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Abstract

MCMC algorithms offer empirically efficient tools for sampling from a target
distribution 7(x) o exp(—V (x)). However, on the theory side, MCMC algorithms
suffer from slow mixing rate when 7 (x) is non-log-concave. Our work examines
this gap and shows that when Poincaré-style inequality holds on a subset X of
the state space, the conditional distribution of MCMC iterates over X mixes
fast to the true conditional distribution. This fast mixing guarantee can hold in
cases when global mixing is provably slow. We formalize the statement and
quantify the conditional mixing rate. We further show that conditional mixing can
have interesting implications for sampling from mixtures of Gaussians, parameter
estimation for Gaussian mixture models and Gibbs-sampling with well-connected
local minima.

1 Introduction

Sampling from a given target distribution of the form 7(z) e~V (®) plays a central role in many
machine learning problems, such as Bayesian inference, optimization, and generative modeling
[9, 14, 15]. The Langevin MCMC algorithm in particular has received a lot of recent attention; it
makes use of the first-order gradient information VV (z), and can be viewed as the sampling analog
of gradient descent.

Langevin MCMC has been shown to converge quickly when 7(z) is log-concave [6, 10]. More
recently, similar guarantees have been established for p(z) satisfying weaker conditions such as
log-Sobolev inequality (LSI) [23], for instance, 7(x) o e~V () can have a good LSI constant when
V' (z) is a small perturbation of a convex function. However, few guarantees exist for general non-
log-concave distributions. One simple example is when p(x) is a well-separated mixture of two
Gaussian distributions; in this case, one verifies that Langevin MCMC mixes at a rate proportional to
the inverse of the exponential of the separation distance.

Many important modern machine-learning problems are highly non-convex, one prominent class
being functions arising from neural networks. Though finding the global minimum of a non-convex
function can be difficult, gradient descent can often be shown to converge rather quickly to a local
optimum [3]. This raises the important question:

What is the sampling analog of a local minimum? And how can we sample
efficiently from such a minimum?
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In [3], authors provide a partial answer to this question by adopting the view of Langevin Diffusion
as the gradient flow of KL divergence in probability space. Under this perspective, the gradient of KL
divergence is given by the Fisher Information (FI). Authors of [3] show that LMC achieves e error in
Flin O(1/€?) steps.

However, one crucial question remains unanswered: how does the local optimality of FI help
us sample from non-convex distributions? Intuitively, small FI is useful for characterizing local
convergence when 7 is multi-modal. Authors of [3] suggested this connection, but it remains unclear
how local mixing is defined and how small FI can quantitatively lead to good local mixing. Thus
motivated, one of the goals of this paper is to provide a useful interpretation of the FI bound.

To this end, we propose a rigorous quantitative measure of "local mixing". We also provide a more
general notion of "stationary point" for the sampling problem. Under these definitions, we show that
LMC can achieve ¢ error in our proposed "measure of local mixing", in polynomial time. Finally, we
consider discrete-time analog of the aforementioned ideas, and prove local convergence for random
walk on a hypercube. Below is a detailed description of our theoretical contributions.

1.1 Main Contributions

1. We define a notion of conditional convergence: Let X C () denote a subset of the state
space. We study the convergence of m;|X to 7| X, where 7; denotes distributions of LMC
iterates and 7 denotes the target distribution. This definition of convergence is much weaker
than the standard global convergence, but in exchange, LMC can achieve fast conditional
convergence in settings where global convergence is known to be exponentially slow.

2. We define local Logarithmic Sobolev Inequality and show how to combine it with existing

results on the convergence of Fisher information to derive the conditional convergence of
LMC.

3. When local Logarithmic Sobolev Inequality does not hold, we define local Poincaré Inequal-
ity and Poincaré Fisher information (which is an analogy of Fisher information). We show
the convergence of Poincaré Fisher information assuming strong dissipativity and show the
conditional convergence of LMC when local Poincaré Inequality is present.

4. To showcase the applications of our results, we respectively study sampling from Gaussian
mixture model with the same covariance and sampling from the power posterior distribution
of symmetric two-component Gaussian mixtures. The global isometric constants of these
examples are exponential in dimension and may have slow global convergence. We show
that the local isoperimetric constants of these examples are polynomial in dimension, and
prove fast conditional convergence for these examples.

5. In Theorem 1, we consider an application of our result to Gibbs sampling on discrete state
space. We show that fast conditional mixing happens when the spectral gap is not small. We
further show in Theorem 2 that a subset has large spectral gap if it contains only one local
minimum and is well connected.

2 Related Work

When the target distribution 7 is strongly log-concave, the entropy Ent [%] is known to be strongly
convex with respect to i, and thus Langevin Dynamics converges exponentially fast [2]. Such a
result is later extended to LMC [8, 4, 9, 7, 21]. Several works further loosen the assumption by
using isoperimetric inequalities such as Logarithmic Sobolev Inequality and Poincaré Inequality
instead of strong log-concavity [24, 5, 25, 11]. However, there are few existing works on general
non-log-concave sampling. Recently, Balasubramanian [3] defines convergence in relative Fisher
information as a kind of "weak convergence" for sampling and proves a polynomial guarantee
in general non-log-concave case only assuming global Lipschitz condition. However, this paper
doesn’t give any rigorous statistical interpretation of this weak convergence; Majka et al. [18] and
Erdogdu et al. [11] study the cases when the target distribution is non-log-concave but has some
good tail growth or curvature; Ma et al. [17] analyze the situation when the target distribution
is non-log-concave inside the region but log-concave outside. Although these works give strict
proofs of polynomial time guarantee in their setting, their results only hold for a small branch of
non-log-concave distributions. It is still hardly possible to obtain a polynomial guarantee in general
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non-log-concave cases. Multimodality, as a special case of non-log-concavity, has attracted lots of
attention due to its prevalence in applied science. Many modified versions of MCMC were proposed
to try to tackle the sampling of these distributions, such as Darting MC [1], Wormhole HMC [16],
and etc. However, these algorithms require explicit knowledge of the location of the modes.

3 Conditional Mixing for MCMC

In this section, we provide a formal definition of "conditional mixing". Specifically, let 1; denote
the distribution of a Markov chain {Z, }; at time ¢. We assume that the Markov chain dynamics is
reversible with a unique stationary distribution 7. Existing analyses mostly focus on understanding
the rate of convergence measured by d(u, ) where d is some probability distance.

