,

Z(to) is such that o (Z ¢ (to)) > v NT 'k for some absolute constant y > 0.

This assumption holds whenever the the non-zero singular values are “well-balanced”, a standard as-
sumption in the matrix/tensor estimation literature [3}6]]. Note that this assumption, as stated, ensures
balanced spectra for the stacked Page matrix of any set of T' consecutive entries of f1(-),..., fx(:).

Finally, we will impose an additional necessary restriction on the complexity of the N time series
fi(@), ..., fn(t) fort > T (asis donein [3L[5]). Let Z'; denote the (L —1) x (NT'/ L) matrix formed
using the top L — 1 rows of Z . Further, for any to € [T+ 1], let Z'; (to) denote the (L —1) x (NT/L)
matrix formed using the top L — 1 rows of Z(t(). For any matrix M, let colspan(M ) denote the
subspace spanned by the its columns. We assume the following property.

Assumption 4.2 (Subspace inclusion). For any to € [T+ 1], colspan(Z;(to)) C colspan(Z;).

This assumption is necessary as it requires the stacked Page matrix of the out-of-sample time series
Z’f(to) to be only as “rich” as that of the stacked Page matrix of the “in-sample” time series Z’f.

4.1 Main Results

First, recall that R is defined in Assumption G in Assumption k is in Proposition
while v is defined in Assumption Further, recall that \,,; for ¢ € [p,] are the roots of the
characteristic polynomial of the n-th AR process, as defined in Assumption[2.3] Throughout, let ¢
and C be absolute constants, fmax = maxy, (<or | fn(t)|, p = max, pn, Gmax = Maxy ||ay||,, and
C(fmax, ) denote a constant that depends only (polynomially) on model parameters f,.x and 7.
Last but not least, define the key quantity
C)\O
Op = ——r
(1-A)

where A\, = max; ,, | A\n;| and c, is a constant that depends only on /\mﬂ Note that o2 is a key quantity
that we use to bound important spectral properties of AR processes, as Lemma[A.2]establishes.

4.1.1 Estimation Error of Non-Stationary Component

Theorem 4.1 (Estimation error of f). Assume access to the observations y1(t), - - ,yn(t) fort € [T

as defined in (I). Let assumptions and hold. Let L =/ NT and k = k, then, for

any n € [N], with probability of at least 1 — (N%

QY

4
EStErr(N, T, ) < C(fimax,7) (W)

‘See AppendixE]for an explicit expression of cy.
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This theorem implies that the mean squared error of estimating f scales as O ( \/JI\TT) with high
probability. The proof of Theorem [.1]is in Appendix

4.1.2 Identification of AR Processes
Theorem 4.2 (AR Identification). Let the conditions of Theorem hold. Let Q,, be as defined
in @), and o, = [ap1,...,0np,] as defined in (). Then, for a sufficiently large T such that
10%) < pagggm (i:]:;(gg), and for any n. € [N] where EstErr(N,T,n) < ‘72)"87;‘(\1'), we have
with probability of at least 1 — 75,

Cp P TAmax() o2EstErr(N, T, n)log(T)
Amin(¥) \ T Amin (¥) o2 min{1, o2 \nin ()}

|6 — |3 < (12)

Recall that &, is estimated using Z,(-), a perturbed version of the true AR process ,(-). This
perturbation comes from the estimation error of «,,(-), which is a consequence of EstErr(N, T, n).
Hence, it is not surprising that EstErr(IN, T, n) shows up in the upper bound. Indeed, the upper
bound we provide here consists of two terms: the first, which scales as 0 (%) is the bound one would
get with access to the true AR process x,,(-), as shown in [17]]. The second term characterizes the
contribution of the perturbation caused by the estimation error, and it scales as O (EstErr(N, T, n)),

which we show is O (ﬁ) with high probability in Theorem Also, note that the theorem

holds when the estimation error is sufficiently small (EstErr(N, T, n) < Ug)‘gizig“(ql)). This condition

ensures that the perturbation arising from the estimation error remains below the lower bound for the
minimum eigenvalue of the sample covariance matrix associated with the autoregressive processes.
Note that Apax (), Amin (V) and Apax (I') are quantities that relate to the parameters of the AR(p)
processes and their “controllability Gramian” as we detail in Appendix [A.T} The proof of Theorem

M.2)is in Appendix D]
4.1.3 Out-of-sample Forecasting Error
We first establish an upper bound on the error of our estimate B .

Theorem 4.3 (Model Identification (3*)). Let the conditions of Theorem[d.| hold. Let B be defined
as in (6), and 5* as defined in Proposition Then, with probability of at least 1 — x5

o2G?R?log(NT)
VvVNT

1B—BI12 < 0<fmax,v>( )max{ﬁ*n%,l}. (13)

. N . e . A 1
This shows that the error of estimating 8* (in squared euclidean norm) scales as O <ﬁ)

Theorem 4.4. Let the conditions of Theorem[d.2|and AssumptionH.2) hold. Then, with probability of

at least 1 — =5

T + min {o2,0%} /NT

where ¢ is an absolute constant, and C denotes a constant that depends only (polynomially) on
fmaxv v, )‘min(\Il)a )\max(\Ij); 5* and Omax-

~ 2 6 2
ForErr(N,T) < CG3R3p*0’ <p0 log (T) GRo,  log(NT) )7

This theorem establishes that the forecasting error for the next 7' time steps scales as 0 (% + \/11\/7)

with high probability. Note that the O (%) term is a function of 7" only, as it is a consequence of
the error incurred when we estimate each «,. Recall that we estimate «,, separately for n € [N]

using the available (perturbed) 71" observation of each process. The O ( \/11\7*T> term on the other

hand is a consequence of the error incurred when learning and forecasting f1, ..., f,, which is
done collectively across the /N time series. Finally, Theorem implies that when N = ©(T'), the

forecasting error scales as O (). The proof of Theorems 4.3 andM are in Appendix and
respectively.

19The O(-) notation is analogous to the standard O(-) while ignoring log dependencies.
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Table 1: Performance of algorithms on various datasets, measured by mean R2.

Traffic Electricity Exchange Synthetic

SAMoSSA  0.776 0.829 0.731 0.476
mSSA 0.747 0.605 0.674 0.366
ARIMA 0.723 <-10 0.756 0.305
Prophet 0.462 0.197 <-10 -0.445
DeepAR 0.824 0.764 0.579 0.323
LSTM 0.821 -1.261 -1.825 0.381

S Experiments

In this section, we support our theoretical results through several experiments using synthetic and
real-world data. In particular, we draw the following conclusions:

1. Our results align with numerical simulations concerning the estimation of non-stationary compo-
nents under AR stationary noise and the accuracy of AR parameter estimation (Section [5.1)).

2. Modeling and learning the autoregressive process in SAMoSSA led to a consistent improvement
over mSSA. The improvements range from 5% to 37% across standard datasets (Section[5.2).

5.1 Model Estimation

Setup. We generate a synthetic multivariate time series (/N = 10) that is a mixture of both harmonics
and an AR noise process. The AR process is stationary, and its parameter is chosen such that
A* = maxy ; | An| is one of three values {0.3,0.6,0.95}. Refer to Appendix [B.1|for more details
about the generating process. We then evaluate the estimation error EstErr(N, T, 1) and the AR
parameter estimation error ||a; — &1 |, as we increase 7' from 200 to 500000.

Results. Figure [2a) visualizes the mean squared estimation error of f1, while Figure [2b|shows the AR
parameter estimation error. The solid lines in both figures indicate the mean across ten trials, whereas
the shaded areas cover the minimum and maximum error across the ten trials. We find that, as the
theory suggests, the estimation error for both the non-stationary component and the AR parameter
decay to zero as NT increases. We also see that the estimation error is inversely proportional to
(1 — A*), which is being reflected in the AR parameter estimation error as well.

~~ O —]
— 10 A* =03 = 14 A =0.3
& 101 4 A =0.6 & A =0.6
é 1072 B A =0.95 | O 5 B A =0.95
= o
82 3
2 107° =
- T T 0 - T T
102 10° 102 10°
vVNT vVNT
(a) (b)

Figure 2: The error in SAMoSSA’s estimation of the non-stationary components and the AR
parameters decays to zero as N1 increases as the theorem suggests.

5.2 Forecasting

We showcase SAMoSSA'’s forecasting performance relative to standard algorithms. Notably, we
compare SAMoSSA to the mSSA variant in [3] to highlight the value of learning the autoregressive
process.

Setup. The forecasting ability of SAMoSSA was compared against (i) mSSA [3]], (ii)) ARIMA, a
very popular classical time series prediction algorithm, (iii) Prophet [28]], (iv) DeepAR [23] and
(v) LSTM [14]on three real-life datasets and one synthetic dataset containing both deterministic
trend/seasonality and a stationary noise process (see details in Appendix [B]). Each dataset was split
into train, validation, and test sets (see Appendix [B.T). Each dataset has multiple time series, so we

Q
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aggregate the performance of each algorithm using the mean R? score. We use the R? score since it
is invariant to scaling and gives a reasonable baseline: a negative value indicates performance inferior
to simply predicting the mean.

Results. In Table We report the mean R? for each method on each dataset. We highlight that, across
all datasets, SAMoSSA consistently performs the best or is otherwise very competitive with the best.
The results also underscore the significance of modeling and learning the autoregressive process in
real-world datasets. Notably, learning the autoregressive model in SAMoSSA consistently led to an
improvement over mSSA, with the increase in R? values ranging from 5% to 37%. We note that
this improvement is due to the fact that mSSA, as described in [3]], overlooks any potential structure
in the stochastic processes x1(+),...,zy(-) and assumes i.i.d.mean-zero noise process. While in
SAMOoSSA, we attempt to capture the structure of 1 (-), ...,z n(-) through the learned AR process.

6 Discussion and Limitations

We presented SAMoSSA, a two-stage procedure that effectively handles mixtures of deterministic non-
stationary and stationary AR processes with minimal model assumptions. We analyze SAMoSSA’s
ability to estimate non-stationary components under stationary AR noise, the error rate of AR system
identification via OLS under observation errors, and a finite-sample forecast error analysis.

We note that our results can be readily adapted to accommodate (i) approximate low-rank settings (as
in the model by Agarwal et al [3]]); and (ii) scenarios with incomplete data. We do not discuss these
settings to focus on our core contributions, but they represent valuable directions for future studies.

