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Abstract

We explore the minimax optimal error associated with a demographic parity-
constrained regression problem within the context of a linear model. Our proposed
model encompasses a broader range of discriminatory bias sources compared to
the model presented by Chzhen and Schreuder [0]. Our analysis reveals that the
minimax optimal error for the demographic parity-constrained regression problem
under our model is characterized by ©(4M/n), where n denotes the sample size, d
represents the dimensionality, and M signifies the number of demographic groups
arising from sensitive attributes. Moreover, we demonstrate that the minimax error
increases in conjunction with a larger bias present in the model.

1 Introduction

Machine learning techniques have been incorporated into numerous automated decision-making
systems, spanning critical domains such as employment, credit assessment, insurance, and security.
Nevertheless, these systems can exhibit discriminatory behavior towards specific demographic groups,
including gender, race, and ethnicity, potentially causing significant societal ramifications. This
issue, known as the fairness problem, has attracted substantial attention within the machine learning
research community. The growing focus on the fairness problem primarily arises from reported
instances of unfair behavior in real-world systems, encompassing recidivism risk prediction [3],
hiring practices [ 0], facial recognition [9, 17], and credit scoring [24].

Motivated by these concerns, a considerable body of research has explored regression problems
subject to fairness constraints [13, 25, 16, 2, 7, 8, 14, 18]. Numerous regression algorithms incor-
porating various fairness constraints have been developed to accommodate diverse contexts, with
demographic parity [21] and equalized odds [! ] being the predominant fairness constraints adopted
by these methods.

In this study, we focus on the regression problem under the fairness constraint of demographic
parity [21]. Existing literature primarily concentrates on the development of fair regression algorithms,
and their performance evaluation predominantly relies on empirical analyses. Such evaluations,
however, only offer performance guarantees for specific scenarios explored in the experiments,
which may result in poor performance in unexamined situations. To ensure the algorithm’s robust
performance across a wider range of contexts and obtain a comprehensive understanding of the fair
regression problem, a theoretical analysis of statistical efficiency is indispensable.

Several studies have introduced fair regression algorithms accompanied by theoretical analyses of
their statistical efficiency in terms of accuracy and fairness. Agarwal et al. [2] designed a demographic
parity-based fair regression algorithm using reduction methods [1] and established upper bounds on
its empirical approximation errors for accuracy and fairness using Rademacher complexity. Chzhen
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Table 1: Comparison between Chzhen and Schreuder [6]’s and our models. Each checkmark signifies
the presence of an influence exerted by the sensitive attribute on the respective variable.

partial intercent non-sensitive
coefficients ercep features
Chzhen and Schreuder [6] v
ours v v v

et al. [8] proposed a discretization-based fair regression algorithm, deriving upper bounds on the mean
squared excess risk for accuracy and a Kolmogorov distance-based score for demographic parity as
fairness guarantees. Chzhen et al. [7] derived the Bayes optimal regressor under a demographic parity
constraint, providing upper bounds on the mean absolute deviation from the Bayes optimal regressor
for accuracy and a Kolmogorov distance-based score for demographic parity as fairness guarantees.
Despite ensuring low error and fair treatment even in non-linear models, it remains unclear if these
guarantees represent optimal performance among possible algorithms.

Minimax optimal fair regression. Numerous researchers have investigated minimax optimal
regression algorithms, the best possible algorithm, without addressing fairness considerations [22,

, 19, 15]. In contrast to standard regression problems, minimax optimality in fair regression
problems remains relatively unexplored, with a notable exception being the recent work by Chzhen
and Schreuder [6]. They examine minimax optimality in fair regression problems, incorporating
demographic parity constraints within the following linear model:

Y = (8", X)+ bs + £ where X ~ N(0,%). (1)

In this model, Y, X, and S represent the outcome, non-sensitive features, and a sensitive attribute,
respectively. (-,-) denotes the inner product, £ represents zero-mean noise, and X is an arbitrary
covariance matrix. For example, in salary calculations, X and .S correspond to working hours and
gender, respectively, with bg and 3* signifying the base salary and hourly wage. In Eq (1), the salary
Y is determined by the base salary bg and the product of working hours X and an hourly wage 3*.

The model in Eq (1) exhibits limitations pertaining to its applicability across various scenarios. We
elucidate these limitations by discussing the notion of direct discrimination and indirect discrimina-
tion, summarized succinctly in the second row of Table 1. Direct discrimination occurs when the
sensitive attribute influences the outcome, regardless of non-sensitive features. The model in Eq (1)
can treat direct discrimination resulting from the dependency of the intercept bg on S; for example, it
can capture discrimination due to basing base salary on gender (third column in Table 1). However,
it is imperative to underscore that the model in Eq (1) fails to handle direct discrimination arising
from the partial (regression) coefficients 3*, as these are independent of S; for instance, it cannot
accommodate discrimination due to gender-dependent hourly wages (second column in Table 1).

Indirect discrimination (or redlining effect [4]) constitutes another source of unfair bias, arising when
the sensitive attribute influences the outcome through its correlation with non-sensitive features. The
presence of the dependency between non-sensitive features and the sensitive attribute signifies indirect
discrimination. In the model in Eq (1), non-sensitive features X is independet from the sensitive
attribute .S, thereby implying an absence of indirect discrimination (forth column in Table 1).

Chzhen and Schreuder [6] effectively revealed the minimax optimal error for fair regression prob-
lems involving direct discrimination due to varying intercepts associated with sensitive attributes.
However, their research does not address direct discrimination from partial coefficients and indirect
discrimination through non-sensitive features.

Our model and contributions. In this study, we investigate the minimax optimality of the fair
regression problem in the context of the following model:

Y = (85, X) + & where X ~ N(ug,ox1), 2)

where ox > 0, and I denotes the identity matrix. The subscript in 8% and g signifies that our model
varies regression coefficients and the mean of non-sensitive features based on the sensitive attribute.

Compared to the model proposed by Chzhen and Schreuder [6], our model accommodates a broader
range of direct and indirect discrimination. These discriminations can be characterized as follows:
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* (Direct discrimination) Our model accommodates direct discrimination through discrepancies in
B% concerning S, as the regression coefficients 5% hinge on the sensitive attribute S (second and
third columns on the third row in Table 1). This includes, for instance, discrimination arising from
varying base salaries and hourly wages. Divergent partial coefficients yield varied outcome variance
amongst S, while disparate intercepts relative to S merely alter the outcome’s mean. Hence, our
model introduces an additional challenge of attenuating direct discrimination through disparate
variance, alongside mitigating direct discrimination through disparate mean. This presents a stark
contrast to Chzhen and Schreuder [6]’s model, which solely focuses on mitigating discrimination
via the mean without considering the variance.

* (Indirect discrimination) The sensitive attribute .S affects the mean of non-sensitive features X,
as denoted by the subscript of 1. Our model thereby introduces indirect discrimination through
variations in pug with respect to S (e.g., disparate working hours by gender). To alleviate this
form of indirect discrimination, yg needs to be estimated to adjust the learned regressor, thereby
ensuring its output remains invariant to differing pug. Therefore, our model presents an additional
complexity in estimating pg for mitigating indirect discrimination.

Overall, our model demonstrates an expanded dependency of partial coefficients (direct discrimina-
tion) and non-sensitive features (indirect discrimination) on the sensitive attribute (second and fourth
columns of Table 1).

The principal contribution of this paper lies in the establishment of matching upper and lower
bounds on the minimax optimal error (i.e., the error corresponding to the minimax optimal regression
algorithm) and the proposition of a regression algorithm that achieves this optimal error under Eq (2).
The optimal error elucidates several insights:

* (Direct discrimination) The optimal error comprises a term reflecting the outcome’s variance
heterogeneity but excludes that of the outcome’s mean. This insight implies that mitigating direct
discrimination due to the outcome’s variance sacrifices statistical efficiency, whereas addressing
direct discrimination due to the outcome’s mean does not entail this cost. This term effectively
quantifies the cost of mitigating direct discrimination in variance and is absent from the optimal error
of the Chzhen and Schreuder [6]’s model. Its identification, thus, signifies a crucial contribution of
our research.

* (Indirect discrimination) Our lower bound is independent of the term associated with indirect
discrimination. Although this evidence is not definitive, it hints at the potential for mitigating
indirect discrimination without additional costs under certain conditions. This observation sets
the stage for future research focused on developing cost-effective strategies to tackle indirect
discrimination.

Our technical contributions to establish these bounds are detailed in Section 4.

Notations. Given a positive integer m, define [m] = {1,...,m}. For a finite set A, denote its
cardinality by |A|. Given an event &, its complement is represented as £¢, and its probability is
denoted by P{£}. For a random variable X, its expectation is E[X], and its associated sigma-algebra
is o(X). For two real values a and b, the notations a V b = max{a, b} and a A b = min{a, b}
are used. For a square matrix A € R?*?, its maximum and minimum eigenvalues are denoted by
Amax(A) and Apin (A), respectively, and its transpose is represented by A . The set of unit vectors
is given by S,4_1. For a sequence a; indexed by ¢ € T, the notation a. denotes the sequence (a;)¢cT-

2 Problem Setup

2.1 Model and Learning Algorithm

Model. The proposed model, described in the introduction, is formulated according to Eq (2). We
consider X € R%and S € [M] where M > 2. The noise variable, ¢, is assumed to follow a Gaussian
distribution with zero mean and variance ag > 0. We define p, = P{S = s} forall s € [M], and the

optimal regression function is denoted as f*(z, s) = (8%, ).

R

Learning algorithm. Given n iid. copies of the tuple (X,S,Y), denoted as D, =
{(X1,51, Y1), ..., (X, Sn, Yn)}, the goal is to construct a regression function f that maps (X, S) to

Y, represented as f,,. The learner seeks to optimize the accuracy of f,, while satisfying a fairness
constraint. The definitions of fairness and accuracy are provided in subsequent subsections.

2
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2.2 Fairness

Demographic parity. We utilize demographic parity [21] as our fairness criterion. A regressor f
adheres to demographic parity if its output distribution is invariant when conditioned on S = s.

Definition 1. A regressor f satisfies (strong) demographic parity if, for all s, s’ € [M)], and for all
Eco(f(X,9), P{f(X,S)e E|S=s} =P{f(X,S) € E|S=5}.

Denote the set of all regressors fulfilling demographic parity for a given distribution of X, parameter-
ized by p., as Fpp ().

Fairness consistency. Instead of enforcing strict demographic parity (Definition 1), which results in
the regressor to be a constant function due to the unknown (X, .S) distribution, we introduce fairness
consistency (Definition 2). This concept demands the learned regressor to converge to a fair regressor
as the sample size n approaches infinity.

