Blocked Collaborative Bandits: Online Collaborative
Filtering with Per-Item Budget Constraints

Soumyabrata Pal Arun Sai Suggala Karthikeyan Shanmugam
Google Research Google Research Google Research
Bangalore, India Bangalore, India Bangalore, India

soumyabratapall3@gmail.com arunss@google.com karthikeyanvs@google.com

Prateek Jain
Google Research
Bangalore, India

prajain@google.com

Abstract

We consider the problem of blocked collaborative bandits where there are multiple
users, each with an associated multi-armed bandit problem. These users are grouped
into latent clusters such that the mean reward vectors of users within the same
cluster are identical. Our goal is to design algorithms that maximize the cumulative
reward accrued by all the users over time, under the constraint that no arm of a
user is pulled more than B times. This problem has been originally considered
by [4]], and designing regret-optimal algorithms for it has since remained an open
problem. In this work, we propose an algorithm called B-LATTICE (Blocked
Latent bAndiTs via maTrIx ComplEtion) that collaborates across users, while
simultaneously satisfying the budget constraints, to maximize their cumulative
rewards. Theoretically, under certain reasonable assumptions on the latent structure,
with M users, N arms, T rounds per user, and C = O(1) latent clusters, B-LATTICE

achieves a per-user regret of O(1/T(1+ NM~!) under a budget constraint of
B = O(log T). These are the first sub-linear regret bounds for this problem, and
match the minimax regret bounds when B = T. Empirically, we demonstrate
that our algorithm has superior performance over baselines even when B = 1.
B-LATTICE runs in phases where in each phase it clusters users into groups and
collaborates across users within a group to quickly learn their reward models.

1 Introduction

Modern recommendation systems cater to millions of users and items [1]] on a daily basis, typically
in an online fashion. A critical feature of such systems is to quickly learn tastes of individual users
from sequential actions and feedback, and suggest personalized products for each user. Furthermore,
in practice, an item that has already been consumed by a user is recommended very few times to
the same user (or not recommended at all). This is because, in applications such as movie/book
recommendations, a typical user will find little interest in consuming the same item multiple times.

This problem — that we rename as Blocked Collaborative Bandits — was abstracted out by [4] with
a modeling assumption that users have a latent clustering structure. That is, each user can belong
to an unknown cluster and the expected reward for an item/movie is same for all users in a cluster.
Formally, consider M users, N items and T rounds with M, N > T (M, N ~ 10° in recommendation
systems such as YouTube) and in each round, every user is recommended some item (potentially
different for each user). On consuming the item, a noisy reward is assigned. As mentioned above,
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Paper H Setting Metric ‘ Guarantees (Worst-Case)

B=1, pseudo regret (maximize

Bresler et al., 2014 [4] user clusters likeable items) o(T)
B=1, ~
Bresler et al., 2018 [5] user, item clusters; regret 0O(1)
noiseless rewards
. , B=1, O(T?3(1 4+ NM—1)1/3)
Ariu et al., 2020 [2] user, item clusters regret sub-optimal in N. T
3 B=T, O(\/T(1+NM*1)
Pal et al., 2023 23] user clusters regret minimax optimal in N, M, T
This Work B = O(logT), regret O(\/T(1 +NM-T)
user clusters g

Table 1: Comparison of various approaches for blocked collaborative bandits. All the regret bounds stated here
are worst-case bounds and assume C = O(1). Moreover, the regret is averaged across users. The worst-case
pseudo-regret in [S] is linear when the items have rewards close to 0.5. In [2], the authors’ proposed a greedy
algorithm whose worst-case has T2/% dependence.

it is assumed that the users can be clustered in C clusters, where C < M, N, and users in the same
cluster have identical reward distributions over items. Furthermore, any item can be recommended to
a particular user at most B times, after which the item is blocked for the user.

[4] considered this problem for B = 1 in the setting where a user in cluster ¢ on being recommended
item j provides a like (41) with probability p.; and a dislike (—1) with probability 1 — p.;. The
authors studied a notion of pseudo-regret corresponding to minimizing the number of un-likeable
items for a user, i.e., items for which the probability of user giving a like (+1) is less than 1/2. To
this end, the authors proposed the Collaborative-Greedy algorithm, an e-greedy style algorithm
that performs random exploration in each round with certain probability. During exploitation it
provides recommendations based on a neighborhood of similar users. However, maximizing the
number of likeable items is limiting as it does not prioritize items with large rewards and completely
disregards the item ordering. Despite these theoretical limitations, variants of the collaborative
algorithm designed in [4] have found applications in predicting Bitcoin price, [29], information
retrieval [12]] among others.

Recent works have studied this problem under a more practical notion of regret which involves
maximizing the cumulative rewards accrued over time [2}5]. However, these works assume a cluster
structure among both users and items. This assumption entails that there are many copies of the
highest rewarding item for any user; this voids the blocking constraint and makes the problem
significantly easier. Moreover, the algorithms designed in [2] are greedy (they perform exploration
first to cluster users, items, and then perform exploitation) and achieve significantly sub-optimal
regret. These bounds, translated to the original blocked bandit problem where there are no item
clusters, have sub-optimal dependence on the number of items N. The algorithms designed in [5]
assumed a noiseless binary feedback model which allowed for constant regret. However, these
algorithms are not easily extendable to the more general noisy reward setting we consider in this
work.

Another line of work has studied this problem when B = T (i.e., no budget constraints on arms) [24,
11, 25]. While some of these works have designed regret optimal algorithms [25], the B = T budget
constraint is too lenient in many modern recommendation systems. To summarize, existing works
have either attempted to solve the much harder setting of B = 1 by imposing additional restrictions
on the problem or the simpler B = T setting which is not very relevant in practice.

This Work. In this work, we make progress on this problem by considering the intermediate setting of
B = ©(log T). We do not impose any cluster structure among items (as in [4]]), and consider a general
notion of regret which involves maximizing the cumulative rewards under the budget constraints.
We propose B-LATTICE(Alg. [I)), a phased algorithm which carefully balances exploration and
exploitation. Our algorithm also performs on-the-fly clustering of users and collaborates across
users within a cluster to quickly learn their preferences, while simultaneously satisfying the budget
constraints. The key contribution of our work is that under certain standard incoherence assumptions
(also used recently in [25]]) and a budget constraint of B = ©(log T), we show that B-LATTICE

achieves a per-user regret of 5( VT(1V/NM-1 )) Empirically, our algorithm can even handle a
budget constraint of B = 1 and perform better than baselines (Alg. [6). However, bounding its regret

'O(-), Q(-) hides logarithmic factors in M, N, T
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in this setting is much more challenging which we aim to address in a future work. That being said,
under an additional cluster structure on the items, we show that our theoretical guarantees hold even
for B = 1 (Appendix [F).

We also provide a non-trivial regret lower bound of Q(v'NM—1\/ TM~1/2). Our proof involves a
novel reduction to multi-hypothesis testing and relies on Fano’s inequality for approximate recovery
[28] (see Appendix [E). Our techniques could be of independent interest even outside the context of
this work. Our lower bound is tight in two regimes - when the number of rounds T is very small
or very large. However, we conjecture that our upper bounds are actually tight since they recover
the same rates as in the B = T setting [25]]; tightening the lower bound is left as a future work.
Finally, we verify our theoretical results by simulations on synthetic data (see Appendix [C). Here,
we compare a more practical version of B-LATTICE(Algorithm [6)) with Collaborative-Greedy
[4]. We demonstrate that B-LATTICE not only has good regret but also other practically desirable
properties such as a small cold-start period, and repeated high quality recommendations.

Techniques. Our algorithm is built on recent works that have studied this problem without the budget
constraint [[17,25]]. [17] developed a regret optimal algorithm called LATTICE that runs in phases.
At any phase, the algorithm maintains a grouping of users which it refines over time (these groups
are nothing but our current estimate of user clusters). Within each group, the algorithm relies on
collaboration to quickly estimate the reward matrix. To be precise, the algorithm performs random
exploration followed by low-rank matrix completion [[§] to get a good estimate of the user-item
reward matrix. Next, the algorithm uses the estimated reward matrix to eliminate sub-optimal arms
for each user. Finally, it refines the user clusters by placing users with similar reward structure in the
same group.

Extending the above algorithmic recipe to our setting poses a couple of challenges. First, observe
that the oracle optimal strategy in the budget constrained setting is to recommend each of the top
T/B items B times; we refer to these top times as golden items in the sequel. To compete against
such a policy, our algorithm needs to quickly identify the golden items for each user. The LATTICE
algorithm described above doesn’t perform this, as it aims to only identify the top item for every user.
So, one of the key novelties in our algorithm is to design a test to quickly identify the golden items
and recommend them to the users. The second challenge arises from the usage of low-rank matrix
completion oracles in LATTICE. To be precise, LATTICE requires more accurate estimates of the
user-item reward matrix in the later phases of the algorithm. To this end, it repeatedly recommends
an item to a user to reduce the noise in its estimates. However, this is infeasible in our setting due to
the budget constraints. So, the second novelty in our algorithm is to avoid repeated recommendations
and design an alternate exploration strategy that adheres to the budget constraints.

Other Related Work:

Item-Item Collaborative Filtering (CF). A complementary theoretical line of work proposes to exploit
a clustering structure across the items instead of users [[7, |23} 27 22]]. Under a similar blocking
constraint, the authors have provided a sub-linear regret guarantee based on a certain measure of
complexity called the doubling dimension. Since then, there have been several works in the literature
that have attempted to exploit a cluster structure on both users and items [6} 2]].

Variants of User-User CF. [[15] has looked into the problem of non-stationary user-user collaborative
filtering where the preferences of users change over time. [13] studies a variant where the user only
provides positive ratings i.e when the user has liked an item. [9]] and [3] studies probabilistic models
for user user CF in an online and offline model respectively.

Cluster Structure across users. In several problems related to multi-armed bandits, cluster structure
across users have been explored. In particular, in [[L1} 20} [10} 21} 126, the authors have imposed
a cluster-structure across users while each item has a d-dimensional context chosen uniformly at
random at each round. The preferences of each user is a linear function of the context vector and the
cluster id. Under these settings, the authors prove a strong regret bound. However, note that in our
setting, the item contexts are hidden; hence, these techniques are not applicable to our setting.

2 Problem Setting and Background

Notation. We write [m] to denote the set {1,2,...,m}. For a vector v € R™, v; denotes the 7"
element; for any set U/ C [m], let v, denote the vector v restricted to the indices in /. Similarly,
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for A € R™*™, A;;, A, denotes the (i, j)-th element and the ith row of A respectively. For any set
U C [m],V C [n], Ay,p denotes A restricted to the rows in ¢/ and columns in V. Let || A/ denote
absolute value of the largest entry in matrix A. A(0, c%) denotes the Gaussian distribution with 0
mean and variance o*. We write EX to denote the expectation of a random variable X. |[U]|,
corresponds to the maximum euclidean norm of a row of the matrix U. More precisely, for a matrix
U € RM*7, the norm |[U]|, _, = max;e v |[[Ul|,. Thus, if [[U]], . is small as in Lemma 1, then
all rows of U have a small ¢ norm.

Problem Setting. Consider an online recommendation system with M users, N items and T rounds.
Let P € RM*N be the reward matrix which is unknown. Here, we assume the set of M users
can be partitioned into C disjoint but unknown clusters C(1),C(), ... C(©) such that any two users
u,v € [M] belonging to the same cluster have identical reward vectors i.e. P,, = P,,. In each round
t € [T], every user is recommended an item (can be different for each user) by the system. In turn,

(t) be the observed

the system receives feedback in the form of reward from each user. Let, Rup )

reward for recommending item p,,(t) € [N] to user u at round ¢ such that:

R(t) Pupu(t) + E(t) (l)

upu(t) — upu(t)

where Effp)u ) denotes the unbiased additive noise. We assume that elements of {Eff;u ) Yuemy are
te([T)

i.i.d. zero mean sub-gaussian random variables with variance proxy o i.e. for all u,t € [M] x [T],

we have EEffg/u(t) = 0 and for all s € R, we have Eexp(sEsp)u(t)) < exp(0?s?/2). As in
practical recommendation systems, we impose an additional constraint that the same item cannot
be recommended more than B times to a user, for some small B = ©(log T). For simplicity of
presentation, we assume T is a multiple of B. However, we would like to note that our results hold for
general T. Without loss of generality, we assume N > T /B, since otherwise the budget constraints

cannot be satisfied.

Our goal is to design a method that maximizes cumulative reward. Let 7, : [N] — [N] denote the
function that sorts the rewards of user . € [M] in descending order, i.e., for any i < j, Py ;) >
P, (j)- The oracle optimal strategy for this problem is to recommend {7 (s)}s=1...7/8. the top
T/B items with the highest reward, B times each. This leads us to the following notion of regret

BPuﬂ'us Pu w
Reg(M2 » @ -E Y O @)

s€[T/B],ue[M] te[T],ue[M]

where the expectation is over the randomness in the policy and the rewards, and p,, () is any policy
that satisfies the budget constraints.

Importance of collaboration. Suppose we treat each user independently and try to minimize their
regret. In this case, when B is as small as O(log T), we will incur a regret that is almost linear in T.
This is because we will not have enough data for any item to know if it has a high or a low reward.
This shows the importance of collaboration across users to achieve optimal regret. The latent cluster
structure in our problem allows for collaboration and sharing information about items across users.

For ease of exposition of our ideas, we introduce a couple of definitions.

Definition 1. A subset of users S C [M] is called “nice" if S = J;c 4 CY) for some A C [C]. In
other words, S can be represented as the union of some subset of clusters.

Definition 2. For any user u € [M], we call the set of items {m, (t)};rz/lB (i.e., the set of best T/B
items) to be the golden items for user u.

2This corresponds to the following analogue of multi-agent multi-armed bandits (MAB) - we have M users
each involved in a separate MAB problem with the same set of N arms (corresponding to the N items) and T
rounds. The mean reward of each arm is different for each user captured by the M x N reward matrix P. In
each round ¢, every agent u € [M] simultaneously pulls an unblocked arm p,,(t) of their choice based on the
feedback history of all users (including u) from previous rounds. Subsequently the noisy feedback for all M
users and their corresponding arm pulls at round ¢ is revealed to everyone.

il
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2.1 Low-Rank Matrix Completion

Additional Notation. For an estimate P of reward matrix P, we will use 7, : [N] — [N] to denote
the items ordered according to their estimated reward for the user w i.e., f’u;u(i) > f’u;u (j) when
i < j. For any user u € [M] and any subset of items .A C [N], we will use 7, | A : [|.A|] = [N] to
denote the permutation 7, restricted to items in A C [N] i.e. for any user v € [M] and any 7, j € [|.A]]
satisfying i < j, we will have Py ;714 = Pur, (j).4- Here, m,(i) | A corresponds to the i™" item
among items in A sorted in descending order of expected reward for user w.

An important workhorse of our algorithm is low-rank matrix completion, which is a well studied
problem in the literature [16} [18} 18} [17]. Given a small set of entries that are randomly sampled
from a matrix, these algorithms infer the missing values of the matrix. More precisely, consider a
low-rank matrix Q € RM*N. Let Q C [M] x [N] be a random set of indices obtained by picking
each index in [M] x [N] independently with probability p > 0. Let {Z;; }(; j)eq be the corresponding
noisy entries (sub-gaussian random variables with variance proxy o > 0) that we observe which
satisfy EZ;; = Q;;V(i,7) € €. In this work we rely on nuclear norm minimization to estimate
Q (see Algorithm[d)). Recent works have provided tight element-wise recovery guarantees for this
algorithm [} [17]. We state these guarantees in the following Lemma.

Lemma 1 (Lemma 2 in [17]]). Consider matrix Q € RM*N with rank r and SVD decomposition

U VT satisfying | U||2.00 < /ur/M, || V]|2,00 < v/pr/N and condition number . = O(1). Let
d; = max(M,N), dy = min(M, N), noise variance o > 0, and let sampling probability p be such
~ 2

2
that p = () (5—2 max (1, (for some constant ¢ > 0). Suppose we sample a subset of indices

o p
P2,
Q C [M] x [N] such that each tuple of indices (i,j) € [M] x [N] is included in ) independently with
probability p. Let {Z;}; jyeq be the noisy observations corresponding to all indices in §). Then
Algorithm when run with inputs (M,N, 02,7, Q, {Zi;} i,j)eq), returns an estimate Q of Q which

satisfies the following error bounds with probability at least 1 — O(5 + d5 *2)

~ o+/p3logdy
”QQ|°°O<\/;E ) 3)

Lemma (1| provides guarantees on the estimate Q of QQ given the set of noisy observations corre-
sponding to the entries in €2. Equation [3|says that the quality of the estimate becomes better with
the increase in sampling probability p that determines the number of entries in ). Note the detailed
Algorithm ESTIMATE (Alg. ) designed in [17, 8] is provided in Appendix [A]

Remark 1 (Warm-up (Greedy Algorithm)). Using Lemmall} it is easy to design a greedy algorithm
(Alg. in Appendix [B) for B = 1; for a fixed number of rounds m, we recommend random
unblocked items to every user. Since the reward matrix P is a low-rank matrix, we use Algorithmd]
to estimate the entire matrix. Subsequently, we recommend the best estimated unblocked items for
each user for the remaining rounds. We can prove that the regret suffered by such an algorithm is
O(T2/3(1\/(N/M))Y/3). The dependence on number of rounds T is sub-optimal, but Alg. |5 does
not require the knowledge of any gaps corresponding to the reward matrix P. See Appendix|B|for a
detailed proof. We would like to note that the result can be generalized easily to B = ©(log T).

3 Main Results

Let X € RE*N be the sub-matrix of the expected reward matrix P comprising C distinct rows of
P corresponding to each of the C true clusters. Also, let 7 := max; je[,] [C ()] /|C9)| denote the
ratio of the maximum and minimum cluster size. To obtain regret bounds, we make the following
assumptions on the matrix X:

Assumption 1 (Assumptions on X). Let X = UXVT be the SVD of X. Also, let X satisfy the
following: 1) Condition number: X is full-rank and has non zero singular values \y > --- > ¢

with condition number Xy /A\c = O(1), 2) p-incoherence: ||V||, .. < \/uC/N, 3) Subset Strong
Convexity: For some a satisfying o'log M = Q(1), v = O(1) for all subset of indices S C [M],|S| >
~C, the minimum non zero singular value of V s must be at least \/«|S| /M.

q
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Remark 2 (Discussion on Assumption [I)). We need Assumption|[I|only to bound the incoherence
factors and condition numbers of sub-matrices whose rows correspond to a nice subset of users and
the columns comprise of at least T*/ golden items for each user in that nice subset. This implies that
information is well spread-out across the entries instead of being concentrated in a few. Thus, we
invoke Lemmall|for those sub-matrices and utilize existing guarantees for low rank matrix completion.
Our theorem statement can hold under significantly weaker assumptions but for clarity, we used the
theoretically clean and simple to state Assumption[l| Note that the assumption is not required to
run our algorithm or any offline matrix completion oracle - the only purpose of the assumption is to
invoke existing theoretical guarantees of offline low rank matrix completion algorithms with { o, error
guarantees.

