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Abstract

We address the problem of denoising data from a Gaussian mixture using a two-
layer non-linear autoencoder with tied weights and a skip connection. We consider
the high-dimensional limit where the number of training samples and the input di-
mension jointly tend to infinity while the number of hidden units remains bounded.
We provide closed-form expressions for the denoising mean-squared test error.
Building on this result, we quantitatively characterize the advantage of the con-
sidered architecture over the autoencoder without the skip connection that relates
closely to principal component analysis. We further show that our results accurately
capture the learning curves on a range of real data sets.

1 Introduction

Machine learning techniques have a long history of success in denoising tasks. The recent break-
through of diffusion-based generation [ 1} 2]] has further revived the interest in denoising networks,
demonstrating how they can also be leveraged, beyond denoising, for generative tasks. However, this
rapidly expanding range of applications stands in sharp contrast to the relatively scarce theoretical un-
derstanding of denoising neural networks, even for the simplest instance thereof — namely Denoising
Auto Encoders (DAEs) [3]].

Theoretical studies of autoencoders have hitherto almost exclusively focused on data compression
tasks using Reconstruction Auto Encoders (RAEs), where the goal is to learn a concise latent
representation of the data. A majority of this body of work addresses linear autoencoders [4, 5. 16} [7].
The authors of [8], 9] analyze the gradient-based training of non-linear autoencoders with online
stochastic gradient descent or in population, thus implicitly assuming the availability of an infinite
number of training samples. Furthermore, two-layer RAEs were shown to learn to essentially
perform Principal Component Analysis (PCA) [l10, 11} [12], i.e. to learn a linear model. Ref. [13]]
shows that this is also true for infinite-width architectures. Learning in DAEs has been the object
of theoretical investigations only in the linear case [[14], while the case of non-linear DAEs remains
theoretically largely unexplored.

Main contributions— The present work considers the problem of denoising data sampled from a
Gaussian mixture by learning a two-layer DAE with a skip connection and tied weights via empirical
risk minimization. Throughout the manuscript, we consider the high-dimensional limit where the
number of training samples n and the dimension d are large (n, d — co) while remaining comparable,
i.e. « =n/d = ©(1). Our main contributions are:

» Leveraging the replica method, we provide sharp, closed-form formulae for the mean
squared denoising test error (MSE) for DAEs, as a function of the sample complexity o and
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the problem parameters. We also provide a sharp characterization for other learning metrics
including the weights norms, skip connection strength, and cosine similarity between the
weights and the cluster means. These formulae encompass as a corollary the case of RAEs.
We show that these formulae also describe quantitatively rather well the denoising MSE for
real data sets, including MNIST [15] and FashionMNIST [16].

* We find that PCA denoising (namely denoising by projecting the noisy data along the
principal component of the training samples) is widely sub-optimal compared to the DAE,
leading to a MSE superior by a difference of ©(d), thereby establishing that DAEs do not
simply learn to perform PCA.

* Building on the formulae, we quantify the role of each component of the DAE architecture
(skip connection and the bottleneck network) in its overall performance. We find that the
two components have complementary effects in the denoising process —namely preserving
the data nuances and removing the noise— and discuss how the training of the DAE results
from a tradeoff between these effects.

The code used in the present manuscript can be found in the following repository.

Related works Theory of autoencoders— Various aspects of RAEs have been studied, for example,
memorization [[17]], or latent space alignment [18]. However, the largest body of work has been
dedicated to the analysis of gradient-based algorithms when training RAEs. Ref. [5] established
that minimizing the training loss leads to learning the principal components of the data. Authors of
[[L1L [12]] have analyzed how a linear RAE learns these components during training. These studies
were later extended to non-linear networks by [19, 18, 9], at the sacrifice of further assuming an infinite
number of training samples to be available —either by considering online stochastic gradient descent,
or the population loss. Refs. [20} [13] are able to address a finite sample complexity, but in exchange,
have to consider infinite-width architectures, which [[13] further shows, also tend to a large extent to
learn to perform PCA.

Exact asymptotics from the replica method— The replica method [21} 22| 23| [24]] has proven a
very valuable gateway to access sharp asymptotic characterizations of learning metrics for high-
dimensional machine learning problems. Past works have addressed —among others— single-[25|
20, 27, 28] and multi-index models [29]], or kernel methods [30, 31}, 32 [33]]. While the approach
has traditionally addressed convex problems, for which its prediction can be proven e.g. using the
convex Gordon minimax theorem [34], the replica method allows to average over all the global
minimizers of the loss, and therefore also accommodates non-convex settings. Refs. [35,[36]] are two
recent examples of its application to non-convex losses. In the present manuscript, we leverage this
versatility to study the minimization of the empirical risk of DAEs, whose non-convexity represents a
considerable hurdle to many other types of analyses.

2 Setting

Data model We consider the problem of denoising data 2z € R? corrupted by Gaussian white noise

of variance A,
z =v1- Az + VAE,

where we denoted & the noisy data point, and & ~ A(0,1) the additive noise. The rescaling of the
clean data point by a factor v/1 — A is a practical choice that entails no loss of generality, and allows
to easily interpolate between the noiseless case (A = 0) and the case where the signal-to-noise ratio
vanishes (A = 1). Furthermore, it allows us to seamlessly connect with works on diffusion-based
generative models, where the rescaling naturally follows from the way the data is corrupted by an
Ornstein-Uhlenbeck process [l 2]]. In the present work, we assume the clean data « to be drawn
from a Gaussian mixture distribution P with K clusters

K
x~ > peN(r, Zi). (1

k=1

The k—th cluster is thus centered around ), € R<, has covariance X, > 0, and relative weight py,.
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DAE model An algorithmic way to retrieve the clean data x from the noisy data @ is to build a
neural network taking the latter as an input and yielding the former as an output. A particularly
natural choice for such a network is an autoencoder architecture [3!]. The intuition is that the narrow
hidden layer of an autoencoder forces the network to learn a succinct latent representation of the data,
which is robust against noise corruption of the input. In this work, we analyze a two-layer DAE. We
further assume that the weights are tied. Additionally, mirroring modern denoising architectures like
U-nets [37]] or [38}139,140,41]], we also allow for a (trainable) skip-connection:

o pay (w2
ron(@) =0 x5+ 2o (D7) )

The DAE (2) is therefore parametrized by the scalar skip connection strength b € R and the weights
w € RP*4, with p the width of the DAE hidden layer. The normalization of the weight w by v/d in
(2) is the natural choice which ensures for high dimensional settings d >> 1 that the argument w2/\/3
of the non-linearity o(-) stays ©(1). Like [8]], we focus on the case with p < d. The assumption of
weight-tying affords a more concise theoretical characterization and thus clearer discussions. Note
that it is also a strategy with substantial practical history, dating back to [3], as it prevents the DAE
from functioning in the linear region of its non-linearity o(-). This choice of architecture is also
motivated by a particular case of Tweedie’s formula [42] (see eq. in Appendix [B), which will be
the object of further discussion in Section ]

We also consider two other simple architectures

v v
Uy(X) = —0 | —= |, ro(x) =cx x, 3)
@)= (%) (@)
which correspond to the building blocks of the complete DAE architecture fp (hereafter referred
to as the full DAE). Note that indeed fp 4 = 7 + Uy. The part u,(-) is a DAE without skip
connection (hereafter called the bottleneck network component), while 7.(-) correspond to a simple
single-parameter trainable rescaling of the input (hereafter called the rescaling component).

To train the DAE (IZ]) we assume the availability of a training set D = {&*,x"}}_,, with n clean
samples a* drawn i.i.d from P (I) and the corresponding noisy samples & = x* + &* (with the
noises £" assumed mutually independent). The DAE is trained to recover the clean samples * from
the noisy samples £ by minimizing the empirical risk

=3l — frw(@)]? + g(w), )
pn=1

where g : RPX¢ — R, is an arbitrary convex regularizing function. We denote by b, W the minimizers
of the empirical risk (@) and by f = f; ., the corresponding trained DAE (2)). For future discussion,
we also consider training independently the components (@) via empirical risk minimization, by
which we mean replacing f, ., by u, or r. in (). We similarly denote v (resp. ¢) the learnt weight of
the bottleneck network (resp. rescahng) component and 4 = uy (resp. 7 = r¢). Note that generically,
v # wand ¢ # b, and therefore f # U + 7, since b w result from their joint optimization as
parts of the full DAE f; ,,, while ¢ (or ©) are optimized 1ndependently As we discuss in Sectlon
training the sole rescaling r. does not afford an expressive enough denoiser, while an independently
learnt bottleneck network component w,, essentially only learns to implement PCA. However, when
Jjointly trained as components of the full DAE f; ., @), the resulting denoiser f is a genuinely
non-linear model which yields a much lower test error than PCA, and learns to leverage flexibly its
two components to balance the preservation of the data nuances and the removal of the noise.

Learning metrics The performance of the DAE (2) trained with the loss () is quantified by its
reconstruction (denoising) test MSE, defined as

& fy (V- B+ vaE)| 5)

The expectations run over a fresh test sample « sampled from the Gaussian mixture P (I)), and a
new additive noise & corrupting it. Note that an expectation over the train set D is also included to
make mse X metric that does not depend on the particular realization of the train set. The denoising

mse = EpEg pEen(0,1,)

2
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test MSEs mse;, mse; are defined similarly as the denoising test errors of the independently learnt
components (3). Aside from the denoising MSE (5], another question of interest is how much the
DAE manages to learn the structure of the data distribution, as described by the cluster means pty,.
This is measured by the cosine similarity matrix 8 € RP*X where fori € [1,p] and k € [1, K],

pT
0 = Ep {"”"“} . ©6)
[l || e |

In other words, 6,5 measures the alignment of the —th row w; of the trained weight matrix w with
the mean of the k—th cluster puf.

High-dimensional limit We analyze the optimization problem (@) in the high-dimensional limit
where the input dimension d and number of training samples n jointly tend to infinity, while their
ratio o = "/d —hitherto referred to as the sample complexity—stays O(1). The hidden layer width p,
the noise level A, the number of clusters K and the norm of the cluster means ||| are also assumed
to remain ©(1). This corresponds to a rich limit, where the number of parameters of the DAE is not
large compared to the number of samples like in [20, [13]], and therefore cannot trivially fit the train
set, or simply memorize it [17]. Conversely, the number of samples n is not infinite like in [8} 9} [19]],
and therefore importantly allows to study the effect of a finite train set on the representation learnt by
the DAE.

3 Asymptotic formulae for DAEs

We now state the main result of the present work, namely the closed-form asymptotic formulae
for the learning metrics mse; (5) and 6 (6) for a DAE (2) learnt with the empirical loss @). These

characterizations are obtained by first recasting the optimization problem into an analysis of an
associated probability measure, and then carrying out this analysis using the heuristic replica method,
which we here employ in its replica-symmetric formulation (see Appendix [A).

Assumption 3.1. The covariances {3} | admit a common set of eigenvectors {e; }¢_ ;. We further
note {\F}¢ | the eigenvalues of X;. The eigenvalues {\}¢ | and the projection of the cluster
means on the eigenvectors {e, puy.}; 1 are assumed to admit a well-defined joint distribution v as
d — oo —namely, for vy = (y1,...,7x) € RE and 7 = (74, ..., 7 ) € RE:

d K
éZH (A =) 6 (Vide] i = m) =5 v (3,7). ™

Moreover, the marginals v, (resp. v ) are assumed to have a well-defined first (resp. second) moment.

Assumption 3.2. g(-) is a {5 regularizer with strength A, i.e. g(-) = 2/2||-[|%.

We are now in a position to discuss the main result of this manuscript, which we state under
Assumptions and[3.2] for definiteness and clarity. These assumptions can actually be relaxed, as
we further discuss after the result statement.