To define “convergence”, we introduce the unfairness score U(f) > 0, where a lower U(f) indicates
a higher fairness level. U(f) = 0 if and only if f achieves demographic parity (Definition 1). We
claim the learned regressor fn converges to an exactly fair regressor when U ( fn) — 0asn — oo.
Definition 2. A learning algorithm is («, §)-consistently fair for an unfairness score U if there exist
constants ng > 0 and C > 0, independent of n, such that P{U(fn) > Cn=%} < foralln > ny,
with randomness arising from the training sample via fn

Note that an («, §)-consistently fair regressor f,, exhibits (o, §)-consistent fairness for any o/ €
(0, .

We adopt a specific unfairness score using the Wasserstein distance. Given two probability measures
v and v/ over R, II(v, ") denotes the set of all coupling measures 7 satisfying 7(A x R) = v(A)
and m(R x A") = /(A’) for every measurable sets A, A’ C R. The 2-Wasserstein distance W5
between v and v/ is expressed as W3 (v,1') = infcri(y,) [(2 — 2')?m(dz, dz’). Our unfairness
score is then formulated as:

U = w. s s')s

(f) Jmax 2(Ve|ss V')

where vy represents the distribution of f(X,S) conditioned on S = s. Prior works, including
[2, 7, 8, 6], have adopted different unfairness scores (see the appendix for details?).

2.3 Accuracy

Under the fairness consistency constraint, the learner’s objective is to obtain a fair approximation of
f*, denoted as fp, which is the closest regressor to f* within Fpp(p.) using the L? distance:

fop = argmin E[(f(X,8) - /*(X,9))].
feFpp(p.)

To evaluate the inaccuracy of a regressor f, we compute the mean squared deviation from fijp:

E(f: 57 1) = B|(F(X.S) = firp(X. 9))]: 3
Chzhen et al. [7, 8] employ similar definitions, differing only in the choice of deviation metric.

This paper aims to identify the minimax optimal regression algorithm, which minimizes Eq (3)
while maintaining fairness consistency. Given parameters a > 0 and § € (0, 1), the optimal error is
formulated as:

En(0,0) = inf sup_ BIE(fu; B, )],

frn:(a,8)-consistently fair 3*€B, . e M

where the infimum is taken over all («, §)-consistently fair algorithms, and /3 and M represent the
sets of possible 5 and ., respectively.

2A version of this paper including appendices is available in the supplementary material.
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3 Main Results

Our main result is to establish the minimax optimal error bound, delineating the dependency on the
diversity of conditional outcome variances concerning the sensitive attribute. This diversity of the
variances is quantified via a parameter B > 0, which is defined such that it satisfies:

. e pslBil)? 1 2
max||3]]| < Band == < B2 )
il M — 118;112

The left-hand side of the second inequality in Eq (4) forms as a product of two factors: the weighted
average norms, (>__ p,||37]/)?, and the averaged inverse norms, 77 > W As the norms increase,

the first factor (weighted average norms) has the propensity to grow, while the second factor (averaged
inverse norms) tends to rise when the norms decrease. Maximizing the product of these two elements
involves a delicate balancing act: the norms of some groups need to be large, while the norms of
other groups need to be smaller. As such, the left-hand side of the second inequality in Eq (4) can
increase when the norms || 3} display diversity.

We adopt mild assumptions on 5*- and p-. Let B denote the set of * satisfying Eq (4). Assume
there exists a finite universal constant U > 0 such that ||us|| < U for all s € [M], leading to
M = {u. € R™*M :ys € [M],||us|]| < U}. Our analysis relies on these assumptions.

Our main results are as follows:

Theorem 1. Given o« € (0,1/2] and 6 € (0,1), suppose M(d — 1) > 16 and n > 12(3d V
41In(M/6))/ minsear ps. Then, there exist universal constants C' > 0 and ¢ > 0 such that

o B*dM

n

Cc

1 U?BQdM\/Ug(BQM\/ B2U? 1
O<n> <& (a,0) <C —|—0< )

n

Theorem 1 illustrates that the optimal error is *¢5°@M /, up to a constant factor which may potentially
depend on ox and U. The implications of Theorem 1 can be summarized as follows:

1. The optimal error for the standard linear regression problem can be denoted as ¢/n [15]. The
dependency on n and d is consistent with the standard case, provided o € (0, 1/2].

2. The term dM denotes the number of unknown parameters in Eq (2), comprising 37, .., 83, € R?
and g1, ..., puar € RY. This dependency on the number of unknown parameters is a common
characteristics observed in statistical estimation problems.

3. (Direct discrimination) The minimax error delineated in Theorem 1 demonstrates a dependency
on parameter B. As the variation of ||8%|| with respect to s increases, so does the magnitude
of B. Hence, B serves as a measure of the difficulty in mitigating direct discrimination due to
the outcome’s variance. This unique quantification of difficulty is absent in standard regression
problems and specific to fair regression problems.

4. (Indirect discrimination) The lower bound precludes parameters associated with indirect dis-
crimination. It is conceivable that biases arising from indirect discrimination can be reduced
without extra costs, provided the dependence of X on S exists only in its mean. Investigating and
clarifying this aspect offers a promising direction for future research.

5. The minimax error is invariant to « and J, implying that the learning process does not introduce
unfair bias for o € (0,/2]. However, the case for & > 1/2 remains unexplored and poses a
significant research challenge.

6. The gap between the upper and lower bounds regarding o x and U remains, making narrowing
this gap an essential future research direction.

Remark 1. Direct comparison of the minimax error between our model and that of Eq (1) is not
feasible due to the differing f{5p across the models. However, the emergence of the fairness-specific
term B can be unequivocally identified as a novel contribution in our study. Notably, the minimax
error validated by Chzhen and Schreuder [6] is congruent with the minimax optimal error of standard
linear regression within their model, a contrast to our findings.

To prove Theorem 1, we initiate by constructing the estimator detailed in Section 5. We then prove in
Section 6 that the estimator satisfies 1) («, §)-fairness consistency for « € (0, /2], and 2) the error
aligns with the upper bound specified in Theorem 1. Subsequently, we present a sketch of the proof
for the lower bound in Theorem 1 in Section 7. All omitted proofs can be found in the appendices.

q
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4 Technical Difficulties in Minimax Optimality Analyses

In this section, we expound on the challenges arising from the analysis of minimax optimality for our
problem. First, we introduce the closed-form expression for the Bayes optimal fair regressor f{p.
We then outline the technical difficulties encountered during the analysis.

Bayes optimal fair regressor under Eq (2). Chzhen et al. [7] present a characterization of regression
error and the corresponding regressor minimizing the mean squared error under the demographic
parity constraint. Building upon the results from Chzhen et al. [7], we derive the closed-form
expression for f{p in the following lemma.

Lemma 1. Given the model in Eq (2), the Bayes optimal regressor adhering to the demographic
parity constraint can be formulated as
/B*

”62’m_148>+zps’</@:'aﬂs’>v (5)

Fopl(a,s) = ﬁ.*H<

where 57 = Y e 2518211

Technical difficulty in deriving the upper bound in Theorem 1. To obtain the upper bound in
Theorem 1, we first construct an estimator for the regression function in Eq (5) and analyze its

regression error. This entails developing estimators for individual components in Eq (5) (e.g., ||3*
BI/1Bz s s, etc.) and substituting them into Eq (5). The upper bound on &, («, d) is derived by
combining estimation error bounds for each component’s estimator. However, to our best knowledge,
no existing estimators provide bounds for the norm (||5*||) and direction (8:/)87|)) of regression
coefficients. A direct approach involves computing the norm and direction of the OLS estimator, but
standard analyses for OLS do not yield bounds on the estimation errors.

)

The main challenge in deriving the upper bound of Theorem 1 lies in analyzing the following
problem: given X following a non-isotropic Gaussian distribution with mean p, find upper bounds on
E[(X/| X — p/llp)?] and E[(|| X || — [|2]])?]. Solving this problem provides estimation errors for
the norm and direction estimators, as the OLS estimator is an unbiased estimator with noise following
the non-isotropic Gaussian distribution. Our key technical contribution is the derivation of these
bounds (Theorems 4 and 5).

Technical difficulty in deriving the lower bound in Theorem 1. The minimax optimal error
characterizes the intrinsic complexity of the regression problem, as no algorithm can surpass this error.
In our analysis of the lower bound presented in Theorem 1, we demonstrate that the fair regression
problem’s complexity, under the model Eq (2), is characterized by the complexity in estimating the
direction #:/||8z||. The primary challenge lies in establishing this characterization.

To overcome this challenge, we investigate the geometric structure of the error term &, (f; 8%, u.)
concerning the parameters 8* and .. We then reveal that the geometric structure of &, (f; 8%, 1) is
characterized by the geometric structure of the direction 55/ 87| (Theorem 7).

5 Estimator

In this section, we present a detailed construction of the estimators that attain the minimax error as
delineated in Theorem 1. Existing theoretical results, such as those found in Agarwal et al. [2], Chzhen
et al. [7, 8], are incapable of addressing unbounded non-sensitive features X or unbounded outcomes
Y, rendering them inapplicable to our problem. Consequently, we have developed a novel estimator
accompanied by rigorous analytical techniques.

Estimator construction. In constructing the optimal regressor for model Eq (2), we leverage the
results from Lemma | and employ a plugin estimator. The method involves estimating the components
of terms in Eq (5) and substituting the obtained estimates into the same equation. Concretely, we

derive estimators || 3., Bs. fis. Ps» (. and i, with the following correspondence:

P o)+ 3 pal )

— re[M] 4 ~ ~7
Bl = R SEMI P N,

s

A
https://doi.org/10.52202/075280-0378 8658



Table 2: Estimator construction. In this table, Bb’s and Bl’) < denote OLS estimands obtained from
subsets Dy, s and D; _, respectively. “Sample” refers to the subset utilized for estimand calculation,

while “Definition” provides the corresponding estimator’s definition. “Sample* in ||3.|| is left empty,
as it is derived from p; and || Ss]|.

Estimator | Sample | Definition

P .| P ="/ _

[1Bsl Dys | 1Bsll = [[Bu,s]l if ns > 184, and || 3s]| = O otherwise
181 - 18-l = 2 sepa s 155l )

B Dy, Bs = Pa,s/1|B2.s|| if ns > 18d, and B = 0 otherwise
fis Dys | fus = 7 2002 Xssi

B D, | B.=p,ifn, > 12d, and B = 0 otherwise

B Dby | = Y X

For technical reasons, we partition the sample to calculate each estimand. Each estimator is assigned
a corresponding subset, as shown in Table 2. Under specific conditions, ng > 18d or ns > 12d,
estimators may exhibit altered behavior, primarily as technical considerations for subsequent analyses.
We detail the partitioning process as follows. First, we create a histogram of the sensitive attribute
S;, denoted as n. = (ny,...,ny), withng = [{i € [n] : S; = s}|. Simultaneously, we form
group-wise samples Dy = {(X;,Y;) : i € [n],S; = s}. For each s € [M], we partition Dj into
D s, Ds g, and Ds g, ensuring |Dy 5| = np s > |ns/3] for b € [3]. Using n., Dy 5, Ds 5, and
D3 ,, we estimate ps, ||3s||, Bs. and fi,, respectively. The combination of p, and ||3,|| yields || 3.]|.
Furthermore, we generate a duplicate of D, denoted as Dy, and partition it into D’  and Dy ,
satisfying |Dy | = nj . > [ns/2] for b € [2]. We then use D] ; and Dj , to estimate 3; and
[i’.. Precise definitions of the estimator construction and subset partitioning can be found in the
appendices.

