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Abstract

The success of over-parameterized neural networks trained to near-zero training
error has caused great interest in the phenomenon of benign overfitting, where
estimators are statistically consistent even though they interpolate noisy training
data. While benign overfitting in fixed dimension has been established for some
learning methods, current literature suggests that for regression with typical kernel
methods and wide neural networks, benign overfitting requires a high-dimensional
setting where the dimension grows with the sample size. In this paper, we show
that the smoothness of the estimators, and not the dimension, is the key: benign
overfitting is possible if and only if the estimator’s derivatives are large enough.
We generalize existing inconsistency results to non-interpolating models and more
kernels to show that benign overfitting with moderate derivatives is impossible
in fixed dimension. Conversely, we show that rate-optimal benign overfitting
is possible for regression with a sequence of spiky-smooth kernels with large
derivatives. Using neural tangent kernels, we translate our results to wide neural
networks. We prove that while infinite-width networks do not overfit benignly with
the ReLLU activation, this can be fixed by adding small high-frequency fluctuations
to the activation function. Our experiments verify that such neural networks, while
overfitting, can indeed generalize well even on low-dimensional data sets.

1 Introduction

While neural networks have shown great practical success, our theoretical understanding of their
generalization properties is still limited. A promising line of work considers the phenomenon of
benign overfitting, where researchers try to understand when and how models that interpolate noisy
training data can generalize (Zhang et al., 2021, Belkin et al., 2018, 2019). In the high-dimensional
regime, where the dimension grows with the number of sample points, consistency of minimum-norm
interpolants has been established for linear models and kernel regression (Hastie et al., 2022, Bartlett
et al., 2020, Liang and Rakhlin, 2020, Bartlett et al., 2021). In fixed dimension, minimum-norm
interpolation with standard kernels is inconsistent (Rakhlin and Zhai, 2019, Buchholz, 2022).

In this paper, we shed a differentiated light on benign overfitting with kernels and neural networks. We
argue that the dimension-dependent perspective does not capture the full picture of benign overfitting.
In particular, we show that harmless interpolation with kernel methods and neural networks is possible,
even in small fixed dimension, with adequately designed kernels and activation functions. The key
is to properly design estimators of the form ’signal+spike’. While minimum-norm criteria have
widely been considered a useful inductive bias, we demonstrate that designing unusual norms can
resolve the shortcomings of standard norms. For wide neural networks, harmless interpolation can be
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realized by adding tiny fluctuations to the activation function. Such networks do not require explicit
regularization and can simply be trained to overfit (Figure 1).
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Figure 1: Spiky-smooth overfitting in 2 dimensions. a. We plot the predicted function for ridgeless
kernel regression with the Laplace kernel (blue) versus our spiky-smooth kernel (4) with Laplace
components (orange) on S'. The dashed black line shows the true regression function, black ’x’
denote noisy training points. Further details can be found in Section 6.2. b. The predicted function of
a trained 2-layer neural network with ReLU activation (blue) versus ReLU plus shifted high-frequency
sin-function (8) (orange). Using the weights learned with the spiky-smooth activation function in a
ReLU network (green) disentangles the spike component from the signal component. c. Training
error (solid lines) and test error (dashed lines) over the course of training for b. evaluated on 10% test
points. The dotted black line shows the optimal test error. The spiky-smooth activation function does
not require regularization and can simply be trained to overfit.

On a technical level, we additionally prove that overfitting in kernel regression can only be consistent
if the estimators have large derivatives. Using neural tangent kernels or neural network Gaussian
process kernels, we can translate our results from kernel regression to the world of neural networks
(Neal, 1996, Jacot et al., 2018). In particular, our results enable the design of activation functions that
induce benign overfitting in fixed dimension: the spikes in kernels can be translated into infinitesimal
fluctuations that can be added to an activation function to achieve harmless interpolation with neural
networks. Such small high frequency oscillations can fit noisy observations without affecting the
smooth component too much. Training finite neural networks with gradient descent shows that
spiky-smooth activation functions can indeed achieve good generalization even when interpolating
small, low-dimensional data sets (Figure 1 b,c).

Thanks to new technical contributions, our inconsistency results significantly extend existing ones.
We use a novel noise concentration argument (Lemma D.6) to generalize existing inconsistency
results on minimum-norm interpolants to the much more realistic regime of overfitting estimators
with comparable Sobolev norm scaling, which includes training via gradient flow and gradient descent
with “late stopping” as well as low levels of ridge regularization. Moreover, a novel connection to
eigenvalue concentration results for kernel matrices (Proposition 5) allows us to relax the smoothness
assumption and to treat heteroscedastic noise in Theorem 6. Lastly, our Lemma E.1 translates
inconsistency results from bounded open subsets of R to the sphere S?, which leads to results for
the neural tangent kernel and neural network Gaussian processes.

2 Setup and prerequisites

General approach. We consider a general regression problem on R? with an arbitrary, fixed dimen-
sion d and analyze kernel-based approaches to solve this problem: kernel ridge regression, kernel
gradient flow and gradient descent, minimum-norm interpolation, and more generally, overfitting
norm-bounded estimators. We then translate our results to neural networks via the neural network
Gaussian process and the neural tangent kernel. Let us now introduce the formal framework.

Notation. We denote scalars by lowercase letters x, vectors by bold lowercase letters  and matrices
by bold uppercase letters X. We denote the eigenvalues of A as A;(A) > ... > X\, (A) and the

Moore-Penrose pseudo-inverse by A*. We say that a probability distribution P has lower and upper
bounded density if its density p satisfies 0 < ¢ < p(x) < C for suitable constants ¢, C' and all  on a
given domain.

Regression setup. We consider a data set D = ((x1,v1),- -, (Tn,¥n)) € (RY x R)" with i.i.d.
samples (x;,7;) ~ P, written as D ~ P", where P is a probability distribution on R? x R. We
define X := (xy1,...,x,) and y := (y1,...,9n) € R™. Random variables (x,y) ~ P denote
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test points independent of D, and Px denotes the probability distribution of x. The (least squares)
empirical risk Rp and population risk Rp of a function f : RY — R are defined as

Ro(f)i= - (= ), Re(f) = Eaylly — f@))).

We assume Var(y|z) < oo for all . Then, Rp is minimized by the target function f}(x) = Ely|x],
and the excess risk of a function f is given by

Rp(f) — Rp(fp) = Eao(fp(z) — f(2))?.

We call a data-dependent estimator fp, consistent for P if its excess risk converges to 0 in probability,
that is, for all € > 0, lim,,_,oc P" (D € RYxR)" | Rp(fp) — Rp(fp) > z—:) = 0. We call fp
consistent in expectation for P if lim,_,.c EpRp(fp) — Rp(f}) = 0. We call fp universally
consistent if is it consistent for all Borel probability measures P on R? x R.

Solutions by kernel regression. Recall that a kernel k£ induces a reproducing kernel Hilbert space
‘H ., abbreviated RKHS (more details in Appendix B). For f € H;,, we consider the objective
1 n
Ly(f) = > (i — F@)* + ol fl3,
i=1

with regularization parameter p > 0. Denote by f; , the solution to this problem that is obtained by
optimizing on £, in H;, with gradient flow until time ¢ € [0, co], using fixed a regularization constant
p > 0, and initializing at f = 0 € Hj. We show in Appendix C.1 that it is given as

2

fep(®) = k(z, X) (In - e_ﬁt("’(x’x)ﬂ’"’”)) (K(X.X)+pnI,) 'y, (1)

where k(x, X') denotes the row vector (k(x, ;) )ic[n) and k(X , X) = (k(x;, 5));,je[n) the kernel
matrix. f; , elegantly subsumes several popular kernel regression estimators as special cases: (i)
classical kernel ridge regression for t — oo, (ii) gradient flow on the unregularized objective for
p \ 0, and (iii) kernel “ridgeless” regression foo o(x) = k(x, X )k(X, X) Ty in the joint limit of
p — 0and t — oo. If k(X , X) is invertible, f ¢ is the interpolating function f € H;, with the
smallest H;-norm.

From kernels to neural networks: the neural tangent kernel (NTK) and the neural network
Gaussian process (NNGP) . Denote the output of a NN with parameters 8 on input « by fg(x).
It is known that for suitable random initializations @, in the infinite-width limit the random initial
function fg, converges in distribution to a Gaussian Process with the so-called Neural Network
Gaussian Process (NNGP) kernel (Neal, 1996, Lee et al., 2018, Matthews et al., 2018). In Bayesian
inference, the posterior mean function is then of the form f., ,. With minor modifications (Arora
et al., 2019, Zhang et al., 2020), training infinitely wide NNs with gradient flow corresponds to
learning the function f; o with the neural tangent kernel (NTK) (Jacot et al., 2018, Lee et al., 2019).
If only the last layer is trained, the NNGP kernel should be used instead (Daniely et al., 2016). For
ReLU activation functions, the RKHS of the infinite-width NNGP and NTK on the sphere S is
typically a Sobolev space (Bietti and Bach, 2021, Chen and Xu, 2021), see Appendix B.4. Using
other parametrizations induces feature learning infinite-width limits for neural networks (Yang and
Hu, 2021); an analysis of such neural network algorithms is left for future work.

3 Related work

We here provide a short summary of related work. A more detailed account is provided in Appendix A.

Kernel regression. With appropriate regularization, kernel ridge regularization with typical universal
kernels like the Gauss, Matérn, and Laplace kernels is universally consistent (Steinwart and Christ-
mann, 2008, Chapter 9). Optimal rates in Sobolev RKHS can also be achieved using cross-validation
of the regularization p (Steinwart et al., 2009) or early stopping rules (Yao et al., 2007, Raskutti et al.,
2014, Wei et al., 2017). The above kernels as well as NTKs and NNGPs of standard fully-connected
neural networks are rotationally invariant. In the high-dimensional regime, the class of functions that
is learnable with rotation-invariant kernels is quite limited (Donhauser et al., 2021, Ghorbani et al.,
2021, Liang et al., 2020).
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Inconsistency results. Besides Rakhlin and Zhai (2019) and Buchholz (2022), Beaglehole et al.
(2023) derive inconsistency results for ridgeless kernel regression given assumptions on the spectral
tail in the Fourier basis, and contemporaneously propose a special case of our spiky-smooth kernel
sequence to mimic kernel ridge regression without providing any quantitative statements. Li et al.
(2023) show that polynomial convergence is impossible for common kernels including ReLU NTKs.
Mallinar et al. (2022) conjecture inconsistency for interpolation with ReLU NTKs based on their semi-
rigorous result , which essentially assumes that the eigenfunctions can be replaced by structureless
Gaussian random variables. Lai et al. (2023) show an inconsistency-type result for overfitting two-
layer ReLU NN with d = 1, but for fixed inputs X . They also note that an earlier inconsistency
result by Hu et al. (2021) relies on an unproven result. Miicke and Steinwart (2019) show that global
minima of NNs can overfit both benignly and harmfully, but their result does not apply to gradient
descent training. Overfitting with typical linear models around the interpolation peak is inconsistent
(Ghosh and Belkin, 2022, Holzmiiller, 2021).

Classification. For binary classification, benign overfitting is a more generic phenomenon than for
regression (Muthukumar et al., 2021, Shamir, 2022), and consistency has been shown under linear
separability assumptions (Montanari et al., 2019, Chatterji and Long, 2021, Frei et al., 2022), through
complexity bounds for reference classes (Cao and Gu, 2019, Chen et al., 2021) or as long as the total
variation distance of the class conditionals is sufficiently large and f*(x) = E[y|x] lies in the RKHS
with bounded norm (Liang and Recht, 2023). Chapter 8 of Steinwart and Christmann (2008) discusses
how the overlap of the two classes may influence learning rates under positive regularization.

4 Inconsistency of overfitting with common kernel estimators

We consider a regression problem on R? in arbitrary, fixed dimension d that is solved by kernel
regression. In this section, we derive several new results, stating that overfitting estimators with
moderate Sobolev norm are inconsistent, in a variety of settings. In the next section, we establish the
other direction: overfitting estimators can be consistent when we adapt the norm that is minimized.

4.1 Beyond minimum-norm interpolants: general overfitting estimators with bounded norm

Existing generalization bounds often consider the perfect minimum norm interpolant. This is a rather
theoretical construction; estimators obtained by training with gradient descent algorithms merely
overfit and, in the best case, approximate interpolants with small norm. In this section, we extend
existing bounds to arbitrary overfitting estimators whose norm does not grow faster than the minimum
norm that would be required to interpolate the training data. Before we can state the theorem, we
need to establish some technical assumptions.

Assumptions on the data generating process. The following assumptions (as in Buchholz (2022))
allow for quite general domains and distributions. They are standard in nonparametric statistics.

(D1) Let Py be a distribution on a bounded open Lipschitz domain Q C R? with lower and
upper bounded Lebesgue density. Consider data sets D = {(x1,y1), ..., (€n,Yn)}, Where
x; ~ Px iid. andy; = f*(x;) +¢;, where ¢; is i.i.d. Gaussian noise with positive variance
0?2 > 0and f* € C2°(2)\{0} denotes a smooth function with compact support.

Assumptions on the kernel. Our assumption on the kernel is that its RKHS is equivalent to a
Sobolev space. For integers s € N, the norm of a Sobolev space H*(2) can be defined as

Hf||2}15(9) = Z HDafHQLQ(Q)?

0<al<s

where D® denotes partial derivatives in multi-index notation for «. It measures the magnitude
of derivatives up to some order s. For general s > 0, H*(Q2) is (equivalent to) an RKHS if and
only if s > d/2. For example, Laplace and Matérn kernels (Kanagawa et al., 2018, Example 2.6)
have Sobolev RKHSs. The RKHS of the Gaussian kernel H %S is contained in every Sobolev
space, H Gauss C H? for all s > 0 (Steinwart and Christmann, 2008, Corollary 4.36). Due to its
smoothness, the Gaussian kernel is potentially even more prone to harmful overfitting than Sobolev
kernels (Mallinar et al., 2022). We make the following assumption on the kernel:
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(K) Let k be a positive definite kernel function whose RKHS H; is equivalent to the Sobolev

space H* for some s € (4, 22].

Now we are ready to state the main result of this section:

Theorem 1 (Overfitting estimators with small norms are inconsistent). Let assumptions (D1) and
(K) hold. Let cgt € (0,1] and Cyorm > 0. Then, there exist ¢ > 0 and ny € N such that the following
holds for all n > ng with probability 1 — O(1/n) over the draw of the data set D with n samples:
Every function f € Hy, that satisfies the follwing two conditions

(0) L5 [(f(@;) — yi)? < (1 — cqe) - 02 (training error of f is below Bayes risk)
(N) | fll#, < Chormll foo,0ll, (nOrm comparable to minimum-norm interpolant (1)),

has an excess risk that satisfies

Rp(f) — Rp(f*) > co*>0. (2)

In words: In fixed dimension d, every differentiable function f that overfits the training data and is
not much “spikier” than the minimum RKHS-norm interpolant is inconsistent!

Proof idea. Our proof follows a similar approach as Rakhlin and Zhai (2019), Buchholz (2022), and
also holds for kernels with adaptive bandwidths. For small bandwidths, || foo,0ll £, (Px) << 1f || £(Px)
because foo ¢ decays to 0 between the training points, which shows that purely ’spiky’ estimators
are inconsistent. In this case, the lower bound is independent of 2. For all other bandwidths,
interpolating ©(n) many noisy labels y; incurs ©(1) error in an area of volume (1 /n) around ©(n)
data points with high probability, which accumulates to a total error 2(1). Our observation is that
the same logic holds when overfitting by a constant fraction. Formally, we show that f* and f must
then be separated by a constant on a constant fraction of training points, with high probability, by
using the fact that a constant fraction of the total noise cannot concentrate on less than ©(n) noise
variables, with high probability (Lemma D.6). The full proof can be found in Appendix D. O

Assumption (O) is necessary in Theorem 1, because optimally regularized kernel ridge regression
fulfills all other assumptions of Theorem 1 while achieving consistency with minimax optimal
convergence rates (see Section 3). The necessity of Assumption (N) is demonstrated by Section 5.

The following proposition establishes that Theorem 1 covers the entire overfitting regime of the
popular (regularized) gradient flow estimators f; , for all times ¢ € [0, co] and any regularization
p > 0. The proof in Appendix C.2 also covers gradient descent.

Proposition 2 (Popular estimators fulfill the norm bound (N)). For arbitrary t € [0, 00| and
p € [0,00), f,p as defined in (1) fulfills Assumption (N) with Crorm = 1.

Remark 3 (Dimension dependency). Some works argue that for specific sequences of kernels
(k4)den, the constant ¢ in Theorem 1 decreases with increasing dimension d (Liang et al., 2020, Liang
and Rakhlin, 2020, Mallinar et al., 2022). In Theorem 1, if the equivalence constants in Assumption
(K) are uniformly bounded in d, the behavior in d might still depend on the definition of the Sobolev
norms. Overall, similar to Rakhlin and Zhai (2019) and Buchholz (2022), our proof techniques do
not allow to easily obtain a dependence on d. <

4.2 Inconsistency of overfitting with neural kernels

We would now like to apply the above results to neural kernels, which would allow us to translate
our inconsistency results from the kernel domain to neural networks. However, to achieve this, we
need to take one more technical hurdle: the equivalence results for NTKs and NNGPs only hold for
probability distributions on the sphere S¢ (detailed summary in Appendix B.4). Lemma E.1 provides
the missing technical link: It establishes a smooth correspondence between the respective kernels,
Sobolev spaces, and probability distributions. The inconsistency of overfitting with (deep) ReLU
NTKs and NNGP kernels then immediately follows from adapting Theorem 1 via Lemma E.1.

Theorem 4 (Overfitting with neural network kernels in fixed dimension is inconsistent). Let
c € (0,1), and let P be a probability distribution with lower and upper bounded Lebesgue density on
an arbitrary spherical cap T = {x € S? | m441 < v} CS% v € (—1,1). Let k either be

(i) the fully-connected ReLU NTK with 0-initialized biases of any fixed depth L > 2, and d > 2, or
(ii) the fully-connected ReLU NNGP kernel without biases of any fixed depth L > 3, and d > 6.

q
20767 https://doi.org/10.52202/075280-0912



Then, if f , fulfills Assumption (O) with probability at least c over the draw of the data set D, f, , is
inconsistent for P.

Theorem 4 also holds for more general estimators as in Theorem 1, cf. the proof in Appendix E.

Mallinar et al. (2022) already observed empirically that overfitting common network architectures
yields suboptimal generalization performance on large data sets in fixed dimension. Theorem 4 now
provides a rigorous proof for this phenomenon since sufficiently wide trained neural networks and the
corresponding NTKs have a similar generalization behavior (e.g. (Arora et al., 2019, Theorem 3.2)).

4.3 Relaxing smoothness and noise assumptions via spectral concentration bounds

In this section, we consider a different approach to derive lower bounds for the generalization error
of overfitting kernel regression: through concentration results for the eigenvalues of kernel matrices.
On a high level, we obtain similar results as in the last section. The novelty of this section is on the
technical side, and we suggest that non-technical readers skip this section in their first reading.

We define the convolution kernel of a given kernel k as k. (x, ') = [ k(x,z")k(z”,z") dPx ("),
which is possible whenever k(x, -) € Lo(Px ) for all . The latter condition is satisfied for bounded
kernels. Our starting point is the following new lower bound:

Proposition 5 (Spectral lower bound). Assume that the kernel matrix k(X , X) is almost surely
positive definite, and that Var(y|z) > o for Px-almost all x. Then, the expected excess risk satisfies

i(ko(X, X)/n) (1 - e‘2t(’\'i(k(XvX)/n)+p)>2
(X, X /) 1 )2 -

. 0_2 n )\
EpRp(fie) = Rp> — > Ex (3)
=1

Using concentration inequalities for kernel matrices and the relation between the integral operators of
k and k., it can be seen that for £ = co and p = 0, every term in the sum in Eq. (3) should converge
to 1 as n — co. However, since the number of terms in the sum increases with n and the convergence
may not be uniform, this is not sufficient to show inconsistency in expectation. Instead, relative
concentration bounds that are even stronger than the ones by Valdivia (2018) would be required to
show inconsistency in expectation. However, by combining multiple weaker bounds and further
arguments on kernel equivalences, we can still show inconsistency in expectation for a class of
dot-product kernels on the sphere, including certain NTK and NNGP kernels (Appendix B.4):

Theorem 6 (Inconsistency for Sobolev dot-product kernels on the sphere). Let k be a dot-product
kernel on S¢, i.e., a kernel of the form k(x,x') = k({x, '), such that its RKHS Hy, is equivalent
to a Sobolev space H*(S%), s > d/2. Moreover, let P be a distribution on S% x R such that
Px has a lower and upper bounded density w.r.t. the uniform distribution U(S?), and such that
Var(y|x) > 02 > 0 for Px-almost all & € S. Then, for every C' > 0, there exists ¢ > 0 independent
of 0% such that for alln > 1, t € (C~'n?%/4 o], and p € [0,Cn=2%/%), the expected excess risk
satisfies
]EDRP(ft’p) —Rp > co? >0.

The assumptions of Theorem 6 and Theorem 4 differ in several ways. Theorem 6 applies to arbitrarily
high smoothness s and therefore to ReLU NTKs and NNGPs in arbitrary dimension d. Moreover, it
applies to distributions on the whole sphere and allows more general noise distributions. On the flip
side, it only shows inconsistency in expectation, which we believe could be extended to inconsistency
for Gaussian noise. Moreover, it only applies to functions of the form f; , but provides an explicit
bound on ¢ and p to get inconsistency. For ¢ = oo, the bound p = O(n~2%/¢) appears to be tight, as
larger p yield consistency for comparable Sobolev kernels on R¢ (Steinwart et al., 2009, Corollary 3).

