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Abstract

Denoising Diffusion Probabilistic Models (DDPMs) provide the foundation for the
recent breakthroughs in generative modeling. Their Markovian structure makes
it difficult to define DDPMs with distributions other than Gaussian or discrete.
In this paper, we introduce Star-Shaped DDPM (SS-DDPM). Its star-shaped
diffusion process allows us to bypass the need to define the transition probabilities
or compute posteriors. We establish duality between star-shaped and specific
Markovian diffusions for the exponential family of distributions and derive efficient
algorithms for training and sampling from SS-DDPMs. In the case of Gaussian
distributions, SS-DDPM is equivalent to DDPM. However, SS-DDPMs provide
a simple recipe for designing diffusion models with distributions such as Beta,
von Mises—Fisher, Dirichlet, Wishart and others, which can be especially useful
when data lies on a constrained manifold. We evaluate the model in different
settings and find it competitive even on image data, where Beta SS-DDPM achieves
results comparable to a Gaussian DDPM. Our implementation is available at
https://github.com/andrey-okhotin/star-shaped|

1 Introduction

Deep generative models have shown outstanding sample quality in a wide variety of modalities. Gen-
erative Adversarial Networks (GANs) (Goodfellow et al.,2014; |Karras et al.| 2021])), autoregressive
models (Ramesh et al.l 2021)), Variational Autoencoders (Kingma & Welling, 2013; Rezende et al.,
2014), Normalizing Flows (Grathwohl et al., [2018} |Chen et al., 2019) and energy-based models
(Xiao et al.| 2020) show impressive abilities to synthesize objects. However, GANs are not robust
to the choice of architecture and optimization method (Arjovsky et al., 2017; |Gulrajani et al., 2017}
Karras et al.;[2019; Brock et al., 2018)), and they often fail to cover modes in data distribution (Zhao
et al.} 2018} |[Thanh-Tung & Tran} [2020). Likelihood-based models avoid mode collapse but may
overestimate the probability in low-density regions (Zhang et al.| 2021)).
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Figure 1: Markovian forward processes of DDPM (left) and the star-shaped forward process of
SS-DDPM (right).

Recently, diffusion probabilistic models (Sohl-Dickstein et al.l 2015; Ho et al., [2020) have received
a lot of attention. These models generate samples using a trained Markov process that starts with
white noise and iteratively removes noise from the sample. Recent works have shown that diffusion
models can generate samples comparable in quality or even better than GANs (Song et al.| 2020b;
Dhariwal & Nichol,2021), while they do not suffer from mode collapse by design, and also they have
a log-likelihood comparable to autoregressive models (Kingma et al.,[2021). Moreover, diffusion
models show these results in various modalities such as images (Saharia et al., 2021)), sound (Popov
et al.,[2021; |Liu et al., [2022)) and shapes (Luo & Hul 2021; Zhou et al., 2021).

The main principle of diffusion models is to destroy information during the forward process and
then restore it during the reverse process. In conventional diffusion models like denoising diffusion
probabilistic models (DDPM) destruction of information occurs through the injection of Gaussian
noise, which is reasonable for some types of data, such as images. However, for data distributed on
manifolds, bounded volumes, or with other features, the injection of Gaussian noise can be unnatural,
breaking the data structure. Unfortunately, it is not clear how to replace the noise distribution within
traditional diffusion models. The problem is that we have to maintain a connection between the
distributions defining the Markov noising process that gradually destroys information and its marginal
distributions. While some papers explore other distributions, such as delta functions (Bansal et al.,
2022)) or Gamma distribution (Nachmani et al.||2021)), they provide ad hoc solutions for special cases
that are not easily generalized.

In this paper, we present Star-Shaped Denoising Diffusion Probabilistic Models (SS-DDPM), a
new approach that generalizes Gaussian DDPM to an exponential family of noise distributions. In
SS-DDPM, one only needs to define marginal distributions at each diffusion step (see Figure[T). We
provide a derivation of SS-DDPM, design efficient sampling and training algorithms, and show its
equivalence to DDPM (Ho et al., 2020) in the case of Gaussian noise. Then, we outline a number of
practical considerations that aid in training and applying SS-DDPMs. In Section [5} we demonstrate
the ability of SS-DDPM to work with distributions like von Mises—Fisher, Dirichlet and Wishart.
Finally, we evaluate SS-DDPM on image and text generation. Categorical SS-DDPM matches the
performance of Multinomial Text Diffusion (Hoogeboom et al.,|2021)) on the text8 dataset, while
our Beta diffusion model achieves results, comparable to a Gaussian DDPM on CIFAR-10.

2 Theory

2.1 DDPMs

We start with a brief introduction of DDPMs. The Gaussian DDPM (Ho et al., 2020) is defined
as a forward (diffusion) process ¢°°"™(zo.7) and a corresponding reverse (denoising) process

g ™ (zo.7). The forward process is defined as a Markov chain with Gaussian conditionals:
T
qDDPM(xO:T) _ q(CL'o)HqDDPM(CZ'tW'tfl)a Q)
t=1

PP (zy|zy_1) = N (xt; mxtfl»ﬁtl) ) 2

where ¢(x) is the data distribution. Parameters (3; are typically chosen in advance and fixed, defining
the noise schedule of the diffusion process. The noise schedule is chosen in such a way that the final
@7 no longer depends on x( and follows a standard Gaussian distribution ¢°°*(z7) = N (x1; 0, I).
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(a) Denoising Diffusion Probabilistic Models (b) Star-Shaped Denoising Diffusion Probabilistic Models
Figure 2: Model structure of DDPM and SS-DDPM.

The reverse process py°" (zo.7) follows a similar structure and constitutes the generative part of the

model:

T
P (worr) = ¢°"™ (@) [ [ 2877 (-1 |2), 3)
t=1
P (iolwe) = N (215 pa (e, t), Do (e, 1)) - 4)
The forward process ¢g°°"™ (zq.7) of DDPM is typically fixed, and all the parameters of the model are

contained in the generative part of the model pp°"™ (z¢.7). These parameters are tuned to maximize

the variational lower bound (VLB) on the likelihood of the training data:

T
LPPTM() = Egpoenm [log pg™™ (zo|x1) — ZDKL (PP (xp—1|ze, o) || pE M (i1 |2t))
t=2
&)
LPPPM(9) — max (6)

One of the main challenges in defining DDPMs is the computation of the posterior
qPP"M (21|, xo). Specifically, the transition probabilities ¢°°"™ (z:¢|z:—1) have to be defined
in such a way that this posterior is tractable. Specific DDPM-like models are available for Gaussian
(Ho et al.| [2020), Categorical (Hoogeboom et al.,2021) and Gamma (Kawar et al., 2022)) distributions.
Defining such models remains challenging in more general cases.

2.2 Star-Shaped DDPMs

As previously discussed, extending the DDPMs to other distributions poses significant challenges. In
light of these difficulties, we propose to construct a model that only relies on marginal distributions
q(x¢|xo) in its definition and the derivation of the loss function.

We define star-shaped diffusion as a non-Markovian forward process ¢ (.7 ) that has the following

structure:
T

¢ (wor) = q(wo) | [¢*° (welo), ©)

t=1

where g(xg) is the data distribution. We note that in contrast to DDPM all noisy variables z; are
conditionally independent given z instead of constituting a Markov chain. This structure of the
forward process allows us to utilize other noise distributions, which we discuss in more detail later.

2.3 Defining the reverse model

In DDPMs the true reverse model ¢ xo.7) has a Markovian structure (Ho et al., 2020), allowing
for an efficient sequential generation algorithm:

DDPM (

T

qDDPM(:L,O:T) — qDDPM<xT)HqDDPM(xt71|xt). (8)
t=1
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For the star-shaped diffusion, however, the Markovian assumption breaks:

T
¢ (wo:r) = ¢ (wr) [ [¢** (@e-1|zer). €))

t=1

Consequently, we now need to approximate the true reverse process by a parametric model which is
conditioned on the whole tail z;.7.

T
Py (To.r) = pZS(J?T)HPZS(%—ﬂ?Ct:T)- (10)
t=1
It is crucial to use the whole tail x;.7 rather than erkov

just one variable z; when predicting x;_; in a
star-shaped model. As we show in Appendix [B] xGeneral §
if we try to approximate the true reverse process
with a Markov model, we introduce a substantial
irreducible gap into the variational lower bound. Figure 3: Markov reverse process fails to recover
Such a sampling procedure fails to generate re- realistic images from star-shaped diffusion, while
alistic samples, as can be seen in Figure [3] a general reverse process produces realistic images.
The top row is equivalent to DDIM at 62 = 1 —
o that is contained in ;1 is nested into the A=l A similar effect was also observed by[Bansal
information about x( that is contained in x;. '

That is why knowing x, allows us to discard x;. ;. In star-shaped diffusion, however, all variables
contain independent pieces of information about zy and should all be taken into account when making
predictions.