Incorporating the derived estimators, we construct the final regressor as:

Falw,s) = [B1(Boz = is) + D pu{Blitt). ©)

s’ €[M]

6 Upper Bound Analyses

In this section, we demonstrate the achievability of the upper bound presented in Theorem 1 utilizing
the estimator delineated in Section 5. Initially, we conduct an analysis of the estimator’s fairness
guarantee, subsequently progressing to an examination of the estimator’s mean squared deviation.

6.1 Analysis of Fairness

For our fairness guarantee on fn, we demonstrate the following theorem.
Theorem 2. Ifn > 481n(M/§)/ min, ps, we have for § € (0, 1),

481n(M/5) } <5

PJ max WQ(Vf Vg ,)>4BUX0X -
nls nls mlns”G[M] nps

s,s'€[M]

By proving Theorem 2, we can immediately confirm that the estimator adheres to («, §)-fairness
consistency with « € (0,1/2].

6.2 Analysis of Estimation Error
In this subsection, we derive an upper bound for the estimation error presented in Theorem 1, focusing

on the estimator introduced in Section 5. To derive the upper bound in Theorem 1, we begin by
decomposing the mean squared deviation of the estimator in Eq (6) as follows:

7
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Theorem 3. For the estimator defined in Eq (6), the mean square deviation from f{5p is bounded

above by
. 1/2 - 5 1/2 . 9 1/2
3 pE (E[ n} E{<ﬁs,us—ﬂs> n] +o—XE[(|B. S ) n] +
s€[M]
2 12
1/2 R
T TE| o] 4Bl X pe(p-mat)) o] +
s'e[M]
2 12 )
E Z ﬁs’<ﬂ:’aﬂ/s’ _Ms’> n. + Z (ﬁs’ _ps’)<ﬂ:’aﬂs’>> ‘| @)
s’ €[M] s’ €[M]

In Eq (7), the terms correspond to the estimation errors of /i, ||[3 I, Bs, BL, iil., and ps, respectively.
Standard techniques for the OLS estimator and empirical average yield upper bounds for the first,
fourth, fifth, and sixth terms. Nevertheless, the second and third terms in Eq (7) involve non-linear
transformations of the OLS estimator (i.e., taking the norm or dividing by the norm), complicating
their error analysis. This section’s primary technical contributions involve establishing tight upper
bounds for the second and third terms in Eq (7).

Estimation error of norm and direction of 3. Consider X, ..., X, N (u,o%I), B* € R? with

I8*]| < Bforsome B > 0,and &y, .. ,§n1351 (0,0?). Define Y; = (8*, X;)+&;. The OLS estimator
of 3* is given by 3 = (LAXTX)M(LIXTY), where X = (X;---X,,) T and Y = (Y1---Y,)".

The direction estimator is /|||, while the norm estimator is || 3.

Theorem 4. For n > 6d, we have

*

We present the estimation errors for direction and norm in Theorems 4 and 5:
18I 118~

Y| 84t (1 L6 )
= oxlBPn n—=6)
Theorem 5. For n > 6d, we have

A i\ 2] 216100'261 6
BI(181-1871) | < == (14 —)-
L i X

The direction’s estimation error (Theorem 4) is O(9¢d/s%||5*|?n), while the norm’s estimation
error (Theorem 5) is O(B?92d/52, 7). Integrating Theorems 3 to 5 yields the 7 B*dM/,, term in the
upper bound in Theorem 1. The remaining part, UcZ/n, arises from the estimation error of B; (the
third term in Eq (7)), dominating other terms in Eq (7).

E

7 Lower Bound Analyses

In this section, we provide a proof sketch for the lower bound, outlined in Theorem 1. To facilitate a
clear and concise presentation of the proof sketch, we introduce several notations. Let 6 denote the
tuple of distribution parameters (., 1t.), and let © represent the set of all such parameters, defined as
O = B x M. We use Py and Ej to denote the probability and expectation operators, respectively,
given X ~ N(us,0%1)and Y = (Bg, X) + &, where £ ~ N(0,0’?). We adopt the shorthand
E(f;0) = E(f;B.,p.) for @ = (3., ju.). Moreover, we define fp = argmin;z  R(f; 3., p.) for
6 = (B8.,u.). For two probability distributions 7 and 7', the Kullback-Leibler (KL) divergence
is denoted as Dxp(m,7') = [ In(4 7(dz). Finally, we denote the set of all L? integrable
functions f : R? x [M] — R as £2.

By utilizing Fano’s inequality, we establish a lower bound for the minimax error as presented in
Theorem 1. Due to the invariance of the distribution of S, ..., S,, under parameter alterations 6,

d7r’

R
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Fano’s inequality can be applied after conditioning on 51, ..., S,,, or equivalently, n.. Consequently,
we derive the following theorem:

Theorem 61 Let© C O bea finite set of the parameters such that there exists € > 0 such fhat for
any 0,0' € ©, inf; E(f;0) V E(f;0") > € where © and € is possibly dependent on n.. Let |O] = K.
Then, for arbitrary o > 0 and ¢ € (0, 1), we have

<1 B infﬂ' % 296(23 DKL (7T9|n. ) 7T) + 111(2) )]

Enla,0) > E|e n(K)

where Ty, denotes the distribution of D,, conditioned on n. with parameter 0, and the expectation
is taken over n..

A:s demonstrated in Theorem 6, the lower bound for the minimax error can be obtained by constructing
© such that: 1) inf; E(f;0)VE(f;0') > eforany 6,6’ € ©, and 2) inf % > 0eo DxL (’/Tg‘n , 7r) <
In(//4)/2. With the construction of such a ©, a lower bound of E[£] is attained.
We present a theorem that establishes a tight lower bound on inf ; £(f;0) V E(f;6).
Theorem 7. Let 0 and 0’ be the parameters of the distributions such that ﬁ s — pil))* = ds < 1
forall s € [M]. Then, we have
d, 1+4
(1 " 2) |

The term ||18-18:/3.1| — 11871185/|18.||? characterizes the lower bound, which is different from the
characteristic term in standard linear regression, || 3s — 34]/2.

2

1818s 18718
AR

2 —d,
oxe
4

fi&fZS(f;e)\/S(f;e’) > pe

s€[M)]

We next present the construction of ©. We construct © such that each of its elements corresponds to an
index from the set V = {—1, l}MX(d’l), denoted by 0, = {8y, fi,.} € O, where Bu,s 1s controlled
such that its norm is equivalent to a specified value By, i.e., ||8y,s|| = Bs. This construction ensures
that ©® C B x M. Given positive values €1, ..., €pr and By, ..., By, we construct O as follows:

Bvs v,8,1 €s .
My, s = 0, ”61},5“ = By, ”6’771 =V 1- 637 and HﬂB7 ; | = ”Us,i—l\/ﬁ fori =2,...,d. (8)

We demonstrate the following properties for O defined in Eq (8).

Theorem 8. Giveneq,...,epr > 0and B, ..., By > 0, let ©ce represent the set of parameters
defined in Eq (3). Let g, be the distribution of the sample Dy, conditioned on n. with the distribution

parameter 0. Then, we have 1) for any v,v' €V,

2

. 0%
inf E(fi00) VES;00) 2 D ps| Y porBy | P2 5dn(vs,0's),
d se[M] s'€[M]
and 2) for v,v' €V,
202 Bfn( €2
DKL(T‘-GU‘TLJWGU/‘TL.) = Z ﬁdH(US,U;).
sE[M] 3

By integrating Theorems 6 to 8 and employing the renowned Varshamov-Gilbert bound, we derive
the lower bound in Theorem 1.

8 Conclusion

This paper investigates a regression problem with («, ¢)-fairness consistency as a fairness constraint.
Specifically, we demonstrate that, under the constraint of («, ¢)-fairness, the minimax optimal error

Q
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scales as o¢B*dM /5, up to a constant factor, when o € (0, 1/2]. Additionally, we provide the fair
regressor that achieves this optimal error.

Potential negative societal impacts. Our study aims to mitigate the negative impact of regression
models on social groups, rather than to cause harm. However, our results are only valid for linear mod-
els, as defined in Eq (2). Misapplication of our findings to other models may result in discriminatory
treatment, which should be avoided.
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Figure 1: Sample splitting for constructing estimators.

A Comparison of Existing and Our Unfairness Scores

This section compares our unfairness score with existing ones. Recall that our unfairness score is
defined as the maximum Wasserstein distance between any two distributions vy and v¢ |, over all
pairs of groups s and s’, as follows:
U = max Wsy(v Vgl ).
(f) 5,8 €[M] 2( frnlss Vfls )
In contrast, Agarwal et al. [2], Chzhen et al. [7, 8] use the Kolmogorov distance Dk, to measure
unfairness, which is defined as:

U = max Dxgo(Vis, Vils)-
Kol(f) s,/ €[M] Kol( fls'Vfls )
The difference between our score and Uk, (f) is solely the choice of distance metric. Our score
utilizes the Wasserstein distance, while Uk, ( f) uses the Kolmogorov distance. This difference arises
mainly from technical reasons.

In addition, Chzhen and Schreuder [6] proposed another unfairness score, denoted by Uavew, (f),
which is defined as the average of the Wasserstein distance, as follows:

UAng2 (f) = lrulf Z psWa (Vf\sa V)~

s€[M]

Here, the score places more emphasis on the major groups, as reflected by the weight of ps. This may
not be desirable if the unfairness is more prevalent in the minority groups, which may be common in
real-world scenarios.

B Estimator Details

This section describes the construction of our optimal estimator in detail. Recall that our estimator

is a plugin estimator in which we first estimate the parts of the terms in Eq (5) and then substitute

/
s’

them into Eq (5). Specifically, we construct estimators for||3.||, B, ps'»
correspond to the terms in Eq (5) as follows:

P o)+ 3 pal )

— ! ~ ~ ~
By = me M Vg

s

and /i’,, where they
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Algorithm 1: Algorithm of the proposed optimal estimator.
Input :The sample D,, = {(X;,S;,Yi}7 ;.

