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Abstract

In convex optimization, first-order optimization methods efficiently minimizing
function values have been a central subject study since Nesterov’s seminal work
of 1983. Recently, however, Kim and Fessler’s OGM-G and Lee et al.’s FISTA-G
have been presented as alternatives that efficiently minimize the gradient magni-
tude instead. In this paper, we present H-duality, which represents a surprising
one-to-one correspondence between methods efficiently minimizing function val-
ues and methods efficiently minimizing gradient magnitude. In continuous-time
formulations, H-duality corresponds to reversing the time dependence of the dis-
sipation/friction term. To the best of our knowledge, H-duality is different from
Lagrange/Fenchel duality and is distinct from any previously known duality or
symmetry relations. Using H-duality, we obtain a clearer understanding of the
symmetry between Nesterov’s method and OGM-G, derive a new class of methods
efficiently reducing gradient magnitudes of smooth convex functions, and find a
new composite minimization method that is simpler and faster than FISTA-G.

1 Introduction

Since Nesterov’s seminal work of 1983 [37], accelerated first-order optimization methods that effi-
ciently reduce function values have been central to the theory and practice of large-scale optimization
and machine learning. In 2012, however, Nesterov initiated the study of first-order methods that
efficiently reduce gradient magnitudes of convex functions [41]. In convex optimization, making the
function value exactly optimal is equivalent to making the gradient exactly zero, but reducing the
function-value suboptimality below a threshold is not equivalent to reducing the gradient magnitude
below a threshold. This line of research showed that accelerated methods for reducing function
values, such as Nesterov’s FGM [37], the more modern OGM [26], and the accelerated composite
optimization method FISTA [11] are not optimal for reducing gradient magnitude, and new optimal
alternatives, such as OGM-G [29] and FISTA-G [31], were presented.

These new accelerated methods for reducing gradient magnitudes are understood far less than those for
minimizing function values. However, an interesting observation of symmetry, described in Section 2,
was made between these two types of methods, and it was conjectured that this symmetry might be a
key to understanding the acceleration mechanism for efficiently reducing gradient magnitude.

Contribution. We present a surprising one-to-one correspondence between methods efficiently
minimizing function values and methods efficiently minimizing gradient magnitude. We call this
correspondence H-duality and formally establish a duality theory in both discrete- and continuous-
time dynamics. Using H-duality, we obtain a clearer understanding of the symmetry between
FGM/OGM and OGM-G, derive a new class of methods efficiently reducing gradient magnitudes,
and find a new composite minimization method that is simpler and faster than FISTA-G, the prior
state-of-the-art in efficiently reducing gradient magnitude in the composite minimization setup.
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1.1 Preliminaries and Notation

Given f: RY — R, write f, = inf,cpa f(2) € (—00,00) for the minimum value and z, €
argming cp» f() for a minimizer, if one exists. Throughout this paper, we assume f, # —oo,
but we do not always assume a minimizer z, exists. Given a differentiable f: R? — R and a
pre-specified value of L > 0, we define the notation

[z, y] == f(y) — f(2) + (Vf(y),z —y)
[z, y] == f(y) — f(z) + (Vf(y),z —y) + % IV f(z) = VI

1 2
[2,+] := fi = f(2) + 57 IVf ()]

for x,y € RY. A differentiable function f: R — R is convex if the convexity inequality [x, ] < 0
holds for all =,y € R%. For L > 0, a function f: RY — R is L-smooth convex if it is differentiable
and the cocoercivity inequality [z, y] < 0 holds for all 2,y € R4 [42]. If f has a minimizer x,, then
[z, *] = [z, z+], but the notation [z, x] is well defined even when a minimizer x, does not exist. If
f is L-smooth convex, then [z, +] < 0 holds for all z € R4 [42].

Throughout this paper, we consider the duality between the following two problems.

(P1) Efficiently reduce f(xn) — fi assuming z, exists and ||zg — 4] < R.
(P2) Efficiently reduce 5[V f(yn)||? assuming f, > —oc and f(yo) — f« < R.

Here, R € (0, 00) is a parameter, z¢ and yo denote initial points of methods for (P1) and (P2), and
zn and yx denote outputs of methods for (P1) and (P2).

Finally, the standard gradient descent (GD) with stepsize h is
h
Ti4+1 = Ty — sz(xl), iZO,l,.... (GD)

1.2 Prior works

Classically, the goal of optimization methods is to reduce the function value efficiently. In the smooth
convex setup, Nesterov’s fast gradient method (FGM) [37] achieves an accelerated O(1/N 2)-rate,
and the optimized gradient method (OGM) [26] improves this rate by a factor of 2, which is, in fact,
exactly optimal [18].

On the other hand, Nesterov initiated the study of methods for reducing the gradient magnitude
of convex functions [41] as such methods help us understand non-convex optimization better and
design faster non-convex machine learning methods. For smooth convex functions, (GD) achieves a
O((f(zo) — fx) /N)-rate on the squared gradient magnitude [34, Proposition 3.3.1], while (OGM-G)
achieves an accelerated O((f(zo) — f+) /IN?)-rate [29], which matches a lower bound and is there-
fore optimal [35, 36]. Interestingly, (OGM) and (OGM-G) exhibit an interesting hint of symmetry,
as we detail in Section 2, and the goal of this work is to derive a more general duality principle from
this observation.

In the composite optimization setup, iterative shrinkage-thresholding algorithm (ISTA) [13, 45,
16, 14] achieves a O(||xg — x,||?/N)-rate on function-value suboptimality, while the fast iterative
shrinkage-thresholding algorithm (FISTA) [11] achieves an accelerated O(||zg — 2| /N?)-rate. On
the squared gradient mapping norm, FISTA-G achieves O((F(xo) — F,)/N?)-rate [31], which is
optimal [35, 36]. Analysis of an accelerated method often uses the estimate sequence technique
[38, 8, 39,9, 40, 32] or a Lyapunov analysis [37, 11, 50, 10, 53, 1, 5, 6, 7, 43]. In this work, we focus
on the Lyapunov analysis technique, as it is simpler and more amenable to a continuous-time view.

The notion of duality is fundamental in many branches of mathematics, including optimization.
Lagrange duality [46, 47, 12], Wolfe duality [57, 15, 49, 33], and Fenchel-Rockacheller duality [20,
46] are related (arguably equivalent) notions that consider a pairing of primal and dual optimization
problems. The recent gauge duality [21, 22, 3, 58] and radial duality [24, 23] are alternative notions of
duality for optimization problems. Attouch—Théra duality [4, 48] generalizes Fenchel-Rockacheller
to the setup of monotone inclusion problems. In this work, we present H-duality, which is a notion
of duality for optimization algorithms, and it is, to the best of our knowledge, distinct from any
previously known duality or symmetry relations.
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2 H-duality

In this section, we will introduce H-duality, state the main H-duality theorem, and provide applications.
Let N > 1 be a pre-specified iteration count. Let {hk7i}0§i< k<N be an array of (scalar) stepsizes and
identify it with a lower triangular matrix H € RV*N via Hii1i01 =hp1 1f0<i<E<SN -1
and Hj, ; = 0 otherwise. An N-step Fixed Step First Order Method (FSFOM) with H is

k
1
Tht1 =Tp — 7 ;hk—&-l,ivf(a:i)a Vk=0,...,N—1 ()
for any initial point zo € R? and differentiable f. For H € RN*N define its anti-transpose
H4 € RV*N with HY, = Hy_j41 y—ip1 fori,j = 1,...,N. We call [FSFOM with H*] the
H-dual of [FSFOM Wlth H].

2.1 Symmetry between OGM and OGM-G

Let f be an L-smooth convex function. Define the notation z* = z — %V f(2) for z € R?. The
accelerated methods OGM [19, 26] and OGM-G [29] are

—1 Ok
Ty —Xp 1)+ —

6k+1 ( k k 1) 9k+1

On—k—1)(20Nn_r—1 — 1) 20N _k—1—1
ON_k(20N_k — 1) 20— — 1

fork =0,...,N — 1, where {0;} Y are defined as §p = 1, Gfﬂ — 01 =602 for0<i < N -2,
and 0%, — Oy = 26%_,.! (OGM) and (OGM-G) are two representative accelerated methods for
the setups (P1) and (P2), respectively. As a surface-level symmetry, the methods both access the
{97;}1-1\;0 sequence, but (OGM-G) does so in a reversed ordering [29]. There turns out to be a deeper-
level symmetry: (OGM) and (OGM-G) are H-duals of each other, i.e., H64GM = Hogm.g- The
proof structures of (OGM) and (OGM-G) also exhibit symmetry. We can analyze (OGM) with the
Lyapunov function

R (xf —ax) (OGM)

Tyl = xk +

Yer1 =Y + (Wi —vi )+ (i —yx) (OGM-G)

fllxo—x*\l +Zuz[[:vz,:vz+1]]+z U — i) [, 2] 2

for —1 < k < N with {u;}Y, = (263, .. .,29?\,71,912\,) and u_; = 0. Since [-,-] < 0and {u;}¥,
is a positive monotonically increasing sequence, {Z/I;g},iv:% is dissipative, i.e., Uy <Un_1 < -+ <
[/{0 S Z/{,l. So

_ Lllwo — 2]?

‘2()
2 )

O (o) — 1) < B (Flaw) = F)+ St =0 212 Dty <ULy

N
where z = ) “—“=2V f(z;). The justification of (e) is the main technical challenge of this
i=0

analysis, and it is provided in Appendix B.2. Dividing both sides by 6%;, we conclude the rate

flan) = 1. < g g o=

Likewise, we can analyze (OGM-G) with the Lyapunov function

k-1 k—1
Vie =vo (f(yo) = fu + [y~ *]) + Zvi+1[[yi,yz'+1ﬂ + Z(Ui+1 = vi)[yn, yi] 3
i—0 i=0
for0 < k < N with {v;}N, = ((é S 202) Similarly, {V} }2_, is dissipative, so
N-—-1

1 1 1 1
E”Vf( )||2 = VN <V = % (f(yo) — f+) + %ﬂym*ﬂ < % (f(yo) — f+)-

'"Throughout this paper, we use the convention of denoting iterates of a given “primal” FSFOM as x;, while
denoting the iterates of the H-dual FSFOM as y;,.
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Again, the justification of (o) is the main technical challenge of this analysis, and it is provided in
Appendix B.2. The crucial observations are (i) u; = 1/vy—_; for 0 <4 < N and (ii) the convergence
rates share the identical factor 1/6% = 1/ux = wvp. Interestingly, a similar symmetry relation
holds between method pairs [(OBL-F,), (OBL-G,)|[44] and [(GD), (GD)], which we discuss later in
Section 2.4.

2.2 H-duality theorem

The symmetry observed in Section 2.1 is, in fact, not a coincidence. Suppose we have N-step FSFOMs
with H and H*. We denote their iterates as {z;}}, and {y;}V,,. For clarity, note that {u; } ., are
free variables and can be appropriately chosen for the convergence rate analysis. For the FSFOM with
H, define {U) }__, with the general form (2) withu_; = 0. If0 =u_; <wug <uy < - < upy,

then {Uy, }1¥__, is monotonically nonincreasing (dissipative). Assume we can show

un(flzn) — fo) <Un  (Yao, 24, V(20), ..., V(zn)e RY). (C1)

To clarify, since {z;}Y, lies within span{zo, Vf(xo),...,Vf(zn)}, the Uy depends on
(20, T, {V f ()}, {ui} L, H). If (C1) holds, the FSFOM with H exhibits the convergence rate

L
uN(f(IN)_f*)SMNS"'SU—1:§H$0—J?*”2- 4)

For the FSFOM with H*, define {V}, }1_, with the general form (3). Also, note that {v; }Y, are free
variables and can be appropriately chosen for the convergence rate analysis. If 0 < vy < vy < -+ <
vN, then {V;C},ICV:O is monotonically nonincreasing (dissipative). Assume we can show

%\\Vf(ymn? <Vn (Y30, Vo)., VFyn) ERY, fi €R). (€2)

To clarify, since {y;}, lies within span{yo, Vf(vo),...,Vf(yn)}, the Vy depends on
(yo, {V f (W) o, fer {vi} X, H?). If (C2) holds, the FSFOM with H* exhibits the convergence
rate

1
ﬁHVf(yN)H2 SVYy << Vo =wo (f(yo) = fo) +volyn, +] < vo (f(yo) = fo). (5
We now state our main H-duality theorem, which establishes a correspondence between the two types
of bounds for the FSFOMs induced by H and H*.

Theorem 1. Consider sequences of positive real numbers {u;}¥, and {v;}}¥ related through

v = uNlﬂ_ fori =0,...,N.Let H € RV*!N be lower triangular. Then,

[(C1) is satisfied with {u;})_and H] <«  [(C2) s satisfied with {v;}2.; and H*] .

Theorem 1 provides a sufficient condition that ensures an FSFOM with H with a convergence
guarantee on (f(zy) — f.) can be H-dualized to obtain an FSFOM with H4 with a convergence
guarantee on ||V f(yn)||?. To the best of our knowledge, this is the first result establishing a
symmetrical relationship between (P1) and (P2). Section 2.3 provides a proof outline of Theorem 1.

2.3 Proof outline of Theorem 1

Define

1Y 2
z, — xo + 7 Z (u; —wi—1)V f(xs)

1=0

Us =ty —un(flan) ~ £~ 5

1
Vi =Vx - S IVFun)I

Expanding U and V reveals that all function value terms are eliminated and only quadratic terms of
{Vf(z:)}¥, and {Vf(y;)} Y, remain. Now, (C1) and (C2) are equivalent to the conditions

[U20, ¥ (Vo). Vi) €R) ], [V=0 ¥ (Vi (). Vf(yn) €RY) |,

a4
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respectively. Next, define g, = [Vf(20)|Vf(z1)|...|Vf(zn)] € RN+ and g, =

V(o) V). |V f(yn)] € RN+ We show that there is S(H,u) and T (H*, v) € SN+
such that

U="Tr(0.S(H,u)gl), V=Tr(g9,7(H v)g]).

Next, we find an explicit invertible matrix M(u) € RWFDXN+1) guch that S(H,u) =
M(uw)TT (HA, v) M(u). Therefore,

Tr (9, S(H,u)gl) = Tr (9,T(H",v)g7)
with g, = g, M (u)T and we conclude the proof. This technique of considering the quadratic forms

of Lyapunov functions as a trace of matrices is inspired by the ideas from the Performance Estimation
Problem (PEP) literature [19, 55]. The full proof is given in Appendix A.

2.4 Verifying conditions for H-duality theorem

In this section, we illustrate how to verify conditions (C1) and (C2) through examples. Detailed
calculations are deferred to Appendices B.1 and B.2.

Example 1. For (OGM) and (OGM-G), the choice

1 1 1
{ul}J\; :(292v'~'72012\7— 7612\/)a {’07}1\; = (73--'a>
=0 0 1 =0 9]2\[ 29]2\771 298

leads to

Therefore, (C1) and (C2) hold.