Assumption 2. We will assume that i1, o, 7, ||P||., C are positive constants and do not scale with
the number of users M, items N or the number of rounds T.

Assumption 2]is only for simplicity of exposition/analysis and is standard in the literature. As in [23],
we can easily generalize our guarantees if any of the parameters in Assumption [2]scale with In that
case, the regret has additional polynomial factors of u, o, 7, ||P|| ., C - moreover these quantities (or
a loose upper bound) are assumed to be known to the algorithm. Now, we present our main theorem:

Theorem 1. Consider the blocked collaborative bandits problem with M users, N items, C clusters,
T rounds with blocking constraint B = ©(log T) [J| such that at every round t € [T], we observe

reward R as defined in eq. with noise variance proxy o2 > 0. Let P € RM*N be the expected
reward matrix and X € RSM be the sub-matrix of P with distinct rows. Suppose Assumption
is satisfied by X and Assumption |2|is true. Then Alg. B-LATTICE initialized with phase index

(=1, MO = [[M],NO =[[N]],C, T, to = 1, texploit = 0, P = 0 and e, = c(log M)~ for some
constant ¢ > 0 guarantees the regret Reg(T) defined under the blocking constraint (eq. 2) to be:

Reg(T) = 5( T max (1, %)) 4

Note that the regret guarantee in Theorem|[I]is small as long as N ~ M (but M, N can be extremely
large). The dependence of the regret on number of rounds scales as v/T. This result also matches
the VT dependence on the number of rounds without the blocking constraint [[17, 25]. Furthermore,
Theorem [I] also highlights the importance of collaboration across users - compared with standard
multi-armed bandits, the effective number of arms is now the number of items per user.

Remark 3. Note that in our model, we have assumed that users in the same latent cluster have
identical true rewards across all items. Although we have made this assumption for simplicity as in
other works in the literature [25| 2 3 5l], the assumption of each user having exactly 1 of C different
mean vectors can be relaxed significantly. In fact, in [I25)], a similar cluster relaxation was done in the
following way for a known value of v > 0 - there are C clusters such that 1) users in the same cluster
have same best item and mean reward vectors that differ entry-wise by at most v 2) any 2 users in
different clusters have mean reward vectors that differ entry-wise by at least 20v. Our analysis can
be extended to the relaxed cluster setting with an addition cost in regret in terms of v.

We now move on to a rigorous lower bound in this setting.

Theorem 2. Consider the blocked collaborative bandits problem with M users, N items, C = 1
cluster, reward matrix P € [0, l]M XN T rounds with blocking constraint B such that at every round

t € [T], we observe reward R\ as defined in eq. (|I) with noise random variables {Eff/zu(t)},:e%]
€

generated i.i.d according to a zero mean Gaussian with variance 1. In that case, any algorithm must

suffer a regret of at least
NB T+/log(N/T
Reg(T) = Q(max (‘/W’ l;\g/(m/))). )

Note that the main difficulty in proving tight lower bounds in the blocked collaborative bandits setting
is that, due to the blocking constraint of B, a single item having different rewards can only cause a

31t suffices for us if B = clog T for any constant ¢ > ¢ where ¢’ is a constant independent of all other model
parameters. This is because, we simply want B to be at least the number of phases. Since our phase lengths
increase exponentially, the number of phases is O(log T).

A
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difference in regret of at most B in two separate instances constructed in standard measure change
arguments [19]]. However, we prove two regret lower bounds on this problem, out of which the latter
is the technically more interesting one.

The first term in the lower bound in Thm. 2| follows from a simple reduction from standard multi-
armed bandits. Intuitively, if we have T /B known identical copies of each item, then the blocking
constraint is void - but with C = 1, this is (almost) equivalent to a standard multi-armed bandit
problem with MT rounds, NBT ! distinct arms (up to normalization with M). The lower bound
follows from invoking standard results in MAB literature. For B = T, we recover the matching regret
lower bound in [25] without the blocking constraint. Furthermore, for B = ©(log T), the first term is
tight up to log factors when number of rounds is small for example when T = O(1). (Appendix

The second term in the lower bound is quite non-trivial. Note that the second term is tight up to
log factors when the number of rounds T = ©(N) is very large (close to the number of items) and
B = O(log T) is small. We obtain this bound via reduction of the regret problem to a multiple
hypothesis testing problem with exponentially many instances and applying Fano’s inequality [28]]
(commonly used in proving statistical lower bounds in parameter estimation) for approximate recovery.
Our approach might be of independent interest in other online problems as well. (Appendix [E)

Remark 4. We leave the problem of extending our guarantees for B = 1 as future work. However
we make progress by assuming a cluster structure over items as well. More precisely, suppose both
items and users can be grouped into a constant number of disjoint clusters as such that (user,item)
pairs in same cluster have same expected reward. Then, we can sidestep the statistical dependency
issues in analysis of Alg. [I|for B = 1 and provide similar guarantees as in Thm. [I|(see Appendix|[F).

4 B-LATTICE Algorithm

B-LATTICE is a recursive algorithm and runs in O(log T) phases of exponentially increasing length.
B-LATTICE assume the knowledge of the following quantities - users M, items N, clusters C, rounds
T, blocking constraint B, maximum true reward ||P||__, incoherence factor i, cluster size ratio 7,
noise variance o2 > 0 and other hyper-parameters in Assumption [l At any phase, the algorithm
maintains a partitioning of users into crude clusters, and a set of active items for each such crude
cluster. Let M () be the partitioning of users in the ¢/ phase, and V') be the list containing the set
of active items for each group of users in M (). In the first phase, we place all users into a single
group and keep all items active for every user; that is, M(1) = [[M]], N(!) = [[N]]. There are three
key components in each phase: (a) exploration, (b) exploitation, and (c) user clustering. In what
follows, we explain these components in detail. For simplicity of exposition, suppose Assumption 2]
is true namely the parameters s, o, 7, ||P|| , C are constants.

Exploration (Alg. [2). The goal of the Explore sub-routine is to gather enough data to obtain a
better estimate of the reward matrix. To be precise, let M%) be the users in the i** group at phase
¢, and N’ be the set of active items for this group. Let P i) are.sy be the sub-matrix of P
corresponding to rows M (“?) and columns /(%) (recall, this sub-matrix has rank at most C). Our
goal is to get an estimate P MED N of this matrix that is entry-wise 0(2_‘ ) close to the true matrix.
To do this, for each user in M%), we randomly recommend items from A (“*) with probability
p= O(%) (Line 6). Here, d; = max(|M )|, N D)), dy = min(|MED| N ED|). We

then rely on low-rank matrix completion algorithm (Algorithm 4) to estimate the low rank sub-matrix.
By relying on Lemma we show that our estimate is entry-wise O(2~*) accurate. This also shows
that our algorithm gets more accurate estimate of P ycc.i) ar(e.i) as we go to the later phases.

User Clustering (lines 7-8 of Alg.[I). After the exploration phase, we refine the user partition to
make it more fine-grained. An important property we always want to ensure in our algorithm is that
ME) | the it" group/crude cluster in phase £, is a nice subset for all (¢,4) (see Definition for a
definition of nice subset). To this end, we build a user-similarity graph whose nodes are users in
M and draw an edge between two users if they have similar rewards for all the arms in A/ (4%
(Line 8 in Alg. . Next, we partition M%) based on the connected components of the graph. That
is, we group all the users in a connected component into a single cluster. In our analysis, we show
that each connected component of the graph is a nice subset.

7
25287 https://doi.org/10.52202/075280-1100



Algorithm 1 B-LATTICE (Blocked Latent bAndiTs via maTrIx ComplEtion )

Require: Phase index ¢, List of disjoint nice subsets of users MO list of corresponding subsets of
active items N9, clusters C, rounds T, round index to, exploit rounds texploit, estimate P of P,
entry-wise error guarantee ¢, of P restricted to users in M® and all items in N, count matrices

K,L ¢ N™*N // 1) K,L are global variables 2) M) is a list of disjoint subset
of users, each of which are proved to be nice w.h.p.

1: for it nice subset of users M“ € M with active items N9 (i set in list V(©)) do

2 Sett =to. Seteryr = €/2, Ay = €,/88Cif¢ > 1and Ay = ||P||__ otherwise. Set Apy 1 = €41/88C.
// Beginning of a phase

3:  Run exploit component for users in MED with  active items N5, Obtain up-

dated active set of items, round index and exploit rounds N (["“,t,teprit —
Exploit(M(Z’l),N(Z’”, T, Lexploits P pq(e.6) arce.i) s Ay).
//Recommend common set of identified golden items

4 Setd; = max(JM“D| |INED)), dy = min(IMED), N ED|) and p = c(Al‘;gdjiZ) for some appro-
£+1

priate fixed constant ¢ > 0.
50 if ND| > TY3 and p < 1 then
6: Run explore component for users in M) with active items N5, Update estimate and round index
f’, t < Explore(./\/l(z‘i),./\f(e’i)7 t, p) such that Hf)M(e,i)’N((.i) =P @i peen

‘ S Ag.;,_l W.h.p.

//Random Exploration and estimation of relevant reward sub-matrix

7: For every user u € M%), compute T = {j e NED ﬁ“““(TB_l—texme‘l) —Puj <2001}
Construct graph G (49 whose nodes are users in M “?) and an edge exists between two users u, v €
MED §f )1352 — f’ffz) < 2Ap4 forall items z € NG,
// Construct graph encoding user similarity

9: Intitialize lists MEZH) =[] and /\/',L-(Hl) =

10: For each connected component M5 (U MEH) = MED) - compute NGB =

UueMu,i,jﬂ;(Z). Append M9 into MEZH) and N¢%9) into ./\/’i(“l).
//Construct finer clusters and identify joint good items

11: Invoke B-LATTICE(Y 4+ 1, MV N UFD € T, 02, [P, s b, texpioit, P ey 1, K, L).
// Recurse for new list of user groups and corresponding surviving items
12:  else
13: For each user u € M9 recommend unblocked items in A" until end of rounds.
14:  endif
15: end for

Exploitation (Alg. [3). The main goal in the Exploit sub-routine of our algorithm is to identify
common golden items for a group of users jointly. Consider a group of users M with active items
N at the beginning of exploit sub-routine invoked in the ¢*" phase of Algorithm |1} We perform
the following test in Line 1 of the Exploit sub-routine: for every user © € M, we check if

Pz, N — Puzoqavpiv = ¢’27¢ for some constant ¢ > 0 - that is if the estimated highest
rewarding and lowest rewarding items of the user w have a significant gap. For all the users that
satisfy the above property, we take a union of the items close to the estimated highest rewarding item
for each of them (Line[3). We can show that these identified items are actually golden items for all
users in the nice subset M. Hence, we immediately recommend these identified golden items to
every user in the nice subset B times. In case a golden item is blocked for a user, we recommend
an unblocked active item (Line 5). Subsequently we remove the golden items from the active set of
items (Line 8) and prune it. We go on repeating the process with the pruned set of items until we
can find no user that satisfy the above gap property between highest and lowest estimated rewarding
items in the active set.

To summarize, in each phase of Algorithm[I] we perform the exploration, exploitation and user
clustering steps described above. As the algorithm proceeds, we get more fine grained clustering
of users, and more accurate estimates of the rewards of active items. Using this information, the
algorithm tries to identify golden items and recommends the identified golden items to users.

Implementation Details: The actual implementation of the algorithm described above is a bit more
involved due to the fact that every user has to be recommended an item at every time step (see
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Algorithm 2 Explore (Explore Component of a phase)

Require: Phase index ¢, nice subset of users M, active items N, round index tp, sam-
pling  probability p. //Takes a particular set of users (nice w.h.p.), their
corresponding set of active items and returns an estimate of corresponding
reward sub-matrix. Unblocked items are (almost) randomly recommended to obtain
data - recommendations are kept track of in global variables K,L. Data from
previous phases are not used to maintain independence.

: For each (4, ) € M x N, independently set §;; = 1 with probability p and §;; = 0 with probability 1 — p.

2: Denote Q = {(i,5) € M x N | §;; = 1} and m = maxsem |j € N | (i,5) € Q| to be the maximum

number of index tuples in a particular row. Initialize observations corresponding to indices in €2 to be A = ¢.
Setmu = |j € N | (u,]) € Q|
// Create Bernoulli Mask (2 with the idea of recommending all items in ()

—

3: for each user u € M do

4: forroundst =to+ 1,t0 +2,...,t0 + m, do

5: Find an item z in {j € N | (u,j) € Q,d4; = 1}. Set §,; = 0.
// Find item in () for the user that has not been recommended yet in this
function instantiation

6: If Ku> + Ly < B (z is unblocked), set p,, (t) = z and recommend z to user u. Observe Rffp)u(t) and
update A = AU {Rq(fgu(t)}, K.. + K.. +1.// Recommend unblocked item in )

7: If K, + Ly, = B (z is blocked), recommend any unblocked item p,, (t) in N s.t. (u, pu(t)) € .

Update Ly, () < Lyp,x) +1. Set A = AU {RS&,’;Z(t')} where t' < t is the last round when

pu(t’) = z was recommended to user u but the observation Rq(fz/) has not been used in an invocation
of the function Estimate. Update K,,. <~ Ky, +1and L, < L,. — 1.
//Found item is blocked but some observation can be re-used

8 end for

9: forroundst =to+my+1,...,t0 + mdo

10: Recommend any unblocked item p., (t) in NV s.t. (u, pu(t)) & Q. Update Ly, (1) < Liup, ¢) + 1.
// No available items in () to recommend. Recommend some other item

11:  end for

12: end for ~ _

13: Compute the estimate P = Estimate(M, N, %, C,Q, A) and return P, to + m.

// Low Rank Matrix Completion of Reward Sub-matrix P using observations in €2

problem setting in Section[2). To see this, consider the following scenario. Suppose, we identified
item j as a golden item for users in the nice subset M (crude cluster) in the Exploit sub-routine
invoked in some phase of Alg. [I| Moreover, suppose there are two users u1, ug in the cluster for
whom the item has been recommended n, no times respectively, for some n; < ns. So, for the final
ng — ny iterations during which the algorithm recommends item j to w1, it has to recommend some
other item to wuy. In our algorithm, we randomly recommend an item from the remaining active set
of items for usy during those ny — ny rounds. We store the rewards from these recommendations
and use them in the exploration component of future phases. A similar phenomenon also occurs in
the Explore sub-routine where we sometimes need to recommend items outside the sub-sampled set
of entries in © (Line 7 and 10 in Alg. [2) To this end, we introduce matrices K, L. € RM*N which
perform the necessary book-keeping for us.

K tracks number of times an item has been recommended to a user and the corresponding observation
has been already used in computing an estimate of some reward sub-matrix (Line[2]of Alg. [2). Since
these estimates are used to cluster users and eliminate items (Lines 7-10 in Alg. @ these observations
are not reused in subsequent phases to avoid statistical dependencies. L tracks the number of times
an item has been recommended to a user and the corresponding observation has not been used in
computing an estimate of reward sub-matrix so far. These observations can still be used once in
Line@]of Alg. E} Observe that K;; + L;; is the total times user 4 has been recommended item j. In
practice, eliminating observations is unnecessary and we can reuse observations whenever required.
Hence Alg. [T]can work even when B = 1 (see Alg. [6]for a simplified and practical version).

Handling very few active items (Line 5 in Alg. [T). Recall, in the exploration step of phase ¢, we
randomly recommend active items with probability p = O (%"f‘dl

recommend all the remaining unblocked items for each user until the end. In our analysis, we can

). If p > 1, then we simply

Q
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Algorithm 3 Exploit (Exploit Component of a phase)

Require: Phase index ¢, nice subset of users M, active items A, round index to, exploit rounds texploit, €Stimate
P of P and error guarantee A, such that Hf)M’N — PM,N‘ ‘ < 88CA/ with high probability. //Takes

a particular set of users (nice w.h.p.), their corresponding set of active items
and an estimate of corresponding reward sub-matrix as input. Identifies common
golden items for all aforementioned users in this module and recommends them
jointly until exhausted - recommendations are kept track of in global variables
K,L and active items are pruned.
: while there exists u € M such that Pz 1y n — Puz, (a v = 64CA.} do
2: Compute Ry = {j € N | Puj > Puz, (yiv — 20441} for every user v € M. Compute S =
UuemRy. // Find common set of golden items for all users in M
for rounds t = to + 1,t0 + 2,...,t0 + |S|B do
for each user u € M do
Denote by x the [(t — to/B)] item in S. If Ky + Lus < B (z is unblocked), then recommend z to
user v and update L, + Ly, + 1. If K, + Ly, = B (z is blocked), recommend any unblocked
item y in N (i.e Ky + Luy < B) for the user w and update Ly <— Lyy + 1.
// Recommend all identified golden items
end for
end for
Update N <~ N'\'S .// Remove golden items and prune active items N
Update to < to + |S| B and texpioit < texploit + |S| B.
: end while
: Return NV, to, texploit-

—_

nhw

oY dR

—_—

show that this happens only if the size of surviving items is too small, and when the number of
remaining rounds is very small. Hence the regret is small if we follow this approach (Lemma [3)).
Similarly, when remaining rounds become smaller than T'/3, we follow the same approach.

Running Time: Computationally speaking, the main bottleneck of our algorithm is the matrix
completion function Estimate invoked in Line 13 of the Explore Component (Algorithm 2). All
the remaining steps have lower order run-times. Note that the Estimate function is invoked at most
O(ClogT) times since there are can be at most C disjoint nice subsets of users at a time and the
number of phases is log T. Moreover, note that the Estimate function (Algorithm 4) solves a convex
objective in Line 3 - this has a time complexity of O(MZN + N?M) which is slightly limiting because
of the quadratic dependence. However, a number of highly efficient techniques have been proposed
for optimizing the aforementioned objective even when M, N are in the order of millions (see [14]).

