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Abstract

We study the maximum likelihood estimation (MLE) in the multivariate deviated
model where the data are generated from the density function (1 — A\*)ho(z) +
A* f(z|p*, £*) in which hg is a known function, \* € [0,1] and (u*, ¥*) are
unknown parameters to estimate. The main challenges in deriving the convergence
rate of the MLE mainly come from two issues: (1) The interaction between the
function hg and the density function f; (2) The deviated proportion \* can go
to the extreme points of [0, 1] as the sample size tends to infinity. To address
these challenges, we develop the distinguishability condition to capture the linear
independent relation between the function g and the density function f. We then
provide comprehensive convergence rates of the MLE via the vanishing rate of A*
to zero as well as the distinguishability of two functions hq and f.

1 Introduction

The goodness-of-fit test [[L1] is one of the foundational tools in statistics with several applications
in data-driven scientific fields, namely kernel Stein discrepancy [27}31], point processes [37] and
Bayesian statistics [32], etc. Given a sample set of data and a pre-specified distribution with density
function hy, the test indicates whether the samples are reasonably distributed according to hq (null
hypothesis) or to another family of distributions {p(:|0) : 6 € ©} (alternative hypothesis). It is worth
noting that knowledge about the null hypothesis distribution can come from prior knowledge of
scientists. A key to understanding the statistical efficiency of testing is via the likelihood ratio and the
maximum likelihood estimation (MLE) methods. [6].

While traditional testing problems often assume the null distribution hy = p(+|6p) and the alternative
one p(+|6) are from a single simple family of distributions such as exponential families, there are also
many problems in science require to test h( against the alternative f(-|0) that can be deviated from
ho by a distribution from a potentially different family. Specifically, in this paper, we consider the
family of distributions named multivariate deviated model with density functions defined as follows:

pa(@) = (1 = Aho(z) + Af (x|, %), M

* Equal contribution.
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where z € RY, G := (\,u,X) are the model’s parameters with A € [0, 1] being the deviated
proportion (from hg) and (u, X)) € © X ) are parameters of a vector-matrix family of distributions
f, where © C R% and Q C R¥* being compact. When A = 0, this recovers the null hypothesis
distribution hg.

The deviated model can be motivated by many applications in science. For instance, in microarray
data analysis, it can be used to detect differentially expressed genes under two or more conditions
[0, 2], where hg is the uniform distribution and f(-|u,X) is required to estimate. Many other
applications can be seen in many contamination problems in astronomy and biology [29]. Besides,
the deviated model can also be viewed as a low-rank adaptation model in the domain adaptation
problem [23]], where hy is a pre-trained model on large data, and f is a simpler component to be
estimated from the smaller data domain. Our goal in this paper is to study the parameter estimation
rate of the deviated model.

Problem setup. Suppose that we observe n i.i.d. samples Xj, ..., X,, from the true multivariate
deviated model:

pa.(7) = (1 = A")ho(z) + A" f(z[p", X7), ()

where G, := (\*, u*, ¥*) are true but unknown parameters with \* # 0. Throughout the paper, we
allow G, to change with the sample size n (see Appendix for a discussion). To facilitate our
presentation, we suppress the dependence of G, on n, and then estimate G, from the data. The main
focus of this paper is to establish both a uniform convergence rate and minimax rate for parameter
estimation via the MLE approach, which is given by:

G, € arg maleong(Xi)7 &)
Gez ‘o

where G,, := (Xmﬁn,f}n) and Z:=[0,1] x © x Q.

Contribution. There are two main challenges in studying the convergence rate of the MLE @n: 1)
The interaction between the function hg and the density function f, e.g., ho belongs to the family
of f and (u*, ¥*) approaches hg as the sample size n goes to infinity; (2) The deviated proportion
A* can go to the extreme points of [0, 1] as the sample size goes to infinity and make the estimation
become more challenging, because when A\* = 0, all the parameters (u*, ¥*) yield the same model.
To address these singularity and identifiability issues, we first develop the distinguishability condition
to capture the linear independent relation between the function hq and the density function f. We then
study the optimal convergence rate of parameters under both distinguishable and non-distinguishable
settings of the multivariate deviated model. Our theoretical results can be summarized as follows:

1. Distinguishable settings: We demonstrate that as long as the function h and the density function

f are distinguishable, the convergence rate of A, to A* is O(n=1/2) while (fi,, f)n) converges to
(u*,X*) at a rate determined by the vanishing rate of \* as follows:

N (fins Sn) = (15, 57)]| = O(n™72).

It indicates that if A* goes to 0, the convergence rate of estimating (u*,¥*) is slower than the
parametric rate.

2. Non-distinguishable settings: When h( and f are not distinguishable, it becomes complicated
to capture the convergence rate of the MLE. To shed light on the behaviors of the MLE under the
non-distinguishable settings of multivariate deviated model, we specifically study the settings when
ho belongs to the same family as f, namely, ho(.) = f(.|u0, Xo) for some (g, 3g). To precisely
characterize the rates of the MLE under this setting, we consider the second-order strong identifiability
of f, which requires the linear independence up to second-order derivatives of f with respect to its
parameters. The second-order identifiability had also been considered in the literature to investigate
the convergence rate of parameter estimation in finite mixtures [9, 28| 22| 21} 20, |[19].

2.1. Strongly identifiable and non-distinguishable settings: When f is strongly identifiable in the
second order, we demonstrate that ||(Au*, AX*)||2|A, — A*| = O(n~'/?) and

N (A", A+ (AT, AS )| s ) — (07, 29 = O 2),
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where Ap := p — po and AY := ¥ — 3. It indicates that the convergence rate of Xn to \* depends

~

on that of (p*, 3*) to (uo, Xo) while the convergence rate of (fi,,, 2,) to (u*, X*) depends on both
the rate of A* to 0 and the rate of (u*, ¥*) to (1o, Xo). These results are strictly different from those
in the distinguishable settings, which is mainly due to the non-distinguishability between hg and f.

2.2. Weakly identifiable and non-distinguishable settings: When f is weakly identifiable, i.e., it
is not strongly identifiable in the second order, we specifically consider the popular setting when
f is the density of a multivariate Gaussian distribution. The loss of the strong identifiability of the
Gaussian distribution is due to the following partial differential equation (PDE) between the location
and scale parameters (the heat equation):

*f of
W(wlu, ¥)= 2872(33‘%2)'

Due to the above PDE, the convergence rate of the MLE under this setting exhibits very dif-
ferent behaviors from those under the strongly identifiable setting. In particular, we prove that

[lAp* %+ [|AS*]?] X = M| = O(n~1/2) and
N (1A 2 + AT 2 + IAS | + [AS ) (0 — 2 + S0 — £°]) = O(n112).

Notably, there is a mismatch in the orders of convergence rates of the location vector and covariance
matrix. Furthermore, the rate of the deviated mixing proportion also depends on different orders of
w* to po and X* to Xg. Such rich behaviors of the MLE are mainly due to the PDE between the
location and scale parameters.

Comparing to moment methods. We would like to remark that the results for the MLE under the non-
distinguishable settings in the paper are (much) tighter than those obtained from moment methods for
a general mixture of two components in the literature. In particular, when f is multivariate Gaussian
distribution with fixed covariance matrix, i.e., f is strongly identifiable in the second order and we
do not estimate ¥*, an application of the results with moment methods from [36]] to the deviated
models leads to || Ap* |2 Amement — \*| = O(n~1/2) and \*||puloment — ;%||3 = O(n~1/?), which are
much slower compared to the results for the MLE in the strongly identifiable and non-distinguishable
settings, where (Afmoment  jmoment) denote moment estimators of A* and p*.

When f is a multivariate Gaussian density and we estimate both the location vector and covari-
ance matrix, i.e., f is weakly identifiable, an adaptation of the moment estimators from the sem-
inal work [18]] to the multivariate deviated models shows that \*||||zmoment — ,*||6 = O(n=1/2),
X[ Epemer — £*|* = O(n=1/2) and (JAp*|® + [AS*|P)[Aome — A*| = O(n~'/?), where
(Amoment Zmoment $ymoment) are moment estimators of (A*, z*, £*). These results are also much slower
than those of the MLE in weakly identifiable settings.

Other related work. The hypothesis testing and MLE problem related to the multivariate deviated
model had been considered in previous work, including the problem of detecting sparse homoge-
neous and heteroscedastic mixtures [14, 15} 4} 3} 5/ [34]], the problem of determining the number
of components (8} 26} [10} 124} [25]], and the problem of multiple testing [30, 12]. In particular, [4]]
considers testing problem for the deviated model with hy = N(0,1) and f = N(u*, 1) being one-
dimensional Gaussian distributions. They show that no test can reliably detect A* = 0 against A* > 0
if \*p1* = o(n~'/?), while the Likelihood Ratio test can consistently do it when \*p* > n~1/2+¢ for
any € > 0. However, no guarantee for estimation of \* and p* is provided. In the same setting where
f is the density of a location Gaussian distribution, the convergence rate of parameter estimation in
the deviated model had been studied in the work of [[16]. Since the location Gaussian distribution is a
special case of the strongly identifiable distribution, our result in the strongly identifiable and non-
distinguishable settings is a generalization of the results in [[16], but with a different proof technique
as their proof technique relies strictly on the properties of the location Gaussian distribution.

Organization. The paper is organized as follows. In Section 2] we provide background on the
identifiability and density estimation rate of the multivariate deviated model. Then, we establish
the lower bounds of the Total Variation distance between two densities in terms of loss functions
among parameters under both the distinguishable and non-distinguishable settings in Section |3} Next,
we characterize the convergence rates of parameter estimation as well as derive the corresponding
minimax lower bounds in Section 4] In Section[5] we carry out a simulation study to empirically
verify our theoretical results before concluding the paper in Section[6} Rigorous proofs and additional
results are deferred to the supplementary material.
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Notations. For any a,b € R, we denote a V b := max {a, b} and a A b := min {a, b}. Next, we say
that hg is identical to f if ho(z) = f(x|po, Xo) for some (pg, Xg) € O x . For each parameter
G € 5, let E,, be the expectation taken with respect to product measure with density pg. Lastly,
for any two density functions p and g (W1th respect to the Lebesgue measure m), the Total Variation
distance between them is glven by V(p,q) : f |p |dm x), while we define their squared

Hellinger distance as h%(p, q) := 5 [ \/ - Vg 2dm

2 Preliminaries

2.1 Identifiability Condition

Our principal goal in this paper is to assess the statistical efficiency of parameter estimation from the
MLE method. To do that, we should be able to guarantee the parameter identifiability of the deviated
model (), i.e., if pg(z) = pg, (z) for almost surely x € X where G = (A, 1, ), then G = G...
That identifiability condition leads to the following notion of distinguishability between the density
function hg(+) and the family of density functions { f(-|u, 2) : (p, X) € © x Q}.

Definition 2.1 (Distinguishability). We say that the family of density functions { f (|, 2), (1, X) €
© x Q} (or in short, f) is distinguishable from hy if the following holds:

Al. For any two distinct components (11, Y1) and (u2, Xo), if we have real coefficients 7); for
1 < i < 3 such that mimz < 0 and ny f(z[pr, X1) + n2f (2|2, E2) + n3ho(z) = 0, for
almost surely z € RY, then n; = 12 = 13 = 0.

We can verify that as long as f is distinguishable from hg, the parameter identifiability of our
multivariate deviated model follows. In particular, assume that there exists G = (A, 1, 2) such that

(1 =Aho(x) + A" f(x]p™, £7) = (1 = Nho(z) + Af (2|p, %), 4)

for almost surely x € X. The above equation is equivalent to (A — A*)ho(z) + A\* f(z|u*, X*) —
Af(z|p,X) = 0. Assume that f is distinguishable from hg, then equation (@) indicates that if
(1, X) # (p*,X*), wehave A = A* = 0. Since A* # 0 from our assumption, we obtain that (u, X) =
(u*,X*). As aresult, equation (@) becomes (A — A*)hg(x) + (A* — ) f(z|u, ) = 0. By applying
the distinguishability condition again, we get A = A*. Therefore, the multivariate deviated model )
is identifiable.

In the following example, we will verify the distinguishability condition in Definition [2.1] given some
specific choices of function Ay and density f.

