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Abstract

The nonconvex formulation of the matrix completion problem has received signif-
icant attention in recent years due to its affordable complexity compared to the
convex formulation. Gradient Descent (GD) is a simple yet efficient baseline algo-
rithm for solving nonconvex optimization problems. The success of GD has been
witnessed in many different problems in both theory and practice when it is com-
bined with random initialization. However, previous works on matrix completion
require either careful initialization or regularizers to prove the convergence of GD.
In this paper, we study the rank-1 symmetric matrix completion and prove that GD
converges to the ground truth when small random initialization is used. We show
that in a logarithmic number of iterations, the trajectory enters the region where
local convergence occurs. We provide an upper bound on the initialization size that
is sufficient to guarantee the convergence, and show that a larger initialization can
be used as more samples are available. We observe that the implicit regularization
effect of GD plays a critical role in the analysis, and for the entire trajectory, it
prevents each entry from becoming much larger than the others.

1 Introduction

Recovering a low-rank matrix from a set of linear measurements is at the heart of many statistical
learning problems. Depending on the structure of the matrix and the linear measurements, it reduces to
various problems such as phase retrieval [[1], blind deconvolution [2], and matrix sensing [3]. Matrix
completion [4] is also one such type of problem where each measurement provides an entry of the
matrix, and the goal is to recover the low-rank matrix from a partial, usually very sparse, observation
of the entries. One of the most notable applications of matrix completion is collaborative filtering
[S]], which aims to predict user preferences for items based on a highly incomplete observation of
user-item ratings. There are also a number of different applications, such as principal component
analysis [6] and image reconstruction [[7], just to name a few.

Extensive amount of work has been dedicated to provide an efficient recovery algorithm for matrix
completion with theoretical guarantees [§]. The convex relaxation based nuclear norm minimization
[4, 9] was the first algorithm proven to recover the matrix with near optimal sample complexity.
Despite its theoretical success, the convex algorithm was found hard to be used in practical scenarios
due to its unaffordable computational complexity and memory size. Therefore, the nonconvex
formulation of matrix completion with quadratic loss has received significant attention in recent years.
Many different algorithms have been proposed for the nonconvex problem, and their convergence
toward the ground truth has been analyzed. Examples include optimization on Grassmann manifolds
[LO], alternating minimization [11], projected gradient descent [[12], gradient descent with regularizer
[13]], and (vanilla) gradient descent [[14, [15]].
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Gradient descent (GD) has served as a baseline algorithm for solving nonconvex optimization
problems. However, the convergence of GD to global minimizers is not guaranteed, and it can take
exponential time to escape saddle points [[16]. Nevertheless, GD with random initialization has been
shown to successfully recover the global minimum in many different problems such as phase retrieval
[L], matrix sensing [[17]], matrix factorization [18]], and neural network training [[19]]. Previous work
on matrix completion [[14}[15] proved the convergence of GD under the spectral initialization, which
locates the initial point in the local region of the minima. However, the role of random initialization
in solving matrix completion with GD is not fully understood yet, although its success is observed in
practice. Therefore, we aim to answer the following question:

Can GD with random initialization solve the nonconvex matrix completion problem?

We answer this question affirmatively and show that GD with small random initialization successfully
converges to the ground truth for rank-1 symmetric matrix completion. In the analysis, we use vanilla
GD, which does not incorporate any modifications, such as regularization or truncation, into the GD
algorithm. We also characterize the entire trajectory that GD follows by showing that the trajectory
is well approximated by the fully observed case. The small initialization plays a critical role in
analyzing the trajectory of the early stages, where the randomly initialized vector is nearly orthogonal
to the first eigenvector of the ground truth matrix. We provide a bound on the required initialization
size for the algorithm to converge, and our bound suggests that one can use a larger initialization to
improve the convergence speed as more samples are provided. However, in any case, GD with a small
random initialization takes only logarithmic amount of time (with respect to the matrix dimension)
to reach the point where local convergence can begin. To the best of our knowledge, this is the first
result on matrix completion that proves the convergence of vanilla GD without a carefully designed
initialization.

Although our result is restricted to the rank-1 case, we believe that this work provides an important
evidence for understanding the more general rank-r case. At the end of this paper, we will discuss
some technical difficulties that the rank-r case naturally has, and provide some empirical results
related to them. However, studying the rank-1 matrix completion problem is not only motivated
by theoretical interest, but the problem itself also appears in some practical problems such as
crowdsourcing [20} 21]].

Related Works This work is motivated by the recent success of small initialization in matrix
factorization and matrix sensing. It was first conjectured in [22] that sufficiently small step sizes and
initialization lead GD to converge to the minimum nuclear norm solution of a full-dimensional matrix
sensing problem. The conjecture was proved in [17] for the fully overparameterized matrix sensing
under the standard restricted isometry property (RIP). A recent study by [23] provided more general
results by showing that the early iterations of GD with small initialization have spectral bias. Many
other works such as [24} 125, 26] have also studied how GD or gradient flow with small initialization
implicitly forces the recovered matrix to be low-rank. However, the recovery guarantee for matrix
completion has not been provided by any work.

For the matrix sensing where RIP holds, the loss function has global benign geometry in that it
does not contain any spurious local minima or non-strict saddle points [27]. In the case of matrix
completion, a similar result was obtained but with a regularizer that penalizes the matrices with large
rows [28]]. Controlling the norm of each row (absolute value of each entry in the case of rank-1) is the
biggest hurdle in the analysis of matrix completion. In the local convergence analysis of [14]], it was
proved that GD implicitly regularizes the largest £5-norm of the rows of error matrices, showing that
explicit regularization is unnecessary. In this paper, we also prove that such an implicit regularization
is induced by GD when it starts from a point of small size. We show that the trajectory is close to the
fully observed case in both /5 and /., norms. Thus, the trajectory is confined to the region where it
has benign geometry, and GD can converge without an explicit regularizer.

Notations We denote vectors with lowercase bold letters and matrices with uppercase bold letters.
The components or entries of them are written without bold. We use ||-||, and ||-||  to denote ¢, and
{~o-norm of vectors, respectively, and ||-|| is used for Frobenius norm of matrices. For any norm ||- ||
and two vectors x, y, we let ||z £ y|| = min{||x + y||, ||z — y||}. Asymptotic dependencies with
respect to the matrix dimension are denoted with the standard big O notations, or with the symbols,
<,=<and 2.
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2 Problem Formulation

The matrix completion problem aims to reconstruct a low-rank matrix from partially observed entries.
In this paper, we focus on the case where the ground truth matrix, denoted by M* € R™*", is a rank-1
positive semidefinite matrix. Thus, the ground truth matrix is decomposed as M* = \*u*u*" with
A* > 0 and a unit vector u*. We define * = v/ A\*u* so that M* = x*x*". To follow the standard
incoherence assumption, we let [|u*|| . = /£ and allow y to be as large as poly(log n). We consider
a random sampling model that is also symmetric as M *. Each entry in the diagonal and the upper (or
lower) triangular part of M* is independently revealed with probability 0 < p < 1. We consider the
noisy case where Gaussian noise is added to each observation. Formally, we get as an observation the
matrix M° whose (4, j)th entry is %&AM{} + Eij), where [6;], -, ;,, are independent Bernoulli
random variables with expectation p and [Ey;], _, < j<n, are independent Gaussian random variables
with the distribution N (0, 02). They are both symmetric in the sense that 6;; = d;; and E;; = Ej;
forall 1 <¢ < j < n. Weuse E to denote the symmetric matrix whose entries are F;;. We denote
the set of observed entries as 2 := {(¢, ) | §;; = 1}, and define an operator P, on matrices that sets
the entries not contained in €2 to zero. (e.g. M° = %PQ(M* + E))

To recover the matrix M™*, we find € R” that minimizes the nonconvex loss function f(x),
which is the sum of the squared differences on the observed entries. It is explicitly written as
flx):= ﬁ Y pealTivy — ey — E;;)?. We apply vanilla GD to solve the optimization problem
starting from a small randomly initialized vector z°). Each entry of «(*) is sampled independently

from the Gaussian distribution A/ (0, % Bg), so that the squared norm of x© is expected to be /32.
The update rule of GD is written as

) = 2O vy (wm) —2® _1p, (wu)w(m) 2® £ nMez®, )
p

where 17 > 0 is the step size.

We define F as the loss function f when all entries of M* are observed without noise, i.e., F((x) :=
%waT - M* Hi We also define () as the trajectory of GD when it is applied to F’ with the same
initial point (9, i.e., Z® is the trajectory of the fully observed case. Specificially, it evolves with

D — 30 _ o FEO) = 30 _ an(t)

2
Q:E“) +nM*z 2)

from the same starting point z(*) = (),

Lastly, we introduce the so-called leave-one-out sequences. These were the main ingredient in
controlling the /,-norm of trajectory in [[14]]. We use them for a similar purpose. For each [ € [n],
we define an operator 735(2[ ) such that Pg ) (X) is equal to X on the /th row and column, and equal to
%PQ(X ) otherwise. The [th leave-one-out sequence, x(*!), evolves with

2D = gt _ ppD) (wu,nm(tm)w(t,z) MO gD, 3)

for 20D = £©) where M = Pg(zl) (M*) + E®, and EW is obtained by zeroing out the Ith row
and column of I%PQ (E).

3 Main Results

In this section, we present our main results. The first main result concerns the global convergence of
GD with small random initialization.

Theorem 3.1. Let us consider a rank-1 matrix completion problem that recovers the matrix M* =
z*x* T € R™" such that ||x*||, = VA* and ||z*|| . = /E||x*||,, where i = O(poly(logn)).
Let the initial point £(°) € R™ be sampled from the Gaussian distribution N'(0, %,BSI) and =) be
updated with (I). Suppose that a small step size with n\* < 0.1 is used and the sample complexity

satisfies n®p > pnlog® n. Then, there exists T* = (14 o(1)) ni* log ¥ 2‘;" such that

2
10532 https://doi.org/10.52202/075280-0463



1

1
(t) + * < * 4 (t) _ (tsl)H < * 6
R I P B ] Wt =] L I C)
1 1
(t) + p* < * 5 (1) _ % ‘ < * 7
[o0 =2 5 om0 max @ e S el @)
hold at t = T™ with probability at least 1 — o(1/+/log n), if a sufficiently small initialization with
1
VA0 < By S VR o —F @®)

15 log® n /n
. . . A
is used and the noise satisfies o S = +/logn.