However, unless the stationary distribution 7 satisfies certain restrictive properties (e.g., log-
concavity), the rate of convergence can be exponentially slow in the problem dimension or the
distribution moments even for simple distributions such as the mixture of Gaussians. For this reason,
we consider a weaker notion of convergence below.

Definition 1 (Conditional mixing). Given a distribution pi; supported on the state space (). We say
1t converges conditioned on set X C Q) with respect to the divergence d if

d(lu’t“)(a IU‘|X) S €,
where we have the conditional distribution
t(x)1{xeXx
pul ¥ () = B

For now we can think of the distance d as the total variation distance. Later we will discuss stronger
divergence such as KL-divergence or Chi-squared divergence.

The focus of our work is on identifying several sufficient conditions for fast convergence, and
quantitatively bounding the convergence rate under these conditions. We focus on two MCMC
algorithms: the Langevin Monte Carlo in continuous space, and the Gibbs sampling algorithm in
discrete space. We further discuss the implications of conditional convergence for the two algorithms.

4 Conditional Mixing for Langevin Monte Carlo

In this section, we study the conditional mixing of the Langevin Monte Carlo (LMC) algorithm.
This section is organized as follows: in Subsection 4.1, we first introduce the Langevin Monte Carlo
algorithm, Langevin Dynamics, functional inequalities, and the Fisher information; in Subsection
4.2, we provide our main results characterizing the conditional convergence of LMC; finally, in
Subsection 4.3, we showcase two applications of our main results.

4.1 Preliminaries

Langevin Monte Carlo. We are interested in the convergence of Langevin Monte Carlo (LMC),
which is a standard algorithm employed to sample from a target probability density 7 oc e=" : R —
R, where V is called the potential function. The pseudocode of LMC is given in Algorithm 1.

Algorithm 1 Langevin Monte Carlo

Input: Initial parameter z, potential function V/, step size h, number of iteration 7'
1: Initialization zg < z

2: Fort=0—=1T:

3: Generate Gaussian random vector & ~ N (0,1,)

4 Update Z(t+1)h — Zth — hVV(Zth) + \/ﬁst

5: EndFor

LMC can be viewed as a time-discretization of Langevin Dynamics (LD), described by the following
stochastic differential equation:

dZ, = —=VV(Z;)dt + V2dB,. )
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We can interpolate LMC following the similar manner of LD as

dZ; = —VV(Zgp,) dt + V2dBy, t € [kh,kh +1), k € N. 2)

One can easily observe that {Z,}72, in Eq. (2) has the same joint distribution as {z,}72, in
Algorithm 1, and thus Eq. (2) is a continuous-time interpolation of Algorithm 1.

Poincaré Inequality & Logarithmic Sobolev Inequalities. The convergence of LMC does not
necessarily hold for all potential functions, and quantitative bounds require specific conditions over
the potential function V. Poincare Inequality (PI) and Logarithmic Sobolev Inequality (LSI) are two
commonly used conditions in the analysis of LMC convergence. We present these below:

Definition 2 (Poincaré Inequality). A probability measure w on R? satisfies the Poincaré inequality
with constant p > 0 (abbreviated as P1(p)), if for all functions f : R? — R,

/ IV £(@)]]? dn(x) > pVars[f]. D

Definition 3 (Logarithmic Sobolev Inequality) Given a function f : R? — RY and a probability
measure T on R, define Ent(f) £ [ flog fdr(x) — [ fdr(x) (log [ fdrw(x)). We say that a
distribution ™ on R? satisfies the Logarlthmtc Sobolev Inequality (abbreviated as 1L.SI(«)) with some
constant o, if for all functions f : R* — R,

/ M drn(z) > aEnt.(f). (LSI)
x  f

Both PI and LSI can imply the convergence of LMC when the step size h is small. Specifically,
denote 7, as the distribution of z;;, in LMC (Algorithm 1) and 7; as the distribution of Z; in
Langevin Dynamics (Eq.(1)). We further denote 7; as the distribution of Z; interpolating LMC.
The left-hand-side of Eq.(PI) with f = Z* is then the derivative (w.r.t. time) of the entropy of f, i.e.,

Ent, [ ] and thus we directly estabhsh the exponential convergence of Varp[ t]. The convergence
of LMC can then be induced by bounding the discretization error between LMC and Langevin
Dynamics. The methodology is similar when we have LSI.

Fisher information. It is well-known that if V' is either strongly convex or convex with bounded
support, then it obeys both PI and LSI, and the convergence of LMC follows immediately according
to the arguments above. However, real-world sampling problems usually have non-convex potential
functions, and for these problems we may no longer have either PI or LSI. If we revisit the above
methodology to establish the convergence of LMC under LSI, we find that we still have

b 1] o s 2] s 2] [ f

and thus lim7_, o minge(o,7) HV’” )H2d7r(x) = 0. Following this methodology, [3] uses

d7rt(x) dt,

the considers a notion of convergence which is defined using Fisher Information FI(yu||7) =
J IV In p/7||* dps, which they use to analyze LMC convergence. We present the result of [3]
for completeness:

Proposition 1 (Theorem 2, [3]). Assume V'V is L-lipschitz. Then, for any step size h € (0, 6%),

1 [t 2Ent (Z2)
— FI, dt < 2= \7/ + 812dh.
= / (mlimydt < == =) 48

4.2 Rates of convergence

4.2.1 Conditional mixing under local Logarithmic Sobolev Inequality

We first show that if the target distribution 7 obeys a local Logarithmic Sobolev Inequality (defined
below), then convergence of Fisher information implies conditional convergence.

Definition 4 (Local Logarithmic Sobolev Inequality). We say that a distribution 7 on R? satisfies the
local Logarithmic Sobolev Inequality over a subset S C R with some constant o (abbreviated as
LSIg(w)), if | S satisfies LSI(c).

a4
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Definition 4 characterizes the local property of one distribution. It is considerably weaker than global
LSI (i.e., Definition 3) when S is convex, and recovers LSI when S = R?. The intuition is that
when the distribution is multi-modal, it is quite possible that LST does not hold (or hold but with an
exponentially small constant). In contrast, we can reasonably expect local LSI hold within each mode.
In Subsection 4.3, we will show that a Gaussian mixture model with the same covariance satisfies
Local Logarithmic Sobolev Inequality. We show in the following lemma that, whenever we have an
estimation on the Fisher information between . and 7, we can turn it to an estimation of the entropy
between p|S and 7|S given LSIg(c).