Example 2.2. (a) Assume that f belongs to a location family of density functions, i.e., f(x|u,X) =
fe(z — p) for all  where X is a fixed covariance matrix. If ho(z) # f(z) for almost surely x € X,
then f is distinguishable from hy.

(b) When hg is a finite mixture of multivariate Gaussian densities and f belongs to a class of
multivariate Student’s density functions with any fixed odd degree of freedom v > 1, we get that f is
distinguishable from hg.

(c) When f is identical to hg, then f is not distinguishable from hy.

2.2 Convergence Rate of Density Estimation

Our strategy to obtain the convergence rate of the MLE CA?" is by first establishing the convergence
rate of density Pa, and then studying the geometric inequalities between the parameter space and
density space. For the former, the standard method is to use the empirical process theory [[17, 33],
while for the latter step, we investigate those inequalities under various settings of distinguishability
in Section[3] Due to space constraints and the popularity of empirical process theory, we choose to
informally present a main result for yielding the parametric convergence rate for density estimation in
this section. For full explanation and definition, readers are referred to Appendix [Bl The convergence
rate for density estimation can be characterized by bounding the complexity of the parameter space =

via a function called bracketing entropy integral Jg (e, 51/2(5, €)) (cf. equation (8)).
Theorem 2.3. Assume the following assumption holds:

a4
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A2. Given a universal constant J > 0, there exists N > 0, posstbly depending on =, such that
foralln > N and all € > (log(n)/n)"/?, we have Jp (e, P ( €)) < Jy/ne.

Then, there exists a constant C' > 0 depending only on = such that for all n > 1,

Sup Epe, h(pg, »pa.) < Cy/logn/n.
«€EE

Therefore, in order to get the convergence rate for density estimators based on the MLE method, we
only need to check Assumption A2, which holds true for several parametric models [33]]. For our
model, we give an example that it holds for a general class of f and hy.

Proposition 2.4. Suppose that both © and Q) are compact, and {f(x|u,X) : p € ©,% € Q} is
a vector-matrix family of densities being uniformly bounded, Lipschitz, and light tail, i.e. there
exists constants M, L, B, by, ba,bs > 0 such that |f(z|p, Z)| < M, |f(z|p,X) — f(z N <
L(|p— || + |Z = X)) for all = € RY, and

b
|f (@[p, 2)| < by exp(=bz [|z]*) V¥ [[z[| > B,
Sorall (1, X) € © x Q. Additionally, if the density hg is bounded, then the corresponding multivariate
deviated model defined in equation (1) satisfies assumption A2.

Example 2.5. We can check that the location-scale Gaussian density f(z|u, ) with X € Q having
eigenvalues bounded below by a positive constant satisfies the condition of Proposition[2.4] This
condition for hg is mild and is satisfied by most distributions such as Gaussian and t-distribution.

3 From the Convergence Rate of Densities to Rate of Parameters

The objective of this section is to develop a general theory according to which a small distance between
pe and pe, under the Hellinger distance (or Total Variation distance) would imply that G and G are
also close under appropriate distance where G = (A, u, X) and G, = (\*, u*, ¥*). By combining
those results with Theorem [2.3] we can obtain the convergence rate for parameter estimation (cf.
Section[d). The distinguishability condition between ho and f implicitly requires that pg = pg,
would entail G = G,; however, to obtain quantitative bounds for their Total Variation distance, we
need stronger notions of both distinguishability and classical parameter identifiability, ones which
involve higher order derivatives of the densities hy and f, taken with respect to mixture model
parameters. Throughout the rest of this section, we denote G = (A, i, £) and G, = (\*, pu*, ).

3.1 Distinguishable Settings

Definition 3.1 (First-order Distinguishability). We say that f is distinguishable from h( up to the
first order if f is differentiable in (u, X), and the following holds:

DI1. For any component (¢/,¥') € © x Q, if we have real coefficients 7, 7, for all « =
(a1, a9) € N4 x N92Xd2 |o| = |ay| + |ag| < 1 such that

|O{‘f / /
o) + 32 o o) =0

forall z € X, thenn = 7, = 0 for all |o| < 1.

We can verify that the examples from part (a) and part (b) of Example @] satisfy the first-order
distinguishability condition. Next, we introduce a notion of uniform Lipschitz condition in the
following definition.

Definition 3.2 (Uniform Lipschitz). We say that f admits uniform Lipschitz condition up to the first
order if the following holds: there are positive constants 41, d2 such that for any Ry, Re, R3 > 0,71 €
RY vy € RE2Xd2 Ry < A2 () < A2(D2) < Ra, |, 2]l < R, pas o € ©,51, 55 € Q,

min

we can find positive constants C'(R;, Rz) and C'(R3) such that forall x € X,

0 0]
o (5 el ) - 5 el ) | < O, Bl =l

0%

tr (35 el 21 - Gl 22)) 22 )| < ClRa) B - Sal el

q
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Now, we have the following results characterizing the behavior of V (pg, pe, ) regarding the variation
of G and G...

Theorem 3.3. Assume that f is distinguishable from hy up to the first order. Furthermore, [ admits
uniform Lipschitz condition up to the first order. For any G and G, we define

K(G,G.) = [A =N+ A+ ), ) = (07, 59)].
Then, the following holds:
C.K(G,Gy) < V(pg,pc.) < C1.K(G, Gy),
Jor all G and G, where C' and C1 are two positive constants depending only on ©, €2, and hy.

See Appendix [C.1]for the proof of Theorem[3.3] Since the MLE approach yields the convergence
rate n~ /2 up to some logarithmic factor for p, under the first order uniform Lipschitz condition of
f, the result of Theorem directly yields the convergence rate n~'/2 up to some logarithmic factor
for G, under metric K. This entails that the estimation of weight \, converges at rate .~ /2 up to
some logarithmic factor while the convergence rate of estimating (u*, ¥*) is typically much slower

than n~'/2 as it depends on the rate of convergence of A\* to 0 (cf. Theorem .

3.2 Non-distinguishable Settings

When f is not distinguishable to ko up to the first order, the bound in Theorem [3.3] may not hold
in general. In this section, we investigate the inverse bounds under the specific settings of non-
distinguishable in the first-order models when hq belongs to the family f(-|u, %), i.e., ho(z) =
f(z|po, Xo) for some (g, 3p) € © x 3. Our studies are divided into two separate regimes of f:
the first setting is when f is strongly identifiable in the second order (cf. Definition [3.4)), while
the second setting is when it is not. For the simplicity of the presentation in the paper, we define
(Ap, AX) = (pp — po, X — o) for any element (p, X) € © x Q.

Definition 3.4 (Strong Identifiability). We say that f is strongly identifiable in the second order if f
is twice differentiable in (u, 3) and the following holds:

D2. For any positive integer k, given k distinct pairs (1, Y1), ..., (ug, L), if we have ag,i)
such that

oinlf

2 k
>3 Y al o el 2 =

£=0 |n|=¢ i=1

for almost all z € X, then a%i) =0foralli € [k] and |n| < 2.

3.2.1 Strongly Identifiable Settings

Now, we have the following result regarding the lower bound of V(pg, pe, ) under the strongly
identifiable settings of f.

Theorem 3.5. Assume that ho(z) = f(x|po, Xo) for some (1o, X)) € © X X and f is strongly
identifiable in the second order and admits uniform Lipschitz condition up to the second order.
Furthermore, we denote

D(G,Gy) = Ml(Ap, AD)[? + X[ (Ap™, ASF)[* = min {0, X7} ([(Ap, AD)|P[[(Ap*, AS)|?)
+ (M(Ap, AD) [+ X7 [[(Ap, AZT) ) [ (1, 2) — (7, 27|

for any G and G... Then, there exists a positive constant C' depending only on ©, Q, and (9, Xo)
such that V (pa,pa.) > C.D(G, G.), for all G and G...

The proof of Theorem and the second-order uniform Lipschitz condition are deferred to Ap-
pendix [C.2] Several remarks regarding Theorem [3.5]are in order:

(i) For any G and G, by defining
D(G,G.) = [N = Al(Ap, AD)|[[(Ap", ADY)|
+ 11, 2) = (1", D) (Al (Ap, AD) || + X[ (Ap™, AXT)]))

A
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we can verify that 1/2 < D(G, G,)/D(G, G,) < 2,i.e., D(G,G.) < D(G, G,). The reason that
we prefer to use the formation of D(G, G..) over that of D(G, G.) is not only due to the convenience
of the proof argument of Theorem 3.5]1ater in Appendix [C|but also due to its partial connection with
Wasserstein metric that we are going to discuss in the next remark.

(i) When f is a multivariate location family and is identical to hg, i.e., ug = 0, it was demonstrated
recently in [16] that

Vipa,pa.) 2 1) = Xllpllla™ [+ a1+ Ml = w71 ®)

which is also the key result for establishing the convergence rates of parameter estimation in their
work. However, their proof technique only works for the location family and it is unclear what is
the sufficient condition for the family of density functions beyond the location family such that the
inequality () will hold. As the location family is strongly identifiable in the second order, we can
verify that the lower bound in Theorem [3.5]and inequality (5) are in fact similar. Therefore, the result
in Theorem [3.5] gives a generalization of inequality (3 in [16] under the strongly identifiable in the
second order setting of f.

(iii) As indicated in [16], we can further lower bound the right-hand side of inequality (@) in terms
of the second order Wasserstein metric W5 [35] between G and G, when we present G and G, as
two discrete probability measures with two components. In particular, with an abuse of the notations
we denote that G = (1 — A\)d(,,0,50) + A0,y and G* = (1 = X)d(,y,50) + Ad(pu= 5+). i.€., we think
of G and G, as two mixing measures with one fixed atom to be (19, X¢). In light of Lemma|E.1|in
Appendix [E| we have

W3 (G, G.) =< M(Ap, AD)|2 + N[ (A", A2
— min {}, /\*}(II(AM, AD)|* + (A, AZ*)IQ) +min {0, N} (, 2) = (7, 2912

Therefore, D(G, G.) and Wi (G, G..) share the similar term A||(Ag, AY)||2 + X*[| (Ap*, AL*)||? —
min {\, \*} ( (Ap, AD) |2+ (Ap*, AZ*)|2) in their formulations. However, as A||(Ap, AX)|| 4+

A (Ap*, AZS)]] = min {X, A*}H|[|[(g, X) — (u*, £*)||, the remaining term in D(G, G..) is stronger
than that of W2 (G, G.). Moreover, as A = \*, we further obtain that

D(G,G.)/W3(G,G) = (I(Ap, AD) | + [1(Ap™, AE) N/ (1, D) = (1, 5]

Hence, as long as the right-hand side term in the above display goes to 0o, i.e., ||(Au + Ap*, A +
AY*)|| — 0, we have D(G,G.)/W3(G,G.) — oo. This strong refinement of the Wasserstein
metric is due to the special structure of G and G, as one of their components is always fixed to be

(po, o).

(iv) Under the setting when G, is varied, d; = 1, and do = 0, by means of Fatou’s lemma the
result from Theorem 4.6 in [19] yields V (pg, pa.) > C'.W3 (G, G..) if the kernel density function
f is 4-strongly identifiable (cf. Definition 2.2 in [19]) and satisfies uniform Lipschitz condition
up to the fourth order where C’ is some positive constant depending only on G and G.. Since
D(G,G.) = WE(G,G.) > WE(G,G.) 2 W3(G,G.), it indicates that the bound in Theorem
[3.5]is much tighter than this bound. The loss of efficiency in this bound is again due to the special
structures of G and G, as one of their components is always fixed to be (g, Xo).

Unlike the convergence rate results from the strongly distinguishable in the first order setting between
f and hy in Theorem 3.3] the convergence rate of \* under the setting of Theorem [3.3]depends on the
rate of convergence of [[(Ap*, AS*)||? to 0 (cf. Theorem|A.I). Additionally, the convergence rate of
estimating (p*, *) will be determined based on the convergence rates of A* and (Ap*, AX*) to 0.

3.2.2 Weakly Identifiable Settings

Thus far, as hy belongs to the family f, our results regarding the lower bounds between pg and
D, under Total Variation distance rely on the strongly identifiable in the second order assumption
of kernel f. However, there are various families of density functions that do not satisfy such an
assumption, which we refer to as the weakly identifiable condition. To illustrate the non-uniform
natures of V (pa, pe, ) under the weakly identifiable condition of f, we consider specifically a popular
setting of f in this section: multivariate location-covariance Gaussian kernel.

