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Abstract

Bayesian bandit algorithms with approximate Bayesian inference have been widely
used in real-world applications. However, there is a large discrepancy between
the superior practical performance of these approaches and their theoretical justifi-
cation. Previous research only indicates a negative theoretical result: Thompson
sampling could have a worst-case linear regret Q(7T") with a constant threshold
on the inference error measured by one a-divergence. To bridge this gap, we
propose an Enhanced Bayesian Upper Confidence Bound (EBUCB) framework
that can efficiently accommodate bandit problems in the presence of approximate
inference. Our theoretical analysis demonstrates that for Bernoulli multi-armed
bandits, EBUCB can achieve the optimal regret order O(log T') if the inference
error measured by two different a-divergences is less than a constant, regardless of
how large this constant is. To our best knowledge, our study provides the first theo-
retical regret bound that is better than o(T") in the setting of constant approximate
inference error. Furthermore, in concordance with the negative results in previous
studies, we show that only one bounded a-divergence is insufficient to guarantee a
sub-linear regret.

1 Introduction

The stochastic bandit problem, dated back to [37], is an important sequential decision-making
problem that aims to find optimal adaptive strategies to maximize cumulative reward. At each time
step, the learning agent chooses an action among all possible actions and observes its corresponding
reward (but not others), and thus requires a balance between exploration and exploitation. Previous
theoretical studies mainly focus on exact Bayesian bandit problems, requiring access to exact posterior
distributions. However, their work cannot be easily applied to complex models such as deep neural
networks, where maintaining exact posterior distributions tends to be intractable [36]. In contrast,
approximate Bayesian bandit methods are widely employed in real-world applications with state-
of-the-art performances [36, 1411133} 145, [17,150]. In comparison with exact algorithms, approximate
Bayesian bandit algorithms are more challenging to analyze, as the inaccessibility of exact posterior
sampling adds another level of discrepancy, and the resulting theory and solutions hence also differ
substantially.

Few theoretical studies have been developed around Bayesian bandit approaches with approximate
inference, despite their superior practical performance. [28] gave a theoretical analysis of an ap-
proximate sampling method called Ensemble Sampling, which possessed constant Kullback—Leibler
divergence (KL divergence) error from the exact posterior and thus indicated a linear regret. [34]
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showed that with a constant threshold on the inference error in terms of a-divergence (a generaliza-
tion of KL divergence), regardless of how small the threshold is, Thompson sampling with general
approximate inference could have a linear regret in the worst case. Their work also showed that
Thompson sampling combined with a small amount of forced exploration could achieve a o(T") regret
upper bound, but no better result than o(7') was shown. Moreover, this improvement was mostly
credited to the forced exploration rather than the intrinsic property of Thompson sampling. It appears
that [34] illustrated a paradox that approximate Bayesian bandit methods worked well empirically
but failed theoretically. Thus, further study regarding the fundamental understanding of approximate
Bayesian bandit methods is necessary.

Motivated by the negative results in [34]], [30] leveraged an efficient Markov chain Monte Carlo
(MCMC) Langevin algorithm in multi-armed Thompson sampling so that the inference error would
vanish along with increased sample numbers. [48]] extended [30] to the contextual bandit problems and
integrated contextual Thompson sampling with the Langevin algorithm that allowed the approximate
posterior distribution to be sufficiently close to the exact posterior distribution. Hence, both works
[48 30] had a similar feature in terms of vanishing inference error. However, in other inference
approaches, such as variational inference [8]], the approximate posteriors might incur a systematic
computational bias. To accommodate the latter scenario, we consider a general Bayesian inference
approach that allows bounded inference error:

Is it possible to achieve the optimal regret order O(log T') with a constant (non-vanishing) threshold
on the inference error?

This question is not well investigated in previous literature, even for Bernoulli bandits. [34] showed
that the answer is No for Thompson sampling when the inference error measured by only one a-
divergence is bounded. In this study, we will provide a novel theoretical framework and point out
that the answer could be Yes when the inference error measured by two different a-divergences is
bounded where one « is greater than 1, and the other « is less than 0. This assumption guarantees
that the approximate posterior is close to the exact posterior from two different "directions". Our
finding implies that the problem of sub-optimal regret in the presence of approximate inference may
not arise from the constant but from the design of the inference error. Our study takes the first step in
deriving positive answers in the presence of constant approximate inference error, which provides
some theoretical support for the superior performance of approximate Bayesian bandit methods.

In this study, we extend the work of the Bayesian Upper Confidence Bound (BUCB) [21} 120} 42 [17]
to the setting of approximate inference and propose an enhanced Bayesian bandit algorithm that can
efficiently accommodate approximate inference, termed as Enhanced Bayesian Upper Confidence
Bound (EBUCB). In particular, we redesign the quantile choice in the algorithm to address the
challenge of approximate inference: The original choice of ¢~ ! provides the best regret bound without
approximate inference, but in the presence of approximate inference, it leads to an undesirable quantile
shift which degrades the performance. By adjusting the quantile choice, we theoretically demonstrate
that EBUCB can achieve the optimal regret order O(log T') if the inference error measured by two
different a-divergences (av; > 1 and as < 0) is bounded. We also provide insights in the other
direction: Instead of two different c-divergences, controlling one a-divergence alone is not sufficient
to guarantee a sub-linear regret for both Thompson sampling, BUCB, and EBUCB. This further
suggests that naive approximate inference methods that only minimize one a-divergence alone could
perform poorly, and thus it is critical to design approaches with two different c-divergences reduced.

Our main contributions are summarized as follows:

1) We propose a general Bayesian bandit framework, named EBUCB, to address the challenge of
approximate inference. Our theoretical study shows that for Bernoulli bandits, EBUCB can achieve
a O(log T) regret upper bound when the inference error measured by two different a-divergences
is bounded. To the best of our knowledge, with constant approximate inference error, there is no
existing result showing a regret upper bound that is better than o(7"), even for Bernoulli bandits.

2) We develop a novel sensitivity analysis of quantile shift with respect to inference error. This
provides a fundamental tool to analyze Bayesian quantiles in the presence of approximate inference,
which holds promise for broader applications, e.g., when the inference error is time-dependent.

3) We demonstrate that one bounded a-divergence alone is insufficient to guarantee a sub-linear regret.
Worst-case examples are constructed and illustrated where Thompson sampling/BUCB/EBUCB has
Q(T) regret if only one «-divergence is bounded. Hence, special consideration on reducing two
different a-divergences is necessary for real-world applications.
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4) Our experimental evaluations corroborate our theory well, showing that our EBUCB is consistently
superior to BUCB and Thompson sampling on multiple approximate inference settings.

Related Work. Bandit problems and their theoretical optimality have been extensively studied over
decades [27, [10]. The seminal paper [25] (and subsequently [11]) established the first problem-
dependent frequentist regret lower bound, showing that without any prior knowledge on the distri-
butions, a regret of order (log 7") is unavoidable. Two popular lines of Bayesian bandit algorithms,
Thompson sampling [1} 22} [16] and BUCB [21, [20]], had been shown to match the lower bound,
which indicated the theoretical optimality of those algorithms. Beyond Gaussian processes [42] and
linear models [3}139], exact computation of the posterior distribution is generally intractable, and
thus, the approximate Bayesian inference techniques are necessary.

Some recent work focused on designing specialized methods to construct Bayesian indices since
previous studies had demonstrated that Thompson sampling with constant inference error could
exhibit linear regret in the worst-case scenario [28| 34]. [30] constructed Langevin algorithms to
generate approximate samples with decreasing inference error and showed an optimal problem-
dependent frequentist regret. [32] proposed variational Bayesian optimistic sampling, suggesting
solving a convex optimization problem over the simplex at every time step. Unlike these researches,
our study presents general results that only depend on the error threshold of approximate inference,
rather than some specific approximate inference approaches.

Beyond Bayesian, another mainstream of bandit algorithms to address the exploration-exploitation
tradeoff is upper confidence bound (UCB)-type frequentist algorithms [SH7, 13115} 140L 5112429} 143].
[12] revealed that Thompson sampling empirically outperformed UCB algorithms in practice, partly
because UCB was typically conservative, as its configuration was data-independent which led to
over-exploration [18]]. BUCB [21] could be viewed as a middle ground between Thompson sampling
and UCB. On the other hand, empirical studies [20] showed that Thompson sampling and BUCB
performed similarly well in general.