Conjecture 3.3. (Closed-form asymptotics for DAEs trained with empirical risk minimization)
Under Assumptions [3.1| and in the high-dimensional limit n,d — oo with fixed ratio «, the
denoising test MSE mse 7 (@) admits the expression

mse; — mse, = ZPkEz Tr [qa (VI—Bmi+ Aq+(1fA)qu)®2 ®)
k=1

—23  prBuy [a VI=Bmt/ax (= A)utv/Bgv) | ((1=by/T=5) (mit/Gru) — bfv)} o(1),

where the averages bear over independent Gaussian variables z,u,v ~ N (0,1,). We denoted

Zpk (/ dv,(7)7} +d / dw(w)w)]. ©)

il
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The learnt skip connection strength bis

<§) Pk de'y(’Y)’Yk> 1-A

b= ——F= + o(1). (10)
(k; P fd'/w(v)%) (I-4A)+A

The cosine similarity 0 (6) admits the compact formula for i € [1,p] and k € [1, K]

Y L) — (11)
1/qiifdl/7(7')7']3

where we have introduced the summary statistics

T . WX " . Wk

Thus q, q, € RP*Pmy, € RP. The existence of these limits is an assumption of the replica method.
The summary statistics q, qr, my can be determined as solutions of the system of equations

ww

q= lim Ep [
d—00

®2
Qi = ozpkEg,,,Vk (prox’zj — qk n— mk> Vk_1

pI‘OX - qk n—- mk> 7’]T

>N

Vk = *Oépqu ]Eg nd
my = apkE5 Vi (prox — qk n— mk)
®2
=% E preEe nV (prox§ — \/Zqéf) V-1

V= _akE PrEe ﬁq_%v_l (proxff, - \/Eqéf) M —o (V 1- Aprox’_,j + prox’;)@)ﬂ
=1

-2
. K
ak = J dv(y, 7) (AHP +V+ 2 %’VJ) (q + Z V545 + Z Tszﬁgﬁzf)
1<

)

1
K K
my = [ dv(y, 7))k ()\]Ip +V+ >y j) > Ty (13)

In (13), qx, Vi, V,V G RP*P and 1y, E RP, and the averages bear over finite-dimensional i.i.d
Gaussians £,m ~ N (0,1,). Finally, prox®, proxk are given as the solutions of the finite-dimensional
optimization

prox®, prox = arglnf{ [Vkl (y — qk%n - mk)®1 + — A TY[ (x — \Fq 5) ]

y€ERP

+ Tr [qa(\/l — Ay + :c)@?} —20(VI—Ay+2)"((1—V1—=Ab)y— Ex)}. (14)

Conjecture [3.3|provides a gateway to probe and characterize the asymptotic properties of the model
([2) at the global optimum of the empirical risk (@), whereas a purely experimental study would not
have been guaranteed to reach the global solution, and would suffer from finite-size effects. Equation

q
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Figure I: a = 1, K = 2,p1 2 = 1/2,31 2 = 0.09 x I4,p = 1,A = 0.1, 0(-) = tanh(-); the cluster
mean pt; = —po was taken as a random Gaussian vector of norm 1. (left) In blue, the difference
in MSE between the full DAE f (2) and the rescaling component 7 (3. Solid lines correspond to
the sharp asymptotic characterization of Conjecture[3.3] Dots represent numerical simulations for
d = 700, training the DAE using the Pytorch implementation of full-batch Adam, with learning
rate 7 = 0.05 over 2000 epochs, averaged over N = 10 instances. Error bars represent one standard
deviation. For completeness, the MSE of the oracle denoiser is given as a baseline in green, see
Section The performance of a linear DAE (o(z) = x) is represented in dashed red. (right)
Cosine similarity 6 (6) (green), squared weight norm %% /a (red) and skip connection strength b
(blue). Solid lines correspond to the formulae (TT)({T2) and (I0) of Conjecture[3.3} dots are numerical
simulations. For completeness, the cosine similarity of the first principal component of the clean train
data {x*}}}_, is plotted in dashed black.

(T3) provides a closed-form expression for the summary statistics (T12), in terms of the solutions of the
low-dimensional optimization (T4). The latter can be loosely viewed as an effective loss, subsuming
the averaged effect of the finite training set. Further remark that while the regularization A does
not explicitly appear in the expression for the MSE (B)), the statistics g, my, in (8) depend thereon
through (T3). In fact, Assumptions[3.1]and 3.2] are not strictly necessary, and can be simultaneously
relaxed to address arbitrary convex regularizer g(-) and generically non-commuting {3 k}kK:1 — but
at the price of more intricate formulae. For this reason, we choose to discuss here Conjecture[3.3] and
defer a discussion and detailed derivation of the generic asymptotically exact formulae to Appendix [A]
see eq. (58). Let us mention that a sharp asymptotic characterization of the zrain MSE can also be
derived; for conciseness, we do not present it here and refer the interested reader to equation (@)
in Appendix [A] Conjecture [3.3]encompasses as special cases the asymptotic characterization of the
components 7, 4 (3):

Corollary 3.4. (MSE of components) The test MSE of 7 (3) is given by mse; = mse, (). Further-
more, the learnt value of its single parameter ¢ is given by (10). The test MSE, cosine similarity and
summary statistics of the bottleneck network @ (3) follow from Conjectureby setting b=0.

The implications of Corollary [3.4] shall be further discussed in Section [4] and a full derivation is
provided in Appendix [E] Finally, remark that in the noiseless limit A = 0, the denoising task reduces
to a reconstruction task, with the autoencoder being tasked with reproducing the clean data as an
output when taking the same clean sample as an input. Therefore Conjecture [3.3]also includes RAEs
(by definition, without skip connection) as a special case.

Corollary 3.5. (RAEs) In the n,d — oo limit, the MSE, cosine similarity and summary statistics for
an RAE follow from Conjecture([3.3)by setting = = 0 in (T4), removing the first term in the brackets in
the equation of V (13) and taking the limit A, §,b — 0.

Corollary [3.3] will be the object of further discussion in Sectiond] A detailed derivation is presented
in Appendix [l Note that Corollary [3.3] provides a characterization of RAEs as a function of the
sample complexity o, where previous studies on non-linear RAEs rely on the assumption of an
infinite number of available training samples [[13} 8} 9]].

Equations (I0) and (I2) of Conjecture [3.3]thus characterize the statistics of the learnt parameters
b, w of the trained DAE (2). These summary statistics are, in turn, sufficient to fully characterize the

A
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learning metrics (3) and (6) via equations (8 and (TI). We thus have reduced the high-dimensional
optimization (@) and the high-dimensional average over the train set D involved in the definition
of the metrics (5) and (6) to a simpler system of equations over 4 + 6K variables (T3) which can
be solved numerically. It is important to note that all the summary statistics involved in (13) are
finite-dimensional as d — oo, and therefore Conjecture[3.3]is a fully asymptotic characterization, in
the sense that it does not involve any high-dimensional object. Finally, let us stress once more that
the replica method employed in the derivation of these results should be viewed as a strong heuristic,
but does not constitute a rigorous proof. While Conjecture [3.3]is stated in full generality, we focus
for definiteness in the rest of the manuscript on the simple case » = 1, K = 2, which is found to
already display all the interesting phenomenology discussed in this work, and leave the thorough
exploration of r > 1, K > 2 settings to future work. In the next paragraphs, we give two examples
of applications of Conjecture[3.3] to a simple binary isotropic mixture, and to real data sets.

Example 1: Isotropic homoscedastic mixture We give as a first example the case of a synthetic
binary Gaussian mixture with K = 2, 1y = —p1a, X1 2 = 0.09 x Iy, p1 2 = 1/2, using a DAE with
o = tanh and p = 1. Since this simple case exhibits the key phenomenology discussed in the
present work, we refer to it in future discussions. The MSE mse; (8) evaluated from the solutions
of the self-consistent equations (13) is plotted as the solid blue line in Fig.[I] (left) and compared to
numerical simulations corresponding to training the DAE (2) with the Pytorch implementation of
the Adam optimizer [43]] (blue dots), for sample complexity & = 1 and ¢5 regularization (weight
decay) A = 0.1. The agreement between the theory and simulation is compelling. The green solid
line and corresponding green dots in Fig.[I] (right) correspond to the replica prediction (TT) and
simulations for the cosine similarity 6 (), and again display very good agreement. Note that for large
noise levels, the DAE achieves a worse MSE than the rescaling —as shown by the positive value of
mse ; — mse;—, despite the former being a priori expressive enough to realize the latter. This in fact
signals that the DAE overfits the training data. That such an overfitting is captured is a strength of our
analysis, which allows to cover the effect of a limited sample complexity. Finally, this overfitting can
be mitigated by increasing the weight decay A, see Fig.[9]in Appendix

A particularly striking observation is that due to the non-convexity of the loss (@), there is a priori
no guarantee that an Adam-optimized DAE should find a global minimum, as described by the
Conjecture [3.3] rather than a local minimum. The compelling agreement between theory and
simulations in Fig.[T|temptingly suggests that —at least in this case— the loss landscape of DAEs (2))
trained with the loss (@) for the data model (T]) should in some way be benign. Authors of [12] have
shown, for linear RAEs, that there exists a unique global and local minimum for the square loss and
no regularizer. Ref. [[14] offers further insight for a linear DAE in dimension d = 1, and shows that,
aside from the global minima, the loss landscape only includes an unstable saddle point from which
the dynamics easily escapes. Extending these works and intuitions to non-linear DAEs is an exciting
research topic for future work.

Example 2: MNIST, FashionMNIST It is reasonable to ask whether Conjecture [3.3]is restricted
to Gaussian mixtures (I). The answer is negative — in fact, Conjecture [3.3] also describes well a
number of real data distributions. We provide such an example for FashionMNIST [16] (from which,
for simplicity, we only kept boots and shoes) and MNIST [15] (1s and 7s), in Fig.@ For each data
set, samples sharing the same label were considered to belong to the same cluster. Note that we
purposefully chose closely related classes, for which the clusters are expected to be closer, leading
to an a priori harder — and thus more interesting — learning problem. The mean and covariance
thereof were estimated numerically, and combined with Conjecture[3.3] The resulting denoising MSE
predictions mse jare plotted as solid lines in Fig.[2| and agree very well with numerical simulations
of DAESs optimized over the real data sets using the Pytorch implementation of Adam [43]]. A full
description of this experiment is given in Appendix

The observation that the MSEs of real data sets are to such degree of accuracy captured by the
equivalent Gaussian mixture strongly hints at the presence of Gaussian universality [44]. This opens
a gateway to future research, as Gaussian universality has hitherto been exclusively addressed in clas-
sification and regression (rather than denoising) settings, see e.g. [44,!45,146]. Denoising tasks further
constitute a particularly intriguing setting for universality results, as Gaussian universality would
signify that only second-order statistics of the data can be reconstructed using a shallow autoencoder.

7
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Figure 2: Difference in MSE between the full DAE () and the rescaling component (3 for the
MNIST data set (middle), of which for simplicity only 1s and 7s were kept, and FashionMNIST
(right), of which only boots and shoes were kept. In blue, the theoretical predictions resulting from
using Conjecture [3.3| with the empirically estimated covariances and means, see Appendix [D] for
further details. In red, numerical simulations of a DAE (p = 1, ¢ = tanh) trained with n = 784
training points, using the Pytorch implementation of full-batch Adam, with learning rate = 0.05
and weight decay A = 0.1 over 2000 epochs, averaged over N = 10 instances. Error bars represent
one standard deviation. (left) illustration of the denoised images: (top left) original image, (top right)

noisy image, (bottom left) DAE f (Z), (bottom right) rescaling 7 (3)).

4 The role and importance of the skip connection.

Conjecturenfor the full DAE f (2) and Corollary. 4)for its components 7, @ (3] allow to disentan-
gle the contribution of each part, and thus to pinpoint their respective roles in the DAE architecture.

We sequentially present a comparison of f with 7, and f with ©. We remind that f 7 and @ result
from independent optimizations over the same train set D, and that while f}, ., = Uy + hy, f # U+ 7.

Full DAE and the rescaling component We start this section by observing that for noise levels A
below a certain threshold, the full DAE f yields better MSE than the learnt rescaling 7, as can be
seen by the negative value of mse ; — mse; in Fig.|I| and Fig. E} The improvement is more sizeable
at intermediate noise levels A, and is observed for a growing region of A as the sample complexity
« increases, see Fig.[3](a). This lower MSE further translates into visible qualitative changes in the
result of denoising. As can be seen from Fig. (left), the full DAE f (@) (bottom left) yields denoised
images with sensibly higher definition and overall contrast, while a simple rescaling 7 (bottom right)
leads to a still largely blurred image.