Output : The regressor f,.

for s < 1to M do

Calculate n, and construct the group-wise sample D, and its duplicate D’
Partition D into equal-sized subsets: Dy ¢, Dy 5, and D3  ;

s 5

Compute the estimands ps from n., ||739\|| from D1 g, Bg from Ds 4, and fis from D3 g ;
Partition Dy, equally into D7 , and D5  ;
Compute the estimands 3/, from D1 g and i from D5 ;

end

Calculate fn using Eq (6) ;

return fn

For analysis purposes, we split the sample into several subsets and pass each subset to the corre-
sponding estimator (the correspondence is explained later). Figure 1 shows an overview of the
sample splitting and the correspondence between the subsets and estimators. We construct the
histogram of the sensitive attribute \S; from the sample D,,, denoted as n. = (n1,...,nys), where
ns = \{z € [n] : S; = s}| (upper left in Figure 1). We also construct group-wise samples
D, ={(X;,Y;):14 6 [n], S; = s}. For each s € [M], we divide D; into D1 5, D3 5, and Ds g such
that | Dy, S| =Nps > LnS/SJ for b € [3] (lower left in Flgure 1). We use n., D1 o D2 s, and D3 s 1

estimate ps, ||BS

and /i, respectively, where HBQ || is the estimator for ||3*s||. We obtain HB H
from the combinatlon of ps and || Bs|| (middle in Figure 1). Furthermore, for each s € [M], we create a
copy of D, denoted as D’s, and divide it into D'1, s and D’2, s such that | Db, s| := n'b, s > |ns/2]
for b € [2]. We use D'1, s and Dj , to estimate 3 and /i, respectively (right in Figure 1).

We describe the construction of each estimator below. We first deﬁne some notations. Let the
ith element of Dy, s and Dy be denoted as (Xp,s,i, Yp,5,i) and (Xp , ;, Yy ;). respectively. We
use the matrix notations Xp s = (Xps1-- Xpom,.) > Xp, = (Xz/;,s,1 - X )L Y =

bsnb

(Yos1 - Yo s.ms.. )7, and Yb' (YL’ o1 YL’ sl ) . We define the ordinary least square estima-

-
, Yb,s) )

(Xb S)TYE? s) :

tors for the subset of the sample Dy, s and Dy _ as follows

. 1/
ﬁb,s ( Xb SXb s) (
Ny, s Np,s
1 —1
gt | — X! TX/
ﬁb,s (n;hs ( b,s) b,s) (’Il

‘We construct each estimator as follows:

/
b,s

(ps) We use the empirical mean defined as ps = 7s/n.

(||/B;||) We use the norm of the OLS estimator. We define |@| = ||B1.s]| if ng > 184, and H/B?H =0
otherwise.

(||~6.H) Since [|B*[| = > ;c(ar Psll B3], we construct its estimat(jr as || 8.]] :Azse[M] Ps||Bsl|-
(Bs) We use the normalized ordinary least square estimator; 8, = 52 5/||B2,s|| if ns > 18d, and

BS = 0 otherwise.
(f1s) We use the empirical mean; jis =

LS Xa e

(3))  We employ the ordinary least square estimator; (3, = Bis if ng > 12d, and 3/ = 0
otherwise.
(i’)  We use the empirical mean; /i, =

n3,s

”25

9.5, if ns > 12d, and fiy = 0 otherwise.

Some estimators change their behavior based on the condition ns > 18d or ny > 12d, which is done
for technical purposes in later analyses.

1R
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Recall that the final regressor is constructed as follows:
fatw,s) = 181 Boe = i) + 3 b (Bl
s'e[M]

Algorithm | shows the algorithm for our estimator.

C Bayes Optimal Regressor under Our Modell

This section presents the proof of Lemma 1, demonstrating the Bayes optimal regressor under the
model Eq (2). To establish this, we make use of a key result from the work of Chzhen et al. [7]:

Theorem 9 (Chzhen et al. [7]). Assume, for each s € [M], vy- |s has a density. Then,

il Bl(/(X.5) - ['(X.8))"]| =inf 3= pW3(wpp..).
s€[M]

where the infimum is taken over all the regressors that satisfy the demographic parity. Moreover,
letting ffyp and v* be the minimizer of the lhs and rhs, respectively, we have vg= = v* and

fop(@,s) = D poFrly | o Fpealf(2,5). ©)

s’ €[M]

Here, we denote vy as the distribution of f*(X, S), Fy|, as the cumulative distribution function of
f(X,S) conditioned on S = s, and Ff_‘i as the inverse cumulative distribution function, given by

F7 . (t) = inf{y € R[Fpjs(y) > t}.

Building upon the results of Theorem 9, we establish the proof of Lemma 1.

Proof of Lemma 1. Building upon Theorem 9, we can derive the Bayes optimal regressor under the
model Eq (2) by obtaining closed expressions of the cumulative and inverse cumulative distribution
functions F'y« | and Ff_1|5 To obtain these closed forms, we apply certain transformations to f*(X, .S)
that render it a random variable following a standard normal distribution. Let ® and ®~! be the CDF
and inverse CDF of the standard normal distribution, respectively. Through elementary calculations,

we have:

=P{(B:, X) < t[S = s}

1 1
—p{ (05X ) S = (IS = s
ox||Bzll ox|| B
Here, we can readily observe that m( *, X — us) follows the standard normal distribution
under conditionedon S = s,as X ~ N (}1457 oxI) conditioned on S = s. Consequently, we have
1
Fra,(t) =0 ———(t — (8%, ps)) |- (10)

The inverse function of Ff_l‘s(t) can be obtained by equating the right-hand side to p and solving the
resulting equation for ¢, which leads to

Fr1(p) = ox|1B21@7 (p) + (85, 1) (11)
By substituting Eqgs (10) and (11) into Eq (9) in Theorem 9, we obtain the desired claim. O

D Details of Fairness Analysis

In this section, we provide evidence of the guarantee of our estimator’s fairness consistency. Specifi-
cally, we present the following theorem.

14
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Theorem 10. For any § € (0, 1], the regressor in Eq (6) is (1/2, §)-consistently fair.

We prove the above claim by utilizing Theorem 2, which is shown in the main body, as follows:

Proof of Theorem 10. We can confirm the claim by comparing the bound obtained in Theorem 2
with the definition of (%, 0)-consistent fairness in Definition 2. In particular, we can set C' =

4Box/ % andng = n > 481n(M/6)/ min, p, to satisfy the definition of (5, §)-consistent
fairness. O

Next, we provide the proof of Theorem 2. To this end, we prove the following two theorems:

Theorem 11. Let fn be the estimator of f{yp defined in Eq (6). Then, almost surely, we have

Wz(”fn\s’yfntS’) < QB(KBsaMs - ﬂs>‘ \Y, ‘<BS'7M5’ — /}S,>D

Theorem 12. Ifn > (481n(M/§) — 36d)/ min, ps, we have for ¢ € (0,1),
]P{Els e [M], 48In(M/9) } <.

ming nps + 36d
Combining Theorems 11 and 12 immediately yields Theorem 2.

<Bsa,us - ﬂa>’ >0x

Proof of Theorem 11. This proof investigates the distribution of v Fnls® It is straightforward to verify

that, conditioned on S = s, fn(X S) follows the Gaussian distribution with mean

8. ||<Bsa,ue /LS>+ Z p9/< c;y.us’>a

s'€[M]

and variance
——2
2
ox|IBIl
We can thus evaluate the Wasserstein distance between the distributions v Fnls and v f n|s’ using the

Wasserstein distance between Gaussian distributions. Given two Gaussian distributions N (1, 0%) and
N(u',0'?), the 2-Wasserstein distance between them are obtained [20] as

W2(N(p,0?), N(t',02) = (n— 1) + (0 — o'’

Therefore, we have
W2 s o) =B (Bt — ) = (B = 1))’
<8 ([ (B )| [ (B )])
which concludes the claim. [
Proof of Theorem 12. We start by deriving the concentration inequality for ( B s, lbs — fis) conditioned

on 65 and n.. Note that BS =0ifn, < 18d. Condltlomng on BS and n., we observe that <ﬁs, s — fis)
follows a Gaussian distribution with mean zero and variance 0% /n3 5. Therefore, for any s € [M]

andt > 0,
P{<Bs:ﬂs - /lb> >t

Taking the expectation with respect to BS and using the fact that n3 ; > [ns/3] > ns/6 for ng > 6,
we obtain the following inequality for s € [M] and ¢ > 0:

P{<Bs,us — ﬂ5> > t‘n} < 1{ns > 18d} exp(— 1725;;)

~ ns st2
ﬁs,n.} < 1{ns > 18d}exp| ——5— |.
20%

15
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Using the union bound for ¢ > 0, we have

P{Hs e [M], <Bs,us —ﬂs> > t‘n} < Y 1{n, > 184} eXp(—lT;tQ ) (12)

s
2

g
s€[M)] X

We now derive a sufficient condition on ¢ such that the expectation of the right-hand side in Eq (12) is
less than §. First, we note that

st?
1{n, > 18d} exp(— 1712 5 )
Ox

(ns +18d)t2  ny
1203( ne + 18d

<1{n, > 18d} exp(—

2
< exp (_ (ns + 18d)t )

2403(

Taking the expectation and substituting the moment-generating function of the binomial distribution,

we obtain
s + 18d)t?
E[exp<(n‘ - p ) )]
240%
18t —s2\"
< _ 1_ s s 240
<o~ gigr ) (17 e )

18d¢* - i
Sexp(—mog( — nps(l —e X))
Since 1 —e™% > (1 —e 1)z forz € [0,1], if t2/240% < 1, we have
s + 18d)t?
B[ exp [ — e H 18D
240%

<e 18dt? (1 — e 1)npst?
X — — .
=P\ T 2402 2402

(ns+18d)t? . 241n(M/95) 481n(M/4)
Hence, Elexp(—=9p7z)] < /M if ¢ > ox\/ =)y 7180 < 9%/ tmim, np, +36a Decause

(1 —e~1) > 1/2. To ensure t? /240% < 1, we require n > (481n(M /) — 36d)/ ming ps.

E Proofs for Norm and Direction Estimators

This section presents the proofs for Theorem 4 and Theorem 5. Our strategy for proving these
theorems is to use the hyperellipsoid to interpret the distribution of the OLS estimator. Specifically,

we begin by defining 3, = 1 X7 X and expressing the OLS estimator 3 as
A 1
p=p +En1(XT§>, (13)
n

where ¢ follows a zero-mean Gaussian distribution. Eq (13) shows that, conditioned on X, B
follows a multivariate Gaussian distribution with mean 5* and covariance matrix %2251. We
establish that, under the condition ||3|| = r, 3 is supported on a hyperellipsoid E(r, - % 3,,), where
E(r,c,A) = {x € R: (x — ¢) " A(z — ¢) < r} denotes the hyperellipsoid with 7 > O,Ec € R?, and
a symmetric and positive-definite matrix A € R%*¢,

To prove Theorem 4 and Theorem 5, we adopt the following strategy. First, we provide an approxi-

mation of the hyperellipsoid E(r, ¢, A) using the maximum eigenvalue of A%, i.e., Apax(A™1). In

our context, A = %Zn, and we then focus on the concentration inequalities regarding Apax (X, 1).