Example 2. Again, define 27 = 2 — %Vf(z) for z € R%. Consider the FSFSOM s [44]

k k
$k+1:$:+m($$—1’g_l)+m(1’:—l’k) k:07...,N—2
(OBL-F,)
N =1h +7N_1 (x+ —zT )+7N—1 (x+ —TN-1)
N-—1 2(74—1) N-—1 N-2 2(7_’_1) N-—1 -
and
N -1 N -1
ot + +
=y +5—— W —v)+ 55— (vd —wo)
2(y+1) 2(y+1) (OBL-G,)

N-—-k—-1 N—-k—-1
yk+1=y;‘f+m(y$—yﬁl)+m(wﬁ—yk) k=1,...,N—-1

where y, = yo, v7, = zo and ¥ = \/N(N + 1)/2. It turns out that (OBL-F,) and (OBL-G,) are
H-duals of each other. The choice

{Ui}iI\LO:<L227'--7W772+V)a {vi}f\io: (ﬁvm77%>
leads to
N o —u v g v
i — Uj—1 0 it1 — Vg
U=) —— IV, V=g IV @I’ + D 5V F ) = Vi)l
i=0 i=0

where u_; = 0. Since U and V are expressed as a sum of squares, (C1) and (C2) hold.

Example 3. Interestingly, (GD) is a self-dual FSFOM in the H-dual sense. For the case h = 1, the
choice

N (2N+1)(i+1) N _ 1 N+4i
{udly= (..., BN oN 1), (ot = (s avrheT )

leads to

U= > (V@) Vi), V= > (Vi) V)
0<i,j<N 0<i,j<N
for some {s;;} and {t;;} stated precisely in Appendix B.2. V > 0 can be established by showing
that the {¢;;} forms a diagonally dominant and hence positive semidefinite matrix [29]. U > 0 can
be established with a more elaborate argument [19], but that is not necessary; V > 0 implies (C2),
and, by Theorem 1, this implies (C1).

q
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2.5 Applications of the H-duality theorem

A family of gradient reduction methods. Parameterized families of accelerated FSFOMs for
reducing function values have been presented throughout the extensive prior literature. Such fami-
lies generalize Nesterov’s method and elucidate the essential algorithmic component that enables
acceleration. For reducing gradient magnitude, however, there are only four accelerated FSFOMs
(OGM-G), (OBL-G,), and M-OGM-G [60], and [17, Lemma 2.6]. Here, we construct a simple
parameterized family of accelerated FSFOMs for reducing gradient magnitude by H-dualizing an
accelerated FSFOM family for reducing function values.

Let {;}, and {T;}¥ , be sequences positive real numbers satisfying t? < 27; = 2 Z;’:O t; for
0<i<N-—-1land tf\, <Ty = Z;VZO t;. Consider a family of FSFOMs

(Tk - tk)tk+1 ( + +

(7 — T)tps1 , 4
x, —x )
tka+1 k k 1) (

+
Tl = 27 + Ty — Tk (6)
+1 k tka+1 k )

fork =0,1,...,N — 1, where xfl = x¢. This family coincides with the GOGM of [28], and it
exhibits the rate [28, Theorem 5]
1 L
0 - Jx < == — Lx 2
Flan) = fu < 7= lleo — o
which can be established from (2) with u; = T} for0 <7 < N.

Corollary 1. The H-dual of (6) is

Tn_g—1(tn—g—1—1) (3 — Tn-k)(tn—r—1 — 1)
_ +_ o+ : +
Ye+1 = Yy + Y — Y Y — Yk
+1 k Tka(thlc _ 1) ( k k 1) Tka(thk _ 1) ( k )

fork=0,...,N — 1, where yfl = Yo, and it exhibits the rate

57 IV < 7 (Flao) ~ 1.).

Proof outline. By Theorem 1, (C2) holds with v; = 1/Tn_; for 0 < i < N. We then use (5). O

When T; = tf for 0 < ¢ < N, the FSFOM (6) reduces to Nestrov’s FGM [37] and its H-dual is,
to the best of our knowledge, a new method without a name. If t? =2T;for0 <¢:< N —1and
t%v = T, (6) reduces to (OGM) and its H-dual is (OGM-G). If t; =i+ 1for0 <i < N — 1 and
ty = /N(N +1)/2, (6) reduces to (OBL-F,) and its H-dual is (OBL-G).

Gradient magnitude rate of (GD). For gradient descent (GD) with stepsize h, the H matrix is the
identity matrix scaled by h, and the H-dual is (GD) itself, i.e., (GD) is self-dual. For 0 < h < 1, the
rate f(zn) — fo < sx7o751l%0 — o.4]|, originally due to [19], can be established from (2) with

{ud¥, = ( ey W, ..., 2Nh + 1). Applying Theorem 1 leads to the following.

Corollary 2. Consider (GD) with 0 < h < 1 applied to an L-smooth convex f. For N > 1,

fxo) — fu L |jwo — .|
2Nh+1 228 |h+1)(2[5Th+1) )"

1 2 .
o I F )l Smm<

To the best of our knowledge, Corollary 2 is the tightest rate on gradient magnitude for (GD) for the
general step size 0 < h < 1, and it matches [53, Theorem 3] for h = 1.

Resolving conjectures of A*-optimality of (OGM-G) and (OBL-F,). The prior work of [44]
defines the notion of A*-optimality, a certain restricted sense of optimality of FSFOMs, and shows
that (OGM) and (OBL-F,) are A*-optimal under a certain set of relaxed inequalities. On the other
hand, A*-optimality of (OGM-G) and (OBL-G,) are presented as conjectures. Combining Theorem 1
and the A4*-optimality of (OGM) and (OBL-F,) resolves these conjectures; (OGM-G) and (OBL-G,)
are A*-optimal.

A
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2.6 Intuition behind energy functions: Lagrangian Formulation

Ome might ask where the energy functions (2) and (3) came from. In this section, we provide
an intuitive explanation of these energy functions using the QCQP and its Lagrangian. Consider
an FSFOM (1) given with a lower triangular matrix H € R™V*¥ with function f, resulting in the
sequence {x; } . To analyze the convergence rate of the function value, we formulate the following
optimization problem:

sup flan) = fu

subjectto  f: R™ — Ris L-smooth convex, ||z¢ — z,|*> < R

However, this optimization problem is not solvable, as f is a functional variable. To address this,
[19, 55] demonstrated its equivalence to a QCQP:

sup f(IN) - f*
f
subject to  [z;, ;] <0 [i,5] € [-1,...,NJ?, |lwo — z4]]* < R?

where z_1: = z,. To clarify, the optimization variables are {V f(z;), f(x:)} o, f+» T0, and z,
since {z;} Y, lies within span{zg, Vf(z¢),...,Vf(zn)}. We consider a relaxed optimization
problem as [26]:

St}p flan) — fu

subjectto  [z;,x;41] <0, i=0,1,...,N—1, [a,x] <0, i=0,1,...,N,
(B . ||* < R?
Now, consider the Lagrangian function and the convex dual.
N-1 N
Li(f{aiyiset {bidio, ) = —f(zn) + fo + Z aizi, vip1] + Zbi[[l’*,ﬂl‘i]] + allzo — z.]|* — aR?
=0 =0

where {m}fi _01, {b;}N,, and « are dual variables which are nonnegative. Considering a_; = 0
and ay = 1, the infimum of £; equals —oco unless b; = a; — a;—1 for 0 < i < N. Therefore, by
introducing uy = % and u; = a;uy for 0 < ¢ < N, the convex dual problem can be simplified as
follows:

, LR?
inf -
{ui}l, 2un
I N-1 N
s.t. inf —un (f(zn) = f2) + = llwo — z]* + Z wi[zs, zipa] + Z(Uz —ui—1)[zs, 2] >0
1071*7{Vf(95i)}£v:0 2 i=0 i=0

N . .
{ui};Z are nonnegative and nondecreasing.

If the above two constraints holds for {u; }¥ , we have f(zy) — fi < ﬁRQ. This understanding
motivates the introduction of (2) and (C1). We can perform a similar analysis on the gradient norm
minimization problem with the relaxed optimization problem as follows:

1 2
Sl}p illvf(yN)H

subjectto  [y;, yir1] <0, i=0,1,...,N—=1, [yn,u] <0, i=0,1,...,N—1,
[va*HS()? f(yo)_f*SR

Finally, we note that although (2) and (3) both originate from the relaxed optimization problems, they
have been commonly employed to achieve the convergence analysis. The function value convergence
rate of OGM[26], FGM[37], G-OGM[28], GD[19], OBL-F,[44] can be proved by using (2) with
appropriate {u;}Y ;. The gradient norm convergence rate of OGM-G[29], OBL-G, [44], M-OGM-
G[60], and [17, Lemma 2.6] can be proved by using (3) with appropriate {vi}fio. We also note that
recent works [2, 25] do not employ (2) to achieve the convergence rate, particularly for gradient
descent with varying step sizes.

7
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3 H-duality in continuous time

We now establish a continuous-time analog of the H-duality theorem. As the continuous-time result
and, especially, its proof is much simpler than its discrete-time counterpart, the results of this section
serve as a vehicle to convey the key ideas more clearly. Let T' > 0 be a pre-specified terminal time.
Let H(t, s) be an appropriately integrable? real-valued kernel with domain {(¢,5) |0 < s <t < T'}.
We define a Continuous-time Fixed Step First Order Method (C-FSFOM) with H as

t
X(0) =m0, X(t)= —/ H(t,s)Vf(X(s))ds, Vte (0,T) @)
0
for any initial point 2o € R? and differentiable f. Note, the Euler discretization of C-FSFOMs (7)

corresponds to FSFOMs (1). The notion of C-FSFOMs has been considered previously in [30].

Given a kernel H (¢, s), analogously define its anti-transpose as HA(t, s) = H(T —s, T —t). We call

[C-FSFOM with H*] the H-dual of [C-FSFOM with H]. In the special case H (t, s) = ¢7(*)=7(%)
for some function v(:), the C-FSFOMs with H and its H-dual have the form

X(t) +5)X () + V(X)) =0 (C-FSFOM with H(t, s) = ?(*)=7(®))
Y(t)+4(T —t)Y(t) + Vf(Y(t) =0  (C-FSFOM with H*(t, s))

Interestingly, friction terms with 4/ have time-reversed dependence between the H-duals, and this is
why we refer to this phenomenon as time-reversed dissipation.

3.1 Continuous-time H-duality theorem

For the C-FSFOM with H, define the energy function
t

u) = 31X —aulP + [ (s)fe, X(s)ds ®)

for t € [0, 7] with differentiable u: (0,7) — R. If u/(-) > 0, then {U(t)}+[o,7) is dissipative.
Assume we can show

u(T) (F(X(T)) = fu) SUT) (¥ X(0), 24, {VF(X(5))}sepo,r) € RY). (C3)
Then, the C-FSFOM with [ exhibits the convergence rate
u(T) (F(X(T)) ~ f) SU(T) SUO) = J|X(0) — .

For the C-FSFOM with H4, define the energy function

V(t) = v(0)(f(Y(0)) — F(Y(T)) +/O V(s)[Y(T), Y (s)lds ©)

for t € [0,T] with differentiable v: (0,7) — R. If v'(-) > 0, then {V(t)}+cjo,7] is dissipative.
Assume we can show

1
SIVF@DIE <VT) (VY (0)AVF(Y ()} scporm € R?). (C4)
Then, the C-FSFOM with H4 exhibits the convergence rate

%HVf(Y(T))H? < V(T) < V(0) = v(0) (f(Y(0)) = F(Y(T))) < (0) (f(Y(0)) = f2) -

Theorem 2 (informal). Consider differentiable functions u,v: (0,7) — R related through v(t) =

ﬁ for t € [0,7T]. Assume certain regularity conditions (specified in Appendix C.2). Then,

[(C3) is satisfied with u(-) and H] < [(C4) is satisfied with v(-) and HA] .

The formal statement of 2 and its proof are given in Appendix C.2. Loosely speaking, we can consider
Theorem 2 as the limit of Theorem 1 with N — oo.

*In this paper, we avoid analytical and measure-theoretic details and focus on convergence (rather than
existence) results of the continuous-time dynamics.
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3.2 Verifying conditions for H-duality theorem

As an illustrative example, consider the case H (¢, s) = ‘;7 for » > 3 which corresponds to an ODE

studied in the prior work [50, 51]. For the C-FSFOM with H, the choice u(t) = 2(:7271) for the
dissipative energy function {U/(t)}£_ of (8) leads to

TX(T)+2(X(T) =) || +2(r=3) I X (T) —a. || r—3)s
UT) - u(T) (FX(T)) - £,) = | I =
For the C-FSFOM with H*, the choice v(t) = —L— = 2"=1) for the dissipative energy function

wWT—1) — (T—1)
{V()}E, of (9) leads to

1 RO Y (D)2 . [ 20—1)(r=3)||(T=s)Y (5)+2(Y (5)=Y (T))
V(T) — Z|VF(Y(T))|? = 2=De=3) [V (O-YD) +/0 [ e I,

Since the right-hand sides are expressed as sums/integrals of squares, they are nonnegative, so (C3)
and (C4) hold. (By Theorem 2, verifying (C3) implies (C4) and vice versa.) The detailed calculations
are provided in Appendix C.1.

3.3 Applications of continuous-time H-duality theorem

The C-FSFOM (7) with H (t,s) = Cptpsiﬂl recovers
p+1
t

an ODE considered in [56]. The rate f(X (7)) — fi« < 5575 |X(0) — 2, |? can be established from
(8) with u(t) = CtP. The C-FSFOM with H* can be expressed as the ODE

X(t) + ——X(t) + CP*" 2V f(X (1) = 0,

2p —

Y(t)+ Y () + Cp*(T = )" >V (Y () = 0. (10)
By Theorem 2, using (9) with v(t) = ﬁ leads to the rate
1 1
SIVI @) < o (FVO) ~ fo).

Note that the continuous-time models of (OGM) and (OGM-G), considered in [51], are special cases
of this setup with p = 2 and C' = 1/2. The detailed derivation and well-definedness of the ODE are
presented in Appendix C.3.

4 New method efficiently reducing gradient mapping norm: (SFG)

In this section, we introduce a novel algorithm obtained using the insights of Theorem 1. Consider
minimizing F(z) := f(z) + g(z), where f: R? — R is L-smooth convex with 0 < L < oo and
g: RY — R U {oo} is a closed convex proper function. Write F, = inf,cg» F(x) for the minimum
value. For a > 0, define the a-proximal gradient step as

©:9 — argmin <f(y) +(VI(y).z— ) +g(2) + % Iz~ yz) = Prox g (y - *Vf( )>

z€ERM

Y

Consider FSFOMs defined by a lower triangular matrix H = {hk,i}O§i< k<N as follows:

k
Tyl = Tp — Zahk+1,i (:vz — xz@’a) , Vk=0,...,N—1.
i=0
When g = 0, this reduces to (1). FISTA [11], FISTA-G [31] and GFPGM [27] are instances of this
FSFOM with a = 1. In this section, we present a new method for efficiently reducing the gradient

mapping norm. This method is faster than the prior state-of-the-art FISTA-G [31] by a constant factor
of 5.28 while having substantially simpler coefficients.