A,

e Y
750

.
t= 999 875 625 500 375 250 125 0

Intuitively, in DDPMs the information about

We can write down the variational lower bound as follows:

T
L3(0) = Egss |log po(zolz1ir) — ZDKL (6% (ze-1]z0) | P5° (Te-1]T1:7) (1D
=2

With this VLB, we only need the marginal distributions g(x;_1|z¢) to define and train the model,
which allows us to use a wider variety of noising distributions. Since conditioning the predictive
model pg(z¢—1|x¢. ) on the whole tail z;.1 is typically impractical, we propose a more efficient way
to implement the reverse process next.

2.4 Efficient tail conditioning

Instead of using the full tail x;.7, we would like to define some statistic G; = G;(x.7) that would
extract all information about xg from the tail x;.. Formally speaking, we call G; a sufficient tail
statistic if the following equality holds:

¢ (rea|zer) = ¢* (21| Gr). (12)

One way to define G is to concatenate all the variables x;.7 into a single vector. This, however, is
impractical, as its dimension would grow with the size of the tail 7" — ¢ + 1.

The Pitman—-Koopman—Darmois [1936) theorem (PKD) states that exponential families admit
a sufficient statistic with constant dimensionality. It also states that no other distribution admits one:
if such a statistic were to exist, the distribution has to be a member of the exponential family. Inspired
by the PKD, we turn to the exponential family of distributions. In the case of star-shaped diffusion,
we cannot apply the PKD directly, as it was formulated for i.i.d. samples and our samples are not
identically distributed. However, we can still define a sufficient tail statistic G, for a specific subset
of the exponential family, which we call an exponential family with linear parameterization:

Theorem 1. Assume the forward process of a star-shaped model takes the following form:

G (zt|zo) = he(at) exp {nt(xo)TT(act) — Q(z0)}, (13)
ne(wo) = A¢f(zo) + by (14)
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Let G, be a tail statistic, defined as follows:

T
Gi = Gilwer) = Y AIT (x). (15)
s=t
Then, G is a sufficient tail statistic:
¢ (wia|rer) = ¢ (21-1|Gy). (16)

Here definition is the standard definition of the exponential family, where h;(x;) is the base
measure, 1 (o) is the vector of natural parameters with corresponding sufficient statistics T (xy),
and () is the log-partition function. The key assumption added is the linear parameterization of
the natural parameters (T4). We provide the proof in Appendix [Cl When A; is scalar, we denote it as
a; instead.

For the most part, the premise of Theorem|I]restricts the parameterization of the distributions rather
than the family of the distributions involved. As we discuss in Appendix[F] we found it easy to come up
with linear parameterization for a wide range of distributions in the exponential family. For example,
we can obtain a linear parameterization for the Beta distribution g(x¢|xo) = Beta(z:; oy, 5¢) using
z( as the mode of the distribution and introducing a new concentration parameter v4:

o =14+ v, 17
ﬁtzl—l—ut(l—xo). (18)

In this case, 7:(z0) = vizo, T (2¢) = log 2%, and we can use equation (I3) to define the sufficient

tail statistic G;. We provide more examples in Appendix[E We also provide an implementation-ready
reference sheet for a wide range of distributions in the exponential family in Table[6]

We suspect that, just like in PKD, this trick is only possible for a subset of the exponential family. In
the general case, the dimensionality of the sufficient tail statistic G; would have to grow with the size
of the tail x;.7. It is still possible to apply SS-DDPM in this case, however, crafting the (now only
approximately) sufficient statistic G; would require more careful consideration and we leave it for
future work.

2.5 Final model definition

To maximize the VLB (L1), each step of the reverse process should approximate the true reverse
distribution:

Py (Ti—1|xer) = ¢ (ve—1|zer) = /qss(xtfl|x0)qss($0|$t:T)d$0- (19)

Similarly to DDPM (Ho et al., 2020), we choose to approximate ¢°(z¢|z.7) with a delta function
centered at the prediction of some model x4 (G (xs.7), ). This results in the following definition of
the reverse process of SS-DDPM:

st(mt—ﬂxt:T) = qss(xt—l|x0)|9€0=$9(gt($t:7‘),t) ’ (20)

The distribution p3®(zo|x1.7) can be fixed to some small-variance distribution pj®(z¢|Zo) centered
at the final prediction &9 = x¢(G1(x1.7), 1), similar to the dequantization term, commonly used in
DDPM. If this distribution has no trainable parameters, the corresponding term can be removed from
the training objective. This dequantization distribution would then only be used for log-likelihood
estimation and, optionally, for sampling.

Together with the forward process (7) and the VLB objective (TT)), this concludes the general definition
of the SS-DDPM model. The model structure is illustrated in Figure[2] The corresponding training
and sampling algorithms are provided in Algorithms [I[]and 2]

The resulting model is similar to DDPM in spirit. We follow the same principles when designing
the forward process: starting from a low-variance distribution, centered at zy at ¢ = 1, we gradually
increase the entropy of the distribution ¢ (z|x¢) until there is no information shared between x
and x; att =1T.

We provide concrete definitions for Beta, Gamma, Dirichlet, von Mises, von Mises—Fisher, Wishart,
Gaussian and Categorical distributions in Appendix

q
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Algorithm 1 SS-DDPM training Algorithm 2 SS-DDPM sampling

repeat zr ~ q%(2r)
2o ~ q(xo) Gr = ALT (o)
t ~ Uniform(1,...,T) fort =T to 2do
T ~ ¢ (Ter|T0) To = 26(Gy,t)
Gt = ZZ:t AIT(xé) T—1 ™~ qss(xt_1|x0)|l‘o=io
Move along VoKL (¢* (z4—1|z0)||ps° (z¢—1]|Gt)) Gi 1 =G+ Al [T (xi1)
until Convergence end for /

xo ~ pg°(20|G1)

2.6 Duality between star-shaped and Markovian diffusion

While the variables z1.7 follow a star-shaped diffusion process, the corresponding tail statistics G'1.1
form a Markov chain:

T
Gy =Y AlT(xs) = Gip1 + Al T (x0), 1)
s=t

since z; is conditionally independent from G o.7 given G;41 (see Appendix E]for details). Moreover,
we can rewrite the probabilistic model in terms of GG; and see that variables (xo, G1.7) form a (not
necessarily Gaussian) DDPM.

In the case of Gaussian distributions, this duality makes SS-DDPM and DDPM equivalent. This
equivalence can be shown explicitly:

Theorem 2. Letr ap°"™ define the noising schedule for a DDPM model via By = (ag27™ —
ayPt™) japtr™. Let ¢°° (xo.1) be a Gaussian SS-DDPM forward process with the following noising

schedule and sufficient tail statistic:

q* (z¢]|zo) = N (a:t; %y, 1 — aﬁs) , (22)
— T —
1— a]tDDPM \/(Tisxs
Gi(ze.r) = N T where (23)
t s=t S
ais B a?DPM a?—ffl\i (24)
—ss —DDPM —DDPM *
1 -0 1—-1o; 1—app

Then the tail statistic Gy follows a Gaussian DDPM noising process ¢°°™™ (2o.7)|z1.7=G,. defined

by the schedule ay°™™. Moreover, the corresponding reverse processes and VLB objectives are also
equivalent.

We show this equivalence in Appendix [D] We make use of this connection when choosing the noising
schedule for other distributions.

This equivalence means that SS-DDPM is a direct generalization of Gaussian DDPM. While admitting
the Gaussian case, SS-DDPM can also be used to implicitly define a non-Gaussian DDPM in the
space of sufficient tail statistics for a wide range of distributions.

3 Practical considerations

While the model is properly defined, there are several practical considerations that are important for
the efficiency of star-shaped diffusion.

Choosing the right schedule It is important to choose the right noising schedule for a SS-DDPM
model. It significantly depends on the number of diffusion steps 7" and behaves differently given
different noising schedules, typical to DDPMs. This is illustrated in Figure ] where we show the
noising schedules for Gaussian SS-DDPMs that are equivalent to DDPMs with the same cosine
schedule.

A
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Figure 5: Top: samples x; from a Gaussian DDPM
forward process with a cosine noise schedule. Bot-

00 02 04 06 08 10 tom: samples GG; from a Beta SS-DDPM forward
or process with a noise schedule obtained by match-
Figure 4: The noising schedule @{® for Gaus- ing the mutual information. Middle: correspond-

sian star-shaped diffusion, defined for differ-  ing samples z; from that Beta SS-DDPM forward
ent numbers of steps T using eq. (24). All the process. The tail statistics have the same level of
corresponding equivalent DDPMs have the ~ noise as z°"", while the samples z**** are dif-

same cosine schedule @™, fused much faster.