Theorem [3.1| proves that, starting from a small random initialization, the trajectory of GD eventually
enters the local region of the global minimizers =x* in terms of both ¢2 and /., norms. Combined
with the result of [[14], GD starts to converge linearly to either «* or —x* after t = T, as stated in
the corollary below.

Corollary 3.2. Suppose that the conditions in Theorem[3.1|are satisfied, and let p be a constant such
that 1 — {5 < p < 1. Then, with probability at least 1 — o(1/+/logn), we have

1 * o [n
< t—T R B * 9
5 (™ + 5 e ©)

Hw(t) +x*

H:c(t) + z*

1 * o [n
< t—T I i * 10
A T ) e o

forallT* <t <T = O(nd).

The desired global convergence result is provided by Corollary Several remarks about Theo-
rem [3.T]and Corollary 3.2 are in order.

Matrix Recovery Suppose x(*) converges to a global minimum y* of the function f, which is
different from +a*. In such a case, despite achieving global convergence, the reconstructed matrix
y*y* " deviates from the ground truth matrix M*. However, Theorem establishes that a(*)
converges exclusively to the correct global minima +a*, so that the matrix M™* is recovered with
high probability.

Leave-one-out Sequence To apply the local convergence result of [14]], in addition to @) and (3)), the
existence of leave-one-out sequences {m(t’l) e satisfying @ and H is required. Leave-one-out
sequences also play a critical role and appear naturally in the proof of Theorem 3.1}

Sample Complexity The required sample complexity for Theorem[3.1]to hold is optimal up to a
logarithmic factor compared to the statistical lower bound of 2(nlog n). We have not done our best
to optimize the log factors, and about half of them can be reduced with more delicate analysis. We
will discuss this briefly in Section [6]

Convergence Time Considering that 5 ! s at most polynomial in n (due to the lower bound of
), only O(log n) iterations are required for GD to enter the local region. It takes O(log(%)) more

iterations to achieve e-accuracy in the local region, so the total iteration complexity is given by
O(logn) 4+ O(log(1)).

Initialization Size Although small initialization provides a good geometry to GD, a larger initial-
ization is preferred because the convergence time, 7%, is inversely proportional to 3. When the
sample complexity is optimal, i.e., n?p < npoly(logn), an upper bound on the initialization size
given by Theorem isn=1, ignoring the log factors. However, as more samples are provided, we
are allowed to use a larger initialization to reduce the convergence time. When the sample complexity
satisfies n2p =< n1*7, the bound is n~%(1=%) ignoring the log factors. The bound becomes nearly
constant as a approaches 1, namely the fully observed case, and this is consistent with the previous
result that small initialization is unnecessary for the fully observed case [[18]]. We also note that the
lower bound of (8) is necessary in the proof of Theorem [3.1] since we derive probabilistic bounds
for all iterations, and the lower bound limits the maximum number of iterations. However, we can
further reduce the lower bound 7% to n=¢ for any constant ¢ > 10 by tuning some constant factors
during the proof.
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Noise Size From the incoherence assumption, the maximum absolute value of entries of M™* is
bounded by ’\n—“ The condition o < ’\T“\/log n in Theoremallows the standard deviation of the
logn

np
that the upper bounds in Corollary [3.2) are dominated by the first terms at ¢ = 7* and they eventually
converge to the second terms as ¢ increases.

Gaussian noise to be much larger than the maximum entry. It also implies =, /2 < u SO
A p ~

Estimation Error The current estimation bounds @) to (|7) are all proportional to Jliﬂ

norms of «*. However, if we do not allow the initialization size to grow with the sample complexity,
we are able to obtain tighter bounds; if we use the fixed initialization size n"i regardless of the

\/I;@ is improved to \%Tp + %\/g , and the upper

/np (not being precise on the factors of 1 and logn

times the

sample complexity, in Theorem the factor
bound on noise size is also improved to o <
here). Then, the estimation error in Corollary is improved to \/%Tp ot + =

of [14] which uses spectral initialization. Thus, we have a tradeoff between estimation error and
initialization size.

% to match the result

The next main result concerns the trajectory of GD before it enters the local region. The theorem
states that for all ¢t < T, z® stays close to the fully observed case Z® in both {5 and {.,-norm.

Theorem 3.3. Suppose that the conditions of Theorem|3.1|hold, and T* is defined as in Theorem|3.1
Then, for all t < T*, we have

Hm(t) —F® (12)

< ;ng)

2~ /logn
with probability at least 1 — o(1/+/logn).

Trajectory of GD The sequence Z*) is a linear combination of () and u* (see in the
appendix), and it is easy to analyze how Z*) evolves. By showing that 2(*) stays close to z(*) for all
iterations, we not only show the convergence of GD with small initialization as in Theorem 3.1] but
also characterize the exact trajectory that GD follows by Theorem [3.3]

. A Hm(t)fi(t)

< ;ng)
2 o ™ \/IOgTL )

Implicit Regularization One can prove that z(*) is incoherent up to some log factors over all itera-
tions, and from and , the incoherence of z(*) is bounded by that of Z® | Thus, Theorem
shows that the incoherence of (") is implicitly controlled by GD without any regularizer. This is an
improvement over the previous result on the global convergence of GD for matrix completion [28]],
where an explicit regularizer was used to control the /. -norm of (%), although no small initialization
was used in that work.

4 Fully Observed Case and Proof Sketch

Before we explain the proof of Theorems [3.T]and[3.3] we
describe the trajectory of the fully observed case. We
characterize Z(*) with three variables: &; = |u*T5(t)|,

10°

10

B = |@0|2, and 3, = (|25, where () = #®) —
w*u* "M, According to the three variables are up- 107

dated with
~ 52 ~ ~ o\~ 10'3
appr = (1 =nf; + 0\ Ve = (1 =08 e;
22 ~2 | =2 4
= 10 . !
gr =it Phasel  Phasell | o0
At t = 0, due to random initialization, the initial vector 105 asen ase . Region
is nearly orthogonal to u*, and we have &g ~ —= 3, and 0 50 . 100 150
vn Iteration

Yo ~ Eo = [p. Also, due to the small initialization, the

term 737 is ignorable until Bt becomes sufficiently large, - T .
s0 & grows exponentially at the rate of 1 4+ nA*, while 5, . and 7; simulated with ap = —= /o,
remains still. Thus, in the early iterations where (1+nA*)? Bo =L, A\* =1,and n = 1000

n 9 9 .

is still much less than /n, Bt is kept close to its initial

Figure 1: Evolution of the quantities ay,

q
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value 3y while the trajectory becomes more parallel to u* as &; increases. When (1 +nA*)? becomes
much larger than /7, the trajectory becomes almost parallel to w* in that 8; ~ &; > 7;. Until §;
(asymptotically) reaches \/%, we can consider ¢; as increasing at a rate of (1 + n\*), and it takes

\/)\ n

about

log steps to reach this point. After that, we can no longer ignore the term nBtQ,

1
log(1+nA*) = —
and ¢; increases at a slower rate as 3; increases. We can show that 32 becomes sufficiently close to
A* within O(log log n) additional iterations, as stated in the following lemma.

Att = T5 + %, we have

Lemma 4.1. Let T} be the largest t such that 32 < og(LFAr

Bz (1- k).
Finally, local convergence to w* occurs in that &y approaches \* and 7: decreases exponentially with
the rate (1 — nA*). The actual behavior of quantities ay, Pe, ¢ are plotted in Figure

64logn log n'

We define the iterates before (1 +n\*)! reaches —— \/ﬁ within some logarithmic factors, as Phase I,

and the next iterates before ﬁt reaches \* (1 — @) as Phase II. Different techniques are used for

each phase to prove that (") stays close to Z(*). At the end of Phase I, &; is increased to o from

1
Nl
its initial scale ﬁ fo, but it is still not dominant over (. Therefore, the magnitudes of both =(*) and
Z®) are kept close to 3, throughout Phase I, and we take advantage of the small random initialization

to show that the deviation of (¥ from Z®) does not increase much, and is kept at 4/ nip times the

norms of (). In Phase II, we show that (") — Z(*) expands at a rate of at most (1 + n\*). Since
the norms of (*) also grows at a rate of (1 + n\*) during most of Phase II, the norms of x® —
remain negligible compared to those of (*). The next two sections give the main lemmas of Phase I
and II, respectively, which are used to prove Theorems[3.I]and [3.3] For a visual representation of the
results in the following two sections, please refer to Figure

5 Phase I: Finding Direction

We provide detailed results and proof ideas for Phase I. Our main goal is to analyze the deviation of
&(® from Z(*). First, if we look at the update equations (1) and (2), the second term is proportional to
the third power of ||z*)||,, while the other terms depend linearly on ||« (*)||,,. Thus, the second term
is almost negligible due to the small initialization. Without the second terms, the difference between
z® and 2V att = 1 s n(M° — M*):c(o). From concentration inequalities, one can see that the /o
and £, norms of n(M° — M*)x®) are about \/% times smaller than those of (1),

Due to the third terms of (1)) and (2)), the norms of ) — Z(*) can grow exponentially at a rate of
(14nX*) in the worst case where ") — Z(*) is parallel to w*. In such a case, the norms of z® — z*)
would be larger than those of Z® at the end of Phase 1, since those of Z() remain still in Phase 1.
However, we overcome this problem by proving that the bounds grow at most polynomially with

respect to ¢, and since ¢ is at most O(log n), the bounds remain \/% times smaller than the norms of

Z™®) up to logarithmic factors throughout Phase 1.

Lemma 5.1. Let T} be the largest t such that (1 +nX\*)t < 4/ #\/ﬁ. Under the conditions of
Theorem with probability at least 1 — o(1/+/log n), for all t < Ty, we have
u3 log n Bo 9

logn ~
Iy T E U S a4

T} is defined to be the end of Phase I. Lemma|[5.1] proves Theorem [3.3]for Phase I.

Hx(t) _z®

Proof of (I13) We will first demonstrate how to obtain the £2-norm bound of Lemma[5.1] Let us
define a sequence Z*) that is updated as

2D _ 50 _ nug(t)Hzg(t) LaMeED; 70 Z 5O, (15)
2

A
https://doi.org/10.52202/075280-0463 10535



A A A ~(t)
Phase 1 , Phase 1 Phase 11 Hm ||2

||£(f)H2 ; &™) e PO .1 S
! Lo T e | ]
R T e e e

- = - 30,
L ﬁ E . =
7 5 log lolgn
Hw(t) _ @ HQ ; pgAl: part2 ipart3: local
Iteration T Iteration T T Iteration T
(a) (b) (c)

Figure 2: An illustrative description of trajectory of various quantities compared to the norms of z(*)
on logarithmic scales. Arrows between lines represent the ratio between them. The quantities depicted
are not precise, and only the key factors are shown for simplicity. (a) In Phase I, |2(*) — Z(®)||,
increases linearly and ||z(*) — (®)||5 increases exponentially with the rate of (1 + n\*). They have
the same scale at the end of Phase L. (b) In Phase I, even if the u* component of () — () grows
exponentially, it remains almost orthogonal to w* throughout the phase. (c) Phase II is divided into

three parts according to the growth speed of (*) and £*) — Z(*). The ratio between them at the start

. . o s 1 .
and the end of each part is described, and it is at most Tomn in Phase II.