Q
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Theorem 3. Consider the method

@4 | (N—ktD@N-2k-1) (. 04 @4 (AN—4k—1)2N-2k—1) [, @4
Yk+1 =Y+ (Nk43)(@N 2k 1 D) (yk *yk—l) t SN R N2kt D) (yk *yk)

3 3
yv =yt + 25 (U — ) + 55 (v — o) (SFG)

fork=0,...,N — 2, where y?f = yg. This method exhibits the rate

Inm ||1)H <25L2HyN Yy H
'UGE)F(

N+2 N—l—3) (F<y0)7F*)'

We call this method Super FISTA-G (SFG), and in Appendix D.3, we present a further general
parameterized family (SFG-family). To derive (SFG-family), we start with the parameterized family
GFPGM [27], which exhibits an accelerated rate on function values, and expresses it as FSFOMs
with H. We then obtain the FSFOMs with H4 + C, where C is a lower triangular matrix satisfying
certain constraints. We find that the appropriate H-dual for the composite setup is given by this
H* + C, rather than H*. We provide the proof of Theorem 3 in Appendix D.2.

(SFQG) is an instance of (SFG-family) with simple rational coefficients. Among the family, the optimal
choice has complicated coefficients, but its rate has a leading coefficient of 46, which is slightly
smaller than the 50 of (SFG). We provide the details Appendix D.4.

5 Conclusion

In this work, we defined the notion of H-duality and formally established that the H-dual of an
optimization method designed to efficiently reduce function values is another method that efficiently
reduces gradient magnitude. For optimization algorithms, the notion of equivalence, whether informal
or formal [59], is intuitive and standard. For optimization problems, the notion of equivalence is
also standard, but the beauty of convex optimization is arguably derived from the elegant duality of
optimization problems. In fact, there are many notions of duality for spaces, problems, operators,
functions, sets, etc. However, the notion of duality for algorithms is something we, the authors, are
unfamiliar with within the context of optimization, applied mathematics, and computer science. In
our view, the significance of this work is establishing the first instance of a duality of algorithms. The
idea that an optimization algorithm is an abstract mathematical object that we can take the dual of
opens the door to many interesting questions. In particular, exploring for what type of algorithms the
H-dual or a similar notion of duality makes sense is an interesting direction for future work.
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A Proof of Theorem 1

Reformulate (C1) and (C2) into U and V. In this paragraph, we will show
CcH & [Uzo, (VVf(x0),- .., VI(wn) eRd)]
and
) o [Vzo, (VVf(yo),...,Vf(yN)eRd)]
Recall the definition of U and V.

L

U: ZUN—U,N(f(QL‘N)—f*)—E (11)

1Y 2
Ty — Xo + Z Zz:; (uz - ui_l)Vf(xi)

1
Vi =Vy = V)P (12)
First we calculate Uy — un (f(xNn) — fi).

Uy —un (f(z )*f*)
1 2
N +Z i) (1) = £+ (V@00 )+ IV 1 @I )

N—
2; () = 7+ (T o), = 2i00) 4 7190 0) = T )?) =y (Flaw) = £2)

DL g +Z — (Vf<xi>,x*—mi>+;Luwui)uz)

N—

;) < Vf(@ip1), 2 — Tig1) + %Ilvf(xi) - Vf($i+1)||2>

2 2

N

> (ui = uima)V f ()

=0

1

L U; — Uj—1
2 $0‘$*+ZTVfW 2L

=0

N

30— i) (V5o — a0+ 519500 1?)

?

>

—0
-1
=0

u; (<Vf(xi+l)7xi = Tip1) + %va(%) - Vf($i+1)||2> :

Note that all function value terms are deleted at o. Therefore,

v LS wovse +Z =) (V50 =) + IV I
o =0
Z () s = i) + IV @) - Vi) )
- (13)
and

Un —un (f(zn) — fx)
L $0*$*+Zul Uiz Lv (x;)

=0

=U+3
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Since (zg — x;), (x; — x541) € span {V f(xq),..., Vf(zn)}, the value of U is independent with

2
2o — s+ iy MLV S ()
Next, since xg, =, can have any value, we can take ¢y — z, = %V f(x;). Thus it gives the fact
that (C1) is equivalent to [U >0, (VVf(zo),...,Vf(zn)€R?) }

T, Tx. Thus the only term that depends on x( and z, is %

Now we calculate Vi — 1 [V f(yn)]|*.
1
VN — 3 IV £ ()l

- (f* ~ Flw) + 1||Vf<yN>2) oo (Fl) — 1)

v Z vess (Foies) = F) + (9 Fu)o = wiss) + 57 19000 = VI i) )

N-1

3 v = 00 (00) = F0m) + (V70 =+ 5 1950) = T I?) = 519 )

=0

(O) ’Uo

o IVFun )P+ Z Vi1 ( Vf(Yit1), ¥ — Yir1) + %IIVf(yi) - Vf(yi+1)2)

3 0 (1000 0+ 519700~ IO ~ 195 am )
=0

Note that all function values are deleted at (o). By the calculation result,

N—-1 1
=S + 3 e (970 i) + g9 50) = i)

N—1
+ ; Vi1 — ( Vi) yn — vi) + i\lvf(yi) - Vf(yN)Q) — %HVf(yN)H?
(14)

(C2) is equivalent to {V >0, (YVf(wo),....Vf(yn)€R?) } To establish Theorem 1, demon-

strating

[U20, (vVf(@o),....Vfen) €RY)| & [VZ0, (Y9f(w)...,V/(yn) €RY)]
(15)

would suffice.

Transforming U and V into a trace. Define
9ot = [VI(@o)|V (@)l |Vf(xn)] € RHD,
gy: = [VI@o)IVf ()l [V f(yn)] € RFD.

In this paragraph, we convert the U of (11) and the V of (12) into the trace of symmetric matrices.
The key idea is: For each (a,b) term where a,b € span{V f(zg),...,Vf(zn)}, we can write
a = g,a, b= g,b for some a,b € RIN+1X1 Then

<aa b> - <gataa grb> = ng;lc-gma =Tr (ng;gza) =Tr (ang;gx) =Tr (gxang.’.tr) . (16)

Also note that (zg — xz), (x; — wiy1) € span{Vf(xo),...,Vf(zn)} and (y; — yn), (y: —
Yi+1) € spaniv f ,Vf(yn)}. By using this technique, we observe that there exists
S(H,u), T(H that satlsfy

(1) = Tr (g.S(H,u)gl),  (12) =Tr (g, T(H*,v)g]).
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From now, we specifically calculate S(H,u) and T (H*,v). Denote {e;}¥, € RN+ X1 a5 3 unit
vector which (i 4+ 1)-th component is 1, e_; = ey11 = 0 and define H as

0 0

— (N+1)x(N+1)
=y o en |

Then, by the definition of g, and H, we have

1
gz€; = Vf(z;) 0<i<N, ZQI”HTeo =0, a7

1
—gmH €11 = LZh”gzeJ = LZhJVf zj)=a;— 241 0<i<N-—-L (18)

7=0

Therefore, we can express (11) with H, {u;}Y , g, and {e;}}¥; using (17) and (18) as

(11

2
- —% i(ui ui—1)Vf(zi)|| + i(ui —ui_q) <<Vf($i),xo e 21L|Vf($i)|2)
N-1 = z‘:ol
i P i (Wf(x”l)’xi = Tiy1) + E”Vf(xi) - Vf($i+1)||2)
1| & N X 1
Y ZZ:(:)(U Ui—1)gx€; z; — Ui (<gmei,Lg$HT(eO+...+ei)>+2L|g$ei|2)

N—-1
1 1
+ ; u; <<9mei+1, LngTei+1> + ﬁ”gz(ei - ez‘+1)||2> .

Using (16) induces (11) = Tr (¢, S(H, u)gT) where

S(H,u)
1 N N T
=35I (Z;(ui - u“)ei) (Z;(ui - u“)ei)
1 N 1 [&
+ E,HT lzui(eo + -+ ei)(ei — ei+1)T + ﬁ Zui(ei — ei+1)(e0 —+ 4 ei)T H
i=0 i=0
1 [
+ ﬁ ZUZ ((ez — eiH)eqT + ei(ei — ei+1)T) — uNeNeJTV] .
i=0
(19)
Similarly, we calculate (12). Define HA as a anti-transpose matrix of H:
0 0
A (N+1)x(N+1)
= eER .
" [HA 0]
Then, by the definition of g, and HA, we have
_ : 1 AT
gyei =Vf(y) 0<i<N, 79 (H*) eo =0, (20)
. )
79y (HA) €11 = LZthyeJ: LZh,]Vf Yi) =Y —Yi+1 0<i<N-1. (21)
7=0
1A
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Therefore, we can express (12) with H4, {v;}Y . g and {e;}}¥, using (20) and (21) as
(12)

N—1
+ Z Vig1 ( VfWis1),vi — vir1) + iﬂvf(yi) - Vf(yi+1)|2)

N—-1
+ 3 (i - ( Vi)~ )+ 57 195 - V) 1P
=0

N-1
Vo

1 1
= aent? + 3 v ({mvessss oy (M) ) + ot — e IP)
1=0

N-1
1 1
# 3 o = 00) (= (aveis Ty () Cenna - ew) )+ o lo(es = en)?)
i=0
We can write (12) = Tr (g, T (H*, v)g]) where
T(HA,U)

Vo

22,8080 ~

2LeNeN

N
Z (ei—1 —e€i)(ei—1 —en)T + (ei—1 —en)(ei—1 — ei)T)]

+i EN:M((HA)T(eHr ten)(ei—ei—1)T + (e —eil)(ei+...+eN)THA>]
=0
1[N 1 1
=9 ; - ((ei—1 —€;)(ei—1 —en)T+ (e;-1 —en)(ei—1 —€)T)| — 2uNLeOe(T) — ﬁeNeva
1 [ 1 T )
o ;w_i ()T (ei+ -+ +en)(ei — i)+ (e — ei1)(ei + -+ + en)TH )]'

(22)

Finding auxiliary matrix M (u) that gives the relation between S(H,u) and 7 (H*,v). We
can show that there exists an invertible M (u) € RV X(N+1) guch that

S(H,u) = M(u)TT(H”,v) M(u). (23)
If we assume the above equation,
Tr (928 (H, u)gl) = Tr (g, T (H*,v)g]) (24)
with g, = g, M (u)T. Since M (u) is invertible,
{glg € RZNHTDY = {gM(u)T|g € R}, (25)

Also, note that
(U=0 vVf(@o),...Vf(an)] & [Tr(g.SH.ugh)=0 vy, e RN
and
[VZO VVf(yo)v-u,Vf(yN)} & {Tr (gyT(HA,u)g;) >0 Vg, ERdX(N—H)]
By combining (24) and (25), we obtain
[ Tr(0.S(H,u)g) 20 Vg, € R*VHD)]
<=>[T1" (gyS(H’ u)g;jr) >0 Vg, € RdX(NJrl); Gy = gxM(“)T}
&[T (,S(H,u)g]) >0 ¥g, € RO,

To sum up, we obtain (15)

[Uzo vw(xo),...,w(m)] . [Vzo VVf(yo),---,Vf(yN)]

which concludes the proof.
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Explicit form of M (u) and justification of (23) . Explicit form of M (u) is

0o - 0 0 UN
0o - 0 UN—1 UN — UN—1
M= 0o - UN—2 UN-1 —UN-2 UN —UN-1| ¢ RINFDX(N+1) (26)
Up -+ UN-—2 —UN-3 UN-1 —UN-2 UN —UN-1
Now, we express M(u) = > mgj(u)ee], S(H,u) = 3 sjee], and T(HA v) =
0<i <N 0<ij<N
> tijee]. Calculating MT(u)T (H*,v) M (u) gives

0<ij<N

MT(u)T(HA, v)M(u) = Zmij(u)ejeiT Ztijeie;— Zmij(u)eie;
] ,J 0,J

Ztij (Z mik(u)ek> (Z mjl(u)el>
i k 1
= Z tijfi(u)fj(u)T.

Thus it is enough to show that > s;;e;e] and > #;;f; (u)f;(u)T are the same under the basis transfor-
1] 4,3
mation f;(u) = Y m;x(u)eg. From here, we briefly write f; instead f;(u), and f_; = 0. Note that
k

ui(e; —e;11) = (fv—y — fn—i—1), 0 < i < N by definition of M (u). Therefore, we have

N N
1 1
ZHT ;ui(eo +--te)(e;—e1)T = Z’HT 7':O(eo o) (Enoi —En_i1)T
1 N
T
ZHT l; elfN_i] .
Therefore, we can rewrite (19) as follows:
1 1 N 1
S(H,u) = — —fxEL + —HT ) IR N
(H,u) 2LNN+2L’H nge N—i +2L;N elH
1 N T T uUunN T
+ o ; [(fN—i —fy_ic1)e] +e(fv_ifn_i—1) } 5 eNeN
Lt S el o [ ity e] )
T o NN T o | 2 iGN | T g | 2L Mg NSy
N——— ) v

1

B

_|_
Sl
M-

S
I
o

[(foi —fn_io1)e] +ei(fv — foifl)T} - Z—ZeNe}V .

D,

C,
Similarly, by using
1

UN—i

EN—i —eN—i+1 = (fi - fi—l) = (fi - fi—l) ,

1R
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we can rewrite (22) as follows:

MT ()T (HA,v)M(u)
N
:i Z(eN—i+1 —en—i)(fi1 —fN)T+ (£i1 — fn)(en—it1 —en—i)T

=0

N
1 1
— S O — 5t + o7 AGE lz fiel . ZeNifJ] HA
i=0
1 .1 ; 1 .
=g o bofo +57 > hnoin-ifiel ;| + 3 > hnojn-ien—if]
&# ] 9,7
2 By
N
+ LZ(eN i+1 — enN )fT —|—f 1(eN i+1 — eN »)T——(eOfT —|—fNeT) —ifoT .
2L — —i+ —t)%—1 1— —it+ -1 2L N 0 2L N
Cs Az
(28)

For the final step, we compare (28) and (27) term-by-term, by showing X; = X, for X =
A, B,C,D.

* A; = A, comes directly.
* B; = B comes from changing the summation index : -+ N —¢and j — N — j.
* C = C; comes from the expansion of summation.

e Dy = D, comes from fy = uyeyn.
Therefore,
S(H,u) = MT(u)T (H*,v)M(u),
which concludes the proof.
Remark 1. 'We can interpret M as a basis transformation, where

unNen :f()7 ui(ei—eprl) :foi_foifl iZO,l,...7N—1. (29)

Remark 2. To clarify, the quantifier [VVf(z),...,Vf(zny)] in (Cl) means
Vf(zg),...,Vf(xn) can be any arbitrary vectors in RY, This is different from
[V£(z0),-..,Vf(zn) be gradient of some f: R — R]. The same is true for (C2).