Proof Sketch of Theorem [T We condition on the high probability event that the low rank matrix
completion estimation step is always successful (Lemma(I7). Note that for a fixed user, the items
chosen for recommendation in the exploit component of any phase are golden items and costs zero
regret if they are unblocked and recommended. Even if it is blocked, we show a swapping argument
to a similar effect. That is, with an appropriate permutation of the recommended items, we can ignore
the regret incurred from golden-items altogether. Moreover, in the explore component of the /th
phase, we can bound the sub-optimality gap of the surviving active items by some pre-determined ¢,.
We prove that this holds even with the (chosen) permutation of the recommended items (Lemma [T8).
We choose ¢, to be exponentially decreasing in ¢ and the number of rounds in the explore component
of phase ¢ is roughly 1/ e?. Putting these together, we obtain the regret guarantee in Theorem

5 Conclusion and Future Work

We study the problem of Collaborative Bandits in the setting where each item can be recommended
to a user a small number of times. Under some standard assumptions and a blocking constraint of
O(log T), we show a phased algorithm B-LATTICE with regret guarantees that match the tight results
with no blocking constraint [25]]. To the best of our knowledge, this is the first regret guarantee
for such a general problem with no assumption of item clusters. We also provide novel regret
lower bounds that match the upper bound in several regimes. Relaxing the assumptions, extending
guarantees to a blocking constraint of B = 1 and tightening the gap between the regret upper and
lower bounds are very interesting directions for future work.
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Limitations: The main contributions of our works are theoretical. From a theoretical point of view,
the limitations of our paper are discussed in Sections [3]and[5] In particular, we believe that tightening
the gap between the upper and lower bounds in regret will require novel and non-trivial algorithmic
ideas - we leave this as an important direction of future work.

Broader Impact: Due to the theoretical nature of the work, we do not foresee any adverse societal
impact.

A Low rank matrix completion

Below, we describe the Estimate sub-routine to estimate a M x N low rank matrix Q of rank 7 given
a partially observed set of noisy entries {Z;; }(; j)cq corresponding to a subset Q € [M] x [N]. Here

EZ;; = Q; for all (¢, j) € €2 and furthermore, {Z;; }(; j e are independent sub-gaussian random
variables with variance proxy at most o2

Algorithm 4 Estimate (Low-rank matrix completion ) [17]]

Require: Matrix dimensions (M, N), noise variance o2, rank r, subset of indices that are observed O -
[M] x [N] and noisy observations {Zi;}(;,j)cq-

1: Partition the rectangular matrix into square matrices. Without loss of generality, assume M < N. For each
i € [N], randomly set ¢; to be a value in the set [[N/M]] uniformly at random. Partition indices in [N]
into [N]™[N]® ... [N]®) where k = [N/M] and [N]® = {i € [N] | ¢ = g} for each q € [k]. Set
QD QN (M] x [N]@) forall g € [K]. {If M > N, we partition the indices in [M].}

2: for g € [k] do

3:  Solve the following convex program with A = Cxo+/|€?| / max(M, N), for some constant Cy > 0

A (2) N2
in (Qi%. ) — Zis)

= 2
Q@ erMx N)(D)| (i) e®

+A1Q.

where ||Q(?||, denotes nuclear norm of matrix Q%) and ~,,(§) is index of j in set [N](®.
end for _ ~ ~
Return Q € RM*N such that Q@ = Q@ forall g € [K].

AN

B Explore-Then-Commit (ETC)

We first present a greedy algorithm in the blocked setting with B = 1 (no repetition) that uses the
Explore-Then-Commit (ETC) framework. Such an algorithm has two disjoint phases - exploration
and exploitation. We will first jointly explore the set of items (without repeating same item for any
user) for all users for a certain number of rounds and compute an estimate P of the reward matrix P.
Subsequently, in the exploitation phase, for each user, we recommend the best estimated distinct items
(that have not been recommended in the exploration phase to that user) inferred from the estimated
reward matrix P. Note that if we explore too less, then our estimate will be poor and hence we will
suffer large regret once we commit in the exploitation phase. On the other hand, if we explore too
much, then the exploration cost will be high. Our goal is to balance both the exploration length and
the exploitation cost under the blocked setting. Thus, we obtain the following result:

Theorem 3. Consider the GBB setting with M users, C = O(1) clusters, N items, T recommendation
rounds and blocking constraint B = 1. Set do = min(M, N). Let Rfjp) (1) be the reward in each

round, defined as in (). Suppose dy = Q(urlog(rds)). Let P € RM*N be the expected reward
matrix that satisfies the conditions stated in Lemmall|, and let o2 be the noise variance in rewards.
Then, Algorithm 5 applied to the online rank-r matrix completion problem under the blocked setting
guarantees the regret defined as in eq. |2|to be:

A Ny 1/3 N -
Reg(T) = O (uT2/||P||Y max (1,5 ) + [Pl max (1, ) + [P T2).  ©

In order to understand the result, note that the second term in the regret bound stems from the fact
that in our algorithmic framework, the low rank matrix completion module needs a certain number of
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Algorithm 5 ETC (Explore-Then-Commit Algorithm with Blocking constraint B = 1)

Require: users M, items N, rounds T, noise 0’ , rank r of P.

1: Setp = O((NHPHoo 2/3(%\/>) 2). Set d2 = min(M,N) and A\ = Co+/dap for
constant C.

2: For each tuple of indices (4, j) € [M] x [N], independently set d;; = 1 with probability p and
d;; = 0 with probability 1 — p.

3: Denote Q2 = {(,7) € [M] x [N] | §;; = 1} and m = max;ecqm) | |7 € [N] | (4,7) € Q| to be the
maximum number of index tuples in a particular row. For all (7, j) € €2, set Mask;; = 0.

4: forroundst =1,2,...,mdo

5:  For each user u € U, recommend an item p,,(¢) in {7 € [N] | (u J) €4, Maskuj = 0} and
set Mask,,, (1) = 1. If not possible then recommend any item p,,(t) in [N] s.t. (u, p,(t)) &
and has not been recommended yet to user u. Observe Rigu (1)

6: end for _ N

7: Compute the estimate P € RMxN a5 output of P —

Estimate([M], [N], 02,7, 2, {R\) ) }iepm)
8: for each of remaining rounds do
Set j;, = argmax;cnjPuz, (j) for each user u, s.t. 7, (jy,) has not been recommended before

to u.
10:  For each user u € [M], recommend the item 7,,(j,,) to user .
11: end for

observed indices and therefore a certain number of exploration rounds (note that p > Cp?dy, og® dy
for some constant C' > 0 in Lemma @ Similarly, the third term stems from the failure of the
estimation module; again, the term T ~“ can be replaced by T~ for any constant ¢ > 0. The first
term in the regret bound captures the dependence on the number of rounds T - the scaling of T2/2 is
sub-optimal and our subsequent goal is to improve this dependence to the rate of v/T.

Proof of Theorem 5] Suppose we explore for a period of S rounds such that the exploration period
succeeds with a probability of 1 — v. Conditioned on the event that the exploration period succeeds,
we obtain an estimate P of the reward matrix P satisfying ||P PHOO < p. Recall m,, : [N] — [N]
to be the permutation on [N] such that for any 4,5 € [N];i < j, we have Py, i) > Pur,(5)-
Similarly, denote 7, : [N] — [N] such that for for any i, j € [N];4 < j, we have Pz iy > Pyz, ()
Now consider any index i € [T] for which we will analyze Pz, ;) — Pyx, ;) Which is the error
if we choose the ith item according to the estimated matrix P (instead of P). There are several
cases that we need to consider. First, suppose 7, (i) = 7, (j) where j < i. In that case, we have
Puz.() — Pur,@) = 0. Now, consider the other case where j > 7 implying that the element in the
4t position in the permutation 7, has shifted to the left in 7,. In order for this to happen, there
must exist an element ¢; < ¢ < iy for which 7, (i2) = m,(i1) implying that an element 4, in the
permutation 7, has shifted to the right in 7,,. Therefore,

Pz, (i) = Purn(i) = Puzn(i) — Puzo () + Puzu i) — Pusa (io)
+ Pz, (is) = Pusuio) T Puzu(ia) = Purai) = —2p

where we used the fact that |P — f’HOO < p, f’u;u(,;) — f)u;u(b) > 0 (since i < i2), Puz, (iy) —
Pur.() = Pur.(i1) — Pur.s) = 0 (since i; < 7). Therefore, at each step of the exploitation stage,

for each user u, we recommend one of the top T — S items (as inferred from P) with the highest
reward that have not been recommended until that round to the user u; in each such step, we will suffer
a regret of at most 2p if we compare with the item at the same index in 7,,. As before, conditioned on
the event that the exploration fails (and in the exploration stage as well), the regret at each step can be
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bounded from above by 2||P||~. In that case, we have
RegH Z Z Puﬂ'u(t) Z Pupu(t) < m?l\)/l(] ( Z Wy ( Z Pu7ru(t))
uE[M ] te[T] te[T] te([T] te([T]
< 25||P|| s + 2(T — S)p Pr(Exploration succeeds) + 2(T — S)||P||oo Pr(Exploration fails)
< 25||P||oc + 2Tp + 2T6||P|| oo

We use Lemmato set S = O(Np+ v/Nplog Mé— ) such that p = O(\/E M) and
v=1-8-0(dy?). We have

Reg(T) < O(Np+ /Nplog M3~ ) [Pl + To(
NS
For simplicity, we ignore the logarithmic and lower order terms and attempt to minimize NpHP||OO

T(\‘/’T’ZL2 %) (Simplified Expression) by choosing p = (N||P| ) 2/3(T” Vi3 log dl)
6 =T If p > Cu?dy ' log® dy, then notice that Np > 1 and therefore Np + /Nplog Mé—1 =
O(Npy/log M§—1). Subsequently, we have
3Nlogds\1/3
Reg(T) = O(T**(6%%P|l)/* (=22 ) log VMIT + [P T72).
2

There exists an edge case when the value of p that minimizes the simplified expression satisfies
p < C’uzdgl log® dy. Then we can substitute p = C’;ﬂd;l log® dy. In that case, the second term
in the simplified expression will still be bounded as before. On the other hand the first term in the

u3logd _
—2) + T +d5")|Poc.

simplified expression will now be bounded by O('\'d—‘;2 log® dy log?(MNT)||P||_). Hence, our regret
will be bounded by

(>N log d Np?
Reg(T) = O(T%/%(0%? Pl )1/3(T) o5 VT + = log (MNT) [P, + [Pl T~?)
-0 2/3 1/3 E 1/3 2 ﬂ —2
O (uT*PI|L max (1,1 ) 4 2P| max (1, 1) + [PILT~2).
O

C Experiments

We conduct detailed synthetic experiments in order to validate the theoretical guarantees/properties
of our algorithm. For this purpose we use a simplified version of B-LATTICE described in Alg. [6](all
experiments have been performed on a Google Colab instance with 12GB RAM) :

In PB-LATTICE(Alg. [6), we do not use the exploit component for simplicity. Intuitively, if the
user is recommended a golden item during the explore component, it is a good event in any case.
Furthermore, in Step 14, we use k-means to cluster the users. Since we obtain a significantly large
embedding vector for each user in Step 13, k—means is quite practical.

We run PB-LATTICEon several synthetic datasets. There are two main baselines for us to consider 1)
Greedy Algorithm namely Alg. [5]2) In the setting where the user u, on being recommended item
J provides a like (+1) with probablity P,; and a dislike (—1) with probability 1 — P,;, we also
compare with Collaborative-Greedy in [4]. However, recall that [4], even in the restricted setting,
only provides theoretical guarantees on the number of likeable items (items with probability of liking
> 0.5) recommended during the course of T rounds.

We generate three synthetic datasets to validate our algorithms. For each of them, we take M = 150
users, N = 150 items and T = 60 rounds (hence the total items recommended will be 9000). The
reward matrix P UVT (U € RM*C and V € RN*C) is generated as in [25]] - in the it" row of
U, the (i%C)*" entry is set to be 1 while the other entries are 0; the entries of V are sampled in the
following way for the three datasets.
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(e) V has entries distributed in [0.05, 0.95] with equal (f) V has entries distributed in [0.05, 0.95] with equal
probability. We observe Rffp)u(t) = QBer(Pupu(t)) — 1 probability. We observe Rffp)u(t) = QBer(Pupu(t)) —1

Figure 1: Cumulative Regret of the greedy algorithm (Alg. [5) and the Blocked LATTICE algorithm
(simplified version in Alg. |§[) In the setting where our observations are in {+1, —1} i.e. the user
likes (4-1) an item with probability p and dislikes with probability 1 — p, we also compare with the
algorithm provided in [4] named Collaborative-Greedy. In all our settings, we have M = 150 users,
N = 150 items, C = 4 clusters and T = 60 rounds. The ground truth reward matrix P = UVTis
generated in the following way: each row of U is a standard basis vector while each entry of V is
sampled independently from N (0, 25) in (a) , each entry of V is sampled independently from ¢/(0, 5)
in (b) and each entry of U is sampled independently from 2/(0, 1) in (c). In (a) and (b), gaussian
noise with variance 0.25 is added to the expected observation and in (c), we observe +1 (probability
is expected reward) or -1. Notice that PB-LATTICE has 1) a small cold-start period 2) always makes
good recommendations 3) better empirical rewards than other baselines.
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Algorithm 6 PB-LATTICE (Practical Blocked Latent bAndiTs via maTrIx ComplEtion with blocking
constraint B = 1)

Require: Phase index ¢, phase length m,, List of disjoint nice subsets of users M@ ist of corre-
sponding subsets of active items A (0, clusters C, rounds T, noise o2 > 0, round index to, gap
factor vy.

1: Set A = 1004/ (m¢/M).
2: for rounds tg + 1,t0 + 2,...,min(tg +m, T) do

for it nice subset of users M) € M with active items N9 (3t set in list N(©) do

4 Initialize Q) = &

5: for user u in M“9 do

6 Choose a random item j € N4 for recommendation to user u. If j is not blocked,

recommend j to user u and observe Z,,; to be the feedback from user u for item j. If
j is blocked, then recommend any j’ € N(©%) that is unblocked for user u € M),
Observe Z,,; to be the feedback from user u for item j’.

7: Update Q) = QO U {(u, j)}
8: end for
9: end for

10: end for

11: for ith nice subset of users M%) € M with active items N9 (i*" set in list N')) do
12:  Initialize M+ =[] and NHD = [].

13:  Compute T € RM*N by solving the convex program

. 1 2
min o > (Zij—Tij) + AT e arced |55 7)

TERNXM 2 )
(i,5)eQ®

14:  Solve k-means for users in M9 using the vector embedding formed by the rows in
T pqe.0) pre.iy. Choose best k < C by using ELBOW method. Denote the cluster of users by

{MEBDY
15:  for each cluster of users M“%7) do _
16: Compute set of active arms NEE3) a9 {s € N &) | Tus > Tz, (1) — V¢ for some u €

M50 Here 7, is the permutation of the surviving items in /(%) in descending order
of estimated reward for user w.
17: Append M&57) to MUE+D) and N (659) 1o N EFD),
18:  end for
19:  Compute my1, Ve+1 as a function of £. Set ¢t = min(tg +m, T).
20: Ift < T, invoke Algorithm PB-LATTICE(phase ¢+ 1, phase length m4 1, list of users MUEFD),
list of items N+1)_ clusters C, rounds T, noise o2, round index to + m, gap factor vy yq).
21: end for

1. (DI:) Each entry of V is sampled from a gaussian distribution A (0, 25) with mean zero and
variance 25. User u on being recommended item j provides a random feedback distributed
according to N'(P,;, 0.25).

2. (D2:) Each entry of V is sampled from a uniform distribution ¢/ (0, 5) with range in [0, 5].
User u on being recommended item j provides a random feedback distributed according to
N(P,;,0.25).

3. (D3:) Each entry of V is sampled from a uniform distribution [0.05,0.95] with equal
probability. User u on being recommended item j provides a like (+1) with probability
P,; and a dislike (—1) with probability 1 — P,,;.

For the PB-LATTICEalgorithm (Alg. [6), we choose the hyper-parameters on the phase lengths and gap
parameters as m, = 10 4+ 2¢ and v, = ||P||__ /(8 - 2¢). Since PB-LATTICEis a recursive algorithm,
we initialize PB-LATTICEwith phase index 1, phase length 12, list of users [[M]], list of items [[N]],
clusters C, rounds T, noise ¢, round index 1, gap factor ||P||__/16. For the greedy algorithm
(Alg. [B), we experiment with two exploration periods (m = 10 and m = 30). Finally, for the
Collaborative-Greedy algorithm in [4]], we choose 6 = 0.5 and o = 0.5.
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Results and Insights: The cumulative reward until round ¢ (defined as M~* 23:1 Zz/': 1 Pupa(5))

and the round wise reward at round ¢ (defined as M~! Zz/l:l P, (+)) is plotted for all the three
datasets D1, D2, D3. in Figures [Ta] [Tb] [Tc| [Id] [Te] and [T} Apart from obtaining good empirical
rewards, PB-LATTICEhas several practically relevant properties which are demonstrated through our
experiments:

1. Note from Figures[Ib|and[Id]that the greedy algorithm has a large cold-start period for good
exploitation properties. If the exploration is too small, then the estimation becomes poor.
On the other hand, PB-LATTICEimproves in phases - therefore, it has a small cold-start
period i.e. it starts recommending relevant items very quickly and also has good estimation
guarantees

2. Collaborative-greedy in [4] proposes exploration rounds throughout the entire course of T
rounds. This is often impractical as users will demand good recommendations throughout.
This is demonstrated in Fig. [Tf] where the red curve (round-wise reward of Collaborative-
Greedy) has several dips but the round-wise regret of PB-LATTICEstays high.

D Detailed Proof of Theorem

Next, we characterize some properties namely the condition number and incoherence of sub-matrices
of P restricted to a nice subset of users. The following Lemmas [2and [3| can be found in [25]

Lemma 2. Suppose Assumption|[l|is true. Consider a sub-matrix Py, of P having non-zero singular
values Ny > -+ > Az, (for C' < C). Then, if the rows of Pgyy, correspond to a nice subset of users,

A/
we have )\,Cl, < f\‘—éﬁ

Lemma 3. Suppose Asszimfiion is true. Consider a sub-matrix Pgyp € RB'xA’ (with SVD

decomposition Pgy, = UXV) of P whose rows correspond to a nice subset of users. Then,
T Cr \7 nC
19]], = V5 ana |91, < Ve
,00 2,00

Lemmas 2] and [3]allow us to apply low rank matrix completion (Lemma [I]) to relevant sub-matrices
of the reward matrix P.