Note that the norm of Z(*) is used in the second term of . The update equation of Z(*) differs
from Z* in the third term and from ) in the second term. We use Z(*) as a proxy for bounding
|z — &®)||,. We first show that ||Z(") — (*) ||, grows at most linearly with respect to .

Lemma 5.2. With probability at least 1 — o(1/+/logn), for all t < Ty, we have

logn
SM\/ s Bot. (16)
2 np

The proof of this lemma is based on the fact that Z(*) is a product of (®) and a matrix polynomial of
I and M°, while Z* is a product between x(°) and a matrix polynomial of I and M*. We prove
the lemma by comparing the two matrix polynomials. We remark that Lemma [5.2] holds regardless of
the small initialization, but it relies on the randomness of x(?).

H;,g(t) _z®

Since ) and Z(*) differ only in the second term, their initial difference is proportional to 8. More
precisely, it is ﬁﬂg' We show that the difference grows exponentially at a rate of (1 + nA\*).

Lemma 5.3. If holds for all t < Ty, we have

1 [udlog®n
S| m—=— 1+ N8} 17
AT p (1+nX\")"By 7)

for all t < Ty with probability at least 1 — o(1/+/logn).

The upper bound in becomes smaller than that of if (14+nA*)IB2 < \* Mlolgz —. One can
i

check that this condition is satisfied from the definition of 7} given in Lemma|5.1|and the bound on
the initialization size (§). Thus, (I3) is proved by (16) and (I7).

Proof of l| We control the Ith component of 2(!) — Z(*) using the Ith leave-one-out sequence.
Leave-one-out sequences have two important properties. First, because they are defined without only

one row/column, they are extremely close to (*), and at t = 1, H:c(t) — gt H2 is about \/%Tp%

Second, the [th component of the /th leave-one-out sequence evolves similarly to that of Z(*) and is
easy to analyze. With these two properties, we bound the /th component of (") — Z(®) as

on-3) <o -] 4] a-2))

Hmm _z®

7
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We claim that both ||z — "D || and | (z(*)) — ") | increase at most polynomially with respect

to ¢ from the initial scale f T

Lemma 5.4. With probability at least 1 — o(1/+/logn), for all t < Ty, we have

log“n f w3 log n 50
t) _ (u)” < gi 0 1 ‘ ) _ z®) ‘ < JHog )
Haz * o~ \ft (19) < * ) np \/ﬁ - (20

As explained for ) — Z(), due to the third terms of (1)) and (), ™ — 2D can also grow
exponentially at the rate of (1 + n)\*) in the worst case where 2(*) — 2(*:) is parallel to u*. This

contradicts our result 1) that ||:c ) — gth H grows only linearly. We show that (") — (0
remains nearly orthogonal to w* in Phase I, and thus the worst case does not occur.

Lemma 5.5. Foralll € [n] and t < T4, we have

3 2
‘u(l)T(x(t) _ w(m))‘ < \/m(l N n)\*)t@
np n

with probability at least 1 — o(1/+/logn), where u'") is the first eigenvector of M®.

Note that u") is almost parallel to u* (see Lemma in the appendix). The u® component of

x® — (Y s initialized to the order of \/1'7)% which is ﬁ times smaller than ||a:(t) — D ||2

Although it is increased exponentially, from the definition of 77, the ul® component remains much
smaller than ||z() — () ||, in Phase L.

One can see that |( 0 a:(f)) ] increases by Hac —z® H ||w at each step, and summing
the bound (T3) up to ¢ gives (20). "Finall y, (I4) is obtained by putting @]) and (20) into (T8).

“llog

6 Phase I1: Expansion

In the next phase, we show that the bounds obtained in Phase I are increased at a rate of (1 4+ nA*).

Lemma 6.1. Let T5 be the largest t such that EE <A (1 — ) Then, for all Ty <t <Th, we

logn
have
~ 1
2 =& <=2 oe Aol AT 1)
20 _ w(t,l)H < log n Bo (14 A )T 22)
2 ~Y \/>
_ 3log®n B
(t) _ =) ui 1 \* t—T 23
~ p3log®n S
() _ (t)) ’ < JRe 1 Po A )T 24
(a0 =) | £/ T 4

with probability at least 1 — o(1/+/logn).

T’ is defined as the end of Phase II. We will explain how Lemmal6.1]leads to Theorem 3.3]in Phase II.
Let us first focus on (21)) and (TT). We can divide Phase II into three parts according to the behavior of
|z, ]],, is kept close to By until (1 +nA*)* becomes /n, or (1 4+ nA*)*~"" becomes
/np. In this part, although the bounds increase exponentially with the rate of (1 + nA*), the factor
—=—, which was already present in || of Phase I, compensates for this increase. At the end of the

first part, Hm(t) —z® H2 is smaller than Hi(t) HQ

of (1+n\*) until it reaches 8\/‘/1%. Since both ||z} — 2" ||, and ||&

o grows at the rate
(14+nx%),

R
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Figure 3: (a) Evolution of the quantities |u*T ()| and || (?)||5, which behave similarly to & and 3;,
respectively, and || 4 x*||,, which shows local convergence. (b) Comparison between the norms
of ® and *) — Z(®)_ (c) Convergence of GD with respect to the initialization size and sampling

log YA*n 4 100 and averaged over 1000
Bo

probability. ||2®) + x*||, was measured at t =
trials.

1
log(14+nA*)

the ratio between them is maintained in the second part. Finally, in the remaining iterations, ||Z(*||,
increases with (1 — 775,52 -+ nA*) at each step, and the increment becomes smaller as it converges
to v A*. Thus, as in the first part, Hm(t) —z® H2 increases faster than Hi(t) ||2 However, from
Lemma the length of this part is O(log log n2), and the ratio between ||() — (*) |, and [|z® I,
increases only by log® n. We prove that the log factors already present at the end of the second part
compensate this, and finally (TT)) holds for all ¢ in Phase II. A more delicate analysis may prove that
|2® — z® H2 grows at the same rate as || (") H2 in the third part, and this will reduce the required
sample complexity by at most log'? n. A similar argument can be used to prove that the bounds
for Hw(t) - i(t)Hoo, Hw(t) — gD Hz* and |(:c(t7l) — i(t))l] are smaller than Hi(t) Hoo by some log
factors throughout Phase II.

At the end of Phase II, (*) is very close to £=z* in both £, and /., norms (see Corollary

in the appendix), so one can replace Z*) of Lemma with £a* to prove to of Theo-
rem[3.1] Hence, we can let T* = T, and as explained in Section[d] T is approximately given by

log Vé\;" + O(loglogn).

1
log(1+nA%)

7 Simulation

In this section, we present some simulation results that support our theoretical findings.

Trajectory of GD With the dimension n = 5000, we constructed the ground truth vector u* by
sampling it from the Gaussian distribution A/(0, 2 I') and normalizing it to have unit norm. We let
A* = 1 so that the matrix M * is given by w*u* ", and we randomly sampled the matrix symmetrically
with a sampling rate of p = 0.1 and Gaussian noise of o = %. The initialization size was set
to By = % and a step size of 0.1 was used for GD. Figure (a) and (b) represent one trial of the
experiment, but similar graphs were obtained in each repetition of the experiment. The evolution
of some important quantities such as Haz(t) H2 and ‘u*Tm(t)‘ is shown in Figure a). As in the
fully observed case, the signal component |u*T:c(t)| increases at the the rate of (1 + n\*) until it
approaches v/A*, and a local convergence to &* occurs, where Hw(t) —x* H2 decreases exponentially
and saturates at the level determined by the noise size o. In Figure[3[b), we describe the deviation of
2® from Z® in both ¢5 and ¢, norms. The solid lines represent the norms of 2® and the dotted
lines represent those of z(*) — Z(*). We can see that there is a gap between the solid and the dotted
lines during the whole iterations. Thus, 2(*) stays close to the trajectory of the fully observed case, as
we proved in Theorem 3.3]

Small Initialization In the next experiment, we investigated the importance of a small initialization
for the convergence of GD. We used the same conditions as in the previous experiment except

Q
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n = 500. We measured ||:c(t) + a:*||2 att = 1og(1+n/\* log VB + 100 and averaged it over 1000

trials. We repeated the experiment while changing the initialization size from 10° to 10~ and the
sampling probability from 0.01 to 0.04. The result is summarized in Figure[3(c). For all sampling
probabilities, the small initialization improves the convergence of GD. Also, the performance starts to
saturate at much larger initialization sizes as the sampling probability increases, and this is consistent
with our finding (8) that a larger initialization is possible as more samples are available.

8 Discussion

In this paper, we showed that for rank-1 symmetric ma-

trix completion with ¢4 loss, GD can converge to the 10!
ground truth starting from a small random initialization.
Ignoring log factors, the bound on the initialization size ~ 10°F Vs 5
is n~% when the optimal n poly (log n) samples are pro- 10-} ! )
vided , and the bound becomes larger as more samples
are provided. The result is interesting because the loss
function does not have global benign geometry if no reg- 10-F

107}

ularizei is applied..Our result does. not use any explicit o gl P — X0 x|,
regularizer and relies only on the implicit regularizing e oo (X)) 1x],
effect of GD. 107 O — | x® *X“)HR

The most important future Work*ie an extension to 10050 100 150 200 250 300 350 400
the rank-r case. Suppose that M* is a rank-r matrix Iterati

and its eigendecomposition is given by U*S*U*T = eration

X*X*lT, where 3* = diag(Af, -+, A7) and X* = Figure 4: Trajectory of GD obtained for a
U*X*=. Then, the trajectory of GD becomes an n X r rank-3 matrix with non-zero eigenvalues
matrix X (), which is updated as 1,0.75,0.5. The same parameters were

" used as in Figure[3]
X (41 — X(t)_;'pg (X<f>X<t>T)X<t>+nM°X<t>.