Lemma 1. Let S C X and assume that w obeys LSIg(«). For any distribution u such that

FI(u||m) < e, we have that either pu(S) < % or Entﬂ‘s[zl‘—‘;] < %

We defer the proof of Lemma 1 to Appendix A.1. Intuitively, Lemma 1 states that if the distribution
7 satisfies local LSI over the region S and has small global Fisher information with respect to a
distribution i, one can expect that either the probability mass of x4 over S is minor, or y is close
to 7 both conditional over S. In other words, p is close to m conditional over S whenever y has a
moderate mass over S. Note that Proposition 1 has already guaranteed global FI of LMC with little
assumption, which together with Lemma 1 leads to the following corollary:

Corollary 1. Assume VV is L-lipschitz and S C X satisfies that  obeys LSIg(«). Define Try, =
Vd Ent(ﬂ—f)
—er )

Th e, dt . . . _
Jo TT,;" . Choosing step size h = ﬁ we have that either T (S) < O

7 \/34 Ent 170
Bnts [245] <0 (\/af;)> .

Corollary 1 is one of our key results. Intuitively, it shows that LMC can achieve local mixing when
only local LSI is assumed. As we discussed under Definition 4, we can reasonably expect that local
LSI holds within each mode when the distribution is multi-modal, in which case Corollary 1 can be
further applied to show local mixing with polynomial rate. Note here the dependence of the local
mixing rate is polynomial over the dimension d, meaning that considering local mixing helps to get
rid of the exponential dependence over the dimension d in the global mixing rate when studying
multi-modal distributions.

or

4.2.2 Conditional Convergence under local Poincaré Inequality

We have established the conditional convergence of LMC under local Logarithmic Sobolev Inequality
above. However, there are cases where even local LSI fails to hold. To tackle these cases and inspired
by Poincaré Inequality, we introduce a weaker notion than local LSI called local Poincaré Inequality:

Definition 5 (Local Poincaré Inequality). A distribution T on R? satisfies the local Poincaré Inequality
over a subset S C RY with constant p (abbreviated as Plg(p)), if w|S satisfies P1(p).

As Poincaré Inequality is weaker than Logarithmic Sobolev Inequality, one can easily see that
local Poincaré Inequality is also weaker than local Logarithmic Sobolev Inequality. Based on
local Poincaré Inequality, we have the following Poincaré version of Lemma 1, which converts
an estimation of Poincaré Fisher information to an estimation of chi-squared divergence of the
conditional distributions.

Lemma 2. Define Poincaré Fisher information as PF1(p||m) £ [ ||V (u/7)||? dp. Let S C X and
assume that w obeys Plg(p). For any distribution i such that PFI(u||7) < e, we have that either

2 \ em(S)
§(S)2Vary [£2] < 7))
To derive the conditional convergence of LMC under local Poincaré inequality, we further need to
bound Poincaré Fisher information of LMC. Such a result, however, does not exist in the literature to
our best knowledge. In analogy to the analysis in [3], we develop the following lemma to control the
Fisher information of LD (recall that 7, is the distribution of Langevin Dynamics in time t).

i = foTh e dt
Proposition 2. Denote i, = TH

T, and .

. Then, we have the following estimation of the PFI between

Var, [%]

PFI(7 <
(Trp|lm) dt < 5Th

q
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The proof can be directly derived by taking the derivative of Var,[Zt] with respect to t. We defer the
formal proof to Appendix A.2. Combining Lemma 2, Proposition 2, and recent advances in discrete
error analysis of LD [19], we obtain the following result showing conditional convergence under
local Poincaré inequality.

Corollary 2. Assume V'V and V*V is L-lipschtiz, V satisfies strong dissipativity, i.e., (VV (x),z) >
m|z||*> — b, and S C X satisfies that 7t|s obeys Pl(«). Initialize zy ~ N(0,0°l) and select

~ [ Var,[Z0]3 _ Thoy dt . _ d% Var,[20]5
h=6 (M . Recall that Ty, = Jo TT; . Then either T (S) = O(hiri[j]b) or
T3p3d3 p6T12

Dry [Frs|S||7|S] = O(

Corollary 2 shows that conditional mixing can be established when local PI holds, which is a weaker
assumption than local LSI. However, the assumption of Corollary 2 is stronger than its LSI counterpart,
and the mixing rate depends on Varﬂ[%] instead of Ent (%) which can be considerably large.
These drawbacks are mainly due to that the dynamics of chi-square distance are much harder than
that of KL divergence, even when global PI holds [12].

Extension to Rényi divergence. In some prior works, e.g. [5, 23], Rényi divergence is considered a
natural “measure” of convergence, due to the analytical simplicity of the resulting expressions. One
may wonder if our methodology above can be extended to establish a local mixing rate of Rényi
divergence. Unfortunately, there are technical difficulties which for now we have not find a way to
tackle or bypass, which we list in Appendix A.3.

4.3 Applications

In this subsection, we apply Corollary 1 and Corollary 2 to two concrete examples to demonstrate
their usage in obtaining local mixing rates. We start by analyzing the example of sampling from
Gaussian Mixture Models with uniform covariance and then turn to the example of sampling from
the power posterior distribution of symmetric two-component Gaussian mixtures.

4.3.1 Case Study: Sampling from Gaussian Mixture Model with the uniform covariance

Target distribution and potential function. We are interested in the gaussian mixture model formed
by gaussians with the same variance but different means. Specifically, the target distribution is defined
asT =Y wp; € A(RY), where w; > 0, Y1 w; = 1, p; ~ N(u;, £) and E = 01,. The
potential function is then defined as V (z) = —log(D>_ 1, w;p;(z)).

Partition of Space. We divide the space according to the sub-level set. Specifically, we define
S; £ {z : pi(z) > pj(x),Vj # i}. One can easily verify that U?_; S; = R<. Furthermore, S; is
convex since by the definition of p;, we have

Si={w: (@ —m) TN @ —p) < (@ —py) "2 @ — py), Vi # i}

As 3 is positive definite and symmetric, we can decompose X into UU, where U is also positive
definite and symmetric. We then obtain

U'Si={z: (= U "p) (2= U ) < (@ = U py) " — U pey), Vi # i},

and thus U ~1S; is one region of the Voronoi diagrams generated by {U ~!y;}™ ,, which is convex.
As S; can be obtained by performing linear transformation to U ~1.S;, we obtain that S; is also convex.