D.1 Main Analysis

Blocked LATTICE is run in phases consisting of exploit component and explore component indexed
by ¢ =1,2,.... Note that the exploit component of a phase is followed by the explore component.
However, for the first phase, the exploit component has a length of zero rounds. Importantly note
that any phase (say ¢) for distinct nice subsets of users M (") M ©7) will be run asynchronously as
reward observations corresponding to one subset is not used to determine the policy for any other
subset of users. At the beginning of the explore component of each phase ¢, we have the following
set of desirable properties:

(A) We will run the explore component of phase ¢ asynchronously and separately for a list of
disjoint nice subsets of users M) = { M) ME9) 1 and respective sets of arms
NGO = (NED N e} where ap < C such that Ujep,, MG C [M], MED 0
M&I) = () for any i,j € [as] (i.e. the groups of users are nice subsets of [M] with no
overlap) and A/} C [N] (i.e. the active set of items N (“¥) for users in M (“?) are a subset
of [N] but the active sets can overlap). The sets { (M), N4}, 1 remain unchanged
during the explore component of phase ¢. As mentioned before, the round at which the
explore component of the phase £ starts is different for each subset of nice users M%),

(B) At any round ¢ € [T] in a particular phase ¢, let us denote by (95&2@) to be the set of

items chosen for recommendation (see Step 5 in Alg. [3) in exploit components so far (from
)

round ¢ = 1) for users in M) In other words, the items in O%{t[,i) have already been
recommended to all users in M (“%) up to ¢t phase. In that case, we also maintain that

Ot T/B
o'l ) {mu(t)}L5.
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the best T /B items (golden items) not chosen for recommendation so far in the exploit phases
(4:t)

for users in M (%) are contained in the set of surviving items i.e. if Z = [N]\ O\ 1.0+ then
it must happen that
; T/B—|0"!)
NED S {m(t) | Z}t/: . [oiies forall i € [ay] (8)

ue M £:1)

Note that eq. [8]implies that for every user v € M), there are sufficient golden items

in V(49 to be recommended for the remaining rounds. To see this, note that there are

T/B golden items at the beginning and no golden items which are unblocked are eliminated.

Hence the number of remaining rounds at any point must be smaller than the number of

possible allowed recommendations of golden items belonging to the surviving set of items.
(C) Furthermore, for all ¢ € [ay], the set NED must also satisfy the following:

< ¢ forall u € M) 9)

P (£,4) — min P,
’ u"ru(l)‘N' jeN(z,i) wj

where ¢ is a fixed exponentially decreasing sequence in £ (in particular, we choose €; =
|IP||, and €, = C'2~“min (HP||OO, %) for ¢ > 1 for some constant C’ > 0).

Next, at the beginning of the exploit component of phase ¢ + 1, we will have the following set of
desirable properties:

(a) Atevery round ¢t in the exploit component of phase ¢ + 1, we maintain a list of disjoint nice
subsets of users M+ = (MELD | MUFLae)Y (where Ujeq,, ) M1 C
[M]) and corresponding sets of items A/(“+11) = (N EHLED 0 A/(E+HLEa) where
ag1 < Cand Ujefq,, )NV 159 C N]. Note that in the exploit component, we also use
the round index in the superscript for item subsets as they can change during the exploit
component (unlike the explore component).

(b) We ensure that for any user u € ML) the set of items chosen for recommendation in
the exploit component of phase £ + 1 belongs to the set of best T items i.e. {m,(t)}]_;.

Since LATTICE is random, we will say that our algorithm is (e;, £)—good if at the beginning of the
explore component of the /™" phase the algorithm can maintain a list of users and items satisfying

properties A-C. Let us also define the event 52(13) to be true if properties (A-C) are satisfied at the
beginning of the explore component of phase ¢ by the phased elimination algorithm. We can show that

if our algorithm is (g, £)—good then the low rank matrix completion step (denoted by the event 53()[))
in the explore component of phase / is successful (i.e. the event E?Ee) is true) with high probability.

Conditioned on the aforementioned two events 52(2), E?EZ), with probability 1, during all rounds ¢ of

the exploit component in phase ¢ + 1, properties a — b are satisfied and the event 52(€+1) is going to

be true. We are going to prove inductively that our algorithm is (eg, £)-good for all phases indexed by
¢ for our choice of {¢;}, with high probability.

Base Case: For ¢ = 1 (the first phase), the number of rounds in the exploit component is zero and
we start with the explore component. We initialize M) = [N], N(1:)) = [M] and therefore, we
have

. — mi | < :
jenﬁf?%zfl) P, jenj\}l(&) P.;| <||P||, forallu € [M]

Clearly, [M] is a nice subset of users and finally for every user u € [M], the best T/B items (golden
items) {7ru(t)}tT:/|13 belong to the entire set of items. Thus for £ = 1, conditions A-C are satisfied at

the beginning of the explore component and therefore the event 52(1) is true. Hence, our initialization
makes the algorithm (||P||__, 1)-good.

Inductive Argument: Suppose, at the beginning of the phase ¢, we condition on the events
ﬂ§:1 52(] ) that Algorithm is (e, j)—good for all j < ¢. This means that conditions (A-C) are
satisfied at the beginning of the explore component of all phases up to and including that of ¢ for each
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reward sub-matrix (indexed by i € [a,]) corresponding to the users in M%) and items in N/(¢9).
Next, our goal is to run low rank matrix completion in order to estimate each of the sub-matrices
corresponding to {(M D N ED) )0

Exploration Strategy: Consider a particular nice subset of users M%) and corresponding active
items V(49 (s.t. N (59| > T1/3) at the beginning of the explore component of phase ¢ for M (49,
For each user u € M) we are going to sample each item j € N9 with probability p (to be
determined based on the desired error guarantee). Suppose the set of indices sampled in the explore
component of phase / is denoted by Q(©) € M©ED) x N9 Now, for each user u € ME) we
recommend all the unblocked items in the set A} = {5 € NED | (u,5) | ¥} and obtain the
corresponding noisy reward (note that for blocked items in the aforementioned set, we have already
obtained the corresponding noisy rewards).

For simplicity, we intend to complete the explore component at the same round for all users in M (%),

If, for two users u,v € M9 it happens that recommendation of all items in Aff) is complete
for user u but recommendation of all items in Aq()e) is incomplete for user v, then for the remaining
rounds we recommend to user v arbitrary unblocked items from A (“?). Note that this is always
possible since the set A'(“:%) has sufficiently many unblocked items allowing recommendations in the
remaining rounds at beginning of explore component of phase ¢. We start with the following lemma
to characterize the round complexity of estimating the sub-matrix P i) are.s) Up to entry-wise
error Ay with high probability using the noisy observations corresponding to the subset of indices
QO

Lemma 4. Consider a particular subset of nice users MED and corresponding active items
NED (sych that min (M/(TC), !N(“)| ) > TY3) at the beginning of the explore component
of phase L. Suppose d; = max(|MED | |INED|) and dy = min(|MED| INED)). Let us fix
Ayy1 = Q(or/plogdy /v/da) and condition on the event 52(5). Suppose Assumptions and are

2~3
satisfied. In that case, in explore component of phase {, by choosing 1 > p = c(%) (for
+1

some constant ¢ > 0) and using

a?? log(M\/ N) NT
me = O(— max (1, —) 1ogT))>
Afy M
rounds under the blocked constraint, we can compute an estimate PO ¢ RMXN guch that with
probability 1 — O(T~3), we have

‘ ‘f,(l) — Py pren < Agia. (10)

MED N

‘ o0

where o2 is the noise variance, | is the incoherence of reward matrix P and [i is the incoherence
Sactor of reward sub-matrix P ) N

Proof of Lemmal4] We are going to use Lemmain order to compute an estimate PEQ (€ N of
. [P ~( . .
the sub-matrix Py .0y pre.i) satisfying HP”(“LNW) — P e prey ‘ Lo < Agyq. Since M)

is a nice subset of users, the cardinality of [ M ()| must be larger than M/(7C). Recall that 7 is
the ratio of the maximum cluster size and the minimum cluster size; M/C being the average cluster
size implies that the minimum cluster size is bounded from above by M/(7C). From Lemrna we

know that by using m, = O(p IVED| + \/‘N(“) | plog (| M) (5—1)) rounds (see Lemma i
restricted to users in M (%) such that with probability at least 1 — (6§ + d5 12) (see Remark ,

‘ _O<0\/ﬁ3logd1>

p®)
} ‘PM(N) N T P picen e

Vpda

where d; = max(|MED| NED)), dy = min(|]MED | |NED]) and [ is the incoherence factor
of the matrix PM(Z,%,))N((’.,&,). In order for the right hand side to be less than Ay, we can set

20
https://doi.org/10.52202/075280-1100 25300



2~3
p= c(%) for some appropriate constant ¢ > 0. Since the event 82(2) is true, we must have
041

that ’M(E’i)| > M/(7C); hence d2 > min (M/(TC), |N(€7i) | ) Therefore, we must have that

a3 log(M\/ N) N7
me = O(— max (1, —) 1ogT))>
Al M
where we substitute 6~* = 1/poly(T) and furthermore, the condition of the Lemma statement

implies that d5 12 — O(T—?). Hence, we complete the proof of the lemma.

Remark 5 (Remark 1 in [8]). The error probability can be reduced from O (5 + dy*) to O(6 4 dy ©)

for any constant ¢ > 0 with only constant factor changes in the round complexity m and the estimation
guarantees ||P — P||oo. We will use ¢ = 12 in rest of the paper.

O

Note that although i, the incoherence factor of the sub-matrix P i) are.s) is unknown, from
Lemma 3] we know that /z is bounded from above by O(p) (recall that C, ar, 7 = O(1)).

Exploration Strategy continued: In particular, we choose Ayy1 = €,/176C at the beginning of
the explore component of phase ¢ for the set of users M (%) with active items N (“%). One edge
case scenario is when for a particular set of nice users M%), at the beginning of the explore
component of phase ¢, we have ]N (“)‘ < TY/3, In this case, this set of nice users M) do not
progress to the next phase and in the explore component, we simply recommend arbitrary items
in N9 to users in M%) for the remaining rounds. Another interesting edge case scenario is
when dy = min(|/\/l(“)| ; ‘N(Z’i)| ,) is so small that the requisite error guarantee Ay (eq.
cannot be achieved even by setting p = 1 i.e. we recommend all the items in the active set. Reca
that by our induction assumption, A'(“% is sufficiently large so that it is possible to recommend
unblocked items for the number of remaining rounds (say T — t; with ¢, being the round at which the
explore component of phase / starts). In that case, the set of users M%) do not progress to the
subsequent phase; we simply recommend arbitrary unblocked items in the set A/(“*) to the users in
M9 for the remaining rounds. In both the above edge case scenarios, the explore component of
phase / for users in M%) would last for the remaining rounds from where it starts. We can now
show the following lemma:

Lemma 5. Consider a particular subset of nice users M“") and corresponding surviving items
N4 at the beginning of the explore component of phase £. Suppose d; = max(|M D], VD))
and dy = min(|MED | INED]). Now Ayy1 = €/176C is such that there does not exist any
p € [0,1] for which RHS in eq. |3|can be A1 for estimation of matrix P restricted to the rows in

MED and columns in N9, In that case, we must have for all users w € M),
~ C
(T —t¢) max (Pm )N D — Puy) = O(UC\/,u3 log d; max (ﬁ, T/ —))
yEN (1) u Mt

where ty is the round at which the explore component of phase { starts.

Proof. Note that by our induction hypothesis, we must have B |./\/ (“)| > T — t,; because the set
of surviving items must contain sufficient unblocked items (for recommendation in the remaining
rounds) for every user u € M), Hence, by setting p = 1 in eq. [3| with a certain number of rounds,
we can obtain an estimate QQ of P satisfying

o)

\/ 13 log dy

Hence, this implies that our choice of Ay satisfies Ay 1 = O(U NG
2

oCy/ 3 log dy e . o 0)] ; .
O| — ). Now, there are two possibilities: 1) either dy = ‘M ' ’ implying that M/(7C) <

’ ’QM(z,i)7N<z,i) — PM<2,¢)7N(2,/L')
) implying that e, =
Vdz
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UC1'5

, , Vi3 logd
|./\/l(£”)| < }N(l”)|. In that case, we have that ¢, = O(#). Now, because of our
induction assumption, we will have

oCl5/u3logd; )
Wi )

Therefore, for any user u € M &9 if we recommend arbitrary unblocked items in A/(“% for the
remaining rounds then we can bound the following quantity

v (Puml)w“v” - P“y) se= O(

oTCH5 /3 log dl)
Y

2) The second possibility is the following: do = ’J\/(“)| > B~Y(T — t;). In that case, from our
induction assumption, we have that (B = ©(log T))

(T— 1) max (Pur, s = Puy) =O(

oCy/ 3 log dy )

max (Pmu(l)W(“) - P“y) Se = 6( VT —t,

yEN @D

and therefore

oCy/ 3 log dy

(T—t) max (Por aywin —Puy) < elT—t) =0 JT=1,

yeN (&)

= 6(UC\/U3T10gd1).

(T- te))

O

Consider M’ C M® to be the family of nice subsets of users which do not fall into the edge
case scenarios i.e. 1) there exists 0 < p < 1 for which the theoretical bound in RHS in eq. E]can be
smaller than Ay 1 2) we have ‘N (“)| > T'/3. More precisely M’(¥) corresponds to the set

U\/MS log max (| MED| | |N (D)
yfmin O] V0]

{M(“) e MY with active items N9 | Apyr = Q(

and ‘N(Z’i)

ZT1/3}

Suppose M/(7C) = Q(T'/3). As mentioned before, the event £ is true if the algorithm has
successfully computed an estimate P(©) € RM*N such that for all M%) e M)

HP(Z) — PM(E,i)’N(EJ‘,)

MUED N8 < Agyq forall MED e M (11)

5

implying that for each of the distinct nice subsets M%) € M) after the explore component
of phase /, the algorithm finds a good entry-wise estimate of the sub-matrix Py .i) prce.i). In the

following part of the analysis, we will repeatedly condition on the events 52“) (conditions A-C are
satisfied at the beginning of the explore component of phase ¢) and the event EPEZ) (eq.|10}is true for
all nice subsets M%) € M’ in the explore component of phase £). Note that the event 82“) is
true due to the induction hypothesis and conditioned on the event 82(2), the event Ey) is true with
probability at least 1 — O(T—3C) (after taking a union bound over C clusters).

Fix any MED C M’® and condition on the events 52(4), 5(@. For each user u € M &9 once the

algorithm has computed the estimate f’g\?“,i)’ e ineq. let us denote a set of good items for
the user u by

TS U ENTT P 2 P o oy pvien 2801} a2
RO ={j e NED | Py > Pz oy vien — 28041} (13)
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(&,1)

M)
of rounds in exploit components of phases that the user u € M (%) has encountered so far. Note from
our algorithm, that users in the same nice subset M (“*) have encountered exactly the same number of
rounds in exploit components of phases until the end of phase ¢. Recall that users in M%) have been
recommended the same set of items until blocked (unless blocked already for some user in which case
the item in question has already been recommended B times) in the exploit components of phases

until the end of phase ¢ (this set of items chosen for recommendation in the exploit components up
(¢,t)
M)

following statement to be true (in the following lemma, we remove the superscript ¢ in (9%12) for

where ¢ is the round index at the end of the explore component of phase ¢ and |O is the number

to end of phase ¢ is denoted by O ). If we condition on the event & (Z), then we can show the

simplicity - the round index ¢ corresponds to the end of phase ¢ for users in M (%9):

Lemma 6. Condition on the events 52“), Séz) being true. Consider a nice subset of users M4 ¢
M) and their corresponding set of active items N'“%) for which guarantees in eq. holds. Let

‘
OE\/?(M)

components of the first £ phases. Denote Z = [N] \ o

M
the items 7,(s) | Z forall s € [TB™! — ’OEQ(M) | must belong to the set 7O,

be the set of items that have been chosen for recommendation to users in M“Y in exploit

In that case, for every user u € MED,

Proof. Letus fix a user u € M) with active set of arms AN'(%), Let us also fix an item a = 7,,(¢) |

Zforte [TB! — ’(9“)

M ]. Recall that 7 | Z is the permutation of the items sorted in descending

order according to their estimated reward in f’g& i) N Now there are two possibilities regarding
the position of the arm « in the permutation 7 | Z - 1) 7, (t) | £ = 7, (t1) | Z for some t; < ¢
which implies that in the permutation 7 | Z, the position of the arm a is ¢;. In that case, the arm

a survives in the set ;") by definition (see eq. 2) Now, suppose that 7, (t) | Z2 = 7, (t1) | Z
for some ¢; < ¢ which implies that in the permutation 7 | Z, the arm a has been shifted to the
right (from 7 | Z). In that case, there must exist another item b = m,,(t2) | Z for ¢t > ¢ such that
mu(ta) | 2 =7, (t3) | Z for t3 < t. Now, we will have

f)ffb) - f)z(fg = f)z(flz - Pub + Pub - Pua + Pua - f)g) < 2Ag+1

a

where we used the following facts a) conditioned on the event 5((6)’ we have 13,%) —Pus < Ay for

allu € MED s € N b) P,y — Pua < 0 by definition. Hence, this implies that a € 7,
O

Corollary 1. Condition on the events 52(6), 835@) being true. Consider a nice subset of users M%) ¢

M'®D and their corresponding set of active items N9 for which guarantees in eq. holds.
Suppose tg is the final round of the explore component of phase € for users in M&9_ In that case,

for user u, the set 7;(2) contains sufficient items that are unblocked and can be recommended for the
remaining T — t; rounds.