We only prove Theorem 6 for dot-product kernels on the sphere since we can show for these kernels
that Hy, is equivalent to a Sobolev space (Lemma F.13), while this is not true for open domains 2
(Schaback, 2018). However, an improved understanding of ,, for such 2 could potentially allow to
extend our proof to the non-spherical case.

The spectral lower bounds in Theorem F.2 show that our approach can directly benefit from developing
better kernel matrix concentration inequalities. Conversely, the investigation of consistent kernel
interpolation might provide information about where such concentration inequalities do not hold.

A
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5 Consistency via spiky-smooth estimators — even in fixed dimension

In Section 4, we have seen that when common kernel estimators overfit, they are inconsistent for
many kernels and a wide variety of distributions. We now design consistent interpolating kernel
estimators. The key is to violate Assumption (N) for every fixed Sobolev RKHS norm || - ||, and
introduce an inductive bias towards learning spiky-smooth functions.

5.1 Almost universal consistency of spiky-smooth ridgeless kernel regression

In high dimensional regimes (where the dimension d is supposed to grow with the number of data
points), benign overfitting of linear and kernel regression has been understood by an additive decom-
position of the minimum-norm interpolant into a smooth regularized component that is responsible
for good generalization, and a spiky component that interpolates the noisy data points while not
harming generalization (Bartlett et al., 2021). This inspires us to enforce such a decomposition in
arbitrary fixed dimension by adding a sharp kernel spike pl;:,yn to a common kernel k. In this way, we
can still generate any Sobolev RKHS (see Appendix G.2).

Definition 7 (Spiky-smooth kernel). Let k denote any universal

kernel function on R?. We call it the smooth component. Consider M = ]S“"‘ﬁiafsemomh
a second, translation invariant kernel k., of the form k. (z,y) = P /\ o
q(wﬂ{;y) for some function ¢ : R? — R. We call it the spiky 101 Z_,\
component. Then we define the p-regularized spiky-smooth kernel )
with spike bandwidth ~ as 0.9 v

ko (x,y) = k(z,y) + p- ky(x, y), z,y €RY (4 0.1 0.0 0.1

We now show that the minimum-norm interpolant of the spiky- Figure 2: The spiky-smooth ker-
smooth kernel sequence with properly chosen p;,,v, — 018 nel with Laplace components (or-
consistent for a large class of distributions, on a space with fixed ange) consists of a Laplace ker-
(possibly small) dimension d. We establish our result under the pe] (blue) plus a Laplace kernel of
following assumption (as in Miicke and Steinwart (2019)), which height p and small bandwidth .
is weaker than our previous Assumption (D1).

(D2) There exists a constant Sx > 0 and a continuous function ¢ : [0, 00) — [0, 1] with ¢(0) =0
such that the data generating probability distribution satisfies Px (B;(x)) < ¢(t) = O(tPx)
forall x € Q and all t > 0 (here B, () denotes the Euclidean ball of radius ¢ around ).

Theorem 8 (Consistency of spiky-smooth ridgeless kernel regression). Assume that the training
set D consists of n i.i.d. pairs (x,y) ~ P such that the marginal Px fulfills (D2) and Ey? < oco. Let
the kernel components satisfy:

« k is a universal kernel, and pn — 0and npt — oc.
* k., denotes the Laplace kernel with a sequence of positive bandwidths (v, fulfilling

Y < n (3+9) lnn)fl, where o > 0 arbitrary.

Then the minimum-norm interpolant of the p,-regularized spiky-smooth kernel sequence k,, =k, -,
is consistent for P.

Remark 9 (Benign overfitting with optimal convergence rates). Suppose that we have a Sobolev
target function f* € H* (Q)\{0}, that the noise satisfies a moment condition and that Px has
an upper- and lower-bounded density on a Lipschitz domain or the sphere. Then, we show in
Theorem G.5 that, by using smooth components k whose RKHS is equivalent to a Sobolev space H?®,
s > max(s*,d/2), and choosing the spike components k., as in Theorem 8, the minimum-norm

interpolant of k,, := k, ., achieves the convergence rate n~ @D log?(n) when choosing the
quasi-regularization p,, properly. Moreover, for s* > d/2, this rate is known to be optimal up to the
factor log? (n) (Remark G.6). Since optimal rates can be achieved both with optimal regularization
and with interpolation, our results show that in Sobolev RKHSs, overfitting is neither intrinsically
helpful nor harmful for generalization with the right choice of kernel function. <
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Proof idea. With sharp spikes v — 0, it holds that I%W(X ,X) = I,, with high probability.
Hence, ridgeless kernel regression with the spiky-smooth kernel interpolates the training set while
approximating kernel ridge regression with the smooth component k and regularization p. O

The theorem even holds under much weaker assumptions on the decay behavior of the spike compo-
nent k., , including Gaussian and Matérn kernels. The full version of the theorem and its proof can
be found in Appendix G. It also applies to kernels and distributions on the sphere S%.

Remark 10 (Interplay between smoothness and dimensionality). Irrespective of the dimension d,
we achieve benign overfitting with estimators in RKHS of arbitrary degrees of smoothness. With in-
creasing d, for the Laplace kernel the spike bandwidth is allowed to be chosen as ~y,, = Q(n_(2+°‘)/ 4,
a > 0, for covariate distributions with upper bounded Lebesgue density (see Remark G.2). Hence
the magnitude of derivatives of the spikes is allowed to scale less aggressively with increasing
dimension. <

5.2 From spiky-smooth kernels to spiky-smooth activation functions

So far, our discussion revolved around the properties of kernels and whether they lead to estimators
that are consistent. We now turn our attention to the neural network side. The big question is
whether it is possible to specifically design activation functions that enable benign overfitting in fixed,
possibly small dimension. We will see that the answer is yes: similarly to adding sharp spikes to a
kernel, we add tiny fluctuations to the activation function. Concretely, we exploit (Simon et al., 2022,
Theorem 3.1). It states that any dot-product kernel on the sphere that is a dot-product kernel in every
dimension d can be written as an NNGP kernel or an NTK of two-layer fully-connected networks
with a specifically chosen activation function. Further details can be found in Appendix H.

Theorem 11 (Connecting kernels and activation functions (Simon et al., 2022)). Letx : [—1,1] —
R be a function such that kg : S x S¢ — R, kq(x,x') = k((z, ') is a kernel for every d > 1.
Then, there exist b; > 0 with > .- b; < 0o such that (t) = 2 b;t', and for any choice of signs
(8i)ieng C {—=1,+1}, the kernel kq can be realized as the NNGP kernel or NTK of a two-layer
fully-connected network without biases and with activation function

‘ S ‘ ()
Hivap@) =3 si(b)2hi(a), N(ITKm):Zsi( ) @, ()

=0 =0 i+1

Here, h; denotes the i-th Probabilist’s Hermite polynomial normalized such that ||h;|| 1, (ar(0,1)) = 1.

The following proposition justifies the approach of adding spikes p'/2¢*+ to an activation function to
enable harmless interpolation with wide neural networks. Here we state the result for the case of the
NTK; an analogous result holds for induced NNGP activation functions.

Proposition 12 (Additive decomposition of spiky-smooth activation functions). Fixy,p > 0
arbitrary. Let k = k + pk., denote the spiky-smooth kernel where k and k., are Gaussian kernels
of bandwidth 7 and v, respectively. Assume that we choose signs {s; }ien and then the activation

functions ¢, e, ¢§5\,T x and (b];\;{T i as in Theorem 11. Then, for v > 0 small enough, it holds that

; i, 1\ | 4n(1+9)y
||¢§VTK - (d)IfVTK + V- ¢NTK)||2L2(N(0,1)) < 21/2:073/2 eXp (—7> + f

Proof idea. When the spikes are sharp enough (v small enough), the smooth and the spiky component
of the activation function are approximately orthogonal in Ly (A(0, 1)) (Figure 3c), so that the spiky-
smooth activation function can be approximately additively decomposed into the smooth activation

component ¢* and the spike component gbk responsible for interpolation. O

To motivate why the added spike functions pt/ 2(]5’;v should have small amplitudes, observe that
Gaussian activation components ¢* satisfy

foy iy o 2
lonner iy =1 lnri 70 0,1)) = 5 (1 — exp <—7>) : (6)

Hence, the average amplitude of NNGP spike activation components p'/2¢* does not depend on -,
while the average amplitude of NTK spike components decays to 0 with v — 0. Since consistency
requires the quasi-regularization p — 0, the spiky component of induced NTK as well as NNGP
activation functions should vanish for large data sets n — oo to achieve consistency.
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Figure 3: a., b. Gaussian NTK activation components qb’fv”T i defined via (5) induced by the Gaussian
kernel with varying bandwidth v € [0.2,0.1,0.05] (the darker, the smaller ) for a. bi-alternating
signs s; = +1iff |i/2] even, and b. randomly iid chosen signs s; ~ U({—1,+1}). c. Coefficients
of the Hermite series of a Gaussian NTK activation component with varying bandwidth . Observe
peaks at 2/~. For reliable approximations of activation functions use a truncation > 4/~. The sum of
squares of the coefficients follows Eq. (6). Figure 1.8 visualizes NNGP activation components.

6 Experiments

Now we explore how appropriate spiky-smooth activation functions might look like and whether they
indeed enable harmless interpolation for trained networks of finite width on finite data sets. Further
experimental results are reported in Appendix L.

6.1 What do common activation functions lack in order to achieve harmless interpolation?

To understand which properties we have to introduce into activation functions to enable harmless
interpolation, we plot NTK spike components ¢*+ induced by the Gaussian kernel (Figure 3a,b)
as well as their Hermite series coefficients (Figure 3c). Remarkably, the spike components ¢*~
approximately correspond to a shifted, high-frequency sin-curve, when choosing the signs s; in (5)
to alternate every second i, that is s; = +1 iff |i/2] even (Figure 3a). Proposition H.1 shows that the
NNGP activation functions correspond to the fluctuation function

wnnap(2;7) = V2 - sin (\/2/77 cx 4 7r/4> = sin (\/2/77 x) + cos (\/2/77 . m) , (D

where the last equation follows from the trigonometric addition theorem. For small bandwidths ~, the
NTK activation functions are increasingly well approximated (Appendix 1.6) by

wnTK (257) = /7 - sin (m-x+w/4) =/7/2 (sin (\/2/77x> + cos (\/2/7755)) . (8)

With decreasing bandwidth v — 0 the frequency increases, while the amplitude decreases for the

NTK and remains constant for the NNGP (see Eq. (6)). Plotting equivalent spike components ¢*~
with different choices of the signs s; (Figure 3b and Appendix 1.5) suggests that harmless interpolation
requires activation functions that contain small high-frequency oscillations or that explode at large
||, which only affects few neurons. The Hermite series expansion of suitable activation functions
should contain non-negligible weight spread across high-order coefficients (Figure 3c). While
Simon et al. (2022) already truncate the Hermite series of induced activation functions at order 5,
Figure 3¢ shows that an accurate approximation of spiky-smooth activation functions requires the
truncation index to be larger than 2/+. Only a careful implementation allows us to capture the
high-order fluctuations in the Hermite series of the spiky activation functions. Our implementation
can be found at https://github.com/moritzhaas/mind-the-spikes.

6.2 Training neural networks to achieve harmless interpolation in low dimension

In Figure 1, we plot the results of (a) ridgeless kernel regression and (b) trained 2-layer neural
networks with standard choices of kernels and activation functions (blue) as well as our spiky-smooth
alternatives (orange). We trained on 15 points sampled i.i.d. from @ = (z1,22) ~ U(S!) and
y = x1 + € with e ~ N(0,0.25). The figure shows that both the Laplace kernel and standard
ReLU networks interpolate the training data too smoothly in low dimension, and do not generalize
well. However, our spiky-smooth kernel and neural networks with spiky-smooth activation functions
achieve close to optimal generalization while interpolating the training data with sharp spikes.
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We achieve this by using the adjusted activation function with high-frequency oscillations =
ReLU(z) + wntk (2; 5555) as defined in Eq. (8). With this choice, we avoid activation functions
with exploding behavior, which would induce exploding gradients. Other choices of amplitude and
frequency in Eq. (8) perform worse. To bring our neural networks close to the kernel regime, we use
the neural tangent parameterization (Jacot et al., 2018) and make the networks very wide (20000
hidden neurons). To ensure that the initial function is identically zero, we use the antisymmetric
initialization trick (Zhang et al., 2020). Over the course of training (Figure 1c), the standard ReLU
network exhibits harmful overfitting, whereas the NN with a spiky-smooth activation function quickly
interpolates the training set with nearly optimal generalization. Training details and hyperparameter
choices can be found in Appendix I.1. Although the high-frequency oscillations perturb the gradients,
the NN with spiky smooth activation has a stable training trajectory using gradient descent with a large
learning rate of 0.4 or stochastic gradient descent with a learning rate of 0.04. Since our activation
function is the sum of two terms, we can additively decompose the network into its ReLU-component
and its wyTk-component. Figure 1b and Appendix 1.2 demonstrate that our interpretation of the
wNTK-component as ’spiky’ is accurate: The oscillations in the hidden neurons induced by wnTk
interfere constructively to interpolate the noise in the training points and regress to 0 between training
points. This entails immediate access to the signal component of the trained neural network in form
of its ReLU-component.

7 Conclusion

Conceptually, our work shows that inconsistency of overfitting is quite a generic phenomenon for
regression in fixed dimension. However, particular spiky-smooth estimators enable benign overfitting,
even in fixed dimension. We translate the spikes that lead to benign overfitting in kernel regression
into infinitesimal fluctuations that can be added to activation functions to consistently interpolate with
wide neural networks. Our experiments verify that neural networks with spiky-smooth activation
functions can exhibit benign overfitting even on small, low-dimensional data sets.

Technically, our inconsistency results cover many distributions, Sobolev spaces of arbitrary order, and
arbitrary RKHS-norm-bounded overfitting estimators. Lemma E.1 serves as a generic tool to extend
generalization bounds to the sphere S%, allowing us to cover (deep) ReLU NTKs and ReLU NNGPs.

Future work. While our experiments serve as a promising proof of concept, it remains unclear how
to design activation functions that enable harmless interpolation of more complex neural network
architectures and data sets. As another interesting insight, our consistent kernel sequence shows
that although kernels may have equivalent RKHS (see Appendix G.2), their generalization error can
differ arbitrarily much; the constants of the equivalence matter and the narrative that depth does
not matter in the NTK regime as in Bietti and Bach (2021) is too simplified. More promisingly,
analyses that extend our analysis in the infinite-width limit to a joint scaling of width and depth
could help us to understand the influence of depth (Fort et al., 2020, Li et al., 2021, Seleznova and
Kutyniok, 2022). Finite-sample analyses of moderate-width neural networks with feature learning
parametrizations (Yang and Hu, 2021) and other initializations could enable to understand how to
induce a spiky-smooth inductive bias in feature learning neural architectures.
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A Detailed related work

Motivated by Zhang et al. (2021) and Belkin et al. (2018), an abundance of papers have tried to
grasp when and how benign overfitting occurs in different settings. Rigorous understanding is mainly
restricted to linear (Bartlett et al., 2020), feature (Hastie et al., 2022) and kernel regression (Liang and
Rakhlin, 2020) under restrictive distributional assumptions. In the well-specified linear setting under
additional assumptions, the minimum-norm interpolant is consistent if and only if £k < n < d, the
top-k eigendirections of the covariate covariance matrix align with the signal, followed by sufficiently
many ’quasi-isotropic’ directions with eigenvalues of similar magnitude (Bartlett et al., 2020).

Kernel methods. The analysis of kernel methods is more nuanced and depends on the interplay
between the chosen kernel, the choice of regularization and the data distribution. Ls-generalization
error bounds can be derived in the eigenbasis of the kernel’s integral operator (Mcrae et al., 2022),
where upper bounds of the form \/yTk(X, X)Ly /n promise good generalization when the regres-
sion function f* is aligned with the dominant eigendirections of the kernel, or in other words, when
I £*]l7¢ is small. Most recent work focuses on high-dimensional limits, where the data dimensionality
d — oo. For d — oo, the Hilbert space and its norm change, so that consistency results that demand
bounded Hilbert norm of rotation-invariant kernels do not even include simple functions like sparse
products (Donhauser et al., 2021, Lemma 2.1). In the regime d'*° < n < d'*!79, rotation-invariant
(neural) kernel methods (Ghorbani et al., 2021, Donhauser et al., 2021) can in fact only learn the
polynomial parts up to order [ of the regression function f*, and fully-connected NTKs do so. Liang
et al. (2020) uncover a related multiple descent phenomenon in kernel regression, where the risk
vanishes for most n — oo, but peaks at n = d* for all i € N. The slower d grows, the slower the

optimal rate n™ 55T between the peaks. Note, however, that these bounds are only upper bounds, and
whether they are optimal remains an open question to the best of our knowledge. Another recent line
of work analyzes how different inductive biases, measured in || - ||,-norm minimization, p € [1, 2],
(Donhauser et al., 2022) or in the filter size of convolutional kernels (Aerni et al., 2023), affects the
generalization properties of minimum-norm interpolants. While the risk on noiseless training samples
(bias) decreases with decreasing p or small filter size, the sensitivity to noise in the training data
(variance) increases. Hence only ‘weak inductive biases’, that is large p or large filter sizes, enable
harmless interpolation. Our results suggest that to achieve harmless interpolation in fixed dimension
one has to construct and minimize more unusual norms than || - ||,-norms.

Regularised kernel regression achieves optimal rates. With appropriate regularization, kernel
ridge regularization with typical universal kernels like the Gauss, Matérn, and Laplace kernels is
universally consistent (Steinwart and Christmann, 2008, Chapter 9). Steinwart et al. (2009, Corollary
6) even implies minimax optimal nonparametric rates for clipped kernel ridge regression with Sobolev
kernels and f* € H? where d/2 < 8 < s for the choice p,, = n~2%/(26+4)  Although f* is not
necessarily in the RKHS, KRR is adaptive and can still achieve optimal learning rates. Lower
smoothness 3 of f* as well as higher smoothness of the kernel should be met with faster decay of
pn- Optimal rates in Sobolev RKHS can also be achieved using cross-validation of the regularization
p (Steinwart et al., 2009), early stopping rules based on empirical localized Rademacher (Raskutti
et al., 2014) or Gaussian complexity (Wei et al., 2017) or smoothing of the empirical risk via kernel
matrix eigenvalues (Averyanov and Celisse, 2020).

Lower bounds for kernel regression. Besides Rakhlin and Zhai (2019) and Buchholz (2022),
Beaglehole et al. (2023) derive inconsistency results for kernel ridgeless regression given assumptions
on the spectral tail in the Fourier basis. Mallinar et al. (2022) provide a characterization of kernel
ridge regression into benign, tempered and catastrophic overfitting using a heuristic approximation of
the risk via the kernel’s eigenspectrum, essentially assuming that the eigenfunctions can be replaced
by structureless Gaussian random variables. A general lower bound for ridgeless linear regression
Holzmiiller (2021) predicts bad generalization near the “interpolation threshold”, where the dimension
of the feature space is close to n, also known as the double descent phenomenon. In this regime,
Ghosh and Belkin (2022) also consider overfitting by a fraction beyond the noise level and derive a
lower bound for linear models.

Benign overfitting in fixed dimension. Only few works have established consistency results for
interpolating models in fixed dimension. The first statistical guarantees for Nadaraya-Watson kernel
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smoothing with singular kernels were given by Devroye et al. (1998). Optimal non-asymptotic results
have only been established more recently. Belkin et al. (2019) show that Nadaraya-Watson kernel
smoothing achieves minimax optimal convergence rates for a € (0, d/2) under smoothness assump-
tions on f*, when using singular kernels such as truncated Hilbert kernels K (u) = [[u[|§1 <1,
which do not induce RKHS that only contain weakly differentiable functions (as our results do). By
thresholding the kernel they can adjust the amount of overfitting without affecting the generalization
bound. To the best of our knowledge, rigorously proving or disproving analogous bounds for kernel
ridge regression remains an open question. Arnould et al. (2023) show that median random forests are
able to interpolate consistently in fixed dimension because of an averaging effect introduced through
feature randomization. They conjecture consistent interpolation for Breiman random forests based on
numerical experiments.

Classification. For binary classification tasks, benign overfitting is a more generic phenomenon
than for regression tasks (Muthukumar et al., 2021, Shamir, 2022). Consistency has been shown under
linear separability assumptions (Montanari et al., 2019, Chatterji and Long, 2021, Frei et al., 2022)
and through complexity bounds with respect to reference classes like the *Neural Tangent Random
Feature’ model (Cao and Gu, 2019, Chen et al., 2021). Most recently, Liang and Recht (2023) have
shown that the 0-1-generalization error of minimum RKHS-norm interpolants fj is upper bounded

y (B(X,X)+p)"'y

- , Where

by L 21'2 and analogously that kernel ridge regression fp generalizes as

the numerator upper bounds || f, ||3,. Their bounds imply consistency as long as the total variation
distance between the class conditionals is sufficiently large and the regression function has bounded
RKHS-norm, and their Lemma 7 shows that the upper bound is rate optimal. Under a noise condition
on the regression function f*(x) = E[y|x] for binary classification and bounded || f*||3;, our results
together with Liang and Recht (2023) reiterate the distinction between benign overfitting for binary
classification and inconsistent overfitting for least squares regression for a large class of distributions
in kernel regression over Sobolev RKHS. Chapter 8 of Steinwart and Christmann (2008) discusses
how the overlap of the two classes may influence learning rates under positive regularization. Using
Nadaraya-Watson kernel smoothing, Wang and Scott (2022) offer the first consistency result for a
simple interpolating ensemble method with data-independent base classifiers.