Our analysis reveals some limitations, providing avenues for future research. One limitation of
our model is that it only considers stationary stochastic processes. Consequently, processes with
non-stationary stochastic trends, such as a random walk, are not incorporated. Investigating the
inclusion of such models and their interplay with the SSA literature is a worthy direction for future
work. Second, our model assume non-interaction between the IV stationary processes 1, ..., Zy.
Yet, it might be plausible to posit the existence of interactions among them, possibly through a vector
AR model (VAR). Examining this setting represents another compelling direction for future work.
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A Concentration inequalities for AR processes

In this section, we present two important lemmas that are central to the main results. Before stating
the two lemmas, we start with key important quantities of AR Processes.

A.1 Controllability Gramian of AR Processes

In this section, we explain the notation of key quantities used in the main results. First, note that the
process in (2) can be written in matrix-vector form by defining a transition matrix and input vector

-
A, = {anm(ml) npn } ; B, = { : } :
pn—1 0p,—1 0p,—1
where 0,,, _1 is the column vector of p,, — 1 zeroes. Then, with X, (t) == [z, (%), ..., zp(t —pn +1)],

Xn(t) = ApXn(t — 1) + Buije.

With this setup, we define two important matrices,

D,=Y ALA)),  W,=Y A'B,BI(A]), (14)
t=0 t=0
where U, is known as the controllability Gramian of the n-th AR(p,,) process z,,. For a positive
semi-definite matrix M, let Ayax(M) > 0 and Apin (M) > 0 be its maximum and minimum
eigenvalues, respectively. We define Apax (¥) := max, Amax(Pn) and Apin (¥) == ming, Apin ().
We also define Apax (I') and Apin (I') analogously for I

A.2 Key Lemmas

Now, we present two important lemmas that are central to the main results. The first lemma states
that a vector of consecutive entries of a stationary autoregressive process is a sub-gaussian vector
with variance proxy o?2.

Lemma A.1. Let assumptionsandhold, then, for any n € [N],t > 1, K > 1, the vector
[€n(), ..., 2, (t + K)] is a sub-gaussian vector with variance proxy o2.

This lemma, along with the well known bound on the norm of sub-gaussian vectors, is key to
the bounds presented in Section @ Further, this Lemma, along with an e-net argument, allows
us to bound the operator norm of the stacked Page matrix of the AR processes x1(t),...,zn(t).

Specifically, we establish next that its operator norm grows as O(+//NT'/L) with high probability.
Lemma A.2. ForanyT > 1,1 < L <+/NT, andty > 0, let
Zz(to) = [Z(Jfl,L,T, to) Z(.CL‘Q,L,T, to) Z(.T,‘n,L7T, to)]

be the L x NT/L stacked Page matrix of the AR processes x1(t), ...,z (t), as defined in (2). Let
Assumptions 2.3|and 2.4\ hold. Then, each row [Z,(ty)):. is a sub-gaussian vector with variance
proxy 2. Further, With probability 1 — exp (—cNT/L),

|Z (to) ||y < 2¢o,\/NT/L.

Next, we prove Lemma[A.T|and Lemma[A.2] Before stating the proofs, we start with the important
helper LemmalA.3

Lemma A.3 (MA(oo) representation of an AR(p) process). Let x(t) be a stationary AR(p) process
defined as

2(t) =3 asa(t — i)+ n(t).
i=1

Assume that the roots (A1, ..., \p) of its characteristic polynomial g(z) == 2P — > "_ ;2" are
distinct. Then, x(t) has the MA(oo) representation

x(t) = Zﬁkn(t — k),
k=0
. p k Aj -1
with By, =Y, ;A\, a; = HléjSp, ot (1 — )\—J) .

1R
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Proof. First, note that that we can write 2(¢) in lag operator form as

)& (1 Zai[ﬁ) z(t) = n(t). (15)

i=1

Here, L is a lag operator such that La(¢t) = x(t — 1). Note that since we have assumed the AR
process to be stationary, all the roots of g(z) lie inside the unit circle [26]]. Using the roots of g(z),

(T3] can be written as,
p

[1 = XL) z(t) = n().

i=1
Further, using the partial fraction decomposition we can write the process as

1

a;

Ty =

where,

08

1<j<p, j#i

Recall that we can expand each fraction as

a; >
= LR
e (20)

Thus, finally, we can write x(t) as,

=> Bt —k)
k=0
with B = >0 a; Ak O

A.3 Proof of LemmalA.1]

Proof. First, let X,,(t, K) = [xn(t),...,2,(T + K)] be the vector of interest. Let E,, (¢, K) =
[ (t), ..., (T + K)], then using LemmalA.3| we can write X, (¢, K) as

Xn(t, K) ZﬁmE (t—k, K)

Note that 3,1 E,, (t — k, K) is clearly a sub-gaussian vector with variance proxy 32, o2. Further note
that the sum of two sub-gaussian random vectors, not necessarily independent, is also a sub-gaussian
random vector. To see this, suppose x and y are both sub-gaussian vectors with variance proxies o2
and 05. Then for any v € S¥,

vix+y)=vix+vly
~ subG ((0, + 0)?) .

Thus, X, (¢, K), for any n, is also a sub-gaussian random vector with variance proxy
(Z |ﬁnk|a> <o (Z max m)
k=0 k=0

14
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Pn

Now we are interested in bounding Z;O:o maxy, | Bnk|- To do so, first recall that 3,5, == p) am-)\’fLi
1

where \,,; € C, i € [p,] denote the roots of ¢,(z) and a; = ngjgpn,#i (1 — A"”')i . Let

Ani
-1
H 1 _ >\nj
1<j<p, j#i Ani

Aw = max; , [Api| and ¢y, = > 0", . Then, we can bound 3, as

Pn
|Brk| < A Z |ai
=1

<ey, )\]j
Thus, with ¢y = max,, cx,
> C
A
> max B < : (16)
n 1— X,
k=0
2 2

Hence, X,,(t, K) is a sub-gaussian random vector with variance proxy o2 = (1?; 7z O

A4  Proof of LemmalA.2]
Proof. Let ¢ = NT /L. We will find an upper bound on the operator norm by following two steps: (i)

we will represent each x,,(t) Vn € [N] as an MA(00) process; then, (ii) we will bound the operator
norm of the stacked Page matrix of this MA(co) processes.

Step 1: MA (c0) representation for AR(p).
As a direct application of Lemma we can write z,(t) as,

xn(t) = Z Brktin(t — k),
k=0

-1
: . P k . >\n.A
with Br = 3201 anidns ani = [Ticjop, j2 (1 MZ)

Step 2: Bound the Page matrix for the MA (co) Page matrix.

First, let’s consider, without loss of generality, the case when ¢, = 1. That is, let’s consider
Z, = 7Z,(1). To get the desired bound, we will first obtain a high probability bound on the Euclidean
norm of Z, v for any vector v € S¢~! := {v € Rl : ||v||2 = 1}. Then, we will bound the operator
norm using this and an e-net argument.

Note that by step (1), we have
In(t) = Z ﬁnknn(t - k)
k=0

Now define E; as the analogous stacked Page matrix for n; (¢), ..., nn(t) fort € {i,...,i+T —1}.
Observe that E; are simply identically distributed (but not independent) matrices of i.i.d. sub-gaussian
random variables. Then we can write

Z.=Y Ei ;By, (17)
k=0

where By, € R?*9 is a diagonal matrix with the i-th diagonal [By|;; = 3 rix g, Then
q

HZIVHQ =

> BLE] ;v
k=0

2
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It is easy to verify that E; v is a sub-gaussian random vector (see Definition [H.3)) with variance
proxy o, because for any u € S9~! we have (using F as a shorthand for E;)

L ¢
vIEu = Z Z v By

i=1 j=1

~ subG(o?).

Using the above, B E; v is ~ subG(max,, | 8nx|?02). Since Z, v is a sum of sub-gaussian random
vectors, it is also a sub-gaussian random vector with variance proxy o2 as we showed in the proof of

LemmalA.Tl
Using Lemma[H.2] we get, with probability at least 1 — 4,

1
122 v]|, < 40uy/d + 2041 | log (5)

Equivalently, for ¢ > 0, it holds that

t2
P (||Zov], — 405y/G > 1) < — .
(2., ~ 0,7 1) < exp (- s

Now we have shown that for any fixed v € S¥~1, the quantity ||Z,v||, grows as O (,/g) with high
probability. What remains is to apply the union bound over an e-net to extend this to the maximum
over SE—1 je. the operator norm of Z,,.

Let X be a maximal 1/2-net of SL=1, i.e. a set of points in S¥~! spaced at least 1/2 from each other
such that no other point can be added without violating this property. Now consider v, such that
||Z;—V*H2 = ||Z;||,. Since ¥ is maximal, there is some v € 3 within 1/2 of v,. Since

1Zs v =vlly < 1Zally v = villy < 112l /2,

and
1Z: (v =voll, = |22 vill, = Z5v ], = 12, — (|2 ]

we have that ’
12 v, > 122l /2,

i.e. taking the maximum over Y. is equivalent to doing so over ST~! up to a factor of two. Using the
fact that |X| < C* for some absolute constant C, the fact that L < ¢, and using a sufficiently large
absolute constant ¢ > 0 we have

P(|Zolly > 2c00/a) < Y P(IZavy > cou /)

veD
< 20T exp (—c'g)
= exp (—cq).

where ¢’/ > 0 and ¢/ > 0 are absolute constants. Recalling that ¢ = NT'/L concludes the proof for
the operator norm.

Finally, we show that each row [Z,(¢)];. in the stacked page matrix is a sub-gaussian vector with
variance proxy o2. Consider, without loss of generality, the first row [Z,]1.. Using (I7), we have for
any v € SL—1

v'[Z). = ZVT [E1-xBgli.,
k=0
note that v' [E1_;By]1. is ~ subG(max,, 32, 02), and hence, using the same argument for the

sum of dependent sub-gaussian random variables used in the proof above, we have v '[Z,];. ~
subG(c2).

1A
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B Experiment details

In Appendix [B.T] we detail the datasets used. In Appendix [B.2] we explain the implementations and
hyperparameter choices for our method and benchmark algorithms. In Appendix [B.3] we describe
our hyperparameter tuning strategy.