2 Methodology

The stochastic multi-armed bandit problem consists of a set of K actions (arms), each with a stochastic
scalar reward following a probability distribution v; (i = 1, ..., K). Ateach timestept =1, ..., T,
where T is the time horizon, the agent chooses an action A; € [K] and in return observes an
independent reward X, drawn from the associated probability distribution v/4,. The goal is to devise
a strategy A = (A¢):e[r), to maximize the accumulated rewards through the observations from
historical interactions.

In general, a wise strategy should be sequential, in the sense that the upcoming actions are determined
and adjusted by the past observations: letting 7; = o(A1, X1, ..., Ay, X ) be the o-field generated by
the observations up to time ¢, A; is o(F;—1, U;)-measurable, where Uy is a uniform random variable
independent from F;_; (as algorithms may be randomized). More precisely, let 11, (j € [K]) denote
the mean reward of the action j (i.e., the mean of the distribution v;), and without loss of generality,
we assume that 111 = max;c (k] p1;. Then maximizing the rewards is equivalent to minimizing the
(frequentist) regret, which is defined as the expected difference between the reward accumulated by
an “ideal” strategy (a strategy that always playing the best action), and the reward accumulated by a
strategy A:

R(T,A):=E

T T
Tp — thl =E [Z(ul - M)} : e))

t=1 t=1
The expectation is taken with respect to both the randomness in the sequence of successive rewards
from each action j, denoted by (Y7 s)sen, and the possible randomization of the algorithm, (Uy)se(7-
Let N;(t) = 3.'_, 1(As = j) denote the number of draws from action j up to time ¢, so that
Xt = Y4, N4, ). Moreover, let fij o = 134 _1 Y« be the empirical mean of the first s rewards
from action j and let ji;(¢) be the empirical mean of action j after ¢ rounds of the bandit algorithm.
Therefore fi1;(t) = 0if N;(t) =0, fi;(t) = f1; n,(+) Otherwise.

Note that the true mean rewards o = (1, ..., pic) are fixed and unknown to the agent. In order to
perform Thompson sampling, or more generally, Bayesian approaches, we artificially define a prior
distribution ITy on p. Let IT; be the exact posterior distribution of pt|F;_; with density function 7,

2
16057 https://doi.org/10.52202/075280-0706



Algorithm 1 Enhanced Bayesian Upper Confidence Bound (EBUCB) with Approximate Inference

Input: 7' (time horizon), Il = Qg (initial prior on p), ¢ (parameters of the quantile), and a
real-value increasing sequence {7;} such that v, — 1 as ¢t — oo
fort=1to 1 do
for each action j = 1, ..., K do
Compute qu;(t) = Qu(ve, Qi—1,5)-
end for
Draw action A; = arg max qu,;(t)
=1, K
Get reward X; = YAt,NA,(t)
Obtain the approximate distribution @Q;
end for

with marginal distributions 7; 1, ..., ¢ i for actions 1, ..., K. Specifically, if at time step ¢, the agent
chooses action A; = j and consequently observes X; = Yy, n,, (1), the Bayesian update for action j
is

m1,5(0) oc v (Xe)me—1,5(6), @)

whereas for i # j, m; ; = m;_1 ;. At each time step ¢, we assume that the exact posterior computation
in (Z) cannot be obtained explicitly and an approximate inference method is able to give us an
approximate distribution @, (instead of II;). We use ¢; to denote the density function of ().

First, we consider a standard case where the exact posterior is accessible. In Thompson sampling
[11144], a sample 7 is drawn from the posterior distribution II;_; and then an action A; is selected
using the following strategy: A; = ¢ if 7; = max; /n;. In BUCB [21]], we compute the quantile of
the posterior distribution gu;(t) = Qu(1 — t(lTlT)c’ II;_, ;) for each action j, where Qu(vy, p) is
the quantile function associated to the distribution p, such that P,(X < Qu(v, p)) = 7. Then we
select action A; as follows: A; = 1 if qu;(t) = max; qu;(t).

Next, we move to a more concrete example, Bernoulli multi-armed bandit problems with a standard
setting used in seminal papers [, |2, 21, 22]. In these problems, each (stochastic) reward follows
a Bernoulli distribution v; ~ Bernoulli(y;) and these distributions are independent of each other.
The prior I ; is typically chosen to be the independent and identically distributed (i.i.d.) Beta(1, 1),
or the uniform distribution for every action j. Then the posterior distribution for action j is a Beta

distribution TT; ; = Beta(1 + S;(t), 1+ N;(t) — S;(t)), where S;(t) = S2'_, 1{A, = j} X, is the
empirical cumulative reward from action j up to time ¢. Then, Thompson sampling/BUCB chooses
the samples/quantiles of the posterior IT; ; = Beta(1+.5;(¢), 1+ N;(¢) — S;(t)) respectively at each

time step.

In the presence of approximate inference, Thompson sampling draws the sample 1 from Q;_1, as
the exact II;_; is not accessible. Correspondingly, we modify the specific sequence of quantiles
chosen by the BUCB algorithm with a general sequence of {7, }-quantiles and term it as Enhanced
Bayesian Upper Confidence Bound (EBUCB) algorithm. The detailed pseudo algorithm of EBUCB
is described in Algorithm[I] Note that the choice of +; should address the presence of inference error
and should be trailed to the specific definition of inference error; See Remark [3.10]in Section 3]

3 Theoretical Analysis

In this section, we present a theoretical analysis of EBUCB. In Section 3.1} we provide the necessary
background of a-divergence on approximate inference error measurement. Then in Section[3.2] we
develop a novel sensitivity analysis of quantile shift with respect to inference error. This provides a
fundamental tool to analyze Bayesian quantiles in the presence of approximate inference. The general
results therein will be used for our derivation for the regret upper bound of EBUCB in Section [3.3]
and are also potentially useful for broad applications, e.g., when the inference error is time-dependent.
Lastly, in Section [3.4] we provide examples where Thompson sampling/BUCB/EBUCB has a linear
regret with arbitrarily small inference error measured by one a-divergence alone. All proofs are given
in the Appendix.
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3.1 The Alpha Divergence for Inference Error Measurement

The a-divergence, generalizing the KL divergence, is a common way to measure errors in inference
methods.

Definition 3.1. The a-divergence between two distributions P1 and P, with density functions p; (z)
and py(z) is defined as: D, (Py, P2) = ey (fpl )1=*dx — 1), where o € R and the
case of @ = 0 and 1 is defined as the limit

Note that different studies use the o parameter in different ways. Herein, our definition of a-
divergence does not follow Renyi’s definition of c-divergence [35]; Instead, we follow a generalized
version of Tsallis’s a-divergence, which is adopted by [52, 31} [34]. Compared with Renyi’s a-
divergence, Tsallis’s a-divergence does not involve a log function, and it has the following property:

Proposition 3.2 (Positivity and symmetry). For any o € R, D, (P1, P2) > 0 and D, (P, Py) =
D1_o( P2, Py).

The a-divergence contains many distances such as K L(P,, Py)(a — 0), KL(Py, Py)(a — 1),
Hellinger distance (o = 0.5), and x? divergence (o« = 2). «-divergence is widely used in
variational inference [8} 23} [26], which is one of the most popular approaches in Bayesian ap-
proximate inference. Moreover, it was also adopted in previous studies on Thompson sampling
with approximate inference [34. 28]]. In particular, the KL divergence ((a« = 1)-divergence) is:

p2(z)
tribution II; and the approximate distribution ); may differ from each other. To provide a statistical
analysis of approximate sampling methods, we use the a-divergence as the measurement of inference
error (statistical distance) between II; and ;. Our starting point is the following:

KL(Py, P) = [ pi(x)log (p 1(“)> dz. In approximate Bayesian inference, the exact posterior dis-

Assumption 3.3. Suppose that there exists a positive value € € (0, +00) and two different parameters
a1 > 1 and as < 0 such that

al(Qtjvntj) <e Ve iTi7j € iKia
< 3)

042(QtJ7HtJ)

This assumption is adapted from [34] but we enhance theirs with two bounded a-divergences, as [34]]
showed one bounded a-divergence was not sufficient to guarantee the sublinear regret. However, in
the following, we show that the optimal regret order O(log T') is indeed achievable under Assumption
[3.3] with two bounded a-divergences. Intuitively, P, is flatten to cover P;’s entire support when
minimizing D, (P;, P2) with a large « (greater than 1), while when « is small (less than 0), P>
fits the P;’s dominant mode; See [31] for the implication of a-divergence. Therefore, Assumption
guarantees that the approximate posterior is close to the exact posterior from two different
“directions”. It is worth mentioning that when one a-divergence is small, it does not necessarily
imply that any other a-divergences are large or infinite. In fact, as long as the two distributions have
densities with the same support, then any a-divergence between them is finite. Note that Assumption
3.1 does not require the threshold e to be small; instead, € can be any finite positive number. We
pinpoint that this assumption, as well as our subsequent results, are very general in the sense that
it does not depend on any specific methods of approximate inference. To enhance credibility on
Assumption [3.3] we make several additional remarks in Section [A]

3.2 Quantile Shift with Inference Error

In this section, we develop a novel sensitivity analysis of quantile shift with respect to inference error,
which implies that under Assumption 3.3} the y-quantiles of IT; ; and Q; ; only differs from a bound
depending on €. We provide a general result first, which is rigorously stated as follows:

Theorem 3.4. Consider any two distributions Py and Py with densities p1(x) and pa(z). Let R;
denote the quantile function of the distribution P,, i.e., R;(p) := Qu(p, P;) (i = 1,2). Let 0 < v < 1.
Let 6 . satisfy that Ry (y) = Ra(y + d4,c) where —y < 8, <1 —1.

a)If Do (Py, Py) < € where a > 1, then
dye < 1—7—(604(04—1)4-1)ﬁ (1—7y)a=T.