7
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Location-covariance multivariate Gaussian kernel: As indicated in the previous work in the
literature [[7, 25 21], if f is a family of multivariate location-covariance Gaussian distributions in d
dimension, it exhibits the heat partial differential equation (PDE) with respect to the location and
0? 0

ﬁ(xmj]) = Za—é(mm,E), for any € R% and (11, %) € © x Q. We
can verify that this structure leads to the loss of the second-order strong identifiability condition of the
Gaussian kernel. Note that, the PDE structure of the Gaussian kernel has been shown to lead to very
slow convergence rates of parameter estimation under general over-fitted Gaussian mixture models
(cf. Theorem 1.1 in [21]). For the setting of the multivariate deviated model, since the parameters \*
and (u*, X*) are allowed to vary with the sample size, we may expect that the estimation of these
parameters will also suffer from the very slow rate. In fact, we achieve the following lower bound of
V(pa,pe. ) under the multivariate location-covariance Gaussian kernel.

Theorem 3.6. Assume that ho(x) = f(x|po, Xo) for some (19, X0) € © X X and f is a family of
multivariate location-covariance Gaussian distributions. We denote

covariance parameter

Q(G,G.) = A Aul* + |AS]?) + A (Ap™|* + AZ"]?)

- min{m*}(mﬂn‘* FIASIE £ At + ||Az*2)

+(A<||Au|2 L IAS]) + A (JAue ) + |Az*||>) (nu SPTLI z*n),

for any G and G. Then, we can find a positive constant C depending only on ©, Q, and (9, Xo)
such that V (pa,pa,) > C.Q(G, Gy), for any G and G..

See Appendix [C.3|for the proof of Theorem[3.6] A few comments with Theorem [3.6]are in order.

(i) Different from the formulation of D(G, G.) in Theorem |3.5| where we have the same power
between p and ¥, there is a mismatch of power between ||Ap||?, [Ar*||? and |AX]|, [|AYX*|| in the
formulation of Q(G, G,). This interesting phenomenon is mainly due to the structure of the heat
equation where the second-order derivative of the location parameter and the first-order derivative of
the covariance parameter is linearly dependent.

(i) If we denote Q'(G, G,) = A(|Au][* + [|AX]?) +mm{w}(nu—u*|4 +l=- z*n?) +

A ([Ap||* + |AZ*[?) — min {A, )\*}(||AH||4 +AZ]? + [Ap*]* + IIAE”)’ then we can

verify that Q(G, G.) 2 Q'(G, G,) forany G, G... If we treat G and G, as two-components measures
as in the remark (iii) after Theorem 3.5} we would have

Q/(Ga G*) = Wf(le Gl,*) + W22(G27 G2,*)a (6)

where G; = (1 — )\)(5% + Ao, Go = (1— )‘)526 -+ Ady and similarly for G; . and G5 .. Here,
(10, 20) = (uH, 24), and Wo, Wy are respectively second and fourth order Wasserstein metrics.
The formulations of Q'(G, G..), therefore, can be thought of as a combination of two Wasserstein
metrics: one is with only parameter  and another one is only with parameter Y. The division into
two Wasserstein metrics can be traced back again to the PDE structure of the heat equation.

IFA = X" and (|| A+ ]| Ap*(2 + [ AS] + [|AZ*])/ (|1 = p||* + |15 = B*|[) — oo, we will have
that Q(G, G.)/Q' (G, G.) — oc. It proves that the result from Theorem 3.6|under the multivariate
setting of Gaussian kernel is a strong refinement of the summation of Wasserstein metrics regarding
location and covariance parameter in equation (6)).

A consequence of Theorem is that the convergence rate of estimating A* is determined by
lAp*||* + ||AX*||2, instead of [[(Ap*, AX*)||? as in the strongly identifiable setting of f. Further-
more, we also encounter a phenomenon that the rate of convergence of estimating >* is much faster
than that of estimating .*. In particular, estimating >* depends on the rate in which \* (| p*[|2+1|%*||)
converges to 0 while estimating * relies on square root of this rate (cf. Theorem[A.2)).
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4 Minimax Lower Bounds and Convergence Rates of Parameter Estimation

In this section, we study the convergence rates of MLE G, as well as minimax lower bounds of
estimating G, under various settings of hg and f. Due to space constraints, we present the theory
in the distinguishable regime of hg and f. Non-distinguishable cases, though more interesting, are
deferred to Appendix

Theorem 4.1. (Distinguishable settings) Assume that classes of densities hgy and f satisfy the
conditions in Theorem[3.3} Then, we achieve that

(a) (Minimax lower bound) Assume that f satisfies the following assumption S.1:

2
(80"1“(3:#72)/5#“182“2)
(S.1) sup / dx < oo for some sufficiently small cy >
1)~ ("2  <eo flalw, ')
0, where oy € N oy € N® in the partial derivative of f take any combination such that
o] = Jaa] + Jas| < 1.

Then for any r < 1, there exist two universal positive constants cy and cy such that

inf supE,, (A2|<ﬁn, $.) - (1 z>||2) > e,
G2 GeE

inf sup E,, <|Xn - /\|2) > con /7.
Gne=Gex

Here, the infimum is taken over all sequences of estimates G, = (Ap, lin, Xin)-

(b) (MLE rate) Let G,, be the MLE defined in equation @), and the family {pc : G € =} satisfies
condition A2. Then, we have the convergence rate for the MLE:

" ~ & . loan
sup EPG* (()‘ )2H(Mn’ zn) - (M 72 )”2) 5 ;
G.€EE n

-~ log?
sup B, <|>\n - )\*2> < 8
+€E n
Proof of Theorem[4.1]is in Appendix [D.1I] The results of Theorem[4.1]imply that even though we

still can estimate \* at the standard rate n~'/2, the convergence rate of (fi,,, %,,) to (u*, £*) strictly
depends on the vanishing rate of A* to 0. Therefore, the convergence rate of estimating (u*, ¥*) can
be generally slower than n~ /2 as long as \* goes to 0 at a rate slower than n='/2,

We can also use the geometric inequalities developed in Section[3.2]to investigate the behaviors of

én in the non-distinguishable settings. We will further see how the non-identifiability and singularity
of the model affect the convergence rate for density estimation. Due to space constraints, the results
for this setting are presented in Appendix [Al

5 Experiments

We now demonstrate the convergence rates of parameter estimation in the strongly distinguishable
setting, where the choice of hy is a standard Cauchy distribution, and f(:|u,o?) is the normal
distribution with mean . and variance 0. The additional experiments with the non-distinguishable
setting are deferred to Appendix[F

Assume that X5, ..., X, are i.i.d. samples drawn from the true density function pg, with G, =
(A%, u*, (0*)?) and we obtain the MLE (\,,, ji,,, 52). We consider two following cases:

(i) \* = 0.5, u* = 2.5, (0)? = 0.25;
(i) \* = 0.5/n'/%, u* = 2.5, (%)% = 0.25.

Two histograms for samples from the density pg, with n = 10000 corresponding to the above two
cases are illustrated in Figure[I{a) and [2[a). For each case, we take into account multiple sample

Q
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sizes n ranging from 102 to 10, For each sample size n, we calculate the MLE (\,,, jin, 62) via the
EM algorithm [[13]] and measure the errors D\\n — X*|, |fin — p*|, and |52 — (0*)?|. We repeat this
procedure 64 times and plot the mean (blue dot) and quartile error bars (yellow bar) of the logarithm
of estimation errors against the log of n. Theorem [4.1] suggests that the log convergence rate of
A\* is of order —1/2 for all cases, and so is the rate for (11, (¢)?) in the first case. Meanwhile, the
convergence rates of (1*, (0*)?) in the second case are slower, which is in the order of —1/4. The
empirical rates found in the experiments match this theoretical result, where the least square line
shows that the logarithm of the rate for estimating p* in case (i) is -0.5 and that of the case (ii) is
-0.27 ~ —1/4 (similar for (6*)?).

We once again emphasize that this interesting phenomenon of the rates of convergence is due to
the singularity and identifiability of the multivariate deviated model. Our theory and simulation
have accurately shown quantitative convergence rates for parameter estimation when A* near the
singularity point 0, where all pairs of (u*,¥*) in model (2)) give the same model. Together with the
non-distinguishable settings, we provide a comprehensive study of the large-sample theory for this
type of model, thanks to the newly developed notion of distinguishability that helps to control the
linear independent relation between hg and f. The developed optimal minimax lower bounds and
convergence rates will certainly help Machine Learning practitioners understand better the role of
sample sizes in the accuracy of estimation in the multivariate deviated model, and are also inspired
theorists to study more about the estimation rate of complex hierarchical/mixture models.

6 Conclusion

In this paper, we establish the uniform rate for estimating true parameters in the multivariate deviated
model by using the maximum likelihood estimation (MLE) method. During our derivation, we have
to overcome two major obstacles, which are firstly the interaction between the known function hg
and the Gaussian density f, and secondly the likelihood of the deviated proportion A\* vanishing to
either one or zero. To this end, we introduce a notion of distinguishability to control the linearly
independent relation between two functions h and f. Finally, we achieve the optimal convergence
rate of the MLE under both the distinguishable and non-distinguishable settings.
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Supplement to ‘“Minimax Optimal Rate for Parameter Estimation
in Multivariate Deviated Models”

In this supplementary material, we present additional results and proofs. The minimax lower bounds
and convergence rates of parameter estimation in the non-distinguishable settings are presented in
Section |A] The general theory for the convergence rates of densities and their proofs can be found in
Appendix [B] Proofs of the geometric inequalities that relate the convergence of density estimation to
that of parameter estimation are in Section[C| while those for minimax lower bounds and convergence
rates of parameter estimation are left in Appendix |D} Then, we provide a necessary lemma for those
results along with its proof in Appendix [E] Finally, some discussion about the general setting of the
paper is presented in Section[F] followed by a set of simulations to support the developed theory.

A Minimax Lower Bounds and Convergence Rates of Parameter Estimation
under the Non-distinguishable Settings

Theorem A.1. (Strongly identifiable and non-distinguishable settings) Assume that classes of
densities hy and [ satisfy the conditions in Theorem[3.5] We define

l
E1(ly) =G =\uX) = . - <Ay,
1 (i {[(Ap)i2 [(AD)u, P} va
1<u,v<ds

Sor any sequence {l,,}. Then, we achieve

(a) (Minimax lower bound) Assume that f satisfies assumption S.1 in Theorem Then for any
r < 1 and sequence {l,,}, there exist two universal positive constants ¢, and cq such that

it s By (VIO ADP G E) - (D) 2 en
GneEEGEE(In)

inf  sup E,. (||Au, AE)||4|X" — /\|2> > con M7,
GnLEEGEE(ln)

(b) (MLE rate) Let én be the MLE defined in equation (B)), and the family {pc : G € =} satisfies
condition A2. Then, for any sequence {l,,} such that l,, / logn — oo,
log2 n

sup By, ((A*)%(AM*,AE*W|<ﬁn,zn> - <u*,z*>||2) < log'n
G*eEl(ln) n

* * N * lOg n
sup  Epg, (|(Au AT R, A |2) <logn
G*eEl(ln)

Proof of Theorem[A.T]is in Appendix [D.2] The results of part (b) are the generalization of those in
Theorem 3.1 and Theorem 3.2 in [16]] to the setting of strongly identifiable in the second-order kernel.
The condition regarding the lower bound of A in the formation of =, (I,,) is necessary to guarantee

that (fi,,, £,,) and A, are consistent estimators of (1*, $*) and \* respectively. In particular, from
the results in equation (34)) of the proof of Theorem[A.T] we have for any G, € = that

* * X ~ S log2n
Epe. (W) (A" AP (i, ) = (% 297 S ——

Therefore, forany 1 <+¢ < d; and 1 < u,v < dy we get
(A N\ o log’n
EPG* (A *) -1 ~ 2 N 49
#)i n(A*)? {(Ap*)i}
]E { ((Ain)uv _ 1) 2} < 1Og2 n
Pl \ (ASH) e Y (A2 {(AS)w b
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It indicates that
logn

NDS {I(Ap=)il?, [(AZ*)i?}

for the left-hand-side terms of the above display to goto O forall 1 <7 < d; and 1 < u,v < ds.