We provide one more comparison: for the isotropic binary mixture (see Fig.[T), the DAE test error
mse ¢ in fact approaches the information-theoretic lowest achievable MSE mse* as the sample
complexity « increases. To see this, note that mse* is given by the application of Tweedie’s formula
[42]], that requires perfect knowledge of the cluster means p;, and covariances X, — it is, therefore,
an oracle denoiser. A sharp asymptotic characterization of the oracle denoiser is provided in
Appendix[B] As can be observed from Fig.[3|(a), the DAE MSE (2) approaches —but does not exactly
converges to (see Appendix[C)- the oracle test error mse* as the number of available training samples
n grows, and is already sensibly close to the optimal value for a = 8.

DAEs with(out) skip connection We now turn our attention to comparing the full DAE f @) to
the bottleneck network component @ (3). It follows from Conjecture [3.3|and Corollary [3.4] that @ (3)

leads to a higher MSE than the full DAE f (@), with the gap being O(d). More precisely,

(f dv (y é(: Pk7k>2 (1-A4A)
(msea _msef) i (fdw g mk) (1-A) A o

SHE

R
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Figure 3: (left) Solid lines: difference in MSE between the full DAE f @), with ¢ = tanh,
p = 1, and the rescaling 7 @) Dashed: the same curve for the oracle denoiser. Different colours
represent different sample complexities « (solid lines). (right) Difference in MSE between the
bottleneck network u (]3[) and the complete DAE f (]Z[) In blue, the theoretical prediction (]E]); in red,
numerical simulations for the bottleneck network (3) (¢ = tanh, p = 1) trained with the Pytorch
implementation of full-batch Adam, with learning rate = 0.05 and weight decay A = 0.1 over
2000 epochs, averaged over N = 5 instances, for d = 700. In green, the MSE (minus the MSE of
the complete DAE (2))) achieved by PCA. Error bars represent one standard deviation. The model

and parameters are the same as in Fig.[T}
(a) (b) (© (d) () ®

Figure 4: Illustration of the denoised image for the various networks and algorithms. (a) original
image (b) noisy image, for VA = 0.2 (c) trained rescaling 7 (3) (d) full DAE f (@) (e) bottleneck
network @ (3)) (f) PCA. The DAE and training parameters are the same as Fig. 2} see also Appendix [D]

The theoretical prediction (I3) compares excellently with numerical simulations; see Fig.[3] (right).
Strikingly, we find that PCA denoising yields an MSE almost indistinguishable from 4, see Fig. |3}
strongly suggesting that 4 essentially learns, also in the denoising setting, to project the noisy data
& along the principal components of the training set. The last two images of Fig.[] respectively
correspond to 4 and PCA, which can indeed be observed to lead to visually near-identical results.
This echoes the findings of [10} 1148} 9 [13]] in the case of RAEs that bottleneck networks are limited
by the PCA reconstruction performance — a conclusion that we also recover from Corollary [3.5] see
Appendix@ Crucially however, it also means that compared to the full DAE f @), PCA is sizeably
suboptimal, since msepca &~ msey; = mse ¢ + O(d).

This last observation has an important consequence: in contrast to previously studied RAEs [10,
12, 111 19, 13]], the full DAE f does not simply learn to perform PCA. In contrast to bottleneck
RAE networks [8} 9} 13]], the non-linear DAE hence does not reduce to a linear model after training.
The non-linearity is important to improve the denoising MSE, see Fig.[I] We stress this finding:
trained alone, the bottleneck network # only learns to perform PCA; trained jointly with the rescaling
component as part of the full DAE f, ., (@), it learns a richer, non-linear representation. The full
DAE (2) thus offers a genuinely non-linear learning model and opens exciting research avenues for
the theory of autoencoders, beyond linear (or effectively linear) cases. In the next paragraph, we
explore further the interaction between the rescaling component and the bottleneck network.

A tradeoff between the rescaling and the bottleneck network Conjecture (3.3)), alongside
Corollary (3.4) and the discussion in Section[d]provide a firm theoretical basis for the well-known
empirical intuition (discussed e.g. in [38]]) that skip-connections allow to better propagate information
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from the input to the output of the DAE, thereby contributing to preserving intrinsic characteristics
of the input. This effect is clearly illustrated in Fig.[] where the resulting denoised image of an

MNIST 7 by 7, f , 4 and PCA are presented. While the bottleneck network @ perfectly eliminates
the background noise and produces an image with a very good resolution, it essentially collapses
the image to the cluster mean, and yields, like PCA, the average MNIST 7. As a consequence, the
denoised image bears little resemblance with the original image — in particular, the horizontal bar of
the 7 is lost in the process. Conversely, the rescaling 7 preserves the nuances of the original image,
but the result is still largely blurred and displays overall poor contrast. Finally, the complete DAE
(2) manages to preserve the characteristic features of the original data, while enhancing the image
resolution by slightly overlaying the average 7 thereupon.

The optimization of the DAE (@) is therefore described by a tradeoff between two competing effects
— namely the preservation of the input nuances by the skip connection, and the enhancement of
the resolution/noise removal by the bottleneck network. This allows us to discuss the curious non-
monotonicity of the cosine similarity 6 as a function of the noise level A, see Fig.[I](left). While it
may at first seem curious that the DAE seemingly does not manage to learn the data structure better
for low A than for intermediate A (where the cosine similarity  is observed to be higher), this is
actually due to the afore-dicussed tradeoff. Indeed, for small A, the data is still substantially clean,
and there is therefore no incentive to enhance the contrast by using the cluster means —which are
consequently not learnt. This phase is thus characterized by a large skip connection strength b, and
small cosine similarity ¢ and weight norm ||w || . Conversely, at high noise levels A, the nuances of
the data are already lost because of the noise. Hence the DAE does not rely on the skip connection
component (whence the small values of b), and the only way to produce reasonably denoised data is
to collapse to the cluster mean using the network component (whence a large ||w|| ).

5 Conclusion

We consider the problem of denoising a high-dimensional Gaussian mixture, by training a DAE via
empirical risk minimization, in the limit where the number of training samples and the dimension
are proportionally large. We provide a sharp asymptotic characterization of a number of summary
statistics of the trained DAE weight, average MSE, and cosine similarity with the cluster means.
These results contain as a corollary the case of RAEs. Building on these findings, we isolate the role of
the skip connection and the bottleneck network in the DAE architecture and characterize the tradeoff
between those two components in terms of preservation of the data nuances and noise removal —
thereby providing some theoretical insight into a longstanding practical intuition in machine learning.

We believe the present work also opens exciting research avenues. First, our real data experiments
hint at the presence of Gaussian universality. While this topic has gathered considerable attention in
recent years, only classification/regression supervised learning tasks have been hitherto addressed.
Which aspects of universality carry over to denoising tasks, and how they differ from the current
understanding of supervised regression/classification, is an important question. Second, the DAE with
skip connection (@) provides an autoencoder model which does not just simply learn the principal
components of the training set. It, therefore, affords a genuinely non-linear network model where
richer learning settings can be investigated.
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A Derivation of Conjecture 3.3
In this section, we detail the derivation of Conjecture (3.3)).

A.1 Derivation technique

In order to access sharp asymptotic characterizations for the metrics and summary statistics mse (E]) 6 (6D, b and Il |l /4,

the first step is to observe that any test function ¢ (w, b) of the learnt network parameters w, b can be written as an
average over a limit probability distribution

Ep [@(ﬁ),i))} = hm EDZ /dwdbgo(w b)e —BR(w,b) 16)
where 7@(7 -) is the empirical risk (@) and the corresponding probability density
e_ﬂﬁ(wvb)
—

is known as the Boltzmann measure in statistical physics, with the parameter 3 typically referred to as the inverse
temperature. The normalization Z is called the partition function of Pg:

Z = / dwdbePRW:H) (18)

Ps(w,b) = A7)

The idea of the replica method [21], 22} 23] 24]], building on the expression (I6), is to compute the moment generating
function (also known as the free entropy) as

In [EpZ°
Epln Z = lig 2 EZ°]

s—0 S

19)

With the moment generating function, it then becomes possible to compute averages like (T6). The backbone of the
derivation, which we detail in the following subsections, therefore lies in the computation of the replicated partition
function Ep Z5.

A.2 Replicated partition function

For subsequent clarity, we shall introduce the variable
n' =z — py (20)

if * belongs to the k—th cluster. By definition of the Gaussian mixture model, this is just a Gaussian variable:
n* ~ N (0, Xg), and the average over the data set {«*} reduces to averaging over the cluster index & and {n*}. For

notational brevity, we shall name in this appendix £* what is called v/A£* in the main text (i.e., absorbing the variance
in the definition of £&#). The replicated partition function then reads

—B'S g(we
EpZ° :/Hdwadb Pt

n K s w]  (we(VIZA 2
-5 X Hk-,‘f"’l*|:baX(\/lfA(llk+n)+£)+ﬁU(%):| H
H E pkE"’hEe a=1 (21
p=1k=1 (*)
One can expand the exponent (x)as
8 & [n wa’w;—(’_<wa(\/71*A(Mk+TI)+§))®2 _Qa(waw—&l— <uk+n)+s>)Twa<<1—ba\/—51— ) (1) ~bad)
e 2o C Vi Vi Vi
B 2 2 2 T 25e012 T T
-5 2 |A=vI=Bba)? (g 12+l % 2] m)+b2 1€1% +2ba (VI=Bba —1) (k] &40 &)
et A : perntel, @2)
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Therefore

K B ? ¥ (VITRb,—1)? dnd¢
s (* Z Pke o=t )
- (2mv/A) /et 5y

~1in T( Lip f w*l—Aba—l)?Hd)n—%ueuz(iw ilbi)—ﬁ 25:1((1—\/jha,)zﬂz’ﬂ‘*'ba(\/71—Aha—1)H;€+ba(\/71—Aba—1)TlT§)
e a= a=

Pege.(n,€)
8 [Tr[wawj U(um(\/q(uk+n)+6)>®2]72a<wa(m(uk+n)+€)>1— wa (1=bavVI=8) (kp+n) —~bat)
e oA L b v va va (23)
The effective prior over the noises 17, § is Gaussian with means g, p,, and covariance C:
-1
C,, 1 Ce, ]Id
_ : nm
Peff.(’r]ag) N (”7357 Hons g, |: C nl]Id C&glﬂd :| > . (24)
Identifying the covariance components leads to
Ol = —+BZZ) Cot =3+ 8 (VI—Ab, — 1)1, fBZb VI—Ab, —1). (25)
a=1

Note that all the sums indexed by a introduce terms of O(s), which can safely be neglected. Identifying the means leads
to the following system of equations:

Cedpe +Cgl iy = 8 ; ba(1— /1= Aby) s,

s (26)
Ctin +Cglpe = =P 2 (1-v1- Abq)? i
which is solved as
He =0 (C,;}Cg; - (anl)?]Id) (Z (Cn_nlba(l — V1= Aby) +C, (1 - V1 - Aba)2]1d)> W,
a=1
:gg
pty = —f (cm,lc— - (0571)21@ (Z (05—51(1 — VI = Aby)? + Oy lba(l — VI - Aba)ﬂd)> e, 27
a=1
=g
Again, observe that g/, gg = O(s) and will be safely neglected later in the derivation. Therefore
K o Slel? Z (VI=Bba -1+ 5 G g2+ §ny Ol un+C5 tud uy
E, *) =
(%) ;pk NG S det(Cn’nlC&l—(anl)QHd)%
s waw, (wa (VIZA (1, ®2 wa (VI=B (1, T wa (1=ba VI=B) (1 +1) —ba
y <eg £ T,{ ol (2T R m+e)) ]720( (=S40 ) T 0 (=00 VI8 oy s)]> o8)
Pegr. (n,€)
(a)
We are now in a position to introduce the local fields:
)\5 — wa(€ — I‘LE) )\7] — wa(n - I"I‘ﬂ) hk _ walJ‘k (29)
a \/g ) a \/& ) a \/& 9
with statistics
wo B pw, wow, Wow
e MA)) = Cen—" 7 = 0, MAG) = A= (30)
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T
wq,w
Qab = b