Note that when « > 1, (ea(a — 1) + 1)ﬁ <land (1 —7)a1 <1—+~

q
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b)If Do (Py, Py) < € where a < 0, then

e

57,621—7—(ea(a—1)+1)ﬁ(1_7)m'

Note that when oo < 0, (ea(a — 1) + 1)ﬁ >1land(1— fy)% >1—7.

¢) Suppose that a € (0,1) and € > a(%il) Then for any 6 ¢ € [—v,1 — 7], there exist two

distributions Py and Py such that D, (Py, Py) < €. This implies that the condition D, (Py, Py) < €
cannot control the quantile shift between Py and Py in general when o € (0, 1).

Theorem [3.4] states that y-quantile of the distribution P; is the (v + 4., ¢ )-quantile of the distribution
P, where the quantile shift 6., . has the following properties. a) The upper bound of 4 . is close to 0
if D, (Py, P;) with o > 1 is bounded; b) The lower bound of ¢, . is close to 0 if D, (P, P2) with
a < 0 is bounded; ¢) A slightly large bound on D, (P;, P») with 0 < o < 1 cannot control the shift
d- « in general, which gives the intuition that o € (0, 1) is not implemented in Assumption

This theorem is distribution-free, in the sense that the bound of 4., . does not depend on any specific
distributions (noting that distribution changes as ¢ evolves in bandit problems). In particular, a)+b)

in Theorem ﬂ shows that C. o, (1 —7) ST > dye— (1 —=7) > —Cea, (1 —7) =T | with
ap > 1and ag < 0 where C, o, = (ea(a—1) + 1)ﬁ is independent of ~y or distributions, and
thus independent of the time step ¢ in our EBUCB algorithm. This observation is important in the

robustness of using quantiles in the EBUCB. The proof of Theorem [3.4]relies on the following lemma,
which provides a quantile-based representation of a-divergence.

Lemma 3.5. Under the same conditions in Theorem we have that for any a-divergence,

14 RV (Ry(u))' ™ “du—1
Do(Py, P2) = Hexs i(;(_l)))) :

3.3 Finite-Time Regret Bound for EBUCB

In this section, we derive a finite-time upper bound of problem-dependent frequentist regret for our
EBUCSB algorithm in Bernoulli multi-armed bandit problems. Without loss of generality, we assume
action 1 is optimal in the subsequent theorems.

To begin with, we first express the frequentist regret as R(T,A) := E [Z;";l(m - At)} =

Zﬁil(ul — u;)E [N;(¢)] by (I). Therefore, it is sufficient to study each term E [V, (¢)] in order to
bound the regret R(T',.A). For (p,q) € [0, 1]?, we denote the Bernoulli KL divergence between two
points by d(p, q) = plog(%) + (1 — p) log(}:z), with 0log 0 = 0log(0/0) = 0 and z log(x/0) =
+o0 for z > 0 by convention. We also denote that ™ (p, q) = d(p,q)1{p < ¢} for convenience.
Note that m; ;(z) is the density of Beta(1 + S;(t), 1 + N;(t) — S;(t)) so its (closed) support is [0, 1].
We put a basic assumption on the approximate distribution Q) ;.

Assumption 3.6. (), ; has the density ¢, ;(z) whose support is [0, 1] for any ¢ € [T],j € [K].

The following is our main theorem, which establishes a finite-time regret bound for our EBUCB

algorithm.
Theorem 3.7. Suppose Assumptionsand 3.6\ hold. Let M1 = (eay(on — 1) + 1) e < 1,
o = af‘il >0, Mo = (eag(ag — 1)+ 1)T=°2 > 1, and Gy = a;)‘il > 0. Forany £ > 0,

choosing the parameter c such that cas > 5 in the EBUCB algorithm and setting v, = 1 —
ngT)c (¢ > 0), the number of draws of any sub-optimal action j > 2 is upper-bounded by

(gaz n cdg)Me7geT1_C&2 e
. < —Qa2
E[N;(T)] < T Cas + o(Th¢42)
if0 < Cag < 1, and

1+ &)Ca

(
E[N;(T)] < 0. p0) log(T) + o(log T')

ifCag > 1.

A
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Theorem 3.7 provides an exact finite-time regret bound and the o(-) term in Theorem [3.7] has an exact
finite-time closed-form expression that holds for any time horizon T’; See Step 4 in the proof of
Theorem in Appendix [C] We only show the most dominant term of the regret bound and shrink
the rest to the o(-) term to improve the readability of the main paper. Note that this bound has explicit

dependence on €, which is M _11 and M, > in Step 4 in the proof of Theorem Obviously, the error

terms M ! and M. - in the bound increase as € increases. However, this dependence on e does not
impact the dommatmg term too much. The exact posterior will be more “concentrated” on the true
mean with small variability as the time t increases, and the impact from the error will vanish; See
Remark

It is easy to see that to minimize the regret upper bound, we may choose { = é in Theorem

Corollary 3.8. Under the same conditions in Theorem[3.7} for any & > 0 choosing the parameter c

such that caiy > 5 in the EBUCB algorithm and setting v; = 1 — W’ the number of draws

ay
of any sub-optimal action j > 2 is upper-bounded by E[N;(T)] < (d(zé)ﬂ 5o g(T) + o(logT).

This result states that with the e error threshold, the regret of the EBUCB algorithm is bounded
above by O(log T') regardless of how large e is, which reaches the same order (log T') of the problem-
dependent frequentist regret lower bound [25]]. In comparison with the exact lower bound, there is
a slight difference in the multiplier before the order (log T'): Our upper bound in Corollary has
the additional multiplier % > 1, which arises from the approximate inference when estimating the
posterior distributions (Assumption[3.3). If in addition Assumption [3.3|holds for any «; > 1 and
any oy < 0, then we can let Z—; — 1 by taking a; — 400 and ap — —oo to match the exact lower
bound.

In the absence of approximate inference, [21] showed that E[N;(T")] < d((ifi)]) log(T") + o(log T')
3o

matching the exact lower bound. Prior to our work, it was unclear in the literature whether the optimal
regret order O(log T') could be achieved in the presence of bounded approximate inference error. Our
result provides a positive answer to this question, despite the fact that the inference error may cause
the multiplier g—; before the order (log T'). To the best of our knowledge, this is the first algorithm
providing the regret upper bound that is better than o(7T") in [34] with bounded approximate inference
error.

As discussed in [21]], the horizon-dependent term (log 7)€ in Corollaryis only an artifact of the
theoretical analysis to obtain a finite-time regret upper bound. In practice, the model with choice
¢ = 0 (i.e., without the horizon-dependent term) already achieves superior performance. This is
confirmed by our experiments in Section[d] A similar observation in BUCB was indicated in [21]].

Remark 3.9. It might appear a little surprising that the result in Corollary |3.8|indicates a regret upper
bound with the dominating term O(log T') that does not depend on €, as one may expect that a large €
allows the “full swap” between the posterior of the optimal action and the posterior of a suboptimal
action, making any Bayesian-based approaches unable to distinguish them. However, benefiting from
historical observations, the exact posterior will be more “concentrated” on the true mean with small
variability, which will keep enlarging the a-divergence between two actions. This indicates that, for a
fixed e, the a-divergence between the exact posteriors of two actions can be sufficiently large as ¢
increases and ultimately exceeds e¢. Hence, the “full swap” will not happen when ¢ is large.