Since the variables G follow a DDPM-like process, we would like to somehow reuse those DDPM
noising schedules that are already known to work well. For Gaussian distributions, we can transform a
DDPM noising schedule into the corresponding SS-DDPM noising schedule analytically by equating
I(x0; Gt) = I(xo; xPP"™). In general case, we look for schedules that have approximately the same
level of mutual information I(zg; G¢) as the corresponding mutual information I (zq; 2P°"™) for
a DDPM model for all timesteps t. We estimate the mutual information using Kraskov
2004) and DSIVI (Molchanov et al.|[2019) estimators and build a look-up table to match the
noising schedules. This procedure is described in more detail in Appendix [G] The resulting schedule
for the Beta SS-DDPM is illustrated in Figure 5} Note how with the right schedule appropriately
normalized tail statistics G; look and function similarly to the samples x; from the corresponding
Gaussian DDPM. We further discuss this in Appendix [H]

Implementing the sampler During sampling, we can grow the tail statistic G; without any over-
head, as described in Algorithm [2] However, during training, we need to sample the tail statistic
for each object to estimate the loss function. For this we need to sample the full tail ;.7 from the
forward process ¢*(x+.1|xo), and then compute the tail statistic G. In practice, this does not add a
noticeable overhead and can be computed in parallel to the training process if needed.

Reducing the number of steps We can sample from DDPMs more efficiently by skipping some
timestamps. This wouldn’t work for SS-DDPM, because changing the number of steps would require
changing the noising schedule and, consequently, retraining the model.

However, we can still use a similar trick to reduce the number of function evaluations. Instead of
skipping some timestamps ¢, +1:¢,—1, We can draw them from the forward process using the current
prediction x¢(G.,,t2), and then use these samples to obtain the tail statistic G;,. For Gaussian
SS-DDPM this is equivalent to skipping these timestamps in the corresponding DDPM. In general
case, it amounts to approximating the reverse process with a different reverse process:
tg t2
Py’ (1,:0,|Gr,) = H qss(xt|x0)|xo:$e(0ut) ~ H qss(xt|m0)|wo:xe(Gm,tz) ) (25)
t=t, t=t,

We observe a similar dependence on the number of function evaluations for SS-DDPMs and DDPMs.

Time-dependent tail normalization As defined in Theorem|T] the tail statistics can have vastly
different scales for different timestamps. The values of coefficients a; can range from thousandths
when ¢ approaches 7T to thousands when ¢ approaches zero. To make the tail statistics suitable for use
in neural networks, proper normalization is crucial. In most cases, we collect the time-dependent
means and variances of the tail statistics across the training dataset and normalize the tail statistics to
zero mean and unit variance. We further discuss this issue in Appendix [H]

Architectural choices To make training the model easier, we make some minor adjustments to the
neural network architecture and the loss function.

7
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Our neural networks x¢ (G, t) take the tail statistic G; as an input and are expected to produce an
estimate of z( as an output. In SS-DDPM the data xy might lie on some manifold, like the unit sphere
or the space of positive definite matrices. Therefore, we need to map the neural network output to
that manifold. We do that on a case-by-case basis, as described in Appendices

Different terms of the VLB can have drastically different scales. For this reason, it is common
practice to train DDPMs with a modified loss function like Ly, pie rather than the VLB to improve
the stability of training (Ho et al.| 2020). Similarly, we can optimize a reweighted variational lower
bound when training SS-DDPMs.

4 Related works

Our work builds upon Denoising Diffusion Probabilistic Models (Ho et al.|[2020)). Interest in diffusion
models has increased recently due to their impressive results in image (Ho et al., 2020; [Song et al.,
2020b; Dhariwal & Nicholl 2021)) and audio (Popov et al., 2021} |Liu et al.| 2022)) generation.

SS-DDPM is most closely related to DDPM. Like DDPM, we only rely on variational inference when
defining and working with our model. SS-DDPM can be seen as a direct generalization of DDPM
and essentially is a recipe for defining DDPMs with non-Gaussian distributions. The underlying
non-Gaussian DDPM is constructed implicitly and can be seen as dual to the star-shaped formulation
that we use throughout the paper.

Other ways to construct non-Gaussian DDPMs include Binomial diffusion (Sohl-Dickstein et al.,
2015)), Multinomial diffusion (Hoogeboom et al., [2021)) and Gamma diffusion (Nachmani et al.,
2021). Each of these works presents a separate derivation of the resulting objective, and extending
them to other distributions is not straightforward. On the other hand, SS-DDPM provides a single
recipe for a wide range of distributions.

DDPMs have several important extensions. Song et al.| (2020a) provide a family of non-Markovian
diffusions that all result in the same training objective as DDPM. One of them, denoted Denoising
Diffusion Implicit Model (DDIM), results in an efficient deterministic sampling algorithm that
requires a much lower number of function evaluations than conventional stochastic sampling. Their
derivations also admit a star-shaped forward process (at Jf =1 — a4_1), however, the model is not
studied in the star-shaped regime. Their reverse process remains Markovian, which we show to not
be sufficient to invert a star-shaped forward process. Denoising Diffusion Restoration Models (Kawar
et al., [2022) provide a way to solve general linear inverse problems using a trained DDPM. They can
be used for image restoration, inpainting, colorization and other conditional generation tasks. Both
DDIMs and DDRMs rely on the explicit form of the underlying DDPM model and are derived for
Gaussian diffusion. Extending these models to SS-DDPMs is a promising direction for future work.

Song et al.| (2020b) established the connection between DDPMs and models based on score matching.
This connection gives rise to continuous-time variants of the models, deterministic solutions and
more precise density estimation using ODEs. We suspect that a similar connection might hold for
SS-DDPMs as well, and it can be investigated further in future works.

Other works that present diffusion-like models with other types of noise or applied to manifold data,
generally stem from score matching rather than variational inference. Flow Matching (Lipman et al.,
2022)) is an alternative probabilistic framework that works with any differentiable degradation process.
De Bortoli et al.[(2022) and |[Huang et al.|(2022) extended score matching to Riemannian manifolds,
and (Chen & Lipman|(2023)) proposed Riemannian Flow Matching. Bansal et al.|(2022) proposed
Cold Diffusion, a non-probabilistic approach to reversing general degradation processes.

To the best of our knowledge, for the first time, an approach for constructing diffusion without a
consecutive process was proposed by Rissanen et al.|(2022) (IHDM) and further expanded on by
Daras et al.[(2022) and [Hoogeboom & Salimans|(2022). ITHDM uses a similar star-shaped structure
that results in a similar variational lower bound. Adding a deterministic process based on the heat
equation allows the authors to keep the reverse process Markovian without having to introduce the
tail statistics. As IHDM heavily relies on blurring rather than adding noise, the resulting diffusion
dynamics become very different. Conceptually our work is much closer to DDPM than THDM.

R
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5 Experiments

We evaluate SS-DDPM with different families of noising
distributions. The experiment setup, training details and
hyperparameters are listed in Appendices

Synthetic data We consider two examples of star-
shaped diffusion processes with Dirichlet and Wishart
noise to generate data from the probabilistic simplex and
from the manifold of p.d. matrices respectively. We
compare them to DDPM, where the predictive network
xg(xy,t) is parameterized to always satisfy the manifold
constraints. As seen in Table[] using the appropriate dis-
tribution results in a better approximation. The data and

Table 1: KL divergence between the real
data distribution and the model distribu-
tion Dy, (q(xo) || po(xo)) for Gaussian
DDPM and SS-DDPM.

Dirichlet Wishart

DDPM 0.200 0.096
SS-DDPM  0.011 0.037

modeled distributions are illustrated in Table[3] This shows the ability of SS-DDPM to work with
different distributions and generate data from exotic domains.

Geodesic data We apply SS-DDPM to a geodesic dataset of fires on the Earth’s surface (EOSDIS|
2020) using a three-dimensional von Mises—Fisher distribution. The resulting samples and the source
data are illustrated in Table[3] We find that SS-DDPM is not too sensitive to the distribution family

and can fit data in different domains.

Discrete data Categorical SS-DDPM is similar to Multi-
nomial Text Diffusion (MTD, (Hoogeboom et al.| 2021)).
However, unlike in the Gaussian case, these models are
not strictly equivalent. We follow a similar setup to MTD
and apply Categorical SS-DDPM to unconditional text
generation on the text8 dataset (Mahoney, 2011). As
shown in Table 2] SS-DDPM achieves similar results to
MTD, allowing to use different distributions in a unified
manner. While D3PM (Austin et al.| 2021)) provides some
improvements, we follow a simpler setup from MTD. We
expect the improvements from D3PM to directly apply to
Categorical SS-DDPM.

Image data Finally, we evaluate SS-DDPM

Table 2: Comparison of Categorical SS-
DDPM and Multinomial Text Diffusion
on text8. NLL is estimated via ELBO.