Proof. From Lemma , we showed that 7" comprises the set of items m,(s) | Z for all s €

[TB~! — ’0%1)(“) ] where Z = [N] \(953(“). Now, suppose the k' item in the set H,, = {7, (t') |

T—|0@
M(£,i)
Z}t/zl

number of allowed recommendations of items in ’7;(@ isatleast TB~! — B ‘O M)
O]

O]
M (&) *Zkem bi (B ’OM(M)
rounds have already been used up when the golden items were identified and recommended). [

has been recommended to user u by, < B times in previous phases. In that case, the
0
— Dken, Ok

which is more than the remaining rounds that is at most TB~1 —B ‘ @)

Consider a nice subset of users M%) € M’ and its corresponding active set of items A/ (“%) for
which eq. [[T]holds true. At the end of the explore component of phase ¢, based on the estimate

1553(271.) N> We construct a graph G(“9) whose nodes are given by the users in M(“?) . Now, we
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draw an edge between two users u, v € MED if ‘l?’q(fgz — 13789 < 2A44 for all considered items

z e NI,
Lemma 7. Condition on the events 52“), 53(2) being true. Consider a nice subset of users M9 e

MO and their corresponding set of active items N (&) for which guarantees in eq. holds.
Consider the graph G“" formed by the users in M“) such that an edge exists between two users

u,v € MED if 15%1) — 135,9‘ < 2Ay41 for all considered items x € NED  Nodes in G0

corresponding to users in the same cluster form a clique. Also, users in each connected component of
the graph G\“) form a nice subset of users.

Proof. For any two users u,v € M%) belonging to the same cluster, consider an arm z € N (%%,
We must have

f)gx) - f)q(;i) = f)q(f;p) - Pua: + Pux - PU;E + Pvz - f)q(jzz) S 2A€+1-

Now, consider two users u, v € M%) that belongs to different clusters P, Q respectively. Note that
since the event £ is true, M9 is a union of clusters comprising P, Q. Furthermore, we have
already established that nodes in G (4.1) (users in M) restricted to the same cluster form a clique.
There every connected component of the graph G(“-*) can be represented as a union of a subset of
clusters.

O

Lemma 8. Condition on the events 52“), EZ,EE) being true. Consider a nice subset of users MED ¢

M"Y and their corresponding set of active items N (&) for which guarantees ineq. holds. In
that case, for any subset Y C N and any s € [|V]], for every user u € MED e must have

Pz, 1)y = Puzu(s))y — 68011 S Pur, 1))y — Puru(9))y < Puzo 1))y — Puza(s))y + 68041
Proof. Since, we condition on the event £ (Z), we must have computed an estimate f)(e)’ an estimate
of P restricted to users in M%) and items in N (¢%) such that

B 0)
‘ ‘PM(Li))N(Z,i) - P/vt(lwi),,/\/(lwi)

‘ SAVIER
oo

We can decompose the term being studied in the following manner:

() 5 (0)
PuTru MYy - PuTru ()Y

_p® _pW p®) _p® B ) _pW®
=Py~ Pur.y T Pur. )y ~ Puru)y T Puru o))y — Pura ()
Let us bound the quantity f’ff%)u(s)\y — f’fﬁzu(s)\y' In order to analyze this quantity, we will consider

a few cases. In the first case, suppose that 7, (s) | ¥ = 7T, (¢t1) | Y for t; > s. In that case, we

will have that f’i@n Y~ Pﬁu(s)\y > 0. In the second case, suppose 7, (s) | ¥V = Ty (t2) | Y for

to < sand m,(t3) | Y = Tu(s) | Y for t3 < s. In that case, we have
B B
Pz = Puruw

_p® = (£)
=Pz )y ~ Purue)y T Pur, )y = Pur,(9)1y T Pur )y = Pz, ()1

~ (g 5(¢
=P oy~ Pumoy + Pura)y = Puruo)y + Puru 9y — Phus gy = —28041
where we used the fact P, ()| — Pun,(s)|y > 0. In the final case, we assume that 7,(s) | ) =

Tu(ta) | Y for s > ¢9 and my(t3) | ¥ = wu(s) | Y for t3 > s. This means that both the items
mu(8) | YV, mu(ts) | Y have been shifted to the left in the permutation 7, | ). Hence,
U] _p®
Pu%u ()Y Puwu(s)D}
_ p@®

P .y~ Pur o)y T Puz, o)y = Pur,(s)|y

¢
+ Pun, )y = P (o = ~280101 + Puz, 0y = Pumu@1 = ~28011 + Pur, (13)y — Pum @)y

24
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Hence there must exist an element 7, (t4) | Y such that ¢4 < s and 7, (t5) | Y = mu(ts) | Y for
ts > s. In that case, we must have

Por.t2)y = Pura(s)ly = Pura )|y — Pura(ta)y

_ B ) () 5(0) =(0)
= Puwu(ta)ly - Puﬂu(t3)|y + Pum(tB)\ PuTru(t4)|y + Puwu(t4)|y o Puﬂu(m)\y

S0 5O S0 0
Z 228601+ Por )y ~ Pumuaiy = 72801 Pz 1y ~ Puz, ey 2 ~28e41

Therefore, in this case, we get that f’f? ()~ f’fﬁzu(s) > —4Ay41. Again, we will have that
) 5 (0) _p® (0)
Puﬂ'u(l)|y - Pu‘Tru(l)\ Pu7ru(1)|y Pu7ru(1)|y
(0) (0) (0) 5(0)
TP ~ P TP ~ Puropy 2 —28e-
By combining the above arguments, we have that
() _p® () _p® _
Por @y = Puru@)y 2 Puzu)y = Pur, o)y = 08¢+

By a similar set of arguments involving triangle inequalities, we will also have

B @) B @) 0
Py ~ Pur, oy = Pmu(m — P oy TR
This completes the proof of the lemma. O

We now show the following lemma characterizing the union of good items for a connected component
of the graph G(“:*). Recall that T — ‘OM(Z H

up in exploit component so far up to the /" phase.

counts the number of rounds excluding the ones used

Lemma 9. Condition on the events 52 ), 8 o being true. Consider a nice subset of users M) ¢
M' D) and their corresponding set of active items N'“%) for which guarantees in eq. . holds
Consider a subset of users G € M4 forming a connected component. Fix any set) = U, cG Tg \
J for some J such that for every user u € G, we have T,(s') | N9 = T, (s) | Y for s =

(0
B - |00,

and some common index s. In that case, we must have

P — Pyy) < max (Puz, = Pur, () ) +24CA
rir)leaé( (zngjaé))g VT vy | = Iileaé{ uT, (1)|Y UTty (87) | N (40 + £+1
Proof. Letus fix auser v € G. We have max, ey P, — f’vy = f’v%v(l)\y — minyey f’vy. Now,
there are two possibilities for any y € Y: first, suppose that y € 7:,(1“7) In that case, we have

Pz, 1)1y — Poy = Poz, 1)y — Poru(s)y +va(s)\y PW ()70 +P 7o (sn)| 70 — Puy
Recall that the set 7; was constructed as
O ={jeN") | P, > ﬁv%u(sl)‘j\[(l,i) —2A¢, 1} where s’ = TB™! — ‘05\2([ Y (14)

Since y € ’7;([), we can bound ISU% (s — f’vy < 2Ay41. Also, from the construction of T(Z)

0T
{7 (r) | N&D}s_ is present in the set 749 Also, since T is just a subset of N'(“:%). the positions
of the items {7, (r) | N“?}5_, do not change in the permutation corresponding to the items in
T sorted by estimated reward for v in decreasing order i.e. To(r) [NED =7, (r) | T for any
r € [s]. Hence PMU(S)W Pv% ()| 7O = 0. Hence, by combining the above, we have

Pz 1)y — Puy S Puz,())y — Por, o))y + 28041

Next, consider the case when y ¢ 72(6). Hence, there must exist an user u such that y € 71(5) \ 7;(6)
and u is connected to v via a path of length L < 2C — 1 (since there are C clusters and users in the
same cluster form a clique as proved in Lemma[7). In that case, we have the following decomposition:

Pz, )y — Poy = Puz, )y — Pur, )y + Puz, )1y — Pur(9)y + Pum()ly — Pur,(9))y

+ Pu7T )y — P o + P Fu(s)TLO T Puy + Puy va

i (s")]
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Now, let us consider the terms pairwise. Due to our construction of the graph G*%), for two users
1()[) < 2LAy4 1. Note that

x

u, v connected via a path of length L, we must have ‘f’q(faz -P

500 5(0) _ 50 @ 0
Py ~ Py =Por.opy ~Pur.ay T Pur, @y

SB Ly +PY 50

ufru (1) uF, (DY T T oRu ()Y < ALAg

~ (g ~ (s - ~ -
where we used that Pi%)v(l)‘nyi%u(l)ly < 0. Next, wehave Pz, 1))y — Pz, )|y < Puz. )y —
Pz, (s)|y + 4LA4 1. Furthermore, again we have 7, (r) | N4 = 7, (r) | 79 for any r € [s]
P P f’uy + f)uy - f)vy < 4I—AZ+1

and therefore PU%H(S)D}N_ P TO = 0. Finally, P __

W) T T
P,y < 2A41). Hence by combining, we have that

UTy (
(since Pu%u(s/)lﬂf“ —

Pz, )y — P,, < f’u%u(l)\y - f)uﬁu(s)\)) + 12LA4 1.
Hence, we complete the proof of the lemma (by substituting L < 2C). O

Lemma 10. Condition on the events 52(4)7 E?EZ) being true. Consider a nice subset of users M) ¢

M'D) and their corresponding set of active items N'“%) for which guarantees in eq. holds.
Consider two users u,v € MED having an edge i.e. ‘1352 - IN)%E)‘ < 2Ayyq forall x € NE) I,

that case, for any subset ) C NED gnd any s € [|Y|), for every user u € M(“), we must have

Pz, )1y = Pz, (9))y = 128011 < Puz, 1))y — Puz,(9)y < Por, )y — Por, ()1 + 128041

Proof. We can decompose the term being studied in the following manner:
p® _p®
Pz ~ P

50 50 S0 30
=Py~ Poroy TPy ~ Por,)

o plo) B )
Let us bound the quantity Pv%v(s)\y — Pv%u(s)\y'

a few cases. In the first case, suppose that 7, (s) | ¥ = 7,(t1) | Y for t; > s. In that case, we
will have that Pffgv(s)\y - Pf}% )|y > 0. In the second case, suppose 7, (s) | Y = Ty (t2) | Y for

to < sand T, (t3) | Y = Tp(s) | Y for t3 < s. In that case, we have

=(0) ()
y TP o1y~ Porasy

In order to analyze this quantity, we will consider

B0 )

Pz oy ~ Poru o)y

_p® _ p® () _p® 0] _ pW® o

=Pz oy " Purey TPt o)y ~ Purus)y T Pusus)y — Poru(s)y = ~48e11
where we used the fact f’ff%)v — f’(e) = 15(2) f’(z) > 0. In the final case, we

> o ()Y T Puma(o)y T Dum )y 7w ()Y _
assume that 7, (s) | Y = Ty (t2) | Y for s > to and 7, (t3) | Y = Ty (s) | Y for t3 > s. This means
that both the items 7,(s) | V, 7. (t3) | J have been shifted to the left in the permutation 7, | ).

Hence,
5(0) 500
PU%U(S)D) - Pv%u(s)Di
) 5 5 5
=Pz oy~ Pur o)y + Puz,(9))y = Puz, o)y

(0) 5

T Puz, )1y~ Puz, o)y = ~48e1 + Puzy(5)y — Puz,(5)1y

= —4Ag+1 + Pu%u(t_g)\y - Pu%u(s)Df'

Hence there must exist an element 7, (t4) | Y such that ¢4 < s and 7, (t5) | Y = 7, (ta) | Y for
ts > s. In that case, we must have
Purua)ly = Pumu )y 2 Pusu )y = Puruea)y

5 0 500 0 500 5
=Pur )y ~ Pz, )y T Poruto)ly ~ Poruoy T Por, iy — Purualy

> —4As1 +PY pY =4, +PY o PY > 4011

w(t3)|Y T T v, (ta) 0 (9)|Y VT, (t5)|Y
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©  _po

Therefore, in this case, we get that f’v% (s) (s

) > —8Ay41. Hence we get
) U]
PU%,,(l)Df - Pv%“(s)Di

500 50
2Py Por o

() B (0) _
Pv%v(l)\y - Pv%u(s)D} -

O

v (8)|Y = — 8441

() _
Pz sy

Also, we will have that

B ) p©) _ p@ _p@
Pv%u,(l)D/ - Pv%v(l)\y - Pv%u,(l)D} Pu%u(l)Di
5 (€) 5 (€) (0) (6)
+P iy~ Purmy T Pur )y — Por, )y = —4Aes1

By combining the above arguments, we have that

p©) _p® p©) _p® _ p©) _p® _
Py~ Purey 2 Py ~ Purey ~ 4201 2 Pz, )y — Pz, 1y — 12861
By a similar set of arguments involving triangle inequalities, we will also have

B () _p® B ) _pW

Py~ Py S P oy ~ P ep T 12800
This completes the proof of the lemma. O

Now, for any fixed subset ) C N (1) et us define the set Rg) | Y for user u below:
RO|Y={j€V|Pu>Puz,yy — 28041}

Hence, Rg) | Y corresponds to the set of items for user w that is close to the item with the highest
estimated reward for user u restricted to the set ) at the end of the explore component of phase /.

Lemma 11. Condition on the events 52(2), 53()2) being true. Consider a nice subset of users M) ¢

M'© and their corresponding set of active items N (&,9) for which guarantees in eq. holds. Fix any
subset ) C N' D, In that case, for every user w € MUY, the item with the highest reward 7, (1) | Y

. 4
in the set ) must belong to the set REL) | V. Moreover, max, . p)y [Pus — Pusr| < 4A041.

Proof. Let us fix a user u € M©9 with active set of arms N (:9), Now, we will have

5 510 _p®
Puz, )y — Pmuu)\y = Pu%u(my

~(¢
— Pz, )y +Pur, )y = Pur, )1y + Pur, 1))y — P(m)uuny <2804
which implies that 7, (1) | Y € Rq(f) | V. Here we used the fact that 152211(1”), Pz, )y < Ay,

Pul)}_f’fﬁzuu)\y < Agprand Pz, 1))y —Punr, 1))y < 0. Next, notice that for any s, s’ € RY | Y

Pus - Pus’ = Pus - 137%) + 1’5&@ - ].Sgt)l + I,SEL[;)I - IA)/Q(LES)/ + 1“)’1(155)/ - Pus’ S 4AZ—i—l-

O

Lemma 12. Condition on the events 52(4)7 S?EZ) being true. Consider a nice subset of users M) ¢
M'D) and their corres onding set of active items N (&.2) for which guarantees in eq. holds.
Fix any subset Y C N6V Consider two users u,v € M“Y having an edge in the graph G\4").
Conditioned on the events 52(5)7 Eéé), we must have

|Pus — Puy| < 16As41 and [Pyy — Pyl < 164044

max max
2eRO1VyerP |y zeRP | V,yerP |y

Proof. From the construction of G, we know that users u,v € MED have an edge
if ‘1552 ~P{| < 2A4 (and therefore [P, —P,,| < ’157(3 —Pua| + ‘Pvm ~ P3|+

B - B

< 4Apyq) forall z € N (9 For simplicity of notation, let us denote R, to
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be the set Rgf) | V. Suppose P, 1y = aand P, (1yy = b. Consider any pair of items
T € Ry, y € R, respectively. Therefore, for z € R,, this must mean that P, > a — 4Ay4; (note
that m, (1) | Y € R,). Fory € R,, we must similarly have P,,, > b — 4A,44. Since u,v are
connected by an edge, we must have P, > a — 8A,4; and Py, > b — 8A,11. Now, we have
P, 1))y = Py, implying that b > a — 8y ;; hence

Puz - Puy < Puﬂ'u(l)\Ru - Puy <a- (b - 8AZ+1) < 16AZ+1-

A similar analysis for v shows that P, — P, < 16A4 . This completes the proof of the lemma. [

Lemma 13. Condition on the events 52(2), 5?(,2) being true. Consider a nice subset of users M4 €
M'®) and their corresponding set of active items N (£2) for which guarantees in eq. holds. Fix
any subset Y C N4 Consider two users u,v € M“) having a path of length L in the graph
G Conditioned on the events 52@), 5350, we must have
max [Puz — Puy| <8(L+1)App
2R |V,yeRY|Y

and [Py — Puy| < 8(L+1)Ars1

max
2eR|YyerP |y

Proof. Recall from the construction of G(“%) that conditioned on EPEZ) users u, v € M9 have an

edge if f’q(ﬁ — f)E,Q < 2A¢4; (and therefore |P,, — Po.| < 4A,11) for all 2 € N9, Again,

for simplicity of notation, let us denote R,, to be the set RSf) | . Suppose P 1)y = a and
Pyx,(1)|y = b. Consider any pair of items z € R,y € R, respectively. Therefore, for x € R,
this must mean that P, > a — 4As4,. For y € R,, we must similarly have P, > b — 4A,4;.
Since u, v are connected by an path of length L (say aq,az,...,a_1)), we must have P,,, >
a— 8Api1, Poyw > a — 127444 and finally P, > a — 4(L + 1)Ay41. By a similar analysis
Puy > b—4(L + 1)Agt1. Now, we have Py 1))y > Py, implying that b > a — 4(L + 1)Apy1;
hence

Puz — Puy < Puﬂ'u(l)\Ru - Puy <a— (b - 4('— + 1)Aé+1) < 8('— + 1>A€+1'

Again, a similar analysis for v shows that P,,, — P, < 8(L 4+ 1)A4. This completes the proof of
the lemma. O]

Corollary 2. Condition on the events 82(4), 83(,4) being true. Consider a nice subset of users M) ¢

M'D) and their corresponding set of active items N (_e ) for which guarantees in eq. |11 holds. Fix any
subset ) C NG Consider two users u,v € M having a path in the graph G\"9). Conditioned

on the events 52(6), Sée), we must have

max |Puz — Puy| < 16CA¢4q and max |Pye — Puy| < 16CA4q
2eRP|Y,yerY |y 2eRP|Y,yerYP |y

Proof. The proof follows from the fact that any two users u, v € M%) connected via a path must

have a shortest path of length at most 2C — 1 conditioned on the events &%, 53()[). This is because,
from Lemma[T3] we know that users in the same cluster form a clique and since there are at most C
clusters, the shortest path must be of length at most 2C — 1. O

Hence, for a particular set of users M%) € M'(9), consider the j* connected component of G(*+9)
comprising of users ME53) If we consider the union of items S = Uye M(e,z,j)R:Sf) | Y for any
subset Y | N'(9), then from Corollary we must have that for any user u € M (657),

max [Pue — Puy| < 16CA4 . (15)

x,y€

This follows from the fact that every element s € S must exist in ’RSJZ) | Y for some v € M(Eid );
moreover, v is connected to v and therefore the shortest path joining them must be of length at most
2C — 1. Finally we use Corollary [2|to conclude equation
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Lemma 14. Condition on the events 52(4)7 E?EZ) being true. Consider a nice subset of users M) ¢
M'D) and their corresponding set of active items N (£9) for which guarantees in eq. holds.
Consider the jt connected component of the graph G% comprising of users M(653), Let NT3) =
Upe & i ’E(Z) denote the union of good items for users in MELD) Iy that case,

M) | must
belong to the set N (£4:7) j.e. the golden items that have not been chosen for recommendation
to users in /\/l(e’ljj‘) in exploit components of previous phases must belong to the surviving
set of items N'(4:3). N

2. For any subset ) C N3) and any s < | V|, we must have the following for any A > 0:

1. Foreveryuseru € M9, the items 7,,(s) | [N]\(’)%l)(“) fors e [TB_I—‘O(E)

Iff’u%u(l)w _ f’u%u(s)w > A for some u € M)
then P 1)1y — Pur,(s)|y
Z f)u?n,(l)\)i — ﬁ,u%v(s)ly — 4Ag+1 2 A — (2C — 1)4AE+1 fOV allv € M(é)imj).