B.1 Datasets

In the model estimation experiments, we generate a synthetic multivariate time series (N = 10) that
is a mixture of both harmonics and an AR(2) process. The harmonics are generated as follow: we
first generate R = 3 fundamental time series of the form gy, (t) = sin (wit + ¢y) for k € [R], where
wy and ¢y, are uniformly randomly sampled on the ranges [27/100, 27 /50], [0, 27] respectively.

We then sample the N = 10 series using fi(t) = Zf;l ckigr(t) for k € [N], where the mixture
coefficients cy; are independent standard normal random variables. The AR process is stationary, and
its parameter is chosen such that \* = max;, ; |\, is set to one of {0.3,0.6,0.95}. The noise of the
process has a variance 02 = 0.2.

In the forecasting experiments, we evaluate our method and benchmark algorithms on three real-world
datasets and one synthetic dataset. The preprocessing steps and setup of each dataset are described
below.

Traffic Dataset. This public dataset obtained from the UCI repository shows the occupancy rate
of traffic lanes in San Francisco. The data is sampled every 15 minutes but to be consistent with
previous work, we aggregate the data into hourly data and use the first 10248 time-points for training,
the next 48 points for validation, and another 48 points for testing in the forecasting experiments.
Specifically, in our testing period, we do 1-hour ahead forecasts for the next 48 hours.

Electricity Dataset. This is a public dataset obtained from the UCI repository which shows the
15-minutes electricity load of 370 households. We aggregate the data into hourly intervals and use the
first 25824 time-points for training, the next 48 points for validation, and another 48 points for testing
in the forecasting experiments. Specifically, in our testing period, we do 1-hour ahead forecasts for
the next 48 hours.

Exchange Dataset. This is a dataset containing the daily exchange rates of eight foreign currencies,
including those of Australia, the UK, Canada, Switzerland, China, Japan, New Zealand and Singapore,
between 1990 and 2016. We standardize each time series to have zero mean and unit variance since
the range of typical exchange rates varies greatly across the currencies. We use the first 7528 time-
points for training, the next 30 for validation, and the final 30 for testing. All forecasts are made
1-day ahead.

Synthetic Dataset. We generate R fundamental time series of the form gy, (t) = sin (wgt + @) +myt
for k € [R], where wy, ¢, and my, are uniformly randomly sampled on the ranges [27/100, 27/10],
[0,27], and [-5 x 1074, 5 x 10~%] respectively. We then sample N mixtures of the form fy,(t) =

221 ckigr(t) for k € [N], where the mixture coefficients cy; are independent standard normals. We
then inject AR(1) autoregressive noise to each series to produce yx(t) = f.(t) + x(t) for k € [N],
where {1 () }ec[n) are independent processes, each with a fixed autoregressive coefficient & = —0.5
and noise variance o2 = 1. We fix the coefficient to ensure that each time series has significantly
autocorrelated noise that can be exploited to improve predictions.

Table 2: Dataset and training/validation/test split details.

Dataset No. time series Training period Validation period Test period
Traffic 963 1 to 10248 10249 to 10296 10296 to 10344
Electricity 370 1 to 25824 25825 to 25872 25872 to 25919
Exchange 8 1 to 7528 7529 to 7558 7559 to 7588
Synthetic 25 1 to 10000 10001 to 10025 10026 to 10050

17
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B.2 Algorithms

In this section, we discuss the implementations used and hyperparameter tuning details for each
algorithm that was evaluated.

SAMOoSSA & mSSA. Since mSSA is a special case of SAMoSSA where the second stage — fitting
autoregressive models — is skipped, we use one in-house implementation to evaluate both algorithms.
The relevant hyperparameters are as follows:

1. The number of retained singular values, k. This hyperparameter is relevant for both
algorithms. We select k using one of three methods: (i) the data-driven procedure suggested
in [[13]] which computes a threshold based on the shape and median singular value of the
page matrix; (ii) picking k as the minimum number of singular values required to capture
90% of the spectral energy of the page matrix; (iii) picking a fixed low rank, specifically
k=5.

2. The shape parameter of the stacked Page matrix. This is the ratio between the number
of columns and rows of the stacked Page matrix used to carry out the matrix estimation
procedure. While our theoretical analysis fixes this value to 1 (recall that we set L = / NT),
in practice we have found that a slightly wider Page matrix can improve performance. This
parameter is chosen from {1, 3,5}.

3. The number of autoregressive lag coefficients, p. This hyperparameter is only relevant for
SAMOoSSA. While each time series does not necessarily need to use the same value, we
enforce this to be the case for computational efficiency. We choose p € {0, 1,2, 3}, i.e., the
model is allowed to not fit a residual model if it brings no apparent benefit, corresponding to
the case of p = 0.

Prophet. We use Prophet’s Python library with the parameters selected using a grid search of the
following parameters as suggested in [[12]:

1. Changepoint prior scale. This parameter determines how much the trend changes at the
detected trend changepoints. We choose this parameter from {0.001, 0.05, 0.2}.

2. Seasonality prior scale. This parameter controls the magnitude of the seasonality. We
choose this parameter from {0.01, 10}.

3. Seasonality Mode. We choose between an “additive” and “multiplicative” seasonality term.

The parameters for each time series are chosen independently.

ARIMA. We used the ARIMA implementation of the Python library statsmodels [25]. The
hyperparameters are grid searched independently for each time series, and are as follows:

1. Autoregressive order. This is the number of autoregressive lag coefficients fitted, chosen
from {1, 2, 3}.

2. Differencing order. This denotes the number of times the time series is differenced before a
model is fitted, and we choose between 0 (no differencing) and 1.

3. Moving average order. This is the number of moving average lag coefficients, chosen from
{1,2,3}.

LSTM. We use Keras implementation [9]. We perform a grid search on the number of layers {2, 3, 4}.

DeepAR. We use the implementation provided by the GluonTS package [[7]. We use the default
parameters.

B.3 Parameter Selection

We tune hyperparameters for all algorithms evaluated using rolling cross validation. During the
validation step, each model is fitted only once on the training set; then, it repeatedly makes one-step-
ahead forecasts and is afterwards provided with the realized value, in order to use the updated data to
make the next forecast. During test time, the model is fitted on the training and validation sets, and
similarly repeatedly makes one-step-ahead forecasts with the fitted parameters. For the models that
choose one set of hyperparameters for all IV time series, the mean R? score over all time series on
the validation set predictions is the metric of choice.

1R
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C Proof of Theorem 4.1]

In this section, we provide the proof for Theorem .1l While the analysis generally follows the
argument for the imputation error in [3l], we adapt it for our different assumptions and metric of
interest. Metric. First, recall that our metric of interest is

T

1 —~
EstErr(N,T,n) = — W(t) — falt))?. 18
=tEre(N.T.n) = 7 3 (Fult) = Fu(0) (18)
Recall that Z is the stacked Page matrix of Ah R AN, and Z is the stacked Page matrix of
f g f g
fi,-.., fn. To bound this error, we first establish a deterministic bound through a general lemma for

Hard Singular Value Thresholding (HSVT).

C.1 Deterministic Bound

We state the following result, a more general version of which is stated in [3]].

Lemma C.1 ([3]). Fork > 1,letY = M + E € RY*P with rank(M) = k. Let U,S. V. and
Uk EkVT denote the top | k smgular components of the SVD of M and'Y respectively. Then, the
HSVT estimate M = UkEkV is such that for all j € [q],

B3

152, - M7 < 2 L2

= (5] Iy )+ 2veviTeg

2’

Proof. First, note that

—~T S5 S VAR,
M; -M/ = (VkaTYI — VkaTMjT.) + (VkV,IM; - M;),

~T o~ o~ ~ o~
where M; =V, V] YjT. by definition. Note that the vector (VkV,I M ]T -M ]T) is in the span of
a subspace orthogonal to Vk{/'T, and hence we have by the Pythagorean theorem,

2
- M/

HM MT
2

~ o~ ~ o~ 2
= [Viviy] - viving||

~ o~ 2 PN 2
- HVkV,jEjT + HVkV,IMjT Ml (19)
2 2
The first term can be futher decomposed as
~ o~ 2 PN 2 2
Hvkv,jEjTH < 2“Vkv,jEjT - VkaTEjH n 2“VkvaEjT"
2 2 2
~ o~ 2 2 2
e i 1 e VA
2 2 2

Next, we bound the first term on the right hand side of [20). To that end, by Wedin sin ©® Theorem
(see [10L[32]]) and recalling rank(M) = k,

~ E
HV’kaT' _VkaTHQ = JL(]J;)
Then it follows that
PN 2 E
e A
2 Uk

Then, we turn to bounding the second term from (T9).

~ o~ 2 ~ o~ 2
R A 1

IN

~ o~ 2 2
[vivi - viviT| o]
2 2

IBI3

_o_k

HMT (22)
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Using (19), 1)), and 22)), we have,
1 E]13

23
or (M (23)

2
[ - aai ], <2 G (1871 + i )+ 2fvevi e

which completes the proof. O

Now, Let’s apply Lemma|C.1]to our setting. Let Z, be the stacked page matrix for z1(t), . .., z,(t).
Using Lemma and settingY = Z,, M = ZJT, E = 7], and reusing Uy X'V}, | to represent
the top k singular components of the SVD of Z, results in the following deterministic bound for
HSVT with rank set to k&,

. AL
7, —[Z H
|21 - 1240, <2 oL

(bl ) oo s

C.2 Deterministic To High-Probability

Next, we convert the bound in (24) to a bound in expectation (as well as one in high-probability) for
|1Z; — Z¢||2,00. In particular, we establish

Theorem C.1. Let assumptions and hold. Let o, = ﬁ, where A, =
1 R
max; ,, |Ani| and ¢y = max, Y ", ’H1<j<p, i (1 - :\\"”_') ‘ Then, the HSVT estimate Zy

with parameter k is such that

Co2klog(NT/L)
L i

2 2 2
maXfH 70, [Zf],jH Coz(NT)”

2 2
25
L= By (1) * &

with probability of at least 1 — W

Proof. We start by identifying certain high probability events. Subsequently, using these events and
(24), we will conclude the proof.