Verification of local Logarithmic Sobolev Inequality. We prove the local Logarithmic Sobolev
Inequality of 7 over each partition S; as follows.

-2 hin. w;
Lemma 3. Foralli € {1,---,n}, r|S; obeys LSI(T—oi€lol @iy

maXie[n] Wi

Lemma 3 is proved by first showing p;|.S; obeys LSI(oc—2) through Bakry-Emery criterion due to the
convexity of S; and p; is strongly convex, and then applying Holley-Stroock perturbation principle
by viewing 7 as a perturbation of p; over S;. The concrete proof is deferred to Appendix B.1.

Verification of Lipschitz gradient. By direct calculation, we derive the following bound on the
Lipschitz constant of VV.

A
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()] < i il 4 o=

As a conclusion, we obtain the following guarantee of running LMC over this example.

Corollary 3. Let the stepsize of LMC be h = @(%) . Assume T > @(gj %) Then,
for every i € [n], either Ty (S;) < €, or Ent g, [%} <e.

Corollary 3 indicates that running LMC over gaussian mixture distribution (with the same covariance)
can ensure local mixing with cost polynomial over the dimension and independent of the distance
between the means. By contrast, it is a folk-tale that even the global mixing of gaussian mixture with
2 components has a global mixing rate exponential over the distance, which suggests local mixing
analysis provide a more concrete analysis of what is going on over each component.

4.3.2 Sampling from the power posterior distribution of symmetric Gaussian mixtures

Target distribution and potential function. The symmetric Gaussian mixture model is given as

Al
ng(ZE) = §<P

Here (x; 60, 14) denotes the multivariate Gaussian distribution with location parameter 6, € R% and
covariance matrix I;. Without loss of generality, we assume 6, € span{e; }, i.e., all coordinates of 6

1
(w5 00,1q) + 5%’(1’; —6o,14).

except the first is zero, and 6y = ||6p]|e1. The power posterior distribution, or the target distribution,
8/n
is defined as m,, g/, (0 | {X;};,) := 7 I_HI; 1((;9(){ ))))ﬂ/";\((z;du' We set A = 1 for simplicity. When

no ambiguity is possible, we abbreviate 7, g/, (6 | {X;};_;) as 7(#). The potential function is then
givenas V(0) := 2377 log (30 (0 — X;) + 20 (0 + X,)) + log A(0).

Partition of Space. With an accuracy budget &, we define R; = [0, 4] x B(0, M), Ry = [—A, 0] X
B(0, M), and R = (R; U R»)¢, where A and M are e-dependent hyperparameter spe01ﬁed Jatter.

Verification of local Poincaré Inequality over R; and R,. We have the following characterization
for the local Poincaré Inequality over Ry and Ro:

Lemma 5. If A, M > ||6g|| + 1 and n > ©((A + M)?dlog(1/5)), then with probability at least
1 — 0 with respect to the sampling of {X;}_;, we have that T obeys Plg, (©(1/(A*M?))) and
Plg, (O(1/(A*M?))).

The lemma is derived by first considering the distribution 7 corresponding to the potential function
V' = EV and proving local Poincaré Inequality of 7|R; (or 7| R2), then bounding the difference
between V' and V' through concentration inequality, and finally completing the proof by applying
Holley-Stroock perturbation principle to pass local Poincaré Inequality from 7|R; to w|R;. A
concrete proof is deferred to Appendix B.2.

Verification of strong dissipativity. Similar to local Logarithmic Sobolev Inequality, we can show
strong dissipativity of V' holds in high probability.

Lemma 6. Ifn > O((d + ||60|?) log(1/5)), then with probability at least 1 — & over the sampling of
{(XHy, IV2V O < O+ 60]12), (VV(6),6) = (116112~ O (o> + 1), and [ V3V (9)]] <
o(d).

Bounding the probability of Rs. Using strong dissipativity, we can bound 7+ (R3) as follows.

Lemma 7. Ifn > ©((d + ||60]|)log(1/4)), then with probability at least 1 — § over the sampling
16/3(HGOH2+1)+6d—min{A,Z\/f}2

of {X;}1 1, we have m(R3) < 32e 28

All in all, we obtain the following characterization of running LMC over this example.
Corollary 4. Initialize zg ~ N'(0,0°1) for 0® < < L and select h = © (#) Set A =M =
3

O(d+log(1/e)). If T = Q(d?/'?) and n > O((d+ ||60]|?) log(1/8)), then with probability at least
1 — & over the sampling of { X;}?_,, either Try(R;) < € or Dpy [T | <eforie{1,2},
and ﬁ'Th(Rg) <e.

7
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As a comparison, such a problem was also studied by [20], where they constructed a specific sampling
algorithm with prior knowledge of this problem to achieve global convergence. In contrast, we
analyze LMC, which does not require any prior knowledge of the problem, and derive the conditional
convergence of LMC.

5 Conditional Mixing for Gibbs Sampling on Finite States

In previous sections, we showed that conditional mixing can happen for LMC on a continuous state
space. We now show that similar results hold for MCMC algorithms on a finite state space. For

simplicity, we consider an energy function f : {0,1}* — {0,1,2, ..., M} =: [M] defined on the
vertices of a hypercube. Denote its corresponding Gibbs measure 7 () oc e~/ (),

We consider vertices of the hypercube as a d-regular graph where for any z,y € {0, 1}d, an edge
exists « ~ y if and only if they differ by one coordinate, dpamming(%,y) = 1. Then a lazy Gibbs
sampler has the following transition matrix on this finite graph:

1 _ m(y)

2d 7(y)+m(z)” )

— 1 (T
p(w,y) =3y1- 2d Zaz',s.t. z/~z (x4 (x)? y=12,
0, otherwise.

y~x,

Note that the process is lazy because, p(xz,x) > 1/2 for any x. This is assumed for simplicity of
analysis to avoid almost periodic behaviors. This assumption does not make the analysis less general,
as a lazy self loop with probability 1/2 only changes the mixing time by a multiplicative absolute
constant (see Corollary 9.5 [22]).

To prove conditional convergence, we need an analogue of conditional Poincaré Inequality. The
story for the discrete state space can be more convoluted as the transition matrix, in addition to the
stationary distribution, plays a role here. Many of the analyses below are inspired by [13].

First, given a finite number of subsets {X; }i<,,, we define the conditional probability m; = 7|X;
supported on X;, and hence for w; = 7(&;),

m(z) = Zwmi(x)l {z e Xx}.