B Omitted calculation of Section 2

B.1 Calculation of H matrices

OGM and OGM-G. [26, Proposition 3] provides a recursive formula for (OGM) as follows:

TP i=0,... k-2
hiy1: = %ﬁ: (hie—1—1) i=k—1 (30)
1+ 201 i=k
Okt :
Ifk >q,
0, —120,_1—1
hkt1,k—1 = T
b+l Ok+1 ot i 0141 et i 0141 Oiv1
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Thus Hogm can be calculated as

0 1>k
20, —1 i=k
HOGM(k +1,i+1) = k9k+1
0,—1 | 20,—1
Recursive formula [29] of (OGM-G) is as following:
%hk-ﬂ,i—&-l i=0,....,k—2
hit1,i = 991;:';: (hkt1i—1) i=k—1 €29)
14 2noroil i= k.
ON—k
Ifk >4,
OnN—r —120N_p—1 —1
hit1k—1= ;

ON—k+1 ON—k

h . On_i_1 — lh B B N—i—1 0 —1 . B N—i—1 0 -1\ 20x i —1
ktla = T o Mkl = 0 H k+1k—1 = H 7 5 .
N I=N—k+1 1F1 N Ot N—k

Thus Hpgum.g can be calculated as

0 1>k
- 1+ 291\794%1—1 i =
HOGM-G(k' + 1,’L —+ 1) = N 1N7]” s
i
0,—1 ) 20N—p—1—1 .
(lllglk 0lz+1> ON_k i<k

which gives Hogm.c = Hjgu-

Gradient Descent.  For (GD), H(i+1,k+1) = hj41,% = hd;+1, k+1, Where §; ; is the Kronecker
delta. Therefore, Hop = Hb.

OBL-F, and OBL-G,. Recall y = 7]\[(]\2’“) . We obtain the recursive formula of the H matrix
of (OBL-F,).
gk k=0,...,N—-2,i=0,...,k—2
1+ 2% k=0,....N—-2,i=k
ki%(hk’kfl_l) k=1,....N—-2,i=k—1
S P k=N-1i=N-1 32
y+1 - y & —
%%%quwa—ﬂ) k=N—-1i=N—2
-1 .
ST N1 k=N-1,i=0,...,N—3

By using the above formula, we obtain

2k _ S
1+m k—o,...7N72,Z—k
21(i4+1)(i42) _ o . _
Hoour, (k4 1.1 4 1) = 4 EEER k=0,...,N=2,i=0,...,k—1
-F, 5 _1 . . .
1+m k—N—l,Z—N—l
i(i+1)(i42) _ -
W k—N_l,Z—O,...7N—2
20
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Similarly, we achieve the following recursive formula of the H matrix of (OBL-G,).

s k=1,...,.N—-1,i=0,...,k—2
2(N—k—1) o -
hesns = ng VTR P Lok (33)
m(hk’kfl_l) k:].,...,N_:[,Z:k—].
1+W kZO,ZZO

By using the above recursive formula, we obtain

1_|_T+1 k=0,i=0
(N—k—1)(N—k)(N—k+1) _ 1 i
HOBLG(k+1i+1): (YD N(N+1) B b N Le=0
et Ly 2D F=Lo N-Lisk

2(N—k—1)(N—k)(N—k+1) k=1

e S e N—1i=1,.. k-1

— ITA
Thus HOBL—F,, = HOBL—Gb'

B.2 Calculation of energy functions

Calculation of U and V with H matrix In this paragraph, we calculate U and V. Recall (13)
and (14).

First, we put x541 — o = — 5 Z hit1,:V f(x;) to (11). We have
=0
1S g 1
= 5| 2ot~ VS| + ) (V20— + VSR
=0 i=
N—-1 1
3w (V1) s xi+1>+ﬁ||w<xi> - Viinl?)

1=0

N w 1—1 1 1
i — Ui—1
Z Cw )V +Z <Vf ), S b VA z]>> + 51V 7P
=0 57=0

N-1 ;
+ % <Vf(a?i+1)72hi+1,ij(xj)> + %va(l"z) — V(2|

i=0 §=0

By arranging, we obtain

v- ¥

2 (VF (@), V(x5))

0<j<i<N
where
—5(uy —un_1)® + Jun J=1n0
—é(u —ui1)? +uy j=14,1=0,...,N—1
Sig = wiliio1 — wi1 — (U — ui—1)(Ui—1 — ui—2) j=i—1

i—1
(Ui — ui,l) Z hl+1,j —+ ui,lhm- — (ul — ui,l)(uj — Ujfl) j = 07 e ,i — 2
I=j
(34)

21
23409 https://doi.org/10.52202/075280-1014



k
Recall that we defined u_; = 0. Next, put yx11 — yr = Z hi+1,:V f(y;) to (12). We have

1
V =V = 195w

N-1
_%HVJC(ZJN)H2 + Y vin ((vf(yi+1)ayi — Yi+1) + i”vf(yz‘) - Vf(yi+1)||2>

=0

N-1 1
£ (v - (Vﬂy» v =+ IV )~ THIP) -
1=0
N—

i=0 =0

S V) P

! 1 1
+ ) v <Vf(yi+1), 7 > hi+1,jvf(yj)> + 5 IVFy) — V(i)

N-1 1 N-1 1 1
=+ Z(WH —v;) <Vf Yi), Z Zhl+1,gvf Yj > + EHVf(yi) —Vfyn)I?
i=0

=i 7=0

By arranging, we obtain

V= Y BV V)

0<j<i<N
where
N-1
U V11—V . .
G B — (v — ) lz% hit1,0 i=0,j=1
v “+v. v v - N1
i+1 7 i+1—Uq y — Y —
5+ = (Vi — i) Y g i=1,...,N—1,j=1
vo—1 +M+Ni1 Yit1 =V i=N,]=1
2 2 , 2 =NJ=
i=0
tij =

UNhN,N—l —UN — (UN - UN—1)

=1

onhy ;= (Vi1 — V)

N—1 N-1
Vihii—1 — v — (Vg1 —vi) Y hiprion — (Vi —vic1) Y gy i=1,...,N—-1,j=i—-1
=i =i
—N,j=i—1

N—-1 N-1

UihiJ - (/UiJrl _Uz‘) Z hl+1,j —(’Uj+1 —’Uj) Z hlJrLZ‘ i:2,...,N— 1,j :0,...,
=i

=N,j=0,...,N—2

(35)

Now we calculate {s;;} and {t;;} for [(OGM), (OGM-G)] [(OBL-F,), (OBL-G,)] and [(GD), (GD)].

B.2.1 Calculation of energy function of (OGM) and (OGM-G)

We will show s;; = 0 and ¢;; = 0 for all i, j. By the definition of {u; }? _ and {6,} _,

ui—ui_1:29i2—29?_1:29i OSiSN—l,

UuN —uUN—-1 = 9?\7 — 29]2\771 = 91\].

Therefore, we have

77
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Now we claim that s;; = 0 when j # 4. In the case that i = 5 + 1, we have

Sii—1 = Uihii 1— Ui—1 — (Uz‘ — Uj— 1)( i—1 — Ui72)
— 1
= Uy ( - ) Uj—1 — - ui—l)(ui—l - Ui—2)

292(29711 1)—2931 40,0,y 0<i<N-1
0% (225 1) =203, 2010y i=N

=0.
We show s;; = 0 for j # 4 with induction on {, i.e., proving
i—1
8ij = (Ui — ui—1) Z hisaj 4+ wi—ihi; — (i — wim1)(u; —uj—1) =0, j=0,...,4—2
I=j

First we prove (36) fori = j + 2.
(wjr2 — wjp1) (Bjg1j + Bjpo ) + ujrihjpe; — (Wie2 — wjpr)(uy — uj—1)
=(wjt2 = wjr1)hj1; + ujrehjioj — (w2 — i) (u; — ujo1)
_ {29j+2hj+1,j +20% 5hja, — 405420, 0<j<N-3
B ONhN_1 N—2+ O0%hn N2 —20NON_2 j=N—2
=0.
Next, assume (36) for ¢ = 9. When¢ =19 + 1,
io

(i1 — ig) Y P+ wighig1j — (wig 11 — wig) (g — uj1)

1=
io—1
= (i1 = wip) | D husa +higsr | + wiohigr1 — (Wigr1 — tig)(uj — uj 1)
1=j
Uiy — Wig—1)(Uj — Uj—1) — Uig—1Rig, 5
=(Uig41 — Uiy) <( to — ip=1) (g = 1) = ig 1 P, + hio+17j> + wighig 41,5
uio - uio—l

— (Wig 1 — wiy) (uj — uj—1)

Uig—1(Uig+1 = Uig)

=Uio+1Mig 41,5 —

10,J
ui() - uio*l
462 10,
2 —1Yip+1 .
205,11 lig+1j — 55, Nigy 0 <ig <N =2
- 2
2 20N 29N P
Onhio+1,5 — —5gn 7 Niow io=N—1

=0
where the second equality comes from the induction hypothesis, and the third equality comes from
(30). In sum, we proved s;; = O for every 4 and j, which implies U = 0.
Next, we will claim that ¢;; = 0 for all 4, j. Firstly, explicit formula of Hogm.g(k + 1,7 + 1) first.

When k > 1,
ON-k —10N_p41—1 On_io1 —120n 1 —1

H, clk+1,i+1) =
oowo(k +1,i+1) ON—k+1  ON—k+42 On—i ON—k

7 612V—k —On—k 6‘12V—k-+1 — ON_k+1 9]2\/—1'—1 —ON—i—120N__1—1

C ON—kON—k+1 ON—kt1ON k2 ON—i—10Nn—i ON—k
912V—k—1 912V—k o 0]2\/'_,'_2 20N _p—1 — 1

ON-kON—k+1 ON—k41O0N—ky+2  ON—i—10N_; ON—k
0% 120Nk 1—1)
6]2V i— 19]\]

A
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N1
To calculate {t; ;}, it is enough to deal with the sum ) h;41 ;, which can be expressed as

=i

e .:O .:.
N—-1 2 l y ] =1 . .
ZhlJrl)j: On—i i=1,....N—1,7=1
I=i On_i_ . . .
' 9N—];]912v71]-71 t=1,....,.N-1,7=0,...,i—1

(37

By inserting (37) in (35), [t;; = 0, V4, j] is obtained, which implies V = 0. (37) and (35) are also

stated in [29, Lemma 6.1].

B.2.2 Calculation of energy function of (OBL-F,) and (OBL-G,)

First we calculate {s;;} for (OBL-F,). Recall u; = W for0<i<N—landuy =2+~

where v = \/N(N +1)/2. When j = i,

Sii — {
UN—;J«N—l i=N

— {_% (Z n 1)2 + (i+1)2(i+2) _ ui—;i—l 0 S i S N -1

(uN — uN_1)2 + %UN i=N

(ui—ui,1)2+ui 0<i<N-1

NI= N[

Nl

Now we claim that s;; = 0 when j # 4. In the case j =i — 1, we have

Siie1 = Wihi i1 — i1 — (ug — ui—1)(Ui—1 — Ui—2)
_ {““’2(”2) hijo1r— ) (4 1) 0<i<N-—1

(P +9) hvyor = HEH =N =N
=0.

We show s;; = 0 for j # 4 with induction on ¢, i.e., proving

i—1

Sij = (ui — ui_l) ZhH_Lj + ui_lhm - (ui - ui_l)(uj — Uj_1) =0 j = . ,i— 2
1=j

(38) holds when 7 = j 4 2 since

(wjr2 — wjr1) (Bjg1j + Bjpo ) + ujrihjpe; — (Wipe — wjpn)(uy — uj—1)
=(ujr2 — wjr1)hj1,j +ujrahjro; — (wive — ujpa)(u; — uj—1)
B {(j + 3y + Iy~ (+3)(+1) 0<j<N-3
- Yhn-in—2+ (VP +Y) hyy-2—7 j=N-2
=0.

24
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Assume (38) for i = ig. Fori = ig + 1,

o
(g1 = i) D I g + Wighigi1,j — (Wig 11 — ) (5 — 5 1)
1=
10—1
=(tig 11 — wig) | D hugrg + higr1g |+ wiohior1,j — (Wigg1 — tig)(uj — ;1)
1=

Uiy — tig—1) (U — Uj—1) — Uig—1hig;
=(Uig+1 — Uiy) (( - - ),EL,J _ UJ 1) oot 4 h¢0+1,j> + wighig1,j
10 10—
— (i1 — wiy) (uj — uj—1)
Wig—1(Uip+1 — Uip)

uio - uio —1

h

=Ujo+1Nig+1,5 — i0,J

_ (i0+2)2(i0+3) higits — io(igailr(io)w) hig; 0<ig <N —2
(72 +7) by = SR Ry 1 do =N~ 1

=0.

N—1
Next, we calculate {¢;;} for (OBL-G,). We need to deal with the sum ) h;11,, which can be
I=k

expressed as

(N+2)(N—1) S0 s
1 + W 1= O7 J = 0
N-1 (N—i+2)(N—i+1)(N—i)(N—i—1) . o
> s = v :
, N —i42)(N—i+1)(N—3)(N—i—1 . .
I—i AN NG+ (N -372) i=53+1,...,N—-1,j=1,....,.N—-1
1+ A==t i=j,4j=1,...,N—1
By combining vy = 721+7, v; = (N—i+1)1(N—i+2) for 1 < i < N and (35), we obtain

1 i=N,j=N
1 v, . .
SNONTD) 2 i=0,5=1
fo— U0~ NNT) i=N,j=0
N 1 . .
N—)(N=it1)(N=i72) i=1,...,.N-1,j=1
2 . .
_(N—i)(N—i-‘rl)(N—i-‘,-Q) Z:N,jzl,...,N—l
0 otherwise
o i=N,j=N
T i=0,....,N—-1,j=i
) —vigs o i=N,j=0,...,N—1
0 otherwise
Therefore,
t ) g v
j 0 i+1 — Ui 2
V= 3 VI). Vi) = g IV + Y T IV ) - V)
0<j<i<N i=0

75
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B.2.3 Calculation of energy function of GD

We calculate {t;;} first. Recall that {v;} , = (2N1+1, e (2N+11;[(J§\f_i+1) . ) and h;11 % = ik
to (35), and making {¢;; } symmetric gives us
30 i=3j,i=0
Vi i=j,1<i<N-1
b= Yoy -1 i=j,i=N

% (Umin(i,j) - vmin(i,j)+1) i 7& J-
We can verify that the matrix {t;;}o<; j<n is diagonally dominant: ¢;; = |} i i |. Therefore,

S BV F(yi), VF(y;)) > 0forany {Vf(y:)}1o. This proof is essentially the same as the
0<i,j<N—1
proof in [29], but we repeat it here with our notation for the sake of completeness.

Next, we prove that (GD) with h = 1 and {u;}¥, = ( . %, .o, 2N + 1) satisfies (C1),

by showing more general statement:

(GD) and {u;} Y., = ( o
Note that (39) gives

2Nh+1)(i+1)
2N —i .

., 2Nh + 1) satisfies (Cl)} 39)

(Nh+ 1)(F(ex) — ) < Uy <UL = & llag — ] (40)

Later in the proof of Corollary 2, we will utilize the equation (39). The result (39) is proved in [19,
Theorem 3.1], and we give the proof outline here.

In order to demonstrate (39), we will directly expand the expression Uy —upn (f(xn) — f*), instead
of employing U as a intermediary step. Define {u/}Y ,: = ( ey @NHL(+D) - ,2N + 1). Then

2N —1i 4
Uy —un (flzn) = f*) = = Tr(g7g5)
where g = [V f(z0)|...|Vf(zn)|L(xg — 2*)] € RdX(NH and S € SN2 is given by
N
=1 1)
A = [uo|lur —ug|...luy —un—_1]", 5" = 221>7th11 (hSo + (1 —h)Sy),
No1
Z EZ 61+1€ + ee z+1 + (e; —eir1)(ei — €i+1)T)
=0
N up —uj
+ (eileo+---+eim1)T+ (eo + -+ eim1)e] +eie])
=
e Nl —
- z e+ 3

i=0
Now we will show S > 0 to obtain [Uy — un (f(zn) — f*) >0, Vg], which is (C1). By using
Sylvester’s Criterion, Sy > 0 follows. S; > 0 follows from the fact that S; expressed by the sum of
positive semi-definite matrices zz7. Since the convex sum of two positive semi-definite matrices is
also positive semi-definite, " = h.Sy + (1 — h)Sy > 0.