High Probability Events. Let ¢ := NT'/L be the number of columns in the stacked page matrix zZ s
and let C' > 0 be some positive absolute constant. Define

= {12 < Cou v},

~{iz. < oy,
By = {maxnUkUmzmu% < Co2klog(a) }.
Jj€ldl

Lemma C.2. For some positive constant ¢ > 0 and C' > 0 large enough in definitions of E1, Es,

and Es,
P(El) Z 1 Qe 1
P(Ey) > 1—2e 4
C1
P(E3) > 1—
( 3) il (NT)]_]_

Proof. We bound the probability of events above below.

Bounding E;. This is an immediate consequence of Lemma|[A.2]

Bounding FE>. Recall that we assume L < g¢. Observe that for any matrix A € RELxq
lAllco.2, [[All2,00 < ||All2. Thus using the argument to bound E+, concludes the proof.

20
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Bounding Es. Let uy, . .., uy be the orthonormal basis for Uy. Then, consider for j € [¢],

k 2 k
AV J||2—Zuul 2115 <3 (w2ds) = 22

where Z; = u; [Z,].;. As shown in Lemma- ].; is a sub-gaussian vector with variance proxy
o2. Using Lemma | we have

k
t
IF’(Z:Zi2 > t) < cexp < 16k02> .

i=1
Therefore, for choice of t = C'o2k log(q) with large enough constant C' > 368, we have,

k
C1
P(ZZE > Co—iklog(q)) <
i=1
Recalling that L < ¢, and taking a union bound over all j € [g], we have that

P<E‘T) : (qzl)” '

The following is an immediate corollary of the above stated bounds.

Corollary C.1. Let E := FEy N Ey N E3. Then,
Cq

IP(EC) < (NT)ll ’

(26)
where C is an absolute positive constant.

Thus, under event E, and using (24), we have, with probability 1 —

= 2 Colq
Z"_Z'H<7i 24 qf2
[ f] J [ f} Iy = Jk(zf)2 (CIO'J, +qua,x)

+ Caﬁk log(q)

T
(NT)10>

max
J€ld]

Recall that ¢ = NT'/L then,

2 Co2(NT)? CoZklog(NT/L
mafozf [Zf]'jH< NT)” 5 o aklog(NT/L) 27

jeld L 2 LgCTk(Zf)2 (UI—’_ max) L

This completes the proof of Theorem Finally, now we are ready to bound EstErr(N, T'). First,

let 2, = {(" Ll) +1,..., %} be the set of columns in the stacked Page matrix Z ¢ that belongs to
the n-th time series fn( ). Note that
1 2
fZ(fn( fn T Z H Zf H
t=1 JEQ,

1 Co?(NT)?
= m 2 2
TjEQn L O‘k(Zf)

_ Col(NT)?
- L30'k(Zf)2

. . 2
Choosing L = v/ NT, and using rjk(Z]c)2 > %, we get,

(02 + f2,.) + Co2klog(NT/L)

CoZklog(NT/L)

T
1 &S C otk log(NT)
=D (Falt) — falt))? < o
Finally and setting k = RG concludes the proof. O
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D Proof of Theorem 4.2]

In this section, we prove Theorem 4.2] which bounds the estimation error ||, — ||,V € [N].
First, recall the OLS estimate &, = [Q,1,Qn 2, - - - O, p) defined as

T—-1
Gy = argmingeg, Y (En(t+1) —a' X, (1)% (28)
t=p

~

where X, (t) = [Z,,(t), ..., En(t — p+ 1)]. Alternatively, the OLS estimate can be defined as,
Y ~T ~ _ 1/\T ~

where 3(\,, € R(T=P)xP ig the row-wise concatenation of )A(n(t) fort e {p,p+1,..., T — 1}, and

Y, = [Zn(p+1),...,2,(T)]. Further, consider the OLS estimate with access to the true AR(p)
series ,,(+). Precisely, let &, defined as

an = (X, X)X Y, (30)

where X ,, € R(T=P)X? is the row-wise concatenation of X,,(t) == [z, (t),...,z,(t — p+ 1)] for
te{p,p+1,....T—1},and ¥, = [xn(p+1),...,2,(T)].

In what follows, as we do the analysis for one process z,,, we drop the subscript n. We note that the
analysis holds for all n € [N]. First, note that,

~ 2 -~ — 112 _ 2
o —all; <2 —all; + 2[la—al, 31

To bound ||& — oz||§, we use Corollarywhich states that with probability 1 — =1,

2 T Amax(¥)
~ 2 < p max )
||Oé aH2 — CT)\mm(\Ij) lOg Amln(\Ij) (32)

Next, to bound ||& — d||§, let M' .= (M "M)*M" denote the Moore—Penrose inverse of a
matrix M. Further, let §(¢) = z(t) — Z(t) = f(t) — f(t),and A = X — X, i.e., A is the row-wise
concatenation of A(t) = [6(t),...,0(t —p +1)]" fort € {p,p+ 1,...,T — 1}. Then, with
Ay =[0(p+1),...,0(T)],we have

la—al, = |IX'v-xty
2 2

— XAy +(xt - X\T)YH
2

IN

oy, Jox - X

IN

t ~t
X' avi, + | xt =X v,

2
)
2

—~f ~ 2
< X, navl +2 maX{HX*! X H2}||A|2||Y||2 33)

Where Lemma [H.6]is used in the last inequality. Note that,

—1
2 werriull,=1

—1 o
X, = eninty - P
2

2 vERP:||v||,=1

inf X - A
- I Jolly

> \/ )‘min(XTX) - HA”Q (35

77

https://doi.org/10.52202/075280-0369 8463



Using (33), (34), (33). and the theorem conditions, we get
1Ayl 2[|A[l [1Y]l,

~

I~ al, < = n -
Moo XTX) Al iy {)\min(XTX), (VranX7X) - a1, }

(36)

Using Corollary [E-T| we get that with probability 1 — 75+

1
Amin(X T X) > 5(;Q(T — P)Amin (P). (37)
Now, note that || Ay |3 = ZtT=p+1(A(t) — f(t))?%, and
T

) N

A3 <Al <pY (F(t) = F(1)*. (38)

t=1

Recall that Zthl (f(t) — f(t))? = TEstErr(N, T, n), which we will refer to herein as EstErr(N, T)
as we drop the dependence on n. Therefore, we have,

|A||2 < pTEstEr(N, T) (39)

|Ay||3 < TEstErr(N,T). (40)
Finally, using Lemma with probability at least 1 — =77 it holds for an absolute constant C' > 4,

Yy, < Cou/Tlog(T). (41)
First, note that, using and (39), we have

Jﬁ e
>\min(XTX) - HA||2 p pTEstErr N T
> CU\/TAmin( ), (42)

for sufficiently small EstErr(N,T') such that EstErr(N,T') < UQA“&*;“(\P). Now using (36), 37), (39).

(@0), @), and @2) we have,

Co,\/pEstErr(N, T) log(T)

a—al, <
| I = min{ o2 Amin (¥), 0/ Amin (¥) }

Therefore,

_ plog(T) o7 1
—all; < O =S S TS ESEn (N, T L— 4
|| ||2 C o () o7 stErr(N, T) max (@) (43)

finally, using (31)), (32)), and [@3), we get with probability 1 — #tr,

~

o —

plog(T) iﬁ 1 Cp? T Amax(P)
||2 Cimm(\l’) p EstErr(NV,T) max < 1, T (T + T () log o (1) )

(44)
which completes the proof of Theorem 4.2}

1
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E Identification of AR processes

In this section, we state key theorems for the identification of AR processes without the perturbation
we consider in this paper. The theorems in this section and their proofs follow closely the ones in [17],
we modify them to accommodate general sub-gaussian noise and state them fully for completeness.

First, consider the stationary AR (p) process defined by the transition matrix

-
A= |Yp-1 W 7 45
{ I, OPJ “45)
where 0,1 is the column vector of p — 1 zeroes, and input vector
1
B = : 46
o 6)

Then, with X (t) := [2(t),...,2(t — p+ 1)], the AR process is described as
X(t) = AX(t — 1) + B. (47)

With 7; being a sub-gaussian random variable with variance proxy o2 With this setup, we define two
important matrices,

= ZAt(AT)t (48)
U=> A'BBT(AT), (49)
t=0

where W is known as the controllability Gramian.

Theorem E.1. Consider the AR(p) process described in @1), {n:} is an i.i.d. mean-zero sub-
gaussian noise with variance o2. Given 0 < € < 1, define the following quantities:

Vy = o*(T — p) (U — €I)
Vy = 0*(T —p) (¥ + )

0(e,T) := cexp <56\/T>

p
75202p% log(p)? 4
TO(E) = $04€2 max{1,||a|\2}
where c and ¢ are constants that depends only on the process coefficients o, . .., op. Then, for

T > Ty(€) and all valid values of € such that V; = 0, we have
PV, 2XTX 2V,) >1-6(e7).

Remark E.1. To get V; = 0, one must choose a sufficiently small € such that (¥ — €I') > 0. Using
Weyl’s inequality, we have

)\min(\l’ - EF) Z Amin(\ll) - 6/\max(r)- (50)
This suggest that ¢ < /\‘“‘“((‘Irjg yields V; >~ 0. For example, a choice of ¢ = )‘m‘“((r)) will yield

Vy = %0'2<T — P)Amin (¥)Ip,. Note that this ensures € < 1/2, since € < i‘\ii’;((%) andT' = WU as can
be seen from

2] (D — W)z = Z 2 AW AT 2 — 2] A'BBT (AT)!2
t=0

—ZH (A7) 4], = (BT (AT)2)”
> 3 ATl - 1B AT

> 0.

24
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Proof. First, write
T-1

X'X = Z XX/
t=p

Expanding the summand using the process dynamics yields
Xt+1Xt—:.1 = (AXf -+ B?]t+1)(AXt + B?]t+1)T
=AX X AT + 1 AXy BT + i BX, AT + 07, BB,

Now, defining V> = X T X /(T — p), we can sum the expression above overt =p—1,...,T — 2 to
get

T—2
1
Vr = AVTAT—&—m (A(Xp—lXpT—l - X'T—lAX:IT“—l)AT + Z (77t-i-1AXtBT + 77z£-~—1BXtTAT + 77t2+1BBT)> .

t=p—1

Er

This is called a Lyapunov equation, and due to the stability of the process it has solution Vp =
Yooy A'Ep(AT)!. The key step is to argue that E7 converges to 0> BB with high probability,
which will allow us to show that V7 converges to o2W. To do this, we will split the terms in Ep
into three groups, handling them separately. For some € > 0, we will bound the probability of the
following events:

P (A(Xp1 X,y = X1 X7 _1)AT) < eo®(T = p)/3},
p ( iy (21 BBT — UQBBT)) <ed?(T —p)/3} ,

t=p—1

{
& = {
&3 = {P (ZtT;p?,l N1 AXe BT + Tit+1BXtTAT) <er*(T - P)/3} ,
where p (-) denotes the spectral radius of a matrix.
Lemma E.1. With the setup above, it holds that
P(&)>1—cexp (—602\/2?>
3ozp(llally +1)

for some absolute constant ¢ > 0.