Connection to neural networks. It is known that neural networks can behave like kernel methods
in certain infinite-width limits. For example, the function represented by a randomly initialized NN
behaves like a Gaussian process with the NN Gaussian process (NNGP) kernel, which depends on
details such as the activation function and depth of the NN (Neal, 1996, Lee et al., 2018, Matthews
et al., 2018). Hence, Bayesian inference in infinitely wide NNs is GP regression, whose posterior
predictive mean function is of the form f ,, where p depends on the assumed noise variance.
Moreover, gradient flow training of certain infinitely wide NNs is similar to gradient flow training
with the so-called neural tangent kernel (NTK) (Jacot et al., 2018, Lee et al., 2019, Arora et al.,
2019), and the correspondence can be made exact using small modifications to the NN to remove
the stochastic effect of the random initial function (Arora et al., 2019, Zhang et al., 2020). In other
words, certain infinitely wide NN trained with gradient flow learn functions of the form f; o.

When considering the sphere Q = S¢, the NTK and NNGP kernels of fully-connected NNs are
dot-product kernels, i.e., k(x, x’) = x({x, 2’)) for some function x : [—1, 1] — R. Moreover, from
Bietti and Bach (2021) and Chen and Xu (2021) it follows that the RKHSs of typical NTK and NNGP
kernels for the ReLU activation function are equivalent to the Sobolev spaces H(4+1/2(S%) and
H(@+3)/2(S%), respectively, cf Appendix B.4.

Regarding consistency, Ji et al. (2021) use the NTK correspondence to show that early-stopped
wide NNs for classification are universally consistent under some assumptions. On the other hand,
Holzmiiller and Steinwart (2022) show that zero-initialized biases can prevent certain two-layer
ReLU NNs from being universally consistent. Lai et al. (2023) show an inconsistency-type result
for overfitting two-layer ReLU NNs with d = 1, but for fixed inputs X. They also note that an
earlier inconsistency result by Hu et al. (2021) relies on an unproven result. Li et al. (2023) show
that consistency with polynomial convergence rates is impossible for minimum-norm interpolants of
common kernels including ReLU NTKs. Mallinar et al. (2022) conjecture tempered overfitting and
therefore inconsistency for interpolation with ReLU NTKs based on their semi-rigorous result and the
results of Bietti and Bach (2021) and Chen and Xu (2021). Xu and Gu (2023) establish consistency
of overfitting wide 2-layer neural networks beyond the NTK regime for binary classification in very
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high dimension d = 2(n?) and for a quite restricted class of distributions (the mean difference p of
the class conditionals needs to fulfill = Q((d/n)Y/*log"*(md/n)) and p = O((d/n)'/2)).

B Kernels and Sobolev spaces on the sphere

B.1 Background on Sobolev spaces

We say that two Hilbert spaces 1, Ha are equivalent, written as H; = Ho, if they are equal as sets
and the corresponding norms || - ||3;, and || - ||, are equivalent.

Let 2 be an open set with C'*° boundary. In this paper, we will mainly consider ¢»-balls for 2.
There are multiple equivalent ways to define a (fractional) Sobolev space H*(£2), s € R, these are
equivalent in the sense that the resulting Hilbert spaces will be equivalent. For example, H*(€2) can
be defined through restrictions of functions from H*(R?), through interpolation spaces, or through
Sobolev-Slobodetski norms (see e.g. Chapter 5 and 14 in Agranovich, 2015 and Chapters 7-10
in Lions and Magenes, 2012). Some requirements on §2 can be relaxed, for example to Lipschitz
domains, by using more general extension operators (e.g. DeVore and Sharpley, 1993). Since
our results are based on equivalent norms and not specific norms, we do not care which of these
definitions is used. Further background on Sobolev spaces can be found in Adams and Fournier
(2003), Wendland (2005) and Di Nezza et al. (2012).

B.2 General kernel theory and notation

There is a one-to-one correspondence between kernel functions k and the corresponding reproducing
kernel Hilbert spaces (RKHS) H;.. Mercer’s theorem (Steinwart and Christmann, 2008, Theorem
4.49) states that for compact €2, continuous k£ and a Borel probability measure Px on ) whose
support is €, the integral operator T}, p, : Lo(Px) — Lo(Px) given by

Thpo f(@) = /Q F(@)k(x, 2 )dPx (2),

can be decomposed into an orthonormal basis (e;);cr of Lo(Pyx) and corresponding eigenvalues
(Ai)ier =0, A N\ 0, such that

Typx f =Y Nilf.e)ei,  f € La(Px).
iel

We write \i(Tk,py) = A;. Moreover, k(xz,x’) = >, ; Aie;(z)e;(x) converges absolutely and
uniformly, and the RKHS is given by

Hi = {Z ai\/)\jei

i€l

D al< oo}. (B.1)

i€l

The corresponding inner product between f =, ; aiv/Aie; € Handg =3, crbi Vie; € H can

then be written as
(f.9)m =) aib;. (B.2)
iel
We use asymptotic notation O, €2, © for integers n in the following way: We write
f(n) = O(g(n)) & 3C > 0¥n : f(n) < Cy(n)
f(n) =Q(g(n)) & g(n) = O(f(n))
f(n) =0O(g(n)) & f(n) = O(g(n)) and g(n) = O(f(n)) .

Above, we require that the inequality f(n) < Cg(n) holds for all n and not only for n > ng. This
implies that if f(n) = Q(g(n)), then f must be nonzero whenever g is nonzero. This is an important
detail when arguing about equivalence of RKHSs, since it allows the following statement: If we have
two kernels k, k with Mercer representations

k(xz,z') = Z iei(x)e;(x)

iel
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k(z,z') = Z Aiei(x)e; ()

i€l

with identical eigenfunctions e; and eigenvalues satisfying \; = @(S\i), then the associated RKHSs
are equivalent by (B.1) and (B.2).

B.3 Dot-product kernels on the sphere

A kernel of the form k(x, 2’) = k((z, z’)) for some function « is called dot-product kernel. Dot-
product kernels are rotationally invariant. Especially, NTKs and NNGPs of fully-connected NNs
restricted to the sphere S% are dot-product kernels. Moreover, kernels like the Laplace, Matérn, and
Gaussian kernels that only depend on the distance between their inputs are also dot-product kernels
when restricted to the sphere S¢. Therefore, in this section, we will assume that k& : S x S* — Risa
dot-product kernel.

We can then leverage some convenient results from the theory of dot-product kernels on the sphere,
which are summarized in more detail by Hubbert et al. (2023). Let {Y;1,...,Yin, d} be a real

orthonormal basis for the space of spherical harmonics of degree [ within Lg(Sd) Moreover, let wg
be the surface area of S¢, then the Y; ;i = y/wqY]; form a corresponding orthonormal basis w.r.t. the
uniform distribution 2/ (S?). Then, a Mercer representation of k is given by

o Nia Ni,a

Z:ulz}/lz lez ZMZYM

with fi; = pu/wg. Especially, the integral operator Ty, 4(sa) for the uniform distribution 2/(S%) has
eigenvalues ji; with multiplicity /V; 4 and eigenfunctions Y’“ The RKHS of k is then given by

Nia oo Nia
Zfzalzmz ZZ
i=1 =0 i=1

Since the index [ can be zero, we will denote decay asymptotics for [ in the form ©((I + 1)~9) and
not ©(1~9), cf. our definition of © notation in Appendix B.2.

Lemma B.1 (Sobolev dot-product kernels on the sphere). For a dot-product kernel k on S* as above,
the RKHS H,, is equivalent to the Sobolev space H*(S%), s > d/2, ifand only if iy = ©((1+1)72%).
In this case, we have

Ai(Trusey) = o2/ .

Proof. Step 0: Equivalence. If 11, = ©((I + 1)72%), it is stated in Section 3 in Hubbert et al. (2023)
that Hj, = H*(S?). On the other hand, if y1; # ©((I+1)72%), itis easy to see that Hy, is not equivalent
to the RKHS of a kernel with z; = ©((I 4 1)~2*). It remains to show X; (T}, 1(se)) = O(i~2s/4),

Step 1: Ordering the eigenvalues. Consider a permutation 7 : Ny — Ny such that

ﬂw(O) > /177(1) > ..

We can then define the partial sums

!
= Z Nrei)a
=0

For S;—1 < i <5, we then have A\ (Ty, 14(s4)) = fin(1)-

Step 2: Show 7(i) = O(i). Let ¢, C > 0 such that ¢(I + 1)72% < ji; < C(I +1)~2% for all [ € Ny.
For indices 7, j € N, we have the implications

i>j=c(m(i)+1)7% < firg) < fingy < C(m(j) +1)73
i) +1> (5)1/(25) (r(j) +1).
—\C
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Therefore, fori > 1 and j > 0,

m(i) + 1> (%)1/(25) max(r(i’) + 1) 2 (g)ws) ((i—1)+1)>Qi+1),
1/(2s) 1/(2s)
+1<(5) mew)+<(5) T Gryrn <0G,

We can thus conclude that 7(i) + 1 = ©(i + 1).

Step 3: Individual Eigenvalue decay. As explained in Section 2.1 in Hubbert et al. (2023), we have
Ni.a = O((I +1)?71). Therefore,

1 !
Si=>_0(x@)+ 1)) =D e+ 1)) =0(l+1)7).
i=0 i=0
Now, let i > 1 and let I € Ny such that S;_; < i < S;. We have i > Q(I%), and i < O((I + 1)),
which implies i = ©((I + 1)¢) since i > 1. Therefore,

N = finy = O((r(0) + 1)72) = O((1+ 1)72) = © (i72/) . =

B.4 Neural kernels

Several NTK and NNGP kernels have RKHSs that are equivalent to Sobolev spaces on S?. In the
following cases, we can deduct this from known results:

* Consider fully-connected NNs with L > 3 layers without biases and the activation function
p(r) = max{0,x2}™, m € Ny. Especially, the case m = 1 corresponds to the ReLU
activation. Vakili et al. (2021) generalize the result by Bietti and Bach (2021) from m = 1
to m > 1, showing that the NTK-RKHS is equivalent to H*(S?) for s = (d + 2m — 1)/2
and the NNGP-RKHS is equivalent to H*(S?) for s = (d + 2m + 1)/2. For m = 0,
Bietti and Bach (2021) essentially show that the NNGP-RKHS is equivalent to H*(S?) for
s = (d + 227L)/2. However, all of the aforementioned result have the problem that the
main theorem by Bietti and Bach (2021) allows for the possibility that finitely many p; are
zero, which can change the RKHS. Using our Lemma B.2 below, it follows that all ; are in
fact nonzero for NNGPs and NTKs since they are kernels in every dimension d using the
same function x independent of the dimension. Hence, the equivalences to Sobolev spaces
stated before are correct.

e Chen and Xu (2021) prove that the RKHS of the NTK corresponding to fully-connected
ReLU NNs with zero-initialized biases and L > 2 (as opposed to no biases and L > 3
above) layers is equivalent to the RKHS of the Laplace kernel on the sphere. Since the
Laplace kernel is a Matérn kernel of order v = 1/2 (see e.g. Section 4.2 in Rasmussen and
Williams (2005)), we can use Proposition 5.2 of Hubbert et al. (2023) to obtain equivalence
to H*(S?) with s = (d+1)/2. Alternatively, we can obtain the RKHS of the Laplace kernel
from Bietti and Bach (2021) combined with Lemma B.2.

Bietti and Bach (2021) also show that under an integrability condition on the derivatives, C'*°
activations induce NTK and NNGP kernels whose RKHSs are smaller than every Sobolev space.

Lemma B.2 (Guaranteeing non-zero eigenvalues). Let k : [—1,1] = R, let d > 1, and let
kg :S%x S ky(x,x') = rk((z, 2'))
kayo s ST2 x §T2 kyio(z,2') == k((x, ) .

Suppose that kg9 is a kernel. Then, ky is a kernel. Moreover, if the corresponding eigenvalues [ of
kq satisfy u; > 0 for infinitely many l, then they satisfy p; > 0 for all | € Ny.

Proof. The fact that kg is a kernel follows directly from the inclusion ®4,2 C $; mentioned in
Gneiting (2013). For D € {d, d + 2}, let 1 q be the sequence of eigenvalues 1; associated with kp.
Then, as mentioned for example by Hubbert et al. (2023), the Schoenberg coefficients b; q satisfy

b= T (42) Noapu,a
l,d = ox(d+1)/2
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Especially, the Schoenberg coefficients b; 4 have the same sign as the eigenvalues ;4. We use

bia — sbis2.a J=0andd=1

0 <brare =14 5(0+1)(brg — biy2,a) J>1landd=1

(1+d—1)(1+d) (1+1)(142)
d(2l+d-1) bia — d(2l+d+3) biv2a ,d=2,

where the inequality follows from the fact that k45 is a kernel and the equality is the statement of
Corollary 3 by Gneiting (2013). In any of the three cases, b2 ¢ > 0 implies b; 4 > 0. Hence, if
b;,q > 0 for infinitely many [, then b; 4 > O for all [, which implies z; 4 > 0 for all {. O

C Gradient flow and gradient descent with kernels

C.1 Derivation of gradient flow and gradient descent

Here, we derive expressions for gradient flow and gradient descent in the RKHS for the regularized

loss
L(F) = = S s = F@) ol f 1B = = D2 (0n = (ki) £ ) + 45, £,
1=1 =1

Note that we will take derivatives in the RKHS with respect to f, which is different from taking
derivatives w.r.t. the coefficients c in a model f(x) = c¢Tk(X, x).
In the RKHS-Norm, the Fréchet derivative of L is
OL(f) 2
T = ﬁ Z(f(wz) - y2)<k(iL'“ ')a '>7‘lk + 2p<f7 '>7‘lk, ’
i=1
which is represented in Hy, by
2 n
L'(f)=~ Z(f(wz) —vyi)k(xi, ") +2pf .

n -
=1

Now assume that f = Y"1 | a;k(z;,-) = a"k(X,-). Then,

n

L'(f) = %Z(aTk(X, x;) — yi)k(x;, ) + 2pa k(X )

= % (aTk(X, X)k(X,) -y k(X,")+ pna’k(X, ~))

2
= n (k(X,X) + pnl,)a — y)T k(X,-).
Especially, under gradient flow of f, the coefficients a follow the dynamics
) 2
a(t) = — (y - (k(X, X) + pnln)a(?))
which is solved for a(0) = 0 by
alt) = (In _ e—%t(k(X,X)-i-PnIn)) (B(X,X)+ pnIn)A Y,

which is the closed form expression (1) of f; ,.

For gradient descent, assuming that f =c/ k(X ), we have

f+1,p tp _ntLl<f ) _CZpk<X7') _nt%((k(X?X)+pnIn)ct,p_y)T k(Xv)

_ ( Fnd (- (RX.X) + pnzn>ct,p>) KX

If focf]? = 0, the coefficients evolve as ¢y = 0 and

2
Ciyl,p =Ctp T+ ntﬁ (y - (k(X, X) + pnIn)ct,p) .
For an analysis of gradient descent for kernel regression with p = 0, we refer to, e.g., Yao et al.
(2007).
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C.2 Gradient flow and gradient descent initialized at 0 have monotonically growing 7-norm

In the following proposition we show that under gradient flow and gradient descent with suffi-
ciently small learning rates initialized at 0, the RKHS norm grows monotonically with time ¢. This
immediately implies that Assumption (N) with Cy,orm = 1 holds for all estimators f; , from (1).

Proposition C.1.
(i) Foranyt € [0,00] and any p > 0, fi , from (1) fulfills Assumption (N) with Crorm = 1.

(ii) Foranyt 6 N U {0} and any p > 0, with sufficiently small fixed learning rate 0 < n <
e s D fulfills Assumption (N) with Cyporm = 1.

2(p+)\maX(k(X X))/n

Proof. Proof of (i):

We write f; ,(x) = k(x, X)cy ,, where ¢; , == A; ,(X)y. We now show that the RKHS-norm
of f;, grows monotonically in ¢, by using the eigendecomposition k(X , X) = UAU ', where
A = diag(\q, ..., \y) € R™*™ is diagonal and U € R™*" is orthonormal, and writing § := U'y.
Then it holds that

- _ 2t
el = Cer) TR Xy =57 (0 pnd) ™ (T = o (<204 puT,) ) )

(In — exp <it(A + pnIn)>) (A +pnI,) 'y
- > i oy (1o (5 Getom) )

k=1, k+pn>0

<1/Ak <1

o 1
< Z iy = ool
k=1,A,>0
Proof of (ii):
Expanding the iteration in the definition of ¢; , yields
t t—i—1

ey =3 T1 (1= 222030 + n) ) 22y,

=0 75=0

We again use the eigendecomposition k(X , X) = UAU ", where A = diag(\y, ..., \,) € R?*"
is diagonal and U € R"*"™ is orthonormal, and write y := U"y. Then, using sufficiently small
learning rates 0 < 1y < SIPE (;(X X)) 77) in all time steps ¢ € N, it holds that

122113,
= (cr,p) k(X X)er,,

t t—i—1 t t—i—1
277 20— -
Z T (@ =2m )1 = =224 Z [ (@ =2p )T - =220) | g
i=0 j=0 i=0 j=0
2
n t t—i—1
ﬁAk Z T o —2ms(p+ Xe/m) | (C.1)
k= >0 =0 7=0 €[0,1]

The last dlsplay shows that || f;- D||H grows monotonically in ¢, strictly monotonically if 7, €
(0, GIrESw— (X X))/n)) holds for all £. It also shows that if p’ > pthen Hft D||7.[ <|fe "2 for
any t € NU {oo}. To see that || fEP(|3, < || foo0ll% for all t € NU {oo} and all p > 0, observe
that with fixed learning rates 7, = 7] € (0, 2(p+/\max(k(X X))/n)) C (0, m) for all
t € NU {co} it holds that

t—i—1 t
2n —i
[[ (1= 2mjA/n) = ;; 1— 2\ /n)"
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t
2n _2l-—(1- 20\, /n)tHt 1

= — (1 —2nA < —.
n go n/n)’ n 2nAg/n Py

Since it suffices to consider the case p — 0, using the above derivation in (C.1) yields || fSE 13, <
|| foo,0l|3, for all ¢ € N, which concludes the proof. O

D Proof of Theorem 1

Our goal in this section is to prove Theorem D.1, which can be seen as a generalization of Theorem 1
to varying bandwidths. To be able to speak of bandwidths, we need to consider translation-invariant
kernels. Although Theorem 1 is formulated for general kernels with Sobolev RKHS, it follows from
Theorem D.1 since we can always find, for a fixed bandwidth, a translation-invariant kernel with
equivalent RKHS, such that only the constant C,,,,, changes in the theorem statement.

To generate the RKHS H*, Buchholz (2022) uses the translation-invariant kernel k% (x,y) =
uB(z — y) defined via its Fourier transform 4.2 (¢) = (1 + |£|?)*. Adapting the bandwidth, the
kernel is then normalized in the usual L-sense,

KD (@,y) =7~ ((@ - y) /7). (D.1)

Theorem D.1 (Inconsistency of overfitting estimators). Let assumptions (D1) and (K) hold. Let
cait € (0,1] and Crorm > 0. Then, there exist ¢ > 0 and ng € N such that the following holds for
all n > ng with probability 1 — O(1/n) over the draw of the data set D with n samples: For every
Sfunction f € Hy, with

(0) L3 ((f(w:) — yi)? < (1 — cqe) - 02 (training error below Bayes risk) and

(N) ||fH7'Lk < Chorm|| foo,0ll3, (norm comparable to minimum-norm interpolant (1)),

the excess risk satisfies

Rp(f) = Rp(f*) 2 ¢>0. (D.2)

If k- denotes a Li-normalized translation-invariant kernel with bandwidth v > 0, i.e. there exists a
q: R — R such that k- (x,y) = v~ q( Y, then inequality (D.2) holds with c independent of the

sequence of bandwidths (Y )nen C (0, 1) as long as fp fulfills (N) for the sequence (H.,, )nen with
constant Crorm > 0.

Proof. By assumption, the RKHS norm || - ||, induced by the kernel & (or k- if we allow bandwidth
adaptation) is equivalent to the RKHS norm || - |3, induced by a kernel of the form (D.1) with an
arbitrary but fixed choice of bandwidth v € (0, 1), which means that there exists a constant Cy>0
such that —||f||H7 <1z < C5ll flla, forall f € Hy. Hence the minimum-norm 1nterpolant
gD,y in H, satisfies

HfDH’Hn, S C’nyDHHk S C"ycvnormHgDH’H;c S C’ycnorm”gD/yH’Hk S CicnormHgD,’yH’Hﬂ,a

where ||gp |7, < |l9D,~ |7, because, gp is the minimum-norm interpolant in Hy.
Now consider the RKHS norm || - ng of a translation-invariant kernel k.. Then the functions

{hp(z) = e“"z}peRd are eigenfunctions of the kernel’s integral operator, so that the RKHS norm
can be written as (Rakhlin and Zhai, 2019)

2 _ 1 ‘JE(W)P
||fH7:['y - (27T)d /]Rd cj(w) dwa

where f denotes the Fourier transform of f.

By assumption we know that there exists a Cy, > 0 such that 5— I fll3e,, < ||f||HW < Coo 1l
Y0
holds for some fixed bandwidth v > 0, then substituting by & = ;’—Ow yields

o1 FwP?, 1 FEOP (o)
17l = Gy /R i) ™ T @y /R 01(70%) (7) e =/l
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S C, [ Ee)P <70)d S G [ WP,
< Cullfllee = oy /Rd s 5 ) =G /Rd a0y = Crollf

In the same way we get C%o [fll7, < IIfll5, for arbitrary y € (0, 1). This shows that the constant

Cl,, that quantifies the equivalence between || - [|3, and || - [|;; does not depend on the bandwidth ~.