We used the leading order of the covariances Ce¢ yr 5. One therefore has to introduce the summary statistics
7 € RPXP,

T
gk _ We D W),
= ——— b

€ RPX?, mk = Labk o po, G1)
d Vd
Note that the local fields \7¢ thus follow a Gaussian distribution
€ \n Sk
A, Ao ~N |0, 0 AQ (32)
——
EQ;C

Going back to the computation, (a) can be rewritten as

_B
<€ 2a

X e a

1 e

) [Qaav(mk(\/j(1+y#)+géL)+m>\n+>\§) }

[N
I
P

[ za(m (\/1—5(1+g#)+g‘£‘)+\/1?5>\77+>\5,) (nw,];((l—«/ﬁ— ba) (1+gh) —ba gl ) +(1—VI=Bba)IN] ba)\f)}>

. (33
{)\5 ATI s ( )
A.3 Reformulating as a saddle-point problem

a=1

Introducing Dirac functions enforcing the definitions of Q) ,5, m, brings the replicated function in the following form

/ H dbg [ [ dQabdQas H H dmadrivg H [ ] askdse
a,b k=1a=1 k=1 a,b

-d Y QuvQar—d E > SkSE,— Z > dmlml
e a<b F=1a<b i=1'a

eBsd¥y

B> g(w
u/‘I]:dlua ¢

la<b

“)+ Z Qabwawb +kz > Sabwazkwb + Z kafwaﬂk

eBsd Wy,
5 & 5 ad
K 5 3 ekl gl(vl—Aba—l)
eo(s e a=
k=1

a
1
NGED SIS det(Cp, Celt —0O(s)) 2

(34)

2
@542 ¥ quag +BsdTy

We introduced the trace, entropic and energetic potentlals U, ¥, ¥y Since all the integrands scale exponentially (or

K

faster) with d, this integral can be computed using a saddle-point method To proceed further, note that the energetic
ad
Sleerll? Z (VI=Abe—1)?

term encompasses two types of terms, scaling like sd? and sd. More precisely,

—(a)
— " arsat an(cr o)

ad

:l —stkad (JMA% det(C,, C )—I—sZpkfln —7Zpk”uk”2z (V1—Ab —1)
k=1
K

1 1
—sad® Y pr ln<\/det SLAZ det(C;nlcfl)2>+so¢d > priin(a)
~e k=1

(35)
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Note that the saddle-point method involves an intricate extremization over s X s matrices ), Si. To make further
progress, we assume the extremum is realized at the Replica Symmetric (RS) fixed point

Va, by =0

k sk _ oA
Va, my, = Mk, My = My

A r R R
vaa bv Qab - (T’ - q)(sab + q, Qab - - (2 + Q> 5ab + q

~ T R N
Va,b, Sky = (rk — q)0ab + Qs Sk = — <2k + Qk) dab + (36)
This is a standard assumption known as the RS ansarz [21, 22] 23] 24]).

Quadratic potential The quadratic potential W ,,,4., Which correspond to the leading order term in d in the exponent,
needs to be extremized first in the framework of our saddle-point analysis. Its expression can be simplified as

K K
> prln (MA% det(cﬂ—;cg—;)%) = % >~ prIndet [(1 + ABsb?) (Hd + S Bs(VI— Ab — 1)2)}
k=1 k=1

K
- % > o H[Abzﬂd +3.(VI—Ab— 1)2}
k=1

K
d 1
_ B A 4 (vizAb— 192t S TS|, 37)
2 d Pt
which is extremized for
K
<Z Pk Tr 2k> 1-A
O V= (38)

This fixes the skip connection strength b.

Entropic potential We now turn to the entropic potential W,,. It is convenient to introduce the variance order
parameters

Vi, = 71, + G- (39)

<
Il

>
_|_
>
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The entropic potential can then be expressed as

eﬁsd\llw

s . K s
s —BX g(w) =3 3 Tr[Vwew, |+5 3 Tr[gwawy [+ 35 3 Vi w, pe
a,b

:/Hdwae @ a=1 k=1a=1

K s R K
-3 3 Y TiwaSw, |45 3 X Tr[grwaSew, |

S

N K K K 1 1
/d —Bg(w)—1 Tr [waT-i' > kazkw—r] +( > Vdingp T+ Ek@(@k®2k)§+ao®(ﬁ®ﬂd)§>@’w
we k=1 k=1

k=1

S

- —3wo|V 55 ¥ S Va4 3 =00 3 4B 0(Gely) 2
/dwe Bg(w) QwG[V®Hd+k§1Vk®2k]®w+<k2:)1x/3 iy +k§1_k®(qk®2k) +Eo0(4®14) )@w 40)

Therefore

B\I/wzf

. K K K
1 —Bg(w)—iwe |:V®Hd+ > Vk®zk:| ®w+( S Vdmgp 4+ S Ek@(gk(@z:k,)%+50@(4®Hd)%>@w
p] DEIn dwe k=1 k=1 k=1

(41)

For a matrix 2 € RP*? and tensors A, B € RP*I@RP*4 we denoted (E® A)z; = > BEYA;mand (AOB);j ki =
er Aij,TsBrs,k:l-

Energetic potential In order to compute the energetic potential ¥,,, one must first compute the inverse of the
covariance {2, given by

- S;to0
Qk1=[’5 iQ_l]- 42)

It is straightforward to see that S} . Q=" share the same block structure as S, @, and we shall name for clarity

(S 1) 0y = Pk — @) Oab + G

(@Y, = (F =) dap + q. (43)
From the Sherman-Morisson lemma, and noting
Vi =71k — g € RPXP, V=r—qgeRPP, (44)
one reaches
F=Vt—(V+sq gV =Vt = (Vi + sqe) e Vit
{q = —(V + )"V | {qk = (Vi + sq0) " as Vi @
We will also need the expression of the determinants
Indet Sy, :sdeth—FsTr[Vk_lqk], stdetV—FsTr[V*lq]. (46)
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One can finally proceed in analyzing the term (a):

I dA1dAS

_ a=1
(a) = /R (2m)ps/det Q det SpVA"

S ~ ~ ~ S ~ ~ ~ s
—1 Z ONDTFE—a)N -2 ZOD @M sk X DT F-DA -2k TOAD Ta —2 3 (%)
a=1 a,b a=1 a,b e a=1

X e
_ / D¢Dn
e (27)P5\/det Q det SpvV/ A"

_ 1 3 _ 11 s
x U Dhgdhee VANV a0 ALV e Al 1"25_3(*)}
Rr

— . DEDn {/N(Ag;\/gqég,Av)N()\n;qé&Vk) eg(*)r

—1+4s | D¢Dyn [//\/ ()\g; VAgEE, AV) N (/\,7; Q¢ Vk) eé‘(*)] (47)
RP
where we noted with capital D an integral over a p— dimensional Gaussian distribution N(0, I,). Therefore
K ) . ,
BY, =S pv [ DeDpln UN (/\g; \/ang,m/) N ()\,,;q,ff,Vk) e—2<*)} . 48)
k=1 Re

A4 zero-temperature limit

In this subsection, we take the zero temperature § — oo limit. Rescaling

1 . R
BV<—V, BV «V, B2+ q,
1 ~ ~ N N N N
BVI@ — Vi, BVi < Vi, BG4 < G, By < 1y, (49)
one has that
Uy
1 K -1 K K ®2 1
_ Y ¥ S 5 A T =
= ﬁTr (V@Hd+ZVk®2k) © Q®Hd+zqk®2k+d <kauk> - QEEMT(-—-),
k=1 k=1 k=1
(50)
where we introduced the Moreau enveloppe
M,.(E)
1 o, ) -3 2
= inf { ’ (V@LH- fj Vk®2k)@w—<\/®ﬂd+ f} Vk®2k> @((‘j@ﬂd)%QEO“’ fﬁ (ék@zk)%QEk‘i‘\/ﬁ fﬁ fnkﬂl) + g(’w)} .
w 2 k=1 k=1 k=1 k=1
(5D

Note that while this optimization problem is still cast in a space of dimension p x d, for some regularizers g(-) including
the usual /; 5 penalties, the Moreau enveloppe admits a compact analytical expression.

The energetic potential ¥,, also simplifies in this limit to

K
Uy == ppByeMy(n, §), (52)

k=1
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Where

My (&) = 21nf{TT{Vkl(y—qén—mk)®]+ATr[ (sv—\ﬁq é“) }

Tr [qa(\/l — Ay + :c)®2} —20(vV1—=Ay+2) (1 —V1—Ab)y — bx)}. (53)

It is immediate to see that the trace potential ¥; can be expressed as

Tr [Vq} =TrlgV] 1 K
v, — 5 > (T [ Viar| = TrlauVi)) kamk (54)
Putting these results together, the total free entropy reads
Tr {Vq} - Tr[gV] 1 XK
¢ = R extr ) + = (T {Vka} Tr[Gr Vi]) Z MEMk
@M, V4,0,V {ak,mie, Vi, Gre e, Vi iy 2 2 =1
us 1
—a ) By Mi(€) — SE=M,(8)
k=1
% -1 ®2
+ﬁﬂ (V@Hd—i—I;Vk@Ek) ® q@ﬂd+;qk®zk+d<2mkuk> (55)

where we remind that

My (&, n) = ;mf{ Tr {Vk—l (y _ qgn _ mk> ®2] +Tr {V—l (gg — qég) ®2]

’H[qo(\/l — Ay + x)®2} —20(V1=Ay+2)T((1-v1-Aby — bm)} (56)

and
M,.(E)

1 x 3 % -3 X 2

=inf< = ‘ (V@Lﬁ > Vk®2k>®w7 (V@Lﬂr > \”/k@z:k) @((@@Hd)%QEoJr S (k®FR) 2 OB+VA 3 mkuk) + r(w)
w | 2 k=1 k=1 k=1
(57)
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A.5 Self-consistent equations

The extremization problem can be recast as a system of self-consistent equations by requiring the gradient with
respect to each summary statistic involved in (58) to be zero. This translates into:

k ®2 —1
Gr = oprlEe, nV (proxy—qkn mk) Vi

Vk = —apqu IEg n (prox — qk n— mk) 77T

my = apk]Eg Vi (prox — qk n— mk) (58)
1= 0 3 pEe, V" (proxt — gte) v
k=1

T (proxi — qég) ¢ —o(V1- Aprox, + proxm)®2

. K
Vi=—a} prle,
k=1

1

Vi = 1E= [(prox OGS o0, zk)) Eﬂ

qr = éEE [prox 33 Prox, }
my = \}Eg n [prox, iy . (59)
V= éEE [(proxr ©(@® Hd)_f) Eﬂ

q= éEE [proxrprox;r]

We remind that the skip connection b is fixed to

K
;(Z pk.Ter) \/17A
k=1

b= (60)

}l(f karEk> (1—A)+A.

k=1

A.6 Sharp asymptotic formulae for the learning metrics

The previous subsections have allowed to obtain sharp asymptotic characterization for a number of summary statistics of
the probability (17). These statistics are in turn sufficient to asymptotically characterize the learning metrics discussed
in the main text. We successively address the test MSE (3)), cosine similarity (6) and training MSE.

MSE The denoising MSE reads

mse = Ky , ¢

(VT A+ 1) + VA \ |
Vd

wir+n— (3\/1—A(Mk+n)+5\/xﬁ+lj;a<

K
= mse, + Z pk]Ejzv(O’l) [Tr {qa (VI—Ami+ Aq+(1fA)qk.Z)®2:|i|
k=1

K
.
— 22ka€{){§0=1) {a(\/kamﬁ Qk(lfA)quﬁ\/Zv)} ((1=byT=B)mi+(1—bVT=A) /Gru—byavav)  (61)
k=1

where

K
mse, = dAB + (1 — v — Ab)’ (Zpk g1 +Tr2k)> (62)

k=1

Cosine similarity By the very definition of the summary statistics my, q:

w; o, (ma)i
@[ x[[prll /Gl ol
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Figure 5: (left) Training MSE for the full DAE @) (p = 1, o = tanh). Solid lines represent the sharp asymptotic
formula (68)); dots correspond to simulation, training the DAE with the Pytorch implementation of full-batch Adam,
over T' = 2000 epochs using learning rate = 0.05 and weight decay A = 0.1. The data was averaged over N = 5
instances; error bars are smaller than the point size. (right) Generalization gap mse j et Solid lines correspond to the
asymptotic prediction of Conjecture [3.3](for the test MSE) and of (68) (for the train MSE), while dots correspond to
simulations. Error bars represent one standard deviation. The Gaussian mixture is the isotropic binary mixture, whose
parameters are specified in the caption of Fig.[T)in the main text.