Proof. Note that
P (A(Xp—lX;;r—l - XT—leT—l)AT) <er*(T —p)/3
= p(AXp1X, |+ Xr_1 X5 )AT) <ed®(T—p)/3

= [ AXpoll; + I1AX 715 < e0*(T —p)/3

ea?(T — p)

= | Xpall + 1 Xroalls € i
e ? 31 All,

(T — p)

= || Xpoaly V IX7_a]; < ,
P 2 6 (14,

so, considering the fact that X,,_; and X7 _; are identically distributed by stationarity, it suffices to
upper bound the probability of

2 T —
& — {|Xp1||§ > m(p)}.

6 {14l

2_2
First, recall that X,_; is a sub-gaussian vector with variance proxy (1"_7/\7)2 = 02 (see Lemma .
Thus, using Lemma [H.2] for

75
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2(T — p) ea?(T — p)
pIx, 2> TP 6Tl
(1o = i) < e (g,

< voxn [ VT
=P\ T3024], )

where in the last inequality, we used the assumption 7' > Ty(e) > 752p2. Finally, note that
[All, < Tr(A) = [|a]|2 +p—1 < p(||e]|> + 1). Recalling that P (£;) > 1 — 2P (£’) concludes the
proof. O

Lemma E.2. Continuing with the setup above, it holds that

—ex/Ti—p).

P (&) Zl—cexp( 15

Proof. Since the spectral radius of BB is unity, & is equivalent to the complement of the event

& ={|r-p T (R - ?)] > e?/3)

Since 7,41 is sub-gaussian with variance proxy o2, n? 1 — o2

1602, Thus, Lemma applies, and therefore,

is sub-exponential with parameter

P (&) < cexp <_6\/4?> (51)
O
Lemma E.3. With the same setup, we have
e’ T

P(&)>1—cexp | — 5
75p02 (2+ al})

as l()ng as
75%03p? lo 2 2
T> To(e) . zP g(p> (2 H ”g) )

ote?
Proof. Recall the definition
53 = {p (232_17271 7’]t+1AXtBT + 77t+1BXtTAT) S 60'2(T - p)/3} .

For the sake of a variational analysis of the spectral radius, consider any vector ¢ = [¢; §']' € R?
such that ||¢||, = 1. For notational simplicity. Then

0" (S0 e AXBT + 001 BXTAT) g < 2| M]l,.

M+MT
Next, we aim to bound || Mg||,. First note that only the first column of A is nonzero which evaluates
to
T-2 T
Zt: 1 « X t

Zt:ipzfl T (52)

M~,1 = Mt4+1 *

T—2
Et:pfl Tt—p+1

Therefore, we have Mq = g1 M. 1, which implies that for any unit vector g,

p
g (M+M")g<2,|> M.
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Therefore, we will bound P (£5) by

=1
2T_
<y P (|M,,1| > E"ép)> (53)
i=1 VP
First note that each term IP(\MM\ > %\%_p)) can be upper bounded by

ZIP’( t=p z X, 1M > %) where z1 = a and z; = e;_1 for ¢ > 1 where e; is the
i-th standard basis vector. Using Lemmaand choosing Z; = z: X1 and W; = 0, we have that

(St w2 S 2 <)) s (gl )

and thus

2

T—1
_ K
P (Ef:pl mzl X1 > m) < exp (— 202/\> +P (Z(zjxt_ly > A)

t=p

[§;2 T-—1 ) 5
< exp (—QUzQ TP (z 1XemalE > A 1l )

What is left is to bound P (Zf 02 x? > ﬁ) . Using Lemma we get,
#ll2

(Z ) < cexp <—/\22> (54
-0 plz Hz 16pT'a | 2l;

Choosing k = eo?(T — p)/(6/p) and A = ||z||§ €a®T3/? yields

_ 2(p_ e(T —p)? eo?\T
p( -1 Txf>m>< SRS S 2 — ).
Dty M7 Xi—1 > v < exp op R T2 + cexp T6p0?
Which implies, that for T > 50p, we have,
T 1 2
(Zt =p Yzl Xooq > 2R (\Tfp)) < ceXp( T min{ I }), (55)

p 75|2))3" 1602

for some absolute constants ¢, C' > 0. Now, note that

{ 1 o2 }> 1. { 1 02}
N ———,—— ¢ > —mnq ——, —

752, 1603 75 Izl o2

102 | 1

—r —3 in —,1
Ho; 215

1 o2 1
75021+ ||2ill3
1 o2 1
75022+ [|all3’

v

Y

Y
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Thus, using (33) and (53)), we have

P(£S) < ijp(m” > GUQ(T_p)> (56)
pa ’ Ovp
p T-1 2
o’ (T = p)
<> 2P (Z 2 Xy > ) (57)
1=1 t=p 6\/ﬁ
2
T
< cpexp | — co?y/T 5 . (58)
75p02 (2+ al})
Using the condition T' > Ty (e€) concludes the proof. O

Now we argue that the sum of the probabilities deduced from lemmas (E-I), (E-2), and (E-3)) can be
expressed in the simple form of é(e, T') as defined above. First, from lemma (E.I]) we have

1 o2 eﬁ)

(lof; +1) 9% »
From lemma (E2)), and T’ > Tj(€) > 50p we get

P (&) < cexp (ETp) < cexp <eﬁ>

P(&1) < cexp <—3

48 49
Lastly, lemma (E3) says, for T > Ty(e),
ea®T
75p2 (2+ a3

P (&) < cexp | —

Thus we can write

1 ea?T

P(EfUELUEL) < cexp 4
75 (2+al}) PO

= 0(e, T).

. ~ 2 .
Where in the statement we set & = W% Using lemmas (EI), (E2), and (E.3) and the
3) o2

subadditivity of the spectral radii of symmetric matrices, we get with probability at least 1 — §(e, T')
that

EN&ENE — p(ET—O'ZBBT) SGO’2
— 0%(BB" —el) X Ep < 0%(BB" +€I)
— o2(T —p)(¥ — ) < XX < o*(T — p)(V + I).

O

Finally, we establish the following corollary, which is an immediate consequence of Theorem[E.T}
Corollary E.1. Consider the AR(p) process x, described in (AI). Let X € RT=P)*P such that
[X]ij = it j—1. Then, for sufficiently large T' such that 103(%) < ﬁ (iTX((\IIi;) we have that with
probability 1 — =1,

Anin(XTX) 2 5077~ p)Ain (V). (59)
A (X TX) < gUQ(T ) A (), (60)
1 o'2

where ¢, C are constants and ¢ =

in (]EI)

(2 HalE) o3 1 (the controllability Gramian) and I" are defined

7R
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Proof. Note that according to Theorem [E-T| Weyl’s inequality (see Lemma [H.3)), and using € =
HpLoeT) e have, with probability 1 — 7%,

&T
)\mm(X X)>o0o (T D) (Amin(¥) — eAmax(T)) (61)
plog(T) )
T Amin () — 11 Amax (T 62
) (Auin 2 (D) (©2)
1
5 T p) mln( )) (63)
Also,

AmaX(XTX) < UZ(T = P) (Amin(¥) + eAmax (")) (64)

3
< 50T = p) Qumin (V) - (65)

What is left is to check the condition on 7" and e. Note that Theorem [EI| requires 7' >

2 4
% max{1, ||a||4} which with our choice of € implies 7" > p. To see that the choice of ¢

: ; 11plog(T) Amin (V) : . :
is valid, note that T <3 (1) which validates the choice of €. O
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Theorem E.2. Consider the AR(p) process described in &7). where {n,} is an i.i.d. mean-zero
sub-gaussian noise with variance . Let o == [y, . . ., ap]‘r and & be its least squares estimator. If
T > To(€), then for any unit vector w € S,

— /2
. det (V,V, ' +1,)"
_ 1/2 uVy
Pl|w’ (afa)|>2anTV[ /H2 10g< 5T i < 26(e,T),

where Vi, V,, Ty(€), and §(e, T) are as described in Theorem|E.1|

Proof. Write E = [p11,...,n7] . Using Cauchy-Schwarz, we have
T (@(T) - a)| = o (X"X) ' XTB|
< wreemo ] o) ex e,
Now we will need to introduce a lemma from [[1]]:

Lemma E4. Let {F,}:° be a filtration. Let {n;}72, be a real-valued stochastic process such
that 0, is Fi-measurable and is conditionally sub-gaussian with variance proxy o> > 0. Further,
let {X;}5°, be an R%-valued stochastic process such that X, is F;_1-measurable. Consider any
positive definite matrix V € R, For any t > 1, define

t t
Vi=V+Y XX, S=) nX.
s=1

s=1

Then for any § > 0, with probability at least 1 — § for all t > 1,

det (V)2 det (V) ~1/2
nst3,1§2a2< W et ).

We will apply this result to bound the second term above. Choosing V' =V, Zi:l X X] =XTX,
and S; = X" E, we have with probability at least 1 — §(¢, T)

5(e, T)

det (XTX + V)2 det (V)12
IXT Bl vyt < zazbg< et (XTX + Vi) det (vi) /)

Now further condition on the event of Theorem [E.I} which occur together with the condition
above with probability at least 1 — 25(e, 7). Recall, then, that XX + V, < 2XTX, and so
(XTX + V)=t = 2(XTX)~!. This means that

|XTX)72XTE|| = |XTEllxrx01

< \/iHXTEH(XTXH/z)*l

T 1/2 —1/2
<o 1Og<olet(x X + V)2 det (V) )

0(e, T)

=20

oy [(det (XTXV, " 4 )"
8 3(e, T)

0(e,T)

det (V,V, 4 1,)"?
<20 10g<e(VVZ + 1) .