Finally Proposition D.4, Proposition D.2 and Remark D.3 together yield the result. O

The following proposition generalizes the inconsistency result for large bandwidths, Proposition 4
in Buchholz (2022), beyond interpolating estimators to estimators that overfit at least an arbitrary
constant fraction beyond the Bayes risk and whose RKHS norm is at most a constant factor larger than
the RKHS norm of the minimum-norm interpolant. Compared to Rakhlin and Zhai (2019), Buchholz
gets a statement in probability over the draw of a training set D and less restrictive assumptions on
the domain €2 and dimension d.

Proposition D.2 (Inconsistency for large bandwidths). Let cq; € (0,1] and Cyorm > 0. Let the
data set D = {(x1,y1),...,(Tn,yn)} be drawn i.i.d. from a distribution P that fulfills Assumption
(D1), let gp ~ be the minimum-norm interpolant in H = H., with respect to the kernel (D.1) for a
bandwidth v > 0. Then, for every A > 0, there exist ¢ > 0 and ng € N such that the following holds
Sor all n. > ng with probability 1 — O(1/n) over the draw of the data set D with n samples:

For every function f € H that fulfills Assumption (O) with cgy and Assumption (N) with Cyorm, the
excess risk satisfies

Eo(f(®) = f*(x))* = ¢ > 0,

where ¢ depends neither on n noronl >~ > An=1/4 > 0.

Remark D.3. Proposition D.2 holds for any kernel that fulfills Assumption (K). The reason is that
any kernel k that fulfills assumption (K) and the kernel defined in (D.1) have the same RKHS and
equivalent norms. Therefore every function f € H; = H (equality as sets) that fulfills Assumptions
(O) and (N) for the kernel k also fulfills Assumptions (O) and (N) with an adapted constant Cy,o1,
for the kernel (D.1). |

Proof. Step 1: Generalizing the procedure in Buchholz (2022).

We write [n] = {1,...,n} and follow the proof of Proposition 4 in Buchholz (2022). Define
u(z) = f(x) — f*(x). We need to show that with probability at least 1 — O(n~!) over the draw of
D it holds that ||u|| z2(py) > ¢ > 0, where c depends neither on n nor on 7.

For this purpose we show that with probability at least 1 — 3n~! over the draw of D there exist a
constants ¢/, k" > 0 depending only on cg and a subset P” C [n] with |P”| > | k" - n] such that

|f(x;) — f*(x;)| > " > 0holds for all i € P”. (D.3)

Then via Lemma 7 in Buchholz (2022) as well as Lemma D.7 we can choose a large subset " C [n]
of the training point indices with |[P"”’| > n — |P”|/2, such that the &, for i € P’ are well-separated
in the sense that ming; jepr 25y [|Zi — 25| > dinin With dpin = ¢"n~14 where ¢’ depends on
Cht, d, the upper bound on the Lebesgue density C',, and on the smoothness of the RKHS s. Then the
intersection P NP" contains at least @ points. Now we can replace P’ in the proof of Proposition
4 for s € N in Buchholz (2022) by the intersection P” N P’’. The rest of the proof applies without
modification, where (42) holds by our assumption || f|% < Cx||gp||%. Our modifications do not

affect Buchholz’ arguments for the extension to s ¢ N.
Step 2: The existence of P".
Given a choice of k”, ¢ > 0, consider the event (over the draw of D)
E = {3P" C[n]with |P”| > |£" - n]| that fulfills (D.3)}
= {3 P C [n] with |P| > [(1 — &")n] such that |f*(x;) — f(x;)| <’ Vie P}

With the proper choices of ¢’ and " independent of n and f, we will show P(E) < 3n~1. We
will find a small ¢” > 0 such that if f* and f are closer than ¢’ on too many training points P

75
20787 https://doi.org/10.52202/075280-0912



and f overfits by at least the fraction cg, the noise variables €; on the complement P¢ would have
to be unreasonably large, contradicting the event Ej; defined below, and implying (D 3) with high

probability. We will use the notation || f||% := >, .5 f(x;)? and [|y[|% = >, cp y7.

Step 2b: Noise bounds.

Lemma D.6 (%) states that there exists a ” > 0 small enough such that the event (over the draw of
D)

1 1
Eg; = {YP1 C [n] with [Py] < |£” - n| it holds that — || f* — y[|3, = — Y &} < %02},
n n i€P1
fulfills, for n large enough, P(Eg;) > 1 —n~1.

Lemma D.6 (¢4) implies that there exists a cjower > 0 such that the event (over the draw of D)

1
Egi; == {¥P2 with [Ps| > (1 — £”)n] it holds that —|| f* — y||%, > Clower - 0>},
n
fulfills, for n large enough, P(Fg;;) > 1 —n~1L.

Lemma D.5 states that the total amount of noise ||e||[2n] concentrates around its mean no?. More
precisely, we will use that for any c. € (0, 1) the event (over the draw of D)

1 o
By = {nIf 2, >c5-o2},

fulfills P(E5) > 1 — exp (_n _ (1_2%)2).
Step 2¢: Lower bounding ||€||35C.

Given some function f € 7, assume in steps 2c and 2d that event E holds and that P C [n] denotes
a subset of the training set that fulfills |P| > [(1 — &”)n] and |f*(x;) — f(2;)| < " Vie P.

In step 2c, assume we choose &g, > 0 such that g || £* — y||% < ||f — y||35 Then by the overfitting
Assumption (O) it holds that

1, X
~ (el £~ wllp + £ — vl

1
pe) < (IF =l +1f - wl3) < (U —cm)o®. D4

If we restrict ourselves to event Es, dropping the term || f — yH in (D.4), then dividing by ¢4 and
subtracting the result from the mequallty in the definition of event E5 yields

1—Cﬁ
gHellgu = 5||f* —yl%. > cco® — Tto—?. (D.5)
t

Step 2d: Choosing the constants.
If we choose ¢. := 1 — <t and &g = %{;f‘j € (0, 1), then (D.5) becomes
i 0'2 .

e
J— E ~ —_—
n' "P¢T 4

Now it is left to show that the condition ége|| f* — y[|% < || f — yl|%, that is required for Step 2c,
holds with high probability with our choice of cgy.

With some arbitrary but fixed €jower € (0, /Clower )» choose ¢ i= (1 — /Cq¢) (4 / {2t — %)a.

Then on event Fjg;;, for n large enough, it holds that

1 /!
(1- véﬁt)ﬁllf* —yllp > (1 = V&) VClowerd > VI — K" - " + NG (D.6)

By definition of P, it holds that
IF = £711% = S"(f(@i) — f7(@:)” < [(1 = &")n] ("),

ieP
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so that
/!

1 c
—f=Flls <V1—r"-"+—.
\/ﬁ H f f HP K ¢+ \/ﬁ
Now, using the triangle inequality, (D.7) and (D.6) yields the condition required for Step 2c,

1
n

(D.7)

If —ullp

3

1 1
>7 * _ R _ * -
>—=f" —yllp - VI-r"-" -

B

— 1 .
>V =I5~ vl

Step 2e: Upper bounding the probability of E.

To conclude, we have seen in steps 2¢ and 2d that on ' N Ejg;; N Es, it holds that
1 2 Cfit 2
On Fjg;, it holds that

1 2 Cfit 2
—Ell5. < —/O0".
Lleliz. <

Hence Eg; N E N Eg;; N Es = . This implies E C (E5 N Eg; N Eg;;)¢, where the right hand side
is independent of f € H and just depends on the training data D. Since P(FEg;) > 1 —n~! and

P(Egii NE5) >1—n"1 —exp (—n . (I_ch)z), it must hold that, for n large enough,

2
1 —
P(E) < P((Es N Eg; N Egi3)°) < 2n~ ' + exp (—n- ( 2CE> ) <3n L. O

The following proposition generalizes the inconsistency result for small bandwidths, Proposition 5
in Buchholz (2022), beyond interpolating estimators to estimators whose RKHS norm is at most a
constant factor larger than the RKHS norm of the minimum-norm interpolant. The intuition is that
if the bandwidth is too small, then the minimum-norm interpolant gp ., returns to 0 between the
training points. Then ||gp ||, (,) is smaller and bounded away from || f*(|1,(,). We can replace
gD,~ by any other function f € # that fulfills Assumption (N).

Proposition D.4 (Inconsistency for small bandwidths). Under the assumptions of Proposition D.2,
there exist constants B,c > 0 such that, with probability 1 — O(n~1) over the draw of D: For
any function f € H that fulfills Assumption (N) but not necessarily Assumption (0), the excess risk
satisfies

Eo(f(z) — f*(x))* > ¢ >0,

where ¢ depends neither on n nor on v < Bn=1/4,

Proof. Denote the upper bound on the Lebesgue density of Px by C,,. The triangle inequality implies

1" = flloacr) = 1 N napy) = 1fllzacre) = 1 o) — V Cull fll2
> apx) = VOullfll 2 1 | 22px) — Cuv/ Cullgp A I3,

where || f||2 < || f|| follows from the fact that the Fourier transform % of the kernel satisfies k(¢) < 1.
Now in the proof of Lemma 17 in Buchholz (2022) a > 0 can be chosen smaller to generalize the

statement to 1

HgD,'yH%-L < W”JC*H%Q(PX)+09(72n2/d+’723n28/d),
1

where cg depends on ¢, f*,d, s and Cpoppy,. Finally we can choose B small enough such that Eq.
(32) in Buchholz (2022) can be replaced by Cyv/Cullgp |12 < 211f* || o(py) sO that we get

* 1 *
1f* = flleapy) = 511 L) > 0. O

27
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D.1 Auxiliary results for the proof of Theorem 1

Lemma D.5 (Concentration of x?2 variables). Let U be a chi-squared distributed random variable
with n degrees of freedom. Then, for any ¢ € (0, 1) it holds that

P(ch) SeXp<_n_ (1;C>2>.

Proof. Lemma 1 in Laurent and Massart (2000) implies for any z > 0,

P(Z < 1—2\@) <exp(—z).

Solving ¢ = 1 — 2,/ for z yields 2 = n - (156)2. O
Lemma D.6. Letcy, ..., e, beiid N(0,0%) random variables, 0 > 0. Let (c2)") denote the i-th
largest of €%, ..., &2.

(i) A constant fraction of noise cannot concentrate on less than ©(n) points: For all constants
a, ¢ > 0 there exists a constant C' € (0, 1) such that with probability at least 1 — n™*, for
n large enough,
[Cn]

1 21(3) 2
— < .
- ;_1 (e%) co

(ii) ©(n) points amount to a constant fraction of noise: For all constants o > 0 and r € (0, 1)
there exists a constant ¢ > 0 such that with probability at least 1 —n™%, for n large enough,

| La=r)n] |
- Z (62)(n71+1) > 60'2 ]
n 1=1

Proof. Without loss of generality, we can assume 0 = 1.
(i) For a constant C' € (0, 1) yet to be chosen, consider the sum

[Cn]

1 2\ (i)
Sen =~ ;(g) .

For T' > 0 yet to be chosen, we consider the random set Zr = {i € [n] | €2 > T}
and denote its size by K = |Zr|. To bound K, we note that K = & + ... + &,, where
& = 125 p. We first want to bound pr = E¢; = P(e} > T).

The random variables 2 follow a x?-distribution, whose CDF we denote by F'(¢) and whose
PDF is

F(t) = 1(0,00)(t)C1t "/ exp(—/2) (D.8)
for some absolute constant C. Moreover, we use ¢ and ¢ to denote the CDF and PDF of
N(0,1), respectively.

Step 1: Tail bounds. Following Duembgen (2010), we have for x > 0:

2¢() 20(x)  ¢(x)
1-®(@@)> it is - 2tr+s 1+e
2¢() 2¢()
L) < s S The

Hence, for t > 0, we have

ol 20(ve) _ [2exp(=t/2)
1—F(t)=2(1 <I>(\/¥))>1+\/i—\/; -

16V8)  [Sexp(—t/2)

1—F(t)=2(1—¢>(\/i))<m: T v
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By choosing T := —21log(C'y/7/32) > 0, we obtain

pr=1—F(T) < \/Eexp(—T/Z) =C/2.

Step 2: Bounding K. The random variables &; from above satisfy &; € [0, 1]. By Hoeffd-
ing’s inequality (Steinwart and Christmann, 2008, Theorem 6.10), we have for 7 > 0

P (711 > (&-E&) > (1- 0)\/2) < exp(—T) .

i=1

We choose 7 := C?n/2, such that with probability > 1 — exp(—C?n/2), we have

K/”_pT:iZ(fi—Eﬁi)S@:C/2.

i=1
Suppose that this holds. Then, K < npp + Cn/2 < Cn and, since K is an integer,
K < |Cn]. This implies

1 (& . 1E :
Som < <Z(52)<” +(|Cn] — K)T) <CT+— ;(52)@ _ (D.9)

=1

We now want to bound Zf{zl (¢2)(). To this end, we note that conditioned on K = k for
some k € [n], the k random variables (¢;);cz, are i.i.d. drawn from the distribution of 2
givene? > T, fore ~ /\/'g()7 1). By X, X1, X5, ..., we denote i.i.d. random variables drawn
from the distribution of &% — T | ¢2 > T. This means that conditioned on K = k,

k k
S (D =Y"e} isdistributedas kT + > X;. (D.10)
i=1 i€Tp i=1
Step 3: Conditional expectation. The density of X is given by
f(T+t) ©H L Ci (T +t) 2 exp(—(t+T)/2)
L-F(T) = 7" afrexp(-T/2)/(1 + VT)
<15 0Crexp(—t/2) ,
where we have used that for ¢t > 0,

1
+ﬁgl+ﬁ:1+i§2
VT +1 VT VT

since T = —2log(C/7/32) > —2log(+/m/32) ~ 1.008. We can now bound

E[X] = /O Y tox () dt

px(t) = 1iso

g/ Cotexp(—t/2) dt = 4C, . (D.11)
0
Step 4: Conditional subgaussian norm. For ¢ > 0,
1-F(T+t 1 T —(T+1t)/2
P(X|>6) = P(X > ) = (T+1) oy 14VT exp(—(T +1)/2)

1-F(T) ~"1+VT+t exp(-T/2)
< 2exp(—t/2) .

Since the denominator 2 in 2 exp(—t/2) is constant, by Proposition 2.7.1 and Definition
2.7.5 in Vershynin (2018), the subexponential norm || X||,;, is therefore bounded by an
absolute constant C'5. Moreover, by Excercise 2.7.10 in Vershynin (2018), we have || X —
EX|y, < C4||X|ly, < Cs for absolute constants Cly, Cs.

Step 5: Conditional Concentration. Now, Bernstein’s inequality for subexponential
random variables (Vershynin, 2018, Corollary 2.8.1) yields for ¢ > 0 and some absolute

constant 06 > 0:
- = 6 k_cgﬂ C . .

P(
70
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We choose t = C5Cn and obtain for £ < Cn

k
P (Z(&)W > kT + 4Cok + C5Cn

=1

)

k
= p (Z X, > 4Cok + C5Cn

i=1
(D.11)
< P >t

(D.12)
< 2exp(—CsChn) .

Step 6: Final bound. From Step 2, we know that K < |Cn] with probability > 1 —

exp(—C?n/2). Moreover, in this case, Step 5 yields

k
ZXZ- —EX;

=1

K
> ()W < KT +4CK + C5Cn < Cn(T + 4C5 + Cs)
i=1

with probability > 1 — exp(—CsCn). By Eq. (D.9), we therefore have

Seim < CT + C(T + 4Cy + Cs) = —4C log(C'/7/32) + C;C

Since limen g —C'log(C') = 0, we can choose C' € (0, 1) such that —4C'log(C\/7/32) +
C7C < c for the given constant ¢ > 0 from the theorem statement, and obtain the desired
bound with high probability in n.

(ii) Since the £? are non-negative and their distribution has a density, there must exist 7' > 0
with P(e? < T) < (1 — k) /4. Similar to the proof of (i), we then want to bound K :=
{ien]|ef <T} =& +...+&with§; = T 2q. The & € [0, 1] are independent with
E¢ = P(e2 < T) < (1 — k)/4. As in Step 2 of (i), Hoeffding’s inequality then yields for

T>0
F (711 Z(& -E&) > (1- 0)\/2) <exp(—T) .

i=1
We set 7 := (1 — k)?n/2, such that with probability > 1 — exp((1 — x)?n/2), we have

Z _Ee) < (1—-k)2n/2

K/n—(1—-k)/4< K/n—P(?<T) o

3\?—‘

11—k
5 -

In this case, we have

i nl—&-lz

(L= m)n] = K)T > (1~ )n — 1) — K)T

11—k 1
—— | T
(-

where the right-hand side is lower bounded by ¢ := (1 — k)T'/8 for n large enough. O

S

Y

The next lemma is a generalization of Lemma 9 in Buchholz (2022) to arbitrary fractions & of the
training points. Therefore, for any x € (0, 1) define

1/d
Smin (K) = n-1/d K /
prd ’

Lemma D.7 (Generalization of Lemma 9 in Buchholz (2022)). Let k,v € (0,1), and let ¢ > 0
be a constant that satisfies Px (dist(x,0Q) < cq) < k. Let P = {x1,...,@,} be i.i.d. points
distributed according to the measure Px, which has lower and upper bounded density on its entire
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bounded open Lipschitz domain ) C R, C) < px(x) < C,y. Then there exists a constant © > 0
depending on d, C\,, v such that with probability at least 1 — exp ( 3“") there exists a good subset
P’ C | > (1 — 7k)n, with the following properties: For x € P’ we have dist(x,dQ) > cq,
|z — y| > Omin(K) for ¢ £y € P’, and for all x € P’ we have

5 oyt < 2l
— 2 .
yeP\{z} &

Proof. First by the definition of §,,;y, it holds that
Plz;e U B(xi, 0min) | < Cuwddmm <k

i<j

Also forall y €
Ex (£ —y) 21 (| — y| > druin)) = / i |z —y|™ " px (x)dx
Y,0min)°

B(w76min)

for some © > 0 depending only on C,,, d and v. We conclude that for each j

Cd— 05— 2n
Z|$i*$g‘\ Y (|ai — >5min)>7n/;m < K.
i<j
Also P (dist (x;,09) < cq) < . The union bound implies that
05 n
Plx;¢ U B (xi, Omin) Z lx; — ;| 4= 2”1‘m7_m7|>5mm < %, dist (z;,082) > cq
i<j 1<j
—d-2v _ Opin .
=P T ¢ U B wzv mln 5 Z ‘wz - CBJ| . s dist (:nj,é)Q) >co | >1-—3k.
i<j 1<j

We use a martingale construction similar to the one in Lemma 7 of Buchholz (2022) by defining

—21/
—d—2 @5 .
Ej:=qxj € U{B(a:i,émin), or Z |z, — ;] v 12‘“ , or dist(x;,00) < cq
1< 1<]
Now define S,, := >, 1p,. Using the filtration 7; = o (@1, ..., x;), S, can be decomposed into

Sp = M, + A,,, where M,, is a martingale and A,, is predictable with respect to F,,. We then get
A, <30 P(E;|Fi—1) < 3kn as well as Var(M;|F;_;) < 3x. Hence Freedman’s inequality
Theorem D.8 yields

P(Sp = 6kn) < P(An > 3kn) + P(M,, > 3kn) < exp <3’;”>

This implies that with probability at least 1 — exp (—25) we can find a subset Ps = {z1,..., 2}
with |Ps| > (1 — 6k)n on which it holds that min;x; |z; — 2;| > dmin, dist (z;,0Q2) > cq and
a2 _ 200,57
Z |Z,L' — Zj‘ < %
i#]

Using Markov’s inequality we see that there are at most xn points in P such that

2v
e 200

= 2
K
2/ €Ps,z#2'
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Removing those points we find a subset P’ C P such that |P’| > (1 — 7x)n and for each z € P’

Cde2w 200672
Z |z — 2| =2 §7“2”“n. O
K
z'€Ps,z#z’
Theorem D.8 (Freedman’s inequality, Theorem 6.1 in Chung and Lu (2006)). Let M; be a discrete
martingale adapted to the filtration F; with My = 0 that satisfies for all i > 0
|Mip1 — M;| < K
Var (Mi ‘ .7:%‘71) < 0’?.
Then

A2

P (M, —E(M,) > \) <e *Tiicitk:/3,

E Translating between R? and S?

Since the RKHS of the ReLU NTK and NNGP kernels mentioned in Theorem 4 are equivalent to
the Sobolev spaces H(4+1)/2(S?) and H(4+3)/2(S%), respectively (Chen and Xu, 2021, Bietti and
Bach, 2021) (detailed summary in Appendix B.4). Inconsistency of functions in these RKHS that
fulfill Assumptions (O) and (N), as in Theorem 1, follows immediately by adapting Theorem 1 via
Lemma E.1. In particular, inconsistency holds for the gradient flow and gradient descent estimators
ft,p and fS;P as soon as they overfit with lower bounded probability.

For arbitrary open sphere caps T = {x € S | 2441 < v}, v € (—1,1), and the open unit ball
B1(0) = {y € R? | ||ly||2 < 1}, define the scaled stereographic projection ¢ : T' — B;(0) C R% as

Cy1 CyTd
¢(m1,...,xd+1):( i ? )

o
1—z441 1—2441

1—v

where the normalization constant ¢, = /7 o

ensures surjectivity.