Training error The replica formalism also allows to compute a sharp asymptotic characterization for the training
MSE

GtE]E’D

Xl s

We have skipped the discussion of this learning metric in the main text for the sake of conciseness, but will now detail
the derivation. Note that the training error ¢; can be deduced from the risk () and the average regularization as

56 = Ep [R(w,)] ~ Ep [r(w)]. (65)

Note that in turn, from the definition of the free entropy, the average risk (training loss) can be computed as

. L lomz _ 109

Ep [R(w,b)] = Jim 55 =~ Jim oo (66)
Doing so reveals
Ty — d¥quaa — Sm(vT = Bb - 1)2))
€ = —2 lim
& fN(Ag;q%E,Vk)N(An;qE&V) (x)e 3¢
= mse, + ﬂhm Z Pk DéDn - T 5 (67)
Rt SN (A a & Vi) N (Mgp V) em3)

Taking the S — oo limit finally leads to

K

€ = mse, + Z prEe
k=1

Tr [qa(\/ 1 — Aprox,, + proxgg)@ﬂ

— 20(V1 — Aprox, + prox,) (1 —+1— Al;)proxy - l;proxm)] (68)

The sharp asymptotic formula (68) agrees well with numerical simulations, Fig.[5] As is intuitive, the generalization gap
mse ; — €; Grows with the noise level A, as the learning problem grows harder.
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A.7 Generic asymptotically exact formulae

This last result ends the derivation of the generic version of Conjecture[3.3] i.e. not assuming Assumptions [3.1]and[3.2]

Importantly, note that the characterization (38) is, like the formulae in e.g. [47] [48]], asymptotically exact, but not fully
asymptotic, as the equations (58) still involve high-dimensional quantities. In practice however, for standard regularizers
r(-) like ¢ or 5, the proximal prox, admits a simple closed-form expression, and the average over = can be carried out
analytically. The only high-dimensional operation left is then taking the trace of linear combinations of 3 matrices
(or the inverse of such combinations), which is numerically less demanding, and analytically much simpler, than the
high dimensional optimization (4) and averages (3 involved in the original problem. We give in the next paragraph
an example of how Assumption can be relaxed, for a binary mixture with arbitrary (i.e. not necessarily jointly
diagonalizable) covariances 3 ».

Example: Anisotropic, heteroscedastic binary mixture As an illustration, we provide the equivalent of (58] for a

binary mixture, with generically anisotropic and distinct covariances, for p = 1, thereby breaking free from Assumption
We index the clusters by +, — rather than 1, 2 for notational convenience. We remind that

M(§,n) = 1mf{ o (2= AVAE)?+ i (y—TENFM)?+40 (VI=By+2)? ~20 (VI=By+a) ((1-T-Bb)y - bw)} (69)
Then the self-consistent equations (58) simplify to
=1T [((/\ + V) 4+ ViZ, + f/_z_)fz (4lg+ G+ +4-2_ + m?w,ﬂ)]
m = 1 Tr {((A V)L + VS, + f/_z_)_l MHT]

. . . ~1
V= ;Tr[(A F V) + VS, + V,z,) ]
qx = 3 Tr[(O+ VL4V S 4 Vo2 ) T Sy (V)L Uy B4 Vo8 ) 7 (Gla+ds By +4- B 4mdppT)]

~ ~ N —1
Vi=1Tr [2i (()\ F V) + VS, + V,z,) }

m = [p%r E¢ (prox —/qrn — m) (1- p)v%lEg,,] (prox; —Va—n+ m)}

Q= v35 |PEeq(proxi — VaVAE? + (1 - p)Ee, (prox; — avAe)?|
A rox’ — A
V=—a|pEey, E(p\/%—\/g/\ﬁf) —o(v1-— Aprox + prox;) ]
+(1 - p)E {M —o(v/1— Aprox;, + rox’)Z} (70)
P &n f\/i‘/ b Y p T

iy = apyz ]Eg . (proxy VT —m)’

2
G- =a(l - £n (proxy —a—n+ m)
‘f+ —ap s E£ n (prox — /@zn —m)n
Vo =—a(l- )FV Ee (prox — a—n+m)n
These equations are, as previously discussed, asymptotically exact as d — oo. While they still involve traces over
high-dimensional matrices 3, this is a very simple operation. We have therefore reduced the original high-dimensional
optimization problem (@) to the much simpler one of computing traces like (70). Crucially, while these traces cannot
be generally simplified without Assumption [3.1] they provide the benefit of a simple and compact expression which

bypasses the need of jointly diagonalizable covariances, and which can thus be readily evaluated for any covariance, like
real-data covariances. This versatility is leveraged in Appendix

A.8 End of the derivation: Conjecture3.3]

We finally prov1de the last step n the derivation of the fully asymptotic characterization of Conjecture[3.3] Assuming
r(-) =22||% (Assumptlon , the Moreau envelope M, assumes a very simple expression, and no longer needs to
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be written as a high-dimensional optimization problem. The resulting free energy can be compactly written as:

Tr [Vq} — Tr[gV Ko
b= extr Z Tr {quk} Tr[Gr Vi]) kamk

4, Vid iV {as i, Viesdi i, Vi 2 P

DN | =

K
—a ) e g Mi(&,m)

k=1
—1

K K K ®2

1 N N

+ o7 T </\]Ip®]ld+V®Hd+§ Vk®zk> Oliol+) dk®2k+d<§ mwl) (71)
k=1 k=1 k=1

()

() is the only segment which still involves high-dimensional matrices, and is therefore not yet full asymptotic. Assuming
Assumption [3.1] () can be massaged into

d K
1 - NN A . .
(*):ﬁZTr ()\—f—V—i-)\ka) q+z)\f%+ Z e;ujmjmguzei
i=1 k=1 1<k, j<K
d 1 -1 K
—>OO 3 % A A ~ ~
3 /dz/(’y, 7) Tr ()\ +V+ ’Yka) q+ Z’Yk% + Z T TRI T, (72)
k=1 1<k, j<K
The fully asymptotic free energy thus becomes
Tr {Vq] - Tr[lgV] 1 XK
P = A extr A + = (T {quk} Tr[Gr Vi]) Z mEMmy
.. Vg,V {gimi Ve, di v Vi 2 24
K
—« Z pkEE,an(§7 77)
k=1
1 . -1 a
+3 /dy(% 7) Tr (A +V+ %Vk) G+ ik + Y Ty (73)
k=1 1<k, j<K
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Requiring the free energy to be extremized implies

- -1 k 5 ®2
G = aprBe n V), (proxy — Q= mk) Vi
N 1 i 1
Vi = —aprqy, *Ee Vi, ! (prOX’; —qfn— mk> n'
i, = appBe Vit (prox’; —q2n— mk)
K 22 (74)
1
Gg=ad pEe, V! <prox’; - q5§> vt
E=1
. K
V=-—aY pEe,|g V! (prox’; - qéf) ¢" — o (V1 — Aprox} + prox];)m]
k=1 )
. K -2 K .
ak = [dv(y, 7y | Al +V + 32 75V q+ 2 %G+ > mmiygny
Jj=1 Jj=1 1<5,I<K
« —1
Vi = [ dv(v, 7)) ()\I[p +V+ > ’Yj‘/_j)
j=1
ok .\ 'k
mi = [dv(y, 7)) | A, + V + > v,V > Ty , (75)
- ~
J B j
~ K ~ R K N AoAT
q=[dv(vy,7) (/\]Ip +V+ > ’ijj) (q + > vdi+ Y Ty, )
Jj=1 Jj=1 1<5I<K
X« -1
V= [dv(y,7) ()\Hp +V+ X:I'YJVJ>
i=
which is exactly (I3). This closes the derivation of Conjecture[3.3 O

As a final heuristic remark, observe that from (74) it is reasonable to expect that all the hatted statistics g, Vk, M, 4, 1%
should be of order ©(«) as o > 1. As a consequence, Vj, = ©(1/a) and g, m, g, my, should approach their o — oo
limit as ©(1/a). Therefore, the MSE (61)) should also approach its o — oo limit as ©(1/a).

A.9 Additional comparisons

We close this appendix by providing further discussion on some points, including the role of the non-linearity o (-), the
influence of the weight-tying assumption, and of the (an-)isotropy and (homo/hetero)-scedasticity of the clusters.

The activation function The figures in the main text were generated using ¢ = tanh. Several studies for RAEs,
however, have highlighted that an auto-encoder would optimally seek to place itself in the linear region of its non-
linearity, so as to learn the principal components of the training data, at least in the non-linear untied weights case, see
e.g. [3L18]. In light of these findings, it is legitimate to wonder whether setting a linear activation o(x) = = would not
yield a better MSE. Fig.[6] shows that it is not the case. For the binary isotropic mixture (I3), the linear activations yield
a worse performance than the tanh activation.

Weight-tying We have assumed that the weights of the DAE (2)) were tied. While this assumption originates mainly
for technical reasons in the derivation, note that it has been also used and discussed in practical setting [3] as a way to
prevent the DAE from going to the linear region of its non-linearity, by making the norm of the first layer weights very
small, and that of the second layer very large to compensate [§]]. A full extension of Conjecture[3.3]to the case of the
untied weight is a lengthy theoretical endeavour, which we leave for future work. However, note that Fig.[6] shows, in the
binary isotropic case, that untying the weights actually leads to a worse MSE than the DAE with tied weights. This is a
very interesting observation, as a DAE with untied weights obviously has the expressive power to implement a DAE with
tied weights. Therefore, this effect should be mainly due to the untied landscape presenting local minima trapping the
optimization. A full landscape analysis would present a very important future research topic. Finally, remark that this
stands in sharp contrast to the observation of [8] for non-linear RAEs, where weight-tying worsened the performance, as
it prevents the RAE from implementing a linear principal component analysis.
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S p— tanh, tied hd
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0.4 4 —4¢- tanh, untied /
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0.0 0.2 0.4 0.6 0.8

Figure 6: Same parameters as Fig.in the main text. « = 1, K = 2,p1 2 = /2,327 2 = 0.3 x [y, p = 1; the cluster

mean p; = — o was taken as a random Gaussian vector of norm 1. Difference in MSE between the full DAE f (2)) and
the rescaling network # (3) for o(-) = tanh (blue) or o(z) = x (red). Solid lines correspond to the sharp asymptotic
characterization (I3)), which is a particular case of Conjecture [3.3] Dots represent numerical simulations for d = 700,
training the DAE using the Pytorch implementation of full-batch Adam [43]], with learning rate 7 = 0.05 over 2000
epochs, averaged over N = 2 instances. Error bars represent one standard deviation. In dashed green, numerical
simulations for the same architecture, but untied weights. The learning parameters were left unchanged.

An important conclusion from these two observations is that, in contrast to RAEs, the DAE (2)) does not just implement
a linear principal component analysis — weight tying, and the presence of a non-linearity, which are obstacles for
RAEs in reaching the PCA MSE, lead for DAEs (2)) to a better MSE. The model (2)) therefore constitutes a model of a
genuinely non-linear algorithm, where the non-linearity is helpful and is not undone during training. Further discussion
can be found in Section [ of the main text.