- —0
min
1<i<dy,1<u,v<d2

The results of Theorem [A.T|imply that as long as the kernel functions are strongly identifiable in
the second order, the convergence rates of ji,, to u* and f]n to X* are similar, which depend on the
vanishing rate of (\*)?||(Au*, AX*)||? to 0. In our next result of location-covariance multivariate
Gaussian distribution, we will demonstrate that such uniform convergence rates of different parameters
no longer hold.

Theorem A.2. (Weakly identifiable and non-distinguishable settings) Assume that f is a family
of location-covariance multivariate Gaussian distributions, and ho(z) = f(z|uo, Xo) for some
(10, 20) € O x X. We define

= — — . In
=) = {0 = Qo) 2 — ez <A

1<i<d,1<u,v<d
for any sequence {1, }. Then, the following holds:

(a) (Minimax lower bound) For any r < 1 and sequence {l,}, there exist two universal positive
constants c¢1 and co such that

inf sup By (A2 {aull® +1A212} {7 — pl* + 155 - zn?}) > eyn 7
G?LEEGGEQ(ZH)

int s By {IAuIP +IAZIT} R - A7) > can
Gr€EGEEs(ly)

(b) (MLE rate) Let G‘n be the estimator defined in (B). Then, for any sequence {l,,} such that
I,/ logn — oo the following holds

2
<log n

sup By, (002 {18071+ 185} {3 = w4 18, - 571} ) £ 22
G.€E2(1ly) n

log”n

sup Epc*({IIAM*Hg AT} R A*F) <
GxEE2(ln)

Proof of Theorem[A.2]is in Appendix[D.3] A few comments are in order:

(i) Similar to the argument after Theorem|A. 1} the condition regarding A in the formulation of =z (l,,)
is to guarantee that (fi,,, 2,,) and \,, are consistent estimators of (u*,¥*) and A*, respectively.

(i) The results of part (b) indicate that the convergence rate of estimating >* is generally much
faster than that of estimating * regardless of the circumstance of (A\*)? {||Ap*||* + [|AX*[|?}. The
non-uniformity of these convergence rates is mainly due to the structure of the heat partial differential
equation, where the second-order derivative of the location parameter and the first-order derivative of
covariance parameter correlate.

(i) From the results of part (b), it is clear that when ||Ap*|| + ||[AX*]| 4 0, ie., (p*,X*) —

(7, ) # (1o, Xo), and A* 4 0, the convergence rate of \,, to \* is n~'/2. Furthermore, by using
the result from part (a) of Proposition [C.4] we can verify that

* ~ * a " log®n
sup By, (O {17~ 17 + 1€, - 1P} ) £ 222,

where the supremum is taken over {G, € Z3(l,,) : K(g*,é) <ehand G = (M, %), \* — A,
and € is some sufficiently small positive constant. Since A # 0, we achieve the optimal convergence

rate n~1/? of estimating (p*, ¥*) within a sufficiently small neighborhood of G under metric K.
These results imply that even though the convergence rate of estimating G,. may be extremely slow
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when G, moves over the whole space =5 (l,,) (global convergence), such convergence rate can be at
standard rate n~'/2 when G, moves within a sufficiently small neighborhood of some appropriate
parameters G (local convergence).

As we have seen from the convergence rate results from location-covariance multivariate Gaussian
distributions, the heat PDE structure plays a key role in the slow convergence rates of location and
covariance parameters as well as the mismatch of orders of these rates.

B Convergence Rate of Density Estimation

B.1 General Theory and Proof of Theorem [2.3]

We now describe the convergence rate of density estimation under the Hellinger distance in detail
and give a general result for the multivariate deviated model. We recall some popular notions in
Empirical Process theory as follows. An e—net for a metric space (P, d) is a collection of balls with
radius e (with respect to metric d) having union contains P. The minimal cardinality of such e—nets
is called the covering number and denoted by N (¢, P, d). The logarithm of N (e, P, d) is called the
entropy number and is denoted by H (e, P, d). The bracketing number Np (e, P, d) is the minimal
number n such that there exists n pairs ( fi, f.)™, such that fi < fi,d( fi, ;) < €, and their union
covers P. The logarithm of Ny(e, P, d) is called the bracketing entropy number and is denoted by
Hpg(e, P, d). In the following discussion, if P is a family of density and we omit d, we understand
that d is the distance associated with L?(m), where m is the Lebesgue measure.

Denote P(Z) = {pc : G € 2} and P(Z) = {(pa. + pc)/2 : G € E} for the fixed true parameter
G. The convergence rate can be deduced from the complexity of the set:

—=1/2 _ —_ _
Y (E,e) = {p};/2 :G € g, h(pa,pa.) < e}, (7

P
where for any G € E, we denote pg = (pg + pa.)/2. We measure the complexity of this class
through the bracketing entropy integral

jB(e,fW(E,e)):/ HY?(u,P

€2 /213

1/2(57 €))du Ve, (8)

where Hp (e, P) denotes the e-bracketing entropy number of a metric space P. We recall assumption
A2:

A2. Given a universal constant J > 0, there exists N > 0, possibly depending on © and k, such
that for all n > N and all € > (logn/n)'/?,

JB(e,fl/Z(E, €)) < Jvne.
Theorem B.1. Assume that Assumption A2 holds, and let k > 1. Then, there exists a constant C > 0
depending only on © and k such that for all n > 1,

sup By h(pg, »pc.) < C+/logn/n.

«EE

This result can be obtained by modifying the proof of Theorem 7.4 in [33]]. Recall that we defined
the function class

H1/2 /= _1/2 - _

P (B = {pg G €E, h(pe:pa.) < e}, ©)
where for any G € E, we write p¢ = (pg + pa.)/2, and measure the complexity of this class
through the bracketing entropy integral

Iz (e, 51/2(5, €),v) = / \/log NB(u,fl/Q(E, w),v)du Ve,

2 /213

where N (e, X, n) denotes the e-bracketing number of a metric space (X, 7) and v is the Lebesgue
measure. We denote by P the distribution corresponding to the density pg. The technique to prove
this theorem is to bound the convergence rate by the increments of an empirical process:

L
va(G) = Vi 5 log 2S-d(P, — Po.),
{pc,.>0} yyen
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where P,, = % Z?Zl dx, is the empirical measure (X1, ..., X, i pg, ). We first recall Theorem

5.11 in [33]] with the notations adapted from our setting:
Theorem B.2. Let R > 0, k > 1, and G be a subset of =, which contains G .. Given Cy < oo, for
all C sufficiently large, and for n € N and t > 0 satisfying

t < v/n((8R) A (C1R?)), (10)
and
R
t>C%(Cy +1) R\// HY? (u,Pl/Q(E,R),y) du |, (11
/(26 /) V2
we have
t2
Py-q, sup v (G)| >t | <Cexp <—) . (12)
M GEQJL(?GJOG*)SR| @l C*(Cr+1)R?

Now we proceed to prove Theorem the proof is divided into three parts: Bounding the tail
probability of h(pén , D, ) by sums of empirical processes increments using the chaining technique,
bounding the empirical processes increments using Theorem [B.2} and bounding the expectation of
h(pg, » Pa.) using its tail probability.

Step 1 (Bounding the tail probability h(p@n , i, ) by sums of empirical processes increments):

Firstly, by Lemma 4.1 and 4.2 of [33]], we have
1 1 N
—h2(p, < h%(p s < —=vp(Gr).
6 e, pe.) < h*(pg, pe.) < N (Gh)

Hence, for any ¢ > §,, := (logn/n)

P (h(pg, ) 2 6) < Fo. (103 G) = Vi (7, pc.) 2 0,

1/2 we have

WP pe.) > 5/4)

<Pg, ( sup [vn(G) — Vnh* (P, pe.)] 2 0)

G:h(Pe,pc,)=6/4

S
<) Pa. ( sup V(@) > \/5228(5/4)2>
0

G:256 /A<h(Pg.pa, )<25t15/4

G:h(Pg.pc, )<25t15/4

<3 P ( sip (@) 2 m%(a/@?) ,

where S is a smallest number such that 296 /4 > 1, as h(pg,pe.) < 1. Now we will bound each
term above using Theorem [B.2]

Step 2 (Bounding the empirical processes increments using Theorem [B.2): In Theorem|[B.2]
choose R = 25715,Cy = 15 and t = /n2%%(§/4)?, we can readily check that Condition (I0)
satisfies (because 2°716/4 < 1forall s = 0,...,.S). Condition (TT) satisfies thanks to Assumption

A3:
R R/V2
/ H119/2 (uypl/Q(E’R))y) duv 2515 =2 H}B/Q (u,P1/2(E,R),V) du Vv 251§
125 /) V2 R2/210

<2J5(R,P'*(Z,R),v)
< 2J/n2%t162 = 25 7t
So the conclusion of Theorem [B.2] gives us
> 225062 né?
Pa. (Mpg,  pc.) > 9) < C’Zexp (J?214) < cexp (02) , (13)
s=0

where c is a large constants that does not depend on G..
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Step 3 (Implying the bound on supremum of expectation): Thus, we have

oo o0 52
Bhlrs, pe.) = [ Filng, ) > s <6, +c [ e (<15) < ab,
0 é

n

for some ¢ does not depend on \*, G... Hence, we finally proved that

sup Eg, h(pG ,pa,) < Cy/logn/n.

G.e2

As a consequence, we obtain the conclusion of the theorem.

B.2  Proof for Proposition 2.4]

We further introduce some more notations that are required for the proof. Let N (e, P(Z), || - ||c) be
the e—covering number of (P(E),] - ||s) and Ng(e, P(E), h) be the bracketing number of P(Z)
measured by Hellinger metric h. Hp (e, P(E),h) = log Np(e, P(2), h) is called the bracketing
entropy of P (=) under metric 4. We want to show that

—1/2

Ts(e,P (5, >,L2<m>>=</€ H;/2<5,7>1/2<E,6>,L2<m>>d6v5)sﬁ& (14)
52/2213

for all n > N large enough and € > (log n/n)'/2. We proceed to show that claim (T4)) will be proved
if

log N(e, P(E), |Ilos) < log(1/e), (15)

Hp(e, P(8),h) S log(1/e), (16)

and then prove claim (I3) and (T6).

Proof of that claim (T6) implies claim (I4) Because fl/z(E, 0) C P 2(E) and from the defini-
tion of Hellinger distance,

Hp(6,P2(E,0), 1) < Hp(6,P*(E), 1) = Hp(—=, P(2), h).

Now use the fact that for densities f*, f1, fas we have R2((f1 + £)/2, (f2 + f+)/2) < h2(f1, f2)/2,
one can readily check that Hp (- 75 P(2),h) < Hg(8,P(Z),h). Hence, if claim (T6) holds true,
then
Hp(6. P (2,6),1) < Hp(6,P(2), h) 5 log(1/9),
which implies that
To(e. P (2.6),1) < ellog(21/¢%)/* < ne?,
for all ¢ > (logn/n)'/2. Hence, claim (T4) is proved.

Proof of claim (I5) As A € [0,1], we can choose an e—net for it with the cardinality no more

1
than ~. Similarly, because © and (2 are compact, we can cover them by hypercube [—a, a]®* and
€

dy
[—b, b]?2*92  Hence, there exists e—nets for them with the cardinality no more than <> and
€

20\
() . Let S be the Cartesian product of them. We have log |S| < log(1/¢) and for every
€

G=(\wX) €&, there exists G' = (N, p/,¥') € Ssuchthat |A — |, [|u— /], |2 -2 <e
By triangle inequalities,

Ipe = perlloe < A= N(lholloe + 1£llo0) + AlLf (2], 2) = f(alp, )] S e,
thanks to the uniform bounded and Lipchitz assumptions. Hence,

log N(e, P(Z), [|-lle) < log(1/e).