Straightforward calculations show that ¢ defines a diffeomorphism. Its inverse ¢~* : By (0) — T is
given by

2, My 2, ya ¢ 2 yll3 — 1>
— PR ) — ) — .
oyl +1 o lyl3+17 e ?llyl3 +1

¢1(y1,...,yd)<

We can translate kernel learning with the kernel k£ on S¢ and the probability distribution P, where

Px is supported on 7', to kernel learning with a transformed kernel k£ and P using a sufficiently
smooth diffeomorphism like ¢ : T — B1(0) C R If the RKHS of k is equivalent to H*(S?) then

the RKHS of % is equivalent to H*(B; (0)). We formalize this argument in the following lemma. As
a consequence it suffices to prove all inconsistency results for Sobolev kernels on By (0).

Lemma E.1 (Transfer to sphere caps). Let k be a kernel on S* whose RKHS is equivalent to a
Sobolev space H*(S?). For fixed v € (—1,1), consider an “open sphere cap” T = {x € S¢ |
Zg+1 < v}. Furthermore, consider a distribution P such that Px is supported on T and has lower
and upper bounded density px on T, i.e. 0 < C; < px(x) < Cy < oo forallx € T. Then

o k(x, @) = k(¢ (x), ¢~ (x')) defines a positive definite kernel on By (0) C R? whose
RKHS is equivalent to the Sobolev space H*(B1(0)),

« P:=Poy  withi(z,y) = (¢(x),y) defines a probability distribution such that ]5;(
has lower and upper bounded density on B1(0) C R?,

and kernel learning with (k, P) or with (k, P) is equivalent in the following sense:

For every function f € H(k|}) the transformed function f=foo¢ ' e H(k)has the same RKHS
norm, i.e. || f|#(x),) = Ilfll34(i)- Furthermore, the excess risks of f over P and of f over P coincide,

ie.
Eopy (f(x) = fp(2))? =By p, (f(2) — f5(2))%,
where fl’g(i) = E(X)Y)N[D()}Dz = &) denotes the Bayes optimal predictor under P.

2
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Remark E.2. Many kernel regression estimators can be explicitly written as fp(z) =
fn(k(m,X),k(X,X),y) where f, : R" x R"™*" x R" — R denotes a measurable function
for all n € N. Then the explicit form is preserved under the transformation, i.e. f o ¢! = f ]’% with
the transformed data set D = {(¢(x;), Yi) Yien)- <

Proof of Lemma E.1. Step 1: Bounded density. For i € [d], j € [d + 1], the partial derivatives of ¢
are given by

1_#, for 1 = j,

Td+41

6tj¢z(m): %, for ¢ € [d], j:d—f—l,
0, otherwise.

Given an arbitrary multi-index «, the partial derivatives 9,¢; € L*(T), 8a¢j_1 € L?(B1(0)) are
bounded for all ¢ € [d], j € [d + 1], using z44+1 < v < 1 and the inverse function theorem.
Now define k(x, ') == k(¢ (), ¢ (x)), ¥(x,y) = (¢(x),y) and P := P o). Then using
integration by substitution (Stroock et al., 2011, Theorem 5.2.16), the Lebesgue density of 15X is
given by

px(®) =px (67 (2) T (2),

where
Jo~ (&) = [det ((<a¢¢‘1(5:)73j¢‘1(53)>md+1)i,je{l,...,d})}1/2'

J$ and J¢~! can be continuously extended to T and B;(0), respectively. Then, since J¢~! is
continuous on a compact set and because ¢ with the extended domain remains a diffeomorphism so
that J¢~! cannot attain the value 0, there exists a constant Cs > 0 such that C%, < Jop~l(z) < Cy

for all & € B1(0). Hence, p ¢ is lower and upper bounded.

Step 2: Excess risks coincide. If (X,Y) ~ P, the Bayes predictor of Y given X is given by
(@) =E(Y|X =2) = (¢~} (2)).

Let 7 (x,y) = x be the projection onto the first component. Then, ¢(m(xz,y)) = ¢(x) =
m1(d(x),y) = m(Y(x,y)) and hence

Step 3: Transformed RKHS. We want to show that H(k|;) — H(k), f — f o ¢~' defines
an isometric isomorphism, which especially shows the statement || f|[3(x|,.) = [|f[l3;() from the
proposition. For this, we use the following theorem characterizing RKHSs:

Theorem E.3 (Theorem 4.21 in Steinwart and Christmann (2008)). Let k : X x X — R be a positive
definite kernel function with feature space Hy and feature map ®y : X — Hy. Then

H={f:X—>R|3weHy: f={w,Po(:))u,} with
£z = inf{{Jw|[a, - f=(w,®o(-)m,},
is the only RKHS for which k is a reproducing kernel.

A feature map for k|, is given by ® : T — H(k|,), ®(x) = k(x,-). Hence a feature map for k is
given by ® o ¢! : B1(0) — H(k|,). Theorem E.3 states that

H(k|,)={f:T—R|3weHk|l): f=(w ())uw,)} wih (E.1)
£k = f{lwllage),) o F = (W, @) wr],) )
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as well as

H(k) = {f: Bi(0) = R | Tw e H(k|,): f=(w,®o qu(.))mkm} with  (E2)
1132ty = mf{lwllrgrly) = F = (w0, ® 067 ()agri, }-

As ¢~ is bijective, this characterization induces an isometric isomorphism between H (k| ) and
H(k) by mapping f = (w, ®(-))3(x|,.) € H(k|p)to f = foo ™ = (w, @09 ())pyk|,) € H(k).
This shows || f{l3¢(k|,.) = Hf”f;-[(/;)-

Step 4: RKHS of k. We now show that the RKHS of k, denoted as H,(k), is equivalent to H* (B (0)).
To this end, denoting Ao ¢ == {fo¢ | f € A} and Al = {f| | f € A}, we show the following
equality of sets (ignoring the norms):

~ 0) (In am o av) s
H(k) oo = H(k|) = H(k)|, = H* S|, = H*(B1(0)oo.
Since ¢ is bijective, this implies (k) = H*®(B;(0)) as sets, and the norm equivalence then follows
from Lemma F.7.

Equality (I) follows from Step 3. Equality (II) follows from Theorem E.3 by observing that if ® is a
feature map for k, then ®|,. is a feature map for £|,.. Equality (IIT) holds by assumption. To show

(IV), we need a characterization of H*(S%) that allows to work with charts like ¢.

Step 4.1: Chart-based characterization of //*(S?). A trivialization of a Riemannian manifold
(M, g) with bounded geometry of dimension d consists of a locally finite open covering {Up }acr
of M, smooth diffeomorphisms x,, : V, C R¢ — U, also called charts, and a partition of unity
{ha}aer of M that fulfills supp(ha) € Us, 0 < hy < land ) ;ho = 1. An admissible
trivialization of (M, g) is a uniformly locally finite trivialization of M that is compatible with
geodesic coordinates, for details see (Schneider and Grof3e, 2013, Definition 12).

In our case, define an open neighborhood of 7' by U; := {x € S | z411 < v + €} with some
¢ € (0,1 —w) arbitrary but fixed, and U := {x € S | 441 > v+¢/2}. It holds that U; UU, = S<.
Moreover, there exists an appropriate partition of unity consisting of C> functions hy, ho : S —
[0, 1]. Especially, we have hq(T) C hy(US) = {1}. Let ¢1 : Uy — By, (0) denote the stereographic
projection with respect to &y = (0,...,0,1) as above, scaled such that ¢1|7 = ¢ and hence
¢1(T) = B1(0). Similarly, let ¢ : Uy — B,,(0) denote an arbitrarily scaled stereographic
projection with respect to &y = (0,...,0,—1). Then ({Uy, Us}, {67, ¢7 '}, {h1, ho}) yields an
admissible trivialization of S¢ consisting of only two charts. A detailed derivation can be found in
(Hubbert et al., 2015, Section 1.7). Therefore (Schneider and Grof3e, 2013, Theorem 14) lets us define
the Sobolev norm on S¢ (up to equivalence) as’

1/2
9]l s sy = <Z [(hag) © HOé”?{S(Rd))

acl
—12 —12 1/2
= (11r19) © 07T 3o gty + 129) © 63 poqasy)
for any distribution g € D’(S?) (i.e. any continuous linear functional on C°(S%)). Then g € H*(S%)
if and only if ||g|| g7+ (ge) < 00.

Step 4.2: Showing (IV). First, let ¢ € H*(S?). Then, as we saw in Step 4.1, we must have
[(hig) o ¢! | z75 ey < o0 and thus (h1g) o ¢7' € H*(R?). By our discussion in Appendix B.1I,
we then have

(9lr) 0 67" = ((hag) 0 ¢1 ") By (o) € H*(B1(0))
which shows g|r € H*(B1(0)) o ¢.

Now, let f € H*(B1(0)). Then, again following our discussion in Appendix B.1, there exists an
extension f € H*(R?) with f|g, o) = f. The set B := ¢1(Uy \ Ua) is a closed ball B,.(0) of radius

Here, the norms are taken on H® (Rd) since the respective functions can be extended to R? by zero outside
of their domain of definition, thanks to the properties of the partition of unity.
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1 <7 < rq. Hence, we can find ¢ € C°°(R%) with (B ( d) = {1} and ¢((B,(0))¢) = {0}. Since
¢ is smooth with compact support, we have o - f € H*(R?). Define

) (p-Nlo(x) ,xelh
fsd.Sd%R,xH{o e gl

By construction, we have fga() = 0 for all & € Us. Hence, the equivalent Sobolev norm from Step
4.1is

oulaecony = (NP for) © 67 gy + 1 hafon) o 63 o)
=[[(h1o¢r") - o+ fllgs@ay < oo,
which shows fs« € H*(S?). But then, f o ¢ = fea|r € H*(S)|r.
In total, we obtain H*(S%)|r = H*(B1(0)) o ¢, which shows (IV). O

F Spectral lower bound

F.1 General lower bounds

A common first step to analyze the expected excess risk caused by label noise is to perform a bias-
variance decomposition and integrate over y first (see e.g. Liang and Rakhlin, 2020, Hastie et al.,
2022, Holzmiiller, 2021), which is also used in the following lemma.

Lemma F.1. Consider an estimator of the form fx y(x) = (vx.2)'y. If Varp(y|z) > o? for
Px-almost all x, then the expected excess risk satisfies

]EDRP(fX;y) — ng Z (')'QIE)(793 tl"(’UX@(’UX,m)T) .

Proof. A standard bias-variance decomposition lets us lower-bound the expected excess risk by the
estimator variance due to the label noise, which can then be further simplified:

EpRp(fxy) — Bp 2 Ex.a (Byx [fxa(@)?] - Eyxlixy@)])?) .

=Ex By x (fx,y(x) — Ey\XfX,y(w))z
=ExoByx(vx2) (¥ —Eyxy) (¥ —Eyxy) vxo
=Ex2(vx2)" [Eyx ¥ —Eyxy) (¥ —Eyxy) | vx.a
=Ex«(vx.e) Cov(y|X)vxa .

Here, the conditional covariance matrix can be lower bounded in terms of the Loewner order (which
is defined as A = B < B — A positive semi-definite):

Var(y1|x1)
Cov(y|X) = > 0?1,
Var(yy, |x,,)

since the labels y; are conditionally independent given X . We therefore obtain
EpRp(fx,y) = Rp 2 Exe(vxe) Cov(y|X)vx e

> 0'2EX,m tl"((UX,m)T'UX,w)
=0 Ex o tr(vx =(vxa)') - H

Proposition 5 (Spectral lower bound). Assume that the kernel matrix k(X , X)) is almost surely
positive definite, and that Var(y|z) > o for Px-almost all x. Then, the expected excess risk satisfies

(X, X)/n) (1 — G*Qt()\i(k?(X,X)/n)er))Q
k(X X)/m) + p)?

EpRp(fi,) — Rp > = ZE (3)
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Proof. Recall from Eq. (1) that
frp(@) = k(z, X) A ,(X)y
At7p(X) — (I e —2t(k(X, X)-‘rpnIn ) (k(X,X) +pn1n)71

By setting (’UX@)T =k(x, X)A: ,(X), wecan write fx y.¢,(T) = fi () = (vX@)Ty. Using
Lemma F.1, we then obtain

EpRp(fx.ytp) — Rp > 0" Ex o tr(vxz(vx
=0’Ex o tr (A ,(X)

2))
Th(X, 2)k(z, X) A (X)) .
Since
(Ezxk(X, 2)k(x, X)),;; = Exk(x;, ®)k(z, @;) = k(T @5) = b ( X, X)ij
we conclude
EpRp(fx.y.tp) — Rp > 0*Ex tr(A] k. (X, X)Ay,)
= 0" Ex tr(k. (X, X) Ay ,(X) A, (X)T) .

Richter (1958) showed (see also Mirsky, 1959) that for two symmetric matrices B, C, we have
tr(BC) > 1" 1 Ai(B)An11-:(C). We can therefore conclude

EpRp(fx,ytp) — Rp = UzEXZ/\ (X, X)) Ant1-i(Arp(X)Ar,(X)T) .

i=1

As A; ,(X)A; ,(X)T is built only out of the matrices k(X , X) and I,,, it is not hard to see that
Ay ,(X)A;,(X)T has the same eigenbasis as k(X X)) with eigenvalues

1 — o= 2tOu(k(X,X))+pn) 1 /1 — e—2ti(k(X,X)/n)+p) \ 2
z 35 )

A T X X)) £ (KX, X)/n) +p

It remains to order these eigenvalues correctly. To this end, we observe that for A > 0, the function
2t
g(\) = =5 satisfies

2t>\€72t)\ _ (1 _ 672“\) 7 (Qt)\ + 1)67215)\ -1 - 62t)\672t)\ -1

/
g (/\) = 22 - 22 = 22 =0.
Therefore, g is nonincreasing, hence the sequence (:\1) is nondecreasing and thus
Ansi—i(AepA[l) = \i,
from which the claim follows. O

Theorem F.2. Let k be a kernel on a compact set ) and let Px be supported on ). Suppose

that k(X , X) is almost surely positive definite and that Var(y|z) > o for Px-almost all x. Fix

constants ¢ > 0 and q,C > 1. Suppose that \; == X\;(Ty py) > ci™9. Let Z(n) be the set of all
€ [n] for which

X /C < Ni(k«(X, X)/n)
both hold at the same time with probability > 1/2. Moreover, let I(n) := max{m € [n] | [m

Z(n)}. Then, there exists a constant ¢’ > 0 depending only on ¢, C such that for all p € [0, c0) an
t € (0, 00], the following two bounds hold:

, 1 Zm)
1+ (p+t-1)ne n

-2 --1/a |
EDRP(fX,y,Lp)—R* >602m1n{(p+t ) 7(p—|—t ) (”)} -

&Iﬁ

EpRp(fxytp) = Rp = do

)

n n " n
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Remark F.3. Theorem F.2 provides two lower bounds, one for general “concentration sets” Z(n) and
one that applies if concentration holds for a sequence of “head eigenvalues” {1,...,I(n)} C Z(n).
If I(n) = |Z(n)|, the latter bound is stronger for larger regularization levels, and this bound would
be particularly suitable for typical forms of relative concentration inequalities for kernel matrices.
However, in this paper, we obtain concentration only for “middle eigenvalues” Z(n) = {i | en < i <
(1 — €)n}, and therefore we only use the first bound in the proof of Theorem 6. <

Proof of Theorem F.2. Step 1: Miscellaneous inequalities. For x > 0,

1 1 T 1
l—e®=1——_>1— = = . F2
€ er — z+1 x+1 14271 (£2)
Moreover, since (1 + a)? < (14 a)? + (1 — a)? = 2 + 2a?, we have for a # —1:
2
1 1
> F3
<1+a> ~2(1+4a?) E3)
Step 2: Applying the eigenvalue bound. Define
Ni(ka (X, X 1 — e—2tNi(k(X,X)/n)+p))?
5i(x) i 2l X X)/m) (1~ e ~ )
(Xi(k(X, X)/n) + p)
By Proposition 5, we have
L2 o2
EpRp(fx.y.tp) = Rp > — Z;]EXSZ-(X) 2 ;)EX&(X) : (F4)
1= 1€L(n

Since S;(X) is almost surely positive, we can focus on the case where (F.1) and (F.2) hold, which is
true with probability > 1/2 by assumption for ¢ € Z(n). Hence,

1X2/C-(1— 672t(>\i/C+P))2 (E2) 1 \/C
— > = J .
2 (CAi +p)? T 2(Cxi+ )21+ (2t (N/C 4 p))71)?
We can upper-bound the denominator, using C' > 1, as
1 C?\i +Cp
CA; 1+ ————— ) <CN —
( +p)( +2t(Ai/C+p)>_ Tt o
<SC*(Ni+p+tTh),

ExSi(X) >

C?\i +C3p
SCNi+p+ A
= PTG+ Ot
which yields

1 A2 1 1 (E3) ] 1
>

ExSi(X)> — 2~ . -~ - 5 - .
X ( )— 205 ()\Z+p+t71)2 205 (1+p+t_1)2 = 4051+(p+t_1)2
Ai

> L (ES)

- 2
4% (Lz‘liq)

Step 3: Analyzing the sum. We want to analyze the behavior of the sum

1
0= 2. Ty

i€Z(n)

for g = % > (). We first obtain the trivial bound

1

S(8) > |I(n)|W .

Moreover, we can bound

and distinguish three cases:
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(a) If 8 > 1, we bound

S(B) >

(b) If 8 € (I(n)~%,1), we observe that

1 B~
J(B) =187 2 [B7VN 1> S[pTV > =
and therefore
J(B) 1 J(B) 1 7(8) g=1/a

S(ﬂ)zzwzzlﬂz 52—

=1 =1
(c) If B € (0, I(n)~ 9], we similarly find that
I(n)
1 I(n)
> —
5(8) = 1 1+1 2

Moreover, there is an absolute constant ¢; > 0 such that for any 5 > 0,
S(B) > ey min{B~2, 879, I(n)}, (F.6)
because
(a) 872 =min{B72,719,1(n)} for 8 > 1,
(b) 5714 = min{~2, 3719, I(n)} for B € (I(n)~%,1), and
(¢) I(n) =min{B=2, =4, I(n)} for 8 € (0,1(n)1.
Step 4: Putting it together. Combining the trivial bound in Step 3 with Eq. (F.4) and Eq. (F.5), we

obtain
E 0> O ExSi(X)> 2 L g
pRp(fxytp) = Bp > - Z x5i(X) 2 — - =2 5(5)
1€Z(n)
1 z
L do? Z(n) =
1+ (p+t=Hna n
for a suitable constant ¢’ > 0 depending only on ¢ and C'.
Moreover, from Eq. (F.6), we obtain
S(B) = & min{f~2, 79 I(n)} > & min{(p+ )2, (p+ 171"V, I(n)}
for a suitable constant ¢’ > 0 depending only on c. Again, (F.4) and (E.5) yield
" o2 1
EpRp(fxyitp) = Bp 2 - 47055(5)
=11 —1\—2 —1y—1/q
P (R A A (N -
4Cb n n n

F.2 Equivalences of norms and eigenvalues

Later, we will use concentration inequalities for kernel matrix eigenvalues proved for specific kernels,
which we then want to transfer to other kernels with equivalent RKHSs. In this subsection, we show
that this is possible.

Definition F.4 (C-equivalence of matrices and norms). Let n > 1 and let K, K € R™" be
symmetric. For C' > 1, we say that K and K are C-equivalent if their ordered eigenvalues satisfy

CTIN(K) < Xi(K) < ON(K)
for all i € [n]. Moreover, we say that two norms || - || 4, || - || 5 on a vector space V' are C-equivalent if
C7Hvlla < Jlvlls < Cllvlla

forallv e V. |
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Lemma F.5. Lern > 1 and let K, K € R"*" pe symmetric. Then, K and K are C-equivalent iff
the Moore-Penrose pseudoinverses K+ and K" are C-equivalent.

Proof. This follows from the fact that if K has eigenvalues A, ..., \,, then K T has eigenvalues
1/M1,...,1/Xy,, where we define 1/0 := 0. (A detailed proof would be a bit technical due to the
sorting of eigenvalues.) O

LemmaF.6. Letk : X x X — R be a kernel on a set X. Then, for any y € R",

y (X X) Yy = [Ifiy %,

where Hy, is the RKHS associated with k and f}; y IS the minimum-norm regression solution

fry = argrr];in 1£13,
—{fe’imz (@) — i) = inf Z

Proof. Tt is well-known that f;  (x) = Y| aik(z, x;), where o := Ky (see e.g. Rangamani
et al., 2023). We then have

1f g 130, = <Zaz‘k(miw),2%k(%w)> =Y > K4
i=1 j=1

w, i=1i=1
_ yTKJrKKer _ yTK+y ,

where the last step follows from a standard identity for the Moore-Penrose pseudoinverse (see e.g.
Section 1.1.1 in Wang et al., 2018). O

Lemma F.7. Let H, and Ho be two RKHSs with H1 C Hs. Then there exists a constant C' > 0 such
that || fll2, < Cl[f |3

Proof. Let I : Hy — H be the inclusion map, i.e. I, := h for all h € H;. Obviously, I is linear
and we need to show that I is bounded. To this end, let (hn)n21 C H; be a sequence such that
there exist h € H; and g € Ho with h,, — hin ‘Hy and Th,, — g in Ho. This implies h,, — h
pointwise and h,, = Ih,, — ¢ pointwise, which in turn gives h = g. The closed graph theorem, see
e.g. (Megginson, 1998, Theorem 1.6.11), then shows that I is bounded. O

Applying Lemma F.7 twice shows that RKHSs #; and H2 with #; = #o automatically have C-
equivalent norms for a suitable constant C' > 1. The following result investigates the corresponding
kernels.

Proposition F.8 (Equivalent kernels have equivalent kernel matrices). Let k., k : X X X — R be
kernels such that their RKHSs are equal as sets and the corresponding RKHS-norms are C'-equivalent
as defined in Definition F4. Then, for anyn > 1 and any 1, ..., T, € X, the corresponding kernel
matrices k(X , X), k(X , X) are C?-equivalent.