Model NLL (bits/char)

on CIFAR-10. Since the training data is con-
strained to a [0, 1] segment, we use Beta distri-
butions. We evaluate our model with various
numbers of generation steps, as described in
equation (23), and report the resulting Fréchet
Inception Distance (FID, (Heusel et al., 2017))
in Figure[] Beta SS-DDPM achieves compara-
ble quality with the Improved DDPM (Nichol &

MTD <1.72
SS-DDPM <1.69
—e— DDPM

—e— DDIM

—s— Beta SS-DDPM

Dhariwal, |2021) and is slightly better on lower
numbers of steps. As expected, DDIM performs
better when the number of diffusion steps is

102 103
sampling steps

low, but both SS-DDPM and DDPM outper- Figure 6: Quality of images, generated using Beta
form DDIM on longer runs. The best FID score SS-DDPM, DDPM and DDIM with different num-
achieved by Beta SS-DDPM is 3.17. Although bers of sampling steps. Models are trained and
the FID curves for DDPM and DDIM do not evaluated on CIFAR-10. DDPM and DDIM results
achieve this score in Figure @ Ho et al|(2020) were taken from Nichol & Dhariwal| (2021)).

reported an FID score of 3.17 for 1000 DDPM
steps, meaning that SS-DDPM performs simi-
larly to DDPM in this setting.
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Table 3: Experiments results. The first row is real data and the second is generated samples. For the
von Mises—Fisher and Dirichlet models, we show two-dimensional histograms of samples. For the
Wishart model, we draw ellipses, corresponding to the p.d. matrices xo and x¢. The darker the pixel,
the more ellipses pass through that pixel.

von Mises—Fisher Dirichlet Wishart

Real

Generated

6 Conclusion

We propose an alternative view on diffusion-like probabilistic models. We reveal the duality between
star-shaped and Markov diffusion processes that allows us to go beyond Gaussian noise by switching
to a star-shaped formulation. It allows us to define diffusion-like models with arbitrary noising
distributions and to establish diffusion processes on specific manifolds. We propose an efficient
way to construct a reverse process for such models in the case when the noising process lies in a
general subset of the exponential family and show that star-shaped diffusion models can be trained
on a variety of domains with different noising distributions. On image data, star-shaped diffusion
with Beta distributed noise attains comparable performance to Gaussian DDPM, challenging the
optimality of Gaussian noise in this setting. The star-shaped formulation opens new applications of
diffusion-like probabilistic models, especially for data from exotic domains where domain-specific
non-Gaussian diffusion is more appropriate.
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A Variational lower bound for the SS-DDPM model

T
Py’ (zolz1.r)pg® (1) [T,—0 P5° (Tt—1|24.7)

PZS(HJO:T)
L3(0) = Egss (3,7) 108 —7———— = Egss (3, l0 = (26)
() = B taor) 08 s ) — Pt 108 [ ¢ (@)
T SS SS
S Do (xt—1|$t:T) pgjw/

=K 1 o8 . g 1 I = 27

458 (zo.1) logpg (wolz1.r) + pot 8 55 (w1 o) = 7> (zr|20) @7

= E¢s8(20.7) [logp(, (zolz1.7) E Dk (¢°° (zt—1lzo) || 5" (w1—1] 2. T))‘| (28)

B True reverse process for Markovian and Star-Shaped DDPM

If the forward process is Markovian, the corresponding true reverse process is Markovian too:

T
""" (rr|rer) = el CTE ) A G V) i G D) P et SR = q"P"M (e |y)
: qDDPl\/I(xt_T> DDPM T DDP
' q°PPM () [ T Tslas—1)

(29)

T T T
™ (wor) = ala) [0 wrfois) = 7 o) [T @l = o) L™ o) G0

= t=1 t=1

For star-shaped models, however, the reverse process has a general structure that cannot be reduced further:
T T

0% (zo.r) = q(wo) [ [ ¢ (@ilo) = ¢ (wr) [ [ ¢ (w11 loir) €29

t=1 t=1

In this case, a Markovian reverse process can be a very poor approximation to the true reverse process. Choosing such an
approximation adds an irreducible gap to the variational lower bound:

po(ar) [T,y polweilze) _ (32)

ssar ov 0) =E,ss lo
Markov(0) 458 (zo.7) 108 ¢ (21.7|70)

T T
_ EqSS(zo.T) log po(xT) thl Do (33;—1 |z¢)q(wo) Ht:l qS;(xt_l |z¢) _ (33)
° SS SS
q (xT) Ht:1 q (xt—l |It:T) Ht:1
= E¢ss (zo.0) |10gq(20) — Dxcr (% (21) | po(27)) Z Drr (q% (ze—1]2e) | po(e—1]2e)) — (34)
Reducible
_ZDKL “(@i1lzer) [| ¢ (e-1]2e) (35)

Irreducible
Intuitively, there is little information shared between x,_; and x4, as they are conditionally independent given xy. Therefore,
we would expect the distribution ¢°(z;_1|x+) to have a much higher entropy than the distribution ¢°° (z;_1|zs.7), making
the irreducible gap (35) large. The dramatic effect of this gap is illustrated in Figure[3]

This gap can also be computed analytically for Gaussian DDPMs when the data is coming from a standard Gaussian
distribution q(zg) = N (0;0,1). According to equations (34H35)), the best Markovian reverse process in this case is
po(xi—1|xe) = ¢°°(x4—1|2z¢). It results in the following value of the variational lower bound:

N[ —

?\?[ark:ov = —H[q(mo)] + H[qss (xO!T)] - H By Z + log 27T a§S 1655))] (36)
t=1
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If the reverse process is matched exactly (and has a general structure), 0
the variational lower bound reduces to the negative entropy of the data

distribution: -10
Py (o)
LP=E log —=—+"— = 37 8 -20
: @ (@or) 8 ¢ (x1.7]70) &7 =
_ qss ('TO:T) _ 30 —— Markovian reverse
- ]EFISS(%:T) log m - (38) 40 True reverse
1 1 0 200 400 600 800 1000
= Ey (o) log g(zo0) = 3 log(2m) — 3 (39) T
As shown in Figure[7] the Markovian approximation adds a substantial Figure 7: Variational lower bound for a Gaussian
irreducible gap to the variational lower bound. Star-Shaped DDPM model computed with the
true reverse process and with the best Markovian
approximation.

C Proof of Theorem 1|

We start by establishing the following lemma. It would allow us to change the variables in the condition of a conditional
distribution. Essentially, we would like to show that if a variable y is only dependent on x through some function h(x), we
can write the distribution p(y|z) as p(y[2)|.=n(x)-

Lemma 1. Assume random variables x and y follow a joint distribution p(x,y) = p(x)p(y|z), where p(y|x) is given by
J(y,h(x)). Then p(y|x) = p(y|2)|.=n(z), where the variable z is defined as z = h(x).

Proof. We can write down the joint distribution over all variables as follows:

p(z,y,2) = p(x) f(y, M(x))0(z — h(z)). (40)
By integrating x out, we get
p0:2) = [ g 2)ds = [ D) h@)3(e ~ hlads = [ pla)f(0,2)5( ~ hahdo = @D
— 1(0.2) [ )8z - ha))dz = F(0.2)p(2) @)
Finally, we obtain
_ ply,2) _ _ _
P(Y12) | a=h(a) = 2 lz=h(z) = f(U, 2)l2=n(z) = f(y, h(z)) = p(yl|7) (43)
O

Theorem 1. Assume the forward process of a star-shaped model takes the following form:

q* (w¢|wo) = hy(z¢) exp {Ut(ﬂUo)TT(ﬂUt) — Q(z0)}, (13)
ne(zo) = A f(zo) + by (14)
Let Gy be a tail statistic, defined as follows:
T
Gy = Gi(zer) = Y _AIT(xs). (15)
s=t
Then, Gy is a sufficient tail statistic:
¢ (wia|rer) = ¢ (21-1|Gy). (16)
Proof.
¢ (xe-1l|rer) = /qss(lft—1|$0)qss($o|$t:T)d$0 (44)

¢ (ze.7) 3 (zer)

T oss(p |y T T T
q% (zolzer) = 4(@0) L=y ™ (@slo0) _ (o) (H hs(ws)> exp {Z (ns(z0) T T (25) — Qs(xo))} = (45

s=t s=t
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T T
(H 939 ) exp { ((Aef(ﬂfo) + bs)TT(Is) - QS(IO))} = (46)

¢ (zer)
(H ) exp { Flao)™ Y AIT (w) + > (bIT (2s) — Qulx0)) } = 47

xt T s=t s=t
T
T T _ _ [a distribution must
¢ (zer) (Sl_lt i (s ) P {f(xo) Ge+ SZ:; (b7 (s) Qs(xo))} {be normalized } (48)
a(wo) exp { f(@0)TGe = 321, Qulao) |
B 0 0/ Mt s=t 270 _ [Lemmal[l]for G; as z] _ s
- = i | = a(@olcn) (49)
oasyand Tyr as T

J atwo) exp { f(w0)TG = 1L, Qulao) } dao

¢ (ze1|zer) = /qss(xH\xo)qss(xolxt:cr)dwo = /qss(xt_1Ixo)qss(xoth)dwo = ¢*°(24-1|Gy) (50)

D Gaussian SS-DDPM is equivalent to Gaussian DDPM

Theorem 2. Let @y "™ define the noising schedule for a DDPM model (IH2) via By = (ap°T™ — ap®™) /apPr™. Let
q¢*5(xo.7) be a Gausszan SS-DDPM forward process with the following noising schedule and sufficient tail statistic:

q* (z¢|mo) =N (xt; a§5m0,1 — a?s) , (22)
1 *DDPI\/[ / x
Gi(zr) = \/W . 7555, where (23)
t s=t s
afs B atDDPI\/[ athf'M (24)
1—-as 1-—aber™ 1 - appr™

DDPM ( DDPM

Then the tail statistic G follows a Gaussian DDPM noising process q 20:7) |wr.r=G1.r defined by the schedule @
Moreover, the corresponding reverse processes and VLB objectives are also equivalent.