17
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Proof of claim (I6) Now, from the entropy number, we are going to bound the bracketing number,
we let 7 < ¢ which will be chosen later. Let f1,..., fy be a n-net for P(Z), where f;(x) =
(1 — )\Z)ho(l‘) + )\lf(sc|,u“ Zl) Let

brexp(=ba [l2), el > By
H - ) 2 ’ 17
(z) { M, otherwise an

L

pi (@) = (1= Xoho(x) + \i max{f (x|us, i) —n,0},
py (x) = (1= Ai)ho(x) + X min{ f (|5, i) + 1, H(x)}.
Because for each f € P(E), there is f; such that || f — fil| ., < 1, we have pF < f < p{. Moreover,

for any B > B,
/ (pi —pi)dp <\ (/ _ 2ndx +/ H(x)dx)
R e <B | >B

< B + B exp (4;2?1’3) : (18)

is an envelop for f(z|u,X). We can construct brackets [pl, p{'] as follows.

where we use spherical coordinate to have

T2 g g
dr——""_ _B'<B
/|z|§B I'(d/2+1)

and
/ _exp (—bg ||x||b3) < / 77“{’1 exp (—bzrb"’) dr
lzl|>B r>B
1 oo
= —7 / u?" Y exp(—u)du (change of variable u = byr’?)
/b3 |—=bs
b3b2 B
1 —da-b —b:
< 1/bgB “exp(=B ).
bsby

Hence, in (T8)), if we choose B = B(log(1/n))!/% then

1\ /b
/Rd(p? —pl)dp <n (log (n)) . (19)

Therefore, there exists a positive constant ¢ which does not depend on 7 such that

Hp(enlog(1/n)***, P(2), |I|,) < log(1/n).

Let e = cn(log(1/n))%?s, we have log(1/¢€) =< log(1/n), which combines with inequality ||-||, < h?
lead '
eads to

Hp(e, P(E),h) < Hp(e*, P(E), |I1l,) < log(1/€?) < log(1/e).

Thus, we have proved claim (T6).

C Proofs for Geometric Inverse Bounds

C.1 Proof of Theorem

The second inequality in Theorem is straightforward from the equivalent form of W1 (G, G.) in
Lemma [E. ] (see Appendix [E)). Therefore, we will only focus on establishing the first inequality in
that theorem. We start with the following key result:

Proposition C.1. Given the assumptions in Theoremcmd G = (\ 71, %) such that X € [0,1] and

(1, ) can be equal to (po, Xo). Then, we have

lim inf {V(pc”pc*): K(G,G)V K(G,,G) ge}

0.
e—0G,G. IC(G, G*)

V
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Proof. The high level idea of the proof of Proposition|C.3]is to utilize the Taylor expansion techniques
previously employed in [9, 28] 22, [19]]. Indeed, following Fatou’s argument from Theorem 3.1 in
[22]], to obtain the conclusion of Proposition [C.3]it suffices to demonstrate that

o lpc — pa. Il . = —
Assume that the above conclusion does not hold. It implies that we can find two sequences G, =
(Ans fin, Xn) and G, = (N5, p, 7)) such that K(G,,,G) — 0, K(G.n,G) — 0, and ||pg,, —
PG, o lloo/K(Gry Gy ) — 0asn — oo. Now, we only consider the most challenging setting of
(ttn, Bp) and (p, ¥ ) when they share the same limit point (1, X). The other settings of these two
components can be argued in the same fashion. Here, (1, >’) is not necessarily equal to (g, Xo) or

(7, 3) as A, A% can go to 0 or 1 in the limit. Under that setting, by means of Taylor expansion up to
the first order we obtain

PG, (¥) = PG (1) (A% = An)lho(xlpo, Bo) — f(@lps, B)] + Anlf (@lpn, Bn) — f(]py, )]
K(Gn,Gin) K(Gr, Gin)
= A)lholelio, o) — £, =)
K(Gn,Gin)
(n — p3)* (B0 = Bp)2  0lolf .y
A ( \ozzlil a! Ouc19¥*2 (@lur, B5) + Ba(2)
i K(Gr, Ge)
where R (z) is Taylor remainder and o« = (aq, ) in the summation of the second equality
satisfies a; = (agl), . afll)) e N,y = (aﬁﬁ)) € Nt2xdz |q| = Z a(l) + X o), and
! 1<u,0<ds
d
al = ]_1[ agl)! 11 alZl As f admits the first order uniform Lipschitz condition, we have
s 1<u,v<d2

Ri(z) = O(|(pin, 2n) — (1, 32)||*7) for some v > 0, which implies that

An| By (2)[/K(Gry Gain) = O([[ (1, X)) = (pt, Zp)I17) = 0
as n — oo. Therefore, we can treat [pg, (z) — pa., . (%)]/K(Gr, G« ) as the linear combination of

olal f
o1 9%

go to 0. Then, by studying the coefficients of hg(x|6o, Xo),

ho(z|00, X0) and (x|pk, X¥) when |o| < 1. Assume that the coefficients of these terms

! (|0, ¥o)s

) o
O7 (e, So), and .

O
we achieve
()\:1 - /\n)/IC<Gn; G*,n) — 0; An(/’bn - /’I’:;,)Z/’C(GTL? G*,n) — 07 )\n(zn - Z:l)uv/K(Gna G*,n) — 0

forall 1 < i < djand 1 < u,v < do where (a); denotes the i-th element of vector a and A,,
denotes the (u,v)-th element of matrix A. It would imply that

(An + A (Hns Zn) = (b, SN /K(Gy Gan) — 0
Therefore, we achieve

I (|A:; ]+ O 4 At ) (uz,z:>||>/ic<cn,G*,n> S,

ololf
* E*
G on (z|pr,, 27,) goto

0. If we denote m,, to be the maximum of the absolute values of the coefficients of hg(z|0y, Xo)
oled
an 8178J2:2($|M” %), then we get 1/m,, /> oo as n — o0, i.e., 1/m,, is uniformly bounded.
MOL «
Hence, we achieve for all = that
1 pa,(x) —pa., (z) a‘(y'f 1N
—_— = T — E o 72 =0
My K(Gn,Gon) nf(lnosTo) + > 7 o P gsen Tk X)

laf<1

a contradiction. Therefore, not all the coefficients of ho(x|6p, Xo) and

for some coefficients 1 and 7, such that they are not all 0. However, as f is distinguishable from hg
up to the first order, the above equation indicates that n = 7, = 0 for all |a| < 1, a contradiction. As
a consequence, we achieve the conclusion of the proposition. O

10
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Now, assume that the conclusion of Theorem @I) does not hold It implies that we can find two
sequences (77, and G, , such that A,, = |pc;, — pa;  |12/K(G},, G ,,) — 0asn — oc. Since ©
and {2 are two bounded subsets, we can find subsequences of G/, and G;’n such that K(G?,, G1) and
K(G s G) vanish to 0 as n — oo where G'1, G are some discrete measures having one component
to be (10, X0). Because A,, — 0, we obtain V' (pg: PG, ) — 0asn — oo. By means of Fatou’s
lemma, we have

= 1 ’ —_ ’ > 1 1 ’ —_ ’ = .
0= Jin | |(vy (o) - pe, ()] do > [tmint| (e, (@) - b, ()] dx = Vg, (@), 5, )
Due to the fact that f is distinguishable from h up to the first order, the above equation implies that
G1 = G-. However, from the result of Proposmonm regardless of the value of G; we would have

A, # 0as n — oo, which is a contradiction. Therefore, we obtain the conclusion of the theorem.

C.2 Proof of Theorem

Prior to presenting the proof of Theorem [3.3] we introduce the definition of second-order uniform
Lipschitz:

Definition C.2 (Second-order Uniform Lipschitz). We say that f is uniformly Lipschitz up to the
second order if the following holds: there are positive constants d3, §, such that for any Ry, R5, Rg >
0,71 € R, 45 € RE2X4 Ry < \/A(Z) < /Ay (B) < Rs, [|0]| < Re, 01,00 € ©,%1,%5 € Q,
there are positive constants C; depending on (R4, R5) and Cy depending on Rg such that for all
T e X,

82f af 5
T (g @161, T) = 555 (@102, 2)) | < 1161 = 6P I3

tr([a(;(tr(aaz (410.%)T2) ) - az(t (gé (216, 22) "y ))f”)‘

< Co||Z1 — Za IS4 )13,

Now, we are back to the main proof. Utilizing the same Fatou’s argument as that of Proposition
[C1], to achieve the conclusion of the first inequality in Theorem [3.5]it suffices to demonstrate the
following result

Proposition C.3. Given the assumptions in Theoremand G = (\71,Y) such that X € [0,1] and
(71, X) can be identical to (10, Xo). Then, the following holds

(a) If (110, Xo) # (7, ) and X > 0, then

(b) If (o, %0) = (1, X) or (10, o) # (15, X) and X = 0, then

- - 2l - < )
e—0G,G. { (G,G*) D(G7G> \/D(G*,G) < 6} >0

Proof. The proof of part (a) is essentially similar to that of Proposition|C.I} therefore, we only provide
the proof for the challenging settings of part (b). Here, we only consider the setting that (1o, o) =
(71, %) as the proof for other possibilities of (1o, Xo) can be argued in the similar fashion. Under this
assumption, (ug, Xo) = (110, X0), G = (X, 09, Xo), and ho(x|60g, Xo) = f (|00, Xo) forall z € X.
Assume that the conclusion of Proposition@]does not hold. It implies that we can find two sequences
Gn = (An, fin, Xn) and Gi, = (A5, pf, 2%) such that D(Gp, G) = A (Apn, AX,)[2 — 0,
D(Gim: G) = N l[(Apz;, AX)[? = 0. and [Ipg,, — pe. , lloo /D(Gr, Gin) — 0 as n — oo. For
the transparency of presentation, we denote A,, = ||(Apn, AX,)|, B = [[(Apk, AZY)||, and
Chn = [(ttn, Z0) — (5, T = 11 (Apen, AX,) — (Apk, AXZ)||. Now, we have three main cases
regarding the convergence behaviors of (p,,, 2,,) and (), X

20
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Case 1: Both 4,, — 0and B, — 0, i.e., (un, Xp) and (p, X)) vanish to (g, Xo) as n — oo.
Due to the symmetry between A,, and A}, we assume without loss of generality that A7 > )\, for
infinite values of n. Without loss of generality, we replace these subsequences of G,,, G, by the
whole sequences of G, and G ,,. Now, the formulation of D(G,,, G ) is

D(Gry Gan) = (N5 — N\, B2+ (/\,LA,,L + /\:‘LBn) C,.

Now, by means of Taylor expansion up to the second order, we get

PG, (%) =pe.. () (n = Aa)lf (@lpo, Do) = f (@l S + Anlf (@lptn, Bn) = f (|, 23)]
D(Gp, Gsn) D(Gp,Gam)
. 2 (—A,u:;)ocl(_Az;«l)az 8\a|f o
B ()\n An)(laz—l Oé' 6/La162a2 (x|lu’n72n) + Rl(flf)
- D(G’naG*,n)
2 (A = A (AR, = AT 9l )
An n n " ;k“ Z: 4 Rols
n (0%1 al aualazf,&( Iz ) 2(2)
D(Gr,Gn)

where R;(x) and Ra(z) are Taylor remainders that satisfy Ri(z) = O(B27) and Ry(z) =
O(C217) for some positive number + due to the second order uniform Lipschitz condition of kernel
density function f. From the formation of D(G,,, G, ), since A, + B,, > C,, (triangle inequality),
as A,, — 0and B,, — 0 it is clear that

= X R1(@) /DG, G < |Ra(@)]/B2 = O(BI) — 0
Ml Ro(@)|/D(C Gu) < |Ro(w)]/ {(An + B)C} = 0(02“/03) —0(C) 0
asn — oo for all x € X. Therefore, we achieve for all x € X that
((An DR (@) + An|R2<x>)/D<Gn, Gn) 5 0.

