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Abstract

Homophily principle, i.e., nodes with the same labels are more likely to be con-
nected, has been believed to be the main reason for the performance superiority of
Graph Neural Networks (GNNs) over Neural Networks on node classification tasks.
Recent research suggests that, even in the absence of homophily, the advantage of
GNNes still exists as long as nodes from the same class share similar neighborhood
patterns [38]]. However, this argument only considers intra-class Node Distinguisha-
bility (ND) but neglects inter-class ND, which provides incomplete understanding
of homophily on GNNS. In this paper, we first demonstrate such deficiency with
examples and argue that an ideal situation for ND is to have smaller intra-class ND
than inter-class ND. To formulate this idea and study ND deeply, we propose Con-
textual Stochastic Block Model for Homophily (CSBM-H) and define two metrics,
Probabilistic Bayes Error (PBE) and negative generalized Jeffreys divergence, to
quantify ND. With the metrics, we visualize and analyze how graph filters, node
degree distributions and class variances influence ND, and investigate the combined
effect of intra- and inter-class ND. Besides, we discovered the mid-homophily
pitfall, which occurs widely in graph datasets. Furthermore, we verified that, in
real-work tasks, the superiority of GNNs is indeed closely related to both intra-
and inter-class ND regardless of homophily levels. Grounded in this observation,
we propose a new hypothesis-testing based performance metric beyond homophily,
which is non-linear, feature-based and can provide statistical threshold value for
GNNSs’ the superiority. Experiments indicate that it is significantly more effective
than the existing homophily metrics on revealing the advantage and disadvantage
of graph-aware modes on both synthetic and benchmark real-world datasets.

1 Introduction

Graph Neural Networks (GNNs) have gained popularity in recent years as a powerful tool for graph-
based machine learning tasks. By combining graph signal processing and convolutional neural
networks, various GNN architectures have been proposed [27, (19} 50} 136} 23], and have been shown
to outperform traditional neural networks (NNs) in tasks such as node classification (NC), graph
classification, link prediction and graph generation. The success of GNNs is believed to be rooted in
the homophily principle (assumption) [42]], which states that connected nodes tend to have similar
attributes [18]], providing extra useful information to the aggregated features over the original node
features. Such relational inductive bias is thought to be a major contributor to the superiority of
GNNs over NNs on various tasks [4]. On the other hand, the lack of homophily, i.e., heterophily, is
considered as the main cause of the inferiority of GNNs on heterophilic graphs, because nodes from
different classes are connected and mixed, which can lead to indistinguishable node embeddings,
making the classification task more difficult for GNNs [57 155} 37]. Numerous models have been
proposed to address the heterophily challenge lately [46, 57, 155} 137, 15,132} (7} 154, 12111341 131} (51} 135]].
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Recently, both empirical and theoretical studies indicate that the relationship between homophily
principle and GNN performance is much more complicated than "homophily wins, heterophily
loses" and the existing homophily metrics cannot accurately indicate the superiority of GNNs
[381135,137]. For example, the authors in [38]] stated that, as long as nodes within the same class share
similar neighborhood patterns, their embeddings will be similar after aggregation. They provided
experimental evidence and theoretical analysis, and concluded that homophily may not be necessary
for GNNss to distinguish nodes. The paper [35] studied homophily/heterophily from post-aggregation
node similarity perspective and found that heterophily is not always harmful, which is consistent with
[38]]. Besides, the authors in [37] have proposed to use high-pass filter to address some heterophily
cases, which is adopted in [[7,15] as well. They have also proposed aggregation homophily, which is a
linear feature-independent performance metric and is verified to be better at revealing the performance
advantages and disadvantages of GNNs than the existing homophily metrics [46, 57, 32]. Moreover,
[6]] has investigated heterophily from a neighbor identifiable perspective and stated that heterophily
can be helpful for NC when the neighbor distributions of intra-class nodes are identifiable.

Inspite that the current literature on studying homophily principle provide the profound insights,
they are still deficient: 1. [38,16] only consider intra-class node distinguishability (ND), but ignore
inter-class ND; 2. [35] does not show when and how high-pass filter can help with heterophily
problem; 3. There is a lack of a non-linear, feature-based performance metric which can leverage
richer information to provide an accurate statistical threshold value to indicate whether GNNs are
really needed on certain task or not.