Next, we argue that det S = 0. Indeed, take 7 = (1,...,—(2Nh + 1))T to show ST = 0, which
gives det S = 0. Note that the determinant of .S can also be expressed by
1 -
det(S) = (2 —AT (S A) det(S"). A1)

We have shown that S’ = 0, (41) implies % — AT (Y )71 A = 0, which is the Schur complement of
the matrix S. By a well-known lemma on the Schur complement, we conclude S = 0.

7A
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B.3 Omitted proof in Section 2.5

B.3.1 Omitted calculation of Corollary 1

Here, we will give the general formulation of H-dual FSFOM of

l'}c+1:«Tk‘f'ﬁk(xg_xg,l)+7k($z_$k)7 k=0,...,N—1. 42)
Proposition 1. The H-dual of (42) is
yrir =y + B (U —vi) + 9 (i — k), k=0,...,N—1 (43)
where
8 = BN—k(BN-1-k +IN_1-k)
BN—k +YN—k
;N k(BN—1k +YN—1-k)
Tk BN—k + YNk

fork =0,...,N —1and (Bn,7n) is any value that By + yn # 0.3

Proof. The H matrix {hy, ; }o<i<r<n satisfies
1+ Bu+y, i=kk=0,...,.N—1
hi+41,i = < Br (hgi — 1) i=k—-1,k=1,...,N—1
Brhei i=k-2k=2.. N-1
Therefore,

k
Rit1: = H Bi | (Bi + i + k)
j=it1
where dy, ; is a Kronecker Delta function. Similarly, H matrix of (43) {gx,; }o<i<k<n satisfies

k
Jk+1,i = H Bi | (Bi + i + 0n.i)
j=it1

_ ﬁ Bn—j(BN-1—j +YN=1—5)

BN-1—i +YN-1—i + Ok
BN—j +YN—j (B N ki)

j=it+1

k
= II Bv-i | Bryekes +n—ic1 + On—ko1n—ic1).
j=it1
Thus gx11,; = hy—i N—1—k- O

Now we derive the H-dual of (6) by applying Proposition 1. Note that
B = (T — ti)ti+ _ (6 =Ttk

D1  tTe
Next, define Sy and 7y as a same form of {/3;, %}f\fol with any ¢y 11 > 0. Note that

trsr (2 — tg tiorr (t — 1
Br + v = +(k ): 1 )
tka+1 Tk+1

By applying the formula at Proposition 1, we obtain

Nk (ty g 1—1)
(In-k —tv-k) " (Tvep —tv-i)(tveie1 = 1) Tv_poa(ty—p-1— 1)

k=0,...,N—1.

)

/ = = =
F 2 —tN—k Tn—k(tn—r — 1) Tn—k(tn—k — 1)
and
tn—p(tn—p_1—1)
= (o = Tv-r) == _ (X — Tn—k) (N1 — 1)
b 3 —tN—k Tn—k(tn—r —1)

3Here, note that FSFOM (43) is independent with the any choice of Bn,yn since y1 = yo +
(B +70) (yo+ - Z/o) =yo+ (By-1+Yn-1) (yo+ - ZJO)-

27
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B.3.2 Proof of Corollary 2
First, recall (39) when 0 < h < 1:
(2Nh+1)(i+1)

[(GD) and {u; }1¥, = ( T 2N — i

Additionally, observe that the H matrix of (GD) is diag (h, ..., h), which gives the fact that the
H-dual of (GD) is itself.

Next, use Theorem 1 to obtain

s  2Nh + 1) satisfies (Cl)}

. 1 N+ .
GD) with 0 < h < 1 and {v;} Y, = tisfies (C2)| .
[( ) wi < h<1land{v;};, <2Nh+1 GNhE (N =it D) )sals es ( )}
(44)
By using the same argument with (5), (44) gives
1 ) 1 1 1
Py < <WVo= s — M)t s lun, vl £ 55— —Jf)-
S IVINII < Vv <Vo = grmy (Flwo) = £ + gy o sl < 57 (Fwo) = f)
(45)
In addition, we can achieve the convergence rate of the gradient norm under the initial condition of
[[o — @]
1 9 1 L 9
Py < oo ) S ey i — Ty
S IV H I < iy (Few) = £ < e g oo —
and
1 1 L

1
i”vf(xQN—&-l)Hz < AN A+ (fzn) = fo) < N+ Dh 1) 2Nk + 1)

The first inequality comes from (45) and the second inequality comes from (40).

= lleo — .l

B.3.3 Proof of A, -optimality of (OGM-G) and (OBL-G,)

Definition of A*-optimal FSFOM. For the given inequality sets £, A*-optimal FSFOM with
respect to [£, P1] is defined as a FSFOM which H matrix is the solution of following minimax
problem:

minimize maximize f(xy) — f
ninimize maxi (zn) = fu

subject.to. [zg,...,xzy are generated by FSFOM with the matrix H| (46)
Vi e L, f satisfies {]

lzo — @.|* < R?

Similarly, .A*-optimal FSFOM with respect to [£, (P2)] is specified with its H matrix, which is the
solution of the following minimax problem:

1
inimize maximize — ||V 2
n;glﬂéglgve i oL || f(ZUN) H

subject.to. [yo,...,yn are generated by FSFOM with the matrix H] (47)
VI € L, f satisfies ]

Fo) — . < %LR2

Here Rg *N is the set of lower triangular matrices. Next we denote the inner maximize problem
of (46) and (47) as P1(L, H, R) and P»(L, H, R), respectively. For a more rigorous definition of
A*-optimal FSFOM, refer [44].

Remark. We discuss the minimax problems (46) and (47) and their interpretation. Specifically,
we consider the meaning of the maximization problem in these minimax problems, which can be
thought of as calculating the worst-case performance for a fixed FSFOM with H. In other words, the
minimization problem in (46) and (47) can be interpreted as determining the optimal value of H that
minimizes the worst-case performance.

7R
https://doi.org/10.52202/075280-1014 23416



Prior works.  The prior works for A*-optimality are summarized as follows. Consider the
following sets of inequalities.

Lr ={[zs, zi1 ]} X" U { [z, 2]}
N-1
Z{f(l‘i) > f(@iz1) + (Vf(@it1), 2 — 2iq1) + i”vf(ﬂ?i) - Vf(ﬂfi+1)\|2}i:
U{f* > f@i) + (VF(i), 20 — @) + illvf(a:i)\ﬁ};,
Lo ={[yi, vira 110" U{lun, will Fiso" U {lyw, +]}

={#00) = Flyia) + (VT ia)owi = via) + 57 VT () = V5 i)

N-1

=

U{5m) 2 £ + (V£ — ) + 5 IV 5w~ Vi wl?)
U{#m) 2 o+ g 19701},

Lo =l D" U Iy wi] — 5197w~ T am)IP} U fows] — 52 197wl
N-1

={F0) 2 Flin) + (VT ) v — i) + 5 IV F08) —~ VS i)
N-1

U{rem) = 160 + 95w — w0} U{rom) = 1.},
Lr = {5 U {2l - gV}

:{f(:vi) > f(wiy1) + (Vf(@iv1), 2 — Tig1) + %va(mi) - Vf(fﬂi+1)\|2}
N

U{# 2 r@) + V@, -0}

=0

=0

N-1

1=(

and

Lexact ={[%i, 5]} 5,5)e{x,0,1,..., N}2-

(OGM) is A*-optimal with respect to [Lg, (P1)] [26]. Furthermore, (OGM) is also .4*-optimal
under [Lexaer, (P1)] which implies that (OGM) is the exact optimal FSFOM with respect to (P1). In
addition, the A*-optimality of (OGM-G) with respect to [Lg, (P2)] was presented as a conjecture in
[29], (OBL-F,) is A*-optimal with respect to [Lg/, (P1)] [44, Theorem 4], and the A*-optimality of
(OBL-G,) with respect to [Lg/, (P2)] was presented as a conjecture [44, Conjecture 8]. 4

In the remaining parts, we give the proof of the following two theorems.

Theorem 4. (OGM-G) is A*-optimal with respect to [Lg, (P2)].

Theorem 5. (OBL-G,) is is A*-optimal with respect to [Lg/, (P2)].

*Originally, the inequality set suggested that (OBL-G,,) would .A*-optimal is which (f(y~x) > fx) is
replaced with (f(yn) > fo + 52 IV f(yn)|?) in Lo

70
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Proof of A*-optimality of (OGM-G) We provide an alternative formulation of P»(Lg, H, R) by
using the methodology called PEP [19, 52]

maximize [ (o)

sublect 0. f(yer1) = S0 + (VFor), e = visa) + 57 IV ) = VI[P S0, 7= 0,0 N =1
£ = Fow) + (V5w o — i) + 57 IVF () — VAP <0, i=0,.., N ~1
fot 52 IV < Flon)

f(yO) - f* < %LRQ

1< ,
yi+1:yi—zzhi+1,ij(yj), i=0,...,N—1
=0

(48)
Next, define F, G, {e;}¥, and {x;} ¥, as
(Viwo), V) (Vi) VIw)) - (Vo) Vlyn))
G = : : : e SN+
(Vfn),VEn)) (Vfyn), V) - (V) Vi)
f(y()) - f*
Foe f(yl)ff* R(N+1)><1,
flyn) — f+
e; € RV*1 is a unit vector which (i + 1)-th component is 1, and
1 .
yo:=0, Yi+13:}’i_zjz::0hi+l,jej i=0,...,N—-L
By using the definition of F, G, {e;}, and {y;} ¥, P2(Lg, H, R) can be converted into
1
L 1 T
minimize 5T Tr (Genel;)
subjectto F(e;o1 —e€;))T+ Tr (GA;) <0, ¢=0,...,N—1
F(el—eN>T+Tr(GB1)SO, Z:O7..,N—1 (49)

1
—Fel, + 5 Tr (Geyel;) <0

1
Fe] — 5LR2 <0

where
1 1 .o :
A, = §€i+1(}’i —yit1)T + 5(3’1‘ —Yir1)ej + 3T (i —eiy1) (e —eiy1)
1 1 1
B; = §ei(YN —-yi)T+ §(YN —yi)el + 5T (e; —en)(e;—en)T".

Moreover, under the condition d > N + 2, we can take the Cholesky factorization of G to recover
the triplet { (v, f(v:), V.f (y:))}o.> Thus (48) and (49) are equivalent. The next step is calculating
the Lagrangian of (49) and deriving the Lagrangian dual problem of it. In [54], they argued about the
strong duality of (49).

>Cholesky factorization is unique if G > 0 but it may be not unique if G > 0. In this case, we choose one
representation of Cholesky factorization.
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Fact 1. Assume h;;1,; # 0for 0 < ¢ < N — 1. Then the strong duality holds between (48) and (49).

Denote the dual variables of each constraints as {d;}~ ', {\;}X;', 65 and 7. Then Lagrangian
becomes

L
LONT,F,G)=F-X"+Tr(G-T) - 7'2 R
where

N-1 N-1
X = Z di(eir1 —e;) + Z Ai(e; —en) — dnen + Teg,
i=0

=0
N—-1

N-1
1
T = 2 0;A; + ; B+ —eNeN — ieNeN

If [ X = 0and T = 0] is false, we can choose F and G that makes the value of Lagrangian to be
—o00. Thus the convex dual problem of (49) is

maximize —%RQ
S\, T
maximize minimize £(0,\,7,F, G) = { subjectto X =0, T >0 . (50)

O\, T F,

0;>0, A>0, 7>0

For the constraint X =0, \; =6; — §;_1 for1 <i < N — 1,7 =dy and —dg + A9 + dy = 0. By
substituting v;4+1 = §; for 0 < ¢ < N — 1 and vy = d, (50) becomes

maximize f%RQ
S\, T
maximize minimize £(J,\,7,F,G) = { subjectto T > 0 . (5D
V0,---yUN F,G -

0<v<---<wn

Therefore if strong duality holds, P2(Lg, H, R) becomes
minimize MR2
vV0,---UN 2 (52)
subject.to. T > 0, 0 < vy < --- < wp.

We can apply a similar argument for P; (Lg, H, R). To begin with, define {£;}_, as a unit vector

of length N 42 which (i + 2)-component is 1. Additionally, define {x;}¥,, {C;} ¥ ! and {D;}Y,
as follows:

1< .
Xp ‘= f_l, Xi4+1 = X — ZZhH_Ljfj 1= 0,.. .,N - 1,

=0
1 1 1 (53)
Ci:=Sfia(xi —xip )T+ S (xi = xip ) + 57 (B —fin) (Fi = fi0)7,
2 2 2L
1 1 1
D; = —~fxT — —x;f7 + ——£,£7,
A T

Then, if the strong duality holds, the problem
maxifmize flzn) — f«
subject.to. [zo, ...,z are generated by FSFO with the matrix H| (54)
[Vl € Lk, f satisfies []
lwo — .]|* < R?
is equivalent to
L
maximize —— R?
UQ sy UN QUN (55)
subject.to. S = 0, 0 <wup < --- < up,
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where
L N-1 N
S = gf—lfil —+ Z uiCi + Z(ul — ui—l)Di~
=0 =0

By using Schur’s Complement,

S>>0 < S'*>0

Hence (55) is equivalent to

L
maximize —— R?
UQ;---, UN unN (56)
subject.to. 8’ =0, 0 <wup < --- < uy.

Now we will prove the following proposition.

Proposition 2. Consider a matrix H = {h; j}o<j<i<y and HA. If h;y1; #0for0<i < N —1
and treating the solution of infeasible maximize problem as 0, the optimal values of P;(Lg, H, R)
and Py(Lg, HA, R) are same.

Proof. To simplify the analysis, we can consider {f;} , as alength N + 1 unit vector, as all terms

with f_; can be eliminated by using S’ instead of S. With this simplification, both S’ and T belong

to SN+,

Next, let 0 < ug < u; < -+ < uy and v; = u;_, for 0 < ¢ < N, noting that 0 < vy <
- < wy. Itis important to observe that S’ and T can be expressed in terms of S (H,u) and

T (H A v), respectively. Furthermore, in the proof of Theorem 1 (A), we proved that S(H,u) =

M(uw)TT (HA, v) M(u) for some invertible M (u). Thus,

S(Hu) =0 < T(H*v)>0.

Therefore, we obtain

(ao,...,aN) E{(UO,...7UN)|S/EO,0<U()§-~'§’LLN} (57)
if and only if
1 1
(,...,) € {(vo,...,on)|T=0,0<vy <---<wn}. (58)
an aop

For the next step, we claim that the optimal value of (56) and

L
maximize —— R?
UQ,---sUN UN (59)

subject.to. 8" =0, 0 < ug < -+ < uy

are same, i.e., consider the case when all u; are positive is enough. To prove that, assume there

exists 0 = up = -+- = ug, 0 < upg1 < --- < uy and H that satisfy S’ = 0. Next, observe that
the fi.f] component of S’ is 0 but fj, 1] component of S’ is w41 hj41,5 # 0, which makes S” = 0
impossible.