Finally, it is clear that under the conditions in Theorem we have HwT(XTX)_l/ 2H2 <
Jeomve ], 0
2
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Corollary E.2. Let e = 12M, where ¢ is as defined in Theorem (EJ). Then, for T such that

&T
1 (T) ¢ )‘min(\lj)
O\gﬁ <35 (Amx(l“)) we have
P(la-al,>C L g ((LAmax()) )
2 P T)\min(\:[/) & )\min(\:[/) - 1
Proof. First, note that with the choice of € = 12“%\/%?) we have,
§(e,T) = cexp(—log(T"?))
c
= 71 (66)
Hence, —log(d(¢,T)) = Clog(T). Further,
o) <
2 2
= )\max(‘/gil)
B 1
)\min(W)
1
<
U\/(T - p) (Amin(\p) - eAmax(F))
2
; (67)

T o (T—p))\mm<\ll)
where the last inequality holds with probability 1 — 6(e, T') using Theorem [E.1| Finally, consider
det (Vo, + Vi)
det (V7)

)
1 (2702 (T — p)P det (V)
28 ( det (V) )

(68)
Note that, again by our assumed condition on ¢,
1
det (V) > 3 det (D)

%azp(T — )P Amin (V)P (69)

v

Using (69) and (68), we have,

1 2r+1 det (U
o (e 1217 1)) = 1o (000

Amax (¥
m()

From (70), (67) and (66), we have,

det (V, V' +1,)"?
QUHwTV[l/?H 10g< ° ( e + p)
2

0(e, T)

Cp 4)\max(\ll)
< T o () v o

21
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Using and Theorem we get that with probability 1 — 25

_ Cp A max (P)
|i(T) — ai < \/(T o () \/1Og (Amin(\lf) ) + log(T), (72)

For any i € [p|. This implies,

la—all, < ;|ai<T>—ai|2<\/<T_]§§im@)\/1og(?;jﬁ)+log<T>, 73)

with probability 1 — =iz which completes the proof. O
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F Proof of Theorem
F.1 Setup

Recall 8* as defined in Proposition and its estimate 3 defined as

NxT/L

B= argmingepr—1 Z (Ym — ﬁTﬁm)2. (74)

m=1
To establish this bound, we first define (and recall) the following notations,

* Recall that Z, = [Z(y1, L, T,1) Z(y2,L,T,1) ... Z(yn,L,T,1)]is the stacked Page
matrix of yq(t), ..., yn(t) Vt € [T].

* Let Z, be the stacked Page matrix of z1(¢), ..., x,(t) Vt € [T].
* Let Z; be the stacked Page matrix of f1(t),..., f,(t) Vt € [T]. Thatis, Z, = Z; + Z,.

s LetZ € R(E-Dx(NT/L) be the sub-matrix obtained by dropping the L-th row from the
stacked Page matrix Z,. Define Z/; and Z;, analogously.

* Let UXV T denote the SVD of Z.

+ let V- and U be matrices of orthonormal basis vectors that span the null space of Z} and
VA JT respectively.

PP . el
* Let UXV " denote the top k singular components of the SVD of Z , while U+X™ (V)T
~ ~ o~ ~

denote the remaining L — k — 1 components such that Z;, = UXV'T + U+x (V4)T.

e Let 2} be the HSVT estimate of Z'; with parameter k. That is Z,=UxVT.

F.2 Deterministic Bound

First, given the notation above, the solution for (74)), can be written as,

~~—1 ~

= (%) @) = U8 VT2, 75)

1B — 8|3 = [T (TH)T(B - %) + U(U) T (B - 53
= [THTH (B =893+ 0(0) (B - 813
= [THUHT(B -+ 10T (B - 53
= [THOH T3+ T (B - 83, (76)

~ o~ ~ ~ ~ 71 o~
where the last equality follow from the fact that (U+) T3 = ((UL)TU) ¥ V'[Z,]L =0. Now,
consider the first term in (76), and note that 8* = uu' g,

||I~JJ‘(I~JJ‘)Tﬁ*||2 _ UJ'(UJ')TUUTﬂ* + (ﬁj_(ﬁj_)'l' . UJ_(UJ_)T)

IN

(GL(GL)T _ UL(UL)T>

IN

THOHT - Ut U 1,

~ oo —uuT|| s, )
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Next, by Wedin sin © Theorem (see [10, [32]]) we have:

. o N2 =2
HUUT _ UUTH2 18l < —2— L2 118711,

on(Z})
- 12 ”2) 18 78)
That is,
OO 5 < L2 ”2) 16 19)

What is left is bounding |[UT (8 — 5%)]|2.

B8*)||5. To that end, first consider
1(Z7)T (B = B3 < 2I(Z}) "B —(Z)) " 8115 +20(Z)) " 8* — (Z)) " 87113
<2((Z}) "B — (Z)) B3 + 2112} — Z 13, 118" 13- (80)
Also, consider

1Z)T(B- B2 =(B-p)TUS'TT(B- )
> o (Z))?(IUT (B - 8|3 @1)
From (8T)) and we get,

107G -5l < —= )(n( DB @) TEIE+I1Z) — Zp 3 8TNR) . (8D

First, recall that [Zy] 1. = [Zf]L. + [Z.]L., and that by definition, (Z;) T 8* = [Zy]L.. Then the term
| (Z/f)TB - (Z})TB* ||2 can be bounded as follows. First, consider

I(Z5) T8~ (Z) 7815
— 2B~ 1201~ NZalo 3 +2 (@) B - @) T8Y) (2]

< @)TB ~ ol ~ NZole 3 +2 (@B - (@) 78) (2l

= (Z) "8~ [Bls. — [Zelu 3~ N2l 3 +2 (@B - ()78 [Za]1
_ H (Z,-2) 5 [z

2

|-y

2
izl +2 ()75 - 2)78) (2

()3 @)Ts) 12 )

Note that (Z,)T8 = VEUTS = VEUTUS'VT[Z,],. = VVT[Z,],. and (Z))7p* =
VSUT B, thus,

()78 @) 8 1z

Z,], VVT[Z,].. — 8" USVT[Z,].

- ( V- ,B*TUE> VT ([Z,)L.
_ ( Z, ]IV — /3”6?3) VTIZ.],.
_ (5*Tz’v 5LV V(2] +||12] VHz

* T g/l * T rp/
p* Ly — 5" Iy

<]

~ 2
<12y = 2ol |[ZIL V]| + (2R V) s

~ ~ 112
V7] + ],

24
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Finally, from (82) and (83) we get
TN *) (12 2 / 7/ 112 *2
T (B =895 < —=— | 2127 = 275187117
on(Z))?
, ~ (12
112 = Z 2 181 |21V + |12V
< (212 - ZR 1571 + 2LV
- O’k(zlf)Q d iz ! sl )

112
The term H (Z,] IVH can be further decomposed as

|2.) VH <2|[Z.]L(VVT - VVT) H +2]|[Z.]LVVT|
Using Wedin sin © Theorem,

!/

Therefore,
U (3 * 8 ! * HZ H 2 T 2
IW‘W—BN@<WJ%Pwa— BB+ s 12 .m+Mahvm).
(85)
From (76)), (79), and (83)) we have
R - P e A
2 = (Z/ ) 2 k(Z/f)Q
8 Vi ! *
+——— (212} - Z 318713 + 1211V ). (86)
o (Z)?

F.3 High probability bound

Let ¢ :== NT/L be the number of columns in the stacked page matrix Z/., and let C > 0 be some
positive absolute constant. Define

B; = {1z, )12 < Con v},

Ey = {[Zs]1.]l, < Couval,

B = {12~ 2yl < S (04 Fh) + Cothlontn)}
By = {211V, < Cou/klog(a) .

or(Zy
Lemma FE.1. For some positive constant ¢c; > 0 and C' > 0 large enough in definitions of E{, E}, EY

and E',,
4 P(E}) > 1 - 2¢~9,
P(Ej) > 1— 2719,
P(E) >1— (N;{)H
P(E}) > 1 - (Ncﬁ
25
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Proof. We bound the probability of events above below.

Bounding E’ and E!,. Note that Z/, is a sub-matrix of Z,, and its operator norm is bounded by that
of Z,. Hence, as the probability is an immediate consequence of Lemma[A.2] The second event
probability follow from the fact that ||[Z;] .||, < [|Zz]],-

Bounding E’. This is immediate from Corollary [C.1]and its consequence in 7).

Bounding E,. First, recall that [Z,] 7. is a g-dimensional sub-gaussian vector with variance proxy o2.
That is, for any unit vector v € 8971, [Z,]1.v ~ subG(c2). Now, recall that V € R7%F js a set ofk:
orthonormal vectors V;,i € [k]. Let Z; = [Z,].. V;. Clearly, Z; ~ subG(c2). Therefore, [Z,]..V

is a k-dimensional vector with dependent sub-gaussian entries with variance proxy 2. Using Lemma

we have

t2
_ < - ).
P(1Z:]1. V] > t) < cexp ( 16kag)

Therefore, for choice of t = C'o,.+/k log(q) with large enough constant C' > 19, we have,

C
P(I[210.V 1|2 > Coey/klog(a)) < 5.

q
Recalling that ¢ > L, and ¢ = NT'/L, concludes the proof. [
Let E' := E} N E} N E{ N E}. Then, under event E, and using (86), we have, with probability
1~ g
~ Co?
18— 5*|13 < g8 113+ —2—
2 (Z/) 2 k(Z})Q
Co? ( 'S 2 2
+—== o2 4 f2.) + klog(q) ) max{||5*||?,1} |.
Uk(z/f)2< Uk(Zf)2 ( ) ( ) {” Hl }

Choosing L = v NT, and k = RG, recalling Assumption and using Weyl’s lemma lb to
bound |0 (Z)? — o%(Z;)| we get,

Cy?02RG

18- 5718 < o= <¢NT/3*||§ + RGlog (NT)

+ (06 02 + £ + HGOIog(VD) ) 5*”%)

< OV fiaxos R?G? log(NT)
= VNT

which concludes the proof of Theorem.3]

max{[| 8|3, 1},
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G Proof of Theorem 4.4

In this section, we prove an upper bound on the forecasting error,

ForErr(N,T) = = > D (G(t) — ()",
n=1t=T+1
where 7,(t) = Eya(O)lyn(l),...,unt—=1)] = fult) + Tp(t), where Z,(t) =

E [z, (t)|zn(1),...,2,(t — 1)]. First, recall that for t > T,
n(t) = Fo(t) + Zu(t) = B Yalt = 1) + @y Xa(t — 1),

where Y, (t — 1) = [yn(t — (L — 1)),...,yn(t — 1)], and )?n(t — 1) =[Zp(t—p),...,Tn(t—1)]
Then, we have,

1 N 2T 9 N 2T R
NT Z Z (Un(t) yn(t))Z < NT Z (fn(t) = fn(t))2 + (@0 (t) — 20 (1))
n=1t=T+1 n=1t=T+1

Now, we will bound each error term separately.