To address those issues, in this paper: 1. We show that, to comprehensively study the impact of
homophily on ND, one needs to consider both intra- and inter-class ND and an ideal case is to
have smaller intra-class ND than inter-class ND; 2. To formulate this idea, we propose Contextual
Stochastic Block Model for Homophily (CSBM-H) as the graph generative model. It incorporates
an explicit parameter to manage homophily levels, alongside class variance parameters to control
intra-class ND, and node degree parameters which are important to study homophily [3854]; 3. To
quantify ND of CSBM-H, we propose and compute two ND metrics, Probabilistic Bayes Error (PBE)
and Negative Generalized Jeffreys Divergence (Dngjy), for the optimal Bayes classifier of CSBM-H.
Based on the metrics, we can analytically study how intra- and inter-class ND impact ND together. We
visualize the relationship between PBE, Dygy and homophily levels and discuss how different graph
filters (full-, low- and high-pass filters), class variances and node degree distributions will influence
ND in details; 4. In practice, we verify through hypothesis testing that the performance superiority
of GNNss is indeed related to whether intra-class ND is smaller than inter-class ND, regardless of
homophily levels. Based on this conclusion and the p-values of hypothesis testing, we propose
Classifier-based Performance Metric (CPM), a new non-linear feature-based metric that can provide
statistical threshold values. Experiments show that CPM is significantly more effective than the
existing homophily metrics on predicting the superiority of graph-aware models over graph-agnostic.

2 Preliminaries

We use bold font for vectors (e.g.,v) and define a connected graph G = (V, £), where V is the set
of nodes with a total of NV elements, £ is the set of edges without self-loops. A is the symmetric
adjacency matrix with A; ; = 1 if there is an edge between nodes 4 and j, otherwise A; ; = 0. D
is the diagonal degree matrix of the graph, with D; ; = d; = Y j A; ;. The neighborhood set \V;
of node i is defined as \; = {j : e;; € £}. A graph signal is a vector in RY, whose i-th entry is a
feature of node i. Additionally, we use X € RN *Fr g denote the feature matrix, whose columns are
graph signals and i-th row X; . = mZT is the feature vector of node i (i.e., the full-pass (FP) filtered
signal). The label encoding matrix is Z € RV*¢ where C'is the number of classes, and its i-th row
Z;.. is the one-hot encoding of the label of node i. We denote z; = argmax; Z; ; € {1,2,...C}.
The indicator function 15 equals 1 when event B happens and O otherwise.

For nodes 7, j € V, if z; = z;, then they are considered as intra-class nodes; if z; # z;, then they are
considered to be inter-class nodes. Similarly, an edge e; ; € £ is considered to be an intra-class edge
if z; = z;, and an inter-class edge if z; # z;.

2.1 Graph-aware Models and Graph-agnostic Models

A network that includes the feature aggregation step according to graph structure is called graph-
aware (G-aware) model, e.g., GCN [27], SGC [53]]; A network that does not use graph structure
information is called graph-agnostic (G-agnostic) model, such as Multi-Layer Perceptron with 2
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layers (MLP-2) and MLP-1. A G-aware model is often coupled with a G-agnostic model because
when we remove the aggregation step in G-aware model, it becomes exactly the same as its coupled
G-agnostic model, e.g., GCN is coupled with MLP-2 and SGC-1 is coupled with MLP-1 as below,

GCN: Y = Softmax(Agym ReLU(AynXWp) W1), MLP-2: Y = Softmax(ReLU(X W) W)

SGC-1: Y = Softmax(Awym X Wy), MLP-1: Y = Softmax(X W)
B . ~ B ey
where Agym = D™V2AD Y2, A=A+ Tand D = D + I; Wy € RFOXF1and Wy € RF1%O are
learnable parameter matrices. For simplicity, we denote y; = argmax; Y; ; € {1,2,...C}. The

random walk renormalized matrix An, = D! A can also be applied to GCN, which is essentially a
mean aggregator commonly used in some spatial-based GNNs [[19]. To bridge spectral and spatial
methods, we use Arw in the theoretical analysis, but self-loops are not added to the adjacency
matrix to maintain consistency with previous literature 38} 135].

To address the heterophily challenge, high-pass (HP) filter [[14], such as I — Apy, is often used to
replace low-pass (LP) filter [39] Arw in GCN [5,[7,135]]. In this paper, we use Arw and [ — Arw as
the LP and HP operators, respectively. The LP and HP filtered feature matrices are represented as
H = Ay X and H'? = (I — A,,)X. For simplicity, we denote h; = (H;.)T, hHP = (HZHP)T

To measure how likely the G-aware model can outperform its coupled G-agnostic model
before training them (i.e., if the aggregation step according to graph structure is helpful for node
classification or not), a lot of homophily metrics have been proposed and we will introduce the most
commonly used ones in the following subsection.

2.2 Homophily Metrics

The homophily metric is a way to describe the relationship between node labels and graph structure.

We introduce five commonly used homophily metrics: edge homophily [1,157], node homophily [46]],

class homophily [32]], generalized edge homophily [26] and aggregation homophily [35], adjusted

homophily [47] and label informativeness [47] as follows:
. {em,\e,,”,Ef,Z,,,,Y::Z,,,Y:}‘

) {U‘UEM7~,Z1J,,::Z'11,:}
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where Hy 4. is the local homophily value for node v; [a]; = max(0,a); hg is the class-wise

homophily metric [32]; Mean,, ({-}) takes the average over v of a given multiset of values or variables
and S(A, Z) = AZ(AZ)T is the post-aggregation node similarity matrix; D, = Y vizy—e vy Pe =

D 1{z,=c1,2,=c
2‘§‘»pc1,02 = Z(u,v)ei {= 2|15|v 2};07 C1,Co € {17...,0}.