Hence, we can treat [pg,(z) — pq..,(2)]/D(Gn,Gsrn) as a linear combination of
olal ¢

opcr9xa2
coefficients of these terms go to 0 as n — co. By studying the vanishing behaviors of the coefficients

; olal ¢
O e gz

(x|pk, X)) for all © and o = (a1, a2) such that 1 < |a] < 2. Assume that all the

(z|ur,Xr) as |a| = 1, we achieve the following limits

(Anmun» - AZ(AMZ)i)/D(Gm Gun) 50, (Anmzn)w - A:(Azmw)m(an, Go) 0

forall1 < i < djand 1 < u,v < dy where (a); denotes the i-th element of vector a and A,
denotes the (u, v)-th element of matrix A. Furthermore, for any 1 <4, j < d (i and j can be equal),

a\alf

W(ﬂu;, ¥¥) when (a1); = (1); = 1 and ap = 0 leads to
I

the coefficient of

87 = AN, + 0 (Bt = A s = 8433 ] /PG ) 0. 20
When ¢ = j, the above limits lead to
0= ) (A (Bt = A0 DG G) 0
Therefore, we would have

[(A;z A IAEI + A A — Auzu?] JD(Gons Grn) 3 0. e

21
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Now, as (An(Aun)l — X5 (Apk); )/D(Gn, G..n) — 0 we obtain that

(Anmun)i(mn» - AZ(Au:n(Aumj)/D(Gn, G) = 0,

(A A2 = N ()02 ) /PG G) . @
Plugging the results from (22) into (20), we ultimately achieve for any 1 < i, j < d that
Using the results from (20) and (23)), we would have

A (D) (Bgin — A (N = M) (Apn)i(Ap);
DG Gon) ( Gy 0

A (Ap)i(Apim — Ap); (A = M) (D) i (Apin)
DG Gy DGnG.ny 0

for any 1 < 4,5 < d. Therefore, it leads to
> Aal(Apn)ill(Apn = Api)il A 30 [(Apn)il 22 [(Apn — Apy )il

1<i,j<d 1<i<d 1<i<d

D(Gr, G =T DG =9

S AR A = ALYl A Y 1Al S (A — Al
1<i,j<d __ 1<id 1<i<d 0
D(GW;G*,H) D(GTHG*,TI) '

The above results mean that

AnllApnlllApn = Appll/D(Grs Gan) = 0, Al A [ Apn — Appll/D(Gh, Gan) — 0. (24)

olal f
oucr0y2
(@2)uyv; = (@2)yyu, = 1 for any two pairs (ug,v1), (ug,v2) (not neccessarily distinct) such that
1 < uy,ug,vi,vg < dor (a1); = 1and (ag)yy = 1forany 1 < i < dand1 < u,v < d, we
respectively obtain that

By applying the above argument with the coefficients of (x|pk, %) when o; = 0 and

(A = AIASL I + Al AS, — AL /D(Gr, Gan) = 0,
Al AZA[|[AS, = ASL/D(Gr, Gen) = 0, AL [JAS [[AZ, — AXL/D(Gn,y Gin) = 0,
Al Apnl|A%n = ASL/D(Gr, Gen) = 0, Ai[[ A [[AZ, — AXL | /D(Gn, Gin) = 0. (25)
Combining the results from 21)), (24), and 23) leads to
=D(Gn,Gi0)/D(Gr, Gin) = 0,

olal f
o1 9xe2
as 1 < |a| < 2. Follow the argument of Proposmonm by denoting m,, to be the maximum of the

olal f
Opr0xe2

which is a contradiction. As a consequence, not all the coefficients of —————(z|uk,¥*) goto 0

absolute values of the coefficients of (z|uk, X% ) we achieve for all x that

1 pGn(x) G lel f
mn ’ $) =
Mmn (Gn; G* n - |Zl a ar Yo (.1'|,U/0’ 0) 0

where 7, € R are some coefficients such that not all of them are 0. Due to the second order
identifiability condition of f, the above equation implies that 7, = 0 for all « such that |a| = 2,
which is a contradiction. As a consequence, Case 1 cannot happen.
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Case 2: Exactly one of A, and B,, goes to 0, i.e., there exists at least one component among
(ttn, Bp) and (p), 37 that does not converge to (1o, Xo) as n — oo. Due to the symmetry of A,
and B,,, we assume without loss of generality that A,, /4 0 and B,, — 0, which is equivalent to
(ton, ) = (1, 2) # (o, Xo) while (ur,3%) — (uo, Xo) as n — co. We denote

D' (GnyGin) = [N — An|Bn + AnAn + X By,

Since [pg, (2) = pa. . (2)]/D(Gn, Gin) — 0, we achieve that [pe,, () — pe..,. ()] /D' (Gn, Gin)
— 0 forall z as D(G,,, Gy n) S D'(Gr, Gy ). By means of Taylor expansion up to the first order,
we have

baG, (1’) —PG.n (55) _ ()‘:1 - An)[f(ﬂuo, E0) - f(x\ufl, E’Tl)] + /\nf(ana En) - )\nf(a?“[:” 22)
D'(Grn,Gan) D'(Gn,Gun)
(—Apy)* (-AZ)*  Of ,
* _ * Z*
o 2 ol 5y g (Pl 20 + i)
B D/(Gn7G*,n)
+ )\n.f('x'.una En) - /\nf(xw:m E:L)
DI(G’na G*,n)

where R/ (z) is Taylor remainder that satisfies (A% — X, )| R} (2)|/D' (G, Gs ) = O(B)') — 0 for
some positive number 4" > 0. Since (i, Xy,) and (u), X2 ) do not have the same limit, they will be
different when n is large enough, i.e., n > M’ for some value of M’. Now, asn > M’, [pg,, (z) —
o}

W{‘_];z:(m(m|ﬂz, ZZ) for all |a| S 1 and
f(x|pn, By). If all of the coefficients of these terms go to 0, we would have X, /D' (G,,, G, ) —
0, (Af — A)(—Apk)i/D'(GpnyGan) — 0, and (N5 — A,)(—AX )y /D (G, G, n) -0 for
all1 < i < dyand 1 < w,v < do. It would imply that (A} — \,)B,,/D'(Gp,Gsn) — 0,
MAn /D' (G, Gy ) — 0, and A, By, /D' (Gy,, G.r,) — 0. These results lead to

PG, ., (7)]/D'(Gn, G« ) becomes a linear combination of

1 =(|>‘;; — An|Bn + A A, + )\:;Bn) /D' (G, Gy ) = 0,

%(xl% ¥5) and f(z[pn, Xn) go to

0. By defining m/, to be the maximum of these coefficients, we achieve for all z that

a contradiction. Therefore, not all the coefficients of

1 pa,(z)—pa..,(v)
L D'(Grn,Gip)

olel
o f (w0, So) + Z 00T () =,

m/

where 7’ and 7/, are coefficients such that not all of them are 0, which is a contradiction to the first
order 1dent1ﬁab111ty of f. As a consequence, Case 2 cannot hold.

Case 3: Both A,, and B,, do not go to 0, i.e., (ftn, Xr) and (p}, 3% ) do not converge to (po, Xo)
asn — oo. Since Dy, (Gr, Gin) S K(Gn,Gin) = |An — AL + (A + A5G, and [pg,, (z) —
pa..,. (2)]/D(Gp, Gy n) — 0, we achieve that [pg, (z) — pa. ., (2)]/K(G,, Gy n) — 0 for all .
From here, by using the same argument as that of the proof of Proposition [C.1} we also reach the
contradiction. Therefore, Case 3 cannot happen.

In sum, we achieve the conclusion of the proposition. O

C.3 Proof of Theorem

For the simplicity of proof argument, we will only consider the univariate setting of Gaussian kernel,
i.e., when both 1 and ¥ = &2 are scalars. The argument for the multivariate setting of Gaussian
kernel Can be argued in the rather similar fashion, which is omitted. Throughout this proof we denote
v := o2. Now, according to the proof argument of Proposition m C.1|and Proposition | to achieve
the concluswn of the theorem it suffices to demonstrate the following result:

Proposition C.4. Given G = (\,[1,v) such that X € [0,1] and (fi,v) can be identical to (pg, vo).
Then, the following holds
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(a) If (o, vo) # (1, 0) and X > 0, then

e [lpe = el = e
PG — PG. llco .0) < .
l%é%* { K(G.G.) K(G,G)VK(G.,G)<ep >0

(b) If (110, v0) = (11,) or (po,vo) # (W, v) and X = 0, then

. . HPG _pG*”oo Val Val
_— . < .
gy { oG, G,y AGEVAG. G ep >0

Proof. We will only provide the proof for part (b) since the proofs for part (a) can be argued in similar
fashion as that of Proposition [C.I] Assume that the conclusion of Proposition [C.4] does not hold.

It implies that we can find two sequences G,, = (A, ftn, V) and G, = (A3, s, v5) such that
Q(Gn,G) =0, QGyn,G) = 0,and ||pa, —pa. , lloo/2(Gn, Gxn) — 0asn — oco. Due to the
symmetry between \,, and A7, we can assume without loss of generality that A} > A,,. Therefore,

we achieve that

Q(Grn, Gun) = (N = M) (| A + AUZ|2)+</\n(Aﬂnl2 + 1 Av]) + AL (1A 7 + IAvZI)) x

x(mn—u;mvn —v:;|).

In this proof, we only consider the scenario when ||(Agpiy, Avy,)|| — 0 and ||(Auk, Avk)|| — 0
since the arguments for other settings of these two terms are similar to those of Case 2 and Case 3

in the proof of Proposition[C.3] As being indicated in Section [3.2.2} the univariate Gaussian kernel
2

0
contains the partial differential equation structure ﬁ(:c\u, v) = 28—f(x| w,v) for all p € © and
w v

v € Q. Therefore, for any o = (a1, a2) we can check that

Opcr Pz T )= Sa ouP Tk,

where 0 = a3 + 2as. Now, by means of Taylor expansion up to the fourth order, we obtain

4 _ *\ay (_ *\ Qo |
(A = A")( 2 (=2s) |( 'Avn) 9 ?xlafaz (zlpn,vy) + R1(l‘)>
pc, (x) —pa.., () _ la]=1 eRLe) u>tdv
Q(GnyG*,n) Q(GnyG*,n)
4 (A,Un _ Auz)al(Avn _ sz)az a|a\f .

A ( \oc%l arlas! Opo1ove2 (@luz, o) + Ra(z)

+ Q(Gn7G*n)

= i Z (AL = A) (=App)* (=Av)*? + A (Apn — Apy, ) (Avy — Avy )2
B=1a1,a2 2a2a1!a2!Q(GnaG*,n)

X Tluﬂ(x‘lunavn)“r Q(GTL’G*TL)

where R1(x), Ro(x) are Taylor remainders and the range of 1, ao in the summation of the second
equality satisfies 5 = a1 + 2. As Gaussian kernel admits fourth-order uniform Lipschitz condition,
it is clear that
(A = An)[Ba ()] + An| Ro(2)|
Q(Gh, Gin)

as n — oo for some v > 0. Therefore, we can consider [pg, () — pa. . (%)]/Q(Gn,Gyrn) as a
o8

linear combination of a—i(aﬂ wh,vk) for 1 < B < 8. If all of the coefficients of these terms go to 0,
w

= O((Apr, Do) ™ + [ (ns vn) = (i v) 1) = 0

then we obtain
Z (/\: - An)(—A#Z)al (_AU:)QQ + A (Apiy — A,U:L)al (Av, — AU;)QQ
I 1,002 2|02\a1!a2! 0
= —
? (G, Gun)

for any 1 < B3 < 8. Now, we divide our argument with Lg into two key cases
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Case 1 (18?4120, 4 51 (A0 18031 ) {0l = 3 4 o = )} o
It implies that as n is large enough, we would have
Q(Gn, Gen) S (A% = Xa) (1A " + A0 ) + A (| Aptn — A + |Av, — Ay ).
Combining the above result with Lz — 0 forall 1 < 8 < 8, we get
> (An = An) (=App ) (= Av;) 2 + A (Apn — App)** (Av, — Avy )2
1,00 2'“2‘041!042!

(A% = M) ([Aps[* + A5 2) + An(|Apn — App[* + |Av, — Avg[?)
Note that, when the denominator of the above limits is (A% — A, ) (|Aps[* + [AvE ) + A (| Ay —
At + | Av, — Av|*), the technique for studying the above system of limits with this denominator
has been considered in Proposition 2.3 in [21]]. However, since the current denominator of Hpg
strongly dominates by the previous denominator, we must develop a more sophisticated control
of Hz as 1 < 8 < 8 to obtain a concrete understanding of their limits. Due to the symmetry

between A}, — A, and \,,, we assume without loss of generality that A} — \,, < \,, for all n (by the
subsequence argument). We have two possibilities regarding \,, and A},

— 0

Hg =

Case1.1: (A\; — A\,)/An /A 0asn — oo. Under that setting, we define p,, = max {\} — A, Ap}
and

My = max {| A, |Ap;, = Apal, 18032, | A0y, = Av, |12}

Additionally, we let (A% —\,,)/Pn — 3, A\n /P — 3, Apl /My, — —aq, (Al —Apuy,) /M, — az,
Avi /M2 — —2by, and (Av,, — Avy)/M?2 — 2by. From here, at least one among a1, as, by, by and
both ¢y, ¢y are different from 0. Now, by dividing both the numerators and the denominators of Hpg
as 1 < 3 < 4by p, M?, we achieve the following system of polynomial equations

c?al + cgag =0

1
f(c%af + cgag) + C%bl + cgbg =0

2

1

g(c?ai’ +c3a3) + c2arby + ciazby =0

1 1 1

Lchal + cab) + S (Bahy + adha) + L2083 —0,

As being indicated in Proposition 2.1 in [21], this system will only admits the trivial solution, i.e.,
a1 = ag = by = by = 0, which is a contradiction. Therefore, Case 1.1 cannot happen.