Remark 3.10. The 7= in EBUCB, instead of the original 1 in BUCB, is a delicate choice to address
the tradeoff between making the regret optimal without approximate inference and the presence of
inference error. On a technical level, a power ¢ close to 1 in ¢ improves the regret bound without the
presence of approximate inference but simultaneously leads to high-level quantile shift caused by
approximate inference. Choosing { = 5% is a subtle balance of these two.

The technical derivation of Theorem depends on analyzing the quantiles of the approximate
distributions used in the EBUCB algorithm. In particular, one of the major techniques in our analysis
is Lemma|C.I]in Appendix [C| It provides explicit upper and lower bounds on the tails of approximate
distributions to control the quantiles designed by the EBUCB algorithm. It is obtained by combining
the quantile shift between the approximate and exact posterior distributions that developed in Theorem
(Section [3.2)) with the tight bounds on the quantiles of the exact posterior distributions (the proof
of Lemma 1 in [21])). This result is then used to bound the expectation of a decomposition of N;(7")
in Lemma that links IV; (T") to the over-estimation of the optimal arm.
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3.4 Negative Results

We show that one bounded a-divergence alone cannot guarantee a sub-linear regret. We provide
two worst-case examples, one where Thompson sampling has a linear regret, and the other where
BUCB/EBUCB has a linear regret, even when the inference error measured by one a-divergence is
small. A similar study on Thompson sampling was conducted in [34] with a special focus on the
inference error on the joint distribution of all actions. In our study, nevertheless, we focus on a setting
where the inference error on the distribution of each action is assumed; See Remark[A.3] Therefore,
the examples in [34] cannot be directly applied in our setting. Moreover, our second example shows
that BUCB/EBUCB could have a linear regret if only one a-divergence is considered, which is new.

Assumption 3.11. Suppose that there exists a positive value € € (0, 400) such that

Do (Qy;,11; ;) < e, Vt € [T)],5 € [K]. “4)

We establish the following theorem for Thompson sampling:

Theorem 3.12. Consider a Bernoulli multi-armed bandit problem where the number of actions is
K = 2and p11 > po. The prior 11y j is chosen to be the i.i.d. Beta(1,1), or the uniform distribution
for every action j = 1,2. For any given o < 1 and any error threshold € > 0, there exists a sequence
of distributions QQ¢_1 such that for all t > 1:

1) The probability of sampling from Q;_1 choosing action 2 is greater than a positive constant
independent of t.

2) Qi1 satisfies Assumptions3.6|and[3.11]

Therefore Thompson sampling from the approximate distribution Q:_1 will cause a finite-time linear
frequentist regret: R(T, A) = Q(T).

This theorem shows that making one a-divergence a small constant alone, even for each action j,
is not sufficient to guarantee a sub-linear regret of Thompson sampling. Note that Theorem [3.12]is
an enhancement of the results in [34] in the sense that the @); constructed by our theorem satisfies
more restrictive assumptions. We can derive a similar observation for the BUCB/EBUCB algorithm
as follows:

Theorem 3.13. Consider a Bernoulli multi-armed bandit problem where the number of actions is
K =2and p11 > po. The prior 11y j is chosen to be the i.i.d. Beta(1,1), or the uniform distribution
for every action j = 1,2. Consider the general EBUCB algorithm described in Algorithm[l| For any
given o < 1 and any error threshold € > 0, there exists a constant Ty (only depending on €, o, and
the sequence {7:}) and a sequence of distributions Q;—1 such that for all t > 1:

1) The EBUCB algorithm always chooses action 2 when t > Tj.

2) Qi1 satisfies Assumptions3.6|and[3.1]]

Therefore the EBUCB algorithm from the approximate distribution QQ;—1 will cause a finite-time
linear frequentist regret: R(T, A) = Q(T).

This theorem shows that making one a-divergence a small constant alone, even for each action 7, is
insufficient to guarantee a sub-linear regret of BUCB/EBUCB. We emphasize that the examples in
Theorems and are in the worst-case sense, indicating that there exist worst-case examples
where Thompson sampling/EBUCB exhibits a linear regret if only one a-divergence is bounded.
However, this does not imply that EBUCB and Thompson sampling would fail on average in the
presence of approximate inference. In fact, Theorem shows that a sub-linear regret can be
achieved if the inference error measured by two different a-divergences is bounded.

4 [Experiments

In this section, we conduct numerical experiments to show the correctness of our theoryE] In Section
[|.1] we compare the performance of EBUCB with the following baselines: BUCB (using its originally
proposed quantile and Q; as I1; since the exact posterior distribution II; is unavailable) and Thompson
sampling (using Q; as II;). In Section[4.2] we construct worst-case examples showing that both
EBUCB and Thompson sampling can degenerate to linear regret if only one a-divergence is bounded.
We consider the Bernoulli multi-armed bandit problem which has two actions with mean rewards

*The source code for experiments is available at https://github. com/HZ0000/EBUCB,

R
https://doi.org/10.52202/075280-0706 16062


https://github.com/HZ0000/EBUCB

(P1) with w=0.9 (P1) with w=0.8 (P1) with w=0.7

[N
=

Cumulative Regret
N

Cumulative Regret
Cumulative Regret

o N & o

0 200 0 600 800 1000 0 200 00 600 800 1000 0 200 400 600 800 1000
Time Step Time Step Time Step
(P2) with w=0.9 (P2) with w=0.8 (P2) with w=0.7
10 0
10
® 8 ® : ® ’
3 3 3
2 2 2
[ o [
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Time Step Time Step Time Step
=== EBUCB (c = 0) == Thompson Sampling === BUCB (c = 0)
== BUCB (c =5) == EBUCB (c =5)

Figure 1: Comparison of EBUCB and baselines with generally misspecified posteriors under different
problem settings. Results are averaged over 10 runs with shaded standard errors.
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Figure 2: Results of Thompson sampling, BUCB, and EBUCB with worst-case misspecified posteriors
under different problem settings. Results are averaged over 10 runs with shaded standard errors.

[0.7,0.3], and use Beta(1, 1) as the prior distribution of mean reward for each action. At each time
step ¢, the exact posterior distribution for each action is Beta(1 + .S;(¢),1 + N;(t) — S;(t)), where

S;(t) is the empirical cumulative reward from action j up to time ¢ and N, (¢) is the number of draws
from action j up to time .

4.1 Generally Misspecified Posteriors

Suppose the posterior distributions are misspecified to the following distributions:

(P1): (1 — w) * Beta(1 + S;(£), 1 + N () — S(t)) + w # Beta( - gf(t), L Nf(g) = Si(t),
(P2) : (1 —w) = Beta(1 + S;(t), 1 + N;(t) — S;(t)) + w = Beta(2(1 + S;(¢)), 2(1 + N;(t) — S;(t)))
where w = 0.9,0.8,0.7. Figure [I] presents the results of EBUCB and the baselines. Overall,
EBUCB achieves consistently superior performance than the baselines, and it outperforms BUCB
with considerable improvements. These results confirm the effectiveness of EBUCB across multiple
settings. Moreover, EBUCB performs well without the horizon-dependent term (i.e., ¢ = 0 in
Corollary [3.8). This brings EBUCB practical advantages in real-world applications, as it does not

require advanced knowledge of the horizon (i.e., anytime). A similar observation of BUCB was also
noticed in [21]].
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4.2 Worst-Case Misspecified Posteriors

We consider the worst-case examples, Equations (I3) and (T4)), presented in the proof of Theorems
[3.12]and [3.13] where the posterior distributions are misspecified using one a-divergence. The results
of Thompson sampling, BUCB, and EBUCB are displayed in Figure 2] From these worst-case
examples, we observe that: 1) Thompson sampling exhibits a linear regret after t > 1. As shown
in Theorem the linear coefficient (i.e., the slope) of the regret depends on the level r that
corresponds to the inference error. Specifically, the slope of the regret is increased along with the
increased value of r, as illustrated in both Figure 2]and the proof of Theorem[3.12] 2) BUCB/EBUCB
exhibits a linear regret with constant slope 1 — uo after ¢ > Ty, where T is the time threshold
introduced in Theorem [3.13] after which BUCB/EBUCB always chooses the sub-optimal action. The
artificial choice of 7 is to make T = 100, 200, 333 where vy, = %; See the proof of Theorem

In summary, our experiments evidently demonstrate the superior performance of our proposed
EBUCB on multi-armed bandit problems with generally misspecified posteriors. Our results also
align closely with our theory that making one a-divergence a small constant alone is insufficient to
guarantee a sub-linear regret of Thompson sampling/BUCB/EBUCB. Hence, making two different
a-divergences bounded is necessary for the sub-linear regret upper bound.