Heteroscedasticity, anisotropy Fig.[I|and 3]in the main text all represent the isotropic, homoscedastic case. This
simple model actually encapsulates all the interesting phenomenology. In this paragraph, we discuss for completeness
the generically heteroscedastic, anisotropic case. We consider a binary mixture, with covariances 31, 3o independently
drawn from the Wishart-Laguerre ensemble, with aspect ratios 5/7 and 5/6. Therefore, the clusters are anisotropic,
and eigendirections associated with the largest eigenvalues are more "stretched" (i.e. induce higher cluster variance).
Furthermore, since the set of eigenvectors of 331, 35 are independent, the two clusters are stretched in different directions.
To ease the comparison with Fig.[I] (isotropic, homoscedastic), these Wishart matrices were further divided by 10, so
that the trace is approximately 0.09 like in Fig.[I]- i.e., the clusters have the same average extension. Fig.[7] presents the
resulting metrics and summary statistics. Again, the agreement between the theory [3.3|and numerical simulation using
Pytorch is compelling. Qualitatively, the observations made in Section[d]still hold true in the anisotropic heteroscedastic
case:

* The curve of the cosine similarity still displays a non-monotonic behaviour, signalling the preferential activation
by the DAE of its skip connection at low A and of its network component at high A.
* The skip connection strength bis higher at small A and decreases, in connection to the previous remark.

* The norm of the weight matrix w overall increases with the noise level A, signalling an increasing usage by
the DAE of its bottleneck network component, again in accordance to the previous remark.

Therefore, the generic case does not introduce qualitative changes compared to the isotropic case.

Strength of the weight decay A A /5 regularization (weight decay) A = 0.1 was adopted in the main text. In fact,
the value of the strength of the weight decay was not found to sensibly influence the curves, and again, the qualitative
phenomena discussed in Section @] are observed for any value. Fig.[§|shows, for an isotropic binary mixture, the MSE
difference mse j — mse; (3) and the cosine similarity 6 (6] for regularization strength A = 0.1 and A = 0.001. As can
be observed, even reducing the regularization a hundredfold does not change at all the qualitative picture — in particular,
the non-monotonicity of the cosine similarity, discussed in Section[d]—, and very little the quantitative values. On the
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Figure 7: o = 1, K = 2,p1 2 = 1/2,p = 1, A = 0.1,0 = tanh; the cluster mean ;17 = —puo was taken as a random
Gaussian vector of norm 1. The cluster covariances were independently drawn from the Wishart-Laguerre ensemble,
with aspect ratios 5/6 and 5/7, before being normalized by 10 to match the trace of the isotropic case in Fig. In
particular, the eigenvectors are independent, so the mixture is totally anisotropic with different main variance directions
and heteroscedastic. (left) In blue, the difference in MSE between the full DAE f (2) and the rescaling network 7 (3).
Solid lines correspond to the sharp asymptotic characterization of Conjecture [3.3]in its generic formulation (58). Dots
represent numerical simulations for d = 500, training the DAE using the Pytorch implementation of full-batch Adam
[43]], with learning rate n = 0.05 over 2000 epochs, averaged over N = 5 instances Error bars represent one standard
deviation. (right) Cosine similarity 6 (6) (green), squared weight norm |%/°/d (red) and skip connection strength b
(blue). Solid lines correspond to the formulas (TT)(T2) and (I0) of Conjecture [3.3} dots are numerical simulations. For
completeness, the cosine similarity of the first principal component of the train set is plotted in dashed black.
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Figure 8: Same parameters as Fig.in the main text. « = 1, K = 2,p1 20 = 1/2,31 5 = 0.09 x I4,p = 1,0 = tanh;
the cluster mean p; = —po was taken as a random Gaussian vector of norm 1. Difference in MSE between the full DAE
f (@) and the rescaling network 7 (@) for A = 0.1 (blue) or A = 0.001 (red). Lines correspond to the sharp asymptotic
characterization (T3) of Conjectur Dots represent numerical simulations for d = 700, training the DAE using the
Pytorch implementation of full-batch Adam [43], with learning rate n = 0.05 over 2000 epochs, averaged over N = 2
instances. (right) Cosine similarities, for A = 0.1 (green) and A = 0.001 (orange); lines correspond to the asymptotic
formulae of Conjecture [3.3] dots represent the numerical simulations.
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Figure 9: Like Fig. (1 of the main text, a = 1, K = 2,p1 0 = 5 21 2=0.09 xIz,p=1,0(-) = tanh(-); the cluster
mean g1 = — o Was taken as a random Gauss1an vector of norm 1. (left) Solid lines correspond to the difference in

MSE between the full DAE f (2) and the rescaling component 7 (3)) as predicted by Conjecture Drfferent colors
indicate different regularization strength A. For large noises A and insufficient regularization A, the DAE overfits the
train set, leading to performances worse than the simple rescaling 7, as signalled by positive values of mse § — msep.

This effect is suppressed for larger regularizations .
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Figure 10: a =1, K =1,p1 2 = %, 31 =0.09 x Iz,p = 1,0(-) = tanh(-). (left) Difference between the MSE of the
DAE f and the MSE of the rescaling 7 mse ; — mse; in the case of a single Gaussian cluster. Solid lines correspond
to the theoretical prediction of Conjecture @ and dots to numerical simulations. In the case of a single cluster, the
bottleneck component of the DAE is not needed, and its presence leads to detrimental overfitting, as signalled by the
positive value of mse j — mse;. (right) Difference between the MSE of the DAE f and the MSE of the bottleneck
network 4, divided by d. Like the K > 1 case (see Fig. |3|(b)), this difference is of order ©4(d), and the MSE of PCA
(green dots) is sensibly equal.

other hand, observe that at the level of the MSE increasing the weight decay helps palliate the overfitting at large noise
levels A, as we further illustrate in Fig.[9]

K =1 cluster We finally discuss the case of unstructured data, where the Gaussian mixture only has a single cluster.
Analytically, this corresponds to setting the norm of the cluster mean ||| to zero in Conjecture The bottleneck
component, whose role is to learn the data structure — as given by the cluster mean—and leverage it to improve the
denoising performance, is no longer needed when the data is unstructured. It presence actually leads the DAE to overfit,
as can be observed in Flg@ (left). Similarly, the PCA denoiser performs worse in the unstructured case, with an
associated MSE remaining of order ©(d), see Flg. 10| (right).
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B Tweedie baseline

B.1 Oracle denoiser

Tweedie’s formula [42] provides the best estimator of a clean sample = given a noisy sample 2 corrupted by Gaussian
noise, as

H&E) = =

= e+ VR (76)

Note that this gives the Bayes-optimal estimator for the MSE, assuming perfect knowledge of the clean data distribution
P from which the so-called score VP has to be computed. Of course, this knowledge is inaccessible in general, where
the only information on P is provided in the form of the train set D. Therefore, Tweedie’s formula does not give a
learning algorithm, but allows to give an oracle lower-bound on the achievable MSEs, as any learning algorithm will
yield a higher MSE than this information-theoretic baseline.

For a generic Gaussian mixture (), Tweedie’s formula reduces to the expression

K _ 3 3
1 S ok | ZR(Zg + ALY "t + (S + A]Id)flﬂk)} N (m; i, B + AHd)
Hz) = ——="= 7 - : (77)
> N (93; oy, X + Aﬂd)
k=1

where we noted

f = V1 — Apy, Y= (1-A)%,. (78)

B.2 Oracle test MSE

In general, except in the complete homoscedastic case where all clusters have the same covariance, there is no
closed-form asymptotic expression for the MSE achieved by the Tweedie denoiser. In the binary homoscedastic case
B =—ps = p, X1 = By = 02l (see Fig., Tweedie’s formula (77) reduces to the compact form

_ V1—-Ac? A z puy1—A
TS R B P TR (a2(1—A)+A) “H 7

Note that this is of the same form as the DAE architecture (2)). The associated MSE reads

2

Ap VI-Ap'(V1-Az+¢§)
=y — Vi-A
mse = Hae @ [bx( $+£)+02(1A)+AU( 2(1—A)+A (80)
A sharp asymptotic formula can be found to be
ol 1 N (1= A)stVI=Rzx\/AT(1—A)0? \ 2
se* = mse, e it EN(O,1)
mse mse, + (02(1—A) 1 A)Z2 zijl z o 21—A) 1A
2A 1 N (1=A)sHvVI—Azx/A+(1—A)o2
- z EN(0,1) 1-bv1—A)s). 1
02(1—A)+A2S§1 = 2(1—A) 1A x(a-b ). @D

This is the theoretical characterization plotted in Figs.[I|and [3]in the main text.

As discussed in the main text and illustrated in Fig.[3[left), the MSE of the DAE approaches the oracle MSE (1)) as the
sample complexity o grows. On the other hand, the DAE MSE does not exactly converges to the oracle MSE as o« — o0.
Intuitively, this is because of the fact that while the form of the oracle is that of a DAE, it does not have tied weights,
like the considered architecture (2). The latter cannot therefore perfectly realize the oracle denoiser, whence a small
discrepancy, as more precisely numerically characterized in Fig.[TT]
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Figure 11: Like Fig. 1 of the main text, K = 2, p1 2 = %, 319 =0.09 x Ig,p = 1,0(-) = tanh(-); the cluster mean
1 = — o was taken as a random Gaussian vector of norm 1. Solid lines correspond to the difference in MSE between
the full DAE f and the rescaling component 7 as predicted by Conjecture In dashed lines, the oracle MSE (8],
minus the rescaling MSE mse;. Different colors correspond to different noise levels A. As the sample complexity o
becomes large, the denoiser MSE approaches the oracle baseline, but does not become exactly equal to it as o — oo.

C Bayes-optimal MSE

C.1 Assuming imperfect prior knowledge

The Tweedie denoiser discussed in Appendix[B]is an oracle denoiser, in the sense that perfect knowledge of all the
parameters {px,, X5, H< | of the Gaussian mixture distribution P () is assumed. Therefore, though the comparison of
the DAE (2) MSE with the oracle Tweedie MSE mse* does provide useful intuition (see Fig.[3), it importantly does not
allow to disentangle which part of the MSE of the DAE is due to the limited expressivity of the architecture, and which is
due to the limited availablility of training samples — which entails imperfect knowledge of the parameters { g, X } i,
of the Gaussian mixture distribution P (T). In this appendix, we derive the MSE of the Bayes optimal estimator (with
respect to the MSE), assuming only knowledge of the distribution from which the parameters { s, X5 < | are drawn.
For simplicity and conciseness, we limit ourselves to the binary isotropic and homoscedastic mixture (see e.g. Fig.[T)),
for which 1y = —po = p* and Xy = 3y = oll;. For definiteness, we assume p ~ P, with P, = N/(0,%a/4), so that
with high probability || +||= 1. We shall moreover assume for ease of discussion that ¢ is perfectly known. Thus, the
centroid g is the only unknown parameter.

C.2 Bayes-optimal denoiser without knowledge of cluster means
The corresponding Bayes-optimal denoiser then reads
6(@) = E ol 0. D] = [ duE[a[&, 1.0 D] P(ulo: D) (82)
—_———
t(p, &)

Where we have identified the oracle denoiser (79), and emphasized the dependence on p. Note that this is a slight
abuse of notation, as the true oracle ¢(u*, &) involves the ground truth centroid. Further note that P(u|o, D) = P(u|D),
since knowledge of o does not bring information about p. Furthermore, note that as the noisy part of the dataset
D = {&"}},_, brings only redundant information, one further has that

P(u4|D) = P(u|D), (83)
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where we noted D = {x#}],; the clean part of the dataset. Thus

b(@) = V/WKM)@W W)

n

1 1 1 1 L 2 1 2
e e |
FD) /dutu, Py (p )|| 5 @m0ty [e 27 +e 2 }

1 . NN Wk
Y N | 1 e 1 COSh( )
IP’('D)/ ot )(zw/d)d/z Ml;[l (270 )d/z o2

1 1 T a1 Ll pl
[ dp tmiva, @ = emzlelP sz lipd —_______ cosh ()
\/ﬁ]P’(D)/ wot(m/ )(zﬂ/d)d/z };[ (2mo2)/2 o2vd

1

1 -
=5 [ du e B, (54
where we noted
Py(p) = e~z 10 ﬁ h(“Tm#> (85)
b =e 2 cos )
a =1 o2V/d
with the effective variance
2
R o
52 = P (86)
Finally, the partition function Z is defined as the normalisation of PPy, i.e.
Z = /du Py(pe). (87)
One is now in a position to compute the MSE associated with the Bayes estimator b(&):
msep
2
= ED]EENP]ngN(O,Hd) T — <t(”/\/ﬁ, V1—Ax+ \/Z€)> b
12t u)
A T T
= — - —A)s Fop ! (A=bVT=R)on—bVA.
= mse, — Ep SglEg,nNN(o,nd)gg(l AT A< ((1 bVI=R)on Tt 4w (@b 1\/9;) n—b As)
VTN o S A Y T
tanh 02(1_A)+Aﬁ Vd
p~Py
1 A 2 HINQ —= “1 u* L VI=Ae HT"+\/ZHT§
- va
+ED2 Sgl EEmNN(OJId)< <02(1 —A) £ A) d tanh oy A)+A 4
JITE“2“+ au;n+\/zu;£
oo (T iz
B, p2~Py
A . . Ve AN ey peEw N 18
= mse, — ED Z EZNN(O 1) ( A) n A< ((1—?7\/ —dA)suTP« )tanh ( d S Vd
s=+1 u~P,
1 A ? /J’IIIQ Jl—ALLI“* V(1-2)o?2+Au
+Eng 2 E“’“NMO’Q)< <02(1 —A) ¥ A> g ranh S
s==+1
sl w*
« tanh <x/71Ale:(lJrA\/)(JerA)a?JrAu) > . (88)
pi,p2~Py
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We have adopted the shortcuts

V1 - Ac? leal® py g
b= QI;A‘T’ O— —a |, 89)
o2(1-A)+A by 2 H%H'

(88)) shows that the inner averages involved in the Bayes MSE msey, only depend on the overlaps 1 2#1,2/d for pq, oo
two independently sampled vectors from IP,. Motivated by similar high-dimensional studies, it is reasonable to expect
these quantities to concentrate as n, d — oo in the measure Ep(-)p,. A more principle — but much more painstaking—
way to derive this assumption is to introduce a Fourier representation, and carry out the [Ep average using the replica
method. We refer the interested reader to, for instance, Appendix H of [36], where such a route is taken.