Proof. We start by listing the necessary definitions and expressions used in the Gaussian DDPM model (Ho et al.| [2020).

T

¢"P" (wor) = qlwo) [ [ ¢*°7 (el wi-1) (51)
=1

qDDPM($t|CEt71) =N (%; V1= B, 5tI) (52)

aDDPM — _ /BDDP]\{ (53)

s
t

—DDPM H DDPM (54)

qDDPM(xt|xO) =N (l'tZ \/a?mmo, (1 _ aDDPM)I) (55)

/a]tDD{’MB /atDDPM (1 a]tDD{’M) . (56)

fie (21, T0) = 1 — aporv Zo 1 —aprr t
B T
DDPM ﬁ:&mmﬂt 57
@ @il wo) = N (e fular, 20), B7™) (58)
1A
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T

pODDPM (5EO:T) _ qDDPM (xT) HpaDDpM(xt—1|xt) 59)
i=1
PEPPM (21 |2y :/\/’(xt v i (e, RPN (24, 1)), BDDPMI) (60)

In this notation, the variational lower bound for DDPM can be written as follows (here we omit the term corresponding to
o7 because it’s either zero or a small constant):

T
LEPTH(O) = Eqooest (2, [IOgPDDPM(Iolxl) = Drr (¢°"™ (wi-1]ar, x0) pSDPM(SCt—ll’t))] = (61)
t=2

T
= Egoorrag, ) llogpg "(wolz1) ZDKL ( PPEM (4 1|2t w0) H qDDPM(xt—1|1‘t7$0)|10—IEDPM($t>t))] (62)
t=2

—DDPM
1—a;

(63)

2
—~DDPM gDDPM
) (Vb (oo = )

Dkr ((JDDPM(xtfﬂxt,on) H (IDDPM(ﬁthl‘CUtJCONEO —aDDPM (g, ¢) 2BDDPM
t

For convenience, we additionally define @7} = 0. Since all the involved distributions are typically isotropic, we consider

a one-dimensional case without the loss of generality.

First, we show that the forward processes ¢°°(xo, G1.7) and ¢°°"™(

Zo.) are equivalent.

_ T S
DDPI\I SS
1-— g T

—DDPM _ 7SS
V O o—t 1 Qg

Since G is a linear combination of independent (given xy) Gaussian random variables, its distribution (given x) is also
Gaussian. All the terms conveniently cancel out, and we recover the same form as the forward process of DDPM.

2 7
*DDPM Oé xo 1 _ aDDPNI aSS
SS . S —SS .
() = 0~ e 3 Z ( S ) Yatmmto®)) - @
2
1 _ —DDPM —DDPM 1 _ —DDPM —DDPM
N |G, =% i ( %t > - ] = (66)

\/m 1— *DDPM \/W _ atDDPM
— N (G VP ag: (1= @) = g7 (oo o = (©7)

Since both processes share the same g(x(), and have the same Markovian structure, matching these marginals sufficiently
shows that the processes are equivalent:

G, = (64)

DDPM (

¢**(v0,Grr) = ¢q T0.7) o) ey (68)

Consequently, the posteriors are matching too:

¢**(Gi—1|Gr,x0) = ¢"P™ (p—1]xe, 20)| (69)

Tt—1,t=Gt—1,t

Next, we show that the reverse processes p;°(G¢—1|G;) and pDDPM(:ct 1|x;) are the same. Since G in SS-DDPM is the
same as x; in DDPM, we can assume the predictive models z3°(Gy, t) and zf°" (x4, t) to coincide at z;, = G,.

— T — — —
DDPM SS DDPM SS DDPM DDPM
a I | ag s 1 =020 (O T 1+1—ozt T oy _ (70)
t—-1— —DDPM 1 — &8 - —DDPM 1 — a8 —DDPM 1— 7DDPM t—
M1 S s a1 t—1

—DDPIVI Z 7553;‘5 _ 1 _ aDDPI\/I /aislmt 1 / %)DPM *DDPI\/I G (71)
\ﬁ*DBfM L i e 1-an, e O

where ;1 ~ pp°(2:-1|Gt) = ¢%(21-1|0)|2o=z4 (G, t)- Therefore, pi®(Gi—1|Gy) is also a Gaussian distribution. Let’s

take care of the mean first:

DDPM =SS DDPM —DDPM
E e 1 —a™ Qi1 (G, 1) V& (1 —ayoy )G _ (72)
P§S (Ge—1]Gy) =1 = SDDPM | _ S8 To\Cre, 1 _ bbPM t =
(erag] (e [a%s
17
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—DDPM —DDPM —DDPM DDPM —DDPM

I —ay™y a1 Qg 20(Gy, 1) + vV (1 —ap™y )G . 73)
— - — t — t =

1— OétDEfM 1— atDDPM ’ 1— a?DPM

1 7—DDPM /—DDPM DDPM /qPPPM (1 _ mPPPM
— ( /—tDE)PM ) Qp_1 O >$9(Gt,t)+ ay ( 1 )Gt (74)

1 — aDDPM 1— aDDPM

_ (1 e Sl angM)&?DPM) VAR (G t) + U i & WP (75)

1— aDDPAl 1 — gPPPM
t
B 1 _ a?DPI\/I _ a?DPIVI + a?DPM —— G /atDDPM(l a?D{’l\l)G _ 76
- — —DDPM Q1 1‘9( ) + — —DDPM t = (76)
1 -1 1 -1
aDDPMBt O{DDPM(I aDDPM)
— 17%3:9(@,15) Y2l g, 7
—q; 1 -1
Now, let’s derive the variance:
2
1— —DDPM a§S 1 B
ngs(thﬂGt)Gt*l = ( ‘FDDPM | _ 58 (1 - ai}il) = (78)
Ve 1-ars
1 apop afil R e . T . o L o
e\ Toae, ) T @r i-ap, | app \i—appy i-ap) - P
— O Ep e (L wp(L w1 mpepape) “
( — Qg ) - 1 — atDDPM - 1— a]tZ)DPM - (80)
1 _ @PPPM 1 — PPPM 5
1 - Q%D}»M (1 _ —DDPM _ a]tDDPM + atDDPM) _ - E%DLM ;DDPM _ ﬁ?DPM (81)
Therefore,
/OéDDfM/Bt /aDDPM(l aDDPM) -
(Gl =X <Gt_1, —t@?DPM @6(Ge, 1) + t 1 —atDDth : G, B | = pDDPM(xt—lmt”xt 1,6=Gr-1¢
(82)
Finally, we show that the variational lower bounds are the same.
L3(0) = Eqgss (20.1) [logp (0|G1) ZDKL *(@i-1lzo) || P (we— 1(%))1 = (83)
= Egss (z0.1) [logpg (x0|G1) ZDKL( (xi—1|zo) H q* (we-1|0) | 4 — 19(@,0) (84)

Since G from the star-shaped model is the same as x; from the DDPM model, the first term log pj® (0|G1) coincides with

log pg”"™ (zo|21) |z, =c: -
2
o (330 — LL‘Q(Gt,t»
Dgr (qss($t71|$0) H R CRSYET) | —e t)) _ 12(1 ) ) (85)
s, 1 apbprM FPDPPM
= gy o (G0 = 5 (7 G g ) (0~ (G ) = 0
1 QPLPM _ PoPM ) 1 QPPPM DDPM )
5 —z9(G,1))" = 5 —29(Gy,1))” = 87
2 (1 —tDBfM)(l — a?DPM) (LC() xe( t )) 2 (1 a?D{’M)(l _ a]tDDPM) (1’0 1‘9( t )) &7)
GDDPM(gDDPM)2 I )
a?DPMﬁDDPM(l.O B xeDDPM (xt, t))2 W(xo — Ty (xt, t)) -
B 2(1 — a?f{’M)(l a?DPM) B 21 apoM L pem B (88)

T_=DDPM
1-at t

DDPI\/I

2
DDPI\/IﬁDDPM
(V (20 — 25°™ (z, t)))

26%)DPM = DKL (qDDPM(xt,ﬂxt,xo) H qDDPM(LEtflL’Et,CE())‘xO wDDPNI(w f)> (89)

Therefore, we finally obtain £5°(0) = LPP"(0). O
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E Duality between star-shaped and Markovian diffusion: general case

We assume that 7 (x;) and all matrices A; (except possibly Ar) are invertible. Then, there is a bijection between the set of
tail statistics G;.7 and the tail x4.7.