5 Conclusions and Future Work

In this paper, we propose a general Bayesian bandit algorithm, Enhanced Bayesian Upper Confidence
Bound (EBUCB), that achieves superior performance for Bernoulli bandit problems with approximate
inference. We prove that, if the inference error measured by two different a-divergences is less
than a constant, EBUCB can achieve the optimal regret order O(log T"). Additionally, we construct
worse-case examples to show the necessity of bounding two different a-divergences, which is further
validated by our experiments. We consider the study of other problem settings as meaningful future
research that could be built upon our current framework, e.g., extending to the general exponential
family bandit problems by leveraging the techniques in [20]. We will also extend our current
framework to contextual bandit problems and investigate the performance of contextual Bayesian
bandit algorithms with approximate inference [36].
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Appendices

We provide further results and discussions in this appendix. Section [A] presents detailed discussions
on Assumption [3.3] Section[B|presents proofs for the results in Section[3.2]in the main paper. Section
[C] presents proofs for the results in Section [3.3] Section D] presents proofs for the results in Section
[3.4] Section [E]presents additional experimental results.

Appendix A Remarks on Assumption

Remark A.1 (Constant Threshold). A constant threshold assumption on inference error appears in
[34]. In this study, we adopt a similar assumption as [34], since no standard assumptions are in place
due to the infancy of this field. In practice, keeping inference error below a constant threshold is
not only feasible but also can be improved. As a concrete example, [30] showed that the inference
error of an efficient Langevin MCMC algorithm decreases at the order of O(1/4/N,(t)). [48] also
establish similar consistency results. On a high level, as more data are collected, the approximate
and exact posteriors both become more concentrated, but they could concentrate to the same point of
true mean rewards, as [30]] showed. In addition to MCMC algorithms [4] which typically produce a
consistent posterior, our assumption also fits other Bayesian inference algorithms, such as variational
inference [8]], that output approximate posteriors with a systematic computational bias.

In fact, the negative results in the presence of constant inference error shown by [34] motivate another
research direction: A natural idea for obtaining positive results is to construct a “highly-effective"
Bayesian inference approach with vanishing inference error as the number of samples increases,
as studied in [30] 48]. However, our results demonstrate that the O(log T") regret upper bound is
achievable even with non-vanishing inference error, without requiring specific “highly-effective”
Bayesian inference approaches.

Remark A.2 (a-divergence). Studies beyond KL divergence [38, 9], using a-divergence [26) [19,
141, 149] or more generally f-divergence [46| [47], have appeared in recent research. These studies
demonstrated the potential use of general c-divergence and other types of divergence in practical
model design. Moreover, from a practical perspective, the two a-divergences between the estimated
and the exact posterior distributions could be small, even if only one a-divergence is used to construct
the approximate distribution. This might be the reason for the superior performance of approximate
Bayesian bandit algorithms that consider only the KL divergence in practice.

Remark A.3 (Independent Prior). In multi-armed bandit problems, the prior distribution of mean
rewards Il is typically chosen to be independent among each action Il 1, ..., Iy x, as this is the most
reasonable and natural way without further information [[L, 21} 20} 30]. In this case, the posteriors
must also be independent among each action because of the Bayesian update (2). Therefore, our
study focuses on the inference error on the distribution of each action in (3), which appears to be
more realistic than the inference error on the joint distribution of all actions assumed in [34].

Appendix B Proofs of Results in Section [3.2]

Proof of Theorem[34) Note that Ry(y) = Ra(y + 8,.) implies Ry *(R1(y)) = v + d,. and
RTY(Ra(y +8,.)) = 7. Obviously Ry *(R;(0)) = 0 and Ry *(Ry(1)) = 1. On a high level, our
proof technique is to split the D, (P;, P,) into two parts using the quantile-based representation of
a-divergence in Lemma|3.5| and then use Jensen’s inequality (since —— I-a

aa-n? is a convex function
of z > 0 for any o # 0, I) to derive a bound for 4., .
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By Lemma3.5]and Jensen’s inequality,
Do (Pr, P2)

ey, (et mw) e gl
:ﬁ /OV (iR;l(Rl(u))y_a du + ﬁ [ log <(ZLR2_1(R1(u))>1_a du — ﬁ

zﬁ (i /07 iRzl(Rl(u))du>1a + a(la_jn (1 iv /71 iRzl(Rl(u))du>la — ﬁ

0 (BMRO) - RO 1oy (RO - BYRGDY T 1
_a(a—1)< Y ) +a(06—1)( 1—7 > ala—1)
_ g 'Y+(5»y,e e 1—7 1_7_57,5 l—a_;

_04(041)< Y ) +a(a1)( 1—~ > ala—1) 3)

First, we note that for any v € (0,1) and any 6., € [—7,1 — 7], the above inequality is indeed
achievable. To see this, consider

Y+0y.c :
Tren (x ifz; <R
p2(q;) — 1_1_5%1( ) : 1 1(7) (6)
= (z1) ifxy > Ri(7)
Simple calculations give
_’V""(S"/,e 1_'7_57,6 _ _’V""é’y,e 1_7_6’7,6 _ _
[ mle) = FERE R R+ (R () = T i ) < 1
where F} is the cdf of P;, and
Dy (Py, Py)
. ( ( v > z)da — 1)
ala—1) p1(x)
1 7+6'ye 1_7_676 e
= : _— 1—-F -1
= (( ) ey (PR 0 Amo
1—

oy Y4 bye a+ 1—v (1—7—0y. l_a_ 1
ala—1) v ala—1) 1—7 ala—1)

Therefore, the P; and P» constructed in Equation (6) show that the inequality (3)) is indeed achievable.

Next, we consider the function

0=an () ey (7)) ey

Taking the derivative of g(d) with respect to J, we obtain

1 Y 1 [1—y=86\"
J6) == (7*> 2 <7>
« ¥ e} 1—7

, 1 (y+5)‘“ 1 (1—7—6)”‘1
g ) =—-(—— + > 0.
(©) Y ol 1—»v 11—~

It is easy to see that g(0) is strictly decreasing when § € (—+,0) and strictly increasing when
6 € (0,1 —+) with minimum ¢(0) = 0. This fact shows that ¢ > ¢(0) is equivalent to § in an interval
around 0, i.e., § € [J,8] C [—7,1 — 7]. More explicitly, we can obtain an explicit bound for §, d.
In the following, we will show that in some cases, the bound for § becomes too loose in the sense
that § can be close to —v or ¢ can be close to 1 — «, in which cases we cannot obtain any useful
information.
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1) Suppose that & > 1. When d,, > 0, we have

l1-a -« a
¥ Y4 Oy e > Y y+1-v _ v >0
ala—1) 5 ~ala—1) vy ala—1) —

as 0 < 6, <1 — . Therefore ¢ > D, (Pi, P») implies that

l—y [(1—v—0,. 1“"<6+ 1
ala—1) 11—+ - ala—1)

which is equivalent to

1= =0y - (ea(a—l)—i—l)lla
1—v
Hence we have ) .
Oye <1—7y—(ea(fa—1)+1)T== (1 —y)a-T.

Remark. Note that when o« > 1, the lower bound of 6%6 can be similarly derived but it becomes
vicious. To see this, we notice that whenever

(eafa—1)+7) T ya~T —y <4, <0, @)
we have that

l—y (1-79-0,.\"" 1 11—~ 1 —
a(a—1)< 11—+ > a(a—l)éa(a—l) ala—1)  ala—1)

as —y < 64, < 0Oand

a 1 e 11—«
~ R 2 SR Y+ (ea(e—1) +9) "y T — o .
ala—1) ~ ala—1) ~ ala—1)

which ensures € > D, (P, P»). However, the lower bound in Equation is too loose:

lim (ea(a—1)+7) =7 73T -y = —y

e—+o0
which can be sufficiently close to —v if € is sufficiently large.

b) Suppose that o < 0. When 6., . < 0, we have

=D (ij>1_a 2 @) <V77>H =0

as —y < d4,c < 0. Therefore € > D, (Py, P») implies that

11—«
1—7 1—v—04, <ex 1
ala—1) 1—7 - ala—1)

which is equivalent to

1-7 =0 (ea(a—l)—kl)l—l“
1—7 - 1—7
Hence we have . .
dye>1l—y—(eafa—1)+1)T-= (1 —v)=-T 8)

Remark. Note that when ov < 0, the upper bound of 4., . can be similarly derived but it becomes
vicious. To see this, we notice that whenever

0< 8y <min{(ea(a — 1)+ )75 73T — 4,1 -~} )
we have that

1—y [(1—y—=06,\"" 1 1—~ 1 —y
o

ala—1) 1—7 afl)ga(afl) ala—1) ala—1)
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as —y < 64, < Oand

—a 1 o -«
T (145 T [(rtlala—D ) TEy R o)y
ala—1) 0% ~ala—1) ~ ala—1)

which ensures € > D, (P, P»). However, the lower bound in Equation @) is too loose:

lim (ea(a—1)+ 7)ﬁ AT —y = 400

e——+o0

so the lower bound in Equation () can be 1 —  if € is large.