These metrics all fall within the range of [0, 1], with a value closer to 1 indicating strong homophily
and implying that G-aware models are more likely to outperform its coupled G-agnostic model, and
vice versa. However, the current homophily metrics are almost all linear, feature-independent metrics
which cannot provide a threshold value [35] for the superiority of G-aware model and fail to give
an accurate measurement of node distinguishability (ND) . In the following section, we focus on
quantifying the ND of graph models with with homophily levels and analyzing their relations.

3 Analysis of Homophily on Node Distinguishability (ND)

3.1 Motivation

The Problem in Current Literature Recent research has shown that heterophily does not always
negatively impact the embeddings of intra-class nodes, as long as their neighborhood patterns "corrupt
in the same way" [38][6]. For example, in Figure[I] nodes {1,2} are from class blue and both have the
same heterophilic neighborhood patterns. As a result, their aggregated features will still be similar
and they can be classified into the same class.

2
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However, this is only partially true for ND if we forget to discuss
inter-class ND, e.g., node 3 in Figure[T is from class green and ~ Node! (Class Blue) Node 2 (Class Blue)

has the same neighborhood pattern (1/3 orange, 1/3 yellow
and 1/3 green) as nodes {1,2}, which means the inter-class
ND will be lost after aggregation. This highlights the necessity
for careful consideration of both intra- and inter-class ND when

evaluating the impact of homophily on the performance of GNNS  Node 3 (Class Green) Node 4 (Class Green)

and an ideal case for NC would be node {1,2,4}, where we have
smaller intra-class "distance" than inter-class "distance". We
will formulate the above idea in this section and verify if it really
relates to the performance of GNNs in section4] In the following

subsection, we will propose a toy graph model, on which we can
study the relationship between homophily and ND directly and
intuitively, and analyze intra- and inter-class ND analytically.

3.2 CSBM-H and Optimal Bayes Classifier

In order to have more control over the assumptions on the node

embeddings, we consider the Contextual Stochastic Block Model (CSBM) [[11]]. It is a generative
model that is commonly used to create graphs and node features, and it has been widely adopted to
study the behavior of GNNs [49] 3} 52]. To investigate the impact of homophily on ND, the authors
in [38] simplify CSBM to the two-normal setting, where the node features X are assumed to be
sampled from two normal distributions and intra- and inter-class edges are generated according to
two separate parameters. This simplification does not lose much information about CSBM, but 1. it
does not include an explicit homophily parameter to study homophily directly and intuitively; 2. it
does not include class variance parameters to study intra-class ND; 3. the authors do not rigorously
quantify ND.

Figure 1: Example of intra- and
inter-class node distinguishability.

In this section, we introduce the Contextual Stochastic Block Model for Homophily/Heterophily
(CSBM-H), which is a variation of CSBM that incorporates an explicit homophily parameter h for
the two-normal setting and also has class variance parameters o3, 0% to describe the intra-class ND.
We then derive the optimal Bayes classifier (CLpayes) and negative generalized Jeffreys divergence
for CSBM-H, based on which we can quantify and investigate ND for CSBM-H.

CSBM-H(p1o, pt1, 031,021, dy, dy, h The generated graph consists of two disjoint sets of nodes,
1 € Cp and j € Cy, corresponding to the two classes. The features of each node are generated
independently, with @; generated from N(po,02I) and x; generated from N (p1,0%1), where
Lo, 1 € R and Fy, is the dimension of the embeddings. The degree of nodes in Cy and C; are
do,d1 € Nrespectively. For ¢ € Cy, its neighbors are generated by independently sampling from
h - dy intra-class nodes and (1 — h) - d; inter-class nodes The neighbors of j € C; are generated in
the same way. As a result, the FP (full-pass), LP and HP filtered features are generated as follows,

i €Co:xy ~ N(po,051); hi ~ N(frg,651), hi" ~ N (R§", (567)%1),

. - “HP /-~ 3)
j€Ciimj~ N(p1,070); hj ~ N(f1,071), ¥ ~ N (a7, (517)°1)

where 1o = h(po — 1) + p1, 1 = h(p — po) + po, fag° = (1 — h)(po —

~ B ho?—o? 2 B ho?—o2 2 5

) T = (L= W = o). 5f = (HESpUEl, of o (el () -
2 2 2 2 2 2

o3 + W7 (1?2 = o2 + WIM. If 03 < o2, we refer to Cy as the low

1
variation class and C; as the high variation class. The variance of each class can reflect the intra-class
ND. We abuse the notation ; € Cy for i € Cp and x; € C; for j € C;.