We also need to design a conditioned transition kernel so that Va,y € &,

pi(xvy) =p(r,y) +1 {.%‘ = y} P(x, Xic)’ 3)

where X denotes the complement of A;, and hence the conditioned kernel simply rejects all outgoing
transitions. Then we can easily tell that p; is reversible with a unique stationary distribution 7;. We
are now ready to give an analogue of Corollary 1.

Theorem 1. Given a sequence of subsets {X;}, .. If for every i, P; defined in (3) as a distribution
on X; has spectral gap at least o, then we have that either for some t, the distribution y, has
small probability on X;, j1;(X;) < 7(X;)T 4, or the conditional mixing happens with respect to
Chi-squared divergence,

1
T ; Var,, [

,Ut|Xi:| 1 {Mo}
< ———Var; |—]|.
X | T a/T ™

The proof builds upon the convergence of the Dirichlet form and can be found in Appendix C. The
above theorem suggests that if the spectral gap of the Gibbs sampling algorithm is lower bounded on a
local subset, then after a polynomial number of iterations, we get either u; has very small probability
on this set, or conditioned on the set, the distribution is close to the stationary distribution.

One thing less clear, in finite-state Gibbs sampling as compared to the LMC, is when would the
spectral gap for a Gibbs distribution be large. For the Langevin Monte Carlo algorithm, classical
results show that the spectral gap cannot be too small if the stationary distribution is locally near
log-concave. Below we provide an analogue of this observation for discrete state space.

R
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5.1 Spectral Gap for Gibbs Sampling

We first define a graph G = (V, E), where V. = {0,1}%, and (z,y) € F if and only if
AHamming (z,y) = 1. Then we define quasi-concavity in this case. Note that Gibbs sampling in
each iteration can only move to a neighbor or stay at the current vertex. Then we introduce the
counterpart of quasi-convexity on a function defined on vertices of graphs.

Definition 6. Let G = (V', E’) be a subgraph, V' CV,E' = (x,y) € Elx € V',y € V. We say a
function f : V. — [M] is quasi-convex with a radius D on a subgraph G = (V' | E'), if there exists
a local minimum vx € V' such that for any v € V', any shortest path v — vy — ... — v* from
v — v* is of length at most D, and f is non-increasing along the path.

Before providing a guarantee for the spectral gap, we give two examples of quasi-convexity.

Example 5.1. If g : RT™ — R is a quasi-convex function defined on positive reals. Then for a given
x* € V! CV any function f(x) = g(a-d(z,z*) +b) is a quasi-convex function on the graph where
a,b are reals and d(x, y) is the shortest path length from x to y.

Example 5.2. Ifon a subset V! CV, f(z) = ¢z for some c € R% z € {0,1}? (i.e. fis a linear
Sfunction), then f is quasi-convex on the graph.

The next theorem states that for such a function, the spectral gap is polynomial in problem dimension
d and the diameter of the region D.

Theorem 2. If a function f is quasi-convex with a radius D on a subset X; C {0,1}%, then the
conditional transition of Gibbs sampling defined in (3) has a spectral gap lower bounded by m.

The proof studies the conductance of the Markov chain and can be found in Appendix D. The above
theorem suggests that although Gibbs sampling can mix very slowly, on any subset with a well
connected local minimum, the conditional mixing to the stationary distribution can be fast. This
concludes our analysis and we move on to verify our statements with experiments in the next section.

6 Experiments

6.1 Observations on Gaussian Mixture

In this section, we conduct experiments to verify the theoretical results and compare global
mixing versus conditional mixing for Gaussian mixture models. We take three Gaussian
mixtures: vy = 0.9N;(—10,1) + 0.1N;(10,1), v = 0.15N;(—=5,1) + 0.15N;(—2.5,1) +
0.3N1(0,1) + 0.2N;(2.5,1) + 0.2Ny(5,1), and v3 = 0.4Ny((—5, —5),I3) + 0.4N2((5,5), I3) +
0.1N3((=5,5), I2) + 0.1N2((5, —5), I2) as our target distributions. We use Algorithm 1 as our
sampling algorithm, and set step size h = 10~2. The initial distributions are both uniform in a large
enough range. We plot the sampling distribution after 7" = 500, 5000, 500 rounds respectively in
Figure 1a, 1b, and 1c, and plot the conditional and global KL divergence in Figure 1d, le, and 1f.

We make the following observations: (1) The global KL divergences of the sampling distributions
of 11 and v3 decrease fast at first. Then they maintain at a constant level and never converge to
0. It is reasonable since v1, 3 have very bad LSI constants (exponential in the distance between
means). Thus, by classic Langevin Danymics analysis results[23], global KL divergence would
have an exponentially slow convergence rate. (2) Both the global and conditional divergences of the
sampling distribution of v» converge very fast. This is because dense Gaussian mixtures like v have
good LSI constant. The KL values are noisy due to the limited calculation precision of KL divergence.
(3) The conditional divergence of the sampling distribution of 5 converges faster than the global
divergence because the LSI constant bound of v is much worse than the conclusion in Corollary
1, which means conditional convergence is faster than global convergence. (4) The conditional KL
divergences of the sampling distributions of v, and v3 converge to 0 very fast (the flat part is due to
the limit of calculation precision), which could be seen as a verification of our theoretical result. (5)
The sampling distributions of v; and v after T iterations contain all of the Gaussian components in
target distributions, the only difference between them is weight. Since learning the right weight and
component will directly lead to global KL convergence, this observation could be seen as an example
of the gap between global convergence and conditional convergence.
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Figure 1: we plot the sampling distributions after 7" iterations and the KL divergences w.r.t ¢

6.2 Observations on LMC with restarts

In the LMC analysis, We study the evolution of a distribution py that usually is an absolutely
continuous distribution. However, in practice, a more common implementation is as below: one first
randomly generates an initial point x, runs the sampling algorithm for 7" iterations, and then collects
samples along a single trajectory. A gap between theory and practice here is that we always assume
continuity and smoothness conditions on the initial distribution in theory, while in practice, we only
generate a limited number of initial points (sometimes only one point) to run the sampling algorithm.

For log-concave sampling, this gap is usually negligible since the ergodicity of Langevin Dynamics
guarantees that we could always capture the features of the target distribution. Thus, it’s reasonable
that there are plenty of works about the discretization error on the time scale, while we hardly
pay attention to the approximation error of initial distribution. When it comes to non-log-concave
sampling, this gap may become crucial. We conduct several experiments in Appendix E to verify this
conjecture and show that LMC with restarts could empirically help to eliminate the gap and improve
the convergence speed.