¢) Note that when « € (0, 1), a(a — 1) < 0 and thus we have

-« 1-a
v Y+ 0y, <_ 7 1= —0
ala—1) 5 ~ ala—1) 5y

1=y (1=7=0\""_ 1-7 (1-9-(1-7) 1_0“:0
ala—1) 1—7 ~ ala—1) 11—~

as —y < 6, <1 — 1. Hence, as long as ¢ > a((:iil)’ we always have

-« I-a
Y ")/+5’y,e + 17’7 17776’%5 o 1 <e
ala—1) y ala—1) 1—7 ala—1)

for any 0, . € [—7,1—~]. Moreover, as we discussed below Equation (3)), for any d,, . € [—v,1—7],
there exist two distributions P; and P5 such that

D (P P): g ’Y+5'y,e 1—a+ 177 17,}/75%6 1—04_#
a\l1,1472 Oé(a—l) Y Oé(a_].) 1—’y Oz(a—l)’

which shows that D, (P;, P,) < € holds for such P; and P,. This implies that the condition
D (Py, Py) < € cannot control the quantile shift between P; and P, in general when o € (0,1). O

and

Proof of Lemma@ Let I and F5 be the cdfs of P; and P; respectively. Since F) and F5 are
absolute continuous and strictly increasing (as they have positive densities), we have that F;(R;(u)) =
u for 0 < u < 1. Taking the derivative with respect to both sides of F;(R;(u)) = u, we obtain

Ri(u)pi(Ri(u)) = 1 (10)
where R} (u) := d%f”. Note that we have the following equality:
d dR; ' (v)
@Rz 1(R1(U)) = Rﬁ(“)ilivhzm(u)
1
= R/ (u)f“:Rl u
SRy (R () T
= R} (u)p2(R2(R3 " (v)))|v=r,(u) by Equation (T0)
= Ry (u)p2(Ra(u)). (11)

17
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Using integration by substitution, for a-divergence, we obtain that

Do (P, Py) = —— /pl(x)“pg(:c)l_“dx — 1)

<
e ([ C2) )
<

1 1 1 a—1 /
- ala—1) /0 (R’l(u)pg(Rl(u))> p1(Ry(uw)) Ry (u)du — 1)

1
/0 (R} (u)p2(R1(u)))' ™ du — 1> by Equation (10)
1 -«
— % (/0 ((ZLRzl(RKU))) du — 1) by Equation (TT).

ala—1

Similarly, for KL divergence, we obtain that

g (U
KL(P1,P2)—/O log <p2(R1(U>)

1 1 ,
:/O log <R’1(u)m(Rl(u))> p1(Ra(u) Ry (u)du

- /0 log (R, (w)ps(Ry () du by Equation (T0)

) p1(Ry(w)dR, (u)

1
= —/ log (ddRzl(Rl(u))> du by Equation (TT).
0 U

Appendix C Proofs of Results in Section3.3]

We first prove two useful lemmas.

Lemma C.1. Under the same condition in Theorem[3.7} the quantiles of the approximate distributions
qu; (t) chosen by the EBUCB algorithm satisfies the following bound:

u;(t) < quy(t) < u;(t)

where

{d (Sj(t) x) < (a log(t) + can ﬁféggﬂ — log(Mc 1) }

u;(t) = arg max
> S;(t)
T2 N;O+1

S;(t) Cao log(t) + cio log(log T') — log (M, o) — log(N;(t) + 2)
{d( x) = N;(t) + 1 }

Proof of Lemma|[C.1} Recall that M. = (eaq(aq — 1) + 1)1—171 <lLda =35>0, M=

(eaz(ag — 1)+ 1) a3 > 1, &g = =22= > (. First we notice that by Theorem [3.4{part a) (where P;

az—1

1R
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corresponds to Q¢ 1), we have

1
. t — 1_ - B ]
qU]( ) Qu( tC(IOgT)C7Qt 1,3)
1
= l— ) 1 1L
QU( tC(IQgT)C + 1—m,57 t 173)
<Quil- oty Ly Ly
= t<(10gT)C tC(]ogT)c e,ltcdl(logT)cala t—1,j

Me,l
- oy )

since Dy, (Qy,j—1,11; ;—1) < € and we have use the fact that Qu is non-decreasing. Now we apply
the proof of Lemma 1 in [21]], the tight bounds of the quantiles of the Beta distributions, to obtain
Me,l

Q™ g e 119)

s log (ﬁ)
<arg max {d< 5() x) < 691 (log 7)1 }

5540 N;(t) N;(t)
> WD
<arg max {d <Sj *) ,:17> < Cay log(t) + ca log(log T') — 10g(M€71) }
o> B N;(t) N, (%)
N
=1;(t)
Similarly, by Theorem [3.4]part b) (where P; corresponds to Q; 1), we have that
1
(t) = 1~ L
qu]( ) Qu( tC(IOgT)C’Qt l,j)
1
Qu tC(log T)° + - rgdgee 1,5)
= Qul o Mg 11, )
= Ju 1< (log T)C ¢ (log T)c €,2 1Ca2 (log T)Cd? s i —1,5
Me 2
Qu( $Caa (IOgT)COQ’ t 1,])

since D, (IT; j_1,Q4,j—1) < € and we have use the fact that Qu is non-decreasing. Now we apply
the proof of Lemma 1 in [21]], the tight bounds of the quantiles of the Beta distributions, to obtain

Mo

~ [ (log ) 1)

Qu(l

log —
<t4512(10;'2p)cdz(Nj(t)+2) }

S5 (t) >
> d{ ——— 2| <
2 arg o { (m i) < Nyt +1
N;(OF1
> arg max {d S;(t) ) < Cda log(t) + iz log(logT) — log(M, o) — log(N;(t) + 2) }
5;() Nj(t)+1 Nj(t)—|—1

x>m

=U; (t)

Therefore, we conclude that
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Based on Lemma[C.I} we can obtain a UCB-type decomposition of the number of draws of any
sub-optimal action j > 2 as follows.

Lemma C.2. Under the same condition in Theorem[3.7) we have that for any constant fr,

T) <> 1{m — Br > uy ()}
o (12)
+ Z {(p1 = Br <u2(t)) N (Ar =2)}

t=1

Proof of Lemma|[C.2] We have that, by definition,
T

No(T) = 1{A, =2}

t=1

T
H(u = Br > () N (Ae =2)} + D (w1 — Br < (1)) N (A = 2)}

t=1

I
“Mﬂ

-1

SZ {1 —Br > aqi(t }+Z]1{H1 Br < q(t) N (A =2)}

= t=1

~

Z {1 = Br > uy (¢ }+Z]1{M1 Br < uz(t)) N (A = 2)}

t=1
where the last inequality follows from the fact that g1 () > u, (¢) and when A; = 2, ¢1(t) < q2(t)
Ug (t)

LA

Therefore, to obtain Theorem [3.7] it is sufficient to analyze the two terms in Lemma[C.2}

Proof of Theorem[3.7} Without loss of generality, we let j = 2. (Note that we have assumed the
action 1 is optimal.) By Lemma[C.2} we only need to bound the two following two terms:

T T

Dy:=) 1{m —Br>u,(t)}, Da:=) W{(m — Br <Wa(t) N (A =2)}

t=1 t=1

Let By = logT We further split Dy into two parts:
T
Diy =Y 1{m — Br >uy(t), Ni(t) + 2 < (log T)?},
t=1
T
Dig:=> I — Br >uy(t), Ni(t) +2 > (log T)*}.
t=1

Step 1: Consider D1 ;.
Note that

Cao log(t) + ciglog(log T') — log(M, o) — log(N1(¢t) + 2) < (o log(t) + (cha — 2)log(log T') — log(Me.2)
Ni(t) +1 - Ni(t)+1

in u, (t) when Ny (¢) + 2 < (log T')2. Hence we have that

{d ( S1(t) ,x) < Can log(t) + (cao — 2)log(logT) — log(M@g)}

t) >
() = arg max Ni(f) + 1 Ny (t) +1

51(8)
> Nt

=1y (1)
when N (t) + 2 < (log T)?. This shows that

Dy < Z Ly >y (t)}

t=1

20
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Similarly to the proof in [21]], with a straightforward adaptation of the proof of theorem 10 in [15],

we obtain the following self-normalized inequality

Lemma C.3. ~ ~
P(p1 > 4, (1)) < (0log(t) + 1) exp(—d + 1)
where B
0 = Caglog(t) + (caz — 2)log(log T') — log(M. 2).