G.1 Bounding Forecasting Error of f

To bound the forecasting error of f, we use the following Lemma.
Lemma G.1. Let the conditions of Theoremhold. Then, with probability 1 — W

1 S o (= ? max{||5*]3, 1} log(NT)
NT n —Jn = C max. R3G3 2 L ) ’
W 2 (0 10) < Clmm ot (21

where c is an absolute constant, and C( fmax, ) denotes a constant that depends only (polynomially)
on model parameters fax, Y-

Proof. The proof of this lemma is similar to that in [3]], but we adapt it for our different settings. First,
note that, where we assume that N7'/L is an integer,

1 N2 N QILLNT/L—lA 2
il X (A0-£0) =X 572 X (R@emiro-p@emiin) .
n=1t=T+1 =1 n=1 m=0
In what follows, we provide an upper bound for the inner sum % 7]:]:1 i/:L 0_1 <fn (T +mL+

2
0) — fu(TH+mL+ Z)) for all £ € [L]. Next, we show, without loss of generality, the case for ¢ = 1.

To establish this bound, we first define (and recall) the following notations,

* Recall that Z, = [Z(y1,L,T) Z(y2,L,T) ... Z(yn,L,T)] is the stacked Page matrix of

yl(t)v cee >yn(t) fort e [T]

* Similarly, let Z, ., denote the stacked Page matrix of the out-of-sample observations
Y1), yn(t) fort € {T —L+2,...,2T — L+ 1},ie., Zy ous € REXNT/L,

* Let Z, be the stacked Page matrix of z1(t), ..., x,(t) for t € [T, and Z, ..+ be the stacked Page
matrix of 21 (t),...,x,(¢t) fort e {T = L+2,...,2T — L+ 1}.

* Similarly, let Z; and Z ¢ ,,,+ be defined similarly but for f1(t),..., fa(t) .

e Let Z; € RE-DX(NT/L) ‘be the a sub-matrix obtained by dropping the L-th row from the stacked
Page matrix Z,. Define Z/ 7,7 Z;, and Z ,,, analogously.

y,out? frout>

27
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e Let UXSV T and U,y; Eous Vour - denote the SVD of Z} and Z’ﬁout respectively.

* let V* and U~ be matrices of orthonormal basis vectors that span the null space of Z} and Z' | ,
respectively. Define Vour - and U, similarly for the matrix Z/’ T out-

~ e~ ~ ~l ~
» Let USV " denote the top k singular components of the SVD of Z/ , while U+X™ (V+) T denote
~~ ~ <~~~
the remaining L — k — 1 components such that Z), = USV ' + U+ (V4H) T,

* Similarly, Let Uoutﬁoutv .+ denote the top k singular components of the SVD of Z/

y,out>

while UZ Eout (Vj‘ut) denote the remaining L — k — 1 components such that Z/ =

out y,out

UOUtEOUtV t+Uout out(Vout)T'

e Let Zf = ﬁivT and if,out = ﬁoutioutv;rut

Recall that we are interested in a high-probability bound for the following out-of-sample prediction
error:

N 2
%Z Z <ﬁl(T+mL+1)—fn(T+mL+1)) ) (87)

(f(T+mL+1) fn(T+mL+1> _szm B [zfyout]{_Hz (88)

— |} "B - 2 (89)

Next, we derive a deterministic upper found for the expression above.

Deterministic Bound. Through adding and subtracting iﬁouﬁ and triangle inequality, we have

|Zh) 7B = @) 8|, < (|l = Zrou) B, + | ZF B~ (Zon) B, 00
Next, we proceed to bound each of the two terms on the right hand side.
First term: H(Z; out — Zf,out)TB\H .
Y, 9
H(Z;j out Zf’OUt BH - Hvout out( out) BH2
< HzoutH ”( out) ﬁ”% (91)

~1

Note that [|X,,,[|2 equals the (k + 1)-th singular value of Z; ,,,. Using Weyl’s inequality (see
Lemma|H.3), and recalling that Z; ,,,,, = Z ,,,, + Z7, ,,;, and that the rank of Z'; ,, is k, we can
bound the (k + 1)-th singular value of Z/ by the operator norm of Z/ That is,

y,out x,out"

~1
||Eout||§ S Hz/x,out”g' (92)
Next, we bound the term [|(UZ%,,)T 3||2.

28
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H( out) 6“2 ||Uout( out) B”Q
||Uout( out) ﬁ +Uout( out) (/6 6 )||2

< 2|05 (Ugu) 87115 + 2[5 — B3 (93)
Further expanding the first term,
100 (Ugu) " 57ll2 = 1000 (Uga) " Uout(Uoue) " 57 Iz
< | Uout™ (Uouw™) "Uoput (Uour) " 5*
+ |0 (0207 tnmLa%MLﬂ)tnma%MYWVQ
< (U050 = Uour (U0t )T) 87
< 05007 = Uour " Uout) || 1571

- ﬁoutﬁl—ut - UoutUoutTH2 ||6*||2 .

Where in the first equality we use the fact that 3* = U, (Uyyt) | 3%, i.e., B* lives in the column
space of Z/, . (Assumption .

fou
Next, by Wedin sin © Theorem (see [10} 32]]) we bound Hﬁoutﬂ';ﬁ — UoutUoutT H as follows:
2

B0 = Ve[ 71, < Ll g o4

Using this definition, (91)), (92), (93), and (94) we have

”Zﬂc out||2 H6*||2

o~ ~12
7/ —Zsou T H < 2||Z! 2
H( y.out f, ¢)' B - | m,out”Q O'k;(Zf,out)

+8 -8 ||2> (95)

Second term: H Zlou,ﬁ (Z} out)Tﬂ*
that shown in [5]].

. To bound the second term, we follow a similar proof to
2

1Z] outB — (Z0u) "B N3 = 2] B — 2} B + 2} i B* — (Z} 0t) B3
< 2Z] (B = B)NE + 202 ot — Zgou)) 573
< 20Z] 4 (B = BE + 212 s — Z ot |3 18713 (96)
Next, we bound the term ||Zf (B =892

1Z ] 0t (B = BB < (Zfout = Zf gur + L out) (B — B3 97)
< 2(Z g out — Z gur) " (B — B3 +2||zf ot (B=B93 98
< 2”21 out” Hﬂ 5 H2+2H f,out ( )”2 (99)

Next, we bound Hzf out | (B — B)|I3. Recall that U spans the column space of Z/ . Thus
Z/f,out = Z} out TUUT, therefore,

1 Zout " (B — B3 = 12 ot "UuT(B- 893
<120 310U T (B = 8|3 (100)
20
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Now recall that we denote the top k left singular vectors of Z; by U, then consider

[UUT (B - 9|2 = [(UUT + TOT - TUT)(B - 8|2
<2|uu” —~UUT|3|B - B*|2 +2|UUT (5 - 89)[3. (101

Recall that, as we prove in (85) in Appendix[H

S5TT(3 8 5 12113 2 2
T *\ (|2 2 * |12 x 2 T
UU<6—6m2smm4FQZ}— B <8I + g ge 1126l + (2L V ]
(102)
Using (T0T)), (T02) and Wedin sin © Theorem, we obtain,
48 NZa]z-15
UUT < 2 || ||2 2
L 7 _ 7/ 112 *(12 y/ TV 2 103
s 1z -z B+ iz VI ). ao3)
O'k(zf)
Therefore, using (96)), (T00), and (T03)), we have
||ZTout6 _( }7out)Tﬁ*||§
<2||Zf out( )H2+2H fiout — ||1
S 4||Zw,out||2H/8 - ﬁ H2
zZ, 3 3 8 [[Za] . II3
4 o 125115 _ 5|2 zlL-ll
+ H outH ( ) H ||B 5 ||2+ Uk(z/f)2
1 5 " 2
+ 16||Z/ ,out”gf 2”Zlf - /f”g,oo”B H% + H[Z$]IV||2
O’k(zf)Q
+ 202 ou — 2, (104)
Combining. Incorporating the two bounds in (93) and (T04) yields,
5 2 1Zaz outl2 157
T T o% 2 x,out||2 2
(2 0) 7B = (2 0) "8 2£C@ﬁmh<&mm)+ﬂﬁ 8113
1Z: 113 1Z5 13 11215
+c||Z) ., 2 4 1Tzll2 NP b 12
|| f, t||2 < ( )2”6 B ||2 o_k(z/f)4
|| out||2 7 * 2
o 202 = Zp IR + (2] LV )
ox(Z})?
+ C”Zf out — },out”%,oo”ﬂ*”% (105)

For some absolute constant ¢ > 0.