First, we show that the variables GG1.7 form a Markov chain.

4(Go1|Grr) = q(Gror|zer) = / ¢(Gr1 |20, 20r)q (o207 dg = (90)

- / 4(Gr1 |G, 20)g ol G)do = ¢(Grr|GY) 1)
T T T

q(z0, Ger) = q(w0|Grer) [ [ (Gio1|Grer) = a(z0Gh) [ a(Gi-11Gr) = q(x0)a(Grlwo) [[ a(GelGizr)  (92)
t=2 t=2 t=2

The last equation holds since the reverse of a Markov chain is also a Markov chain.

This means that a star-shaped diffusion process on z1.7 implicitly defines some Markovian diffusion process on the tail
statistics G'1.7. Due to the definition of Gy_1 = Gy + A]_; T (z_1), we can write down the following factorization of that
process:
T
q(z0, Grr) = q(0)a(Gr) [ [ ¢(G1-11Gr, o) 93)

t=2

The posteriors ¢(G;—1|G¢, xo) can then be computed by a change of variables:

d —1(4-T
Q(thlthva) = q(xt*1|x0)|It,1:T—1(A;jl(Gt,1—Gt)) - |det |:th_17- (Atfl(thl - Gt))] ‘ (%94)
This also allows us to define the reverse model like it was defined in DDPM:
po(Gi-1|Gt) = ¢(Gi-11Gt,20) |y —ip(Gt) (95)

This definition is consistent with the reverse process of SS-DDPM pg(x¢—1|zr.17) = q(zi—1]20) |zo:re(Gt B Now that both

the forward and reverse processes are defined, we can write down the corresponding variational lower bound. Because the
model is structured exactly like a DDPM, the variational lower bound is going to look the same. However, we can show that
it is equivalent to the variational lower bound of SS-DDPM:

L2(0) = Eq(wo,G1.1) [logpo xo|G1) ZDKL (Gi-1|Gr,0) | Po(Gi-1|Gr)) = Drer (a(Grlao) || po(Gr)) | =

(96)

T

Gi_1|Gy,

= Eq(w0,G1.1) llogpe (20lG1) = EBqc, 1Gf,xo>10gw — Dir (q(zr|zo) Ipa(xT))l = 9

t=2

q(x4—120)

=E 1 Gy) E 1 - D = 98
q(zo.T) [nge .’L‘0| 1 Z q(zi—1|m0) 108 — 1~ pe(ﬂit 1|Gt) KL (Q(lemO) ||p9($T)) (98)

= Ey(zo.7) [logpe (wo|G1) Z Drr (q(xi—1]x0) || po(wi-1|Gt)) — Dk 1 (q(xr|x0) ||p9(3€T))1 =L*0) (99

As we can see, there are two equivalent ways to write down the model. One is SS-DDPM, a star-shaped diffusion model,
where we only need to define the marginal transition probabilities g(x;|xo). Another way is to rewrite the model in terms
of the tail statistics G.. This way we obtain a non-Gaussian DDPM that is implicitly defined by the star-shaped model.
Because of this equivalence, we see the star-shaped diffusion of z1.7 and the Markovian diffusion of 1.1 as a pair of dual
processes.
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F SS-DDPM in different families
The main principles for designing a SS-DDPM model are similar to designing a DDPM model. When ¢ goes to zero, we
wish to recover the Dirac delta, centered at x:

q% (z¢]z0) — §(zy — o) (100)

When ¢ goes to 7', we wish to obtain some standard distribution that doesn’t depend on z:
¢ (z¢|ro) — 43 (z7) (101)
t—T

In exponential families with linear parameterization of the natural parameter 7;(z¢) = af(xo) + bs, we can define the
schedule by choosing the parameters a; and b, that satisfy conditions (I0OHIOT). After that, we can use Theorem [I]to define
the tail statistic G; (x4.7) using the sufficient statistic 7 () of the corresponding family. However, as shown in the following
sections, in some cases linear parameterization admits a simpler sufficient tail statistic.

The following sections contain examples of defining the SS-DDPM model for different families. These results are
summarized in Table [6]

F.1 Gaussian

g% (4] o) :N<g:t; 20, (1 faf)]) (102)

Since Gaussian SS-DDPM is equivalent to a Markovian DDPM, it is natural to directly reuse the schedule from a Markovian
DDPM. As we show in Theorem [2] given a Markovian DDPM defined by a;""", the following parameterization will
produce the same process in the space of tail statistics:

a?S _ a?DPI\/I B a?jr)fM (103)
1—a®  1—-ap™™ 1-api™
1 - LG,
Gi(zer) = e 21 g (104)
t s=t s
The KL divergence is computed as follows:
a5 (zo — x9)?
Drcr (6% (w]2o) || Py’ (24]Gr)) = W (105)
F.2 Beta
q(z¢|xo0) = Beta(z; oy, By) (106)

There are many ways to define a noising schedule. We choose to fix the mode of the distribution at x( and introduce a
concentration parameter vy, parameterizing oy = 1 + vyxg and 8y = 1 + v4(1 — x). By setting v to zero, we recover a
uniform distribution, and by setting it to infinity we obtain the Dirac delta, centered at zy. Generally, the Beta distribution

has a two-dimensional sufficient statistic 7 (x) = (10g1(01g f x)) . However, under this parameterization, we can derive a
one-dimensional tail statistic:
q(x¢|xo) ox exp {(as — 1) logzy + (B — 1) log(1 — a¢)} = exp {vrxologxy + v (1 — xo) log(l — )} = (107)
T
= exp {l/t.’rol()g' : tx + v log(l — xt)} = exp {n:(z0)T (x¢) + log hy(ze) } (108)
— Ty

Therefore we can use 7;(xo) = v;z0 and T (z) = log 1= to define the tail statistic:

T
X
Gi(zer) = 2 v, log ﬁ (109)

The KL divergence can then be calculated as follows:

Beta(a(xg), Be(zo))
Beta(at(xo), Bi(z0))

Dicr, (¢% (welzo) || p5° (24|Gr)) = log + vi(zo — 20) (Y (x0)) — ¥ (Bi(0))) (110)
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Figure 8: Visualization of the forward process in Dirichlet SS-DDPM on a three-dimensional probabilistic simplex.

F.3 Dirichlet

q(z¢|xo) = Dirichlet(z; af, . .., af) (111)
Similarly to the Beta distribution, we choose to fix the mode of the distribution at x( and introduce a concentration parameter
vy, parameterizing af = 1 + vyxf. This corresponds to using the natural parameter 1, (7o) = v;7¢. By setting v; to zero,
we recover a uniform distribution, and by setting it to infinity we obtain the Dirac delta, centered at xy. We can use the
sufficient statistic 7(x) = (logx!,...,log x®)T to define the tail statistic:

(o) Zus (logzl,... log2f)T (112)

The KL divergence can then be calculated as follows:

~

k
Dict (6 ok [ 75°1G1) = 3 08 [k =23+ (et () m3)
k=1 t
F.4 Categorical
q(xt|zo) = Cat(w; pr) (114)

In this case, we mimic the definition of the categorical diffusion model, used in D3PM. The noising process is parameterized
by the probability vector p, = x0(),. By setting (), to identity, we recover the Dirac delta, centered at .

In this parameterization, the natural parameter admits linearization (after some notation abuse):
Nt (z0) = log(70Q,) = o log Q,, where (115)
log is taken element-wise, and we assume 0 log 0 = 0.

The sufficient statistic here is a vector xtT Therefore, the tail statistic can be defined as follows:

T T
Gi(zir) =Y (log Q- 2]) =Y log(Q,x) (116)
s=t s=t
The KL divergence can then be calculated as follows:
o T 1o (F0Q0);
D (6% (welw0) | 5 (2] Gr) =Y (20@y)s log - ——1- (117)
i=1 (xGQt)i
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Note that, unlike in the Gaussian case, the categorical star-shaped diffusion is not equivalent to the categorical DDPM. The
main difference here is that the input G to the predictive model z4(G}) is now a continuous vector instead of a one-hot
vector.