Proof. The proof of the first part follows directly from Lemma [T1] where we showed that for a

fors € [TB™1 — ’(9(0
)

particular user u € M (%9, the items P M)

ura () INNOY), ] must belong to

the set ’7;(@ (and the fact that N'(&59) D 7;(6)).
We move on to the proof of the second part of the lemma. Recall that any two users u, v € M)
have an edge in the graph Q(Z’i) if ‘1552 — 1352 <2Apy; forallz € NED Tn that case, we have

Pz, )1y = Pz, (5))y = Por, 1))y — Poru(s)y
> Puz, 1))y — Pumy(s))y — 4B041 = A= 4844,

We are going to prove the Lemma statement by induction on length of the shortest path joining the
users u, v. The base case (when the path length is 1 i.e. u, v are joined by an edge) is proved above.
Suppose the statement is true when length of the shortest path is L — 1. In that case, we have the
following set of inequalities (suppose w is the neighbor of v and the length of the shortest path joining
u,wis L —1)

Pz, )y = Pur, )y 2 Por, )1y — Porn(s)y
> Puz, )y — Pw%w(s)\y —4LAp 1 > A—4LA ;.

The lemma statement follows from the fact that the length of the shortest path between users u, v in
the same connected component is at most 2C — 1. This completes the proof of the lemma. O

Partition of M (%) in phase ¢ + 1 into nice subsets of users and their corresponding active
subsets of items: Consider a nice set of users M (%% at the end of the explore component of phase
{ i.e. the start of the subsequent phase £ + 1 for the users in M (%) At this point, conditioned on
events 52(2)7 E?EZ), our goal is to further partition the users in M%) into more nuanced nice subsets.
Suppose the number of rounds is at least TY/3/B = O(T*/3) implying that the active set of items
NED) s of size at least ﬁ(Tl/ 3) (induction assumption property B). Suppose, we index the connected
components of the graph G(**) formed by the users in M%) € M'(®). Now, for each index 7, the
set of users corresponding to the 5" connected component of the graph {G(**)} forms the j*" nice
subset of users (Lemma stemming from users in M9 € M9 - let us denote this set of users by
MUE+L2) for some index s > 0. For this set of users M (“+1:2) at the start of the exploit component
of phase ¢ + 1 (round t), we define the active set of items NUEFLEZ) 6 be UueMu“,z) ﬁ(z). Hence
{( ML) NEFLE)Y forms the family of nice sets of users (that progress to the (£ + 1) phase)
and their corresponding active set of items at the beginning (exploit component) of phase ¢ + 1 for

users stemming from M’(“). Next, we discuss our recommendation strategy for M(¢*+12) (a nice
subset of users) in the exploit component of phase ¢ + 1.
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Strategy in exploit component of phase ¢/ + 1: Note that in the exploit component of phase £ + 1
for users in M(657) = MEH+1:2) (new notation indicating that M (647) = MEF12) is a nice subset
of users at phase ¢ + 1) for some indices i, 7 and z, we follow a recursive approach to identify

and recommend items in {7, ()} 5 B for all users u € M“F1:2) At the beginning of the exploit
(0+1,t)
M(E+1,2)

(’)ﬁe( 0.y (.e. the golden items that have been chosen for recommendation in the exploit components

of previous phases (1 — ¢) to users in M%) and recommended sufficiently enough number of times
to be blocked). At start of the exploit component of phase £ 4 1 (round t), recall that the active set of

items is given by N (142 = Uwemeso 71([). We reiterate here that ¢ corresponds to the index
of the starting round in the exploit component of phase £ + 1 for users in the nice subset M“+1:2),

component of phase ¢ + 1 (say round t), we will also initialize o to be the set of items

Let us denote s = TB~! — O;Zt,}fl)z) and Y = N+1.62)  First of all, note that from Lemma ,
for all users u € M+12) the items 7, (r) | [N] \ (’)%I};?Z) for r € [s] must belong to the set ) i.e.

the best s items among those that are not in the set O etj fl)z) must survive in Y (Lemma . Now,

we look at two possibilities:

1. (Possibility A): For all users u € M+1:2)_ we have that lgu?ru(my*f)u%u(s)\y < 64CA444
In that case, we stop the exploit component of phase £ + 1 and move on to the explore
component of phase ¢ + 1 for users in M“*12) and active items ). Conditioned on
events 52(4)7 Séé), in Lemma we show that the above condition implies for every user

u € MUFL2) we must have

max < 88CAg4q.

z,ycy
Furthermore, for Z = |[N] \ (9/&?}“ .y, it must happen that JJ DO {m,(s) |
T/Bf|o(z+(/13rl =) 0+1
Yooy D MU for every user u € M2 In other words, for each user u €

MUE+12) "the set ) must contain all the top TB~! golden items ( {7, (r) IEIl) that were
not recommended in the exploit components so far.

2. (Possibility B): For some user u € MY+ we have that lsu%u(1)|y — ﬁu%u(s)D} >
64CAy11. In that case, from Lemma we know that for every user v € MH+1:2) we
must have P 1))y — Por, (s))y = 56CA¢41 . In that case, if we consider the set of items
S = UueM(ul,z)RSf) | Y, then from Lemma (or see eq. , we must have that for
every user u € MUH1L2),

mzéx |Puz — Puy| < 16CA4 (16)
y

For every user u € M+12) recall that in Lemma we showed that 7, (1) | YV € RY |

Y and in Lemma we showed that m,(1) | Y = m,(1) ‘O%ﬁ +t1 .,|]- Hence,
(1) | Y = mu (1) | [N\ ‘Oﬁf}ﬁ)z) belongs to the set S for every user u € M+1:2),
Hence we must have that the items S is a subset of {m,, () | [N] \ (’)(thfl)z) +5_,. Suppose

we index the items in S. For each of the subsequent B |S| rounds (indexed by b € [BS]), for
every user u € MH12) we go to the [(b/B)]t™ item in S and recommend it to user u if
unblocked. On the other hand, if the [(b/B)]* item in S is blocked (or becomes blocked)
for the user u € MU+12) then we simply recommend any unblocked item in A/ (¢+1:4:2)
This is always possible because we will prove via induction (see Lemma|[T5|and in particular
eq. that at every round in the exploit component of phase £+ 1, the number of unblocked
items for any user u € M“+1:2) in the set N'“+1:2) (where ¢ is the previous decision
round for M“+1:2) on whether possibility A or B is true) is always larger than the number
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of remaining rounds. We make the following updates:

O o) us (17)
N E+LEH[S]2) e_ﬁfw+1,¢)\(9%ﬁ;itfn (18)
t « t+|S|and Y « N+ (19)

i.e we update the set O(thfl)@ by taking union with the set of |S| identified items in

{7 (t)}]_, forall users u € MU+1:2) After these |S| rounds, for the set of users M (“+1:2),
the set of active items A/ “*1:t:2) is pruned by removing the items in S and the time index is
increased from ¢ to ¢ + |S].

At this point, we repeat the same process again for users in M¢+12) with the pruned
set of active items N (“+1:45) j e we check for possibility A or possibility B. If we
encounter possibility I3, then we again find the set of items S = U,,¢ M<e+1,z)7?,5f) | Y
and recommended it to all users in M in |S| B steps as outlined above. We do this step
recursively until we encounter Step A for the users in M (“*1:2) and at that point we exit the
exploit component of phase ¢ + 1 and enter the explore component of phase ¢ + 1.

As before, at the beginning of the explore component of phase ¢ + 1 for the nice subset of users
MUEFL2) et us denote the set of active items by N (¢+1,2) and the set of items considered for
recommendation in the exploit phases including the (¢ + 1) one by 05\/?(_21 .y (i.e. we remove the ¢
in the superscript for simplicity). Therefore, at the end of the explore component of phase ¢ + 1 for

the nice subset of users M‘*1:2) the set of active items A “t1:2) satisfy the following:

Lemma 15. Consider a nice subset of users M“t12) and their corresponding set of active items
NUEL2) gt the end af the exploit stage of phase { + 1 i.e. for all users u € MUH12) we have

P . Suppose M(+1:2)

(41
P,y — Pz g ners < 64CA4 for s = TBT! ‘OMZL 2
is comprised of the users in a connected component of the graph G%) which in turn is formed by the
O]

users in M for which guarantees in eq. |11\ holds true i.e. we condition on the events 82( ), Es
being true. In that case, we must have that

1. for all users v € MU+1:2),
max |Pux - Puy| < 88CAZ+1

2 yeN 1)
i.e. the best and worst items in the set N“t12) for any user u € MYHTL2) has close
rewards. (e41)

2. Denote Z = [N] \ 0 +(, +1..) 10 be set of items not chosen for recommendation to users in

MEL2) i the exploit component of phases until (and including) phase € + 1. Then it must
happen that

1
O thn € {mu®}1E] (20)
TB-! ‘O(“l)

N(Z—i—l,z) ) U {ﬂ_u( ) | Z}t/ M (e+1,2) ]

wEM(L+1,2)

2

Proof. Suppose at the end of the explore component of phase £, M¢+1:2) C M We will prove
a more general statement. Consider the rounds %1, %2, ... at which we check for possibility A or
possibility B (this includes the starting and ending rounds of the exploit component of phase £+ 1). At

any such round ¢,., for all users u € M*+1:?) we must have that 7, (TB~! — ‘O%{?Z%) ) | NED ¢
N L) and

max Py —Puyl <  max (1~)~ 1tz - P, - ) ,Tz) 24CA
m,ye/\fww,z)' ur —Puy[ < max Pz, yaessies = Pug e | + 041

(22)
NELED 5| ) () | Z)5—, where Z = [N]\ O (23)
ueM(£+1 z)
1
O i) € {mu(t)} 8y (24)
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_ (C+1,t,)
fors =T— |0 i1

in the exploit component of the phase ¢ + 1. For the base case, we consider the round ¢; which
corresponds to the beginning of the exploit component of phase £ + 1. At this round, recall that

N(£+1’t17z) = UuEM(Z-Fl,Z)I]:J,(Z)‘ Of course, with 5= T N ’O(Z)

‘ We will prove the statement above via induction on the recursions performed

e |- for every user u € ML)

we must have {7, (r) | N¢DYs_ e T (Lemma and since A/“*1:) is a union of the sets
<6, Tu(r) | NED = 7, (r) | N¥+12) for all » € [s]. Hence by invoking Lemma|§|(in the
statement of Lemma (9] we have J = ¢ ie. ¥ = N1 and 7, (s) | N =7, (s) | NEFL2)

fors =T — ’O(Z’t’) ), we obtain the statement of the Lemma for round ¢;.

ML)

Suppose the induction statement is true for round ¢, and the second possibility i.e. possibility B
became true. In that case, we do not exit the recursion and our goal is to show that the lemma
statement is true at the next decision round ¢,. The induction hypothesis implies that for every

user u € M52 we have that 7, (TB~! — ‘OEQ(M)

‘) | NG =7 (5) | NEFLEa2) for s = TB™T —

) survives in the set of items N (¢+1:a:2)

and furthermore, we have 7, (TB~! — ‘Oﬁe(z,i)

‘Oﬁﬁ,}f{fg) (note that s is common for all users in M (“+1:2)). The induction hypothesis also implies
that
NELE2D 5] {ry(#) | Z}5—, where Z = [N]\ O ) and s = T — ‘oﬁjﬁj)
u€EM(E+1,2)
(25)
41,8, -1
O {r ()11, (26)

Again, at the decision round ¢,, since the possibility B was true, for one of the users u € MUE+LZ)

(L+1,tat1)
ME+1,2)

b}

we must have fors = T — ‘(’)

Pu%u(1)|j\/<2+1,ta-,z> - Pu;u(s)w<Z+1,tQ,z> > 64CAp41

implying that for every user v € M“+1:2) we have

PU%U(l)‘N(Hl,tG,Z) — PU%U(S”N(HL%,Z) > 56CApy .
The above equation further implies that (Lemma , for every user v € M2 we will have

Pvﬂ.v(l)‘/\[(z-#l,ta,z) — Pvﬂv(s)w\/(ul,t,,,,z) > 50CA@+1.

Hence, as mentioned before, if we consider the set of items S = UUGM(Z+1.2)R1(¢Z) | N(EtLta,2)
then from Lemma (or see eq. , we must have that for every user v € ME+12) 7 (1) |
N(Z-‘rl,ta,z) € S and

max P (1) A 1ita) — Py | < 16CAy . (27)
Hence, if we remove the set S to update N/ (“+1ta2) je N (EFLEar1:2) o A/(E+H12a:2) \ S for every
user u € ME+12) we must have

~ — L
F(TB = |00

) | N(ZJrl,ta,z)

) I N =7, (TB |0l

) ‘ N(£+1,ta+1,z) )

_ = —1 (£+17ta+1)
=7,(TB™" — ‘OM(H—I,Z)

This is because for each user u, only elements which have larger rewards than 7, (TB~! —

‘Os\aﬁﬁf; ) | NV (t+1.ta,2) are removed which makes the aforementioned item survive in
N (EHLtat1:2) and also moves its position up (recall that Ofﬁf@lﬁ‘ﬁf) — O%I;ﬁ"j; U S) in the

list of surviving items sorted in decreasing order by expected reward. Hence, we can apply Lemma
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[ to conclude the first part of the induction proof. In order to show the final statement, with

_ 4
s=TB"! ‘Oﬁvj(elﬁ-i Z)

we can simply substitute that
e/\rfll(%r{l : (Pu%u(lw\/aﬂ,t,,..z) — Pu%u(s)u\/(uu,,.,z)) < 64CAp41
» -

when possibility A became true at a decision round ¢, and we exit the exploit component to enter the
explore component of phase ¢ + 1 for users in M(¢+1:2),

Moreover, we will also have that

S C {mur) | N} where s = TB™! — |0 (28)
— S C {mulr) | Z};o, where 2 = [N\ O] and s = T = [0 50 | 29)
= S {m®NE (30)
= NV o () | 212 3D

ueME+1.2)

where Z = [N]\ O ﬁfel +tl“j)1) and s = ’O%I} +t1“j)1) (32)

This first implication is due to our induction hypothesis (see eq[25)) which implies that the best

041,t,)

s items in the smaller set A/(“*1:te:2) is same as the best s = TB~! ‘(’)M(Hl -y | items in the

larger set [N] \ (’)(et,_} le“z) Hence, it is evident that the set S must also be a subset of the best TB~!
items (golden items) for user u namely {m, (t)}+c[Tg-1]. Since the above facts are true for all users

u € MWH1L2) we can also conclude that the new pruned set of items A (“+1:ta+1:2) at the next

EJrl ta+1)
ME+1,2)

completes the second part of the induction proof. O

items for every user u. This

decision round ¢, ; is a superset of the best TB~! ‘O

Lemma 16. Conditioned on the events 52(6), 5(5), with choice of Ap11 = €441/88C, conditions A-C
will be satisfied at the beginning of the explore component of phase ¢ for the different nice subsets
{M(ZH"Z) }. and their corresponding set of active arms {./\/'(Hl’z)}z implying that the event 82(é+1)

will be true.

Proof. 1. Proof of condition A: Due to our induction hypothesis, condition A is true for the
explore component of phase ¢. Hence, the explore component of phase ¢ is implemented
separately and asynchronously for each disjoint nice subset of users M(“9) € MO C M©)
(recall that M’(9) corresponds to the nice subsets of users which do not fall into the edge case
scenarios). Let us fix one such nice subset of users M©) e M’ After the successful
low rank matrix completion step (event 5 Vis true), we find the connected components of a
graph G(“%) which in turn correspond to nice subsets of users as well (see Lemma' Since
the above facts are true for all nice subsets of users in M’(“), the nice subsets of users that
progress to the (¢ + 1) phase are disjoint. Since these set of users are not modified during
the exploit component of phase ¢ + 1, condition A is true at the beginning of the explore
component of phase ¢ + 1.

2. Proof of conditions B and C: Again, let us fix a subset of nice users M (*+12) that has
progressed to phase £ + 1 and was in turn a part of the nice subset of users M%) in phase
¢. In other words, the set of users M“+1:2) corresponds to a connected component of the
graph G, From Lemma we can conclude that conditions B and C are true at the
beginning of the explore component of phase ¢ + 1 for users in M (¢*+1-%) with choice of
Ayy1 = €041/88C where €11 was pre-determined. Therefore, the conditions B and C hold
for all nice subsets of users { M “+1:2)} _ that have progressed to phase £ + 1.

Hence, conditioned on the events 522 ,6’?52), with choice of A1 = €411/88C, the algorithm will be
(er41,¢ + 1)—good and the event 5(“_ will be true. O
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D.2 Analyzing the regret guarantee

Lemma 17. Consider a fixed decreasing sequence {€;};>1 where ¢, = ||P|| and ¢ =

C'2-¢min (||PHOO, %) for ¢ > 1 for some constant C' > 0. Let us denote the event

E=N, 82(6) N 535@) to imply that our algorithm is (eg,€)—good at all phases indexed by { and
the explore components of all phases are successful with the length of the explore component of phase

{ being B
me = O(W max (1, %) logT)>>.

The above statement implies that for any nice subset of users MED that has progressed to the ¢t
phase with active items N'“V) at the beginning of the explore components, with my rounds, we can
compute an estimate PM(L’L‘)’N(Z,i) OfPM(é,i)’N(e,i) satisfying

-4y
HP.(/Vz(E,i)J\/(Z,i) - P,Axl(l,i)’/\/wi) < A£-~-1~

‘ o0

In that case, the event £ is true with probability at least 1 — CT 2.