Proof. Let i € [n]. For y € R™ we have, using the notation of Lemma F.6:

y KX X) Ty = Syl = C 2y 13, = O I3y = C2y k(X X))ty
Now, by the Courant-Fischer-Weyl theorem,
Ni(k(X,X)T)= sup inf 3y k(X,X)Ty
Vidim V=i Y€V:|lyll2= 1
>C"?2 sup inf yTl;(X,X)er

Vidim V=i y€Villyll2=1
=C2\(k(X, X))
By switching the roles of k and k, we obtain that k(X , X)T and k(X , X)* are C?-equivalent. By
Lemma F.5 k(X, X) and k(X, X) are then also C%-equivalent. O
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To prove Theorem 6 for arbitrary input distributions Px with lower and upper bounded densities, we
need the following theorem investigating the corresponding eigenvalues of the integral operator.

Lemma F.9 (Integral operators for equivalent densities have equivalent eigenvalues). Letk : X xX —
R be a kernel and let ., v be finite measures on X whose support is X such that v has an lower and
upper bounded density w.r.t. ji. Then, \;j(Ty ) = O(Ni(Tk,u))-

Proof. Let p be such an upper bounded density, that is, dv = p du and there exist ¢, C' > 0 such that
c<p(x) <Cforallx € X. For f € Ly(v), we have

o+ £12, 0 = /f2p2 du < C/f2pdu - c/ﬁ v = CfI2,0) -

Hence, the linear operator
A: Loy(v) = Lo(p), f=p- f
is well-defined and continuous. It is also easily verified that A is bijective. Moreover, we have

(Af, Af) Ly = / P> e / Podu=c / Pdv=elf. ) -

and

U Tonf) 1) = / / p(@) f(@)k(e, o) f(2)p(a') du(w) dua’) = (AF, T Af) 2 -

Since T}, and T}, are compact, self-adjoint, and positive, we can use the Courant-Fischer minmax
principle for operators (see e.g. Bell, 2014) to obtain

T y
Ai(Thw) = max min o Tevfraw)
) V C Ly (v) subspace feV\{0} <f7 f>L2( )

dim V=1
<Afa Tk,/J.Af>L2(M)

>c max min
= VCl(/iz( %/subspace fev\{o} <Af, Af>L2(#)
11m (2
T
=c_ max H}ln <gv k,,ug>L2(u)
VC Ly (v) subspace g€V\ {0} <ga 9>L2(,u)

dim V=i

= C)\l' (Tk,,u) .

Here, we have used that since A is bijective, the subspaces AV for dim(V') = i are exactly the
i-dimensional subspaces of Lo(f). Our calculation above shows that A;(T%, ) < O(A;(Tk,.)). Since

dp = X dv with the lower and upper bounded density 1/p, we can reverse the roles of v and j to
also obtain \;(T%,,) < O(X;(Tk,,.)), which proves the claim. O

Lemma F.10 (Integral operators of equivalent kernels have equivalent eigenvalues). Let k, k

X x X — R be bounded kernels with RKHSs H and H satisfying H = H as sets. Moreover, let
C > 1 be a constant such that the corresponding RKHS-norms are C-equivalent and let v be a finite
measure on X. If there exist constants ¢ > 0 and ¢ > 0 with

Xi(Tp) <cim?, i>1

7

then we also have
Ni(Ty,) <e-C*Ky-i?, i>1,

where K, > 0 is a constant only depending on q.

Proof. We follow the ideas outlined in (Steinwart, 2017, Section 3). To thisend, let [, , : H — Ly(v)
be the embedding h — [h]~, which is defined and compact since k is bounded and v is finite, see
e.g. (Steinwart and Scovel, 2012, Lemma 2.3). We write S, := I,;V for its adjoint, which in
turn gives Iy, , = S;:)y. Then (Steinwart and Scovel, 2012, Lemma 2.2) shows T}, , = S;:)V o Sk
We denote the i-th (dyadic) entropy number of I, , by €;(Ij,. ), see e.g. Carl and Stephani (1990),
(Edmunds and Triebel, 1996, Chapter 1.3.1), or (Steinwart and Christmann, 2008, Chapter 6) for
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a definition’. Moreover, we denote the i-approximation and singular numbers of I, by a;(Ij ),
respectively s; (I, ). Since I, compactly acts between Hilbert spaces, we then have a; (I ,) =
si(Igv), see e.g. (Pietsch, 1987 Chapter 2.11). This implies

Xi(Thw) = af (Inw) (E.8)
for all ¢ > 1 by the very definition of singular numbers. Finally, analogous definitions and con-
siderations are made for the kernel k. From C || - ||z < | - ||z < C|| - [[% we then conclude
that

Clei(lkn) < eilly,) < Ceilliw) i1, (F.9)

by the multiplicativity of entropy numbers, see e.g. (Edmunds and Triebel, 1996, Chapter 1.3.1).
Now, (F.8) and our eigenvalue assumption yield
ai(Iyp) < Ve-i™"?, i>1,
and Carl’s inequality, see e.g. (Carl and Stephani, 1990, Theorem 3.1.1) then gives
eill,) < Ve Ky -i7 12, i>1,

where K, o 1s a constant only depending on ¢. By (Carl and Stephani, 1990, Inequality (3.0.9)) and
(F.9) we then obtain

ai(I,,) < 2(I;,) < 2Cei(I,) < 2CVe- K- im92, i>1.

Another application of (F.8) then yields the assertion for K, := 4K 3. O

F.3 Kernel matrix eigenvalue bounds

For upper bounds on the eigenvalues of kernel matrices, we use the following result:

Proposition F.11 (Kernel matrix eigenvalue upper bound in expectation). For m > 1, we have

Ex > Mi(k(X, X)/n) <Y Xi(Tw) - (F10)
Proof. Theorem 7.29 in Steinwart and Christmann (2008) shows that

Epepm Y Ai(Ten) <D Ai(Thp) (F.11)

i=m

where Ty ,, : Lo(p) — Lo(p), f — [ k(x,-)f(z) du(z) is the integral operator corresponding to
the measure 1 and T}, p is the corresponding discrete version thereof. We set i1 := Px and need to
show that k(X , X)/n has the same eigenvalues as T}, p if D and X' contain the same data points
x1,...,@,. Consider a fixed D. Then, we can write T p(f) = n~'ABf, where

A:R" = Ly(D), v Y vik(xi, )

B:Ly(D) - R", f s (}(wl), s f@n))

Then, k(X , X)/n is the matrix representation of n~! BA with respect to the standard basis of R™.
But AB and B A have the same non-zero eigenvalues, which means that

n

> Ni(k(X, X)/n) = Z)\ (Tr.p0)

i=m

from which the claim follows. ]

3Usually, dyadic entropy numbers are denoted by e; (-), but since this symbol is already used for eigenfunc-
tions, we use ¢; () instead.
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To obtain a lower bound, we want to leverage the lower bound by Buchholz (2022) for a certain radial
basis function kernel with data generated from an open subset of R%. However, we want to consider
different kernels and distributions on the whole sphere. The following theorem bridges the gap by
going to subsets of the data on a sphere cap, projecting them to R?, and using the kernel equivalence
results from Appendix F.2:

Theorem F.12 (Kernel matrix eigenvalue lower bound for Sobolev kernels on the sphere). Let k be
a kernel on S® such that its RKHS Hy, is equivalent to a Sobolev space H*(S®) with smoothness
s > d/2. Moreover, let Px be a probability distribution on S® with lower and upper bounded density.
Let the rows of X € R™*? are drawn independently from Px. Then, for ¢ € (0,1/20), there exists a
constant ¢ > 0 and ng € N such that for all n > ny,

Am (E(X, X)/n) > en=28/4
holds with probability > 4/5 for allm € Nwith1 < m < (1 — 11le)n.

Proof. We can choose a suitably large sphere cap 7" such that Px (7") > 1 — . Define the conditional
distribution Pr(-) := Px(-|T). Out of the points X = (x1,...,®y,), we can consider the submatrix
X7 = (x;,...,Tiy) " of the points lying in 7. Conditioned on N, these points are i.i.d. samples
from Pr. Moreover, by applying Markov’s inequality to a Bernoulli distribution, we obtain N >
(1—10¢e)n with probability > 9/10. We fix a value of N > (1 —10¢)n in the following and condition
on it.

We denote the centered unit ball in R? by B (R¢). Using a construction as in Lemma E.1, we can
transport k and Py from T to the unit ball B; (R?) using a rescaled stereographic projection feature
map ¢, such that we obtain a kernel k4 and a distribution P, = (Pr)s on B;(R?) that generate the
same distribution of kernel matrices as k with Pr, and such that H;, = H S(Bl(Rd)). The rows
of X, = ¢(X ) are i.i.d. samples from Py. Moreover, we know that Py has an lower and upper
bounded density w.r.t. the Lebesgue measure on By (R?).

In order to apply the results from Buchholz (2022), we define a translation-invariant reference kernel
on R? through the Fourier transform

kref(f) = (1 + ‘§|2)725 )

see Eq. (3) in Buchholz (2022). The RKHS of k.t on R? is equivalent to the Sobolev space H*(R?).
Therefore, the RKHS of kit |5, (), p, (ra) is H*(B1(R?)), cf. the remarks in Appendix B.1 and
Lemma E.7.

Now, let 1 < m < (1 — 11e)n, which implies
1<m<(1-1lein<(1—-e)(1—-10e)n < (1 —¢)N .

We apply Theorem 12 by Buchholz (2022) with bandwidth v = 1 and @ = 2s to \,,, and obtain with
probability at least 1 — 2/N:

. N2(a—d)/d NQ(a_d)/d
A (Kret (X 9, X 9)) 7! < 3 ((]\]_Tn)(a—d)/d + 1) < cs ((g]\])(a—d)/d + 1)

< c4(na/d—1 + 1)
as long as N is large enough such that (1 — )N < N — 32In(N), which is the case if n is large
enough. Here, the constant c3 from Buchholz (2022) does not depend on N or m, but only on «, d,

and the upper and lower bounds on the density, which in our case depend on ¢ through the choice of
T. Since o = 2s > d, we have n®/%~1 > 1 and therefore

A (et (X g, X ) /1) > esn™/ " = csn™2/4.

Now, we want to translate this to the kernel k. Since the RKHSs of kg and k..t on By (Rd) are both
equivalent to H*(B;(R?)), the kernels themselves are C-equivalent for some constant C' > 1 as
defined in Definition F.4. Therefore, Proposition F.8 shows that the corresponding kernel matrices are
C?-equivalent, which implies

A (ke (X g, X g)/0) > e5C2n 725/,

Vil
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By Cauchy’s interlacing theorem, we therefore have

A (ki (X, X) /1) > A (b (X1, X 1) /1) = A (B (X g, X ) /1) > c5C 20728/
Denoting the event where \,, (k. (X, X)/n) > csC~2n=2%/4 by A, we thus have

P(A) = P(AIN > (1 — 106)n)P(N > (1 — 10&)n) > %P(A|N > (1 - 10¢)n)

n

_ 1% S P(N = NIN > (1—106)n) P(AN = N)
N=[(1-10¢)n]
% > P(N=NIN > (1-10e)n)(1-2/N)
N=[(1-10¢)n]

> 1% (1—(1_2108)7) > P(N=NIN>(1-10e)n)

N=[(1-10¢)n]

9 2 4
= (1-—=)>=
10( (1—10£)n> =5’

where the last step holds for sufficiently large n. O

v

F.4 Spectral lower bound for dot-product kernels on the sphere

An application of the spectral generalization bound in Proposition 5 requires a lower bound on
eigenvalues of the kernel matrix k., (X, X). To achieve this, we need to understand the properties of
the convolution kernel £... Since the eigenvalues of T}, p, are the squared eigenvalues of T}, p, , one
might hope that if 4}, is equivalent to a Sobolev space H*, then Hy,, is equivalent to a Sobolev space
H?*. Unfortunately, this is not the case in general, as Hj,, might be a smaller space that involves
additional boundary conditions (Schaback, 2018). However, perhaps since the sphere is a manifold
without boundary, the desired characterization of H;,, holds for dot-product kernels on the sphere:

Lemma F.13 (RKHS of convolution kernels). Let k be a dot-product kernel on S* such that its RKHS
Hy, is equivalent to a Sobolev space H*(S%) with smoothness s > d /2, and let Px be a distribution
on S with lower and upper bounded density. Then, the RKHS Hy., of the kernel

ko : ST xS = R ky(x,2') = /k(:c,a:")k(m”,m’)dPX(:c”)
is equivalent to the Sobolev space H?S(S).
Proof. Define
ko unit (@, ') = /k(:c,m”)k(m”,m’) du (st (") .
For the corresponding integral operator, we have

2
T aniett 5 = Thogy(say -

This means that the corresponding eigenvalues are the squares of the eigenvalues of the corresponding
integral operator of k. Especially, we obtain the Mercer representations

Nia
Zulz}/lz }/Z’L )

Nld

k*umfmm Zﬂlzmz le )
1=

where Lemma B.1 yields 1y = O((l + 1)72¢), hence p? = O((I + 1)~*) and hence H,,
H2S(Sd).

*,unif
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Next, we show the equality of the ranges of the integral operators:
R(Tyusy) = R(Tk.py) -

Let px be a density of Px w.r.t. the uniform distribution U/ (S%). If f € R(T},(s4)). there exists
g € Lo(U(S?)) with f = T}, 1(s+)g- But then, since px is lower bounded, we have g/px € La(Px)
and therefore

f="Tepx(9/px) € R(Th,py) -
An analogous argument shows that R(Tk, py ) € R(T} 14(sey) since px is upper bounded.

The equality of the ranges yields for the RKHSs (as sets)
Hioonie = B(Thuse)) = R(Tk,px) = Hi.

*,unif

Applying Lemma F.7 twice then shows H;,, = H?%(S%). O

Theorem 6 (Inconsistency for Sobolev dot-product kernels on the sphere). Let k be a dot-product
kernel on S¢, i.e., a kernel of the form k(x,x') = k({x, '), such that its RKHS Hy, is equivalent
to a Sobolev space H*(S%), s > d/2. Moreover, let P be a distribution on S* x R such that
Px has a lower and upper bounded density w.r.t. the uniform distribution U(S?), and such that
Var(y|x) > o > 0 for Px-almostall x € S°. Then, for every C' > 0, there exists ¢ > 0 independent
of 0% such that for alln > 1, t € (C~'n?3/? o), and p € [0,Cn=2%/%), the expected excess risk
satisfies
]EDRP(ftﬂp) — R*P Z 00'2 >0.

Proof. Step 0: Preparation. Since the Sobelev space H2*(S?) is dense in the space of continuous
functions S? — R, the kernel k is universal. Applying (Steinwart and Christmann, 2008, Corollary
5.29 and Corollary 5.34) for the least squares loss thus shows that k is strictly positive definite. If
we have mutually distinct @1, . . ., @, the corresponding Gram matrix k((z;, x;)); ;_; is therefore
invertible. Now, our assumptions on P guarantee that X consists almost surely of mutually distinct
observations, and therefore k(X , X) is almost surely invertible.

By Proposition 5, we know that

02 O Ak (X, X) /) (1 — 2O X X) )00
E —R5>—> E
P = Re =5 2 OLRCX, X)) 7 77

2 n Ai(ks (X, X) /1) (1—6720‘%25”(&(k(x,anm))2
(Ni(k(X, X)/n) + Cn=2s/d)2

for a suitable constant ¢,, > 0 depending on n but not on o2, ¢, p, since the kernel matrix eigenvalues
are nonzero almost surely. It is therefore sufficient to show the desired statement (with ¢ independent
of n, 02,t, p) for sufficiently large n.

In the following, we assume n > 40 and set £ := 1/100.

Step 1: Eigenvalue decay for the integral operator. From Lemma B.1, we know that
Xi(Tyusey) = O/ .
Therefore, by Lemma F.9, we know that

Xi(Th.py ) = O(Gi—25/)

Step 2: Eigenvalue upper bound. Next, we want to upper-bound suitable eigenvalues of the form
Xi(k(X, X)/n) using Proposition F.11. Using Step 1, we derive

Z ,L~—2s/d < 02/ x—QS/d dr = C3m1_2s/d

m

Z Xi(Tk,py) < Ch

i=m
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with constants independent of m > 1. For sufficiently large n, we can choose m € Nx>; such that
en < m < 2en. Then, Proposition F.11 yields

Ex Z Az(k(XaX)/n) < Z /\Z(Tk) < C3m1725/d < C4n172s/d ]

Since Ex \; (k(X, X)/n) is decreasing with i, we have for i > 4en > 2m:

Ex\i(k(X, X)/n) < C’4711728/d/m < Csn~2/d < CoAi(Tk,py) -

Step 3: Eigenvalue lower bounds. From Lemma F.13, we know that H;,, = H?%(S%). Therefore,
we can apply Lemma F.13 to both £ and k. and obtain for sufficiently large n and suitable constants
c1,co > 0 that

Xi(k(X, X)/n) > cin=2/4
Ni(ko (X, X)/n) > con™ /4
individually hold with probability > 4/5 for all i € N with 1 < ¢ < (1 — 11¢)n. By the union bound,
both bounds hold at the same time with probability > 3/5.

Step 4: Final result. Now, using the value of m from Step 2, consider an index ¢ with 2m < i <
(1 —11e)n. Since 2m < 4en and e = 1/100, there are at least n/2 such indices. By combining Step
3 and Step 1, we have

Xi(B(X, X)/n) > csAi(Tk.py )
Ni(ko (X, X)/n) > caXi(Th,py )
with probability > 3/5. By applying Markov’s inequality to Step 2, we obtain
Ai(B(X, X)/n) <10Cs (T, py )

with probability > 9/10. Therefore, by the union bound, all three inequalities hold simultaneously
with probability > 1/2. Moreover, for ¢ = 2s/d, we have A\;(Tj p,) > c5i~ 7 by Step 1. We can
thus apply the first lower bound from Theorem F.2 to obtain

1 IZ(n)|
* /2
EpRp(fxytp) —Rp 2o 1+ (p+tL)n2/d T
0/0_2 1 L/2
1+ (Cn72s/d + Cn72s/d)n25/d n
c 9
= D
2+2C

G Proof of Theorem 8

Here we denote the solution of kernel ridge regression on D with the kernel function £ and regular-
ization parameter p > 0 as

fy(@) = k(z, X) (k(X,X) +pI) "y,

and write f}(x) = k(x, X )k(X, X )"y for the minimum-norm interpolant in the RKHS of k.

While Theorem 1 states that overfitting kernel ridge regression using Sobolev kernels is always
inconsistent as long as the derivatives remain bounded by the derivatives of the minimum-norm
interpolant of the fixed kernel (Assumption (N)), here we show that consistency over a large class
of distributions is achievable by designing a kernel sequence, which can have Sobolev RKHS, that
consists of a smooth component for generalization and a spiky component for interpolation.

Recall that & denotes any universal kernel function for the smooth component, and l%ﬂ, denotes
the kernel function of the spiky component with bandwidth v. Then we define the p-regularized
spiky-smooth kernel with spike bandwidth ~ as

kpq(:&:l:/) = ];($7 :B/) +p- ];’7(112, :E/)'

Let By(x) := {y € R? | |x — y| < t} denote the Euclidean ball of radius ¢ > 0 around & € R%.
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(D2) There exists a constant Sx > 0 and a continuous function ¢ : [0, 00) — [0, 1] with ¢(0) = 0
such that Px (Bi(x)) < ¢(t) = O(t5x) for all € Q and all ¢ > 0.

The kernel /vﬂv of the spiky component should fulfill the following weak assumption on its decay
behaviour. For example, Laplace, Matérn, and Gaussian kernels all fulfill Assumption (SK).

(SK) There exists a function € : (0, 00) x [0,00) — [0, 1] such that for any bandwidth v > 0 and
any ¢ > 0 it holds that
(i) e(v,0) =1,

(i) e(, d) is monotonically increasing in -,

(iii) Forallz,y € Q,if [z —y| >4 then |k, (z,y)| <e(v,9),

(iv) For any rates Sx, 85 > 0 there exists a rate 3, > 0 such that, if §,, = Q(n=Ax) and

Yn = O(n=5), then (7, 6,) = O(n=F*).

Theorem G.1 (Consistency of spiky-smooth ridgeless kernel regression). Assume that the
training set D consists of n i.i.d. pairs (x,y) ~ P such that the marginal Px fulfills (D2) and
Ey? < co. Let the kernel components satisfy:

s k denotes an arbitrary universal kernel, and p,, — 0 and np: — oo.

. lvc% denotes a kernel function that fulfills Assumption (SK) with a sequence of positive
bandwidths (v,,) fulfilling v, = O(exp(—0n)) for some arbitrary § > 0.

Then the minimum-norm interpolant of the p,,-regularized spiky-smooth kernel sequence k, := k,,, ..
is consistent for P.