As discussed in Section[H| proper normalization is important for training SS-DDPMs. In the case of Categorical distributions,
we can use the SoftMax(+) function to normalize the tail statistics without breaking sufficiency:

Gy = SoftMax (G (z4.7)) (118)

To see this, we can retrace the steps of the proof of Theorem|I}

d
q* (zo|ze.) < q(20) exp {x0G:} = q(x0) exp {xo log Gy + log Z exp (Gt)l} x q(x0) exp {:Co log G’t} (119)
i=1
Therefore,
] q(xo) exp {900 log Gt} .
¢** (wo|z.1) = - ———~ = ¢ (20| Gy) (120)
Zi,o q(Zo) exp {xo log Gt}

Also, Categorical distributions admit a convenient way to compute fractions involving ¢(G¢|z¢):

a(Gilmo) =Y | [] axslao) | L[Gr = Gi(wer)] = (121)

T \ s>t

= Z exp Z zolog(Qy)x! 3 1[Gy = Gi(2rr)] = Z exp{zoG:} 1[Gy = Gi(zer)] = (122)
Tt.T s>t Tt.T
= exp{z0Gi} > 1[Gr = Gi(wpr)] = exp {z0G1} - #c, (123)

This allows us to define the likelihood term p(xq|x1.7) as follows:

q(Gilzo)p(ro)  exp{xoGi}p(xo)

p(xo|G1) = — = = po — s (124)
R (AN R YA R NN T
where p(z() can be defined as the frequency of the token z in the dataset.
It also allows us to estimate the mutual information between xo and Gy:
q(Gy|wo) q(Gi|wo)
I(x0;Gy) = Eg(s o) 108 ——~~ = Ey 20) 10 - — = (125)
(z0; Gt) q(z0)q(Gtl|zo) 108 a(Gy) a(x0)q(G¢|zo) 108 2550 a(Gy|70)q(o)
exp {roG} - #a, exp {xoG:}
= Eq(20)q(G:|x0) 1O - — = E{(20)¢(Gs|z0) 1O = _ (126)
Aol 08 5 exp (oGt Fa, -al@o) NG O T e {0 G a(o)
It can be estimated using Monte Carlo. We use it when defining the noising schedule for Categorical SS-DDPM.
F.5 von Mises
q(z¢|xo) = vonMises(xy; xo, Kt ) (127)

The von Mises distribution has two parameters, the mode x and the concentration . It is natural to set the mode of the
noising distribution to x( and vary the concentration parameter ;. When x; goes to infinity, the von Mises distribution
approaches the Dirac delta, centered at x¢. When x; goes to 0, it approaches a uniform distribution on a unit circle. The

. o cos cos x g
sufficient statistic is 7 (z;) = K 0) . The tail statistic

sin x; sin xg
Gi(xy.1) is therefore defined as follows:

, and the corresponding natural parameter is 1, (xg) = K¢ <

T
Gi(wer) =D ks (‘;i"ﬁ ;f) (128)

s=t
The KL divergence term can be calculated as follows:

~
N

1(/<Et
Io(fit

Dicr (¢ (welo) | ™ (2:] G1)) = ki (1 = cos(zo — zp)) (129)

~—
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Figure 9: Visualization of the forward process of the von Mises—Fisher SS-DDPM on the three-dimensional unit sphere.

F.6 von Mises-Fisher

q(x¢|zo) = VMF (245 0, Kt (130)

Similar to the one-dimensional case, we set the mode of the distribution to x, and define the schedule using the concentration
parameter x;. When k; goes to infinity, the von Mises—Fisher distribution approaches the Dirac delta, centered at . When
k¢ goes to 0, it approaches a uniform distribution on a unit sphere. The sufficient statistic is 7 () = «, and the corresponding
natural parameter is 7: (o) = k¢xg. The tail statistic G;(x+.7) is therefore defined as follows:

(o) stxs (131)

The KL divergence term can be calculated as follows:

trpp(se)

Dt (¢ aele) 193 (1G0)) = e 22 s o = 20) (132)

F.7 Gamma

q(ze|zo) = Tz 0, By) (133)

There are many ways to define a schedule. We choose to interpolate the mean of the distribution from zg at¢ =0to 1 at
t = T'. This can be achieved with the following parameterization:

Be(wo) = (& + (1= &)ag ) (134)

The mean of the distribution is %‘ , and the variance is ¢ B . Therefore, we recover the Dirac delta, centered at 2y, when we
set & to 0 and oy to infinity. To achieve some standard distribution that doesn’t depend on x(, we can set &, to 1 and o to
some fixed value ar.

In this parameterization, the natural parameters are oy — 1 and — S; (), and the corresponding sufficient statistics are log x+
and ;. Since the parameter «; doesn’t depend on xy, we only need the sufficient statistic 7 (z;) = x; to define the tail
statistic:

G(zrr) Zas — &)z, (135)

The KL divergence can be computed as follows:

Dicr (q% (we|zo) || p5° (24|Gr)) = v [log % + % -1 (136)
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Figure 10: Visualization of the forward process in Wishart SS-DDPM on positive definite matrices of size 2 x 2.

F.8 Wishart

q(Xt|Xo) = Wy (Xi; Vi, me) (137)

The natural parameters for the Wishart distribution are —%V[l and ’“%’H. To achieve linear parameterization, we need to
linearly parameterize the inverse of V; rather than V; directly. Similar to the Gamma distribution, we interpolate the mean of
the distribution from Xy att = 0 to I at ¢ = 7. This can be achieved with the following parameterization:

e(Xo) = &I + (1 - &) X5 (138)
Vi(Xo) = n; i (Xo) (139)

We recover the Dirac delta, centered at X, when we set & to 0 and n; to infinity. To achieve some standard distribution that
doesn’t depend on X, we set & to 1 and n; to some fixed value ny.

The sufficient statistic for this distribution is 7 (X3;) = (log)|(‘tX' |> . Since the parameter n; doesn’t depend on X, we don’t
t

need the corresponding sufficient statistic log | X;| and can use 7 (X;) = X, to define the tail statistic:

G(Xpr,t) Zns &) X (140)

The KL divergence can then be calculated as follows:

Dicr (q% (we]zo) || pp° (2:|Gr)) = [10g|Vt (Xo)Ve(Xo)| — tr (V' (Xo)Va(Xo)) + p] (141)

G Choosing the noise schedule

In DDPMs, we train a neural network to predict g given the current noisy sample z;. In SS-DDPMs, we use the tail statistic
G, as the neural network input instead. Therefore, it is natural to search for a schedule, where the “level of noise” in G is
similar to the “level of noise” in x; from some DDPM model. Similarly to D3PM, we formalize the “level of noise” as
the mutual information between the clean and noisy samples. For SS-DDPM it would be I%(z¢; G;), and for DDPM it
would be I°P"M(zq; x;). We would like to start from a well-performing DDPM model and define a similar schedule by
matching I°%(zo; G;) & I°P"™(x; z¢). Since Gaussian SS-DDPM is equivalent to DDPM, the desired schedule can be
found in Theorem@ In other cases, however, it is difficult to find a matching schedule.
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In our experiments, we found the following heuristic to work well enough. First, we find a Gaussian SS-DDPM schedule that
is equivalent to the DDPM with the desired schedule. We denote the corresponding mutual information as 137 (zo; G¢) =
IPPPM(; 2¢). Then, we can match it in the original space of x; and hope that the resulting mutual information in the space
of tail statistics is close too:

I (xo; 24) =~ ING (wo; @) 2 I%%(x0; Gy) = I3f (z0; Gt) (142)

Assuming the schedule is parameterized by a single parameter v, we can build a look-up table 7°%(xq; x, ) for a range of
parameters v. Then we can use binary search to build a schedule to match the mutual information I°%(xo; ;) to the mutual
information schedule I37(zo; z;). While this procedure doesn’t allow to match the target schedule exactly, it provides a
good enough approximation and allows to obtain an adequate schedule. We used this procedure to find the schedule for the
Beta diffusion in our experiments with image generation.

To build the look-up table, we need a robust way to estimate the mutual information. The target mutual information
I3 (xo; ¢) can be computed analytically when the data ¢(x() follows a Gaussian distribution. When the data follows an
arbitrary distribution, it can be approximated with a Gaussian mixture and the mutual information can be calculated using
numerical integration. Estimating the mutual information for arbitrary noising distributions is more difficult. We find that
the Kraskov estimator (Kraskov et al.||2004) works well when the mutual information is high (I > 2). When the mutual
information is lower, we build a different estimator using DSIVI bounds (Molchanov et al.,|2019).

I*®(x0;2,) = D (¢ (zo, z¢) || ¢°°(20)q*% (1)) = Hlxi] — H[wi|xo] (143)

This conditional entropy is available in closed form for many distributions in the exponential family. Since the marginal
distribution ¢*%(zg, 2¢) = [ ¢°°(2¢|70)q(z0)dzg is a semi-implicit distribution (Yin & Zhou, 2018), we can use the DSIVI
sandwich (Molchanov et al.|[2019) to obtain an upper and lower bound on the marginal entropy H|[x:]:

Hlwe] = —Egss log ¢* (24) = —Egss log / ¢** (e|zo)q(@o)do (144)
1 K
k
Hlwr] 2 B (o) B matailaol,, g 108 77 ;0 g (wi|wg) (145)
1 K
k
Hlwd] < ~Eoprccgao)EBrima(eilzo)l, o 108 7 ; ¢ (w|zf) (146)

These bounds are asymptotically exact and can be estimated using Monte Carlo. We use K = 1000 when the mutual
information is high (% < I < 2), K = 100 when the mutual information is lower (0.002 < I < %), and estimate the
expectations using M = 103K ~! samples for each timestamp. For values I > 2 we use the Kraskov estimator with
M = 10° samples and k = 10 neighbors. For values I < 0.002 we fit an exponential curve i(t) = e®**® to interpolate
between the noisy SIVI estimates, obtained with K = 50 and M = 105.