To quantify the ND of CSBM-H, we first compute the optimal Bayes classifier in the following
theorem. The theorem is about the original features, but the results are applicable to the filtered
features when the parameters are replaced according to equation 3]

Theorem 1. Suppose of # 0% and o3, 0% > 0, the prior distribution for = is P(z € Cy) = P(x €
C1) = 1/2, then the optimal Bayes Classifier (CLgayes) for CSBM-H (o, pt1, 031, 011, do, d1, h) is

!This implies that we generate undirected graphs. See Appendix for the discussion of directed vs.
undirected graphs. See&for the discussion on how to extend CSBM-H to more general settings.

*To avoid unnecessary confusion: we relax hdo and (1—h)dp to be continuous values so that the visualization
in the following sections are more readable and intuitive, especially to show the intersections of the curves.

il
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1, n(x) > 0.5 1
0, n(z) < 0.5 1@ =PE=1®) = @y

T T Fp,
where Q(z) = ax 'z +b x+c, a =3 (% — i) Jb=By B o — M—HQ‘JT%?O-HH (Ul )

o3 o2 g o3 203 05 h

See the proof in Appendix E

Advantages of CLpayes Over the Fixed Linear Classifier in [38] The decision boundary in [38]
is defined as P = {z|lw'x — w ' (o + p1)/2} where w = (o — p1)/||po — p1]]2 is a fixed
parameter. This classifier only depends on g, p11 and is independent of h. However, as i changes,
the "separability" of the two normal distributions should be different. The fixed classifier cannot
capture this difference, and thus is not qualified to measure ND for different /. Besides, we cannot
investigate how variances U%, 0’% and node degrees d, d; affect ND with the fixed classifier in [38]].

CLpayes() = {

In the following subsection, we will define two methods to quantify ND of CSBM-H, one is based on
CLgayes» Which is a precise measure but hard to be explainable; another is based on KL-divergence,
which can give us more intuitive understanding of how intra- and inter-class ND will impact ND at
different homophily levels. These two measurements can be used together to analyze ND.

3.3 Measure Node Distinguishability of CSBM-H

The Bayes error rate (BE) of the data distribution is the probability of a node being mis-classified
when the true class probabilities are known given the predictors [20]]. It can be used to measure the
distinguishability of node embeddings and the BE for CLg,ye is defined as follows,

Definition 1 (Bayes Error Rate). The Bayes error rate [20] for CLpayes is defined as
BE = E,[P(z|CLgayes() # 2)] = Eg[1 — P(CLgayes(x) = z|)]

Specifically, the BE for CSBM-H can be written as
BE =P (x € Cy) (1 — P(CLpayes(z) = O] € Cp)) + P(x € C1) (1 — P(CLpayes(z) = Lz € C1)). (4)
To estimate the above value, we compute Probabilistic Bayes Error (PBE) for CSBM-H as follows.

Probabilistic Bayes Error (PBE) The random variable in each dimension of x is independently
normally distributed. As a result, Q(x) defined in Theorem 1 follows a generalized x? distribution
[9.1O0](See the calculation in Appendix [C). Specifically,

For z; € Co, Q(;) ~ X*(wo, Fy, Xo) + & @5 € C1, Q(z5) ~ X2 (wi, iy M) + €

where wy = acf,w; = aoc? , the degree of freedom is F},, \g = (5o + 2;:70 )T(’;—g + 2;;0 ), A1 =

T . . . . . .
(B 4 52 )T(# + 52-) and £ = ¢ — & . Then, by using the Cumulative Distribution Function

(CDF) of Y2, we can calculate the predicted probabilities directly as,
P(CLBayes(m) = O|€E S CO) =1- CDF)ZQ(wD,Fh,/\D)(_f)v P(CLBayes(m) = 1‘:17 S Cl) - CDF)ZQ(th;L,)\])(_f)'

Suppose we have a balanced prior distribution P(x € Cy) = P(x € C;) = 1/2. Then, PBE is,
CDFyz (wy, 7, 2o) (=€) + (1 = CDFg2(uy 1, 2,) (=)
2

To investigate the impact of homophily on the ND for LP and HP filtered embeddings, we just need
to replace (IJ’Oa 0-87 M1, 0'%) by (Il07 6%7 ﬂla 6-%) and (ﬂ](‘)lp’ (6-(15[P)27 I]’Iilp7 (6’11_“))2) as equation
PBE can be numerically calculated and visualized to show the relationship between h and ND
precisely. However, we do not have an analytic expression for PBE, which makes it less explainable
and intuitive. To address this issue, we define another metric for ND in the following paragraphs.

Generalized Jeffreys Divergence The KL-divergence is a statistical measure of how a probability
distribution P is different from another distribution @ [8]. It offers us a tool to define an explainable
ND measure, generalized Jeffreys divergence.