C.3 Derivation

To compute the summary statistics of P, we again resort to the replica method to compute the moment-generating
function (free entropy), see also Appendix |Al The replicated partition function reads

T, * T
Bo BT BT

s
d
EDZS:/Hdp, ¢~z lHall® H 3 2IE,,NN(0M) Hcosh Tﬂ . (90)
p=1s==+1
Introducing the order parameters
T,,*
Gay = ““d“”, m, = Beb 1)

one reaches
—d 3 qabdab— dzmama

EpZ°® :/ I dgavdas Hdmadma a<h /Hdu e~ mzllmall’ od

a<b esd\IJt

Z GabMg ub+2 Ko 1

esdW o

[ 521 /N {Aate=150, (dab)1<ab<s lH cosh (Sm“;w\ )H : 92)

esad ¥y

The computation of W, ¥,,, W, is rather standard and follows the main steps presented in Appendix [A] H One again
assumes the replica symmetric ansatz [21} [22]]

qab = (’f’ - q)dab +gq, mg =m, (93)
Gub = (—; - —d) Sab + 4, Tt = 7. (94)
Introducing as in Appendix [A]the variances
V=r—g V=744, 95)
one reaches
Vg—Vi
W= VT, (96)
1 . 52 G+ m?
U, =—-In(1 VA2> g arm 97
2D(+0+21+V&2 O7)
A
U, =K, nonIn [ / AN (\; /@0, V) cosh (” UJ; m)] . (98)
Therefore the free entropy reads
o ) .
= extr Au—mm—fln(l—l—‘/a) U— qtm
amV,am,v 2 2 2 14+V52
oA + m
+aE, nonIn | [ dAN(X; /qn, V) cosh (99)
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Figure 12: (Binary isotropic mixture, 31 o = 0.0914, p1 2 = 1/2, and py = — 2, see also Fig.. (right) MSE (minus
the rescaling baseline mse,) for the DAE (p = 1,0 = tanh) (Z) (blue), the oracle Tweedie denoiser (76) (green), the
Bayes denoiser (T0T) (red), and the plug-in oracle-PCA denoiser (T03) (black). Solid lines correspond to the theoretical
formulae[3.3] (81) and (I0T); simulations correspond to a DAE optimized using the Pytorch implementation of Adam
(weight decay A = 0.1, learning rate = 0.05, full batch, 2000 epochs, sample complexity o = 1), averaged over
N = 10 instances, with error bars representing one standard deviation. (right) Cosine similarity () for the same
algorithms, with identical color code.

The solution of this extremization problem is given by the set of self-consistent equations, imposing that gradients with
respect to all parameters be zero:

_ 52 S 1 a'ﬁn-i—m
V= »ﬁfz&%) 2 V= faa—ﬁEan(o,n {tanh (702 ) 77}

_ 67 (g+m el ~_ aV
7= (1+y52)? T Gves 9= 5= . (100)
m = 13_\777;2 m = 2By n0,1) [tanh (fr\/z—#)]

This is a simple optimization problem over 6 variables, which can be solved numerically. One can finally use the
obtained summary statistics to evaluate the Bayes optimal MSE:

A —————
msep = Mmse, — ZE’DEzNN(O,l) m ((1—b\/ 1—A)m) tanh ( ¥ lfA"”JrU?’((ll:i))f:A ¥ q+v2)
2
B A LI
where
+V
0= [‘1 . qfv} (102)

This completes the derivation of the MSE of the Bayes estimator agnostic of the cluster means.

C.4 A simple plug-in denoiser

Another simple denoiser assuming only perfect knowledge of the variance o, but imperfect knowledge of p, is simply to
plug the PCA estimate fipca of p into the Tweedie oracle (76), i.e.

t(fipca, &) = V1- A &+ tan ' fipcavl - A X fi (103)
Hrea, R21-A+AT T R2A-A)+A 2(1—A)+A ) < Hrea

The performance of this plug-in denoiser is plotted in Fig. and contrasted to the one of the Bayes denoiser b(-) (T0T),
the oracle ¢(-) (8T) and the DAE Strikingly, the performance of the PCA plug-in denoiser is sizeably identical to
the one of the Bayes-optimal denoiser, both in terms of MSE and cosine similarity. It is important to remind at this
point that both the plug-in (T03) and the Bayes denoiser (T0T) still rely on perfect knowledge of the cluster variance o
and the noise level A, while the DAE @) is agnostic to these parameters. Yet, these two denoisers make for a fairer
comparison than the oracle (8T]), as they importantly take into account the finite training set. The DAE is relatively close
to the Bayes baseline for small noise levels A, while a gap can be seen to open up for larger A.
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Figure 13: Cosine similarity 6 () (green), weight norm ll@|1® /a and skip connection strength b for the MNIST dataset
(left), of which for simplicity only 1s and 7s were kept, and FashionMNIST (right), of which only boots and shoes were
kept. In solid lines, the theoretical predictions resulting from using Conjecture[3.3]in its generic formulation (58)) with the
empirically estimated covariances and means. Dots represent numerical simulations of a DAE (p = 1, ¢ = tanh) trained
with n = 784 training points, using the Pytorch implementation of full-batch Adam, with learning rate = 0.05 over
2000 epochs, weight decay A = 0.1, averaged over N = 5 instances. Error bars represent one standard deviation. See
Appendix D] for full details on the preprocessing.

D Details on real data simulations
In this Appendix, we provide further details on the real data experiments presented in Fig.[2]and Fig.[]

Preprocessing The original MNIST [15] and FashionMNIST [16] data-sets were flattened (vectorized), centered, and
rescaled by 400 (MNIST) and 600 (FashionMNIST). For simplicity and ease of discussion, for each data set, only two
labels were kept, namely 1s and 7s for MNIST and boots and shoes for FashionMNIST. Note that the visual similarity
between the two selected classes should make the denoising problem more challenging.

Means and covariance estimation For each data-set, data from the same class were considered to belong to the
same Gaussian mixture cluster. For simplicity, we kept the same number of training points in each cluster, so as to
obtain balanced clusters (p; = p2 = 1/2) for definiteness. For each cluster, the corresponding mean p and covariance ¥
were numerically evaluated from the empirical mean and covariance over the 6000 boots (shoes) in the FashionMNIST
training set, and the 6265 1s (7s) in the MNIST training set. The solid lines in Fig.[2]correspond to using those estimates
in the asymptotic formulae of Conjecture[3.3] in their generic form (58) (see Appendix [A)) for sample complexity o = 1
and /5 regularization A = 0.1.

Pytorch simulations The red points in Fig.[2] were obtained from numerical simulations, by optimizing a p = 1 DAE
(2) with o = tanh activation using the Pytorch implementation of the full-batch Adam [43] optimizer, with weight
decay A = 0.1, learning rate n = 0.05, over T" = 2000 epochs. For each value of A, n = 784 images were drawn
without replacement from the data-set training set, corrupted by noise, and fed to the DAE along with the clean image
for training. The denoising test MSE, cosine similarity and summary statistics of the trained DAE were estimated after
optimization using nest = 1000 images randomly drawn from the test set (from which also only the relevant classes
were kept, and equally represented— i.e. balanced). Each value was averaged over N = 10 instances of the train set,
noise realization and test set. The obtained values were furthermore found to be robust with respect to the choice of the
optimizer, learning rate and number of epochs.

D.1 Complementary simulations
Fig[2)in the main text addresses the comparison of the theoretical prediction of Conjecture [3.3| with simulations on the

real data-set, at the level of the denoising test MSE (3)). For completeness, we show here the same comparison for the
other learning metrics and summary statistics, namely the cosine similarity 6 (), weights norm |l%|® /a and trained skip

connection strength b. Theoretical asymptotic characterization are again provided by Conjecture [3.3(T0), (TT) and (T3).
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They are plotted as solid lines in Fig.[I3] and contrasted to numerical simulations (dots) on the real data-sets, by training
ap = 1 DAE (2) using the Pytorch implementation of the Adam optimizer. All experiment details are the same as
Fig.[2] of the main text, and can be found in the previous subsection. As can be observed, there is a gap, for large noise
levels A, between the theory and simulations of the weights norm [l /2 (red). On the other hand, the matchings for the
cosine similarity 6 (green) and skip connection strength b (blue) are perfect. Overall, Conjecture (3.3) therefore captures
well (with the exception of [l@]1* /4 at large A) the main metrics of the denoising problem on these two real data-sets. A
more thorough investigation of the possible Gaussian universality of the problem is left to future work.

E Derivation of Corollary 3.4
In this Appendix, we provide the derivation of Corollary

Rescaling component h  We first provide a succinct derivation of the sharp asymptotic characterizations for the

rescaling component h (3). Because this is only a scalar optimization problem over the single scalar parameter c of A,
the derivation is simple and straightforward. The empirical loss reads

1 - 1 2
R — Mo _ yz 13
nd =g :"” ¢(VI-Ae +\/Zg>)
a2l N va“ll2 IIE"II2 BN w“||2 Tﬁ“
— 2
21 ¢ Jlz#)? 2
:(1—\/1—AC)E 7 +c* A+ O (Y/Va)
p=1
w2
v s | 0] 4 ea
=(1-V1=Ac)? Zpk [P+ Tr ) + 2A (104)
k 1
Extremizing this last expression with respect to ¢ leads to
K K
I(Z karEk)\/ -A §<Z Pkde'y('Y)’Yk> 1-A
. k=1 k=1
= = = = . (105)

WS amm)a-2+a 3 (S afantm)a-a+a
k=1 k=1
which is exactly (I0), as stated in Corollary The associated MSE can be then readily computed as

mse; = EpEy ¢ Hm —¢ (ma:“ + \/ZS) H2

= (1-V1-Ag? Zpk )P+ Tr 2p) 4+ A

k 1
K
S VIR Y ( [avm+af dm(v)w) LA
k=1
= mse,. (106)

This completes the proof of the asymptotic characterization of the rescaling component 7.