Each entry of X () is sampled independently from the Gaussian distribution A/ (O, % Bg) as in the
rank-1 case.

An instance of X (*) is shown in Figure The same conditions as in Figure are used, except that
the ground truth matrix is a rank-3 matrix with non-zero eigenvalues 1,0.75, 0.5. The singular values
of X ® behave similarly to H:c(t) H in the rank-1 case. In the early iterations, where the orthogonal
components dominate, the singular Values stay close to their initial scale 5y. After that, each singular
value (X () increases at a rate of (1 + nA¥) and saturates at \/A¥. We use || X — Y| to denote
the Frobenius norm between X and Y under best rotational alignment HX ®) — X~ H decreases
exponentially and saturates at the level determined by the noise size o, after all singular values have
saturated, as local convergence begins.

To extend the results of the rank-1 case, we need to show that ||X M _x® ||R remains much smaller
than HX ||F throughout the iterations, where X® is the trajectory of the fully observed case.
Before o1 (X)) saturates around /A%, it behaves similarly to H:c(t) —z® H2 of the rank-1 case,
ie., it expands at a rate of (1+nA}) along with || X ®)|| _ after the early iterations. However, because
each singular value grows at a different rate, a different phenomenon is observed for the rank-r case.
During the iterations before ¢; 1 (X (*)) saturates after o; (X *)) does, both HX ®_—X® || and
HX ®) H do not increase much. Our current theory can only show that HX ®_x® H increases at
arate less than (1+nA%, ), and in order for || X () — xX® || to remain much smaller than || X ®|| .
additional sample complexity is required to compensate for the exponential increases. Therefore, we
expect that the convergence of GD for the case of rank-r can be proved with the techniques developed
in this paper if n'TO(x—-1 poly(k,r,logn) samples are provided, where x = ;* is the condition

number. Nevertheless, whether GD can converge with the optimal n poly(k, r, log n) samples for the
rank-r matrix completion problem remains an open problem.
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Detailed proofs for the results explained in the main text are provided in this appendix. We say that
an event happens with high probability if it happens with probability at least 1 — n% for a constant
C > 0 and C can be made arbitrary large by controlling constant factors. A union of poly(n) number
of events that happens with high probability still happens with high probability. For a matrix A, we
denote the spectral norm by || A| and the maximum absolute value of entries by || A|| . Also, the
largest £2-norm of rows of A is denoted as || A, .

A Spectral Analysis

We introduce some spectral bounds related to random sampling and Gaussian noise.
Lemma A.1. Ifn?p > nlogn, we have

1 1
HPQ(M*)_M* SA*M Ogn
p np
with high probability.
Lemma A.2. Ifn%p > unlogn, for all | € [n], we have
1
2Paar) - PP | < a0 [2
p np

with high probability.

Lemma A.3. Ifn?p > nlog®n, we have
1
p p

Note that Lemma also implies that [|[ED| < a\/% for all [ € [n] with high probability.

Combined with the condition o < ’V—“\/log n, we have

n

Hlpr(E)H <\ /@7 HEU)H <\ logn
p np np

for all [ € [n]. Proofs for Lemmas and are provided in Appendix |G| Check Lemma 11 of
[12] for the proof of Lemmal[A.3]

with high probability.

Next, we state bounds on the eigenvalues of M° and M (). The first eigenvalues of M° and M ")
are denoted as A° and A", respectively. The following lemma is derived from Lemmasand
with Weyl’s Theorem.

Lemma A.4. [fn’p 2> unlogn, we have

logn

IA° =N S A vt (A1)
1
’A(”—)\* <\ %” (A2)

for all 1l € [n] with high probability.

Lastly, Lemmas [A.T|and [A.2] with Davis-Kahan Theorem give the following lemma.
Lemma A.5. Ifn?p 2> unlogn, we have

N logn
< 20

o
2 np

Sor all l € [n] with high probability.
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B Initialization

In this section, we introduce some properties that the initialization vector (%) satisfies. Recall that

each entry of z(9) is sampled from A/(0, £ 32) independently. We use H to denote the perturbation
M° — M~*.

Lemma B.1. The initialization vector %) satisfies

b <], <
with probability at least 1 — 6_"/32, and
Hm@)Hm <2 1ogn5%, (B.2)
’u*THSa:(O)’ < 2\/@\6/%||H|5, Vs < 30logn, (B.3)
with probability at least 1 — % — 30;#. It also satisfies
L b ‘ 0>‘ (B.4)

Viogn v/n ~

with probability at least 1 — W

Proof. To bound ||a:( 5> We use the following basic concentration inequality that holds for i.i.d.

standard normal variables { X }ic[n]-

p||L zn: X? -1
n — 7

Z t‘| S Qe—ntz/S
i=1

If we put t = £, with probability at least 1 — e~"/32, we have

1, 2 3
2% < =], < 5
2 ﬁO = 9 = 26 0>
and this implies (B.T).
For a centered Gaussian random variable with standard deviation o, we have

t2
P[IX| > t] < e 2.7,

Hence, an entry of (¥ is less than 24/ logn B < with probablhty at least 1 — —, and all entries
of () are less than 24/ logn ~ with probablhty atleast 1 — 1. u*T Hsz(©) follows a centered

Gaussian distribution with standard deviation | H*u*||, < ||H [|*||* ||, for all s, and (B.3) holds
with probability at least 1 — %.

For a random variable X that is sampled from A/(0, o%), we have

Hence, we have

LI < ’u*Tm(O)’

Viogn v/ ~
with probability at least 1 — Tgn O
Lemmaimplies that the u* component of (® is in the range
! ‘u xf’)‘ < 2/logn 2. (B.5)

\/@f Vn

14
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Lemma B.2. We have

Hamm)

for all a, b, with probability at least 1 — exp (f

> (JalBy + b)) —=

= (B.6)
5)

Proof. The probability that an entry of (%) is less than 2 f is bounded by \ﬁ Without loss of
generality, let us assume that all entries of u* are not negative and a,b > 0. There are at least * m

entries of u* that are larger than f For such entries, the probability that all entries of (%) is less

B ; Y n ©)
than \} is bounded by ( F) < exp( #) Hence, for at least one position, both entries of x
and u* are larger than \’8} and \}, respectively, with probability at least 1 — exp (—7> O

In the following sections, we assume that we are given an initialization vector =(*) that satisfies li

to (B.6).

C Fully Observed Case

We provide some lemmas related to Z(*) in this section. We first note that Z(*) is explicitly written as

t t

g = [ -5

s=1 s=1

Let us define T3 as the last ¢ such that EE
Then, for all t < T3, we have

~+

1
71 )\*t
7L+ 1A)

=1

w

=

because

’
s=1 s=1

2N
if 64 logn

+ [T —u82 + ) (T2 )u

— 64logn

<[ =nB2+n3) <

T. ~, T
T [ 1+ 0\ —np? 2 ~
> — >
H ( 1+77)\* — H(l 7765) -

*i= AW 4 BOyr. (C.1)

We claim that T3 < 64 1§§  and prove this later.

(L+nA)
(C2)

<[Ja-»8)<1
s=1

64logn

* N
L s
64logn

| =

< % Note that the upper bounds in 1i hold even if ¢t > T.

From (C.2)), we have the approximation ") ~ x(®) + (1 + n\*)*(u*T2(®))u* for all t < T} and

the £5-norm of Z*) is also approximately given by (1 +

(14+nA")" _ ; 1
NG ) Bo. The {~,-norm is about 7

times smaller than the /»-norm. We make this observation rigorous with the following lemma.

Lemma C.1. Forall t < T4, we have

s (0 ) o< el,
v (R )

s <o

logn <1 + Atn\) Jr\?)\*) > Bos

logn (1 +(1+ n/\*)t\/g) 5%

Proof. For brevity, les us drop the superscript () and write & = Az(®) + Bu*. For the upper bounds,

we may use the triangle inequality

H Az©

2O + 1Bl

15
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If we use (B.5) and (C.2) i we get the upper bounds for A and B. We have ||=(¥||, < 24, by (B
and the /.-norm of (%) is controlled through (B.2)). These finish the proof for the upper bounds

From the definition of B, we have B(u* a:(o)) > 0, and

e

2 2
= AQHm(O)H + B? + 2AB(u* " x©)
2 2
2
> AZHQB(O)H + B?
2
1 2
- ol
! (AHw 2 + |B|)

and (B.4) together with the lower bound in (C.2) give the desired lower bound for ||Z||,. The
lower bound or {o-norm is directly implied from Lemma [B.2]together with (B.4) and (C.2). O

With Lemma[C.1] we have

«\Ty *\T /\*
11 (1+n>\)250§1 1 1+(1+77/\)2 503"5(@;) < A ’
8 VIogn Vn 8 /Iogn N 2~ 8y/logn
and thus
, 1 A*n 11logn 64logn

log

<
2= log(1 4+ nA*) Bo T log(1+nX\*) = nA*

For t < Ty where (1 + nA\*)t is not big, the bounds in Lemmamare simplified to

log /305\191:(” < Vognfo, (C3)
\/101@\6/0» < H~(t)H \/@5%_ (C.4)

After (Y) becomes almost parallel to w* and before T3, we could approximate ,@ as increasing with
the rate (1 + n\*). However, after T}, this approximation is invalid, and §; grows at a slower rate as
it increases and it eventually converges to v A*. How much iterations will be required for it to reach

VA%, 1 — (o after T5? With Lemma | we will prove that O(log log n) iterations are required
after T.