Definition 2 (Generalized Jeffreys Divergence). For a random variable x which has either the
distribution P(x) or the distribution Q(x), the ger(ze;alized Jeffreys divergence['|is defined as
P(x
Dg)(P,Q) =P(x ~ P)Egp [ln Q(az)} +P(x~ Q)Esq {ln P(:c)f
3The Bayes classifier for multiple categories (> 2) can be computed by stacking multiple expectation terms
using similar methods as in [12}/15]. We do not discuss the more complicated settings in this paper.
*Jeffreys divergence [25] is originally defined as Dx1.(P||Q) + Dxv(Q||P)

q
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With P(x ~ P) = P(x ~ Q) = 1/2]} the negative generalized Jeffreys divergence for the
two-normal setting in CSBM-H can be computed by (See Appendix [B|for the calculation)

1 1 F 1
Dnei(CSBM-H) = —C@((F + ) —*h(ﬂ2 + = —2) (%)
o7 4o§

Negative Normalized Distance ~Negative Variance Ratio

where d2 = (po — Nl)T(No — 1) is the squared Euclidean distance between centers; p = g—‘l) and

since we assume o2 < o3, we have 0 < p < 1. For h and h'', we have d?, = (2h — 1)2d%, d3p =
4(1 — h)%d%. The smaller Dygy the CSBM-H has, the more distinguishable the embeddings are.

From equation [5, we can see that Dygy implies that ND relies on two terms, Expected Negative
Normalized Distance (ENND) and the Negative Variance Ratio (NVR): 1. ENND depends on how

large is the inter-class ND d% compared with the normalization term ﬁ + ﬁ, which is determined
1

by intra-class ND (variances o, 01); NVR depends on how different the two intra-class NDs are, i.e.,
when the intra-class ND of high-variation class is significantly larger than that of low-variation class
(p is close to 0), NVR is small which means the nodes are more distinguishable and vice versa.

Now, we can investigate the impact of homophily on ND through the lens of PBE and Dxg; H
Specifically, we set the standard CSBM-H as pg = [—1,0], 41 = [0,1],08 = 1,0% = 2,dy =
5,d; = 5. And as shown in Figure Q, its PBE and Dygj curves for LP filtered feature h are bell-
shaped|’| This indicates that, contrary to the prevalent belief that heterophily has the most negative
impact on ND, a medium level of homophily actually has a more detrimental effect on ND than
extremely low levels of homophily. We refer to this phenomenon as the mid-homophily pitfall.

The PBE and Dyg;y curves for hHP are monotonically increasing, which means that the high-pass
filter works better in heterophily areas than in homophily areas. Moreover, it is observed that x, h,
and hHP will get the lowest PBE and Dyg; in different homophily intervals, which we refer to as the
"FP regime (black)", "LP regime (green)", and "HP regime (red)" respectively. This indicates that LP
filter works better at very low and very high homophily intervals (two ends), HP filter works better at
low to medium homophily interval [} the original (i.e., full-pass or FP filtered) features works betters
at medium to high homophily area.

Researchers have always been interested in exploring how node degree relates to the effect of
homophily [38}54]. In the upcoming subsection, besides node degree, we will also take a deeper
look at the impact of class variances via the homophily-ND curves and the FP, LP and HP regimes.

Probabilistic Bayes Error

Negative Generalized Jeffreys Divergence Expected Negative Normalized Euclidean Distance Negative Variance Ratio
o

[
I
Il

— h_high error

7

nnnnnnnnn Homaphily h Homophity h

(a) PBE (b) Dry (c) ENND (d) NVR
Figure 2: Visualization of CSBM-H (o = [-1,0], 1 = [0,1],08 = 1,07 =2, dy =5,d; =5)

3.4 Ablation Study on CSBM-H

Increase the Variance of High-variation Class (03 = 1,07 = 5)  From Figure E it is observed
that as the variance in C; increases and the variance between Cy and C; becomes more imbalanced,
the PBE and Dygj of the three curves all go up which means the node embeddings become less
distinguishable under HP, LP and FP filters. The significant shrinkage of the HP regimes and the
expansion of the FP regime indicates that the original features are more robust to imbalanced variances

>We provide an open-ended discussion of imbalanced prior distributions in Appendix @
See two more metrics, negative squared Wasserstein distance and Hellinger distance, in Appendix E
"This is consistent with the empirical results found in [35] that the relationship between the prediction
accuracy of GNN and homophily value is a U-shaped curve.
8This verifies the conjecture made in [35]] saying that high-pass filter cannot address all kinds of heterophily
and only works well for certain heterophily cases.

A
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Probabilistic Bayes Error
obablistic Bayes Erro Negative Generalized Jeffreys Divergence Expected Negative Normalized Euclidean Distance Negative Vartance Ratio

nophily h Homophiy h Homophily

(a) PBE (b) Dnay (c) ENND (d) NVR
Figure 3: Comparison of CSBM-H with 03 = 1,0% = 5.

Probabilistic Bayes Error Negative Generalized Jeffreys Divergence Expected Negative Normalized Euclidean Distance Negative Variance Ratio

[l

Il
|

aaaaa

nnnnnn

(c) ENND (d) Negative Variance Ratio
Figure 4: Comparison of CSBM-H with 02 = 1.9, 07 = 2.