7 Conclusions

Our work examines sampling problems where the global mixing of an MCMC algorithm is slow. We
show that in such cases, fast conditional mixing can be achieved on subsets where the target distribu-
tion has benign local structures. We make the above statements rigorous and provide polynomial-time
guarantees for conditional mixing. We give several examples, such as the mixture of Gaussian and
the power posterior to show that the benign local structure often exists despite the global mixing rate
is exponentially slow.

Much remains to be done. Theoretically, whether faster convergence rates can be achieved or a lower
bound exists remain unknown. Instantiating our analyses to more MCMC algorithms may also lead
to new observations. More importantly, the implication of being able to sample efficiently from
local distributions requires more careful analysis. This may lead to a new theoretical guarantee for
problems with symmetry (such as permutation symmetry, sign symmetry, rotation invariance, etc)
where all local minima are equally good and sampling from any mode suffices.
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A Proofs of results in Section 4.2

A.1 Local LSI: Proof of Lemma 1

Proof. Since

2 2 2 2
2L H g [ o) 2 e < [ ot T
wls | @) (@) M e
if u(S) < \/g , the proof is finished. Otherwise, we have
uls uls |7 7l (2)?
aEnty {] §/ V== (2)|| — == doz < +Vea.
7ls sl mls plx; ()
The proof is completed. O
A.2 Local PI: Proof of Proposition 2
To begin with, we provide the proof of Lemma 2.
Proof of Lemma 2. Since
2 2
uis) / L"S( )W 7ls( dx—/ Hv (:c)d:cg/ Hvﬁ(m)H (z) da.
m(S) Jsll mls x!l T
The proof is completed by noticing that
2
742 )| mls(o)as = PPIGulslnls) 2 pvirn, 1]
sl mls 7[5
O

We then prove Proposition 2.

Proof of Propsition 2. By applying the definition of LD, we have
dVar,[%t]

dt
Taking integration of both sides of the above equation then gives

~ ~ ~ Th
Var, {WO} > Var, [WO] — Var, [WT} = 2/ PFI(7[|m) dt
™ s ™ 0

The proof is then completed by noting that according to Holder’s inequality,

/ [T &, dt
X

v 0
The proof is then completed. O

= —2PFI(7| 7).

Th

2 Th
z)dr < m(z)dedt = / PFI(7||7) dt
0

™

2
<x>‘ ™

We then restate the main result from [19], which provides a tight characterization of the discretization
error between LMC and LD.

Proposition 3 (Theorem 2, [19]). Assume V'V and V2V is L-lipschtiz. Initialize zo according to
Gaussian and select h = O(1/Ly). Then for t € [0, Th), KL(7;||m:) = O(h?d>T).

It should be noticed that in the original version of [Theorem 2, [19]], the result is only stated for
interger time, i.e., t = kh where k € {0, --- ,T'}. However, their proof also applies to non-integer
time which leads to the above proposition.

We are now ready to prove Corollary 2.

1R
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Proof of Corollary 2. Combing Proposition 2 and Lemma 2, we have that

ﬂ(S)Varﬂ[%]
2T hp

Fon(S)?Var, [ﬁm <

Using Pinsker’s inequality, we further obtain

W(S)Varw[%]

274 (S)2Drv [ <
mrn(S) D [wralslinls]” < =570

“

On the other hand, according to Proposition 3 and Pinsker’s inequality, we obtain that for ¢ € [0, Th],
Drv [7i||m)® < O(h2d*T),

and thus
Dy [7||me] < O(hd\/f).
Due to the convexity of L; norm, we then obtain

B 1 Th 1 Th
Dry Frnlmza] =sup |- /O Ru(4) — /0 () dt

A
Th
Sﬁ ; sip |7t (A) — me(A)] dt
1 [Th
<= Dry [ |m] dt = O(hdV'T). )

Let A be a positive constant. According to Eq. (4), we have either %Th(S) < A, or

= ary E . .
Dy [Trnls||mls] = O (XJTT[L;]> . In the former case, combined with Eq. (5), we have that

Trn(S) < A+ O(hdV'T).

In the latter case, we have that

Dy [7rn|s||Frnls]) < O <

hdﬁ)

and thus

The proof is completed by selecting h = —F——

A.3 Difficulty of extension to Rényi divergence

Given two distribution 7 and 4, Rényi divergence of g between them, i.e., Rq(||7) is defined as
follows:

a 1 I 1
Ry(pllm) £ = mEar (L)

For simplicity, here we consider Langevin Dynamics defined as Eq. (1) with the distribution of time ¢

denoted as 7;. The measure of convergence is then defined as R, (7 ||7), the derivative of which,
according to (Lemma 6, [23]) is given as

d G, (me]|m)
—R =g’
A AT
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where

q 2 q—2 2 4 a2
cutnle) = [ [7ws 2] =5 ()" ¥ 5] = o [[e ']
i i g ™ q 0
T\ 4
Fy (millm) =B [ ()]
If we would like to follow the routine of Lemma 1, we need to firstly lower bound lG”:((::\‘I‘:)) by

Gq((m¢|S)||(w]S Gq((m¢|S)|| (]S
% and secondly transfer % back to Ry ((m|S)||(7]S)). The second step
can be accomplished following the same routine as (Lemma 9,[24]) using local PI. However, we are

still unaware of how to implement the first step. This is because although we have

a2 2
T\ 2 4 T |S 2
v (7) > 2E6 |V
‘ T ] g < S )
which is similar to the analysis of local LSI, we also have

- T q T q Wt(S)q
Fymlim) =B ()] 28 ()] < g5
In other words, when restricting to .S, both the denominator and the numerator of

Fy(m[lm)
: Gg(mel|m) Gq((me]9)]1(7]S))
get smaller, which makes IACATERLY longer lower bounded by IR CARIGEDE We leave how to

resolve this challenge as an interesting future work.

2

4 Wt(S)q
P (5)a1

Gy (me||m) =

Gq(me||m) will

B Proof of Applications

B.1 Proof of gaussian-mixture

To start with, we recall Bakry-Emery criterion and Holley-Stroock perturbation principle.

Lemma 8 (Bakry-Emery criterion). Let Q C R™ be convex and let H : Q — R be a Hamiltonian
with Gibbs measure j(x) o< e~ @) 1q(x) and assume that V> H(z) > k > 0 for all x € supp(p).
Then y satisfies LSI(k).