Lemma|C.3|leads to the following upper bound of D ;:

T
E[D11] <Y P(ur > i, (t))
t=1
L - . ME,QG
t=2
T - - M&QG

t

I|
o

IN

~ e 2€
L+ (CO@ + CO@) 10gT cag 4 Z/ 1 [[;Ca2

N ) M, ze /1 1 J
c = = X
2 2 IOg T)CO(274 T xCag

IN

1+

(CderCdz) M, peT!=¢%2

~ ~ Me, e T1-¢a2 . ~
< 1+ (Chz + cao (1ogT)02&2 T = Cazl <1+ = if0<Cas <1
1+ (Cas + cdo (logf‘;f%log( ) <1+ (ga@ +coz2)M€,Qe if Can > 1
for carg > 5.

Step 2: Consider D; ». Note that in this term, the optimal action 1 has been sufficiently drawn to be

well estimated, so we can use a loose bound

E[D1,1] <Zﬂ{/i1 Br > +

t=1

51()

This right-hand side only depends on the draws from action 1 and has been studied in Theorem 1 in

[21], so we apply their results:

E[D; o] < ——.
(D12l < 773

Step 3: Consider D5. Using the same technique as in lemma 7 in [15]], D5 is bounded by
T
Do <3 1{sd" (fiz(t), 1 — Br) < (G log(T) + ey log(log T) — log(Me.1)}
s=1

For £ > 0, we let
(14 €)(¢an log(T) + cin log(logT) — log(Me 1)

KTAE =
i d(p2, p)
Then Dy can be rewritten as
[ K7, T
Dy < Z 1+ Z K7 .d(f2(t), p — Br) < Canlog(T) + cdn log(log T') — log(
s= LKT.eJ""l
a d(p2, pu1)
N 2, H1
= |Kr.] + Z ]l{d+(ﬂ2(t)7ﬂl —Br) < W}
s=|Kr.]+1
. d(p2, pa) 2
<SEpo+ Y Hd (as(t),m) < T2 4 g,
L1 1+¢ pa(2 = pa)
21
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where the last inequality follows from the same technique in the proof of Theorem 1 in [21]], by noting
that the function g(q) = d*(ji2(s),q) is convex and differentiable and ¢/(q) = L2 1{(q >

q(1—q)
2

A 2(1 1+€/2 - d(ps, d(pz,
fi2(s)}. Hence, for T > exp ((W) , we obtain (%ﬁgl) +Brom 1 o < EL&%).
Following the proof of Theorem 1 in [21]] (as well as [15]), we obtain

a d(p2, p1)

BID < Kot 30 P(d (a0, < T2
1+¢/2
S:LKT,EJ-"-I

(1+¢/2)

< Kret §2(min{po(1 — p2), p1(1 — p1)})?

Step 4: Combing the above results, we obtain that if 0 < (as < 1,
E[No(T)] <E[D1 1] + E[D1 5] + E[Ds]
(Cdz + CdQ)M€,26T17Cd2 (1+&)(¢arlog(T) + cin log(logT) — log(M. 1)
<1+ — + J
1—(ae d(p2, p11)
(1+¢/2)°
§2(min{pa(1 — p2), 1 (1 — pa)})?
(Cdg + 0@2) M6’26T1_<&2
< —
- 1-— CO{Q
and if Cagy > 1,
E[N(T)] <E[D1,1] + E[D1 2] + E[Dy]

o(Tl_Cé”).

(1+&)(Can log(T) + cin log(log T') — log(Me 1)
d(,U'Qa ,LL1)

<1+ Gy + ctia ) M, e +
n (14¢/2)2
&2 (min{po (1 — p2), (1 — p1)})?

(1+¢)¢a
Sm log(T) + o(log T).

O

Note that the final step (Step 4) in the above proof provides an exact finite-time regret bound that
holds for any time horizon 7'. It explicitly expresses the o(-) term in Theorem The error terms
M;ll and M > depending on € appear in this regret bound explicitly. Obviously, M 11 and M, 5 in
the bound increase as € increases.

In general, our above derivations depend on bounds for specific distributions (Beta posterior distribu-
tions with inference errors in our setting). It is a direction to generalize these results to more general
bandit problems or more general families of distributions. For instance, [[20] extends the setting of
Beta posterior distribution to the exponential family that includes Gaussian (without approximate
inference). Combining [20] with our techniques in Sections [3.2]and [3.3] - may lead to analyzing the
exponential family with approximate inference. This, however, requires some additional careful
technical derivation beyond our current bounds in Bernoulli with approximate inference, which is a
future research direction.

Appendix D  Proofs of Results in Section [3.4]

Proof of Theorem We can explicitly construct such a distribution Q; as follows:

qt 2(1‘2) = 7Tt,2($2)

1-L(1-F, (b)) .
g1 (1) = — oy T a(xy) if0<a; <by (13)
' %7’(,5’1(1'1) ifb; <zx1 <1

77
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where F} ; is the cumulative distribution function (cdf) of IT; ; and » > 1, b; € (0, 1) will be specified
later.
First, note that by setting

qt,2 = T2,
we have D, (Il; 2, Q¢ 2) = 0 and ¢; o = m; 2 with the same support [0, 1], satisfying Assumptions
[3:6and[3:1T]on action j = 2.
We set b, = Qu(%7 I, 5) € (0,1), the %-quantile of the distribution II; » (or equivalently, Q)¢ 2). Let
F, 1 be the cdf of IT; 1. We have F; 1(b;) € (0,1). Forr > 1, we set

_1(_
wﬂt 1(xy) fO<z <by
Qt,l(ﬂfl) =19, t,1(bt) , .
?7t,1($1) ifb; <1 <1

Step 1: We show that g, 1 (1) is indeed a density satisfying Assumption on action j = 1. First of
all, it is obvious that ¢; 1 > 0 on (0,1) as m, ;1 > 0 on (0, 1). Moreover

1 by 1
/ g (z1)dzy =/ Qt,1(331)d331+/ g (x1)dzy
0 0

bt

b1 — L1 —F1(by)) 1
_ P t, t d - d
/0 Fra(on) m,1(21)dry —l—/bt Tﬂ't,l(l‘l) 1

1_%(1_Ft,1(bt)) 1
) Fia(be) Fia(b) + ;(1 = Fya(be))

=1.

Step 2: We show that there exists an 7 > 1 (independent of ¢) such that ¢, ; satisfies Assumption@
on action j = 1.

We have that when o« < O or 0 < o < 1:

Do (@11, 1) = ﬁ (/Obt i1 (1) <m> ) dry + /bt1 me1(71) (%) h dry — 1)
= ﬁ (/Ob 1 (21) <1 — 1?71(?’3@(@)))_& dry + /bl T (1) day — 1)

__ 1 Fy1(b) o ey )
B afa—1) <<1 - %(1 - Ft,1(bt))> Fuabe) + (1= Fi1(be)) 1)

Ft,l(bt) < T — ]. + Ft,l(bt)
1—1(1—=Fa(b) ~ 1= 21— Fra(by))
as r > 1. Hence we have

Do (Q,1,11; 1) <

We note that

1 . . B 3
m(r Fra(be) +7 (1—Ft’1(bt))_1)_m(r ).

Then for 1 < r < (ea(o — 1) + 1)~ (only if ea(ex — 1) + 1 > 0, otherwise we put +oo as the
upper bound on r), we have that
Do (Q4,1,11;1) <e.