(a) PBE

especially in the low homophily area. From Figure 3 (d), we can see that the main cause is that the
NVR of the 3 curves all move down but the HP curve moves less in low homophily area than other 2
curves. This implies that the HP curve exhibits less sensitivity to p within the area of low homophily.

Increase the Variance of Low-variation Class (08 =1.9, a% =2) Asshown in Figure E, when
the variance in Cy increases and the variance between Cy and C; becomes more balanced, PBE and
Dngy curves go up, which means the node embeddings become less distinguishable. The LP, HP
and the FP regimes almost stays the same because the magnitude of NVR becomes too small that it
almost has no effect to ND as shown in Figure E| (d).

Interestingly, we found the change of variances cause less differences of the 3 regimes in ENND
than that in NVRﬂand HP filter is less sensitive to p changes in low homophily area than LP and FP
filters. This insensitivity will have significant impact to the 3 regimes when p is close to 0 and have
trivial effect when p is close to 1 because the magnitude of NVR is too small.

Increase the Node Degree of High-variation Class (dp = 5,d; = 25)  From Figure|5, it can be
observed that as the node degree of the high-variation class increases, the PBE and Dygjy curves of FP
and HP filters almost stay the same while the curves of LP filters go down with a large margin. This
leads to a substantial expansion of LP regime and shrinkage of FP and HP regime. This is mainly due
to the decrease of ENND of LP filters and the decrease of its NVR in low homophily area also plays
an important role.

Increase the Node Degree of Low-variation Class (dy = 25,d; = 5) From Figure |§, we have
the similar observation as when we increase the node degree of high-variation class. The difference is
that the expansion of LP regime and shrinkage of FP and HP regimes are not as significant as before.

From G2, &7 we can see that increasing node degree can help LP filter reduce variances of the
aggregated features so that the ENND will decrease, especially for high-variation class while HP
filter is less sensitive to the change of variances and node degree.

3.5 More General Theoretical Analysis

Besides the toy example, in this subsection, we aim to gain a deeper understanding of how LP and
HP filters affect ND in a broader context beyond the two-normal settings. To be consistent with
previous literature, we follow the assumptions outlined in [38]], which are: 1. The features of node
¢ are sampled from distribution F,, i.e.,, ; ~ F,,, with mean p,, € R¥r; 2. Dimensions of x;
are independent to each other; 3. Each dimension in feature x; is bounded, i.e., a < x; , < b; 4.
For node ¢, the labels of its neighbors are independently sampled from neighborhood distribution

°To verify this, we increase o¢ and 0% proportionally. From Figurein Appendix relative sizes of the FP,
LP, and HP areas remain similar.
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Probabilistic Bayes Error

Jeffreys Divergence Expected Negative Normalized Euclidean Distance Negative Variance Ratio

(a) PBE (b) Dngy (c) ENND (d) NVR

Figure 5: Comparison of CSBM with different dy = 5, d; = 25 setups.

Probabllistic Bayes Error
Negative Generalized Jeffreys Divergence Expected Negative Normalized Euclidean Distance Negative Variance Ratio

(a) PBE (b) Dxay (c) ENND (d) NVR

Figure 6: Comparison of CSBM with different dy = 25, d; = 5 setups.

D,, and repeated for d; times. We refer to a graph that follows the above assumptions as G =
W, {Fe,c€C},{D.,ceC}},C={1,...,C} and (b — a)? reflects how variation the features
are. The authors in [38]] analyze the distance between the aggregated node embedding and its
expectation, i.e., |[h; — E(h;)| o» Which only considers the intra-class ND and has been shown to
be inadequate for a comprehensive understanding of ND. Instead, we investigate how significant
the intra-class embedding distance is smaller than the inter-class embedding distance in the
following theorem, which is a better way to understand ND.

Theorem 2. Suppose a graph G = {V, &, {F.,c € C},{D,, c € C}} meets all the above assump-
tions (1-4). For nodes %, j,v € V, suppose z; # z; and z; = z,, then for constants ¢, ¢}, typ that

satisfy t; > VFy Dy (i,7), th > VFLDu(i,5), tup > v/FpDup(i, j) we have
(Do (v,§)— —tz—)?
P (”ilh — mj“z > ||le; — CCUHQ + tr) < 2Fj exp <_\/ﬁ)’

Vi (v,7)
(D (v,5)= —=)?
P(llhi = hjlly = [|hi — holly +th) < 2Fhexp | ———57— | (6)
’ 2
HP _ pHP HP _ 7 HP Dup(v,5)— Ha)
P(|[Pi® = B[, > [|RP — RyP(|, + tip) < 2Fh exp | - ;

where D, (v, j) = HlllzU - NZJH27 Ve(v,4) = (b— a)Qv Dy (v, j) = HﬂzU - I]2]H27Vh(U7j) = (ﬁ“ + ﬁ) (b— a)2»