Remark G.2 (Spike bandwidth scaling). Under stronger assumptions on ¢ and ¢ in assumptions
(D2) and (SK), the spilge bandwidths ~,, can be chosen to converge to 0 at a much slower rate. For
example, if we choose k. to be the Laplace kernel, choosing bandwidths 0 < ,, < ﬁfﬁ yields, for

separated points | — y| > §,

k% (z,y) < exp (—5> <n B,

Tn

For probability measures with upper bounded Lebesgue density, we can choose §,, = n~*% and

B = 4+ & for consistency or 8 = L + ¢ for optimal convergence rates, for any fixed a > 0, in

the proof of Theorem 8. Hence the Laplace kernel only requires a slow bandwidth decay rate of
_2+4a

Y = Q (M) , where o > 0 arbitrary. For the Gaussian kernel an analogous argument yields

442a
Y = 2 <T;1n(dn)> . The larger the dimension d, the slower the required bandwidth decay. <
Remark G.3 (Generalizations). If one does not care about continuous kernels, one could simply
take a Dirac kernel as the spike and then obtain consistency for all atom-free Px. However, we
need a continuous kernel to be able to translate it to an activation function for the NTK. Beyond
kernel regression, the spike component 12:7 does not even need to be a kernel, it just needs to fulfill
Assumption (SK) or a similar decay criterion. Then one could still use the ’quasi minimum-norm
estimator’ @ + (k + ppk., )(x, X) - (K 4+ p, K., )ty. <
Remark G.4 (Consistency with a single kernel function). Without resorting to kernel sequences as
we do, there seems to be no rigorous proof showing that ridgeless kernel regression can be consistent
in fixed dimension. In future work, can an analytical expression of such a kernel be found? According
to the semi-rigorous results in Mallinar et al. (2022) a spectral decay like A\, = ©O(k~! - log® (k)),
o > 1 could lead to such a kernel. <

Proof of Theorem G.1. Given any universal kernel, (Steinwart, 2001, Theorem 3.11 or Example 4.6)
implies universal consistency of kernel ridge regression if p,, — 0 and np? — oo. Hence, for any
€ > 0 it holds that

n—oo

Due to the triangle inequality in Lo (Px ), we know

Re(fs") = Re(f7) = Ea(fo" (@) — fp(@))?

4A
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1/2

= ((Em(f(;% (x) — fn (:B))2) + (Em( ;I:cn (z) — ;(CD))2> 1/2)2 .

It is left to show that k,, fulfills

lim P (D e R xR)" | Bo(fi" (@) = f5 (2))? = (/2)%) =0,

=00 Pn

For this purpose we decompose the above difference into the difference of K N = 12:% (X, X) and
I,, and a remainder term depending on k-, . We denote the 2-operator norm by || - || and the Euclidean
norm in R” by | - |. For any € R it holds that

75 @) = Fh @) < |(;+ puk,) (@ X) - (K + paK,) 'y = (@, X) - (K + pula) 'y
< |(@, X) (K + puK,,) ™ = (K +pul) ™)y
o o, (@, X)(K + K )y
< (@, X |[(K + puKo,) ™ = (K + puL) ™| - [y
s, (@ X)) - (K + pukC,) 7 -yl
Consequently we get
Balfi (@) ~ 75 (@) < 2 BalF(a, X - (K + oK) — (K 4+ o) |- 1nl? G
+2 02 - B, (2, X7 1K + pu K, ) 7 -yl G2)

We now bound the individual terms in Eq. (G.1) and (G.2). To this end, fix any a > 0.
Bounding Eq. (G.1):

Since we assumed y; i.i.d. and Ey? < oo, the Markov inequality implies, with b,, = Ey3 - n®,

Ey?
bn,

—Q

P(ly|* = bpn) <

Stated differently, with probability at least 1 — n~ it holds that |y|? < Ey? - n'*e.

In order to bound the spectrum of K ~.» Lemma G.7 implies that there exists a positive sequence
_2ta
do(n) =n” Ax such that with probability at least 1 — O(n~®) it holds that

min |x; —x;| > 6,(n).
i.j€ml:it] | 312 doln)
Since (7,,) fulfills 7, = O(n="~) for any 3, > 0, by Assumption (SK) there exists a sequence
en = 0(p,n~27%) such that £(7,,, 4 (n)) < &,. Assumption (SK) further implies that whenever
min; jen):ij [€i — ;| > da(n) itholds that (K, )i = 1and 0 < (K, )ij < &(Vn,0a(n)) < en
for i # j. Then Gershgorin’s theorem (Gerschgorin, 1931) implies that for all eigenvalues of K A

INi(K.,) —1] < (n—1)g, foralli € [n].

This in turn implies

HIV{% —I,|| < (n—1e,, Amax(K+,) <14 (n—1)ey, )\min(f{%) >1—(n—1e,.

Using ||(K + poI,) "t < m <p;land|K,, —1I,| <(n—1)e,, Lemma G.8 implies

- - - K + po L) Y2 pul K, — 1,
H(K+p”K‘Yn)71 o (K‘i’pnIn)ilH S ”( ! P ) ”1 P ” :Yn ”
]-_”(K"’_pnIn)i ”anK’Yn_InH

pnt(n—Den
“1—(n—-1)e,’

a7
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Using |k(z, X;)| < 1 foralli € [n] yields the naive bound ||k(x, X)||*> < n.

Combining all terms in Eq. (G.1) yields its convergence to 0 as the product satifies the rate
O(n*tep2e2) = o(1) with probability at least 1 — 2n <.

Bounding Eq. (G.2):

The analysis below is restricted to the event of probability at least 1 — 2n =%, on which the bound on
Eq. (G.1) holds.

Since (n — 1)e,, — 0, for any C' > 1 it holds for n large enough,
Pn 1

< - \—1
o H(K " an%l) ” = )\min(i{> + pn(l - (n — 1)571) S (1 - (n - 1)‘€n) S ¢

Finally we show sup,, cga Egk., (2, 2')? < 2n~ 2+ for n large enough.
Fix an arbitrary =’ € R%. Then by construction of 6, (n) and &,, it holds that
Bk, (z,2)? <1-Px({x cR?: k, (z,2')> >2}) + &2
< Px({z eR': |z —a'| <da(n)}) + <7
< ¢(ba(n)) +ep <~ CF 4 el

Since £2 = o(p2n~1"), we get Ey k., (z,x')? < 2n~(2+%) for n large enough.

Combining all terms in Eq. (G.2) yields its convergence to 0 with the rate O(n~(+®) . 1. plte) =
O(n~1) with probability at least 1 — 2n~%, which concludes the proof. O

The following theorem shows that the minimum-norm interpolants of the spiky-smooth kernel
sequence can achieve optimal convergence rates for Sobolev target functions, as long as p,, is properly
chosen. We therefore introduce Assumption (D3), which resembles Assumption (D1) but allows
more general target functions f* € H* (Q)\{0}, s* > 0, that may lie outside of the RKHS.

(D3) Let Q = S? or let 2 C R? be a bounded open Lipschitz domain. Let Px be a distribution
on 2 with lower- and upper-bounded Lebesgue density. Consider i.i.d. data sets D =
{(®1,91),--, (®n,yn)} C Q X R, where z; ~ Px, f*(x) = Ely|z] € H® (2)\{0},
s* > 0, with || f*|| e (py) < Boo for some constant B, > 0, Ey* < oo and there are
constants o, L > 0 such that

1
Elly — f*(x)|™ ‘ :c} < Em! o? L™2,

for Px-almost all € € and all m > 2.

The above moment condition holds for additive Gaussian noise with variance U% > 0. Hence

Assumption (D1) is strictly stronger than Assumption (D3). The spike components ., can also be
chosen as in Theorem G.1.

Theorem G.5. Assume Assumption (D3) holds and that the kernel components satisfy:

« the RKHS H of k satisfies H = H* as sets with s > max(s*, d/2),

. lvc% denotes the Laplace kernel with a sequence of positive bandwidths (~y,,) fulfilling
24«

Tm<na (£ +9) lnn)_l, where « > 0 is arbitrary.

Then there exists a constant C > 0 independent of n and there is a sequence (py,)nen of order
=%/ (8" +4/2) quch that the minimum-norm interpolant fonvn Of the py-regularized spiky-smooth
kernel sequence ky, .=k, _ - fulfills, with probability at least 1 — 6n~(") | for n large enough,

Rp(fp ) — Rp(f*) < C 0~ a7 log?(n).

Proof. Step 1: Kernel ridge regression f I’;“n with optimal regularization achieves the desired
convergence rate, with high probability.

We slightly modify the proof of Theorem 8. Instead of using (Steinwart, 2001, Theorem 3.11 or
Example 4.6), we use results of Fischer and Steinwart (2020). Here we first note that in the case
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H=H(Q),0C R4 as RKHSs, we could directly use (Fischer and Steinwart, 2020, Corollary 5).
Since we only have equivalent norms and also want to consider 2 = S?, see Lemma F.7, we need to
resort to the underlying more general result (Fischer and Steinwart, 2020, Theorem 1). To this end,
we first need to verify its Assumptions (EMB), (EVD), (SRC), and (MOM).

Step 1.1: Verifying (MOM). The moment condition (MOM) on the noise distributions holds since
we assumed it in Assumption (D3).

Step 1.2: Simpler equivalent spaces. We verify the remaining conditions by analyzing them for a
nicer equivalent RKHS H and with uniform distribution v on €2. For the non-spherical case 2 C R4,
we choose H := H*(Q). For the case 2 = S%, we choose H as an RKHS associated to a dot-product

kernel k with y; = ©((I + 1)2%), such that % = H* = # by Lemma B.1. In each case, H = #
with equivalent norms, and Ly (v) = Lo(Pyx ) with equivalent norms since we assumed in (D3) that
Px has an upper- and lower-bounded density.

Step 1.3: Verifying (EVD+). It suffices to verify the eigenvalue decay condition (EVD+) for # and
v, since Lemma F.10 and Lemma F.9 then allow to transfer it to H and Px.

For ) C R4, as pointed out in front of (Fischer and Steinwart, 2020, Corollary 5), it is well-known

that H satisfies the polynomial eigenvalue decay assumption (EVD+) for p := 2%.

For 2 = S%, our definition of # together with Lemma B.1 directly yields (EVD+) for 7 and v with
d
p = 25"

Step 1.4: Verifying (EMB) and (SRC). The remaining two conditions of (Fischer and Steinwart,
2020, Theorem 1) are stated in terms of so-called power spaces, which in turn can be described by
interpolation spaces of the real method. We therefore quickly recall these spaces. To this end, let us
assume that we have two Banach spaces F and F' such that F' C E and the corresponding inclusion
map is continuous. Then the so-called K -functional of an = € F is defined by

K(zt, B, F) = inf (tlyllr +lle ~yllz) t>0.

For g € (0,1) and z € F we then define
ol = [ R e B P
0

and [E, F|g2 :={x € E : ||z||42 < oo}. Let us now consider the cases (E, F') = (La(v),H) and

(E, F) = (Ly(Px),H). Now, for a suitable constant C, # and H are C-equivalent, and Ly (v) and
Lo (P,) are also C-equivalent. We then find

C_lK(fa t7 LQ(Q)a H) < K(f7 ta LQ(Q)v ﬂ) < CK(f7 tv LQ(Q)a H)
forallt > 0 and f € L2(€2), and consequently we have

[LQ(V)’H]CLQ = [LQ(PX)a 7-2](1»2

for all ¢ € (0,1) with C-equivalent norms. Now, (Steinwart and Scovel, 2012, Theorem 4.6) shows
that the power space [#]? defined in (Steinwart and Scovel, 2012, Equation (36)) satisfies

[H]} = [L2(v), Hlg2

with equivalent norms, and an analogous result is true for H and Px. Moreover, H is dense in Lo (v),
and therefore (Steinwart and Scovel, 2012, Equations (36) and (18)) together with (Steinwart and
Scovel, 2012, Lemma 2.2) show [H]% = La(v) as spaces. Again, we analogously find [ﬁ]%x =
Lo (Px ) Consequently, for all 0 < ¢ < 1 we have

[H]E = [H]},
with equivalent norms. From this we easily deduce that the Assumptions (EMB) and (SRC) are
satisfied for (7, Px ) if and only if they are satisfied for (H, v).

Step 1.4.1: Non-spherical case. Now, let {2 C R<. Then, (EMB) and (SRC) are satisfied for (H,v)
for 8 := s*/s and an arbitrary but fixed o € (p, min{1,p + S}) as outlined in front of (Fischer and
Steinwart, 2020, Corollary 5). Applying Part ii) of (Fischer and Steinwart, 2020, Theorem 1) for
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~ = 0 then shows that there exists a sequence (py, )nen of order n~s/(s"+d/2) and a constant K- 1>0
independent of n such that, for n large enough,

P (D e (R xR)"| Eo(f (2) - f*(2))* 2 Ko~ w50 log?(n)) < 4n~'. (G3)

Step 1.4.2: Spherical case. Suppose () = S?. Using the differently normalized spherical harmonics
Y; ; and Y; ; from Appendix B.3, we obtain for the power spaces:

oo Nia

A2 =SS au* Vil | (an) € b
=0 i=1

oo Nia

Z Z api(L+1)" Y]~ | (a) € L2

=0 i=1

0o Ny, N,

1=0

d o0 l,d
bLilYial | Y 0,1 +1)*° < o0
1 =0 i=

= 1

= H(87),
where the first equation follows from (Steinwart and Scovel, 2012, Eq. (36)), the second one from
our definition of the y; in Step 1.2, and the last one from (Hubbert et al., 2023, Section 3). Again,
we can choose an arbitrary but fixed o € (p, min{1,p + 5}). Then, as > ps = d/2, which means
that [H]% = H® is an RKHS with bounded kernel (De Vito et al., 2021, Theorem 8), hence the

embedding condition (EMB) holds. Similarly, (SRC) holds for 3 := s* /s and the result follows as
above.

Step 2: fé“ and f fﬂ, are close in Ly (Px ), with high probability.

Since (s%*d/m < 1, it suffices to show that k,, fulfills, for some constant Ko > 0,

P (D R xR)" | Ea(f (@) - i (@) = Kan™') < 2077 G4)

Since y, <n~ 0 (X +2)In n)fl, it holds that |k, (x, y)| < £p = pan~ 2 (cf. Remark G.2).
Then the product of all terms in Eq. (G.1) satisfies O(n?T%p, 2e2) = o(n~"') with probability at least
1 — 2n~%. On the same event, the bound on Eq. (G.2) remains of order O(n‘l), which shows Eq.
(G.4). Combining (G.3) and (G.4) with the triangle inequality in Lo (Px ) concludes the proof. [J

Remark G.6 (Optimality of the rates). In the setting of Theorem G.5, we can apply (Fischer and
Steinwart, 2020, Theorem 2) in order to obtain lower bounds on the achievable rates. We have already
verified the conditions (MOM), (EVD+), (EMB), and (SRC) in the proof of Theorem G.5. In the case
s* > d/2, we have § = s*/s > d/(2s) = p and can therefore choose « € (p, 8) such that 5 > «.
Then, (Fischer and Steinwart, 2020, Theorem 2) yields a lower bound on the rate of the form (with
constant probability)

__B o s*
n Btr =n 8*+d/2’

which matches the rates in Theorem G.5 up to log terms. <

G.1 Auxiliary results for the proof of Theorem 8

The distributional Assumption (D2) immediately implies that the training points are separated with

high probability.
Lemma G.7. Assume (D2) is fulfilled with Sx > 0. Then with probability at least 1 — O(n™%),
min |x; —x;| >n 5

i,j€ln]si

Proof. For any i € [n], the union bound implies

P i i— x| <) =P i € Bs(x; < (n—=1)¢(9).
(jer[ill}l:][il#j o= ] ) je[gj#{% o) e

S0
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Another union bound yields
P( min |z, —x;| <4§) <n(n—1)¢(9).
i.j€nliz]

Choosing d,(n) = n” Ak yields ¢(da(n)) = O(sz+= ), which concludes the proof. O

The following lemma bounds ||[A™' — B™!|| via ||[A™"|| and ||A — B]|. Similar results can for
example be found in (Horn and Johnson, 2013, Section 5.8).

Lemma G.8. Ler A, B € R™"*™ be invertible matrices and let || - || be a submultiplicative matrix
norm with | I,,|| = 1. If A and B fulfill || A" ||| A — B|| < 1, then it holds that

AT -lA-B||
1-[A7Y|- A~ B

|IB™'— A7 <

Proof. Because of |[A™'(A — B)|| < ||[A™Y||A — B < 1 we get
II-A"(A-B)|>1-[A7"|||A - BJ.
Writing B = A(I — A"'(A — B)) yields B™* = (I — A™*(A — B))~'A~" which implies
A
1-|A7"]A - B
Now write B~! — A™! = A™'(A — B)B ™" to get
1B~ — A~ <[|lA7lA - B[|B~.

Combining the last two inequalities concludes the proof. O

1B~ <

G.2 RKHS norm bounds

Here we show that if k& and /vf,y have RKHS equivalent to some Sobolev space H*, s > d/2, then
the RKHS of the spiky-smooth kernel £, ., is also equivalent to /1 °, for any fixed p,y > 0. Hence
all members of the spiky-smooth kernel sequence may have RKHS equivalent to a Sobolev space
H? and are individually inconsistent due to Theorem 1; yet the sequence is consistent. This shows
that when arguing about generalization properties based on RKHS equivalence, the constants matter
and the narrative that depth does not matter in the NTK regime as in Bietti and Bach (2021) is too
simplified.

The following proposition states that the sum of kernels with equivalent RKHS yields an RKHS that
is equivalent to the RKHS of the summands. For example, the spiky-smooth kernel with Laplace
components possesses an RKHS equivalent to the RKHS of the Laplace kernel.

Proposition G.9. Let H, and Hy denote the RKHS of k1 and ko respectively. If Hi = Ho then
the RKHS H of k = ki + ko fulfills H = Hi. Moreover, if C > 1 is a constant with || |3, <

£z < Cllf e, then we have =1 fllae, < 11 fllae < [ f 13-

Proof. The RKHS of k = ki + ko is given by H = H1 + Ho with norm

1£13 = min{[[ ful3, + I fell3, = f=Fi+ foo fi € Ha, fo € Ha}

To see this we consider the map ® : X — Hq x Hz defined by ®(x) := (@1 (x, -), P2(, -)) for all
@ € X, where X is the set, the spaces #; live on and ®,(x) := k;(x, -). The reproducing property
of k1 and ko immediately ensures that @ is a feature map of k1 + k2 and Theorem E.3 then shows

H = {(w, (I)(')>H1><’H2 w € Hy X Hz}
= {{w1, @1(-)) 2y + (wa, Po(-))ae, w1 € Hu,wa € Ho} = Hi + Ho

as well as the formula for the norm on H. Now let f € #H. Considering the decomposition f = f; +0
then gives || f|l% < ||f||#, - Moreover, for f = f1 + fo with f; € H; we have

1/2
1 £l < Al + 1 Follzes < Wil + Cllfollns < V2O (IR, + 1f2103,)

Taking the infimum over all decomposition then yields the estimate || f||, < v2C/| f|l%. O
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H Spiky-smooth activation functions induced by Gaussian components

Here we explore the properties of the NNGP and NTK activation functions induced by spiky-smooth
kernels with Gaussian components.

To offer some more background, it is well-known that NNGPs and NTKs on the sphere S? are
dot-product kernels, i.e., kernels of the form kq(x,z’) = k({(x,x’)), where the function  has a
series representation k(&) = Y o, bit’ with b; > 0and Y_;° ) b; < oc. The function « is independent
of the dimension d of the sphere. Conversely, all such kernels can be realized as NNGPs or NTKs
(Simon et al., 2022, Theorem 3.1).

As dot-product kernel k(x, y) = x({x, y)) on the sphere, the Gaussian kernel has the simple analytic

expression,
2(z—1
K’?auss(z) = exp ( (Z )) ,
Y

with Taylor expansion

exp(—2/7) 2.

Gauss
b'i

For spiky-smooth kernels & = k+ pl%V with Gaussian components k and 1%7 of width 4 and ~
respectively, we get Taylor series coefficients

p, _ SP(=2/) (2>i L, op(=2/7) (2> (D)

7! g 0! ~

Now Theorem 11 states that as soon as « induces a dot-product kernel for every input dimension d,
then the dot-product kernels can be written as the NNGP kernel of a 2-layer fully-connected network
without biases and with the induced activation function

Snap@) =Y sib)?hi(x),
1=0

or as the NTK of a 2-layer fully-connected network without biases and with the induced activation

function
o] b 1/2
dnri (@) = Zsi (ZJFZ ) hi(z),

=0

where h; denotes the i-th Probabilist’s Hermite polynomial normalized such that ||| 1, ar(0,1)) = 1
and s; € {—1,+1} are arbitrarily chosen for all ¢ € Ny.

Now we can study the induced activation functions if we know the kernel’s Taylor coefficients
(b:)ien,- If infinitely many b; > 0, then infinitely many activation functions induce the same dot-
product kernel, with different choices of the signs s;. For alternating signs s; = (—1)¢, the symmetry
property h;(—x) = (—1)*h;(x) of the Hermite polynomials implies

ONNGP+—(T) = dnNap+(—T), ONTK +—(T) = dNTR +(—2).

To form an orthonormal basis of Ly(N(0, 1)) the unnormalized Probabilist’s Hermite polynomials

He; have to be normalized by h;(x) = \%H e;(x). We can use the identity exp(xzt — %) =

Yoo H ez(x)’i—: with ¢ = 1/2/7 to analytically express the NNGP activation of the Gaussian kernel
with all s; = 41 as the exponential function
2
R (H.2)
Y

. 21 (2)? 2

o550 =1 Y 1 (2) it —ew  (2)
—o v\ v

Remarkably, the Gaussian kernel can not only be induced by an exponential activation function, but

also by a single shifted sine activation function. This is shown in the following proposition.

M
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Proposition H.1 (Trigonometric Gaussian NNGP activation functions). For any v > 0 and
the bi-alternating choice of signs {(—1)1/21},_o 15, the Gaussian kernel of bandwidth ~y can
be realized as the NNGP kernel of a two-layer fully-connected network without biases and with
activation function

PN 4 () = sin((2/7)"/%x) + cos((2/7)/?x).