Lemma 9 (Holley-Stroock perturbation principle). Ifp € A(Q) satisfies LSI(m:), and ¢ : Q@ — R
satisfies m < ¢ < M, where m, M > 0. Then, ¢ € A(2) o< ¥p satisfies LSI( {5 7).

We are now ready to prove Lemma 3.

Proof of Lemma 3. Since S; is convex, by applying Lemma 8, we obtain p;|s, is LSI(0?). Let
c = min; w;.

Meanwhile, we have over S
cpj S wip; < p = Zwipi +w;ip; < sz’pj +w;p; = pj-
i#j i#j
Therefore, by Holley-Stroock perturbation principle, we have that p|s; satisfies LSI(%G’Q). O

Proof of Lemma 4. Through direct calculation, we obtain
R g > wiwipi (2)ps (@) (i — pg) (s — 15
2 (X0iy wipi(x))?
Then, for any a € R? with ||a|| = 1, we have
13 wiwipi()p; (@)l (i — py) TS af?
2 (Xoiy wipi(x))?
1

<a's7la< —,
—

.
) »L.

a'V¥Va=a"Y"'a
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and

—1,12
1 w; W [ )Y la
a VQ‘fa <a 2—1 Zl] ? ]pz( ) ( )|( 7 /J“j) |

2 (i, wipi())?
o 12 wiwpi(2)py (o) (i — pi)'E " al? o maxy [l = py]*
o2 (X iy wipi(2))? - ot
The proof is completed. O

B.2 Proof of sampling from the power posterior distribution of symmetric Gaussian mixtures

To begin with, define the expected potential function V' as

7 (6) _51EX1og(1 - X)+1<p(0+X)>+log)\(0).

We further define the corresponding distribution as 7 o< e V.
The following lemmas will be needed in the proof.
Lemma 10 (Theorem 2, [20]). If A, M > ||||6o]||| + 1, we have 7| g, satisfies PLI(©(1/A*M?)).

Lemma 11 (Lemma 4, [20]). If A, M > ||6o|| + 1, we have with probability at least 1 — §,

n(A+ M +d)

sup V() —V(6)] SO((1+A+M)\/Zlog 5 ).

0€[0,A]x B(0,M)

Lemma 12. Suppose V obeys strong dlss1patlv1ty ie., VV is L-lipschitz and (NV (z),x) >

ml|z||*> — b. Then, running LMC with h < 43 and h < 4b+32d, we have

1
Eq, or e 1717 < 32 exp (4 (8b + 64d)> .
m

Proof. Define f(x) = e 17II* | Assume wlog that VV (0) =

Then,
1 2 1 1 2
f(zrs1) =exp <4m|xk|| tg- <—hVV(xk) + \/ﬁgk,g@ + %H—hVV(xk) + \/ﬁ{:kH )
h
<o (ln = 2 (ol = 8) + 22 ) + = V@ + L ] )
2h h
<exp (n = 2 (ol = 28) + Y2 g ) + mnfkuz) .

Let Ej, denote expectation wrt ;.. Then

Ex[f(zr41)] <exp <411n|9€k2 - % (H.Tk”2 - 2b)) Ekl

1 h
<exp <4m|xk2 o (kalf - 2b)) .Ekl

Using the fact that y? variable is sub-exponential,

e [ow (21l )| < oo (22

1A
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(€ m0) + mnm?]

1/2 12
2h
(&, ) -Eg {mﬂsz}
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On the other hand, notice that (&, ;) ~ N(0, ||zx|°) is a 1-dimensional gaussian random variable.
It can be shown that
2h 2h
exp < () )| < o (Zglanl?). ©®
m m
Combining the above,

1 h 2hd
Ex[f(@ri1)] < exp (n el = e (el —20) + 244 )

h 2
< - 2 o
<exp (4m |zl 8 (||a:k|| —4b — 32d)>

Let E denote expectation wrt all randomness. Then

Ex

]E[f(xkﬂ)]

<ifexp (gllonl® - g (ol — 46— 320) )|

& fexp ( g0 ol —f(nxkn ~ - 32d) ) 1 { ) 2 0+ 40}
—I—E[exp <|xk|| - (||33k|| - 32d)> 1 {||ock||2 <8+ 64d}}
I 1 h )

< 2 _ >

<E |exp (4m||xk| — (4b+32d)>1{mk 8b+64d}}

[ 1 2 h 2
J— —_ + < +
+E _exp <4m|xk|| + &m (4b 32d)) 1 {H:L‘k” < 8b 64d}}

i 1 h
<E|exp (4m||a:kll2> 1 {||ac;f||2 > 8b+ 64d} : (1 — b+ 32d)>}

_— < . -

+E_exp <4m|33k|| >1{ku _8b+64d} (1+4m (4b+32d))]
[exp (22 )| = 2P 4+ 320) B exp (2 e 1{||x & >8b+64d}
PN\ g )T 32, P\ g 1 k=

h 1
+ — (4b+32d)E [exp (||£Ek||2> 1
m dm

[ 1 | h 1
<Eoxp g honl) | - g (40 + 3200 B e (-l

h
— (4 2d) - — 4
+m(b+3 d) eXp(4m(8b+6 d))

lox]|* < 8b+ 64d}}

1 A T

=E[f(zr)] — 32% (4b + 32d) E[f (21)] + % (4b + 32d) - exp (4; (8b + 64d)) .

Suppose that z, is drawn from the invariant distribution under LMC. Then we know that Ef (zy) =
Ef(zk+1). In this case,

0< _32% (4b + 32d) E[f (z1,)] + % (4b + 32d) - exp (4; (8b + 64d)> .

Moving things around gives

Ef(zr) <32-exp (47171 (8b+ 64d)> .
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We are now ready to prove the lemmas in the main text.

Proof of Lemma 5. Based on Lemma 11, if n. > ©((A + M)2dlog(1/5)), we have with probability

atleast 1 — 6, -
sup [V (0) — V(0)] < O(1).
0 Ry

As aresult, we have i{gi (9) = ©(1), and by Lemma 9 and Lemma 10, the proof is completed. [J

Proof of Lemma 6. To begin with, set £ ~ N(0,14), we have

o ([|0oller +& —0) + o ([|6o]ler + &+ 0)
([[0oller +& = 8) + @ ([|0o]ler + & + 0)

> Do - 8 (jool? +1)

(VV(0).0) 69||2+6E( 9T(||90||€1+§)>
We obtain
(v (6).0) > 2101 ~ 28 (160 +1)

following a standard empirical process argument due to n. > O((A + M)?dlog(1/5)) (see Lemma
6, [20] as an example).