High probability bound. With our choice L = v/ NT, Let ¢ :== v NT be the number of columns
in the stacked page matrix Z, and subsequently ¢ + 1 to be the number of columns in the stacked
page matrix Z, ,,¢. Let C' > 0 be some positive absolute constant, and C'( fmax, ) be a constant that
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depends only on model parameters fy,.x and . Define

By = {IIZ;\Iz < Coz\/f?} (106)
B i= { |1, ouell, < Couvia}, (107)
_ 4G2R21

By = {57, < CTfhwx»v>(°i(]‘*“q))lnax{nﬂ*%,l}}, (108)

4= 2 oo = Uk(zf)2 T max T glq

> / Coig®

Es5 = {”Z ,out out”g,oo < W (Ui + fmax) + CO’iklOg(q)} (110)
By :{| V||2<Ccrm\/mg()} (111)
By o= { NZa)zll, < Com\f} (112)

First, with ¢; > 0 is an absolute constant, recall from Lemmallﬂ'[,
P(E;) > 1—2e 4,

_ C1
P(Ey)>1— —2
(Ea) 2 (NT)11’
_ Cc1
>1_- — =
P(Es) 2 1 (NT)11’

P(E7) > 1 —2e” 4,
Further, note that Z/, ,,, is a sub-matrix of Z, .., hence its operator norm is bounded by that of
Z, out- Therefore, as an immediate consequence of Lemma@
P(Ey) > 1 —2e 4,
The probability of event Es3 is bounded by Theorem |4.3|as

_ cq
P(E3) >1— .
(E3) > (NT)11
Finally, as an immediate results of Corollary [C.I]and its consequence in (27), we have
_ Cc1
P(E5)>1— ——
( 5) - (NT)ll

Now consider the event F := E; N Ey N E3 N Ey N Es N Eg N E;. Then, under event E, and using

(T03), we have, with probability 1 — W,
7 \TG_ (7 <C max 1571l 1G?R?1 17,1
H( y,out) B ( faOUt) (f o ) (Jk(zf,out)2 O-w Og(q) maX{Hﬂ ||17 }
2
9 (o 4,42 p2 *|12
ﬂmmwmmm<%@yeﬁRbMOMMBMM)
934>
+CH If,outH%W
n M”ﬁ *||2 (COanq (02 + f2 )+Ca2klog(Q)>
on(Zy)2 T \on(Zy)? e T
H foutHQ 2
+ e—L2 2 52k og(q)
O’k(zlf)2
a?q2 2 2 2
o2 ‘ 113
ey (02 L) 171 (113)
+ ok log(@)[16°]13. (1
41

8482 https://doi.org/10.52202/075280-0369



Recalling ¢ = VNT, k = RG, and Assumption we get,

2
* , < C(fmax77)R3G302 max{||ﬁ*||%, 1}log(NT). (115)

(2 0) "B = (2 u0)

Therefore, with probability 1 — ¢/(NT)!!

N T/L-1

2
%Z Z (ﬁ(TerLJrl)fn(TerLJrl)) (116)

n=1 m=0

(117)

< O funas, ) R3G 0 (max{ﬂ*lli 1}log(NT)) |

VNT
Further, note that the same argument can be used to bound the sum NT Zn 1 ZT/ Lot <]?7,,(T +

2
mL+€)—fn(T+mL+£)> forall ¢ € [L]. Thus, with probability 1—cL/(NT) > 1—¢/(NT)'°,

we have,
N 2T 2 w12
NLZ > ( t)) < Ol fmax, RGP0} (maX{HB Hlj’vlT}lOg(NT)). (118)
n=1t=T+ vV

O

G.2 Bounding Forecasting Error of x

Now, we bound the error of forecasting ., (t). First, recall Z,, (£) = yn(t) — fn(t), and let X,, (t) :=
[@n(t),...,Zp(t —p+1)] and X, (t) == [xn(¢), ..., 2z, (t — p+ 1)]. Now, let X, X, and A,,, all
in R("=P)*P_ be the row-wise concatenations of X, (t), X, (¢), and A, (t) == X,,(t) — X, (t) for
te{T+p,T+L,....2T+p—1}.

Then, we have, where Z,,(t) = E [z, (¢) |z, (1), ..., 2o (t — 1)]

2T
T 2
3 (Ealt) — 2a(1)? = ’aILXn ol x) (119)
t=T+1 2
—~T 2
= ’a;xn —arx) +aTXT —al X (120)
2
( TX —ATXT a'x!—alx! ) (121)
2
( ATX —ATXT —a,inHXI 2) (122)
2 1~ 2
< 4 (a3 (lanll3 + 18n = anll}) + 1Xal3 1Ga — anll}) - (123)

First note that

N N
dolAanl; <> Az (124)
" " 11\7 2T —1
<pY Y (@) —Ta(t)? (125)
n=1t=T—-—p+1
N 2T —1 N
=pY . Y (falt) = Fult)*. (126)
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Therefore,

N 2T 2 N 2T—-1 2
~ _ 2 ~ 2 N
)OI B CRORENG) RERI (A RACATD DD DI (GRS A)
n=1t=T+1 n=1t=T—-—p+1
(127
N
+ 31X all3 1@ — aunlls (128)

n=1

High probability bound. For the high probability bound, consider the event E = E1NEy;NE;
where

N

- N GRp o8 log(NT)? 1 Cp? T Amax (V)
B = — a2 < -2 1 1
1 pl { Ha’ﬂ a’ﬂH2 — C(fmax,’y) )\m1n(\p) 0_2 /7NT max ’ U2>\min(\p) + TAlnin(\Il) Og Alnin(qj)

(129)

B, :{i Y (5l = Falt))” = Ol VRGP (max{ %, 1}V N T 1og(NT) ) }

(130)

- 3
By = () {I%0l3 < S03(T = p)me( D)}, asn

n=1

Note that ]P’(El) > 1-— ﬁ using Theorems , and the the union bound. Further, note that
]P)(EQ) >1-— W using both Lemma and Theorem Further, note that according to

Corollary [E-T] with probability 1 — 75+, we have

1013 = A (X7 X ) < 5077~ p) A (). (132)

Therefore, under E, and recalling N < T', we have with probability 1 — T1°’

721% Sl ( —mn(t)>2 (133)

n=1t=T+L
max(\p) TAmax(\Ij)
Funaxs V) GER3p? S max{||5*]|?,1 L (134)
C( ) oo (0 (e 13,13 22 Noin (0]
2 6 2
L GRon oy log(NT)" } (135)
min {1,02\uin(¥)} 02 /NT
where aax = max,, ||ay, ||, therefore, with probability 1 — %, we have
5 N 2
NT Z Z ( yn(t)> (136)
=1¢=T+1
Amax(¥) 6 o? TAmax (P)
3 p3, 2 *
(fmaxa )G R Amln(ql) O— maX{H/B ||1’ 1}( Og ( Amln(\ll) (137)
GR|lan|; 08 log(NT)>? (138)
min {1,062 Apin (¥)} 02 /NT

which completes the proof.
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H Helper Lemmas and Definitions

Definition H.1 (Sub-gaussian random variable [30,[31]]). A zero-mean random variable X € R is
said to be sub-gaussian with variance proxy o (denoted as X ~ subG(o?)) if its moment generating
function satisfies

Efexp(sX)] < exp ( o

)VSER.

Definition H.2 (Sub-exponential random variable [30, [31]]). A zero-mean random variable X € R
is said to be sub-exponential with parameter v (denoted as X ~ subE(v)) if its moment generating
function satisfies

2.2
1
Elexp(sX)] < exp (”23 )V|s| <1
124

Lemma H.1 (3130, 6]). Let X ~ subG(c?) and Z ~ N(0,07). Fori € [N], let Y; ~ subE(v;).
Then:

1. Z ~ subG(o7)

2. Z ~ subE(oy)

3. X? —E[X?] ~ subE(1602)

4 XL Y~ subB(SL, vi)

If Y; are independent:

5. X Vi~ subB((SL v))?)

Definition H.3 (Sub-gaussian vector). A random vector X € R isa sub-gaussian random vector
with parameter o if

v X ~ subG(c?),Yv € S¢1
where S = {z € R?: ||z|| = 1}.

Lemma H.2 (Norm of sub-gaussian vector). Let X € R? be a sub-gaussian random vector with
parameter 2. Then, with probability at least 1 — § for § € (0,1) :

[ (1
1X |, < 4oVd+ 204 [log (5).

This implies that for any t > 20,
X, <t
with probability at least 1 — exp(—%).

Definition H.4 (Stationary process [26]). A process x(t) € R is said to be stationary if its expectation
does not depend on t and its autocovariance function depend only on the time difference. That is,

Elz(t)] = 1 vt
E(2(t) — w) (@t +5) — w] =) Vt and any j.

Lemma H.3 (Weyl’s inequality). Given A, B € R™*", let o; and 7; be the i-th singular values of
A and B, respectively, in decreasing order and repeated by multiplicities. Then for all i € [m A n),

|00 — 03| < |A = B2

Lemma Hd4. Let X = [X,...,X,] where each X;,i € [n] is a sub-gaussian (not necessarily
independent) random variable with variance proxy o and E [XZQ] = v. Then with probability at

least 1 — cexp (—%),
X, <t (139)

a4
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Proof. From Lemma we can see that || X ||§ —ny = Y_i, x? — nv is sub-exponential with
parameter 16no?. Letd := Y .- | x? — n+, then

[E[exp(sd)] V22 1
Pld>t)< ———— 2 < — st Vis| < —. 140
( )< exp(st’) — P\ y sl < v (149)
Choosing ' = t* — ny, v = 16n0?, and s = 15—, we get,
9 1 t2 —ny
P (d > 12 — n’y) =P <||X||2 > t2) < exp (2 exp | — 753 (141)
1 v t?
= o (2) exp (552 P (‘ mmz) (142
t2
S cexp (_]W) (143)
where the last inequality follows from the fact the second moment of z; is bounded by its variance
proxy up to a multiplicative constant. O
Lemma H.5. Let X4, ..., X, be i.i.d. sub-exponential random variables with parameter v. Let

S=>" X, Then

P(]S] <nt) >1—cexp (—t\/ﬁ) . (144)

14

Proof. Recall that the sum of n i.:.d. sub-exponential random variables is also a x sub-exponential
random variable with parameter v+/n (see LemmalH.1). Thus, using the definition of sub-exponential
random variable, we have

E[exp(AS)] nv2\2 1
< ——>=K< — < —,
P(S>nt) < expOnt) exp 5 Ant Y|s| < NG (145)

Choosing \ = ﬁ, we get,

1 nt
< t _
P(S > nt) <exp <2> exp ( \/ﬁy) (146)
< 2exp ( ﬁ) (147)
v
Applying the same inequality to —S completes the proof. O
Lemma H.6. [[33|]] Let A € R™"*" and B = A + E. Then

o - 1] < 2mes
2

B Vg
2 27

where MT == (MTM)_lMT denote the Moore—Penrose inverse of M.
Lemma H.7. [Lemma 4.2 of [27]] Let {F; }1>0 be a filtration, and {Z,};>1 and {W; },>1 be real-

valued processes adapted to F; and Fyy1 respectively. Moreover, assume Wy|JF; is mean zero and
o2-sub-gaussian. Then, for any positive real numbers «, 3 we have

T T o2
P({;thtza}ﬂ{;Zf§6}> < exp (W) (148)

2
)
2

ViR
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