Dip(v, ) = | [ Virwd) = (1 gk 4 2) 0= i = 5 Benn, [de]
ueN (v K~ 2y,

K, — ﬁzu - (”’zj - ﬁ’@)
See the proof in Appendix [G

We can see that, the probability upper bound mainly depends on a distance term (inter-class ND)
and normalized variance term (intra-class ND). The normalized variance term of HP filter is less
sensitive to the changes of node degree than that of LP filter because there is an additional 1 in the
constant term. Moreover, we show that the distance term of HP filter actually depends on the relative
center distance, which is a novel discovery. As shown in Figure[7] when homophily decreases, the
aggregated centers will move away from the original centers, and the relative center distance (purple)
will get larger which means the embedding distance of nodes from different classes will have larger
probability to be big. This explains how HP filter work for some heterophily cases. Overall, in a
more general setting with weaker assumptions, we can see that ND is also described by the intra- and
inter-class ND terms together rather than intra-class ND only, which is consistent with CSBM-H.

4 Empirical Study of Node Distinguishability
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| | Cornell Wisconsin Texas Film Chameleon Squirrel Cora CiteSeer PubMed

0.5669 0.4480 0.4106 0.3750 0.2795 0.2416 0.8100 0.7362
0.3855 0.1498 0.0968 0.2210 0.2470 0.2156 0.8252 0.7175
Baseline 0.0468 0.0941 0.0013 0.0110 0.0620 0.0254 0.7657 0.6270
Homophily Hagg 0.8032 0.7768 0.694 0.6822 0.61 0.3566 0.9904 0.9826
Metrics Hae 0.31 0.34 0.35 0.16 0.0152 0.0157 0.17 0.19
Hagj 0.1889 0.0826 0.0258 0.1272 0.0663 0.0196 0.8178 0.7588
LI 0.0169 0.1311 0.1923 0.0002 0.048 0.0015 0.5904 0.4508
Classifier-based KRynGp 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00
Performance Metrics GNB 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00
p-value 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00
ACCSGC | 70.98 +8.39 70.38+2.85 8328+543 2526+ 1.18 64.86+ 1.81 47.62+1.27 8512+ 1.64 79.66+0.75 85.5+0.76
SGCv.s. MLP-1 | ACCMLP-1 | 93.77 +3.34 93.87+3.33 93.77+£3.34 3453+ 148 4501+ 158 20.17+146 743+127 7551+135 86.23+0.54
Diff Acc 2279 -23.49 -10.49 927 19.85 18.45 10.82 4.15 -0.73
p-value 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00
ACCGCN | 8246 +£3.11 755+292 83.11+£32 3551+£099 6418262 4476+139 87.78+096 81.39+123 889 +0.32
GCNv.s. MLP-2 | ACCMLP-2 | 9130 £0.70  93.87 +£3.33 9226 +0.71 3858 +£025 46.72+046 3128+027 76444030 7625+028 8643 +0.13
Diff Acc -8.84 -18.37 9.15 -3.07 17.46 13.48 11.34 5.14 247

Table 1: P-values, homophily values and classifier-based performance metrics on 9 real-world
benchmark datasets. Cells marked by grey are incorrect results for both SGC v.s. MLP-1 and GCN
v.s. MLP-2 and cells marked by blue are incorrect for 1 of the 2 tests. We use 0.5 as the threshold
value of the homophily metrics.

Besides theoretical analysis, in this section, we will
conduct experiments to verify whether the effect of Lo + iy A (o + 1)
homophily on the performance of GNNSs really relates o
to its effect on ND. If a strong relation can be verified,
then it indicates that we can design new training-free
ND-based performance metrics beyond homophily
metrics, to evaluate the superiority and inferiority
of G-aware models against its coupled G-agnostic
models.

4.1 Hypothesis Testing on Real-world Datasets  Figure 7: Demonstration of how HP filter
captures the relative center distance.

To test whether "intra-class embedding distance is

smaller than the inter-class embedding distance"

strongly relates to the superiority of G-aware models

to their coupled G-agnostic models in practice, we

conduct the following hypothesis testing

Experimental Setup  We first train two G-aware models GCN, SGC-1 and their coupled G-agnostic
models MLP-2 and MLP-1 with fine-tuned hyperparameters provided by [35]. For each trained
model, we calculate the pairwise Euclidean distance of the node embeddings in output layers. Next,
we compute the proportion of nodes whose intra-class node distance is significantly smaller than
inter-class node distance e. g., we obtain Prop(GCN) for GCN. We use Prop to quantify ND and
we train the models multiple times for samples to conduct the following hypothesis tests:

Hj : Prop(G-aware model) > Prop(G-agnostic model); H; : Prop(G-aware model) < Prop(G-agnostic model)

Specifically, we compare GCN vs. MLP-2 and SGC-1 vs. MLP-1 on 9 widely used benchmark
datasets with different homophily values for 100 times. In each time, we randomly split the data into
training/validation/test sets with a ratio of 60%/20%/20%. For the 100 samples, we conduct T-test for
the means of two independent samples of scores, and obtain the corresponding p-values. The test
results and model performance comparisons are shown in Table[I (See more experimental tests on
state-of-the-art model in Appendix [H).