6loglogn
Lemma C2. At = T4 + 152 we have B2 > A" (1= L),

Proof. From the decomposition (C.I)), we have

Il = |5l <[=]
2 2

o] -] < a7 <
and thus
A*
G - B| < 2||]=) < Vi (k)
3log?n’

holds for all ¢. Because Bt 10 — forall t > Ty, 1| implies that ﬁt is well approximated by c;.
Hence, we will focus on a;, which is an increasing sequence that evolves with

agyr = (1 - 77@2 + n/\*)&}

For all « > 1, let N, be the last ¢ such that \* — 2 > )‘ . Then, we have

*

A=Ay, >%>)\*—&?\,+1 (C.6)
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Leti> 2. Forall N;_1 <t < N;,,

=1—nB; + N =140\ —a7) +n(@; - B7) > 1+ —
o € log®n

We used li 1i and the fact that oy, Et < v/ A* for all t. This implies

A* Ni—N;_1—-1
(1 +0.99% ) TN, 1 < T,

From the lower and upper bounds provided by (C.6), we have

* A* A*
UL >1+099’7

Oét+1

1 pAe\ VNt 1
Vi 1_< > <V f1- L,
e’L
*\ 2(Ni—N;j—1—-1) i i—1 i—1 _ 1
nA e"—1 e e =2 1
<1+O.99 o ) < s w e <1+ei—1'

Taking log on both sides and using the inequality %x < log(1 + x) < « that holds for 0 < x < 1,
we get

1 log (14 2) < e

Ni—Ni1 =145 <1+ .
210g (1+0.992") 0.99nA*

For t < Njp, we have
Olt+1 77)\

Oy

>1+0.99

and thus

1 A\ A\ M A
V1= = >an, > (1+0.997 ary = (140997 .
e e 2 e 21logn

Taking log on both sides we get

N, loglogn
nA*
Hence, we have
e
Nioglognt+1 +1 < (1 + 0'99?7)\*> loglogn + N1 + 1
e loglogn
1+ ——]logl 3———+1
= < * 0.9977)\*> oglogn T N
6loglogn
~ log(1 4+ nA*)’
but at £ = Nigglogn+1 + 1, it holds that
~ 1
az >\ (1 - ) ,
elogn
and we have
~, 1
BE >\ (1 — )
logn
as desired. Note that Bt is also an increasing sequence as &;. [
It is implied from Lemmathat T, < 10g(1+77)\* log VBO —|—1§g1?1g_£]g>\f) = (1+0(1))17/1\* log Vgo*n
The following corollary shows that Z(*) is sufficiently close to * at t = T5.
Corollary C.3. Att = Ty, we have
1
. ~(t) _ % ORI } < * C7
win {0 —a* | a0+ 2|} £ ] €7
1
: ~(t) H"*(t) * } < *
T T S +x S T . C.8
mm{H oo 0o \/logn” oo €8
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Proof. When B ®) > 0, from the decomposition
) — g = AW L (BO® — Et)U* + (B’t — VA)u*,

we have
A* 2V A* 2
R LA A I
2 Viegn — \/logn Viogn
For the cases B(*) < 0 and /,,-norm, we may use similar technique. O
D Phasel

D.1 Proof of Lemma/[5.2]

In this subsection, we provide a proof to the following lemma, which is a formal statement of
Lemma[3.2]

Lemma D.1. With high probability, there exists a universal constant cy > 0 such that

logn
< copy | 22 fot D.1)
2 np

forallt < Ty, ifn’p > u'n log21 n and the initialization point °) satisfies @) to (@)

H OO

Proof. Let us rewrite the update equations (2) and (I3)) as
al ) = (I — 0Bt + nM*) z®,
D = (1 - B} +nM°) 31,

where §3; = ||m(t) || Then, () — 2 is a product between (°) and P*) (I, M*, H), which is a
matrix polynomial of I,M* H,where H= M°— M*.

t t
PO(I,M* H) = (H ((1 — B2 +nM* + nH) I1 ( (1 —nB)I + nM*)) (D.2)

s=1 s=1
20 _ 0 — P(t)(I, M* H)x (0) (D.3)
We classify the terms that appear after expanding the matrix polynomial P®) (I, M*, H) into two
types; 1) the terms that contain H but not M *, 2) the terms that contain both H and M*. We define

Pl(t) (I, H) to be a matrix polynomial of I and H, which is equal to summation of the first type, and
it is explicitly written as

t t

PO H) =TT (=081 +nH) - T]( - nB)L.

s=1 s=1
We correspondingly define PQ(t) (I, M*, H) to be summation of the second type, and it is equal to
P (1, M+, H) = PO (I, M*, H) — P(I, H).

For z,y € R, we define Pl(t) (z,y) as the value that is obtained by substituting z, y instead of I, H,
respectively. For example, Pl(t)(l, 2) = Hizl(l —np%+2n) — Hizl(l —np2). Forz,y,z € R,

(t) (z,y, z) is defined in a similar manner.

We bound the contribution of each type separately because the triangle inequality gives

H ORI
2

< [P || 4P v 1))
2 2

Every term in Pl(t)(I, H) is H® times a constant. We have || H*z(?) H2 < | H|
with triangle inequality

9 and hence

[P0 me®| < PO |HI)5

1R
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If n2p > p2nlog® n, we can further bound P{” (1, || H||) as

t

PO IH]) = [T =82+l HI) = T] (1 = n82)

s=1 s=1
t " t H”

=TT -np 1+7"” ~>1>
1e= )@( -

(1 tm)
< (o (1 L) 1)

n
— || H]|t
~IH|

The third line uses the fact that 53 < X* for all t < Tj. The fourth and fifth lines are derived
from an elementary inequality 1 + z < e® < 1 + 2z, which holds for small z > 0. Note that

|| HIt <\ lon% < 1 from Lemmasand and the fact that 77 < logn.

We can decompose every term of second type as a product of 5, \*, u*, H*u*, u*' H 2,
w* T Hou*, and u* ' (9. We describe this with some examples.

(L) (nM) (nH)*= ) = 5 (Ho ) (T H20)
(nH)s(nM*)w(O) US+1(HSU*)(U*T$(O))
(nM*)(nH)* (nM*)2© = n* P2 X2 (u* T Hu*) (u* T 2?)
(nM*)(nH)sw(O) — ns+1)\*u*(u*Tst(0))
The terms H*u* and w* " H3u* are bounded with

IH*u* |, < |H|", o H*u*| < ||H|, (D4)

and the terms that contain z(®) are bounded with l-i For every term of second type that includes
s1 times of nM* and so times of nH, the bounds (D.4) and (B.3]) imply that 5-norm of the term
multiplied by (%) is at most

log n

(nA")* (n]| HI[)**2 Bo.

Hence, similar to the first type, we have

1
| PO M )2 | < PO H )2y 22 6.
If n2p > p2nlog® n, we can further bound P{” (1, \*, | H||) as
t t
B (L ) = [T =082 + x| HI) = [T (1 =082 +m3) = PO(1 | H)
s=1 s=1

Eﬁ

t
(1 —n2+ N+ H|) - [ 1 —n82 +n1%)
s=1

s=1

t N t n
1;[ (1—np2 +nA )) <H <1+1—77/352+77>\*”H”> —1>

< (LAY (L4l HI 1)
<2n HHHt(l—i—n)\*)

10
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Combining all, we have

H OIS0

logn
QSmme<1+w - u+nvﬁ>m

I
SMWWCHNWLMY>%

log™“n
< dn|HJt |1+ 228 Bo
np
logn
< cop Bot
np
for all ¢ < T for some constant ¢y > 0 if n%p pe ,u4n10g22 n. O

D.2 Proof of Lemmas[3.3|to

We prove Lemmas [5.3]to[5.5] all together in an inductive manner.

Lemma D.2. Suppose that the initialization point ) satisfies @) to (@ Ifn2p > p®nlog®* n,
forallt < Ty, we have

~ 1
Hm(t) - w(t)H < 200/‘\/E50t, (D-5)
2 np

13 log? n/a’
H (t)_mt)H (3¢o + ¢5) plog™n 20 g2 (D.6)
f
1 3log3n
(t)_’\(t)H < 3 - 1)— i 1 )\*t 3 D.7
|29 =30|| < ea3e+es+1)5; o (1N B, (D.7)
logn 8

) _ (u)H < o g 1 Po D.8
oo -], <o o

3 2
‘u(l)T(m(t) _m(t,l))‘ < co p* log "( 1+ )\*)tﬁo (D.9)

np

13
(20 =30) | < 300y m”%ﬁ (D.10)
! Vvn

with high probability, where co, cs5, cg are positive constants.

Before we start the proof, we introduce some notations. For x € R", let us define

1w . 2 2
- Z(Sijx?7 I, = 3 d1ag(||w||2,1, B ||9U||2n)
pj:1 ||33||2

[|z||5 ,; is the £-norm of x estimated with sampling of the ith row. With this notation, we can write
the gradient of f as

[]l,,; =

Vi(x) = ||z|ilx — M°z.
The function g is defined as
1 12
9(@) = p[Pale")|r.
and its gradient satisfies

Vf(x) =Vg(x) — M°x.

20
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The Hessian of g(x) is equal to
2
V2g(@) = |2l Lo + SPa(2a").

The base case ¢ = 0 for induction hypotheses (D.3)) to (D.10) trivially hold because all three sequences
x®, 2" Z(®) start from the same point. Now, we assume that the hypotheses hold up to the tth
iteration and show that they hold at the (¢+ 1)st iteration. For brevity, we drop the superscript (¢) from
x®, z®h 2® £®) and denote them as =, V), Z, Z, respectively. Also, recall that T is defined

to be the last ¢ such that (1 + p\*)! < “L\/ﬁ and the magnitude of initialization satisfies

2 <\ np * < A*
B S A P70 f so that there exists a constant ¢; > 0 such that (1 + n\*)!82 < ¢; s

(D.7) at (t +1) We first decompose x*+1) — Z(+1) ag
2t — gD = (I 4+ pM°) (2 — &) — || Loz + 1|3 32
= (T= B3 +nM°) (@ - 7) = 0 (Jel3Le - |Z]5T) . ©1D)

With the help of Lemma we bound the maximum entry of a diagonal matrix ||&||5 1, — [|&|1.
We have

log n log n

maX

310g% n log?n log?n
5(3604—05)1/%5&2—1—\/ 519 B2+ Tgm 32

3]og®
S\ B (Beo e 1)

i~ 1813] S nlle - &l e + & +

if n2p > nlog® n. Hence, there exists a universal constant ¢, > 0 that is independent of ¢ such that

2
(max )az — HE
i€[n] 2.4

for all ¢ < T;. With the decomposition (D.TT)), we have

~ ~12 ~ 2 ~112
Hﬁﬂn—x@HWQS(1—mmm+wwﬂnw—wm+n(gﬁwﬂufﬂmenﬂu

2 310 n
<t>H = 3¢ + c5)t2 + 1
2)“ - HZ208 T 53 ((3eq + )2 + 1)

u3log®n
753

1
< (L4 =Bl + (V) 5 s 5 ((3co + c5)t2 + 1).

+ =S ifn?p 2 p2nlog’ n.