Proof. We write ¢ = 2/~. We need to show that

e ) i/2
sin(c!/22) + cos(c!/2z) = e=/2 3 (<)L — Hey (o).
1.

i=0
‘We will use the fact that w
2xz—22 2°

¢ Z i)

=0

with the choices z; = i\/c/2 and zo = —i\/c/2. Now, using e!**+® = ¢b(cos(ax) + isin(ax)),
observe that

sin(v/ex) = sin(v2cx/V2) = 0/2
1 (Z (i\/ﬁT) Hi(x/V2)(1 - (—1)1'))

T 94ec/? « il

(62'1’\/E+c/2 _ ei:v\/E+c/2)

)2z+1

— —c/zz WHQM (x/V2).

An analogous calculation yields

cos(c!/ %z _670/22 Hgl(l'/\[)
Finally, using H;(z/v/2) = 2¥/2He;(z), we get
e ) ) i/2
sin(c/2z) + cos(c/?x) = e¢/? z:(—l)w2J %Hl(x/\/i)
i!
=0

Ep— Z 21 < o2 Hei(z).
O

For gnnap(z) = 372, sivbihi(x), we get [[0[7, o1y = iz bi invariant to the choice
{8 }ien. For Gaussian NNGP activation components with bandwidth « > 0 this yields

auss - ]' 2 '
[RNER I a0y = exP(=2/1) > 5 (7) =1, (H.3)
i=0

because {h; }ien, is an ONB of Ly (N (0, 1)). Analogously, for Gaussian NTK activation components,
we get

16885 I, o = (-2 Y- oy (2)
=0
”W1<2)i (oo ()
=exp(—2/v)= (-] =z|l—exp|—) ). (H.4)
(=2/ )2 ; il \y 2 ~

This implies that the average amplitude of NNGP activation functions does not depend on v, while
the average amplitude of NTK activation functions decays with v — 0.
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By the fact i), (z) = \/nhy—1(x), we know that any activation function ¢(z) = >°.° ) s;a;h;(x) has
the derivative ¢'(z) = Y oo siai+1Vi + 1 - hi(z) aslongas Y2 |ait1vi + 1] < oo.

The following proposition formalizes the additive approximation ¢* ~ qS’; + pt/ 2¢’5W, and quantifies
the necessary scaling of - for any demanded precision of the approximation.

Proposition H.2. Fix 7, p > 0 arbitrary. Let k = k+ pk denote the spiky-smooth kernel where
k and k are Gaussian kernels of bandwidth 7 and vy, respectively. Assume that we choose the

activation functions ¢X;m ., (bNTK and d)NTK as in Theorem 11 with same signs {s;};cn. Then, for
v > 0 small enough, it holds that

; i 1 dry(1+7)

||¢§€VTK - (¢§€VTK +Vp- ¢J\7TK)||2LQ(N(0,1)) < 21/2P73/2 exp <7) + f’

- i , 1 8my(1+7)

HQSIICVNGP - (QS];VNGP +Vp- ¢z\7NGP)||2L2(N(0,1)) < 23/2P71/2 €xp <’y) + T

Proof. Letb; , = W,l, exp( 2/7) denote the Taylor coefficients of the Gaussian kernel. All consid-
ered infinite series converge absolutely.

loN %G — BNnep + VP Shner) T,
ZHZ&‘ w+ﬂbmh'($)— 54 ( by + sz’y ||L2(N(o 1))
=0 1=0
° 2
= 3 (Vois + pbin = (i +/obi))
=0
I )
< 22 z'y +pbz’y _b1/2 +2pzb27+2 Z Z'y"_pbi.,'y —p1/2b:’/72)2 +2 Z bi,’%
=0 i=I1+1 i=I+1
A,_/
(I) (I1) (I11) (Iv)

for any I € N. To bound (I) observe

I I I
b;
E ( bi 5 + pbiy — b1/2 E (pbi;’Y + 2b; 5 (1 — 4 /14 [;) :)) <p E bi -

i=0 i=0 b

An analogous calculation for (/1) yields

o0 o0

S (Vi + pbiny — 02022 < D7 bis

i=I+1 i=I+1

So overall we get the bound
I

lonNGe = (DNnap + VP ¢7VNGP)||2L2(N(0,1)) < 4/4’21%37 +4 Z bis.  (H.35)
=0 i=I+1

Now, defining ¢ := 2/,
I

va_exp )Zli r(z;u)’

=0

where I'(k + 1, ¢) denotes the upper incomplete Gamma function. Choosing I = | 5= ], (Pinelis,
2020, Theorem 1.1) yields, for ¢ > 121,

I'(I+1,¢) < exp(—c) (c4 (I + D)1/ 1T+t < exp(—c)(c+ I)I+!
I! - I+ (I+D)WE = (T 1)U+
exp(—e)(c + D)+
aS (2 (I +1))1/2 (ﬂ)(l-s-l)zn
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exp<fc+(f+1)(ln(c+f) —In(I+1)+ 1))

T 2r(I+1)
< %exp(—c—k(i—l—l)(ln(?g:l c) —In (27T)+1)>
gicexp(—c+(§+1)(1n(27r+1)+1)) geXp(\/E_g), (H.6)

where we used (I + 1)!*/! < I for I > 3 in the first line, Stirling’s approximation in the second line,
and (= + 1)(In(27 + 1) + 1) < ¢/2 for ¢ > 121 in the last line.

It is obvious that
oo c
b;z—0, forl=|— .
| E 5 or L27TJ — 00
i=I1+1

To quantify the rate of convergence, we use the bound I'(1 + 1,¢p) > e~ I!(1 + co /(I + 1)),
which follows from applying Jensen’s inequality to T'(I + 1,¢q) = e~ I'E(1 + ¢ /G)?, where
G ~T(I+1,1)and EG = I + 1. Defining ¢y = 2/7, it holds that

41 I I+1
Zb,7<1—(+co)<l—ec( ) <1—e_C°<1—|— €0 ) .
] I I+1 I+1

Taking the first two terms of the Laurent series expansion of n — (1 + C—O)n about n = oo yields

I+1
(1 + 22 ) > e (1 — 2(;§r1)) for I large enough (where we demand v € o(52)), thus

e} co I+1 co —1
bn <1—e (1
> bigsl-e ( I+1) ( +I+1>

i=I+1
2 2
< Co/(I+ 1) + CO/(2(I+ 1)) < Co + (&) < g n jlﬂ' . (H7)
1+co/(T+1) I+1 2(I+4+1)~ A A%
Plugging (H.6) and (H.7) into (H.5) yields, for v < 1/61,
5 5 1 81y(1+7)
loNNGr — (bNnap + VP ¢7VNGP)||%2(N(O,1)) < 292py' % exp <—7> + 32 :
For the NTK we get
loNTs — (Shri + /P ¢NTK)||L2 N(o 1))
,7 + pbiy ,v Pbiy 2
—||Z S\ T hi( ZSZ - i1 hi(@)[|7,a(0,1))
= Z’L—Fl (\/ ,”/""pbi,v_( b; 5 + pbi,v)) :
We can proceed exactly as for the NNGP, but choose I = | 5= | — 1 to get
I I ; I+1
b; ~ c’ exp(—c) c exp(—c/2)  exp(—c)
Bk Zio _ - 1)< _
;i—i—l exp( c);(i—i—l)! c ;02' =T B c
and replace (H.7) with
Z .bm _ exp(—co) Z @ < 1 n co < 7r'y(1~+ 'y). 0
St 1 0 s il T I+2  2(1+42) o
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I Additional experimental results
The code to reproduce all our experiments is provided in the supplementary material and under
https://github.com/moritzhaas/mind-the-spikes

Our implementations rely on PyTorch (Paszke et al., 2019) for neural networks and mpmath (Johans-
son et al., 2023) for high-precision calculations.

I.1 Experimental details of Figure 1

For the kernel experiment (Figure 1a), we used the Laplace kernel with bandwidth 0.4 and the
spiky-smooth kernel (4) with Laplace components with p = 1,7 =1,y = 0.01.

For the neural network experiment (Figure 1b,c) we initialize 2-layer networks with NTK parametriza-
tion (Jacot et al., 2018) and He initialization (He et al., 2015). Using the antisymmetric initialization
trick from Zhang et al. (2020) doubles the network width from 10000 to 20000 and helps to pre-
vent errors induced by the random initialization function. It might also be helpful to increase the
initialization variance (Chizat et al., 2019). We train the network with stochastic gradient descent
of batch size 1 over the 15 training samples with learning rate 0.04 for 2500 epochs. Training with
gradient descent and learning rate 0.4 produces similar results. We use the spiky-smooth activa-
tion function given by « — ReLU(z) + 0.01 - (sin(100z) + cos(100z)), which corresponds to
@ — ReLU(x) + wntk (%, 5955 )- including both even and uneven Hermite coefficients.

1.2 Disentangling signal from noise in neural networks with spiky-smooth activation functions

Since our spiky-smooth activation function has the additive form ogpsm(x) = ReLU(x) +
wnTK (%5 5555 ), we can dissect the learned neural network

fs;vsm(-’ll) =W,- Uspsm(Wl -+ bl) + by = fReLU(m) + fspikes(w) (L1)
into its Re LU-component
frerv () = Wo - ReLU(W | - @ + by) + bo,

and its spike component

1
fspikes(®) = Wa - wnrr (W1 - x + by; m)

If the analogy to the spiky-smooth kernel holds and fsp;x.s fits the noise in the labels while having a
small Lo-norm, then fr.ry would have learned the signal in the data. Indeed Figure 1.1 demonstrates
that this simple decomposition is useful to disentangle the learned signal from the spike component
in our setting. The figure also suggests that the oscillations in the activations of the hidden layer
constructively interfere to interpolate the training points, while the differing frequencies and phases
approximately destructively interfere on most of the remaining covariate support. Figure 1.2 shows
some of the functions generated by the hidden layer neurons of the spike component fspikes. Both
the phases and frequencies vary. Destructive interference in sums of many oszillations occurs, for
example, under a uniform phase distribution.

An exciting direction of future work will be to understand when and why the neural networks with
spiky-smooth activation functions learn the target function well, and when the decomposition into
ReLU- and spike component succeeds to disentangle the noise from the signal. Particular challenges
will be to design architectures and learning algorithms that provably work on complex data sets and
to determine their statistical convergence rates. A different line of work could evaluate whether there
exist useful spike components for deep and narrow networks beyond the pure infinite-width limit.
Maybe for deep architectures is suffices to apply spiky-smooth activation functions only between the
penultimate and the last layer.
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Figure I.1: a. The ReLU-component fr.r (blue) and the full spiky-smooth network f,s,, (orange)
of the learned neural network from Figure 1. b. The spike component fp;xes of the learned neural
network from Figure 1 against the label noise in the training set, derived by subtracting the signal
from the training points. Observe that the Re LU-component has learned the signal, while the spike
component has fitted the noise in the data while regressing to 0 between data points.
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Figure 1.2: Here we plot the functions learned by 12 random hidden layer neurons of the spike
component network fpires corresponding to Figure 1.

Of course an analogous additive decomposition exists for the minimum-norm interpolant f(’f of the
spiky-smooth kernel,

f[llc(w) = (ié + pnk’Yn)(w’X> : (IN{ + an'Yn)_ly = fsignal(w) + fspikes(w)a (12)
where
fsignal(w) = ];1(:13, X) . (K =+ pnk’yn)_lya fspikes(m) = pni‘;'yn ($7X) ' (K + pnk%)_ly-

We plot the results in Figure 1.3. Observe that the spikes fspikes regress to 0 more reliably than in the
neural network.

Although spiky-smooth estimators can be consistent, any method that interpolates noise cannot
be adversarially robust. The signal component fs;4nq may be a simple correction towards robust
estimators. Figure 1.4 suggests that the signal components of spiky-smooth estimators behave
more robustly than ReLU networks or minimum-norm interpolants of Laplace kernels in terms of
finite-sample variance.
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Figure 1.3: a. The signal component f;gy,q; (blue) and the full minimum-norm interpolant fé“ (orange)
of the spiky-smooth kernel from Figure 1. b. The spike component fspixes Of the spiky-smooth
kernel from Figure 1 against the label noise in the training set, derived by subtracting the signal from
the training points.

L3 Repeating the finite-sample experiments

We repeat the experiment from Figure 1 100 times, both randomizing with respect to the training set
and with respect to neural network initialization.

For the kernels (Figure [.4a), observe that all minimum-norm kernel interpolants are biased towards
0. While the Laplace kernel and the signal component (I.2) of the spiky-smooth kernel have similar
averages, the spiky-smooth kernel has a slightly larger bias. However, both the spiky-smooth kernel
as well as its signal component produces lower variance estimates than the Laplace kernel.

Considering the trained neural networks (Figure 1.4b), the ReLU networks are approximately unbiased,
but have large variance. The neural networks with spiky-smooth activation function as well as the
extracted signal network (I.1) are similar on average: They are slighly biased towards 0, but have
much smaller variance than the ReLU networks.

a b. c.
2 1.2
Lo — RelLU
g 11 PSS E 11 m 0.8 _  Spiky-smooth
‘S 0 8 0 2, \
5 0] 5 01 0.6 1
'8 = — Lapluce Se '8 = RgLU E 0.4
Q‘: -11 = Spiky-smooth | Q‘: -1 Spiky-smooth 02
— Signal — Signal -2
-2 : - —2 T T T T 0.0 T T T T
- = 0 z ™ - = 0 z ™ 0 10° 10! 10? 10°
Angle (radians) Angle (radians) Epochs

Figure 1.4: We repeat the experiment from Figure 1 100 times and report the mean values (lines).
Confidence bands denote the interval between the empirical 2.5%- and 97.5%-quantiles from the 100
independent runs.

The training curves (Figure .4c) offer similar conclusions as Figure 1: While the ReLU networks
harmfully overfit over the course of training, the neural networks with spiky-smooth activation
function quickly overfit to O training error with monotonically decreasing test error, which on average
is almost optimal, already with only 15 training points. The spiky-smooth networks have smaller
confidence bands, indicating increased robustness compared to the ReLU networks. If the ReLU
networks would be early-stopped with perfect timing, they would generalize similarly well as the
networks with spiky-smooth activation function.

1.4 Spiky-smooth activation functions

In Figures 1.5 and 1.6 we plot the 2-layer NTK activation functions induced by spiky-smooth kernels
with Gaussian components, where k has bandwidth 1, and in the first figure p = 1 while in the second
figure p = 0.1.

SR
https://doi.org/10.52202/075280-0912 20820



6 6 6 6
T 4 4 4
F
+ 24 2 2 2
I
04 0 0 0
-2 -2 -2 -2
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1.0 1.0 1.0 10
0.5 1 05 0.5 0.5
;00 0.0 0.0 g 0.0
v =05 —0.5 -0.5 —0.5
1 —-1.01 -1.0 -1.0 -1.0
-15 —151 ~15 ~15
739— —2.04 2.0 20
951
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

e SIS

|
|
& L
|
LS

Random +
|
Lo
|
‘\\:;;i/ .
v s o

|
&4

: 3 2 1 0 1 2 3 -3 -2 1 0 1 2 3 -3 2 1 0 1 2
4 =0.1 4 =0.05 5 =001 4 =0.005

|
@

|

o

I
=4
)

|
w

Figure I.5: The 2-layer NTK activation functions for Gaussian-Gaussian spiky-smooth kernels with
varying v (columns) with k., = 1000, k has bandwidth 1, p = 1. Top: all s; = +1, middle:
+,+,—,—,+,+, ..., bottom: Random +1 and —1. Although the activation function induced by the
spiky-smooth kernel is not exactly the sum of the activation functions induced by its components, this
approximation is accurate because the spike components approximately live in a subspace of higher
frequency in the Hermite basis orthogonal to the low-frequency subspace of the smooth component.
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Figure 1.6: Same as above but p = 0.1. The high-frequency fluctuations are much smaller compared
to Figure L.5.

In Figure 1.7 we plot the corresponding 2-layer NNGP activation functions with p = 1. In contrast to
the NTK activation functions the amplitudes of the fluctuations only depends on p and not on «y. Our
intuition is the following: Since the first layer weights are not learned in case of the NNGP, the first
layer cannot learn constructive interference, so that the oscillations in the activation function need to
be larger.

The additive approximation ¢* = qS’g + pt/ 2¢k7 remains accurate in all considered cases (Ap-
pendix 1.6).
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Figure [.7: Same as above but NNGP and p = 1. As expected from the isolated spike plots: Spikes
essentially add fluctuations that increase in frequency and stay constant in amplitude for v — 0, p
regulates the amplitude.

LI.5 Isolated spike activation functions

Figure 1.8 is the equivalent of Figure 3 for the NNGP.

By plotting the NTK activation components corresponding to Gaussian spikes ¢k7 with varying
choices of the signs s; in Figure 1.9, we observe the following properties:

1. All s; = +1 leads to exponentially exploding activation functions, cf. Eq. (H.2).

2. If the signs s; alternate every second i, i.e. s; = +1 iff L%J even, ¢*v is approximately a
single shifted sin-curve with increasing frequency and decreasing/constant amplitude for
NTK/NNGP activation functions, cf. Eq. (6).

3. If 5; is chosen uniformly at random, with high probability, ¢*» both oscillates at a high
frequency around 0 and explodes for |z| — oco.

a. b. I

1.5 4 =]

101 NNNY g

0.5 7=02 z

0.0 1 — 7 =0.1 0 2]
051 — =005 5
~10; v\ <
L - . . : i e

-2 -1 0 1 2 3 2 o0 1 2 3© 0 25 50 75 100 125 150 175

Index

Figure 1.8: Same as Figure 3 but for the NNGP. In contrast to the NTK, the amplitudes of the
oscillations in a. do not shrink with v — 0. Otherwise the behaviour is analogous. For example, the
Hermite coefficients peak at 2/+. The squared coefficients sum to 1 (Eq. (6)).
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Figure 1.9: The spike activation components of 2-layer NTK for Gaussian spikes with varying ~y
(columns), ke, = 1000, top: all s; = +1, middle: signs alternate every second index, bottom:
3 draws from uniformly random signs. With v — 0, the amplitude shrinks, while the frequency
increases.

Figure .10 visualizes NNGP activation functions induced by Gaussian spikes with varying bandwidth
v. Observe similar behaviour as for the NTK but amplitudes invariant to y as predicted by Eq. (6).
For smaller ~y the explosion of (all+) activation functions starts at larger x, but appears sharper as can
be seen in the analytic expression (H.2).

Figure I.11 resembles Figure 1.9 but plotted on a larger range to visualize the exploding behaviour for
|x] — oo.
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Figure I.10: Spike activation components as in Figure 1.9, but for the NNGP with z between [—4, 4].
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1.6 Additive decomposition and sin-fit

Here we quantify the error of the sin-approximation (8) of Gaussian NTK activation components.

The additive decomposition ¢¥ ~ ¢* + p'/2¢*+ quickly becomes accurate in the limit v — 0
(Figures I.12 and 1.13), the sin-approximation seems to converge pointwise at rate ©(|x|v), where
a good approximation can be expected when |z| < 1/v. The error at large |x| arises because the
spike component decays for |2:| — oco. For O(1) inputs, we conjecture that this inaccuracy does not
dramatically affect the test error of neural networks when -y is chosen to be small.
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Figure 1.12: The isolated NTK spike activation function (orange), the difference between spiky-
smooth and smooth activation function (blue) and a fitted sin-curve (8) (green). All curves roughly
align, in particular for v — 0.
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Figure 1.13: The error of the additive decomposition ¢¥ &~ ¢* + p'/2¢*+ (blue) and the sin-fit (8) (or-
ange) for the NTK. While the additive decomposition makes errors of order 10~2,1074,107% 10~1%
(from left to right) in the domain [—4, 4], the sin-fit is increasingly inaccurate for |z| — oo, and
increasingly accurate for v — 0.

Now we evaluate the numerical approximation quality of the sin-fits (7) and (8) to the isolated spike
activation components ¢k7. As expected by Proposition H.1, the NNGP oscillating activation function
qS’V“W of a Gaussian spike component corresponds to Eq. (7) up to numerical errors. Both for the
NNGP and for the NTK, the approximations become increasingly accurate with smaller bandwidths

~v — 0 (Figure 1.14). Again the approximation quality suffers for |2| — oo, since qS]EGT x slowly
decay to 0 for |z| — oo.
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L.7 Spiky-smooth kernel hyper-parameter selection

To understand the empirical performance of spiky-smooth kernels on finite data sets, we generate
i.i.d. data where  ~ U(S?) and

d+1
y=x; + a3+ sin(xs) + Ha:i+6,
i=1

with e ~ N(0, 02) independent of  and evaluate the least squares excess risk of the minimum-norm
interpolant. Figure I.15 shows that

* the smaller the spike bandwidth ~, the better. At some point, the improvement saturates,

* p should be carefully tuned, it has large impact. As with v — 0 ridgeless regression with
the spiky-smooth kernel approximates ridge regression with &k and regularization p, simply
choose the optimal regularization p°P* of ridge regression.

* The spiky-smooth kernel with Gaussian components exhibits catastrophic overfitting, when
v is too large (cf. Mallinar et al. (2022)), the Laplace kernel is more robust with respect to 7.

» With sufficiently thin spikes and properly tuned p, spiky-smooth kernels with Gaussian
components outperform the Laplace counterparts.

We repeat the experiment in Figure 1.16 with a slightly more complex generating function and come
to the same conclusions.
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Figure 1.15: Least squares excess risk for spiky-smooth kernel ridgeless regression with Laplace
components (left) and Gaussian components (right), with n = 1000,d = 2, estimated on 10000
independent test points, 02 = 0.5,5 = 1. The smaller the spike bandwidth =, the better. Properly
tuning p is important.
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Figure 1.16: Same as Figure 1.15 but with the more complex generating function y = || + 3 +

sin(2ra3) + H 1 x; + €. The errors are larger compared to Figure .15 and the optimal values of p
are smaller, but the conceptual conclusions remain the same.
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