Case 1.2: (N — A\,)/A, — 0, ie, \./A, — 1, as n — oo. Under that setting, if M,, €
max {|Ap, — Ap|, |Av, — Avy |12}, then we have

A, M2 = max{(A; — M)A (N5 = X)) Apn — Apk Y M| A2 A | A, — Av;;|2}.
By dividing both the numerator and the denominator of H; by A, M,,, given that the new denominator
of H; goes to 0, its new numerator also goes to 0, i.e., we obtain

(An = A)(=Aup) /A My} + (Apn — Apay,) /My, — 0.

Since (A — A,)/An — 0and |Apf| < M, we have (A% — A,) (—Apk)/ { M.} — 0. Therefore,
we have (Au, — Ap) /M, — 0. With the previous results, by dividing both the numerator and the
denominator of Hy by A, M? and given that the new denominator goes to 0, we have

(00— M) (=02 (A M2} + (A — Act) /M2 0.
As (A5 =) (—Av%)/ {An M2} — 0 (due to the assumption of M,,), we get (Av,,—Auv};) /M2 — 0.
These results imply that

Ay — Apt 2, |Av, — Av®
max {|Ap 11,2, |Av vnl}_w’
M?

75
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which is a contradiction. Therefore, we would only have M,, € max {|Ap}|,|Av;|*/2}. For the
simplicity of the proof, we only consider the setting when M,, = |Ap¥| for all n (by subsequence
argument). The setting that M,, = |Av|'/? for all n can be argued in the similar fashion. Now, if
we have

max {| A = Agis,[Av, = Av; /2 } /M, 0,

then by dividing the numerator and denominator of H; with
An (max {|Apn — Ap], | Av, — AU:‘1/2})’L as 1 <14 < 2, we would achieve

~ max {|Ap, — Ap |, | Av, — Avji |}

_ 0
max {| At — A2, [ Do, — Avg[}
a contradiction. Therefore, we must have
max{\AunfAuZ|,|Avanv:|1/2}/Mn 40 (26)

as n — 0o. Now, we further divide the argument under that setting of M,, into two small cases

Case 1.2.1: (A5, — \,)[Api|* < Ao|Apy, — Apgy|* for all n (by subsequence argument). Since
M, = |Apk|, we would have (A — A, [Apk|" < Ap|Apy, — Apt|" forall nand 1 <1 < 4. From
here, we obtain that
(N = M)A _ Ml — gy
An|Bpin = A | = Al Apg — Apy|
(M — M)A _ (N = An)l Ay
AnlBpn = Apg | = AnlApg — Ap|

— 0,

If | Apn — Ap| /| Av, — Avi /2 £ 0, by diving both the numerator and the denominator of H; by
An|Apyn — Apl | and given that the new denominator goes to 0, the new numerator must converge to
0, i.e. we have

(% = M)A/ Do (At — Agi)} = 1.
However, since we have |(Ap, — Ap)/Apl, — 0, the above result would imply that
A = A A/ { Al A = A} = o0,

which is a contradiction to the assumption of Case 1.2.1.1. As a consequence, we must have
|Apy, — Ap|/|Av, — AvE|Y/2 — 0. Now, we also have that

(An = ) [Apg [t < An|Avy, — Avy 2

AnlAvy, — Avg 2™ Xy [Apuyy — Apy |12
(i = M)AV _ (= A A
An|Av, — AvE|i/2 = N, |Av, — Avk|i/2

— 0,

— 0.

for all 1 < ¢ < 3. Without loss of generality, we assume that Av,, — Av} > 0 for all n. We denote
(—Apk) = ¢ (Av, — Av}) and Av} = ¢5(Av, — Av}) for all n. From the result of 26), we
would have |¢}'| — oo. Given the above results, by dividing the numerators and the denominators
of Hg by A, (Av, — Avj;)ﬁ/2 for any 1 < 8 < 3, we would have the new denominators go to 0.
Therefore, all the new numerators of these Hg also go to 0, i.e. we achieve the following system of
limits

An

An

— Ay, A n n AL~ A (¢0)® | e

" —>07T{(Q1)2+QQ}+1—>07 . ( E + 122 — 0.

(a1)?
3

Combining this result with the second limit in the above system yields that (A% — A, )(¢}')?/ A\, +

3/2 — 0, which cannot happen. Therefore, Case 1.2.1 does not hold.

Since |¢}'| — oo, the last limit in the above system implies that (A — \,,) + qS) /An — 0.

7A
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Case 1.2.2: (A — M) |Api|* > A\n|Ap, — Ap|* for all n (by subsequence argument). If
(A5 = A)|Aps |* < A\n]Av, — A |? for all n, the by using the same argument as that of Case 1.2.1,
we quickly achieve the contradiction. Therefore, we must have (A\* — A, )| A |* > N, |Av, — Av¥ |2,
Denote (Apn, — Apy) = mi (—=Apy,), (—Avy) = mE(Apy)?, and (Av, — Avy) = mi (Apuy,)?.
Since M,, = |Au} |, we would have |m| < 1forall 1 <3 < 3. Denote m} — m, forall1 <i <3
(by subsequence argument). The results of (26) lead to m; = m3 = 0. Now by dividing both
the numerator and denominator of Hg by (A% — \,,)(—Ap:)? for any 1 < B < 4, as the new
denominators of H|g| do not go to oo, we would also achieve that the new numerators of H|g| go to
0, i.e. the following system of limits hold

An AE = A AL = An
14+ —-———m] =0, {1 + ”A(m?)?] +mi + ”Aimg — 0,
T n

AF— )\n )‘:, - )\n n,n
(1 + ”/\(m?)?)) /6+ <m§ + — ™M m3>/2 — 0,
(1 + ")\(m?)‘l) /24+ <m§ + )\(m3)2>/4+<(m2)2 + )\(m3)2)/8 — 0.

Combining with m? — 0, the first and third limit of the above system of limits imply that mq = —1/3.
From here, the second and fourth limit yields that 1/6 + mg + m3/2 = 0, which is a contradiction.
Therefore, Case 1.2.2 cannot hold.

Case 2: (Anmmz | Avl) + AL (AA P + |Av:;|>)/{An<|un U o vm)} S oo
‘We define

QG Gen) = (N, = A) (1A |* + | Ava ) (| Apy > + [Avy )+ (/\n(IAMnI2 + |Avn])

_|_

(AL + |Av:;|>) (un . v:;|).

We will demonstrate that Q(G,,, Gy n) < Q(Gy, Gy ). In fact, from the above formulation of

Q(Gp, Gy n), we would have that
(G Gun) < 20 = M)A + A — Ae 2 + A0 + [ Avy — Az (1AL + A2
T 2(A7L<|Aun|2 T |Ava]) + AL (AR + |Av:;>) (mn L o — )

< QQ(GnvG*,n)

where the first inequality is due to the triangle inequality and basic inequality (a + b)? < 2(a? + b?)
and the second inequality is due to the following result

%= M) 0 = 85 |2, = A0z < 85 (o = i+ o =071

On the other hand, we also have that
20(Gn,Gan) = (N = M) (1A P 4+ 1405 ) ([Apn [ + [Avp| + [pn — 15> + [on — 03])

N (AnuAunF T 1 Avl) + AL (AL + |Av:;|>) (mn U 4 o — v:;|)

> Q(Gn,Gin)/2
where the last inequality is due to triangle inequality and basic inequality (a + b)? < 2(a? + b2).

Therefore, we conclude that Q(G,,, Gy ) < Q(G,,, Gy ). Now, since Hg — O forall 1 < 5 <8,
we would have that

(A% = An) (A7) (A7) + A (Apy — Apg ) (Avy, — Avy)*?

1,00 2|O‘2|OZ1!Q2!

Fg = — — 0.
? (G, Gon)

Similar to Case 1, under Case 2 we also consider two distincts setting of A /A,

27
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Case 2.1: )% /), -/ oo. Under this case, we denote
M, = max {| A, [Av, |, | A 2, | A0S}
From the assumption of Case 2, we would have
|Apn, — Apl|? /M), — 0, |Av, — Avk|/M] — 0. 27)

Due to the symmetry between (|Apu, |2, |Av,|) and (|Apk|?, |AvE|), we assume without loss of
generality that M, € max {|Ap,|?,|Av,|}. Under that assumption, we have two distinct cases

Case 2.1.1: M/ = |Apu,|? for all n (by the subsequence argument). From (27)), we have | A, —
Apl /| Apn| — 0, ie., Apn/Apk — 1. To be able to utilize the assumptions of Case 2, we will
need to study the formulations of F3 more deeply. In fact, when 3 = 1 simple calculation yields

When 3 = 2, we have

= (A; — )‘n)(AM;)2 + )‘n(A/Jn - A/‘L:L)Q + (A; — )‘n)(_AU:L) + An(Avn - A’U:L) =0
2 = = .
Q(GTHG*,TL)

Combining with the result of Ay, it is clear that

(Ao = An)(Bgi)* + A (B = Api)* (N = An) Apn Dty

Q(GnyG*,n) Q(Gn;G*,n)
Combining the above result with £, — 0, we would have

Ay = ()‘n - An)ANZAU7L + AnAUn — )\nA’Un o
O(Gp, Gy )

Now, we have two small cases

Case2.1.1.1: Aw, /(Au,)?> — 0asn — oo. From (27), since we have |Av,, —Av}| /(A )? — 0,
it implies that Av}; /(Ap,)* — 0. Since Apy,/Apy, — 1, we also have that Av): /(Aps)? — 0.
Now, from the formulations of Q(G,,, G+ ,,) we have
(A, — /\n)|AUnAU:;|/@(GmG*,n) < |Avn|/|Aﬂn|2 — 0,
(A% = A)lAvn (A )2/ (G, Gun) < |Avpl/|Apin | — 0,
(5 = AIAG (Apia) /DG, Gan) < 1AL/ 1AL — 0. (8)
From the result that A, — 0, by multiplying A, with Ap, Ay, we would also have that

* *\2 )k * *
()‘n A”)(A/J‘"A:unL + (>\”Av" ATLA’UH)AIU’VLA/JWL - 0. (29)
Q(Gna G*,n)

As Af /A /A 00, we have two distinct settings of A /A,

Case 2.1.1.1.1:  \%/)\, # 1. Using the result from (28) and the fact that Ay, /Ap: — 1, we
would obtain that

(AnAvy, — XAV Apn Ap JO(Gy, G ) — 0.

n

Combining the above result with (29), it leads to
(N = N (Apn A2 /O(Gry G ) — 0. (30)
Combining and (30), we would achieve that

O = M) (Al + [ A (Apiz 2 + Az ])
Q(Gn,Gun)

7R
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From the formulation of @(Gn7 Gl.n), the above limit implies that

(AnuAunP T Aa]) + S| (AuE 2+ |Av;:|>) (mn R+ fon - |)
E = — — 1.
Q(G’VHG*,TL)

Due to the previous assumptions, we obtain that
E< max {)‘n(Aﬂn)Q(Aﬂn - AH:L)Q’ /\n(ANn)Q(Avn - AU:)}
~ @(Gny G*,n) .

By combining the results from (28) and (30), we can verify that

2(Apin — Ap)? (A% = An) < — (Apn)?(Apk)? + (Aun)SAu;;)

)‘"(A“ﬁ) — — — 0,
Q(Gn7 G*,n) Q(Gn7 G*,n)
2 _ * * 2 *
An(Aﬁn) (Av, — Avy) N (A 7>‘n)(A/“n) Avy 0.
Q(Gn7 G*,n) Q(Gna G*,n)

Therefore, we achieve ¥ — 0, which is a contradiction. As a consequence, Case 2.1.1.1.1 cannot
happen.