From 1' there exists a universal constant c3 > 0 such that n\° < nA*
Combining all, for all s < ¢, we have

Hx(erl) _ EE(SH)H < <1 F A+ C:; ) Hm(S) _ (s
2 log”n 2

1 1 [pdlog®n
+ 562(7])\*)3F Tpﬁg((SCo + 65)82 + 1)

An analysis on the recursive equation

cs3 1 p3log®n 9
o= (142 o+ e\ B985 B33 1), =0,
ran = (10 4 5 ) ot genln o A (B e 1) o
proves that
(t+1) _ g(t+1) 1 310g3n *\t+1 53
Hw H <02(3co+65+1))\* T(lJrvy)\) Bg-

21
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at (t +1) We decompose z(*+1) — 2(t+1.0) a5

2D D = (1 @) (@ 2V) — 2&F (@ 2)
| R —

®
[ (Potetr) - (1BIET +2887) ) (@ - o)
@

n(;pﬂl (2020T) — (2020 ))w@,l)

®
FpAOy O OT (&) _ g EDy 4y (Mo _ )\(l)u(l)u(l)T) (@® — ztD)

@ ®

© @
where () (1) = ) + 7(x — ). (D is easily bounded by

~ 1 np
< QH - (”H < 2” . (”H <A iJfH . (”H'
||, < 2]z — = Qwﬂo Tz D Blog® 0\ n =T,

From Lemma[G.10]and (C.4), forall 0 < 7 < 1, we have

2 o ~ ~ log n
|V29@O(r) = (1813 + 2837 || S nll2(r) - 3l (20l + 1) + 8.
(D 12)
From the definition of x(7), we have
[e®) ~a] <0 -n)|e® g +lz-al, < 2" log B

where the last inequality is from the induction hypotheses (D.6), (D.8), and the factthatt < Ty <
log n. Inserting this bound back to (D.12)), we get

s u3log” n
|V29(@®(r) — (18131 + 2337 )|| < /52253, (D.13)
which also implies
] e R et Bt
S ———— - SN ———||lxz — .
H®H2N np Bol|z — = g~ ,u2n10g19nw Z0,

It is implied from Lemma|G.TT]that

(Z)H lognH (Z)H log n 50 N 1 &.
H®H <H \/ vn SA pinlog? ny/n

A bound on (4) follows from the induction hypothesis and the spectral bound A.2.

3 7
I, = 3000 w09y 31 [y ey o YOTIOET o
np n np \f

The second largest eigenvalue of M (" is at most ||M & — pr* H by Weyl’s Theorem, and from
Lemmas[A.T|and [A.2] we have
logn

HM”> — M .
np

<[re-ar

+IM° =M™ S A

77
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Hence, we get

101, (Jor - 300 a1 - ) o -

<N loﬂHx—x(”H .
~ np 2

Lastly, we apply Lemmas [G.11]and [G.13]to get

2

. [logn f N log”n 3
(Ol 53/ B @, 5 xR o

There exists a universal constant ¢4 > 0 such that

C
1 @D, + @1, + [B) < S |e -]

log“n

if n2p > pi®>nlog® n, and there exists a universal constant ¢5 > 0 such that

11l + 1@l + O], + D) < hesm/ 2 2.

if n2p > p5nlog®® n. Combining all, we have

2
e -] = (1o ) e -]+ o2
2 2

2 log2 n np %

2
ca , ) 1 log“n By
< {1+ Haz(‘s)—w(s’ H + e —.
( 10g2n) 2 2%\ Ty

for all s < ¢. An analysis on the recursive equation

Cq 1 logzn Bo
s =11 s 5 >
et ( * loan) Tat g O np /n

.’1?0:0

gives the desired bound

2 t+1 2
[aeen — gern] < log'm ”((1+ ) _1> LR B
2

4 log® n np /n
logZn 8
< csp ip 7%(t +1),

where we used basic inequalities (1 4+ x)* < e®® and e** — 1 < 2ax which hold if z is small and ax
is small, respectively.
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at (t +1) We decompose z(*+1) — 2(t+1.0) a5
2+ _ (1D

=(xz—nVf(z (ac — O (x ))
= (x —nVyg(z (:v< — VgD (x l>)) o (Mow _ me(z))
= (z —nVy(z V) — yVg(z )) _y (vg(wm) _ vgm(wm))
+n(M° M(l));p + MO (z — 2®)
' 1
— / (I — nVQQ(m(l)(T))(iE — ﬂc(l)) dr —n (le (x(l):c(l)T> — P (w(l)w(l)T)> 20
0 p
+ MO (z — 20) + 9 (M° _ M(z)) (@ —2®) 41 (Mo _ M(l)) 20
= (1 =nf&]3)(x - a") - 2pzz" (x — =)
1
—n/ Vig(z® ZPI+ 2577 )) (x — 20)d
(Vo) - (11 )¢

. (;pﬂl (2027) (mmw(m)) 0
+ MO (2 — 20) 4 g (Mo _ M(l)) (z —2®) 4+ (Mo _ M(l)) 2@,
where () (1) = ) + 7(x — 1)), Then, we take inner product with ) on both sides.
u®dT (a:(t“) — a:(tﬂ’l)) (1 — |5 ) uDT(z —2®) —2pu®Tzz" (a: - m(l))
O]
o [ WO (Vylalr) - (1T +2557)) (@ - aar
®
—u®T ( Po, («007) (xa)x(l)T)) 0

®
LA OuOT (2 — 20) 4 5aOT (Mo _ M(z)) (@ — z®)

@

+u®T (Mo _ M(l)) 20

®

For the term @, we have

‘u(l)TE‘ < ’u(l)Tw(O)‘ 4 (14 a0

w Tp® ’ ’u(l)'l'u*

logn
S\ (X B
by Lemma[A.3] and thus,

~|i1= 1
|®|<\u<’>Tw\||w||2Hw—w“>H2s\/@m S
n

1 3
< myf log’n n@(l + X't
np n

<\ [F B
~ np n

24
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The definition of Phase I was used to bound (1 + n\*)*¢ in deriving the last line. We use (D.13) to get

1
@’5/ Vot - (1150 + 2227) [ [}o — =0 Ju®]  ar

/31ogn log nBo, < b bPo
f nplog®n n’

We apply Lemma G 2|to @ to yield

©1% =] \/L’g"(H"(“H =] +Hw<”H [«1.)
00 2 oo 2 o'}
ulog nﬂo
,unlog nn’

We divide (4) into two terms that are related to sampling and noise, respectively.
@ =uOT (;PQ(M*) - Pg>(M*)) (@ - 20) + uOT <]137)Q(E) _ EU)) (@ —a2®)

Then, Cauchy-Schwartz inequality is applied to yield

@< | (3Pt - PP | (37a(m) - B0 ) w0

Applying Lemmas [G.1T]and [G.T3]to the two terms, respectively, we get

@] < A [13logn 1 H (l)H <)\*\/ 510g nﬁo
np

For the term (5), we decompose it into two terms as for (4).
1 1
I®)] < ‘u(l)T (pPQ(M*) — 7>§{>(M*)> w(l)' + lu®T (pPQ(E) — E(l)> z®
Then, we apply Lemmas[G.12]and [G.14]to each term to obtain

|®‘ <\ Holog n 3 log” 7150
V" np  n’

Combining all, there exists a universal constant cg > 0 such that

n2@) + @]+ B +|@]|+|®)]) < 77;*06\/@610

ifn?p > u’n log® n, and there exists a universal constant ¢; > 0 such that

MmO <gxt+ =7

-], -],
2 2

2

log2 n
by (A.2) if n2p > p2nlog® n. Finally, we have

A* 3 log”
’uuw (w<t+1>_w(t+17l>)‘ (1_77”33” +,7A(l>’u(m w<z>)’+77 coy/ P 1og"n Bo
2 np n
* 3] 3
< <1+n)\*+c; ) ‘u(l)T(w—w(l))‘ +—n)\ 06“7/; o8 n@.
log“n 2 np n

An analysis on the recursive equation

c A* 3logn
mt+1:<1+77”+ 2 )xtan \/u@, 20 =0
log”n 2 np n

gives the bound

3
‘u(l)'l' (gc(tﬂ) _ m(t+1,l))' < Wg +77)\*)t+1@.
np n
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(D.10) at (¢ +1) We decompose (x*T1) — (1), a5
2
~ * ok ~\ ok ~ l
(@), = (1= @18) (00 @+ @O @i o (15 - o)) of”
and this implies

(@10 — 50| < (1= )@)3) [@© - 2|

+ A" z®

From (D:3)) and (D-8)), we have

~ ~ 1
Hm(l) - wH < H:c(l) - mH + ||z — x|, < 3cop Ognﬂot.
2 2 \/ np

If n is sufficiently large, we have

* * -~ ~ /‘Llogn
N [ulloe +nll2l @l < 4/ —
for all t < T7j because
* * ~ ~ < * ‘U 10g2n 2 < :u
A [w*| o + nll@lo][@] S A= +n Bo S/~
n n n

’(w(s+1,l) _ E(S—H))l‘ < ‘(w(s,l) _ 5(3))l‘ + 3¢ 310g n ﬁo

T

=&l + i@l 20 - 2|z

Hence, we have

for all s < t. Finally, we have

‘( (L) _ g ‘<3c [ 1 log”n 10g nﬁo

31082 n Bo

NG

S 360 (t+ 1)

(D.5) at (t + 1) We can obtain this through the combination of and Lemmal[5.2]

Hm(tJrl) _ 5(t+1)” < Hm(tJrl) _ i(t+1)” n ch\(tJrl) _ 5(t+1)”
2 2 2

1 [ulog®n N logn
<02(3co+05+1))\*\/7§(1+77)\ )t+158+CONFBO( +1)
1 [u3log®
< ea(3eg + e+ 1) 55 \/m(u AT+ oy [ = logn o 4 1)
/1
< 6102(3CO+C5+1 \/7ﬂ0+00,u Ognﬁo t+1
nplog n
1
< 200#\/@/50(1f +1)
np
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at (t +1) The Ith component of 2(*+1) — Z(*+1) is bounded by
‘(m(tﬂ) _ i(t+1))l‘ < Hx(tﬂ) _ w(t+1,l)H i ‘(m(tJrl,l) _ 5,3(t+1))l‘

< Hw(t+1) _ w(t+1,l)H + ‘(m(t-&-l,l) _ £(t+1))l‘
2

I 131
< sy |28 ”f;@+1>+3 Og”ﬁfomn
131
S (3CQ+C5) Og n BO (t+1)

NG

log n, it is implied from Lemma that at ¢t = T}, there exists a

/10g n
5 < Cri /807

Att = Ty Because 71 <
constant ¢7 > 0 such that

Hmu) _z®

3
Hxa) _5@)” <er k’g “\5;
- (D.14)
4
me _w(u)H < eopy [ 1081 B0
2 Vn

w31
‘(w(t,l) _%(t)> ‘ <er 13 log® n By
1 N

These bounds serve as a base case for the induction of the next part.