When the optimal value of (52) is 0, it implies {(vg,...,vn)| T = 0,0 < vy < --- < vy} is an
empty set. Therefore, {(ug,...,un)|S" > 0,0 < up < --- < up} is also empty set. Since (59)
and (56) have the same optimal value, the optimal value of (56) is 0.

If the optimal value of (52) is positive, the optimal values of (56) and (52) are the same since (57)
and (58) are equivalent. O
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Proof of Theorem 4. Hogw is the solution of (46) since (OGM) is A*-optimal with respect to L
and (P1). Additionally, if

(46) = maximize Pl (£F7 H7 R) (60)
H,hit1,:7#0

holds, Hogm is the solution to the following problem due to the strong duality.

.. .. L _,
maximize maximize — R
H,hit1,i#0 uo,..un 2UN (61)

subject.to. S = 0, 0 < wug < --- < uy.

Applying Proposition 2 and using the fact Hogm.g = H, S‘GM provides that Hogp.g is the solution of

. .. . vl _,
maximize minimize — R
H,hit1,:#0 vo,...,uN 2 (62)

subject.to. T =0, 0 <vg < -+ <wpy.
Finally, if
(47) = maximize P;(LF, H, R) (63)

H,h;t1,i7#0

holds, the optimal solution of (47) is the Hogm.g, Which proves the A*-optimality of (OGM-G) with
respect to Lg and (P2). The proof of (60) and (63) uses the continuity argument with H and please
refer [44, Claim 4]. O]

Remark of Proof of A*-optimality of (OGM-G). We proved that (OGM-G) is A*-optimal if we
use the subset of cocoercivity inequalities. Therefore, it is still open whether (OGM-G) is optimal or
not among the L-smooth convex function’s gradient minimization method.

Proof of A*-optimality of (OBL-G;). We provide the proof that the H matrix of (OBL-G,) is the
solution of

minimize Ps(Lg, H, R) (64)
HGRg XN

To begin with, bring to mind the A*-optimality of (OBL-F,): (OBL-F,) is A*-optimal with respect
to the [L/, P1], i.e., the H matrix of (OBL-F,) is the solution of

minimize Py (Lp, H, R). (65)
HeRY*N
To prove the A*-optimality of (OBL-G;,), we use the A*-optimality of (OBL-F,).
Under the assumption of strong duality, we could change Py (Lg, H, R) into the following SDP:
L
maximize —— R>
g, un  2UN (66)
subject.to. S1 = 0, 0 <wup < -+ <upy

where

L N-1 N 1
_ L T C. o T opeT
Sl - 2f—1f71 + ; uzcz + ;(ul u’L—l) <Dz 2Lf7,ft > .

Here we used the same notation with (53). Each ﬁfif; term is subtracted from the original S since

we consider the inequality [z;,z.] — 5-||V f(z;)||? instead of [z;, z.] for Lp.. Moreover, (66) is
equivalent to

L
maximize —— R?
UQ .-y UN unN (67)

subject.to. 87 =0, 0 <wp < --- <uy
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28
I
]
g
Q
Jr
] =

N N T
. (uz — ui,l) (Dz — 21LfoZT) — % (Z(ul — uil)fi> <Z(Uz - uzl)fz) .

i=0 i=0
Similarly, under the assumption of strong duality, Ps(Lg:, H, R) is equivalent to

L
minimize 2~ R
V0, UN 2 (68)
subject.to. T; =0, 0 <vg < --- <opn

where

N—-1 N-—-1 1 1
T1 = ; ’UZ'+1A_Z' + ; (’Ui+1 — ’Ui) <B1 — ﬁ(ez — eN)(el- — eN)T) — ieNe}V.

Now we will prove the following proposition.

Proposition 3. Consider a matrix H = {hy ; fo<i<r<ny and HA. If h; 1 ; #0for0 <i < N —1
and treating the solution of infeasible maximize problem as 0, the optimal values of Py (L, H, R)
and Py (L, HA, R) are same.

Proof. The proof structure is the same as the proof of Proposition 2. First consider {f;}2 , as length
N + 1, which gives S}, T; € S¥*!. Furthermore, in the proof of Appendix A, we proved that

S} = M(u)TTiM(u).
Therefore,
Si=0 & T=0.

The other steps are the same as the proof of Proposition 2. O

Proof of Theorem 5. Hogw is the solution of (46) since (OGM) is A*-optimal with respect to L
and (P1). Additionally, if

(46) = maximize P1(Lr, H, R) ©9)

H,hiy1,:7#0
holds, Hogwm is the solution to the following problem due to the strong duality.

. . L
maximize maximize —— R?
H,hit1,;7#0 uo,...,uN QUN (70)

subject.to. S = 0, 0 <wug < -+ < up.

Applying Proposition 2 and using the fact Hogm.g = H, 640M provides that Hogp.g is the solution of
.. . ’UQL 2
maximize minimize — R
H,hit1,i7#0 v0,...,UN 2 (71)
subject.to. T > 0, 0 < vy < --- <wp.

Finally, if
(47) = maximize P;(Lf, H, R) 72)

H,hiy1,:7#0

holds, the optimal solution of (47) is the Hogm.g, Which proves the A*-optimality of (OGM-G) with
respect to Lg and (P2). The proof of (69) and (72) uses the continuity argument with H and please
refer [44, Claim 4]. O
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C Onmitted parts in Section 3

C.1 Omitted calculations in Section 3.1

Strictly speaking, (7) is not a differential equation but rather a diffeo-integral equation. However, if H
is separable, i.e., when H(t, s) = ¢#*)=7(®) for some 3, y: [0,T) — R, then (7) can be reformulated
as an ODE.

Assume the process (7) is well-defined. We can alternatively write (7) as
t
X(0) =z, X(t)=—e® / PEOVF(X(s))ds. (73)
0

By multiplying e”(*) each side and differentiating, we obtain

X(1) +40) X (¢) + "IV (X () = 0.
The H-dual of (73) is

Y(0) =z9, Y(t)=—-PTY /te_V(T_S)Vf(Y(S))ds.
0

Under the well-definedness, by multiplying e ~#(T %) each side and differentiating, we obtain
V() + BT —t)Y(t) + P TD7T=07 (v (1)) = 0.
When 5(s) = v(t) = rlogt, two ODEs become

X(t) +X(0) + VX (1) =0 (74)

and
r

7 X+ VX (1) =0, (75)

Y(t) +

which are introduced in Section 3.2.
For the calculations of energy functions of (74) and (75), refer [51, Section 3.1, Section 4.2]. They
proved that

(r = 1) IX(0) — . |* =7 (FXT)) — ) 4 [T (0) + 20X (D) )|

= 3) |IX(T) — o + / Cr- s x| as - / " 96X (s), . Jds

holds for (74) and

1 -r+3
= (FV(0) = V(D) + —

1 9 T ._3 . 2 T 9
=1 IVl +/O mH(T—S)Y(s)+2(Y(s)—Y(T))H ds—/o Y (9. Y (s

IY'(0) = Y/(T)|”

holds for (75). After arranging terms, we obtain the results in Section 3.2. ©

C.2 Proof of Theorem 2

To begin with, we give a formal version of Theorem 2. Consider two following conditions.
u(T) (f(X(T)) = f7) <U(T),  (VX(0),2",{VF(X(5))}sepo.r) € A1) (C3)

%HVf(Y(T))H2 <V(T), (VY(0),{VS(Y(5))}sepo.r € A2)- (C4')

where A; and A; are family of vectors which makes Fubini’s Theorem can be applied and will be
defined later in this section.

SIn [51], they considered the ODE which gradient term is 2V f (Y (t)) instead of V £(Y (t)).
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Theorem 6 (Formal version of Theorem 2). Assume the C-FSFOMs (7) with H and H# are well-
defined in the sense that solutions to the diffeo-integral equations exist. Consider differentiable

functions u, v: (0,7) — R that v(t) = ;7 for t € [0,7] and

(i) lima_you(t) =0

(i) limys_g 0(s) (F(Y(5)) = S(Y(T)) + (VS(Y (), Y(T) - Y(s))) = 0.

(iii) f is L-smooth and convex.
Then the following holds.

[(C3') is satisfied with u(-) and H] < [(C4') is satisfied with v(-) and H4] .
Calculations of energy functions via transformation Frist of all, we calculate U(T) —
u(T)(FX(T)) - f*).
UT) - u(T) (F(X(T)) - £*)

=5 IX(©0) — | + / " (5) (FX () — F* + (VX () 2" — X(8)))ds — u(T) (FCX(T)) — %) ds

1 * T 1 * T Y
=5 1XO) =P+ [ (9 (VAX 6" = X ds— [ uts) (VX (9. X (5)) s
T
3 1XO0) =P+ [ () (94X ()" = X0 ds

T T )
+ [ ) (VA ). XO) = X)) ds = [ u(s) (VA (). X () ds

T
- /O W (5)V (X (s))ds

T 2
X(O)—x*—/o o (5)V (X (s))ds

T T )
+ [ ) (VA ). XO) = X ds = [ u(e) (VXK () s

We used parts of integration and «(0): = lim,_,o u(s) = 0. Since X (0) — z* can have any value,
(C3) is equivalent to

2

T
- /O o (5)V (X (5))ds

T T .
4 [ (VI ). X0 - Xods - [ ul) (VX)) K(s))ds =0 76
0 0
holds for any {V f(X (s))}sejo,77-
Now define a transformation { fs € Rd}SG[O’T] — {ygs € Rd}SG[O’T] as
T
gs: = u(s)fs —|—/ u'(2)f.dz, s€10,T) (77

and {g, € R} ,cpo,r) = {fs € R} sepo,1)-

T ./
fo: :ﬁmﬁ(gs—g@)—/s Z(l(f)’lm—go)db, selor). T8

One can show that the above two transformations are in the inverse relationship. Next, we calculate
U(T). Define f,: = V f(X(s)). Under the transformation (77), we can find a simple expression of
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(76).

T T
76 == 5 lool® = [ w(6) (o X(5) = XO s [l

=—§||go||2—/ <fs/X da> /OT
=~ glool® = [ ) (g [ Kwraayas+ [ [,
@_;”%”2_/; <X(a),/ féds> da+/OT/O H{(s,a) (u(5)fs, fo) dads

1 T S
—— ool [ ] H(s.0) (fange) dads.
0 0

ds

+
Q

) (X
<fs/X da>ds

5)fs, fa) dads  (79)

We used Fubini’s Theorem at (o). Next we calculate V(7).

V(T) = (Y / gy =y V) = FY () + (VO (3), ¥ (T) = Y () ds

- ) s+ [ u((TT_Sjl V(1) = Y (), VI (¥ () = VOV (7)) ds

T q 1
+/0 - (f(Y(s)) = f(Y(T)) +(Vf(Y(T)),Y(T) - Y(s)))ds

(© 1 /(T - s)
Iy -y (@) + [ ) - V(9,95 () - Vv @) ds

- /OT ﬁ (¥ (5), VIV () = VSV (T)) ) ds.

(o) comes from parts of integration and the assumption

lim v(s) (f(Y(s)) = fF(Y(T)) + (VS(X(T)),Y(T) = Y(s))) = 0.

s—=T

To clarify, v/ (T — s) = u/(2)|,=1—s. Now briefly write g;: = V f(Y(T — s)). Then

T) ~ ¢ VAV (D)
1

ool = s [ (Vs [T () - (6~ ol s
[} (Yoo )i

= lool?+ [ =) < [ @dagr. - go> ds
- u(lT)AT <90 Y(s )>ds AT ﬁ <Y(5)79T—s - go>d8

© ||go|| +/ <_u(1T)gO_u(T1_ 5 (gTs—go)Jr/Os Z;(TT__bl))l (gTb_go)db,Y(s)>ds.
(30)

7
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We use Fubini’s Theorem at (o). Finally, using (78), we obtain

V() — 5 IV (D)

=gl | e ¥9)) s

1 T s
= glanl+ [ (fre [ #2a)gr-ada ) ds @)
0 0

1 T .
=3 llgoll” +/ <fT—s,/ H(T —a,T - s)gT_ada> ds
0 0
1 5 T s
= 5 ”gO” + H(s,a) <faags> dads.
0 0

Proof of Theorem 2 Define A; and A5 as follows.

A1 = {{fs}se[o,r)|Analysis in the previous paragraph holds},
Az = {{gs}se[0,r]|Analysis in the previous paragraph holds}.

Now we prove Theorem 2. We have shown that (C3’) is equivalent to (76) > 0 for all
{Vf(X(5))}sepo,r] € Ai. By definition of Ay, it is equivalent to

1 T S
_5”90”24_/ / H(s,a)(fa,gs)dads >0
o Jo

for any {g, }sej0,7] € A2. Moreover, by (81), it is also equivalent to

1 s 1
3 looll+ [ [ H(s,0) fusg0) dads = V(D) = IV 2 0
o Jo
for any {gs}sejo,r) € A2, which is (C4').
C.3 Omitted parts in Section 3.3

Regularity of (10) at t = —7. To begin with, note that ODE (10) can be expressed as

W(t) = —22=LW(t) — Cp*(T — )P 2V (Y (1))
Y(t) = W(t)

fort € (0,T). Since right hand sides are Lipschitz continuous with respect to W and Y in any
closed interval [0, s] € [0,T), solution (Y, W) uniquely exists that satisfies above ODE with initial
condition (Y'(0), W(0)) = (yo,0). Next, we give the proof of regularity of ODE (10) at terminal
time 7 in the following order. The proof structure is based on the regularity proof in [51]:

G) sup HY(t)H is bounded
te[0,T)

(ii) Y (t) can be continuously extended to T
i) g ¥ =o

() lim =t = CpV (Y (T)).

t—

Step (i): sup HY(t) H is bounded. ODE (10) is equivalent to

t€[0,T)
b e+ =T Y opvy(s) =0 82)
(T — 5)p—2 (T —s)p1 P -
1R
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By multiplying Y(s) and integrating from 0 to ¢, we obtain

/Ot(T_ls)H<Y(s),Y(s)>ds+/ot(T2f;ilHY H ds + Cp? /t<Y(s)7Vf(Y(s))>ds:0

and integration by parts gives us

s VOl = sz PO+ [ g [P0 s+ 00t vy - sorony =0

Define ¥(¢t): [0,T) — R as

W) = gz VO + O () = £ ).
Since
10 = g [V o

U(t) is a nonincreasing function. Thus

[V =20 — 12 () + €0 (Y (0) — 5 (1)) < 27772 (9(0) + € (F(Y () ~ 1)
(83)

and the right hand side of (83) is constant, which implies M := sup HY(t) H < oo
tc[0,T)

Step (ii): Y (¢) can be continuously extended to 7. We can prove Y () is uniformly continuous

due to the following analysis.
t+o t+8
/ Y(s)ds|| < / HY(S)H ds < 5M.
t t

Since a uniformly continuous function g: D — R9 can be extended continuously to D, Y: [0, T') —
R< can be extended to [0, 7).