For evaluating the mutual information I (xo; G+) between the clean data and the tail statistics, we use the Kraskov estimator
with & = 10 and M = 10°.

The mutual information look-up table for the Beta star-shaped diffusion, as well as the used estimations of the mutual
information, are presented in Figure[TT] The resulting schedule for the beta diffusion is presented in Figure[I2} and the
comparison of the mutual information schedules for the tail statistics between Beta SS-DDPM and the referenced Gaussian
SS-DDPM is presented in Figure[I3]

For Categorical SS-DDPM we estimate the mutual information using Monte Carlo. We then choose the noising schedule to
match the cosine schedule used by |Hoogeboom et al.| (2021) using a similar technique.

H Normalizing the tail statistics

We illustrate different strategies for normalizing the tail statistics in Figure [I4} Normalizing by the sum of coefficients is not
enough, therefore we resort to matching the mean and the variance empirically. We refer to this trick as time-dependent tail
normalization.

Also, proper normalization allows us to visualize the tail statistics by projecting them back into the original domain using
T~Y(G). The effect of normalization is illustrated in Figure
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Figure 11: The mutual information look-up table for Beta star-shaped diffusion.
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Figure 13: Mutual information between clean data and
the tail statistics for beta star-shaped diffusion.

Figure 12: The schedule for Beta star-shaped diffusion.

I Synthetic data

We compare the performance of DDPM and SS-DDPM on synthetic tasks with exotic data domains. In these tasks, we
train and sample from DDPM and SS-DDPM using T = 64 steps. We use an MLP with 3 hidden layers of size 512, swish
activations and residual connections through hidden layers 2015). We use sinusoidal positional time embeddings
(]Vaswani et a1.|, |2017|) of size 32 and concatenate them with the normalized tail statistics G;. We add a mapping to the
corresponding domain on top of the network. During training, we use gradient clipping and EMA weights to improve
stability. All models on synthetic data were trained for 350k iterations with batch size 128. In all our experiments with
SS-DDPM on synthetic data we use time-dependent tail normalization. We use DDPM with linear schedule and L g;mpie
or L, as a loss function. We choose between L ;1. and L, objective based on the KL divergence between the data
distribution and the model distribution D, (¢(xo) || pe(z0)). To make an honest comparison, we precompute normalization
statistics for DDPM in the same way that we do in time-dependent tail normalization. In DDPM, a neural network makes
predictions using x; as an input, so we precompute normalization statistics for x; and fix them during the training and
sampling stages.

Probabilistic simplex We evaluate Dirichlet SS-DDPM on a synthetic problem of generating objects on a three-
dimensional probabilistic simplex. We use a mixture of three Dirichlet distributions with different parameters as training

7A
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Figure 14: Example trajectories of the normalized tail statistics with different normalization strategies. The trajectories are
coming from a single dimension of Beta SS-DDPM.
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Figure 15: Visualizing the tail statistics for Beta SS-DDPM with different normalization by mapping the normalized tail

statistics GG into the data domain using T-1 (Gt) Top row: normalized by the sum of coefficients, G; = TG L —. Bottom
row: matched the mean and variance, G; = (G; — EGY) % + ET (z0)

data. The Dirichlet SS-DDPM forward process is illustrated in Figure[8] To map the predictions to the domain, we put the
Softmax function on the top of the MLP. We optimize Dirichlet SS-DDPM on the VLB objective without any modifications
using Adam with a learning rate of 0.0004. The DDPM was trained on L,,;;, using Adam with a learning rate of 0.0002. An
illustration of the samples is presented in Table 4]

Table 4: Generating objects from three-dimensional probabilistic simplex.

Original DDPM Dirichlet SS-DDPM

Symmetric positive definite matrices We evaluate Wishart SS-DDPM on a synthetic problem of generating symmetric
positive definite matrices of size 2 x 2. We use a mixture of three Wishart distributions with different parameters as training
data. The Wishart SS-DDPM forward processes are illustrated in Figure[I0] For the case of symmetric positive definite
matrices V, MLP predicts a lower triangular factor Ly from the Cholesky decomposition Vp = LyL}. For stability of
sampling from the Wishart distribution and estimation of the loss function, we add a scalar matrix 10~*I to the predicted
symmetric positive definite matrix Vp. In Wishart SS-DDPM we use an analogue of L,y as a loss function. To improve
the training stability, we divide each KL term corresponding to a timestamp ¢ by n,, the de-facto concentration parameter
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from the used noising schedule (see Table[6). Wishart SS-DDPM was trained using Adam with a learning rate of 0.0004.
The DDPM was trained on L ;,p1e using Adam with a learning rate of 0.0004. Since positive definite 2 X 2 matrices can be
interpreted as ellipses, we visualize the samples by drawing the corresponding ellipses. An illustration of the samples is
presented in Table 3]

Table 5: Generating symmetric positive definite 2 x 2 matrices.

Original DDPM Wishart SS-DDPM

J Geodesic data

We evaluate von Mises—Fisher SS-DDPM on the problem of restoring the distribution on the sphere from empirical data of
fires on the Earth’s surface (EOSDIS||2020). We illustrate points on the sphere using a 2D projection of the Earth’s map. We
train and sample from von Mises—Fisher SS-DDPM using 7' = 100 steps. The forward process is illustrated in Figure 9]
We use the same MLP architecture as described in Appendix [[land also use time-dependent tail normalization. To map the
prediction onto the unit sphere, we normalize the three-dimensional output of the MLP. We optimize L,;;, using the AdamW
optimizer with a learning rate of 0.0002 and exponential decay with v = 0.999997. The model is trained for 2, 000, 000
iterations with batch size 100. For inference, we also use EMA weights with a decay of 0.9999.

K Discrete data

We evaluate Categorical SS-DDPM on the task of unconditional character-level text generation on the text8 dataset. We
evaluate our model on sequences of length 256. Using the property of Categorical SS-DDPM, that we can directly compute
mutual information between z, and G (see Appendix [F4), we match the noising schedule of G, to the noising schedule
of x, by|Austin et al.| (2021)). We optimize Categorical SS-DDPM on the VLB objective. Following |Austin et al.| (2021)),
we use the default TS encoder architecture with 12 layers, 12 heads, mlp dim 3072 and gkv dim 768. We add positional
embeddings to the sequence of tail statistics G; and also add the sinusoidal positional time embedding to the beginning.
We use Adam (Kingma & Bal, [2015)) with learning rate 5 x 10~* with a 10, 000-step learning rate warmup, but instead
of inverse sqrt decay, we use exponential decay with v = 0.999995. We use a standard 90, 000, 000/5, 000, 000/500, 000
train-test-validation split and train neural network for 512 epochs (time costs when using 3 NVIDIA A100 GPUs: training
took approx. 112 hours and estimating NLL on the test set took approx. 2.5 hours). Since the Softmax function does not
break the sufficiency of tail statistic in Categorical SS-DDPMs (see Appendix [F4), we can use the Sof tmax function as
an efficient input normalization for the neural network. Categorical SS-DDPM also provides us with a convenient way to
define log p(xo|G1 ), and we make use of it to estimate the NLL score (see Appendix .

L Image data

In our experiments with Beta SS-DDPM, we use the NCSN++ neural network architecture and train strategy by [Song
et al. (2020b)) (time costs when using 4 NVIDIA 1080 GPUs: training took approx. 96 hours, sampling of 50, 000 images
took approx. 10 hours). We put a sigmoid function on the top of NCSN++ to map the predictions to the data domain. We
use time-dependent tail normalization and train Beta SS-DDPM with 7" = 1000. We matched the noise schedule in Beta
SS-DDPM to the cosine noise schedule in Gaussian DDPM (Nichol & Dhariwall, [2021)) in terms of mutual information, as
described in Appendix
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M Changing discretization

When sampling from DDPMs, we can skip some timestamps to trade off computations for the quality of the generated
samples. For example, we can generate x;, from z, in one step, without generating the intermediate variables T+, 41:¢,—1:

~DDPM __ ,DDPM _
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o —DDPM
AVASTH 1- 7DDPM aDzDPM (1 (OF% ) 1 — gPpPM GPPPM
— Tty DDPM (xt tz) + t1 T 11 1— to _
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In the general case of SS-DDPM, we can’t just skip the variables. If we skip the variables, the corresponding tail statistics
will become atypical and the generative process will fail. To keep the tail statistics adequate, we can sample all the
intermediate variables x; but do it in a way that doesn’t use additional function evaluations:
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In case of Gaussian SS-DDPM this trick is equivalent to skipping the variables in DDPM:
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In general case, this trick can be formalized as the following approximation to the reverse process:
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Table 6: Examples of SS-DDPM in different families. There are many different ways to parameterize the distributions and
the corresponding schedules. Further details are discussed in Appendix [F.THFS]
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