E PhaseIl

This section is mostly devoted to the proof of Lemma[E.T| which is a formal version of Lemma 6.1}

Lemma E.1. Suppose that holds at t = Ty and the initialization point (%) satisfies (@)
to (B-6). Then, for all Ty <t < T5, we have

1 3
Hw(t) _ i(t)H < 207#’ og - n 0(1 + 77)\*>t_T1, (El)
2 \/ np

3
|- < log m50 (14 pany, E2)
oo NG
Hm(t) 7m(t,l)H < 2C7ILL 10g n /BO (1 + A*)t T1 (E3)
27 p Vn
~ p3log®n f
) _ 7 ‘<3 K708 PO (4 4 oparyt-Ta, E4
(20 —30) | <30y |2 ) (E4)

with high probability, where T5 is the largest t such that EZ < AF (1 — @) and ci3 > Qisa
constant.

Proof of Theorems 3.1]and 3.3 We first explaln how Theorems [3.1] and [3.3] are derived from
Lemmasnand. We first focus on Hm ) _z® || For t < T, from Lemma and 1i we

have
log3 n
“LM(QH <y 2 < H~<t>H
Ha: Ty~ H 50Nlognﬂ ~ \/logn 2

27
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provided that n2p > u2nlog” n. For Ty < t < Ty, from the definition of T} and Lemma we
have

Haz(t) - WH (14 A0,

log n\f

From the lower bound of Lemma for all ¢ < T}, we have

*
Sy (1 2 g [ e
2 log°n log'"n

Now, for Ty < t < T5, we have

_ 1 (14 nA%)T2 o
() _ <t>H < J (BT 14 oA Ts
i X
H 2 ~ loglgn < \/ﬁ ﬂo( 77 )
Hw@
log n

For any Tj < t < Tb, itis Lemmamlmphed from Lemmathat (14+nX*)t= T < log® n, and
we have Hw(T

<

H‘”(t) _z®

()
\/lognHm

(14 nA*) Tz,

< ||z||,. Hence, we get
2

[ 1 / 1
Hw T ) log”n og “nllx 2~ Jlogn x . (E.5)

and the proof for (IT) of Theorem [3.3]is completed. If we combine this with (C.7), we are able to
prove @) of Theorem[3.1]

We move on to Haf;(t) —z® HOO For t < Ty, from Lemmaand lb we have

Hmu) 0 < [ log nf o 1 Bo . H~<t
oo ™ vn S logn f \/logn
provided that n%p > p®nlog'®n. For Ty < t < T}, from the definition of T and Lemma we
have
t) _ () H *
T T +nA
| s 14

From the lower bound of Lemma for all t < T3, we have

- [ 1 (T+729)"\ Bo 1 ~ 1 ~
® _ (t)H < (1 + < H (t)H < H (t)H
€ r r €T
H o ™ 10g13n \/7’7, \/7’7, ~ 10g12n 0 ™ \/lOg’n e’}

Now, for Ty < t < T, if we do the same as before, we get

g Ve o5, = 5 e e
log n og @ logn

and the proof for (12) of Theoremmls completed. If we combine this with @) we are able to
prove (3) of Theorem [31]

Going through a similar way with (22) and (24), we can complete the proof of Theorems [3.T]and [3.3]

|- -2

Proof of Lemma @ Before we start the proof, we define a function G as
1 T2

The gradient of G satisfies
VF(x) =VG(x) — M*z.

Now, we assume that the hypotheses hold up to the tth iteration and show that they hold at the
(t + 1)st iteration. For brevity, we drop the superscript (¢) from 2(*), (:!, Z(Y) and denote them as
A A respectively.
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at (t +1) We decompose z(*+1) — z(t+1) a5

(D) _ (D)

= (xz —nVf(x) - (& —nVF(z))

= (xz—nVy(z)) — (2 —nVG(Z)) + 1 (M 2 - M"Z)

= (. —nVy(z)) — (2 —nVg(x)) — 1 (Vg(x) - VG(2)) + nM™(x — ) + n(M° — M")z

N

:/o (I = nVg(@(r))(@ — &) d7 - 0||Z[|3 (Iz — 1) @ + nM*(z — &) + n(M° - M*)z

— (@ nlBIDT ~ 2@ + M) 0 - 3) | (Vgtalr) - (IR13T +2557) ) (2 - 3)dr

0
@ @
—n|Z|3 Iz — I) & +n (M° — M*)z,
® @

where (1) = T + 7(x — ). For the term (1), we require a bound on

~112 ~—~
| = @)1 — 20357 + npa||

If we write Z as ayu* + 1, we have a7 < X\* and ||Z 1 ||, < Bo. Then, we have

| = @)1 — 2085 + npa”

= H (1= || + n(\* - 282)u*u*T — 2m(@E " — &u u*") H

< H 1-— 17||:BH T+ (2N = 28> u u* " ‘ + 277Hw£ —atu* *TH

< (L+nA") + 2020 | @ ]|, + 1Z2]15)

R
log“n

for some universal constant cg > 0. This implies the desired bound

Dl < (1+03 + 5 ) o = s

Forall 0 <7 <1, we have ||z(7) — ||, < || — Z||, and the induction hypothesis (E.2) gives

- 1
o &l | g (LA
ulog™n n

Hence, by Lemma[G.1I0] we have

[Paten - (18151 + 2827 )| < nlle - Bl + 1310) + |22 a1

1 p2log® n o, 56
i/ +4/ 14+ )220
log'?n np (L4027 n

<\ 1
~ log'?n

if n%p 2 p?nlog'® n because |z < vulogn(l+nA*)™2 2 and (1 4+ nA) T2 < \/)\*%. This
gives

1], = »*

1 ~
12n||:n—:c|\2. (E.6)
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For the term (3), we use Lemma to obtain
plogn
B, x5 a1,

Lastly, the term (4) is bounded with

logn -
2[5
D

@], < 1M — M| [lac]l, < N

Combining all, there exists a universal constant cg > 0 such that

IOl + 1@l < (1403 + 5 ) I = 3l

1 (1@, + @) < cony [ <2 31,

Because Hw(Tl) H < Vlognfy by il and H:E(t) H2 can grow at a rate at most (1 + nA\*), there
exists a universal constant c10 > 0 suchthat

logn |- log® n _
capy |~ Hw(t) < cropy| (1 4 Aty B, (E.7)
np 2 np
Hence, for all 77 < s < ¢, we have
. ~(s Cy N (s logzn
Hw(é-i-l) _ w(é-‘rl)H < (1 +77)\* + 0 > Hw(b) o w(s) + clop (1 +77)\*)t_T160-
2 log n 2 np
An analysis on the recursive equation
N c log?n et log® n
Top1 = (1 N — >$s +cropy | 8 (L) By,  ar =crp 5 %5,
log“n np np
proves that
~ log®
o= < [ 2

(E.3) at (t 4+ 1) Similar to the proof of (D.8), we have the decomposition

2D _ L1 (

1-n)2|; - 293z ") (z — =)

o)
' 2 O] gl @
—n [ (aar) ~ (18131 +2577)) (@~ 2)ar
®
(Y () g 2OTY ) 2O
1370 (a0207) < 71 (20207 ) ot
®
+nM* (2 — )+ (M° = M*)(@—a)
®
1 (5Paat) — PP (007) ) 2 4 (S Pa(E) - B ) 20,
® ©

20
https://doi.org/10.52202/075280-0463 10559



where () (1) = 2V + 7(x — 2)). Both of the terms (1) and (2) can be bounded similar to (1) and
Q) of (1) — Z(t+1) a5

)

2

o, < (an o) =)

@1, 52 /i Hw -],

for some universal constant ¢1; > 0. For the terms (3) and (5), we use Lemma to obtain

logn . Jlogn 1  _
1@, < /=2 =], [=© <X/ ol
I 1
1@, s 3ay/ == 1,

and use Lemma[G.13]to obtain
log n 1l -
@, 3 " Ly,

From Lemmas and the term (4) is bounded as

R T S
2 np 2

Combining all with (E7), there exists a universal constant c¢12 > 0 such that

Il + 1@+ 1@, < (1403 + 125 o = 1,

@], < |M° - M|

2B, + Bl + 1Ol < a2 Py 4 ey,

Hence, we have

log®n S
(s+1) _ (SHJ)H < (1 A H (s,z)H g I T
Hm z 2 i og n 2+612M f( %)
for all 77 < s < t. An analysis on the recursive equation
4
C12 g n By t—T log™n Sy
s = 1 A* S 1 )\* 1 = —
Ts+1 ( +n + 10g2 TL) Ts + Ci2/t \/>( +n ) Ty Cr b np \/ﬁ

proves that

log® log*
Hw““) —w(t“’”H <2 [ enapy| 2l (41 - T) + ey o B (1 4 syt
2 np np Vn

1
Sclglj, og n\ﬁ/[i(1+ )\*)t-‘rl T

holds for some universal constant ¢13 > 0 because 7o — 17 < log n.

(E.4) at (¢t + 1) We use the same bound

(@10~ )] < (1= 9)312) @O — | + 0O 0l + 182 - 2
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that was used in the proof of (D.I0). From (E.I) and (E.3), we have

~ ~ log® n _
Ha:(l) - wH2 < H:c(l) - :BH2 + |z — &, < 3erpy/ ip Bo(1 4+ nA*)i=T,

Combined with the fact that \*[[u*||  + [|Z]|,]|Z[|, < 3A\*\/E, there exists a universal constant
c14 > 0 such that

310g n Bo

f(l_’_ )\*)t T1

DO + 12 170) [ - 2] < e
Hence, for all 77 < s < t, we have

5
’(m(s+1,l) 75(s+1))l‘ < ‘(m(s,l) 75(5))1’ boew log n Bo (1 4+ AT,

T

and this implies

131 t 131
‘( (t41,1) w(t+1 ‘<C Og n 5() Z(l‘H?)\*)S*Tl . og n By
s Ty \F

S 207 ,LL Og n 60 (1+ )\*)t-l,-l Tl

NG

(E.2) at (t + 1) The Ith component of z(*+1) — Z(*+1) is bounded by
‘(w(t+l) _ i(”l))z‘ < Hw(tJrl) _ w(t+1,z)H I ’(w(t+1,l) _ £(t+1))l’

< Hm(t+1) _ w(t+1,z)H 4 ‘(m(tJrl,l) _ 53(t+1))l‘
- 2

1 131
< ci3p og n\ﬁfo(l—i- IA )T | 96, og n\ﬂ}(1+ pAF) =Ty
310g n Bo 1T
< 3er (14 pAr)tHi=1,
f

F Fixed Initialization Size

In Section 3| we claimed that the estimation error is improved to
—1/4

W + Z b \/; if the initialization
size is fixed to n regardless of the sample complexity. We briefly discuss how the proofs should
change in such a case. For clear presentation, x and log n factors are ignored in this section.