3
Finally, we combine these tools to prove both theorems.

Lemmas regarding hyperellipsoid. We present two lemmas that relate to the approximation of the
hyperellipsoid E(r, ¢, A). Specifically, we demonstrate the following two lemmas:

1A
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Lemma 2. Forr > 0, ¢ € R%, and a symmetric and positive-definite matrix A € R¥*4, we have
E(Ta c, A) g E(rAmax(Ail), C, I)

Lemma 3. For r > 0, ¢ € R% and a symmetric and positive-definite matrix A € R¥4, if
r)\maX(Ail) é ||C||2, we have

C X T
inf < > > \/1 o Amax(A1).
zeB(re,A) \ [|c]|” ]| [lell?

These lemmas provide insight into the approximation of the hyperellipsoid E(r, ¢, A) for a given
positive value of 7, vector ¢ in R?, and positive-definite symmetric matrix A in R¥*?, Lemma 2
states that the hyperellipsoid E(r, ¢, A) is contained within a hyperellipsoid F(rApax(A™1), ¢, I).
Lemma 3 shows that, under certain conditions, the minimum angle between a point in E(r, ¢, A) and
the vector ¢ is bounded below by a quantity that depends on r, ¢, and A.

Proof of Lemma 2. Tt is trivial that A — A\, (A)T is positive semi-definite. Equivalently, we have
for any xz € R4,

a:T(A — Amin(A) )z >0
— 2 Az > xT)\min(A Ix. (14)
From Eq (14), for any « € E(r,c, A), we have
a:T)\min(A)Ix <z Az <r.
Hence, for any = € E(r, ¢, A), we have

T r -1
< EEE——p—
' Iz < o () Amax (A7 )T,

which indicates * € E(rAmax(A71Y), ¢, I). O

Proof of Lemma 3. Let ¢ = ¢/||c|, and define a set E(r,c,A) = {x € Sd—1: Fy > 0,y €
E(r,c,A)}. Then, x € E(r,c, A) if and only if

inf (yz —¢) " A(yaz —¢) <. (15)
v>0
We can rewrite the left-hand side of Eq (15) as
vz, Az) — 2y(c, Az) + (c, Ac)
(c, Az) \* (z, Ac)?
={x. A — — .
(o, 0) (7= {250 ) ey - S0
Hence,
. NT o ~ ((z,Ac) vV 0)?
ir;f(’)(vx c) A(yx —¢) = (¢, Ac) A
Consequently, z € E(r, ¢, A) if and only if
(z, Az) (<5, AZ) — Hcr||2> < ({z, A2) V 0)2. (16)

From Lemma 2, we have

. _ . .z
inf C,—7 ) > inf C
2EE(r,c,A) ||| 2EE(Amax(A~1)r,e,1) |l

= inf (¢ x). 17)
TE€EE(Amax(A~1)r,c,I)

By Eq (16), 2 € E(Apax(A~Y)r, ¢, I) if and only if

1— #)\max(/ﬁl) < ((z,6) v 0)*. (18)
c
Combining Eqs (17) and (18) and the assumption yields the claim. O
17
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Least eigenvalue of the empirical covariance matrix. The previous lemmas, Lemmas 2 and 3,
provide valuable insight into analyzing the randomness regarding £. However, to account for the
randomness of X, we must also control the lower bound on the least eigenvalue of A in Lemmas 2
and 3, which corresponds to the least eigenvalue of %X T X in our context. To this end, we leverage
the high probability bound presented by Mourtada [ 5] based on the small-ball condition. We state
the following probabilistic bound and expectation bound.

Lemma 4. For p € R? and 0% > 0, let X1, ...,XniEN(u, 0% 1), and let X = (X1 X,)'.

Then, for n > 6d, we have
1 21 10 n/6
P{)\mir,(XTX) <t} g( - t) .
n 0%

Lemma 5. For y € R? and 0% > 0, let X1, ...,XniEN(u, 0% 1), and let X = (X1 X,)".

Then, for n > 6d, we have
-1 10
1 21 6
Amax<(XTX> )] <= (1 + >
n 0% n—=6

To prove Lemma 4, we utilize Corollary 3 in Mourtada [15]. Specifically, we use the following
theorem.

Theorem 13 (Corollary 3 in Mourtada [15]). Let X be a random vector in R such that E[|| X ||?] <
+o0, and let ¥ = BE[XXT]. Let &, = LS X, X', where X; are i.i.d. copies of X. Given
C > 0and o € (0,1], assume that for every § € R4\ {0} and t > 0,

E

IP{<9,X>2 < t2H21/29

2
’ } < (C1)°. (19)
Then, if /n < a/6, for every t > 0,
S = 18
with probability at least 1 — (C't)*"/¢, where C' = 3C*el 7/,

Eq (19) is known as the small-ball condition.

Proof of Lemma 4. To take an advantage of Theorem 13, we need to ensure that X; satisfies the
small-ball condition in Eq (19). Let &,, = £ X T X. Then, the expected value of 3, is equal to
o3 I+up’ =3, ie,E[X,] = X. Given § € R4\ {0}, (9, X;)2 /0% 0]|? follows the non-central 2
distribution with degree of freedom 1 and non-centrality parameter (0, u)? /0% ||0]|>. Consequently,
we verify the satisfication of the small-ball condition of X; by confirming that for a random variable
Z following the non-central x? distribution with degree of freedom 1 and non-centrality parameter
A2, there exists C' and o € (0, 1] such that

P{Z <t} < (Ct)~.

The cumulative distribution fucntion of the non-central x? distribution with degree of freedom 1 has
a closed-form using the error function (See [12] and references therein). Specifically, letting erf(z)

be the error function, defined as
2 # 2
erf(z) = —/ e ¥ dz,
VT Jo

the cumulative distribution function of Z is obtained as

P{Z <t*} = ;(m(t_\/;‘) +erf<t+ﬁ/\)>.

2. .
is an even function, we have

9 1 A+t 2/ t—A\ 2/
PlZ <t} =—— / e " 2dx+/ e " 2dx
{ b=l i

1R
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Since e~ *



0
e dx + / e dy
A—t

)\-‘rt
T
)\+t 5 A—t R
— e " Pdy — / e~ Pda
V ( 0
— e~ 2y,
r/
Noting that e=*/* < e~ G0 for o € (A —t,A+1t), we have
Att ov(A—t))2
P{Z <%} < / dm—\/76 s 20
{Z<tty< 7| (20)

We verify that X; satisfies the small-ball condition by utilizing Eq (20). Recall that (0, X;)? /0% /0|
follows the non-central x2 distribution with degree of freedom 1 and non-centrality parameter
= (0, u)?/0%||0|| for any & € R\ {0}. By Eq (20), we have

9 Xl 2 2 v(A=t))2
p[LOX° o] _ [2 wnr,
ox 19| m

Noting that H21/29H2 = 0% ||0]]? + (0, u)?, we have

2 2 V(A—t))*
‘ }S 2 14 <§7M>2 JRCIES >>2t
™ ox 19l

2 V(A—t))2
S+ A Q1)
s

P{(@,Xi>2 < t2H21/29

We divide into two cases, A > t and A < ¢, to derive an upper bound on Eq (21).

(Case A > t) Since (A — )% = A2 — 2\t + 12 > A2 — 2¢2 +¢2 = A2 — 2, an upper bound on Eq (21)
is obtained as

2 v(A—t))2
2 (14 A2y Sy

™

2 2 2

S+ A)e Tt

™

For positive numbers a and b, v/a + b < \/E + 0. Using this fact, we have

2 (14 A2 S

™

2 2_,2
g\/>(\/1+t2+\/)\2—1%—A 7 )t.
’/T

. . _z2 . . _1
Since a function  — ze~" /> admits a maximum on z € (0,00) of e~ /2, we have

VA2 —t2e” e <

—'/2, Consequently, we have

v t2
\/ (14 M2)e~ 5 1/ 1+t2 22)

where we use the fact (14 e~"/?)? < 8¢~ 1.

(Case A < t) We can easily verify that

v f2
,/ (14 A2)e= 5 ,/ (1+#2)t (23)

10
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Combining Eqgs (22) and (23), we have for every ¢ > 0,
P{(@,Xﬁ < t2H21/29

Fort? € (0, —3 + /1 + %], we have
,/%(Hﬂ)tﬁ \/i<1+,/1+7;e>t.

1 1
Fortz—i—i—iyll—‘r%,

\/fe(ur 1+T>t>\/7i((1+7f)—1) = 1.
‘2} < \/i(1+’/1+7f>t<71/4t’

It confirms X; satisfies the small-ball condition with C' = 7"/* and o = 1. Application of Theorem 13
yields the desired claim. O

2 16
| } </ 21 g2,
e

Hence, for every ¢ > 0, we have

IP’{(G,XZ-)2 < t2H21/20

Proof of Lemma 5. For a positive random variable X, we can express the expected value of X as
E[X] = fooo P{X > t}dt. Applying this to our problem, we obtain

1 -1 o) 1 -1
>\max<<XTX) >‘| :/ IED{)\maux(()(—r)() > >t}dt
n 0 n
:/ P{)\min<(1XTX)> < t—l}dt.
0 n
Now, let us set C' = 2

)\max<<XTllXTX) 1)] :C+/COO P{Amin<(;XTX)> < t—l}dt

E

E
<C +/ (Ct=1) " at
c
_ o1 MY T (L
coren(i-2)" (o)
6
=C (1 + 6)
which yields the claim. O

Proofs of theorems. By utilizing the results of Lemmas 2 to 5, we provide the complete proofs for
both Theorem 4 and Theorem 5.

Proof of Theorem 4. We begin by demonstrating that obtaining an upper bound on the expected
error of the direction estimator can be reduced to finding a lower bound on the inner product

A, = (ﬁ, Hg—:m Specifically, a straightforward calculation yields

Hllﬁll I5*||2 :2<1—E[<”§,7”§I”>D- o

Therefore, it suffices to establish a lower bound on E[A,,].

20
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Taking advantage of Lemma 3, we derive a lower bound on A4,,. Let r = ( B— B T(

I
M

3
S—
—~
=@

|
=@
*
S—

From Lemma 3, it follows that

or
A > 41— =5 A (Z01),
\/ 18> (=)
provided that 7 < n||5*[|*/0g Amin (3, 1). Since 1 — /1 —z <z for z € [0, 1], it follows that
TR e
n X ||5*H2n max\&~n )
as long as - < nf|3*[| /0 Amax (25, 1)-

Next, we derive an upper bound on the expectation of 1 — A,,. Noting that conditioned on X, r
follows the x? distribution with degree of freedom d, we have

=E 1T<L*H2 +1 T>M (1—-Ap)|X
T 0B Amax(Zn ) 0 Amax (S 1)

ogr n|8*|*
<E| — e () (X | P> — 2 |X
<E| [ e (57) { 02 M (Zn 1)

0'27'

OB | S Amax (571) [ X (25)

R 1

202d

£ -1

=———Amax (2, ), (26)

where we use the Markov inequality to obtain Eq (25).