When o = 0:
Do(Qt,1,10¢,1) = KL(Iy 1, Q1)

b 1
¢ m(xl)> / <7rt,1(x1)>
= me1(x1)lo dzy + mq(x1)log | ————= ) dx
/0 t,1( 1) g<Qt,1($1) 1 b, t,l( 1) g Qt,1($1) 1

_ /bt7r (@ )10g< Fyq1(be) )dm +/17r (1) log (r) dx
|l 10— Fa(o) 1 \ t,1(21 1
Fyq1(by)

=log (1 — %(1 — Fy1(b))

) Fy(by) +log (r) (1 — Foa (b))

1
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‘We note that
Ft,l(bt) < r—1 + Ft,l(bt) —
1-1A-Fa(b) ~ 1— 11— Fia(by))

as r > 1. Hence we have
KL(Ht,l, Qt,l) S IOg (T) Ft71(bt) =+ log (’/‘) (1 — Ft71(bt)) = IOg (T) .
Then for 1 < r < e€, we have that

Do(Q,1,11;1) = KL(IL; 1, Q1) < log(r) <log(ef) =e.

Step 3: We show that the probability of sampling from );_; choosing action 2 is greater than a
positive constant %(1 - %), which thus leads to a linear regret.

In fact, the probability of sampling from Q);—; choosing action 2 is given by Pg, ,(xz2 > z1).
Therefore we have that

P, (w2 >21) 2 Pg, (22 > b1 > 21) =Pq,_, ,(x2 > by—1)Pq,_, , (1 < bi—1)

since Q¢—1,1 and Q;_1 2 are independent.

1
PQt—l,Z (172 > bt—l) = 5

since b;_1 is the %-quantile of the distribution IT;_; » and p;_; » > 0 on (0, 1).

1 1
Po, 1 (1 <b1)=1-Pq, |, (x1 2 bi1) =1~ ;(1 —F1a(bi1)) > 1— -

by our construction of Q;_11. Therefore we have that

1(1—1) > 0.

Poia (w22 21) 2 51—~

We conclude that the lower bound of the average expected regret is given by
2 T 1
R(T,A) =3 (i = i) B IN; ()] > (1 = ) 5 (1 = ) = UT)
j=1

leading to a linear regret. O

Proof of Theorem[3.13] We can explicitly construct such a distribution @, as follows:

Qt,l(ﬂUl) = 7Tt,1(9€1)

1 .
=Tt 2(562) if 0 < <bt
=<7 14
%2(w2) {11—}'1??;2@(:3)7&,2(@) ifb; <xz1 <1 (14

where F} o is the cdf of IT; 5 and r > 1, b, € (0, 1) will be specified later.
First, note that by setting

qt,1 = T¢,1,
we have D, (II;1,Q¢ 1) = 0 and ¢; 1 = m;,1 with the same support [0, 1], satisfying Assumptions
[3:6and[3:TT]on action j = 1.

We set by = Qu(7vit1,1I1) € (0,1), the v;41-quantile of the distribution II; ; (or equivalently,
Q1,1)- Let F 2 be the cdf of II; 5. We have F} o(b,) € (0,1). Forr > 1, we set

1—1Fy o(by)

(22) %771‘/,2(552) if 0 <o < by
Gr.2(22) = ,
e Tty e2(®2) ifby <@p <1

24
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Step 1: We show that g, o(z2) is indeed a density satisfying Assumptionon action j = 2. First of
all, it is obvious that ¢; o > 0 on (0, 1) as m, 2 > 0 on (0, 1). Moreover

1 by 1
/ qr,2(x2)dxo :/ qr,2(x2)dxo +/ qr,2(x2)dxo
0 0 by

be

1 1
— 2 F;2(by)

_ [ = d S o2 d

; Tﬂm(fﬂz) 172+/bt = Foa(b) Ty 2(x2)dxs

1 1—1F (b))
= —F,o(b —r = (1 — F;qo(b

SFa(be) + o) (1= Fi2(b))
=1.

Step 2: We show that there exists an r > 1 (independent of t) such that g, o satisfies Assumption@
on action j = 2.

We have that when oo < 0 or 0 < o < 1:

— ﬁ (/Obt T 2(x2)r” *dag + /btl 7y2(72) (%)a dxy — 1>

*; r L’&Q(bt) - _ .
~ala-1) ( Fralbu) s (1— iFm(bt)) (= Falh) 1)

‘We note that
1-— Ft,g(bt) < T — Ft72(bt) -

1-— %Ft?g(bt) 11— %Ft,Q(bt) B

as r > 1. Hence we have

1
D (11 2, < —
(It 2, Qt,2) ala—1)

1

TYFo(b 1= Fiaby)—1)= ———(r7*—1).
(rm*Fia(be) +r7%(1 = Fia(b)) — 1) oo 1) (r )
Then for 1 < r < (ea(a — 1) + 1)~ = (only if ea(ex — 1) + 1 > 0, otherwise we put 400 as the
upper bound on ), we have that

Do (Qr2,11;2) <e.

When o« = 0,
be Tl ! To(T
Do(Qt2,11;2) = KL(Il; 2, Q1 2) = / me,2(22) log ( El 2)> dzo +/ m2(x2) log <t2(2)> dzs
0 %,2(552) by %,2(932)
be ! 1—Fo(b
:/0 m,2(x2) log (r) dxo —l—/b m,2(x2) log (llFtth((lit))> dxo
t T ’
1— Fio(b
= IOg (T’) Ft,g(bt) =+ lOg (1t’2(t)) (1 — Ft,Q(bt))
— 2 Fyo(by)

‘We note that
1—Fy2(by) < - Fya(be)

1-1F,0b) ~ 1-L1Fo(0b)

as r > 1. Hence we have

KL(Ht)Q, Qt72) S log (T) Ft>2(bt) —|— log (T‘) (1 — Ft72(bt)) = IOg (T) .
Then for 1 < r < €€, we have that

Do(Q¢,2,11;2) = KL(IT; 2,Qy2) < log(r) = log (&) = e.

Therefore, we conclude that there exists an r > 1 (independent of ¢) such that g; » satisfies Assumption
[B-IT]on action j = 2. Take this 7 > 1 and notice that since 7; — 1 as ¢ — +o0, there must exists a
Ty > 0 such that for any ¢t > T}, we have that v, > %

75
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Step 3: We show that the EBUCB algorithm always chooses action 2 when ¢ > T}, which thus leads
to a linear regret.

We note that when ¢ > Tp, by definition,

Pg, . (x1 <bi1) =P, (21 <bi1) =,

—_

1
PQt—l,z(an < bt—l) = ;Ft—l,Q(bt—l) < ; < Vi,

which implies that

Qu(ve, Qr—1,1) = br—1 < Qu(yt, Qi—1,2)
Therefore after time step ¢ > Tp, the EBUCB algorithm will always choose the action 2. We conclude
that the lower bound of the average expected regret is given by

2
R(T, A) = (1 — ) E[N; ()] > (1 — p2)(T = Tp) = Q(T)
Jj=1
leading to a linear regret. O

Appendix E Additional Experiments

In this section, we present additional experimental results. We enrich our experiments by studying an
increasing number of arms as well as multiple new problem instances with different inference errors.
These results further support our findings in Section 4] that EBUCB without the horizon-dependent
term (i.e., ¢ = 0) performs the best.

Suppose the posterior distributions are misspecified to the following distributions:
(1 — w) * Beta(l + Sj(ﬁ), 1+ Nj(t) - Sj(t)) + w * Beta(F(l + Sj(t)), F(l + Nj(t) — Sj(t)))

where j € [K]. We conduct two experiments: 1) The Bernoulli multi-armed bandit problem has K
actions with the following mean rewards:

K = 2: mean rewards = [0.7, 0.3]
K = 4: mean rewards = [0.9, 0.7, 0.5, 0.3]
K = 8: mean rewards = [0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2]

K = 16: mean rewards = [0.9, 0.85, 0.8, 0.75, 0.7, 0.65, 0.6, 0.55, 0.5, 0.45, 0.4, 0.35, 0.3, 0.25, 0.2,
0.15]

LetI' = 2 or 0.5. Let w = 0.9. The results are shown in Figure [3| below.

2) We also study different I" values in the appropriate distribution that lead to different inference
errors. Consider I' = 0.05,0.1,0.2,0.5,2,5,10, 15 in the experiments. Let K = 2 with mean
rewards = [0.7, 0.3]. Let w = 0.9.

The results are shown in Figure f] below.
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Figure 3: Experiments with different K with I' = 0.5, 2. The curve-algorithm correspondence is the
same as in Figure/[I}
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Figure 4: Experiments with different I". The curve-algorithm correspondence is the same as in Figure
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