For every bound of Phase I (Lemmasto 5.5) F is changed to \/%p + = \/% , while allowing o
to be as large as ’\;“ v/np. More importantly, the definition of Phase I is changed to be the largest ¢
such that (1 + nA*)? < \/n, so it is lengthened by ,/nip times than before. In the original proof, the

estimation error of \/% obtained at the end of Phase I was increased to during the first

poly(log n)
part of Phase II. However, if (1 + n\*)? equals \/n at the end of Phase I, we do not have such a part
in Phase II, and the estimation error obtained at the end of Phase I is maintained through Phase II.

G Technical Lemmas

We introduce some technical lemmas in this section. Most of them are the results of classical
concentration inequalities.
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Theorem G.1 (Matrix Bernstein Inequality). Let {X;} be n x n independent symmetric random
matrices. Assume that each random matrix satisfies E X; = 0 and || X;|| < L almost surely. Then,

forall T > 0, we have
—72/2
P > < - =
[ T} ”eXp(V+LT/3>’
where V = |3, E(X7?)|-

Corollary G.2 (Matrix Bernstein Inequality). Let {X;} be n x n independent symmetric random
matrices. Assume that each random matrix satisfies E X; = 0 and || X;|| < L almost surely. Then,

with high probability, we have
where V = |3, E(X?)|-

Lemma G.3. For any fixed matrix M € R"*™, we have

< /Vlogn+ Llogn,

nlogn log n

1M

1
Hp%(M) - MH < 1M

with high probability.

Proof. We decompose the matrix into the sum of independent symmetric matrices.

7739 - M = Z ( ) M;;(e; e + eJ )+ Z (” — 1> Miieiej

1<J

We calculate L and V' of Corollary We have L < %HM || because

0is 1
H <J - 1> Mij(ese] +ezel)| < =lIM],
p p
Osi 1
H (Z - 1) Mieiel | < =[|M]||,,
p p
We also have the following bound on V.
1—
V=—"LIN MPeel | <M
p i p
Hence, Corollary [G.2]implies the desired result. O

e can prove LemmalA. applying Lemma[G.3to and usin = \*&,
W p L A.1|by applying L G.3|to M* and using || M*|| = \*&

We introduce classical Bernstein inequality and the results obtained from it.

Theorem G.4 (Bernstein Inequality). Let { X} be independent random variables. Assume that each
random variable satisfies E X; = 0 and | X;| < L almost surely. Then, for all T > 0, we have

> 7l < 2e /2

, o [T /2
=T =P\ VY L3 )
where V = ZZE[Xﬂ

Corollary G.5 (Bernstein Inequality). Ler { X;} be independent random variables. Assume that each
random variable satisfies E X; = 0 and | X;| < L almost surely. Then, with high probability, we have

ZXi < v/ Vlegn+ Llogn,

where V =Y, E[X?].
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Lemma G.6. Let and {X;} be independent Bernoulli random variables with expectation p. Then,
for any fixed vector a, we have

X; logn logn
(R 1) ol £y all, + P
P p

with high probability.
Proof. We can apply Corollarywith L= %HaHOO and V = 1;%||a|\§. O
Lemma G.7. Ifn%p 2> unlogn, we have

1

HPQ(M*) P
p 2,00 np

with high probability.

Proof. Let us consider £5-norm of the ith row of M°.

1 2 1
|(Gratae) [ =3z S Lo
p ik 112 j b

1 * 2 * *12
< ;A 2|3 | 3+ Z —biju;? — [u*l;
< A2 14 logn < A2
~ np np |~ np
The third line follows from Lemma|[G.6l O

Proof of Lemmal[A2] The spectral norm of a symmetric matrix that has nonzero entries only on the
lth row/column is bounded by twice of the norm of its /th row. Hence,

1
| paar) - P 1)

< 2H (Paart) ~ P 0 )

|t o)

U112 Ix

2

* * ,LL
HIM 00 S A

~ )

1
S HPQ(M*)
p

2,00 np
where the last inequality follows from Lemma|[G.7} O
Lemma G.8. Let y be a vector that is independent from the sampling. Then, if n®p > nlogn, we
have
logn logn
2
max 25, — llyl3| S nlle -yl (2l + lyl.) + ) lylallyllo + lyll3,

with very high probability.

Proof. Let us fix ¢ and decompose the difference as

2 2
ol ~ ol = 2 3 0ta -0+ 3 (2 1) 2
p = —\ p
J J
The first term is bounded as

1 n
52%(%?—1@) <z -ylollz+yll Z&an\\w—yl\mll-’wyllw
j=1
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and the second term is bounded as

"L (64 log 1gn
Z(”—1) 2l < 19l Iyl

=P

by Lemma[G.6 O

Lemma G.9. Let y be a vector that is independent from the sampling. Then, if n?p > nlogn, we
have

nlogn

lyll%

S nlle -yl (2l + lylle) +

1
HPQ (za") —yy'
p
with very high probability.

Proof. We have the following sequence of inequalities

H;’Pg (:L'w ) yy

A

1
+ HPPQ (yy') —yy'

< o=~y |;Pa11")

1
‘ + Hp% (yy') —yy"

1
Sl = ylellel + 190 2Pa(117)

1
’ + Hp% (yy') —yy'

nlogn

S nlle -yl (2l + lylle) +

where the second line is derived from a basic inequality || A| < |||A]|| that holds for any matrix A,
and the last line follows by applying Lemma to11" and yy'. O

Lemma G.10. Let y be a vector that is independent from the sampling. Then, if n®p > nlogn, we
have

2
V2g(@) ~ (w31 +2yy") || < nlle - il (il + lyll.)

log n log n n log n
+ lyllo Myl lyl1% lyll%
Proof. This follows directly from Lemmas|G.8]and[G.9] O

Let us define an operator Pg, such that an entry of Pg, (X) is equal to that of X if it is contained
both in the [th row/column and (2, and otherwise 0. We also define an operator P; that makes the
entries outside the /th row/column zero. Then, we have

1 1
SPalX) = PY(X) = - Pay(X) = PuX),
Also, note that
1
57’9( )— B = *7’&21( )-

The following lemma was also introduced in [14]], but we include the proof for completeness.

Lemma G.11. Suppose that a matrix M and a vector v are independent from sampling of the lth
row/column. If n?p = nlogn, we have

1 logn logn
H(pm(M)n<M))v 5||M||m< B o, + \f ol )
2

with high probability.
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Proof. If we consider the contribution of /th term and the other terms separately, we have

n n 2
H(;Pm(M)—ﬂ(M))v < Z@—l) Mijvy| + o Z(‘Z—l) M3

2 j=1 i=1
n 513 n 5“ 2
<Ml (D2 Ui+ llgy| Do =1
j=1 iz1 \ P
J
From Lemma[G.6] we have
- 01 logn logn
Do\ )u s ol + == IIvll.
—\p p

with high probability. Regarding the second term, notice that

n 2 n
Z(édl> n+<12> %
= \p p — P

=1

Lemmaimplies that Z;;l % = n with high probability if n?p > nlogn. Hence, we have

n 2
S (M) =)
i1 \ P p
and this finishes the proof. O

Lemma G.12. Let M be a matrix and v, w be vectors that are independent from sampling of the lth
row/column. Then, if n®p 2 nlogn, we have

1
‘wT (pPQl(M) —Pl(M)> v
logn logn
S IM (\/ ) (lvllsllwll + llwllllvll) + » vlloollwloo>

Proof. We can consider the [th row and column separately by

1

‘w—r (pPSZL(M) PI(M)) v
01 ou
vlz ——1 Miw;| + wlz o Myv;| + ?*1 Moy
J

dit > (5lj ) 1

— =1 w; o — — vi| + —||v|| o llw|
> (% > (%= 1) |+ ol ol

<Ml (IIUIIOO
7 j

If we apply Lemma|[G.6]to the summations, we get the desired result. O

+ [Jw]|

Lemma G.13. Let E be a symmetric matrix whose upper and on diagonal entries are drawn from
Gaussian distribution N (0, o) independently. Let v be a vector that is independent from sampling
of the lth row and column. Then, if n’p > n log? n, we have

logn log n
<o ( o, + \f o] )
2

Proof. 1f we consider the contribution of /th term and the other terms separately, we have

1
—Pq,(E)v
HP o (E)
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For the first term, we will calculate V and L of Corollary[G.5} V is calculated as
V =Y E[(d;E;v;)*] = po*|vl;.
j=1

To find L, we first note that || Ey. ||, < o+/logn with high probability, where E, is the /th row of
E. Thus, for all j € [n], we have

|01 Ervi] S o/lognljv| -

Corollary [G.3]implies that the first term is bounded as

1| logn Viog® n
5|12 B <a< g ||v||2+pg|v||m). @.1)
j=1

~ P
For the second term, it suffices to bound

Z(Szl(Ele - 0’2) .
i=1

As before, we obtain V' and L through

> E[(6a(E] —0%)?] =p ) _E[Ej — 20°E} + 0] = 20"np,
i=1 =1
|61 (E]; — 0)| < 0®logn.
Corollary [G.5|implies that

n

Zéll(EZQZ - (72)

i=1

<o? (\/nplogn + log? n) .

Because " ; §;; < np, we have

Z §qE% < o (np + v/nplogn + log? n) < o?np (G.2)
i=1
ifn?p >n log2 n. Combining (G.1) and (G.2)), we get the desired bound. [

Lemma G.14. Let E be a symmetric matrix whose upper and on diagonal entries are drawn
from Gaussian distribution N'(0, 0?) independently. Let v, w be vectors that are independent from
sampling of the Ith row and column. Then, if n*p 2> nlogn, we have

1 logn Vieg® n
p\wTPQL(E)UISUQ/ ’ (||v||2Hw||oo+lelgHUHoo)+T\\v|\oo||wlloo :

1
+ —|ouEyvw|
p

1
+7
p

wy E 5lelj’Uj
J

—= Z5i1Eilwi Z5leljUj
J

We bound the two summations similar to (G. 1)) and for the last term, we note that |Ej;| < ov/logn
with high probability. O

ol
p

1
+ ];llv\loonlloo|Eu|~
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