By utilizing Eq (24), an upper bound on the expected error can be obtained by deriving an upper
bound on the expectation of Eq (26). The random variable in Eq (26) is Apax (Eg 1), which allows
us to derive the upper bound on the expected error by obtaining an upper bound on the expectation
of Amax (Z; 1). To accomplish this, we apply Lemma 5. The upper bound from Lemma 5 can be
substituted into Eq (26), resulting in the claimed upper bound. O

Proof of Theorem 5. We first utilize Lemma 2 to get an upper bound on the squared error of the norm
estimator. Let 7 = (3 — 8*) T (&X,)(8 — 8*). From Lemma 2, we have
3

2
B - ﬁ* ’ S %T/\max(zyjly

Application of the triangle and reverse triangle inequality yields

18711 - \/?Amax(z;l) < |18 < ns1i+ "f?”xmx@;l),

(Bl - 1°1)° < o2,

Taking expectation conditioned on X yields

B (181 - 1°1) ]

ool

equivalently

0'57“

& -1
n )\max (Zn )

o?d
<A (B21), 27)
n
where we use the fact that r follows the x? distribution with degree of freedom d to obtain the last
line. Again, application of Lemma 5 into expectation of Eq (27) yields the claim. O

21
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F Details of Upper Bound Analyses

This section presents a detailed proof of the upper bound stated in Theorem 1, which is achieved
through an analysis of the estimator constructed in Section 5. Specifically, we establish the following
theorem:

Theorem 14. Let Bn be the estimator constructed in Section 5. Then, there exists a universal constant
C > 0 such that for any § € (0,1) and n > 12(3d V 4In(M/d))/ minge (s ps,

2B2dM V 0% B2M Vv B2U?
o) s (1)

n n

To establish the validity of Theorem 14, we begin by proving Theorem 3, which demonstrates that
the estimation error can be decomposed into the sum of errors associated with individual components.
Subsequently, we derive upper bounds for the estimation errors of each component. Finally, we
synthesize these results to provide a proof of Theorem 14.

F.1 Proof of Theorem 3

We commence the error analysis of our estimator by decomposing the estimation error, as presented
in Theorem 3. Recall the statement of Theorem 3

Theorem 15. For the estimator defined in Eq (6), the mean square deviation from ffp is bounded

above by
9 1/2 B R 2 1/2 . 9 1/2
> v (B[] B[(Bu =) || +ox[ (0 -TET)n] +
se[M]
2 Yz
. 2| 12 )
ol TE| |5 - 1820 ||+ B | 3 ae(B - pma) ) n| +
s'e[M]
2 /2 5
E Z ﬁs’<5;’7ﬂ;’_ﬂs’> n. + Z (ﬁs'_ps’)<6;’7us’>> 1
s'e[M] s'e[M]

We provide a proof of Theorem 15 as follows:

Proof of Theorem 15. We begin by decomposing f,, (X, S) — f5p (X, S) into six terms. Recall the
definitions of f,(z,s) and f{ip(x,s):

Falw,s) =B (Bow— fre) + 3 B (Bl )

s’e[M]
f]SP(xvs) :W<”g%7x - Ns> + Zps’<ﬁ:’7ﬂs’>-

Through elementary calculations, we obtain:

Fa(X,8) = fip (X, S) = 51 Bs. s — s ) + (161 = 18711 ) {Bs, X — pis )
1B — 0 X s )+ 3 (- B

1821 R

+ Z D’ <B:/7 ﬂ;’ - :us/> + Z (ﬁS’ - ps’)<5:/7 Us’>- (28)

s'e[M] s'e[M]

77
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By the Cauchy-Schwarz inequality, for two random variable Z; and Z,, we have E[(Z; 4 Z5)?]"/* <
E[Z?]/* + E[Z3]"/>. By applying this fact into the expectation of Eq (28) conditioned on S and n.
multiple times, we have

B|(7(X.5) - fe(X.9)) ]

:SEXU\:/[]pSE{E[(fn(X, S) —fBP(X,S)>2‘S: sn] ‘sz s}
(E[(|W|<Bs,us ~is))’
8] (1 11 (35, ) s =]
I ”<BS i S>> ]

< 12
(5o ) .
(g o)

1/2
S =s, n] (29)

SZPSE

sE[M]

/7/’LS/ S =

1/22
+B Z(ﬁs'—Ps')<5§uus'> S=sn. )

s'e[M]

525].

, B, and [1s are independent conditioned

In the subsequent analyses, we derive upper bounds for each term in Eq (29).

on n.. Thus, we have:
M, . 2
E|([51(8s, ns — )

= | (131 = 1)) o h

5[ (i31°) ] B[ (3o’

This term matches the first term of the desired bound.

1/2
S = s,n}

1/2
(Second term in Eq (29)) Since |m|, Bs, and X are independent conditioned on n., we have
e N\ - 2
B (13- T°T) (X -~ c))
) _ 2
—o%| (131 - T71) |
where we use the fact that X — us, ~ N (0, Ug(_[) conditioned on S = s, and Bs € S4_1 almost

surely. This result corresponds to the second term of the desired bound.

(Third term in Eq (29)) Since X — ps ~ N(0,0%1I), we have
S =s, n]

st,n}

* 2
B (”5'*”<Bs ||§ T “>)

71

8675 https://doi.org/10.52202/075280-0378



2

.- 2
Bl ||

which corresponds to the third term of the desired bound.

—2 ~
=oXB* "B |||5s

(Forth and fifth terms in Eq (29)) These terms are independent of .S, so we can omit S = s from the
condition, resulting in the fourth and fifth terms of the desired bound.

(Sixth term in Eq (29)) This term does not contain any random variable when n. is fixed. Thus, we
can remove the expectation, yielding the sixth term of the desired bound. O

F.2 Estimation Error Analyses for Each Component

This subsection presents an analysis of the estimation errors associated with each component estimator.
In particular, we investigate the estimation errors of jis, ||3.]|, Bs, 5%, and fil,.

F.2.1 Estimation Error Analysis for [,

Here, we presents the proof of the following theorem.
Theorem 16. Given s € [M], if ns > 18d, we have

2
60%

Sup E[<’Ua,us - ﬂé>2‘n:| <

vES_1 Ng

Proof of Theorem 16. Given v € S;_1, we have
N N AT
E|(v,ps — us>2‘n} = <v,E[(us — fus) (ps — fis) ‘n}v>

According to the definition, /i5 is an average of n3 s i.i.d. random variables following N (y5, 0% 1).

Hence, we have ps — jis ~ N(0, :} ), which implies E[(ps — jis)(ps — fis) '] = sf‘ I.
Consequently, we obtain: '
2
E|:<’U,/~‘LS - ﬂs)z’n] :<’U, Ix IU>
n3.s
:CT%( (v,v) = Ug{.
n3.s n3 s
Since n3 s > |ns/3] > ns/6 for ng > 6, the claim follows. O
F.2.2 Estimation Error Analysis for ||/ﬁ\||
Here, we present the proof of the following theorem.
Theorem 17. For any s € [M], we have
_ 2| 12 189¢062Md Ng
E[(Hﬂ.n ~T5T) n} S D DR IS T o B SN ORI A
X s€[M] s€[M]

Proof of Theorem 17. By combining the definitions of ||/[3\|| and ||| and utilizing the Cauchy-
Schwarz inequality, we obtain
1/2

| (11 - T
=E|( X (18] -TBT) + 3 (b —p2)

s€[M)] s€[M]

24
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2 1z
<E|| X p(IBN-TBT) | n| +| > (s —poIIBEN | (30)

s€[M] sE[M]

Next, we derive an upper bound for the first term in Eq (30). Applying Jensen’s inequality, we have:
2

0] |n

Bl > s (18] - T8

se[M]
Ng — 2
< > Zeg/(i50 - T5T) |n
se[M]
- Z T;S(]l{ns > 18d}E[(||/55\|| - Hﬁ:”)Q n} +1{n, < 18d}||5;2)
s€[M]

Using the fact that n; > 6d for n, > 18d and employing Theorem 5, we obtain:
2

Bl > o.(IB0-T5T) | |n

se[M]

21e'%2d |2
€] n nis nys—6 n

s€[M]
189¢19¢2 M d B2n
3 s
<—F5—— 1{n, < 18d ,
< Zn + § {ns < 18d} -

s€[M]

where the last line follows from the fact that ny s > |n,/3] > n,/6 for ny, > 6, 6 < 1/s for

1’7,1,576

ns > 18, and ||5%|| < B. O

F.2.3 Estimation Error Analysis for BS

Here, we will prove the following theorem.
Theorem 18. For any s € [M], we have

g |2 756eloa§d . 184
~ : T T N I Nng > ,
E ‘ ﬂs - ||B*|| n‘| - U%{Hﬁ;HQnS
s 1 otherwise .
Proof of Theorem 18. 1f ny < 18d, B, = 0, and we thus have B[] 3, — 5&7/|2n.) = || 557112 = 1.

For n, > 18d, we have ny ; > 6d. Application of Theorem 4 yields

2

~ B 84610J§d ( 6 )
E|||3, - =l |n| < 1+
‘ 185l o% 182117z, na,s — 6
We get the claim in the same manner as the proof of Theorem 17. O

F.2.4 Estimation Error Analysis for B;,

Here, we will prove the following theorem.
Theorem 19. Given s € [M], let ©3 = E[ XX, | for Xs ~ N(us,0%1). Then, if ns > 12d, we

have
402d 4d)\ 2
n] < £ + 5046100?( ) .

ns s

‘ 2

EM&%@—@)

75
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To prove Theorem 19, we utilize the following theorem presented by Mourtada [15].

Theorem 20 (Theorem 3 in [15]). Let X be a random vector in R? such that it statisfies the small-
ball condition of Eq (19) and E[|2~"*X||*] < kd for some k > 0, where ¥ = E[XX]. Let

S, =1 Lyt X X[, where X; are i.i.d. copies of X. If n > 6a~'d A 12a~ ! In(12a71),
1 . d a\’
fE[Tir(Z;lZ)} <%4 80%() ,
n n n

where oo and C" are as in Theorem 13.

Proof of Theorem 19. We can easily confirm that 3, ~ N (7, n, - (Z’l s)7") conditioned on 7. and

2
g _
n’fs (E/l,s) 1’

X{ ,8° where Ell,s = ﬁX{,s(X{,S)T' NOtiI’lg that E[(B; - ﬁs)(ﬂé - ﬁ;)T‘Xv n] =

we have
B[ (3 -0 |

_Tr<EsE [(B; —a) (8 -8 n])

o2 .
=S B[Te (%, (51,) ) ], (31)

nl,s

We apply Theorem 20 to the expected trace term in Eq (31). To do so, we need to check X7 | satisfies
the small-ball condition of Eq (19) and the kurtosis condition E[HZS_I/ X1 < k.