Proof. Notice that
Pr(e) =1 - Pr( &P &5
¢ 0

> 1 — (Pr(&{M) + Pr(efVe | YY)
_ Z Pr(gé[)c | n (52([’) N S?E[))) + Pr(g?()f)c ‘ 52@)0, n (52([/) m E?EZ))))

£>1 <t <t
> 1 — (Pr(e5V) + Pr(esVe | £Y))

-3 (Pr(52“>c 1 &{D el 4 pr(elP | 52“’)) >1-CT?
£>1

where we used the following facts 1) Pr(£{”¢) = 0 and Pr(£{° | £V, &) = 0 for all ¢

(Lemma 2) Pr(é’él)C \ 52(2)) < CT~2 implied from Lemma 4| with additional union bounds over
the number of phases (at most the number of rounds T) and the number of disjoint nice subsets of
users that have progressed in each phase (at most the number of clusters C). An important fact to
keep in mind is that the above analysis is possible since the observations used to compute estimates
are never repeated in Alg. 2Jand we are able to avoid complex dependencies. O

Now, we are ready to prove our main regret bound. Suppose we condition on the event £ as defined
in Lemma Conditioned on the event &, let us denote by p,, to be some sequence of items
recommended to the user u € [M] by our algorithm. The probability of this sequence of items being
recommended is Pr(Nyepmou | €).

D.2.1 Swapping argument

Let us fix a particular user v € [M] and a sequence of recommended items p,, such that p,,(¢) € [N]
is the item recommended to user u at round ¢. For sake of analysis, we will construct a permutation
Ou = [T] = {pu(t)}iem) of the items {py(t)}+cT) With sequential modifications (¢, is initialized
with p,). For any phase indexed by ¢, consider the exploit and explore components for a nice subset
of users M (49 The sequence of items recommended to user « during the explore component remain
unchanged i.e. for any phase ¢, 0,,(t) = p,(t) for all rounds ¢ € [t] such that ¢ corresponds to the
explore component of phase ¢ for the user u.

Now, for the exploit component in phase ¢, recall that (’)53( e\ O%;i)i) is the set of items chosen
for recommendation particularly in the exploit component of phase ¢ (we remove the super-script ¢

since we refer to the end of the exploit components in phase ¢ and phase ¢ — 1 respectively). Suppose
at round ¢ in the explore component of phase £, the bt item in the set (953( e\ Oﬁ\a_(z{)i) was chosen

4
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to be recommended to all users in M % but was found to be blocked for user u € M9 before
it could be recommended B times. Let us also denote A/ (4:ta:9) to be set of active items for users in
M at round t (i.e. t, was the previous decision round where it was decided whether possibility

A or possibility B was true). Since the b" item in the set (9%[)(4,1.) \ ol M 1) was blocked for user u,

instead we recommend any unblocked item for user u from the current set of active items N (¢:ta:0)
This is always possible; we showed in Lemma [I5] (see eq. [23) that the active set of items always
contain sufficient unblocked items for possible recommendations for remaining rounds for any user in
the corresponding nice subset of users during the exploit component. Now there are two possibilities:

1. (o™ item in the set OE\ZA)( 00) \(95\{1—(2) was recommended in round t' in the explore component

of previous phase ¢') We consider the active set of items V' (“"-") (such that u € M ") in
phase ¢') where ¢/ < [ is the phase index (and ¢’ is the round index) when the b*" item in

(953( e\ (’)%f(} 3) (say a) was recommended to the user u during the explore component.

Let us denote the item that we have recommended as replacement to user u at round ¢ by a’.
Note that since ' € N'¢te-9) it must happen that o’ € N'¢"-") since N'(¢:tasi) C A/(E0),
In that case, we have

pu(t) =a’ and p,(t') = a
We swap the above items so that in the modified sequence, we have
0.(t) =aand 0,(t') = d

The goal of the swapping operation at round ¢ in the exploit component is to modify the
sequence of items such that 1) the item a chosen for recommendation at round ¢ is assigned
to round ¢ in the exploit component 2) the item a actually recommended in round ¢’ < ¢ and
phase ¢/ < £ is replaced by another item a’ (actually recommended at round ¢ > t’ in phase
£ > {) such that both a, a’ belongs to the same set of active items NE.R) (u € M)
for some h). We will also say that the item a chosen for recommendation is replaced by a
swapping operation of length 1. This is because the chosen element for recommendation a
was recommended in the explore component of a previous phase. A more precise definition
of the length of a swapping operation is provided below.

2. (b item in the set (’)53( £.0) \(’)56(7(@112) was recommended in the exploit component of previous

phase): This is the more difficult case. As before, let us denote the bt item in the set
Of\a(z o\ Of\awl 2) by a. Of course, the item a could not have been chosen for recom-

mendatlon in the explozt component of a previous phase (i.e. a cannot belong in the set

MU" a\ OMW ) forany £ < ¢ with u € M©*7) in phase £.) In that case, the item a

was recommended in the exploit component of phase ¢ as part of a swapping operation.
With this intuition in mind, let us define length of a swapping operation precisely:

Definition 3 (Length of swapping operation). For a user u, suppose a; € O(E)(e 9 \(’) (¢ (@12)
is an item chosen for recommendation in the exploit component of phase ¢ but found/\;la be
blocked. In that case, we will say that ay is replaced by a swapping operation of length L 4 1
if there exists L + 1 items a1, aqz, ..., a,a41, L+ 1 phases py > ps > -+ > pL > pL41
and respective rounds t1,ta, ..., tL,tLy1 such that 1) ay is chosen for recommendation
in exploit component of phase py at round t1 2) for each 2 < i@ < L, a;—1 has been
recommended in the exploit component of phase p; at round t; when the intended item
chosen for recommendation was a; 3) ap has been recommended in the explore component
of phase p| 1 at round t| 41 3) aL41 is the item recommended to user u in place of a; in
phase p1 at round t;.

As before, a4 belongs to current set of active items NE&ta) at round t1 for users in
M) (recall that ¢, is the decision round just prior to #1). In the above definition, note that
L must be finite since there are a finite number of components and the first phase only has

an explore component (recall that exploit component in the first phase has zero rounds).

For a user u € M) suppose a; € oY M) \ ol M 2) is an item chosen for recommen-

dation in the exploit component of phase E but found to be blocked. Moreover suppose a;
must be replaced by a swapping operation of length L (see Definition [3] for notations). In
that case, we make the following modifications to the permutation 6,,:

0u(t;) =a;foralll <i<L+1
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Lemma 18. Condition on the event £. Consider the modified sequence of distinct items {0,,(t) }1c[1]
for a certain fixed user u. For any phase £ to which the user u has progressed as part of the nice
subset M) consider the exploit component starting from round index teypioit start,¢ 10 texploit,end, -
In that case, the set of elements {0,,(t) | t € [texploit,start,¢s texploit,end,¢] } IS equivalent to the set of

elements (’)%l)(m \(9%;(,1)) repeated B times i.e. the golden items chosen for recommendation in the

exploit component of phase { to users in M9 Similarly, consider the explore component starting
from round index texplore,start,é to texplore,end,@- In that case, for any te [texplore,start,éy texplore,end,@]y it
must happen that 0,,(t) € NG e the set of active items for MY during the explore component
of phase /.

Proof. We start with the following claim.

Claim 1. For a user u € M9, suppose a; € 053([,,5) \ (9%1_([1_,)5) is an item chosen for recommen-
dation in the exploit component of phase £ at round t1 but found to be blocked for user u. Moreover
suppose ay has been replaced by a swapping operation of length L+ 1 (see Definition[3|for notations).
In that case, we already have 0,,(t;) = a; for all 2 < i < L. We only need to modify the sequence
by making the following two changes: 1) 0,,(t1) = a1 2) 0, (tL+1) = aLy1. Note that in the true
sequence, a| 41 has been recommended in the round t1 replacing the intended item a;.

Proof. We will prove the claim via induction. Notation-wise, suppose for any ¢/ < ¢, the user u
belongs to the set M) and the set of active items at round ¢, for users in M%) is denote by N
(for simplicity, we remove the superscripts). The base case for L = 0 is true by construction - here
the item a; is recommended in the explore component of phase po at round t». We find an unblocked
item as in the set N/ C N(69) (note that items are never added to the active set across phases and
only pruned), recommend it at round ¢; according to our algorithm. For analysis, we modify

Hu(tl) = ay and eu(tz) = a2

Now, suppose our claim is true for some L = [. Now, for L = [ + 1, note that a; was recommended
in the exploit component of phase py at round ?9; this implies that a; must have been used to replace
another item ay via a swapping operation of length /. By our induction hypothesis, we must have
0. (t;) = a; for all 2 < ¢ < L (as a matter of fact, we will have 6, (¢, +1) = ay). Therefore, only
the pair of modifications 0,,(t1) = a; and 6, (tL+1) = a1 suffice to bring the desired changes in
0. O

We can also conclude from Claim I|that 1) at any round ¢ in the exploit component of some phase for
user u, if the chosen item to be recommended is found to be blocked, then that chosen item is brought
to the ¢™ position in the sequence 6, 2) Once the chosen item is brought to its correct position in 6,,,
it will not be modified/moved in any future round. 3) All chosen items for recommendation to user u
corresponding to exploit components are moved to their correct position (i.e. the intended round for
their recommendation) in the sequence 6,,. Next we make the following claim:

Claim 2. Consider the setting in Claim It must happen that all the items ay,az, . .., a 41 must
belong to the set N'P+19) _ the set of active items in the phase L1 for users in the nice subset
M P19 10 which u belongs and ay was recommended in its explore component.

Proof. Again, note that items are never added to the active set across phases and only pruned. If
an item a; is replaced by a1 via a swapping operation of length L 4 1, it implies that a; was
used to replace item as (via a swapping operation of length L), a; was used to replace a3 (via a
swapping operation of length L — 1) and so on. The final golden item for user « in this sequence a
was recommended in phase p| ;1 in the explore component and belonged to the set of active items
N@PL+1.4)  Hence, this implies that all the subsequent surviving items ay, as, as, ..., a,—1, a 41 must
have belonged to the set of active items A/ (P+1.1) as well. [

From Claim [2| we can conclude that for any round ¢ in the explore component of some phase ¢ for
user u, if p,, () is replaced in the sequence 6,, at round ¢, then p,,(t), 6,,(t) belong to the same set of

active items NV (“¥). With both these arguments, we complete the proof of the lemma. O
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D.2.2 Final Regret analysis

Let us condition on the event £. Consider any user u € [M] - recall that {p, (¢) };¢[r] is the random
variable denoting the sequence of T items recommended to the user u, p,(t) is a realization of
{pu(t)}+c[T) conditioned on the event £. Furthermore, 6,, is the modified sequence - a permutation
of the T items {p,(t)} recommended for user u. For simplicity of notation, we will assume that
u € ME for every phase £. Hence the active set of items during the explore component of phase
¢ for the nice subset of users M%) is denoted by N'(“%). Also, in line with our previous usage
of notations, let us denote OEQ(M) \ (’)%&2) to be the set of items chosen for recommendation
particularly in the exploit component of phase £. Moreover, O denotes the entire set of items chosen
for recommendation in all the exploit components to user u. In other words, if £, is the final phase to
Reg,(T) | £ == EK > Purt — Puﬂu(t)) | 5}
te(T)

where the expectation is over the randomness in the algorithm and the noise in the observations.
Note that with this notation, we have Reg(T) | £ = M~} > uepv Reg, (T) | €. We now have the
following set of inequalities for regret of user u:

Reg,(T) | € £ ]EK z[:] Pour.t) — Pupu(t)> | 5] = EK > Puravy — Pupu(t)> | 5]
te[T

te[T]

which user u has progressed then O,, = O We denote the regret for the user u by

=Y Pr(pu(t) = pu(t) | 5)( > Pur) - Pueu,(o)

pu(t) tG[T]
= " Pr(ou®) = pu®) [ £)( X Purat ~ Pug o))
pu(t) te[T]

Let us denote the set of rounds in the exploit component of /" phase by exploit(¢, M%) and the

explore component of /*" phase by explore(¢, M(©?)). Therefore we can further decompose the
regret for user u as follows:

Reg, (T) [£= 3 Pripu)=pu) 1O( X 3 (Puratw—Pu)

pu(t) Le[ly,] teexploit(£,M#:1))

+ ) > (P -Puw))

Le[ly] teexplore(£,M(£:1))

Next, our arguments are conditioned on the event £ and any sequence p,,(t) having a non-zero
probability of appearing conditioned on event £. Recall in Lemma we proved by induction
that O,, C {m,(t)}/_,. Moreover, in Lemma we proved that items chosen for recommendation
in the exploit components for user u are in their correct positions (i.e. the round when they were
intended to be recommended but might have been found to be blocked) in the sequence 6,,. Consider
a permutation of the best T items for user u o, : [T] — {m,(¢)}]_; such that

ou(t) = 0,(t) for all t € Ugexploit(¢, M49)

{Uu(t)}teuzexplore(f,/\/[(f’i)) = {ﬂ-u(t/)}t/G[T] \Ou
where in a round in any exploit component, the permutation ¢ maps the item chosen for recom-
mendation (which we know to be among the best T items) for user « to that round. For any round
belonging to the explore component, the permutation ¢ arbitrarily maps the remaining items among
the best T items (namely the set {7, (t') }; <) \ Ou). Notice that >oterm Purat) = 2term Puout)-
Therefore, we can further decompose the regret as

Reg,(T) [ €= > Prlpu®=pu® (Y X (Puvsiy—Pus)

pu(t) 2€[l,] tcexploit(£,M(£:9)

+ 3 > (Puovy = Pusiv))

L€ [Ly] teexplore(€,M(£:1))

=S P =0 1O( X Y (Puny-Puw))

pu(t) Le[ly] teexplore(£,M(£:D))

7
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For the explore component in the phase indexed by ¢, we have proved in Lemma [I4] that the active set
of items A (“%) is a superset of {m,(¢')}yc[r) \ Oy Therefore, we can bound (using Lemma and
condition C stated at beginning of sec. [D.I)) for any ¢ # ¢,, (¢,, denotes index of the final phase that
user u was part of)

23 log(M\/ N N
Z (Puou(t) - Pu§ (t)) < my - €p = O(% max (1, i) lOgT))> - €y
tEexplore(£,M (&) ’ AZ""l M
where i is the incoherence factor of the sub-matrix P e, N Next, using the facts that Ay =
€0+1/88C, 2¢4 = €441, C, 7 = O(1), we get that (after hiding log factors for simplicity)

- 0.2/73 N . 0.2,u3 N
2 (Pun ~Pugo) = O( (1 g5) ) = (T max (1.7 ) ).
tcexplore(£, M (£:1))
In the above statement, from Lemmas 2| Iandl we also used the fact that ;z = O(u) and the condition
number of the sub-matrix P . N is O(1). Finally, for the explore component of the final
phase £,,, from Lemma|[T1] we will also have (in the final phase, one of the edge case scenarios might

appear)

. 2,3 N
5 (P Pan) =0 e (V7)) (2 s (1. 3)
tEexplore(£,M (&) €0,
Hence, we can put together everything to conclude that

Z Z (Puo-u( t) — Pugu( ))
£€[tu] teexplore(£,M(41))
2,3

SO s (1)) e (V7 )

14

2,3

< :z_: my® + Z 0 U(; max( ))—!—O(U,u max \F\/>

N
s (1.1) + s (7. 1)
where J is the number of phases with ¢, > ®. By choosing & = \/(’2”3 max (1, %) , we can bound

gTq>+J~6(”

T

S S (P ) =0 T (1)

Le[ly] teexplore(£,M(£:1))
where we used the fact that N >> T and therefore the last term in the previous equation is a lower order

term compared to the first two ones. Next, recall that we choose ¢, = C’2~ min (HPH<>o7 %)

(so that the condition on o > 0 in Lemma[I]is automatically satisfied for all £) for some constant
C’ > 0, the maximum number of phases ¢ for which ¢, > ® can be bounded from above by

J= O(log (é min (HPHOO, y ”))). Therefore, we can hide J inside O and obtain

log N

> > (Puoum - Puéum) = 5(""3/2 Tmax (1’ %))

Le[ly] teexplore(£,ME:1))
Therefore, we must have that

N Ty N
Reg, (T) | € = O(au T max (1, M)) = Reg(T) | € = O(o,u T max (1, M))
Finally, we use the fact that
Reg(T) < Reg(T) | £+ Pr(€°)(Reg(T) | £9).
From Lemma we know that Pr(€¢) < CT~2, Reg(T) | £ < T||P||_, therefore,

Reg(T) < Reg(T) | £+ Pr(€°)(Reg(T) | £°) = O(au?’/ Tmax( I\'\/II) + T~ 1HP|| )

which completes the proof of our main result.
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E Proof of Lower Bound (Theorem 2)

Consider our problem setting with M users, N items and T rounds, blocking constraint B, noise
variance proxy o = 1 and all expected rewards in [0, 1]. Here we consider C = 1 i.e. all users
belong to the same cluster. Let us denote a particular policy chosen by the recommendation system
as 7 that belongs to the class of polices II. Moreover, let us also denote by £ the set of possible
environments corresponding to the expected reward matrices that has all rows to be same (satisfies
cluster structure for C = 1). In that case, the minimax regret is given by

1nf sup Reg(T; &)
Myee

E.1 Lower Bound via reduction

We can ease the problem by assuming that at each round ¢ = 1,2,..., T, the users come in a
sequential fashion - the j" user is recommended an item based on all previous history of observations
including the feedback obtained from recommending items from users 1,2,...,7 — 1 at round ¢.
Furthermore, we also assume that the N items can be partitioned into NB/T known groups where
each group has identical items - hence we have a simple multi-armed bandit problem (MAB) with
NB/T arms and MT rounds with a single user. A lower bound on this simplified MAB problem will
imply a lower bound on our setting i.e by appropriately normalizing, we have

1 NB NB
Infsup Reg(T3€) > i o sup ResnaMT:€) =25/ -MT) = (/)
where we simply used the standard regret lower bound in multi-armed bandits with K arms and T
rounds which is Q(vKT) [19].