Meanwhile, denote 7; = 1 if X; is sampled from N (6y,1,) and ; = —1 else-wise. We have
0 || B Z —0)p(Xi +6)
vQV 6 _ H 0 T
() /Bd '_9 +¢(X+€)) e1eq

B[ Ap(Xi — 0)p(Xi +6)
>

k71 ok £ gy )=l )

and thUS (ﬁ — ||90||2ﬂ — 22?:1 ||‘XvZ — ’7'1'”90”61”2)Hd S V2V(9) é 5H~d As Xl — TiHe()”el ~
N(0,14), by concentration inequality of chi-square variable and since n > ©((A + M)2dlog(1/9)),
we have with probability at least 1 — 4,

IV2V ()l < 281 + [1601*)-

The claim for || V3V|| can be calculated following the similar routine. The proof is completed. [

Proof of Lemma 7. The claim directly follows by applying Markov’s inequality to Lemma 12. [

C Proof of Theorem 1

Proof. We consider the variational form of spectral gap. We first define the Dirichlet form and the
variance

Ep(d,0) = (6, (I — P)o), = > _m(x)p(x)(U(z,y) — P(z,y))(y),

z,y

Var,[¢] = ZW(@((?(@ —Ex[¢])?

Then by the fact that P is lazy, and hence P = %(I + ]5) for some reversible transition P, we have
Var[P¢] < Varz[¢] — Ep(¢, ¢),
By nonnegativity Ep (¢, ¢) > 0,, we have

e (T %) < vare [ 2] ¢

t<T

1R
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By the variational form of spectral gap,

gP((ba ¢)

¢ non-constant Var [¢]

Therefore, applying the Markov chain generated by P; we have that for any ¢ < m,

Z:Varm {lj:'j:] = é Z: &n, (%fj ’ l:||j:> ®
We then note that
&ijngywmam“@—ﬁUV
z;%;ﬂmmawW%w—ﬁ<w
:ig%ﬁmauwWﬁm—ﬁ<w
s Ze:;« 7(@) (P(z,) = Pila, ) (B () — B ()2

We note by (PI) that for any x,y € X;,z # y, P(z,y) = P;(z,y) Therefore, the second term is
zero. Hence,

Mt ot W(Xz‘)z | X e | X
£ (f,f) > p :
P\ 7 ) = o (2™ \nl& wl &

Combining with (7) and (8) we get,

1 pe| X 2 2 1o
- | X)? < —= Var, [H0
th:\/arm [wm} /el X)” S T Var [w] ©)

The claim then follows by discussing if for all ¢, i (X;) < w(&;)T~1/*, then

1 e | X 2 Ho
= zt:\/arm [ﬂm < 75 Var, [?} (10)

D Proof for Theorem 2

Proof. Given the subgraph V', we have that conditioned transition kernel is
p'(zy) = plz,y) + L{z =y} P(z, (V')°).
We analyze the conductance on graph V'’ induced by p/,

o o ey 7@ V)
= min —=
vicv' min{m(V;),1 — n(V1)}

For any partition V;, V5 of V’, without loss of generality assume the local min of f is in Vs, v* € V5.
For simplicity, for any « € V}, we denote 7(x) be the last element in its shortest path to v*. We note
that

d(z,7(z)) < D,m(x) < w(1(x)).
Denote 7(V1) be the set of such elements in V. Then we have

Z 7 (x)p' (x, V) > W (11)

zeVy
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Further denote 7(z, ) for some r € {0,1, ..., d} as the set of elements at distance r from 7(z) along
the descending shortest paths. We provide an illustrative figure in 2. Then we have that

D
V)= > > 7). (12)

T(z)eT(Vy) r=1

We note by reversibility that

(r(z,r))p' (r(z,r), 7(z,r + 1)) = 7(z,7 + 1)p'(7(z,r + 1), 7(z,7)). (13)
Further by the fact that the function along the path is descending, we get that
p(r(z,r), m(x,r + 1)) > p'(r(x,r + 1), 7(x,7)). (14)
Therefore,
m(r(x,r)) > n(r(x,r + 1)). (15)

Hence we have
D
rV)= > > 7lx,r) < Dr(r(W)) (16)

T(z)eT(Vy) r=1

Therefore, when 7(V7) < 1/2 we have

Sper, 7@ (2 V) 1
min{m(V1),1 —x(V})} = 4dD’

when 7(V1) > 1/2 we have

Dwey, ()P (2 V1
7 > 2 (z, V)
min{n(V1),1 — 7( z;a )
S Yzer(vy) T(@) S m(7(V1)) S 1 .
- 2d — 2dD T 4dD

The theorem then follows by Cheeger’s inequality.

Figure 2: An illustration for the definitions of 7(z)and 7(z, ).

E Additional Experiments

We still use 73 in 6.1 as our target distribution. We initially set n = 1, 10, 2000 particles to run the
LMC sampling algorithm respectively. We collect the locations of these particles after 7' = 1000
iterations as valid samples. The target distribution is shown in Figure 3a; empirical distributions
using n = 1, 10, 2000 particles are shown in Figure 3b, 3c, and 3d.

We highlight two observations from the experiments. First when we use only one particle, it is always
trapped in one Gaussian component and we never get samples from other modes. It has very bad
global convergence, but still gets good conditional convergence: The convergence result conditioned
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(a) target distribution (b) 1 particle (c) 10 particles (d) 2000 particles

on the Ist quadrant is good, and the sample after 7" iterations has no probability distributed on the
other 3 quadrants. Second, when the number of particles grows, the sample after 7" iterations has
non-negligible probabilities distributed on all of the 4 quadrants, which means we could capture all
of the Gaussian components. The results indicate that although restarting LMC may not directly
lead to global convergence, it may help us capture the features in multi-modal distributions, which
further implies we may empirically eliminate the "small probability mass" condition in Corollary 1
and mitigate the gap between sampling distribution and target distribution.

A broader implication could be on ensemble and stochastic averaging in neural network training,
where ensemble follows the restart procedure where as stochastic averaging is closer to sampling
from a single trajectory. Our theory and experiment suggest that the two can have very different
distributions in the end.
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