The small-ball condition is confirmed by the same manner in the proof of Lemma 5, with C' =

7'+ and o = 1. Here, we prove the satisfication of the kurtosis condition. For a multivariate
Gaussian random variable X ~ N (u, A) such that Ay (A) > 0, ¥ :=E[XX "] = uu' + A, and
=72 X" = (X, 271 X)

E[HE‘V?X’H —E[(X,371X)?]

=Var[(X,57'X)] + (E[(X,=7'X)])".
Since we have
E[(X,S7'X)] =Tr(S" (up" +A)) =d
Var[(X, E_1X>] :2Tr(2_1AE_1 (uuT +A)) + 2Tr(E_1AZ_1;mT)
=2Tr(X7'A) + 2Tr (S PAS ")
:2Tr(2_1 (,u,uT +A)) - 2Tr(,u,uTE_1uuT)
=2d = 2||p|>(u, =) < 2d.
Hence, the kurtosis condition satisfies with x = 3.

Application of Theorem 20 into Eq (31) yields

2
« 2 o2d d
1/2 / ¥ E 10
U'E ( o S) n} < n,l + 504e o¢ <n'13> )

provided that ns; > 12d. We get the claim from the fact that n/LS > |ns/2] > ng/dforng >4, O

F.2.5 Estimation Error Analysis for /i,

Here, we will prove the following theorem.

Theorem 21. Given s € [M] and v € RY, if ng, > 12d, we have
ok lv]?

B[ (v, i, — ) |n.] < =2

7A
https://doi.org/10.52202/075280-0378 8678



2
Ix

Proof of Theorem 21. By definition, we have i}, ~ N (us, ;.7~1I) conditioned on n. for n, > 12d.
2,s
Hence, we have

2 2
B[(0., — e[| < T
n2,s
We get the claim following the same manner of the proof of Theorem 19. O

F.3 Some Auxiliary Lemmas

This subsections introduce some auxiliary lemmas for use to prove Theorem 14. Specifically, we
demonstrate the following lemmas:

Lemma 6. Let ay,...,ap € R be arbitrary numbers. Then, we have

. 1
E Z as(Ps —ps)2 = EVar[aS].
s€[M]

Lemma 7. For a constant ¢ > 0, we have for any s € [M]

14c¢!t
ps(n+1)

Lemma 8. Let ¢ > 0 be a constant. If n > 2¢/ mine(as) ps,we have for any s € [M]

E[n;l 1{ns > c}] <

P{ns <c} < e~ "Ps/8,

Proof of Lemma 6. Since np. follows the multinomial distribution with the parameters n and p.,
using the variance and covariance of the multinomial distribution, we have

2

E Z as(ﬁs _ps)

s€[M]
_ Z agps(l _ps) . Z Asg'PsPs!
n n
se[M] s,s'€[M]:s#£s’
asp,
Y Y
sE[M] s’ e[M]

Leta = Zse[M] psas. Then, we have

Z AsPs (as - El)

se[M]

= Z ps(as—@)Q‘f‘ Z &ps(as_d)

se[M] se[M]
= Z ps(as — a)® = Varfag].

s€[M]
Hence,
2

. 1
E Z as(Ps — ps) = EVar[aS].
s€[M]

27
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Proof of Lemma 7. For a random variable X following the binomial distribution with the parameters

nand p, E[x'] = 5y (1= (1—p)™ ) [5]. Since n, follows the binomial distribution with the

parameters n and ps, we have We have

E[n; " 1{n, > c}]

:E[nsi 1 (1 + ni) 1{ns > c}]

§(1+c1)E{nsl+J

14!

n 1+c!t
TP S

~ ps(n+1)°

Proof of Lemma 8. From the Chernoff bound, we have

P{ns < c} < eXp<—QZS (% —ps)2>.

Under the assumption, we have ¢ < nps/2. Then, we have # (% — ps)2 > n/8, which gives the

claim. ]

F.4 Proof of Theorem 14

Proof of Theorem 14. We begin by characterizing the estimation error by each component’s estima-
tion error shown in Theorems 16 to 19 and 21. Specifically, we characterize the estimation error
using the following error terms:

e?nean,s = Sup E|:<'U,,U,S - ﬂ8>2‘n:|
VESq_1
eporm =E[(182] = 18.1)%|n.]
B
6<2:oef,s :E[HBS - ||B*H H2|TL}

2 1/2( Hr * 2
ecoef’,s =E HES (55 - 55) ‘ n.
€rean.s = sup E[{A} — ps,v)*|n.]

VESg_1

2

ef)rob = Z (ﬁs’ _ps’)<6:/7/145’> 5

s'€[M]

where 3, = E[X, X/ ] for X; ~ N(us,0%1).
We analyze each term in Eq (7) one by one.

(First term in Theorem 3) Recall the first term in Theorem 3

n:| 1/2E |:<st Hs — ﬂ3>2

1/2
From the Cauchy—Schwarz inequality, we have

n] " <E[[5:T || " e {(HﬁH 1)’

SB + enorm-

—2
E[nﬂ.n

—2
E[IIB.II

1/2
|

7R
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By definition, BS = 0 for n, < 18d, which indicates that
. 2 12
E|:<BS,MS _ﬂs> n:| =0.

In the case of n; > 18d, by utilizing the fact S, and ji, are independent conditioned on n. due to the
sample spilitting and 85 € S4_1, we obtain

B (feone = )

Consequently, we have
_ 12 _ 2
B [ n} E [<65, o = i)
(Second term in Theorem 3) Recall the second term in Theorem 3

UXE[(/m T n]/

Using the notation of ey, We have
1/2
n} = O XC€norm- 33)

A\ 2
’I’L:| < sup E|:<’U,Ms _/J'S> ‘n:| = er2nean7s'
vESy_1

1/2
n:| < (B + enorm)emean,s ]l{ns > 18d} (32)

oxB| (11 - o)

(Third term in Theorem 3) Recall the third term in Theorem 3

_ - B* 2 /2
I A
18
Substituting ecoef, s yields
8 /
ox||B*|E ‘ Bs — ||ﬂ*|| ] = O'X”/B.*Hecoef,s- (34)
(Fourth term in Theorem 3) Recall the fourth term in Theorem 3
2 12
E|| Y o(Bl-8u) | [

s€[M]

Due to the sample splitting, 3, and /i, are mutually independent. Also, we have E[(3, — 5%, i)] = 0.
Hence,

2
> b /3 /3:,,1;> n.
s€[M]
* ~1 2
= > (- ot o)
sE[M]
N 2
= ﬁiEKﬁé Z,ﬂ’s> n] 1{ns > 12d}.
se[M]
Since B[(2) (7)) = pu” + 251 =%, — (1 — )02 I, we have
Hs)\Hs = Hp nl R — Hs "/2,.: Ox1,
2
E po(BL— B ) | |

70
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1/2 2
- Y E (zs - (1 - ,1>a§(1> (B; - /3’;) n.| 1{n, > 12d}
n2,s

s€[M]
< Z ﬁﬁE[Hz;/z (5; _ B:) } 1{n, > 12d} = Z preloer s L{ns > 12d},  (35)
se[M)] s€[M]

where we use the fact X3 = ¥, — (1 n,l )G’ %I, and for symmetric matrices A and B such that
2,s

A » B, (v, Av) > (v, Bv) for any v € R. For ns < 18d, the error is zero because /i, = 0

(Fifth term in Theorem 3) Recall the fifth term in Theorem 3

2 12
E Z ﬁs<6;>ﬂ; _Ms> n.
se[M]
Since /i, are independent, we have
2
E|| D Bl —pa) | |0

se[M]

[<B:‘,ﬂ; - s>2]n} 1{n, > 12d}

M

SE[M]
+ Z DsDs’ ]l{ns <12d,ns < 12d}<ﬁ:aﬂs><ﬁ:’7us’>
s,s'€[M]
211 ok . 144d? M2
< Y BB swp B[ — ) |n] 1n, > 124} +
s€[M)] V€S-
1
< p2B2e? 1{ns > 12d = . 36
< 3 FB > beo() G6)

(Sixth term in Theorem 3) Recall the sixth term in Theorem 3

Z (ﬁs’ _ps’)<ﬁ:’a:us'> )

s’e[M]
which is equivalent to eprob.

By combining Theorem 3 and Eqs (32) to (36), we get

B (7(X.5) - fop(X.5))’|

< Z psE (B + enorm)emean,s ]l{ns > 18d} + 0xeénorm + UXHB.*”600€f,s
SE[M]
1/2
+ Z ﬁgzegoeﬂs, ]l{nsl > 12d}
s’ €[M]
1 " 2
+ %] ﬁi/BQCiIean/’s/ ]].{ns/ > 12d} + 0<n) + epmb) ] .
s'e

The triangle inequality gives that

N
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B (7(X.5) - fop(X.))’|

S Z 7ps (BQE[egnean,s ]l{ns > 18d}] + E[eiorm]E[ mean s l{ns > 18d}]
s€[M]

+UXE[ norm] +JX||5*|| E coefs > Z 7( ps Coef’ Il{ns > ].Qd}]

B (5252 s 1ins > 12d}]> + B[] +o( 1)

By applying Theorem 16 and Lemma 7, we have

E[e? 1{n, > 18d}] <E 607 X]l{n > 18d}| < % 1+i
mcans S s 5(7’7,—"-1) 18d .

Also, from Theorem 17 and Lemmas 6 and 8, we have

18961002Md

2 Its b .
s€[M] sE[M]
378€1OO'§MCZ 2N 2
< S B[ < 180 2 4 2 V(53
axn n
se[]\/[]
378¢002 Md 364 2max,||5:]
< 4 Z P{n, < 18d}— + — 221
oxn n n
s€[M]
378e'%02 M d d 2B?
SRy B 2
oxn n n
s€[M]
3780 Md  2B2 1
:27 + — + o\ — ),
oxn n n

provided that n > 36d/ min,e[as) ps. By utilizing Theorem 18 and Lemmas 7 and 8, we have

) 756¢1002d
E[ecoef,s] SE Hﬁ*Hz ]l{ns > 18d}

756e'%02d 1

£ —nps/8

<——5—| 1+ > +e P
ps<7§(|ﬁ§‘||2n( 18d

7566100'§d ) 1 1
o\ T 18a) TR

provided that n > 36d/ minecp/) ps. Application of Theorem 19 gives

ns\? 4 10, 2
(;) ( 50 1{n, > 12d}

{—]l{ns>12d}} < )gp405+ ( )

4UX

+ P{n, < 18d}

E[plel o 1{n, > 12d}] <E

By Theorem 21, we have

bse mean’,s

.4
E[p2€% 0 s 1{ns > 12d}] <E[” dox 1{n, > 12d}] < p 22X

Application of Lemma 6 with a; = (3%, us> into €2, ., yields
B2U?