Bottleneck network component & For @, one needs to go through the derivation presented in Appendix [A]by setting
b = 0 from the beginning. It is straightforward to realize that the derivation goes through sensibly unaltered, and the

only differing step is that the quadratic potential W,,q. is now a constant. One therefore only needs to set b in all the
formulae of Conjecture [3.3|to access sharp asymptotics for 4. This concludes the derivation of Corollary [3.4] O
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F Derivation of Corollary

We now turn to the derivation of Corollary [3.5] This corresponds to the limit A = 0, where the input of the auto-encoder
is also the clean data point. In terms of equations, essentially, this means that all the integrals over &, A¢ in the derivation
of Conjecture[3.3|as presented in Appendix[A]should be removed. For the sake of clarity, and because this is an important
case of particular interest, we provide here a complete, succinct but self-contained, derivation in the case of RAEs. For
technical reasons, we limit ourselves to {5 regularization. Furthermore, note that the model of an RAE with a skip
connection is trivial, since such an architecture can achieve perfect reconstruction accuracy simply by setting the skip
connection strength to 1 and the weights to 0. Therefore, we consider an RAE without skip connection

fu(®) = 1\1;;0 (1\‘2) . (107)

F.1 Derivation

The derivation of asymptotic characterizations for the metrics mse (3)), 6 () and summary statistics for the RAE (I07)
follow the same lines as for the full DAE (@), as presented in Appendix[A] As in Appendix [A] the first step is to evaluate
the replicated partition function

s a wg WalkpTT) ’
EpZ® = / H dwge ,Bazlg(w : H pkEn 6_ = pktn = [‘FU( (‘\L/’{r"))} H . (108)
a=1 p=1k=1 (%)

The exponent (%) can be expanded as

o [ [waw] [ wa ®2 wa g +m \ T wa (g
s [Tr[gaga(gk;w ) ]726( (it ) '(("\;%_H'))+(IW1€H2+HTIII2+2LL;CT71)]
e =1

¢ vd v (109)
Therefore,
5 i i/ I CAN C e R R Py
( ) 24/det Ek Porr ()
s wawg _(wa(pytn))®2 wa N\ T wa g +m)
% 67§“§ {T{?“(Miﬁﬂ) ]72”< %+n ) %Jrn ] (110)
The effective prior over the 7) is therefore Gaussian with dressed mean and covariance
Peﬂ.(n):'/\/(n;uvc)a (111)
where
cl= 2;1 + Bsly, pn=—0BsCpuy. (112)
Observe that this mean is O(s) and can be safely neglected. Then
K N
e 2
E,(x) =
n(*) ;pk Vet =5, det(C)~ 3
s wawg (wa(uytm) | ®2 wa T wa(pg+n)
e B L e e e e M e e }> (113)
ett. (17)
(a)
Again, like Appendix [A] we introduce the local fields:
AT — wa(n — p) ph — Wakk (114)

a \/a ? a \/g ’

36
https://doi.org/10.52202/075280-0519 11885



which have correlation

(NI o LT

115
d (115)
We used the leading order of the covariance C'. One therefore has to introduce the order parameters:
T T
Wew, & We X pw, N r Wallk
ab = ———— € RPXP, Sgy = ———= € RPXP, = € RP. 116
The distribution of the local fields A7 is then simply:
(AD)i_y ~ N (0,8%). (117)

Going back to the computation, (a) can be rewritten as

s ®2
<e’§a§f‘[@w“(m§“3) |-%

aél [720(7‘!L§+>\2)T (1712’)\3)] >

. (118)
Yo
Introducing Dirac functions enforcing the definitions of (),, m, brings the replicated function in the following form:

s K s K
52° = [ ] avu [ dQuudun T] T] dmaiin, ] [T dstds*abes
a=1 a,b

k=1la=1 k=1 a,b
A & k ak _ & koo k
—d > QapQab—d 35 32 55,5.,— 25 2o dmgrhy,
e a<b k=1a<b k=1 a

eBsdVy

N K - K L
5 B g(w)+ T Quvwaw, + 3 3 Shw.Tpw) 4+ > 3 hkvVdwapy
a a<b k=1a< k=1 a
| I dwge <
a=1

eBsd¥y

K 1 ad
Bs 2
=S ]l
e 2 k a .
l;p \/detEkdet(C’l)%( )]

(119)

e@sd2Wqyag +BsdWy
As in Appendix [A] we have introduced the trace, entropic and energetic potentials ¥, ¥.,, ¥,,. Since all the integrands
scale exponentially (or faster) with d, this integral can be computed using a saddle-point method. To proceed further,

note that the energetic term encompasses two types of terms, scaling like sd? and sd. More precisely,
K

1 ad K 1 K
. a = |1—sd —1In (\/dth det(C™? %) + s
St ﬂ [ S

ad
Z Pké ln(a)]

k=1
K 1 K
—sad? 3 e ln(\/det 3k det(C_l) 2 )Jrsad > prtin(a)
= e k=1 k=

(120)
Remark that in contrast to Appendix [A] the quadratic term is constant with respect to the network parameters, and
therefore one no longer needs to discuss its extremization. Following Appendix [A] we assume the RS ansatz

[ .
- <2k + %) dab + ks
Va,b, Qap = (r —q)dap + ¢, Qab = — (2 + q) dab + 4.

In the following, we sequentially simplify the potentials ¥, ¥, , ¥; under this ansatz.

Va, m’; = mg, m’; =My
Va,b, S = (rk — a)0as +ar, S5,

(121)
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Entropic potential It is convenient to introduce before proceeding the variance order parameters
V=744, Vie = 75 + G- (122)

The entropic potential can then be expressed as

sV

B> g(w*)—3% zi:lTr[Vwaw }—i— ETr[qwa'wb ]+m El Zl V! w] g,

:/ﬁdwae a
a=1

s

i 21 [kaazkw ]Jr kzlzITr[qkwaEkwb}

N\)—A

X e

=

DE,,

:/D%

N K K K 1 1
—Bg(w)—3 TY[waTJr > kazkwT} +< > Vdmep T+ 3 Ek®(@k®2k)5+50®(é®ﬂd)§)Qw
dwe k=1 k=1 k=1

>
Il
—

k=1

=DE
—ﬂsv(w)—%w@[f/@m ) Vk®2k}®w+(§ VT + 5 Ek@(qkeazk)hao@(qeand)%)@w ’
/dwe ’ = = = (123)
Therefore
Ba( [V@H +ZV®E]® +(f Vdr T+§j'®(”®2 )2 4800 (41 )%>®
—pbg ’w w M = q . = q w
/D... In /dwe d (N2 = k 2 Ex K@ o d
(124)

Energetic potential The inverse of S;, can be computed like in Appendix [A] leading to the following expression for

(a):

n J 3
LAy $ onT -t o0 Tan-4 26
(a) = /R , @m) et 5

:/ _ Dn [/ e 33 Vi A A VT q%ng(*)r
re (27 )7ns/2\/det Sk | Jre K

[ ool Gtnyyese]

—1+4s [ Dpn {/N(An;qgn, V) e—‘?(*>] : (125)

RP

where we noted with capital D an integral over N(0,I,). Therefore
K s ,
B‘I’y=Zpk/ Dnln {/N(/\n;qﬁm‘/) 6‘2(*)]- (126)
k=1 JR?
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Zero-temperature limit In this subsection, we take the zero temperature 5 — oo limit. Rescaling
1 - - . . . .
3V Vi BVi < Vi, Bk + Brivg +— 1, (127)

one has that

1 K -1 K K ®2
_ ’ ’ . - AT
Wy =5 Tr <V®Hd+zvk®zk> ® q®Hd+qu®2k+d<mek>

k=1 k=1 k=1
1
— JB=M,(8), (128)
where we introduced the Moreau envelope
M, (2)
) 1, A 1 ) A _1 2
= inf { ’ <V®]Id+ f Vk®zk)@2w—(\/®ﬂd+ f Vk.®2k) 5<(Q®Hd)%©ao+ f (1 O21) 2 OEp+Vd f mwl) + g(w)} ‘
w | 2 k=1 k=1 k=1 k=1
(129)

For the case of ¢, regularization, the Moreau envelope presents a simple expression, and the entropy potential assumes
the simple form

K —1 K K ®2
1 . .
U, = +—Tr ()\Hm@Hd+V®Hd+ZVk®Ek> © d®1d+26k®2k+d(zmkul>

2d
k=1 k=1 k=1
(130)
The energetic potential also simplifies in this limit to
K
= B Mi(n) (131)
k=1
where
1. 1 1 ®2 22 -
M) = 5infd T |V (y—gin—mi) |+ Telao(y)®?] = 20() Ty p. (132)
Trace potential It is immediate to see that the trace potential can be expressed as
Vg—qv 1
v = o Z (Tr {quk] A kamk (133)
Then the total free entropy for RAEs reads
K
Vg—qv 1 .
b = R extr R q g + = Z (Tr [quk} — Tr[¢x Vi]) kamk
4. Vg,V {gimi Ve die i Vi 24
—a Z prE Mi(n /du 77 Te| (A+ vkvk) Z ek + Y mmegml || (134)
k=1 1<k, j<K

Comparing to the free energy derived in Appendix [A] it is immediate to see that the Moreau envelope M, for the RAE
just corresponds to removing the second term from the DAE M, and setting « = 0. The disappearance of the second
term in the Moreau envelope has the effect to kill the V' -dependence, resulting in ¢ = 0 when extremizing with respect
to V. These observations, in addition to the already taken limits A, b = 0, finish the derivation of Corollary O
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Figure 14: a =1, K = 2,p1 2 = /2,31 2 = 0.3 x I4,p = 1,0 = tanh; the cluster mean 11 = —po was taken as a
random Gaussian vector of norm 1. (left) In blue, difference in test reconstruction MSE between the RAE (Corollary
3.5) and the leading order term mse,, (I33)). Solid lines correspond to the sharp asymptotic characterization of Corollary
Dots represent numerical simulations for d = 700, training the RAE using the Pytorch implementation of
full-batch Adam, with learning rate = 0.05 over 2000 epochs, weight decay A = 0.1, averaged over N = 10 instances.
Error bars represent one standard deviation. (right) Cosine similarity 6 (6) (green), squared weight norm ll@|1?/a (red).
Solid lines correspond to the theoretical characterization of Corollary [3.5} dots are numerical simulations. The cosine
similarity with the cluster means of the principal component of the training samples is represented in blue crosses, and
superimposes perfectly with the analogous curve learnt by the RAE.

F.2 Reconstruction MSE

Having obtained a sharp asymptotic characterization of the summary statistics for the RAE, we now turn to the learning
metrics. It is easy to see that the formula for the cosine similarity 6 (6) carries over unchanged from the DAE case, see
Appendix [A] We therefore focus on the test MSE:

w’ w + ’
mseRAE = Eg ne Hﬂk +n- (ﬂa (W)) H

K K
= o (lpwl® + TeZp) + > ppEY 0D {Tr [qo (m + \/qTCz)@QH
k=1 k=1
K
-2 Z pkEﬁ{f,O’l) [0 (my, + \/qiku)]—r (my + vVaruw) (135)
k=1

F.3 RAEs are limited by the PCA MSE

We close this Appendix by showing how the RAE Corollary [3.5|recovers the well-known Eckart-Young theorem [10].
The difference mse — mse, for an RAE learning to reconstruct a binary, isotropic homoscedastic mixture (see Fig. is
shown in Fig. from a training set with sample complexity o = 1. Because mse — mse/ is essentially a correction to
the leading term mse/, estimating this difference is slightly more challenging numerically, whence rather large error
bars. Nevertheless, it can be observed that the agreement between the theory (solid blue line) and the simulations (dots)
gathered from training an p = 1 RAE using the Pytorch implementation of Adam is still very good. In terms of cosine
similarity and learnt weight norm, the agreement is perfect, see Fig.[3.5](right). For comparison, the performance of
PCA reconstruction (crosses) has been overlayed on the RAE curves. Importantly, observe that in terms of MSE, PCA
reconstruction always leads to smaller MSE, in agreement with the well-known Eckart-Young theorem [10]. From
the cosine similarity, it can be seen that the RAE essentially learns the principal component of the train set, see the
discussions in e.g. [12, 1118, 9].

We finally stress that, in contrast to all previous figures, the « axis in Fig.[3.3]is the sample complexity c, rather than

the noise level A. As a matter of fact, while our result recover the well-known fact that the MSE of RAEs is limited

(lower-bounded) by the PCA test error, Corollary [3.5] allows us to investigate how the RAE approaches the PCA
40
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performance as a function of the number of training samples, a characterization which has importantly been missing
from previous studies for non-linear RAEs [} [9].
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