19 Authors in [33]] also conduct hypothesis testing to find out when to use GNNs for node classification, but
they test the differences between connected nodes and unconnected nodes instead of intra- and inter-class nodes.

A node is considered as "significantly smaller" when the p-value for its intra-class node distance being
smaller than inter-class node distance is smaller than 0.05. In other words, this node is considered as significantly
distinguishable. This second statistical test is necessary to avoid noisy nodes. In practice, we noticed that the
ratio of intra-class node distance to inter-class node distance is roughly 1 for lots of nodes. This is particularly
evident when the labels are sparse and when we use sampling method. It will not only cause instability of the
outputs, but also result in false results sometimes. Thus, we don’t want to take account these "marginal nodes"
into the comparison of Prop values and we found that using another hypothesis test would be helpful.
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It is observed that, in most cases (except for GCN vs. MLP-2 on PubMed , when H; significantly
holds, G-aware models will underperform the coupled G-agnostic models and vice versa. This
supports our claim that the performance of G-aware models is closely related to "intra-class vs.
inter-class node embedding distances", no matter the homophily levels. It reminds us that the p-value
can be a better performance metric for GNNs beyond homophily. Moreover, the p-value can provide
a statistical threshold, such as p < 0.05. This property is not present in existing homophily metrics.

However, it is required to train and fine-tune the models to obtain the p-values, which make it less
practical because of computational costs. To overcome this issue, in the next subsection, we propose
a classifier-based performance metric that can provide p-values without training.

4.2 Towards A Better Metric Beyond Homophily: Classifier-based Performance Metric

A qualified classifier should not require iterative training. In this paper, we choose Gaussian Naive
Bayes (GNB)[20] and Kernel Regression (KR) with Neural Network Gaussian Process (NNGP)
[30, 2,116, 141] to capture the feature-based linear or non-linear information.

To get the p-value efficiently, we first randomly sample 500 labeled nodes from V and splits them
into 60%/40% as "training" and "test" data. The original features X and aggregated features H of
the sampled training and test nodes can be calculated and are then fed into a given classifier. The
predicted results and prediction accuracy of the test nodes will be computed directly with feedforward
method. We repeat this process for 100 times to get 100 samples of prediction accuracy for X and H.
Then, for the given classifier, we compute the p-value of the following hypothesis testing,

Hp : Acc(Classifier(H)) > Acc(Classifier(X)); Hy : Acc(Classifier(H)) < Acc(Classifier(X))

The p-value can provide a statistical threshold value, such as 0.05, to indicate whether H is sig-
nificantly better than X for node classification. As seen in Table E KR and GNB based metrics
significantly outperform the existing homophily metrics, reducing the errors from at least 5 down to
just 1 out of 18 cases. Besides, we only need a small set of the labels to calculate the p-value, which
makes it better for sparse label scenario. Table [2] summarizes its advantages over the existing metrics.
(See Appendix [H for more details on classifier-based performance metrics, experiments on synthetic
datasets, more detailed comparisons on small-scale and large-scale datasets, discrepancy between
linear and non-linear models, results for symmetric renormalized affinity matrix and running time.)

5 Conclusions

In this paper, we provide a complete under-
standing of homophily by studying intra-

. Perf Li Feat Sparse  Statistical
and inter-class ND together. To theoret- “Metrics | Nonlinear Dependency Labels Threshold
ically investigate ND, we study the PBE Hoy lincar X X X
and Dygj of the proposed CSBM-H and Hegge linear X X X
analyze how graph filters, class variances Helass linear X X X
and node degree distributions will influence Hage linear X v X
the PBE and Dygj curves and the FP, LP, Ha linear v v x

. . . . Hag; linear X X X
HP regimes. We extend the investigation to 0 inear x x x
broader settings with weaker assumptions Classifier both v v v

and theoretically prove that ND is indeed
affected by both intra- and inter-class ND.
We also discover that the effect of HP fil-
ter depends on the relative center distance.
Empirically, through hypothesis testing, we corroborate that the performance of GNNs versus NNs
is closely related to whether intra-class node embedding "distance" is smaller than inter-class node
embedding "distance". We find that the p-value is a much more effective performance metric beyond
homophily metrics on revealing the advantage and disadvantage of GNNs. Based on this observation,
we propose classifier-based performance metric, which is a non-linear feature-based metric and can
provide statistical threshold value.

Table 2: Property comparisons of performance metrics

12We discuss this special case in Appendix [H.4, together with some similar inconsistency instances found on
large-scale datasets.
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6 Reproducibility and Blogs

* Code: https://github.com/SitaoLuan/When-Do-GNNs-Help.

* Blog in English (on Medium): https://medium.com/SitaoLuan/
when-should-we-use-graph-neural-networks-for-node-classification-8ce77a772085.

* Blog in Chinese (on Zhihu): https://zhuanlan.zhihu.com/p/653631858.
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