E[ prob] <-— Var(<BS7MS>) n

21
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Synthesizing the results so far, there exists an universal constant C' > 0 such that

B|(7.(%.8) - foo(x.5))

— 2
O’?Md 03 B? 0?”5*” d

232
<Y o B2

*[|2
s€[M] psn n n B2 11Ppsn
s 2 s 2 B2U2 1
+Zc<p‘ax+p‘gx)+c +0(>.
n n n n
s€[M]

Consequently, there exists an universal constant C' > 0 such that
A N 2
B[ (7.(x.5) - s (x.5) ] <

0%B*M o}Md ¢%B> oiB°Md % o} B2U? 1
C<Xn R SRS Sl + 2 +0(>.

n n n n n

Then, the dominating terms match the claim. O

G Details of Lower Bound Analyses

This section provides the proofs of the lower bound analyses results.

G.1 Proof of Lower Bound in Theorem 1

Theorem 22. [f M (d — 1) > 16, there exists an universal constant C > 0 such that for any o > 0

and § € (0,1),
0§B2dM 1
Enla,0) > C——— — 0().

n n

Proof of Theorem 22. The Varshamov-Gilbert bound guarantees that there exists a subset V' C V
such that [V'| > 2M(4=1/8 and dy (vs,v.) > (d — 1)/8 for any v,v" € V'. With the choice of

e2 = (&L - ﬁ)a?/?oiBfﬂs, we confirm by Theorem 8 that inf & >, . Dxr (7o, n. , ™) <

max,, v ey Dxr (o, 1n,7) < In(|V'|/4)/2 > M(d — 1)/16 — 1. From Theorem 8 and the
(e psB:)? (dfl
B?

16
(1—(1—ps)™) due to [5], there exists an universal
(X areran Psr Bor)? 02 Md
B2 ) n

(Zs/e[lvﬂ
B

fact dps (vs, v;) = (d — 1)/8, we can apply Theorem 6 with € =3,/ Ps

27)02/2n. From the fact that B[] = o5

constant C' > 0 such that E[§] > C(3; D se[M]

— o(+) We can get the
2
2By — B2 and

2
B, < B. Because for By = ... = By = B, tending By to O results in (57 > ec(M] M)

goes infinity, it is confirmed. [

claim by confirming that there exists By, ..., Bjs such that (ﬁ D s e[M]

G.2 Proof of Theorem 6

Proof of Theorem 6. Since the distribution of n. is invariant against § € ©, we have

sup Ey [5(fn; 9)]

—E [sup Eq [S(fn;Q)’n.H

0co

>E bleag Ey [g(fn; 9) ‘nH

29
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5 2 Ba[etnsoln]

96@

Given e possibly dependent on 7., application of the Markov inequality yields

sup By [(f:0)]

=
Z Pe{ (fn:6)

06@

Ifinf; E(f;0)VE(f;0') > eforany 6,6’ € ©, E(f;0) < eimplies E(f;0') > e forany 6’ € O such
that § # 6. Hence, there exists a partion { Fy },.¢ of all the measurable functions f : R% x [M] — R
such that {f : E(f;0) < €} C Fy forall § € ©. Consequently, we have

sup By [€(f:0)] > B|e 5 ZIP’g{fne}‘(,’ y

0cO
Application of the Fano’s inequality and data processing inequality yields the claim. O

G.3 Proof of Theorem 7

To prove Theorem 7, we show the following more tight lower bound.

Theorem 23. Let 0 and 0’ be the parameters of the distributions such that —2;2 lps — pllI> == ds < 1
X
forall s € [M]. Then, we have

it E(:0) VE(f:8) >

e~ s 9
Z DPs 4 Ox

s€[M)]

mﬁs _ 18] B 2(1+ llps — |2>1+§
A 402

_/1B18s 1818 fe
+< <||le| e >
_ 2
+ D p8’<<55"ﬂ§'vﬂs> <ﬁsf+ﬁ/,”5 >)> ( Hus4a el ) )
s'€[M] X

Theorem 23 immediately gives Theorem 7.

We utilize the sufficient condition for the constrained optimization problem over a Banach space.
Let Z be a Banach space. We say a function f : Z — R is Gateaux differentiable if the limit

lim, g M exists for any open set U C Z, any z € U, and any u € Z. We denote the

Gateaux derivative of f at z € Z, a linear mapping from u € Z to lim,_,q M, as Dg f(2).
We abuse 0 to denote the mapping that always outputs 0.

Proof of Theorem 23. Let g4 and ¢, be the density function of X, with the parameters (3., 1.) and
(8, 1), respectively, regarding the base measure \. Since X follows the Gaussian distribution, we
can choose A as the Lebesgue measure. Given 7 € [0, 1], we have

E(f;B,m)VE(S: B, 1)
>nE(f; B p.) + (L =mE(f; B, 1))

= 3 e [ (9009 = o 0500 + (1= W (28) = T 5)) (o) A,

se[M)]

23
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Because nE(f; ., iu.) + (1 —n)E(f; B!, 1') is convex for f, and £ is a Banach space, it is minimized
if for any u € £2,

%(nf(ﬁw;ﬂ-,u») + (L =mEf +yu; B, 1)) o0
The dominated convergence theorem gives
B 70 8.1 + (1= ECS 70 )
= 3 b [ 5@ = S ()9 (0)
+ (=) (f(x,5) = faru (2, 8))ulz, 5)g;(z)) \(dz)

7=0

— (5.0 (@, 8)as (@) + (1= 0) fpr s (2, 5)q () Ju(z, 5)A(d).
Consequently, nE(f; 8., p.) + (L —n)E(Sf; B, p!) is minimized at

nfp.u (2, 8)qs(x) + (1 = n) far (2, s)q;(x).

fle.s) = ngs(z) + (1 —n)gi(x)

Hence,
NECS s B ) + u— ME( +yus Bl )
22 /nqq )(])8(/(1;) (fo . (2,5) = Far e, 5))*Ada).

s€[M]

With ) = 1/2, we have

N —ngs(@)ge(z) 1
ngs(z) + (1 —n)gi(z) 4

Let jis = 5(ps + p1l,). Then, we have

qs(7)qs ()

1 L 2~ e —
=————exp| ——5 |z — —— |z —
o P aeg el gl
X

1

2
- exp _L|‘x_ﬂ|2_7 /’LS_Mg
(271_) 2d 20%( s 20’%-

2

2
1 1 ps — pg
= exp| —5 |z — isll” — 5% :
(27T)d0'2d 2 20’ 2

Also, we have

qs(x)

qs(z)

24
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1 2 1 2
—exp(~gozlle — il + gl = i)

1 M — M us—u’s>)
(o

o2 2 2

(x

1 - ’
=exp| —o (T = fis, pts — 1) )
ox
Let X5 ~ N(jis, 0% ). Then, we have
E(fs B ) VE(S B 1)
013( H%HZE l(fﬂ.,u.(sts) - fB,’,uf(Xs; 5))2
4 COSh(%QXS — s, s — /~L/s>)

se[M]
1 usjug 2 Y ., XS7 2
> Z pse 20% === E (fﬁ ’M ( ) -]j ,;M.( S)/) ’ (37)
se€[M] /LSHHIUS — wll)

where the last line is obtained from the Cauchy—Schwarz inequality.

By definition, we have

fﬁ_’#_(iﬂ,s) - fﬁ/ ’(x’ S)

_/1Biss 188 18118s | 18118 s — i1
‘<Mm AR “» <nn+|mw 2 >
- ;s = [
+ Z ps( s’ — s7MS’>+<Bs'+ﬁs'72>>'

Conditioned on || X — fis|| = r for » > 0, X, follows the uniform distribution over the (d — 1)-sphere
centered at fis. For a random variable U uniformly distributed over the (d — 1)-sphere centered at
origin with the radius r, E[U] = 0 and E[UU "] = */4l. Hence, for a vector v € R and a scalar
c € R, we have

E[((v X — s +0)°[ 1%, — il =7
2
= loll* +¢

An elementary analysis yields that || X, — fis]|* ~ Gamma(%,20% ), where Gamma(k, 6) denotes
the Gamma distribution with the shape parameter £ and scale parameter 6. From the upper bound
of the hyperbolic cosine as cosh(z) < emz/ 2 for a vector v € R?, scalars ¢ € Rand ¢/ > 0, and a
random variable v ~ Gammaf(k, ), we have

E_cosh(l’\f)(” offf e )}

0/2,Y
>E (gnuu o )e }

0 /2m T
— (_1)7n ( || 9m+1 (k+m+ ) 29'm (k+m))

2mm!

_i( ’29> ﬂi!<kllsllzaf(/;;];1+t)m)+CQF(/;(Z)m)>

k|v))? 2o\ 20\ "
=L g(14 —= 1
pi o1+ 5 +c + 5 ,
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oo I(at+m) z™
m=0 T(a) m!

where we use the fact that the hypergeometric function o F(a,b,b;z) = >
(1 — z)~* for some b, provided |z| < 1. By setting

_1B08s 1181185
[reA

18]l
7 IIﬁ.’Hﬂé Hs — M
EARTAE

T S O ()

s’e[M]

/

1 /
_E”MS A

d
k =5 and 0 = 20?0

we have
E (. ,u( ) fﬁ.’yuf(XSaS))Q
ﬂs“”/’és_usz)
e || r2y e nEEn A ’
IIﬁIIBs A4 IEA <1+ [lpas = psl ) n UBN1Bs | IBNIBS prs —
18]l 134l do% 18]l Bl 2
pr =it \YY (1 5 e = 2
— / S s/ S K
ry S/f ,, s/ s’/ S,’i‘ 1 - 2
+;ﬂp <ﬁ u>+<6 + 80, = >> (+ s )
(38)
Combining Eqs (37) and (38) yields the claim. O

G.4 Proof of Theorem 8

Proof of Theorem 8. Tt is easy to check that ds = 0, and for any v, v’ € V,

2
||6'U,~||ﬁv,s ”ﬁv’,'”ﬁv’,s

[1Bo,sl (1Bl
2
Bvs Bv’s
| puls H o v,
2 (el TBure]
2
_ 63 /7 \2
= X el | X 15—k
s'€[M] i€[d—1]
2
62
=4 Z ps Bs ﬁdH(vs,v;).
s'e[M]

Since the density function of the Gaussian distribution is L? integrable, £(f; ) = oo if f is not L?
integrable. Hence, inf; E(f;0,) V E(f;0,) = infrep2 E(f;60,) V E(f;0,), and we thus can apply
Theorem 7. Then, we have

2

2 2
nfE(f10,) VE(fi0.) 2 > po| Y puB X2y (v, )

d
s€[M] s'€[M]
Conditioned on 7., the KL-divergence between g, |, and 7y ,|,. is obtained as

1 1 )
Z}ns (20_%(”,“1)5 Mo s” + ||6vs ﬂv s” + 2% <,va Svﬁvs ﬂv’,s> )

5.2
se[M 5

A
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Hence, we have

9202 B2,
Z Ix7sh esclH(vs,v;).

Dy (7o, i+ T6,/n.) = o2d-1)

s€[M]

7
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