Y (t+9)—

Step (iii): lim HY(t)H = 0.  We first prove the limit lim HY(t)‘ = 0 exists. From C.3,
t—=T— t—=T—

we know tlin{l Y (¢) exists and by continuity of f, tlirjr} f(Y'(¢)) also exists. Moreover, U(t) is
—T— —T—

non-increasing and

W) = gz [V |+ o ) - 1) = 08 (1~ 1Y),

thus lim W(t) exists. Therefore, tlim (H (t))p” 7 exists, which 1mphes hm HY H = 0 when
—T

t—=T—

p > 2. For the case p = 2, thI} HY(t)H exists, and hm HY H = 0 follows since we have
t—T—

Y<0>H2/Ot(T_?;>,_1HY<s>

is bounded below. Thus the value of integration is finite.

1 2
ds

() = o

Step (iv): tgr%li % = CpVf(Y(T)). The (7)form of process Y is

V) = /O WW(Y(S))CJ&

20
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By dividing (7' — t)?~! each side, we obtain

(TY(;))’.m - (T— t)p/o (TCZ)pHVf(Y(S))ds.

By the result of C.3, we can apply L’Hopital’s rule, which gives

Jo B V(Y (5))ds

: Y (t) . T—syr 1
Iim ————— = — lim

t—T— (T —t)p~1 t—T— (T —1t)=r

Also, since V f is L-1=Lipshitz, |V (Y (t)) — V(Y (]))|| < L||Y (¢t) — Y(T)||. Therefore,

1 VAV (1) ~ V(YD)
t—T— (T — t)ﬁ

= CpVf(Y(T)).

=0 (84)
for any 8 < p.

Applying Theorem 2 to (10). For the case p = 2, refer [5S1]. Now we consider the case p > 2,
with u(t) = Ct? and v(t) = ﬁ First, we verify conditions (i) and (ii) in Theorem 6. (i) holds
since «(0) = 0, and (ii) holds since

Jim o) (F(Y(s)) = FYV(T)) +(VF(Y(T)), Y(T) = Y(s)))
Lo f(V(s) = fOV(T) + (V(Y(T)), Y(T) = Y (s))

—C 31—1>11r}— (T — S)P
w1 VeV () - Vi D))
SO —p(T — s)p—1

@0 1 . Y (s)
0L <W,Vf<y<s>> - Vf(Y(T))>
(o) uses L'Hospital’s rule and (e) uses the limit results at the previous paragraph.
To prove

1 2 1

S IV < &7 (F(0) = F(Y(T))),

we carefully check that for any L-smooth convex function f, {V f(Y (s)) }sejo, 1) € As.

Verification of (80). Fubini’s Theorem is used for

/o<s,a<T Lo ffépT_)l (V(0), (VI () = VI V(D))

- / e (@) (VA () = VYD)

C(T — s)p+t’
The above function is continuous in 0 < s,a < T due to fEI%l_ $ = CpVf(Y(T)) and (84)
with 5 =2 < p.

Verification of (79). First,
Y(t)-Y(1 Y (¢

tll)r:p_ (T —typ  t>T- W =-CVf(Y(T))
holds from (iv). Thus supy¢ g, 7 H w H < 00. Now we will show

al_i)rﬁo attef, =0, Ve>O0.

an
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Observe

1 1 Ty
Jo= CTr gO+CTP(a_gO)_/a W(gb_ga)db
and
- a1+e a1+6 T a1+e
|a' " fal| = oTr gO+CTP( 90)*/@ W(gb*ga)db
a1+6 a1+6 T pa1+e T pal-l—e
< — — db —— |lga — db
< |G+ G =) | + | B o= sl b+ [ Lo o — ol
alte alte T Lpa1+e T Lpa1+e
< o1r 90 + CTr (9a — 90) Ot 1Y (T —b) = Y/(T)| db + i Tl |Y(T —a) = Y(T)| db
alte alte T ||y (T =b)-Y(T)
< o0 + == oTr (9a — 90) +/a Lpa o H db
La'te (1 1
+ (- ) VT -0 - Y@l
By using the boundness of W, we obtain the desired result.
Next,
e s | [ et o]
0
a Cfp2b2p71
< /0 P (| foll db
a (jp2b2p—2—5 Ite
- | S sl
CvZ
=1 sup Hbl""f H 7]) at,
b€[0,a] —l—e¢
which gives
lim o> P"2X(a) =0, VO<e<2p—1.
a——+0
For the final step, recall that Fubini’s Theorem is used for
/ 1g<osP™t <fS,X(a)>dads.
0<a,s<T n
To prove that the above function is continuous, take any 0 < € < Z5=. Then
. —2c4+2p—3 , X(a)
i p—1 < 1 §44444447 < > — 2e+2p—3 o a\a)
eodin [t (e @) = g N (@ 1)) = i [l R i |

which gives the desired result.

D Omitted calculation in Section 4

D.1 Preliminaries

General proximal step and composite FSFOM For a > 0, we newly define a prox-grad step with
step size %f as follows:

g s argnin () + (V5.2 =) +2) + 5 1 =)

z€RE

First, we will provide a generalized version of prox-grad inequality; Prox-grad inequality is originally
used to prove the convergence of FISTA as below [11]:

(85)

L
F(y®) =Ly —y,z—y®h) < Fa) + Sy™" -yl
a1
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Proposition 4 (Generalized version of prox-grad inequality). For every z,y € R?, the following
holds:

L
(z,y)*: = Fy®*) — F(z9%) - La <y®’o‘ —y, x5 — y@’a> - =

5 Iy = yl* <o.

Proof. The optimality condition of (85) provides
Lo(y®* —y) + Vf(y) +u =0, uedg(y®"). (86)

In addition, L-smoothness of f and convexity inequality of f and g give

Fy®®) < fy) +(Vf (), y®* —y) + glly@’“ —ylI? + g(¥®)
g™ ) + (u, 2™ —y®) = g(y® ) + (~La(y®* —y) = Vf(y), 2% —y®*) < g(a®),
FW) +(Vf(y),z9% —y) < f(a®9).

Summing the above inequalities provides the generalized version of prox-grad inequality. O

Two problem settings for the composite optimization problem. For the composite optimization
problem, we consider the following two problems.

(P1") Efficiently reduce F(z%®) — F, assuming z, exists and [|zg — x| < R.

(P2') Efficiently reduce Min,, ¢ o, ) |v]|* assuming F, > —oc and F(y,) — F, < R.
Note that when g = 0, (P1”) and (P2’) collapse to (P1) and (P2), respectively.

Parameterized FSFOM that reduces the composite function value : GFPGM [27] First define
Tyt = argming pa F'(z). We recall the composite function minimization FSFOMs with z?’o‘ by a
lower triangular matrix {hy ; }o<i<k<n as follows:

k

Thpr = — 3 ahppr (@ —
1=0

5, Vk=0,...,N—L (87)

In the case g = 0, (87) collapses to (1) as a (z — 2%%) = (z — z%) = 1V f(2). The iterations of
GFGPM are defined as

T — ti)t t2 —Tp)t
Tht1 :x§’1+w (w;?’l—x?fl) +M (m?*l _l'k)a k=0,...,N—-1
tk 41 t Tkt
(83)

where %' = zg and [t; > 0, T; = 23:0 t; < 2 for 0 <4 < NJ. (88) reduces the composite
function value as follows:

11

®,1 2

Flzy )—F*Sﬁillxo—w*ll : (89)
We can reconstruct the convergence proof of [27, Theorem 3.3] via our energy function scheme,
which is defined as

k-1 k
L
U, = 5\\330 -z + ;uz'(]a:i, zi)t + ;(ui — i) (T, i) (90)
for k = —1,..., N. The convergence rate result (89) is proved by using that {Z/lk]k]\[:71 is dissipative,
and
N 2N
L L(T; — t; 2
Uy —Tn (F(I%’l)*F*> =3 IO*ZE*ﬂL;(Uz*Uz—l)(%*x?l) +§ ( 5 ) ‘ ?’1*%‘
oD
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Here, we can make a crucial observation.

The formulation of (90) is same with (2), which all [, -] are changed into (-, -)* and u; = T}.

()
Moreover, we can express the recursive formula of the H matrix of (88) as
(tr—1)try1 -
L+ Trt1 1=k
het1,6 = % (he—1—1) i=k—1 . 92)
Tl g, | i=0,.. k-2

As we used a parameterized family in the convex function (see Section 2.5), we will use these
convergence results to construct the method for minimizing min,, 5, . [[v]|?.
JN

Relationship between minimizing % v — yNH2 and minimizing min,c,(,e.) [|v]%
Note that La(y5® — yn) + Vf(yn) +u =0, u € dg(ys™), which gives

min|ol” < ([VF(uv) = VAE] + Lollyy —v§])° < 2o+ 12 oy — s3]
veOF(Y) (o) (®)

(93)

() is triangle inequality and (o) comes from the L-smoothness of f.

D.2 Proof of Theorem 3

In this section, we give the proof outline of Theorem 3 and discuss the construction of matrix C.

Proof outline of Theorem 3. We begin by proposing a parameterized family reduces
2 )
2 Hy%a — YN H under a fixed value of @ > 0. To construct this family, take {t;} Y, T; = Z;:o tj

that satisfies (96). We define the H matrix of the family as (éHo + ﬁC) A, where Hj has the same
formulation as the H matrix of GFGPM (88) and C' follows the recursive formula (97). We refer to
this family as (SFG-family).

We can prove that (SFG-family) exhibits the convergence rate

al o 1
S Iy = ynl* < 7 (Flyo) = F.), (94)
2 Tn
which is motivated by the observation (¢). In parallel with (¢), we consider the energy function
k—1 k—1
F(yo) = Flyn'™) + -1, 50D 1 1 1
Vi = i Ji “ - s Yi «
g In Jrz TNfifl(]y i) Jrz In—i-1 Tn-i lony i)

1=0 1=0

fork =0,..., N, which [yy, ] changed into (y_1, yo)®, all other [-, -] terms changed into (-, -)*
and v; = ——.
g Tn—i

(94) follows from the fact that {V; }}¥ is dissipative and

al
THZJ%Q —ynl* < Vw.

Detailed justification is given in Appendix D.3.
For the next step, we show that (SFG) is an instance of (SFG-family), under the choice of

i+2)(i+3)

o =4, Ti:< 0 , 0<i<N.

The detailed derivation is given in Appendix D.4.

Vi%e
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Finally, combining the convergence result

4
2Ly 0 — NP < VN < Vo< —————— (F(yo) — F,
lyn™ —ynlI" < Vv <V < (N+2)(N+3)( (%0) )
and (93) gives
50
. 2 2 ®,4

< 25L H — H ———(F —F,).
eanm, [[ol|” < U N S mrpyv g ey o) — )

Construction of matrix C'. Define

g: = La[yo — y?’a|. yn — y%’a].
For an FSFOM (87) with matrix H1, we have Vy — 2 ||y — yn||? = 325 Tr (¢7gT®) with
N

1
T =a? ZT (Hi(ei+ - +en)(e;—e—1)7 +(ei—ei—1)(ei+-~-+eN)TH1)]
As
N
+a Z ((eim1 —e€i)(ei—1 —en)T + (ei—1 —en)(ei—1 —€;)T) — LeoeS —enel
i=0 Tn—i Tn
B3
N—-1
Qo aT 1 o Lot
+ Tn epe ; Tvois e;e; T eyey

where e_; = 0, e; is a unit vector which (i 4+ 1) — th component is 1 and RV*! and H;: =

0 0
[ ] If we take H, that makes 7% > 0, Vy > O‘TLHy%O‘ — yn||? follows. Next we observe

H 0
L A3+ 1By =T(Hy,v) forv; = 17_ which is defined as (22). By expanding (91) and defining
g: =L[xg— 2.y — m%a],

Uy =Ty (P - F) — = |0 — 2 + Z —u)(@i — 2| =Tr (g (6)7 S9)

follows where
N-1

§%: = S(Hy,u) Z L —t7)

Here, u; = T;, and S(Hy, u) is given by the formulatlon (19). Using (91), we obtain

N-1
S(Ho,u) =Y (2T; — t7)ese] + (Tn — ti)ene).
i=0
Now recall matrix M (u) (26) and the result of Theorem 1:
S(Ho,u) = M(u)TT(HE, v) M (u). (95)

By substituting H; = L Hg' + X and using (95), the result is

M) TTEM(u) =a

N-1
Z (2T; — t2)e;e]l + (T — t?\,)eNe]Tvl

1=0

Moo
+ @MW) |3 o (XT(es + - +en)(e — ei—1)T + (e — ei_1)(e; + -+ en)TX) | M(u)

= Tn_i

Ay
N—1 1
+ M(u)" —eoeo gT N TOeNe]TV] M (u)
C3

a4
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X 0

Next, consider A4 as a function of the lower triangular matrix X. The key observation is that if we
choose X" appropriately, all non-diagonal terms of C3 can be eliminated. With this choice of X', we
have

0 0
where X': = .

N N e i-2
T® :aZ(2ﬂ- — t2)e;e] — Toepe]d —Z ll —Q—tfzf ee].
=0 j=0 J

T;_
i=1 v

Note that 7% contains only diagonal terms. Therefore, 7% = 0 is equivalent to all coefficients of
eieiT being nonnegative, which can be formulated using ¢; and 7.

Remark. In the proof of Theorem 1 ( B2 and B; at (27) and (28)), we have shown that

N
A4:aﬂEZGWWWK%—%HK%+”“+%V+4K%+'“+%ﬂ%—%HVXA-
1=0

Observe that (e; — e;,1)(eg + - -+ + €;)T is a lower triangular matrix and X4 is a strictly lower
triangular matrix, i.e., all diagonal component is 0. Thus it is worth noting that .A4 cannot induce any
diagonal term e;e], choosing matrix C' as the optimal one.

D.3 Parameterized family reduces the gradient mapping norm

2
FSFOM that reduces i Hy%o‘ — YN H in the composite minimization. We propose the param-

eterized family that reduces 5+ [|yy* — yNH2. For fixed a > 0, take {;}Y,, T; = Z;:O t; that
satisfies the following conditions:
Oé(ZTO — t%) Z To,
(96)

k—2
Mﬂkﬁp>ﬁ+ﬁ i+zi k=1,...,N
T Tk To =T T

where we define Zf:_(? £ = 0 for k = 1 case. We define an lower triangular matrix C' =
{Ck,i}0§i<k§N as
= i=0,k=0
t t "2, T, .
Cht1i =\ T T—’;+thOTj+kal i=k k=1,...,N—1 N CH)
j=
trosr (Ti—t . .
ettt i=0,...k—1,i=2...,N-1

Matrix C has a crucial role in the correspondence between composite function value minimization
. . . L . A

and composite function gradient norm minimization with H — (éH + %C’) .

Proposition 5 (SFG family). Assume that we choose Hy matrix of (88), and define C as (97).

Consider an FSFOM (87) which H matrix is (éHO + %C)A. Such FSFOM can be expressed as

Yk+1 = y]?)a + B}; (ylﬂj’a - y]iB_,O{) + ’Y]/c (y]?7a - yk) ) k= 07 sy N — ]-7
_ N-k(BN-1-k +YN—1-k)

g = BN-k(BN-1-k + YN=1-k) o=
g BN—k + YNk 7 F BN—k + YN—k ’ (SFG-family)
tk+1(Tk - tk) tk+1(ti — Tk) 1
po= Bzt - Benll =T 1
teT11 k U Ty a "t

and yefia = 9. Then it exhibits the convergence rate

ol 1
— v —ynll* < =— (F(yo) — F¥).
2 TN

ViR
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Proof of Proposition 5. To start, we give the claim about matrix C'.