E.2 Lower Bound via application of Fano’s inequality

As before, we can ease the original problem by assuming that at eachround ¢t = 1,2, ..., T, the users
come in a sequential fashion - the jt" user is recommended an item based on all previous history of
observations including the feedback obtained from recommending items from users 1,2,...,5 — 1 at
round ¢. Clearly, a lower bound on the simplified problem will imply a lower bound on our setting i.e
by appropriately normalizing, we have

1nf sup Reg(T; &) > 1 inf sup Regpyag(MT;E).

€l yee M el yeg
Furthermore, ignoring the normalizing factor by M, for C = 1, the simplified problem is equivalent
to a standard Multi-armed bandit (MAB) problem with a single agent with MT rounds and an
additional hard constraint that each item can be pulled at most MB times. We will construct (TBN,I)
environments in the following way: let 7 = {S C [N] | |S| = TB~!} be the set of all subsets of
[N] of size TB~!. Now for each subset S € T, we construct an environment by assuming that the
agent on pulling any arm in the set S observes a random reward distributed according to N'(A, 1)
and on pulling any arm outside the set S observes a random reward distributed according to A/(0, 1).
This corresponds to the the reward matrix P (in our original problem) having an entry A in the
TB~! columns indexed in S and 0 in the remaining columns. Let Eg, Ps, £s denote the expectation,
probability measure and the environment if S € 7T is the set of chosen columns for constructing the
environment.

Next we assume that the set S is chosen uniformly at random from 7. Hence we must have
inf sup Regyag(MT;E) > inf Es.7Regyag(T;Es)
mell ,ce mell

Fix any policy 7 € II. Condition on the set S being selected from 7. Let R(S) be the number of
times arms indexed in the set S are pulled in the MT rounds. In that case we must have

3MT MTA
Reguag(T:€s) = Ps(R(S) < T)T
Now, consider the estimation problem of which set S was selected from 7. Let X be an estimator
that takes as input the observations in the MT rounds and returns a set S in the following way: it

20
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finds S as the set of T arms that have been pulled the most number of times Jomtly and returns S
if R(S) > 3MT /4 and the null set §) otherwise. We consider the estimator X to make an error if it
returns a set S such that SNS < T /4B. If the estimator X makes an error, note that R(S ) > 3MT/4

implies that R(S \ S) > MT /2 (since each arm can be pulled at most M times) - hence, it implies
that R(S) < MT /2. Therefore, if we denote Error as the error event, then we must have

3MT MTA MTA
Reguag(T; €s) = Ps(R(S) < e )74 > Ps(Error)
MTA MTA
= inf sup Regyag(MT;E) > P(Error) = Es..7Ps(Error)

mell yeg
Therefore, our goal is to bound the quantity Es.7Ps(Error). At this point we have reduced our
problem to a multiple hypothesis testing problem. Therefore, in order to lower bound the probability
of the event Error, we use Fano’s inequality for approximate recovery:
Lemma (Fano’s inequality with approximate recovery [28]). For any random variables V, V on
alphabets V,V, consider an error when d(V, V) > t for some t > 0 and distance function d :
YV x V — R. In that case, if we denote the error event by Error, we must have
I(V;V) +log?2
ELZN

max

P(Error) > 1 —
log ¢

where Guax = max; g Z 1[d(v, 9) < ] and I(V; V) is the mutual information between the

vey
random variables V and V.

In the special case when the random variable V' is uniform, then we can upper bound the mutual
information by I(V; V) < max, ey KL(Pyy,_ P, U v—y) < MaXy 5ey KL(P,||P,) where the

second inequality follows from Data-processing inequality (P, = P(- | v) corresponds to the
probability of the observations given V' = v).

Next, we apply it to our setting to prove an estimation error lower bound for our designed estimator X.
In our setting, G,ax corresponds to the maximum possible number of sets in 7 that have intersection
of size more than T /4B with some fixed set S € 7. Clearly we have

oz 3 (VD) =1 ) () <O

t=T/4B+1
Furthermore, in our setting, we also have that
max KL(Psl||Ps:
Smax_ (Psl||Ps)

< Y EsR({i}) max(KLV(0,1)[IN(A, 1)), KLV (A, 1)][N(0,1))) < 2MBTA?
iESUS’
- this follows from the fact that the distributions Ps, Ps: are most separated in KL-Divergence if
S NS’ = () and by using the fact that each arm can be pulled at most MB times. Therefore, we must
have (provided N = cT for some large enough constant ¢ > 0, and T is large enough) for some
constant ¢’ > 0

1(8;5) + log 2 2MBTA? + log 2
P(Error) > 1 — (S’S)% >1— +T0g
log Gmax log ( T('—\IT//-IA—L)B T/4B>
OO
2MB?TA + Blog2 _ 2MBA’
dTlog(N/T) = 77 ¢log(N/T)

_ ' /log(N/T
Therefore, substituting A = %, we have that for some constant ¢/ > 0

1nf sup Regyag(MT; &) > ¢"TB1/Mlog(N/T)

and therefore

1 T+/log(N/T)
inf sup Reg(T;&) > — inf supRe MT; & .
inf supReg(T:€) > {1 inf sup Regyaa(MT:€) = 0252
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Algorithm 7 BBUIC (Blocked Latent Bandits with User and Item Clusters)

Require: Phase index ¢, List of disjoint nice subsets of users M (), list of corresponding subsets
of active items N, clusters C, rounds T, noise o2 > 0, round index to, exploit rounds te,ploit
estimate P of P, incoherence L4, entry-wise error guarantee €, of P restricted to all users in M ()
and all items in A’ count matrix K € NM*N,

1: for i*" nice subset of users M &9 e MO with active items N9 (it set in list V©)) do

: Sett =tg. Setepy1 = 6[/2, Ay = 6@/88C and Ay = €z+1/88C.

3:  Run exploit component for users in M©?) with active items N9, Obtain
updated active set of items, round index and exploit rounds N (“), T, Lexploit <
Exploit_ltem_CIuster(M(“) , N(Z’i), t, Lexploit f)M(Z,i)’N(Li) , Ae).

4 Setd; = max(|ME)| |NED]), dy = min(|MED|, N ED|) and p = c("l‘ifm‘jﬁl) for
some appropriate fixed constant ¢ > 0. -

5. if [ND| > T3 and p < 1 then

6: Run explore component for users in M©%) with active items N (%%, Obtain updated

estimate and round index P,t < Explore_ltem_Cluster(M 9 A9 ¢ 1) such that

‘ < Agpr whp.

HﬁM(Z.i)’N(Z.i) — PM(/z.n’N(/z,i)
For every user u € M, compute 7" = {j e NED | lsum(T—texp\oit) flguj <2A441}.
Construct graph G(“*) whose nodes are users in M (%) and an edge exists between two
users u, v € MED if 1553 — f)%}‘ < 2Ayyq forall arms x € N &,

9: Intitialize lists M{""" = [J and N7V = [].

10: For each connected component M*47) (U; M) = MED), compute N (409) =
UUGM(@,i,j)ﬂZ). B

11: For each connected component M (%7) construct graph gi(tf;;;’] ) whose nodes are items

in N9 and an edge exists between two items u, v € NED) if f)&‘i} — f)&‘i,) < 16CA/44

for all users 2 € M*%7). Update N'(““7) to be the set of items N'(“7) = {z € N4 |
x is connected with some node in\V/(¢%9) 1,

12: Invoke B-LATTICE(/ + 1, M{""D N € T.02 1, texpioit, P, €rs1, K, GO0,

13:  else

14: For each user u € M9, recommend T — ¢ unblocked items in N“:*) until end of rounds.
15:  endif

16: end for

F Blocked Bandits having User and Item Clusters with blocking constraint
B=1

Recall that in this setting, the N items can be grouped into C’ disjoint clusters DY), D@ . D(C)
that are unknown. The expected reward for user u (belonging to cluster a € [C]) on being recom-

mended item j (belonging to cluster b € [C']) is P;; = Qqp where Q € RE*C" is the small core
reward matrix (unknown). In this setting, we provide our theoretical guarantees with B = 1 i.e. any
item can be recommended to a user only once under the blocking constraint.

Recall that the main reason our theoretical analysis required B = O(log T) for Thm. [1| setting is that
if the observations that were used to compute estimates of some reward sub-matrix in a certain phase
with certain guarantees that hold with some probability, then conditioning on such estimates with
the said guarantees make the aforementioned observations dependent in analysis of future phases.
In the BBIC setting, we show that in each phase, the possibility of the nice subsets of users and
their corresponding active items is actually bounded and small. On the other hand, the possibilities
were exponentially large in the number of items in the GBB setting. Therefore, we can use a for all
argument here implying that for a set of already used observations, we can show that for all possible
nice subsets of users and their active items, they can be used again to compute acceptable estimates.
Such an analysis allows us to provide theoretical guarantees even with B = 1 for the BBIC setting.
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Algorithm 8 Exploit_Item_Cluster(Exploit Component of a phase)

Require: Phase index ¢, nice subset of users M, active items N, round index ¢, estimate P of P and
error guarantee A, such that HIND MN — P, N‘ ‘ < 88CA, with high probability, similarity
graph Gitem over the set of items N -

1: while there exists u € M%) such that f’u%u(l)lN - f’u%u(Tftexpuoit)lN > 64CA} do

2:  Compute R, = {j € V| 1~)uj > Puz, )~ — 2A¢11} for every user u € M. Compute
S = UueMRu

3 Update S < {v € Gitem | v is connected with some node in S}.

4:  forroundst =1ty + 1,40 +2,...,t0 + |S|B do

5: for each user u € M do

6: Denote by x the (t — to)t™ item in S. If K, == 0 (x is unblocked), then recommend =
to user v and update K, < 1. If K,,, == 1 (« is blocked), recommend any unblocked
item y in A/ (i.e K, = 0) for the user u and update K, < 1

7: end for

8:  end for

9:  Update N+~ N\ S. Update to  to + |S|.
10: end while
11: Return NV, t.

Algorithm 9 Explore_Item_Cluster(Explore Component of a phase)

Require: Phase index £, nice subset of users M, active items N, round index tg, sampling probability
p.
1: For each tuple of indices (i,j) € M x N, independently set §;,; = 1 with probability p and
d;; = 0 with probability 1 — p.
2: Denote Q@ = {(i,j) € M x N'| 6;; =1} and m = max;er | |7 € N | (i,7) € Q] to be the
maximum number of index tuples in a particular row. Initialize observations corresponding to
indices in 2 to be A = ¢.

3: forroundst =tg+ 1,0+ 2,...,tg + mdo

4:  for each user u € M do

5: Find an item z in {j € N | (u,j) € Q,d,; = 1}. If K,,, == 0 (2 is unblocked), set
pu(t) = z and recommend z to user u. Observe Rq(j;u(t) and update 4 = AU {Rff;u(t) 1,
K, + 1

6: If K., == 1 (z is blocked), recommend any unblocked item p, (t) in A s.t. (u, p,(t)) & Q.

Update K, (1) 1. Set A = AU {Rgpl(t,)} where t' < ¢ is the round when p, (') = z
was recommended to user u.

7. end for

8: end for _ ~

9: Compute the estimate P = Estimate(M, N, 02, C,Q, A) and return P, ¢y + m.

Therefore in Algorithm [7|for the BBIC setting, we only have a single counter matrix K € {0, 1}M*N
which is binary. The matrix K is initialized to be a zero matrix. Whenever an item j is recommended
to user %, we set K;; = 1. If, in a future phase, we need to recommend item j to user ¢ again, due to
the blocking constraint, we simply reuse the observation (see Step 6 in Alg. ).

F.1 Algorithm and Discussion

We start with a definition for nice subsets of items analogous to the nice subset of users (see Definition
Definition 4. A subset of items S C [N] will be called “nice" if S = ¢ 4 DY) for some A C [C].
In other words, S can be represented as the union of some subset of clusters of items.

As in the analysis of GBB setting, we will have the desirable properties A-C that should be satisfied
with high probability at the beginning of the explore component of phase ¢. Recall that we defined

the event 52(0 to be true if properties (A-C) are satisfied at the beginning of the explore component

Vil
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of phase ¢ by the phased elimination algorithm. Here, we stipulate a further property D that the
corresponding surviving set of items for each nice subset of users M%) € M) is also a nice subset
of items.

Furthermore, we defined the event Sée) when eq. is true for all nice subsets M%) € M’ in the
explore component of phase ¢. Algorithm [7)is a similar recursive algorithm as Algorithm[I]and the
only modification is the addition of Step 11. As in Alg. [I] we instantiate Alg. [7] with phase index

1, list of nice subsets of users having a single element comprising all users i.e. M) = [[M]] and

corresponding list of active items A") = [[N]], clusters C, rounds T, blocking constraint B, noise o2,

AV
logM
Here, we will have a single count matrix K which is binary and is initialized to be an all zero matrix.

round index 1, exploit rounds 0, estimate P to be O*N, incoherence 1 and e; = O (||PHOO,

We are going to show recursively that conditioned on 82(4), 53“), properties A-D will be satisfied at
the beginning of phase ¢ + 1.

Base Case: For ¢ = 1 (the first phase), the number of rounds in the exploit component is zero and we
start with the explore component. We initialize M1 = [N], A1) = [M] and therefore, we have
max P,; — min Py

JEN(£:1) FEN (L)
Clearly, [M] is a nice subset of users, [N] is a nice subset of items and finally for every user v € [M],
the best T/B items (golden items) {wu(t)}tT:/lB belong to the entire set of items. Thus for £ = 1,

conditions A-D are satisfied at the beginning of the explore component and therefore the event & (1)
is true. Furthermore, from Lemma@ eq. is true for the first phase with probability 1 — o(T~12)

< ||P]|, forall u € [M].

implying that the event 6'3(1)

is true with high probability.

Inductive Argument: Suppose, at the beginning of the phase ¢, we condition on the events
ﬂ§:1 Ez(j) ﬂ§:1 Ez(j) that Algorithm is (e;, j)—good for all j < ¢. This means that conditions
(A-D) are satisfied at the beginning of the explore component of all phases up to and including that of
¢ for each reward sub-matrix (indexed by i € [a]) corresponding to the users in M%) and items
in N9 Furthermore, we also condition on the event eq. is true for all nice subsets of users
ME) e M® and their corresponding set of items A’(“%) - implying that the event £{") is true.

Recall that for a user v, the set ’EJ(E) was constructed as

7:)(6) = {] S ./\/‘(&7;) | i:")’uj > isv;v(s/)‘j\/(i,i) - 2A€+1} where SI = TB_l — ‘05\2(&”

(33)

which implies that every item in 7],(5) is close to one of the golden items in N'(“¥). At the end of

Step 10 in Alg. |7, we can still show that Lemma@]holds for each set of users M(“#7) as they form

a connected component. Notice that in Step 11 in Lemma @ for each set of users M(“59), we
(€,i,5)

construct a graph G,,."’ whose nodes correspond to the items in N/ (£:9) and an edge exists between
£)

two items u,v € N9 if ‘ﬁi{) —PY| < 16CA, 4 for all users z € M©&59). Analogous to the
proof of Lemma(7, we can conclude here as well that items in the same item cluster form a clique.
Therefore, any connected component in the graph Gi(ti’rf;j ) must correspond to a nice subset of items
since condition D is true and A'(“-%) is already a nice subset of items. Hence the set of modified items
N &13) constructed at the end of Step 11 in Alg. is a nice subset of items. Furthermore, we can
also prove the corresponding version of Lemma [0}

Lemma 19. Condition on the events 82(6), Séé) being true. Consider a nice subset of users M (&7

and their corresponding set of active items N (&:1:9) for which guarantees in eq. hqlds. Fix any set
Y = NGB\ T for some J such that for every user u € G, we have T, (s') | NWoi3) = 7, (s) | Y

fors' =TB™! — ‘OSQ(L,L.) and some common index s. In that case, we must have

max (£%§ Py — va) < max (Pu%uu)\y - Pu%u(sf)www) +24(C+ C)Apa

Proof. Note that with the analysis of Lemma@ the conclusion was true for the constructed A/(¢-4+7)
at the end of Step 10 in Alg. [7, However, in the modified set of items A/(“*7), we are only adding
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items in (%) that either belong to the same cluster (in which case there is no added gap) or if we are
adding items belonging to a different cluster, then the added gap on the RHS can be at most C' Ay .
The above statement follows from a similar argument as in Lemma T3] where we showed that gap in
expected reward between two users in M (©%7) (or rather two users connected by a path in G(¢)) for
the same item is at most O(CAy41). O

Hence, we have shown that each subset of users M (#7) is a nice subset of users and furthermore,
the corresponding subset of items constructed at the end of Step 11 is nice subset of items. Next, we
move on to the exploit component of phase £ 4+ 1 where we use a similar trick (See Step 3 in Alg.
B]) to ensure that at the end, we are left with a nice subset of items. As before, we can show that the
constructed set of items S is itself a nice subset of items. We can again prove the following modified
version of Corollary 2]

Corollary 3. Condition on the events 82“)7 Eée) being true. Consider a nice subset of users M*) ¢

M'© and their corresponding set of active items N (_g ) for which guarantees in eq. |11|holds. Fix any
subset Y C NG9 Consider two users u,v € M©9 having a path in the graph G0 . Conditioned

on the events 82(6), Séé), we must have

max |Puz — Puy| <16(C+ C")Apyq and max Py — Poyy| <16(C+ C") Ay
x,ye

x,ye

where S = {z € N6H3) | 2 is connected with RO U RSf)}.

Proof. The proof again follows from the fact that adding items belonging to a different cluster but

connected via a path to the original items in Rgf) U Rg) can only add a term of at most 16C" Ay, in
the RHS. O

Therefore, at the beginning of the explore component of phase ¢ + 1 for a particular nice subset of
users M (“+1:2) the corresponding set of items A (“*1:2) must be a nice subset of items as well. Most
importantly, what this implies is that for the low rank matrix completion step in the explore component
of phase ¢ + 1, we can re-use observations from previous phases and provide theoretical guarantees
as well. This is because, in eq. [[0]in Lemmad] we can take a union bound over all possible nice
subsets of users and all possible nice subsets of items. Since the number of clusters C,C’' = O(1),
the total possibilities is O(1) as well (although exponential in the number of clusters). Hence, the
complex dependencies of the previously made observations used to compute prior estimates resulted
by the conditioning on surviving items and users is no longer a problem - we have simply made a for
all argument. The rest of the analysis follows as in the GBB setting and we can arrive at a similar
result as in Theorem|[I|but with B = 1 when the set of items can be clustered into C' = O(1) disjoint
clusters.
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