0 0
Claim1. C: = [ c 0] satisfies the following equality.

N
2 (Z Ti(ei — eH_l)(eo + -+ ei)T> C

1=0
1 1 N[ 72 21 o9
=3 N+ N = Theoe] = D | 1D | eie]
— Tia N-ity—i ¥ T oo =\ Tia o §=0 T; e

where {e;} Y is a any basis of RV *1, ey 1 , f_; are zero vectors and {f;} ¥, are another basis of
RN+ which is defined as

Ti(e;—eiy1) =fy_i —fy_i—1, i=0,1,...,N.

The proof of Claim 1 will be provided after the proof of Proposition 5. To begin with, for the FSFOM
with matrix (éH o+ %C’)A, define the energy function

o
Ju

« k—1
F(yo) — Fyy'®) + (y—1.y0)® 1 1 1
Vi = 15 Y1 o - ) iaa
y TN * ; Tn—i—1 s yora)” + In—i-1 TN ly 4

3

I
o

fork=0,...,N. {Vi}¥_, is dissipative since (-,-)* < 0. This energy function is inspired by (3).
Note that if we can prove

alL
5 Iui® —unl® <V, (99)

then

L (03 1 (e
% vy —yzv||2 <Yy <W < T (F(yo) — F(yy™) < 7 (F(yo) — F¥).

1
Tn
Thus, it is enough to show (99). Defining g;: = La(y; — yze’a) for 0 < i < N gives

«a e a 1 1 9
(yir y)* = F(y;"®) — F(y) )95y = yi) + 795595 = 90) = 575 19ill”

La
o 12a—-1
(y—1,90)® = F(yy™™) — F(yo) +

2
. 202 HQOH .

4A
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Plugging the above equalities provides

L
a0* (Vi - 5 4% - ux )

= = 1 2 — 1
=2La” i+1,Yi — Yi - i YN — Yi -~ 2 - 2
o g o e wen) + 3 (gt ) o~ + 25 lal? —a o]
N-1 N-1 ) 1
+ (20 (git1, 9it1 — gi il?) + ( - >2ai;i_ — llg:ll?
2 T el gi) = llgial*) ; o 7o) (adengi—on) = llail?)
N N— 1
= (g i (9i+1,Yi — Yit1) Zg <TN o TNZ‘) <gz’ayNyi>>
N-1 N-1 N
o 2 2, O 2
+ T ——llgi1 =il +Z( T Z) lgi = gn 1> — allgn || +TN|9N|]
N— 1 N-1 )

+ —allgi|* + (a —1)||g; + ( )—04 24 (a—1)]|gi?
> TN,H( o+ @~ Dleal?) + 3 (= ) (ollonl (e Dl
a—1 5 9

+ Tn g0l Tn lgn |l

N-1 1 1
= 2L i+1 - iy — Y
a ( 3 TN — (g1 35— Y1) + Z <TN“ TNi) (9iryn yz>>
=g = a a @

n o — aill? + SR N PTE BN 2, @ 2
> gl ol s X (TN_z_ 7o)l = ox P = alox P+ 7l
@ =g

2
g bl = 2 =
Next, define g: = [go|g1 - - - |gn] and
" 0 0 2 {0 o}
Vo GHo+ o)t o] TV Ho o)
By the same procedure as the proof of Theorem 1, we obtain 2La? (VN —al|lye* —y NH2) —
Tr (gTgT®) where
D 1 T T T
T® =a’ Z (HT(fi 4+ ) (i = fi)T + (B — fio0)(fi + -+ f3)THa)
i OTN A
AT 1
+a Z ((Fim1 —£)(fimy — )T+ (Fi1 — fn)(Fim1 — £)7) — —fof] — fnf}
TN Tn
N-1
« 1 1
X pgT FET — — £y fT
Iy O ; Ty 0 T " N]
And consider the vector e; € RVTDX1 which is same with (29).
In the proof of Theorem 1 ((27), (28)), we have shown that
Z (T B (6 — )T (6 — o) (6o + )T
2Lz i Tn_;

1 (H] CT [ 1 [E Hy C

2L< +a2> ;Ti(eo—i—---—l—ei)(ei—eHﬂT +i ;E(ei—ei+1)(eo+-~-+ei)T <a+a2

a7
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and

N
1 1 1 1
— £ — )y — )T+ (Fq — En)(Fy — £)7) — ——— £ fT — — £ T
QL;TN—i(( 1= f)(fir — )T+ (fimy —Ev)(fion — £1)7) arer 0o ~ op vy
1 N N T
=-37 (Z(Tz - Ti—l)ei> (Z(Tz - Ti—l)ei>
i=0 i=0
1 [
+ E ;Tz ((el — eH_l)eiT + ei(ei — ei+1)T) — TNeNe}V]
under the above transformation. Therefore, 7% can be expressed as
HI o cr\ [& al "o C
T =a? ((; + oﬂ) ZTi(eo +ote)(ei —eip1)T| + ZTi(ei —eit1)(eg+ - +e)7 (ao + a2>
i=0 i=0
N N T N
+ o ( (Z(Tz - Ti—l)ez) (Z(Tz — Ti—l)ei> + ZE ((e; —ejq1)e] +ei(e; —eiq1)T) — TNeNeJTV]>
i=0 i=0 i=0
o =g 1
+ | —ffT — £,f7 — —fnNf]
Ty 0 ; Tn_1-; T, VN
=ad+ B+ ifofoT
Tn
where
N N
A=H] ZTi(eo +--te)(e;—eip)T| + ZTi(ei —ejp1)(eo+---+e)T| Ho
i=0 =0
N N T N
- (Z(Ti - Ti1>ei> (Z(Ti - Ti1>ei> + DT ((ei — eir1)e] + ei(e; — ei1)T) — TN9N6L1
i=0 i=0 i=0
and
N N
B=CT ZTi(eo + 4 ei)(ei — eH_l)T + ZTi(ei — ei+1)(e0 + -4 ei)T C
i=0 i=0
N-1
1 1
— £ — —fnf7.
Iy " To Ny

To calculate .4, expand the energy function (91). Then we obtain
N-1
A= (2T; — t2)e;e] + (T — ta)enel.
=0

Moreover, by Claim 1,

N T2 1—2 1
_ T _ 4 2 o aT
B = —Tyepe| Z:l T, +t; 2} T eje;.
= Jj=

Combining above results and Tyey = fy, we achieve

N N T2 1—2 1
T = aZ(QTi —t2)e;e] — Toepe] — Z Tl ) +tf; i ee]

i=0 i=1 i

and the condition (96) makes each coefficient of e;e] nonnegative, which gives 7 > 0. To achieve
the iteration formula (SFG-family), consider the FSFOM (87) with éHo + %C’, which can be

4R
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expressed as

Tipr = 30"+ B (2 —2Y) + e (a0 —ax), k=0,...,N—1,
ter1 (T — 1) teyr (b —Tp) | 1
Br=—F7"", = — "+ —Ckt1k-
teThr1 L Thy1 a "t

For last step, We make an observation that Proposition 1 can be applied when all 2™ terms changed
into ¥+, Proposition 1 gives the H-dual. [

Proof of Claim 1. The left hand side of (98) is

<ZT — €1 (eo+~--+ei)T> C

Ti(ei —eit1)(eo+ -~ +e€;) ) ( Ck,z’ekeg—)
1=0 k>1

N
=2 (Z (fv—i —fnv—it1)(€o+ -+ )T (ch i€ke; >
k>i

-0
=2 < Z Ck,ifN—k> el
; k

Now we calculate the right-hand side of (98). By plugging

fn_i =Tie; +tit1€i41 + - +tnen,

N 1 1 N -2 N—1
fy_ £ 4+ —fNfT — T, g eel =2 el
;Tifl N N—l+ TO NIn OeOeO ; ZO 7 — aez
where

ap =tie; +--- +inen,

a; = +Z
7=0

Now we claim that a; = Zk:H_l ckifn—p fori =0,..., N — 1. Note that

(ti+1ei+1+---+tNeN), i=1,...,N —1.

N N
Z crifn_r = Z Ciyi (Trer + thy1€p1 + - +Htnen)
h—it1 k—it1
N
= Z (ck,iTh + ch—1,itk + - - + Civ1,itk) €k
k—it1

Coefficients of e;4; are coincides since

c1,011 = ty,
i—2
ti =t T; .
Civ1ilii1 = t; —Jrg — 4+ i=1,...,N —1.
14124341 1+1 TO = T] T;71 3
Now assume
tj Cj iTj +Cj,1 itj +"'+Ci+1 it]‘

= : : : . (100)
tivr Gl +ciatjr + o+ Gty
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By multiplying the above equation recursively, we obtain

Liy1 Cit1,: 71

tiv1  Cir1Tl41 Fciatjpr + oo+ Cipratign
for 1 < j7 < N — 1. which implies a; = Zszi,-s-l crifN_k.
To prove (100), expand and obtain
tit1ciTy =t (cariTin + cjatin) -

Above equation holds due to the recursive formula of C' (97).

D.4 Instances of SFG family

Derivation of (SFG) Here, we will show that (SFG) is the instance of SFG family, under the choice

of
(t+2)(i+3)
4 )

First, t; = % for: > 1andtg = % Also (96) holds since

a=4, T, = 0<i<N.

9 3
4(3—-=)> =
(+-3)=3
2 2
J(EEDEE3) (k427  EEREEE (k2?2 1 1 .
2 4 - W 4 3 2 k+1 T
Plugging above values into (92) and (97), we obtain
1+1 i=k, k=0
N 1+ %5 i=k k=1,...,N—1
k41,4 = ) .
%(hk,k—l_l) i=k—1
M h i=0,....,k—2
and
3 i=0 k=0
_ ) 2(4k+5 . _
Chk+1,i = 3((“4)) i=k, k=1,...,N—1
Micek:  i=0,...,k—1,i=2,...,N—1
Other terms come directly, and
k—2
tht1 [ tk 1 Ty
c = — +1 — +
T T \ To ’“;OTJ Tis
k—1
ter1 [ Tk 1
= - Tt = +1
Tev1 \ To ka:(:JTj
k+3
= k+2 2 k+2 4
2
- z 1
(k+3{4<k+4)< 2 “37 32 (2><37L +(k+1)(k+2))+)
2 E+2 k+2 2k
= +1
k+4 3 2 k+2
_ 2(4k +5)
O 3(k+4) 7
sN
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To sum up, the matrix {gx; o<i<k<n: = iHo + 1—160 satisfies the following recursive formula.

1(1+9) i=0, k=0
1 10k+5 . .
- Z(1+6(kr4)> i=k, k=1,..., N—1
9k+1,i tl N o )
k+4(gk,z 4) i=k—1
Ziﬁgk,i 1=0,....,k—2

Note that
1y, k), L (20k15)
JetLk = k+4) " 16 \ 3(k+4)
1

L LE S
4 k+4 " 6(k+4)

1 10k +5
= — 1 e a— .
4 ( + 6(k + 4))
Therefore, the FSFOM with {gx, ; }o<i<k<n can be expressed as

1 1
T = x?"‘ + 1 : (xi‘?*‘* - xej’fl) + = (xSBA — xo) ,

8
E+1 4k — 1
Th1 ZSC?A"‘ P ( ?’4 —xffl) + 6k +4) (1'?’4_5&@) , k=1,... N—-1
where x?f = x¢. To obtain the H-dual, we apply Proposition 1.
dor1 = 3+ (N—k+1)(2N —-2k-1) (y@A B y@A) (4N — 4k — 1)(2N — 2k — 1) (y@A B yk)
IO T (N k4 3)(2N — 2k + 1) \7k F=1) T 6(N —k+3)(2N — 2k + 1) \"* ’

3 3
®,4 @,4 ®,4 ®,4

YN =Yny_1 T TO (yN_1 - yN—Q) + % (yN—l - yN—l)
where k :07...,N—2andy?’14 = 1o.

Fastest method among the SFG family via a numerical choice of a In this section, we give
simple form of SFG, when all inequality conditions in (96) holds as equalities. {gx;}o<i<k<n

becomes
1 (to — )tq 1 [ty
= — 1 —— —_— E—
g0 = ( + T + AGH

(ty — 1)tk+1) 1 tyrs ( < 11 1 ) T, >
I A B +
Tit1 2T \ "\ Ty " Ty Ti—2 Ti—1

T2
te—1 1 a(2Ty —t7) — 7 T
(1+(k )tk+1)+tk+l WoTg T
_|_

and for k > 0,

9k+1,k =

Tt a? Tyqa 172 Ty

_ 14 (tx — l)tk+1> n i tht1 (Oé(2Tk - tz) _ Tk>
Thy1 a? Tpp1 k t
1 41 2Ty, — ti Tk 1 1\ tpr1Ty
= — ty, -1+ ———-—— |- —— | =—/——
tr tr a? o) Tty

+

1 (T =tttk 11Nt Ty
« tka+1 « o? Tk—&—ltk’
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Hence FSFOM with iHo + %C is

D,
Th41 = Ty, +

Tk—ltk+1 D, D, < 1) tk—f—lTk D,
SR P — 2P 4 (1 = Dy
tpThi1 (z k1) « Tk+1tk( k )

where T_1 = 2‘3—51 By using Proposition 1, we obtain H-dual.

«@ NeY «@ 1 Tka «@
Yor1 =y "+ By —y) + (1 — ) T BNk = yr)
(6% N—k+1

8 = Tn-p-1tN—k (Tn—k—2+ (1 — é) Tn-k-1)
tN—k1 TNk (Tv—p—1+ (1= 1) Tv_y)
Since all equality holds at (96), the above FSFOM achieves the fastest rate among the SFG family

under fixed a. 7 Now we optimize a to achieve the fastest convergence rate. Combine (93) and the
result of Proposition 5 to obtain

. k=0,...,N—1.

2
min_ ol < L+ 12 [y - e < 2220

F(yo) — F,).
pen, o~ (Flvo) = 1)

To achieve the tightest convergence guarantee, we solve the following optimization problem under
the fixed V.

. 2(a + 1)?
minimize ———
«a OéTN
subject to. a(2Tp — t2) = Ty,

T2 1 =2
2Ty, — t2) = —F 2| = — k=1,...,N.
(2T, — ) Ti—1 e Th +; T; Y

Denote the solution of the above optimization problem as R(c, N). Since R(«, N) depends on a and
cannot achieve a closed-form solution, we numerically choose a and observe an asymptotic behavior
of R(c, N). By choosing o = 3.8, asymptotic rate of R(3.8, N) is about 1%

E Broader Impacts

Our work focuses on the theoretical aspects of convex optimization algorithms. There are no negative
social impacts that we anticipate from our theoretical results.

F Limitations

Our analysis concerns L-smooth convex functions. Although this assumption is standard in op-
timization theory, many functions that arise in machine learning practice are neither smooth nor
convex.

"In fact, when a = 1, the FSFOM becomes FISTA-G [31].
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