Case 2.1.1.1.2: A% /A, — 1. Under this case, if we have

a {)\nANnANmQ An|Avy, — Avg| } N
max , 00,
(A% = An)[Apn]? 7 (A = An)[Apn[?

then we will achieve that

(3= M) A1 A2 DG G ) < in]

N = AR O =AY
An|Apin — ApE |27 Ap|Av, — Av ’
From here, by using the same argument as that of Case 2.1.1.1.1, we will obtain £ — 0, which is a
contradiction. Therefore, we would have that
{)\nA,un - AM;P A7L|Avn - A'U»m } 7L>
ma YT 00.
(An = M)A 27 (A = An) [Apn?

With that assumption, it leads to Q(Gy, G ) = (A5 — A) (Apk)2(Apn)? < (A5 — Ap)(Apk)?
as Apl /A, — 1. Now, we denote Ap, — Apk = 7' Ayl and Av,, — Av = 73(Ap)?. From
the assumption of Case 2.1.1.1, we would have that 7{* — 0 and 73' — 0. By dividing both the
numerator and the denominator of F5 by (A% — \,,)(Ap )3, as the new denominators of F3 goes to
0, we also obtain the numerator of this term goes to 0, i.e., the following holds

An n )\n n
{—1 + M(Tl’)g} /6+ mTl 7_2n — 0.

From (31), we have that A\, (7")? /(A5 — A\,,) # oo and A\, 73 /(A5 — \,,) # oo. Therefore, since
7 — 0 and 73 — 0, we would achieve that A, (77*)3 /(A — A,) — 0 and A\, 778 /(A% — Ap) — 0.
By plugging these results to the above limit, it implies that —1/6 = 0, which is a contradiction. As a
consequence, Case 2.1.1.1.2 cannot hold.

4
n

€1y

Case 2.1.1.2:  Awv, /(Apn)? 4 0asn — oo. Under that case, we will only consider the setting
that A’ /A, — 1 as the argument for other settings of that ratio can be argued in the similar fashion.
Since we have |Av, — Avk|/(Au,)? — 0, it leads to Avk/(Au,)? /4 0. Combining with
Apyn/Apk — 1, it implies that as n is large enough we would have

max {(Apn)?, (Apy,)?} S min {|Avy|, [Avy |} (32)
According the formulation of Q(G,,, G ), we achieve
(A, = M) |Av, Avy | < mi {()‘2 — An)|Avy | (A = An)[Avn| (N, — An)|Avy |
B An|Avy, — Avy| ’ A5 Av, — Avy| ’ An| Apin — A#Z|27
(A5 = An)|Avy| }
)‘Z|Aﬂn - A/'L:,F

Q(Gnv G*,n)
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(A5 = An)|Av, Av |
@(an G*,n)
that all the results in (28), (30), and (31 hold. With similar argument as Case 2.1.1.1, we achieve
O(Gr, Gy )/ Q(Gy, Gy n) — 0, a contradiction. Therefore, we must have B /4 0. It implies that

as n is large enough we must have

max { Ay, Al } max {|Ap, — Api|?, [Avy, — Avi|} < (A — Ap) min {|Av, |, [Avk]}

Furthermore, as (A}, — A\,)/A, — 0, we obtain |Av}|/|Av, — Av)| — oo and |Av)|/|Apy,
Apzl? — oo, ie., Av,/Av — 1. With all of these results, we can check that Q(Gy,, G.p)
(X, = A)|Avj 2. Denote (Av, — Avs) = K |AVA] (Mg — Apit) = K| A5 (Y2, and Ap,
k%|Avz|'/? for all n. From all the assumptions we have thus far, we get k7 — 0, k% — 0, and |k2| A
oo. Additionally, as B /4 0, we further have A, |kT |/ (A —A,) # oo and Ay, (k)2 /(A —Ap) # oc.
By dividing both the numerator and the denominator of F3 and F} respectively by (A — /\n) |Avk |3/
and (\* — \,)|Av*|?, as the new denominators of F3, F; do not go to infinity, we obtain the new
numerators of these terms go to 0, i.e., the following holds

n An n n A" nin
{ — (k3 + ST (k2)3}/6+{k3 + o klkz}/Q -0,
)\n n n )‘ n )\ n
{(kg;)4+ TR (k2)4}/24+{ — (B3 + ST — (kD) }/4+{1+ ST (k7?2 }/8—>0.

If we have B — 0, we would get

— 0. Combining with (32)), we can check

A |

With the assumptions with k7', k%', and k%, we would have
)\ An )\
_— k k" k% k:"
forany 3 <i <4and1 < j < 2. If we denote ki — ks, by combming all the above results we
achieve the following system of equations

—k3/6+k3/2=0, k3/24 — k3/4+1/8 =0,

which does not admit a solution, a contradiction. Hence, Case 2.1.1.2 cannot hold.

Case 2.1.2: M/ = |Av,] for all n (by the subsequence argument). From (27), we would have
|Av, — Avt|/|Av,| — 0, ie., Av,/Av: — 1, and |Ap, — Ap|?/|Av,| — 0. The argument
under this case is rather similar to that of Case 2.1; therefore, we only sketch the key steps. By using
the result that A; — 0 and A> — 0, we would obtain that

A = An) Apn A [(Aun)2 = 3AunApy, + 3(Ap; )2}
* Au* A Au* 4 ( n n n n
()\n A )( n) + ATL( Hn — :un) N ,

@(Gna G*JL) 24@(Gn7 G*,n)
(A5 = ) Ak {AunAvn — Aplk Avy, — AunAv:}

(A% = X)) (AvE)2 4+ A\ (Av, — Avr)?
89(Gr, Gy ) 8Q(Gy,Gun) ’

] . X = ) | Apn A Avs — Apn Apit Av, + AynAij]
(B — D )*(Avy — Avy) ( )[ Hn B A

4@(Gn7 G*,n) 4@(Gna G*,n)

As Fy — 0, we equivalently have

ApnAp, {(Aun)2 — 3AunApy, + 3(@;)2]
Ay = (X=X, —
S ){ 24Q(Gr, Ga)
Apn Apt Avy, — 2(Apk )2 Avy, — Apn Apl Avl + Av, Avs } o
8§(Gn; G*,TL) .

Under Case 2.1.2, we only consider the setting when (A, )%/Av,, — 0 as other settings of this
term can be argued in the similar fashion as that of Case 2.1.2. Since |Ap, — Apk|?/|Av,| — 0,

+
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we have (Apk)/Av, — 0. As Av, /Av: — 1, we also further have that (Ay)?/Av} — 0 and
(Apn)?/Av,, — 0. Therefore, we have Ap, Ap /Av, — 0 and Ap, Apk, /Av} — 0. Now, from

the formulation of Q(G,,, G ), we achieve
A5 = A Apn A 1 /(G Gan) < [Apn? /| Av | — 0,
(An = M) A0 (App)?/Q(Gry G n) < |Aps 12/ |Awr] = 0,
(An — )‘n)‘AU;:(ANn)Q‘/@(Gm Gin) < |Aun|2/|Avn‘ — 0,
An = M)A P |A3 QG Gan) < | Al Agy |/ | Avy | = 0,
An = M)Al A P /Q(Gn, Gan) < |Apnl|Agiy| /| Avy| = 0.
Combining these results with A4 — 0, we achieve (A — \,)Av, Av? /OQ(G,,, Gy ) — 0. From

here, we can easily verify that all the results in (31)) hold. Thus, by using the same argument as that

of Case 2.1.1, we would get Q(G,,, G*’n)/@(Gn7 G.n) — 0, a contradiction. As a consequence,
Case 2.1.2 cannot happen.

Case2.2: \;/\, — oo. Remind that M}, = max {|Ap, |%, [Avy|, |Aps %, |Avy| }. We can verify
that Q(G.,, G ) S A5 (M), By dividing both the numerator and the denominator of A; and A

respectively by \* (M )/ and \* M, given that the new denominators go to 0 we would obtain the
new numerators also go to 0, i.e., we have the following results

A/ AN )} = S (M) = 0,

1

(N5 = An) Apn Ap + Xy Av,, — A:Av;';] /XM } = 0.

Since Ay, /A% — 0, the first limit implies that Ay /M — 0. Combining this result with the second
limit, we obtain Av},/M,, — 0. Therefore, we would have M/, = max {|Apuy,|?, |Av,|}. Without
loss of generality, we assume that M/, = |A,|* as the argument for other possibility of M/, can be
argued in the similar fashion. With these assumptions, |Av,, — Av}|/| A, |* 4 o0, i.e., as n is large

enough we get |Av,, — Av| < |Ap,|?. Now, we have two distinct cases

Case 2.2.1: X max {|Ap: % [Avs|} /(An|Apnl?) — oo. Due to this assumption, we
can check that as n is large enough, Q(Gp,G.pn) = Aj|Ap,|?max {|Aps %, [Avs|}. If
max {|Ap 2, [Avk|} = |Apg|? for all n, then by dividing both the numerator and denomina-
tor of A; by Ay Ay, given that the new denominator of A; goes to 0, its new numerator must go to
0, i.e., we have
AnApin /(AR Apy) — 1,

which cannot hold since A\|A gy, |2/ (A |Apk |?) — 0 (assumption of Case 2.2.1) and | A, |/|Apk | —
oo. Therefore, we must have max {|Ap%[?, [Avy|} = |Avj| for all n. By dividing both the

numerator and denominator of A, by \¥ Av’, as the new denominator of Ay goes to 0, we would
have

(A5 = M)A At AAuy,

—1—=0.
AL Avx AfAvk

Mal v _ AnlApf?
AlAvi] T AL [Avg]
ApnApt /Av: — 1. Since (Auy,)?/|Avi| — oo, it implies that (Ap:)?/Av) — 0. Now,
by combing the result that A; — 0 and A; — 0, since F3 — 0, we can verify that it is equivalent to

Since — 0 and (AX — A\,)/\r — 1, the above limit shows that

8 = M) (B — 2805 /3 (3, = Az A,

As = — 0.
3 (G, Gor) -

By dividing both the numerator and the denominator of A by A’ Au, Av}, we obtain

{(AZ = An) Apn Apy, (A gy, — 2Aui§)} /34 (A, = An)Apg Avy

0.
AL Apn Avk -
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As (Ap)?/Avy — 0 and Ap, Apy, /Avy — 1, the above limit leads to Apss Avy, /(ApnAvy) —
—1/3. Now, by studying A, — 0 with the assumption that Q(G,,, G..,) < A5 |Ap, 2| Avs |, we
eventually get the equation 1/24 — 1/12 = 0, which is a contradiction. Therefore, Case 2.2.1 cannot
hold.

Case 2.2.2: N\ max {|Aps |2, [Avs|} /An]Apn|* # co. Therefore, as n is large enough, we
would have A} max {|Apj|?, |[Av|} < (An|Apnl?). Hence, we achieve under this case that
Q(GnyGan) = A|Apn|*. Denote Apt = 1P Ay, Av, = I15(Apy)?, and Avy = 13 (Apn)?.
From the assumptions of Case 2.2.2, we would have [7 — 0 and 5 — 0 while [3 4 oco. Additionally,
A;max {(I7)2,]15]} /A # 0. By dividing the numerators and denominators of A; by A, (Apy,)*
for 1 <14 < 3, we achieve the following system of limits

Anfl AN LA N o g =
)\n - O’ )\n + l2 )\n - 0, )\n 3

+ mg} —0. (33)

As I? — 0, the first limit in the above system implies that \* (I%)2/)\, — 0. If we have
max {(I7)2, 13|} = |I7|* for all n, the previous result would mean that A%15 /A, — 0. There-
fore, the second limit in demonstrates that ;' — —1. However, plugging these results to the

third limit in this system would yield 1/3 — 1 = 0, which is a contradiction. Hence, we must have

A
max {(I7)2,]i5|} = |I5] for all n. Under this setting, by denoting ;—3 — a as n — oo, the first

and second limit in @]) leads to 5 — a — 1. With this result, the third linmit in this system shows that
a = 2/3. With these results, by dividing both the numerator and denominator of A4 by A, (Ap, )4,
we quickly achieve the equation 1/24 — 5/72 = 0, which is a contradiction. Therefore, Case 2.2.2
cannot hold.

olblf

oub
same argument as that of Proposition [C.1]and Proposition [C.3] we achieve the result of part (b) of the
proposition. As a consequence, we reach the conclusion of the theorem.

In sum, not all the coefficients of

(x|ps,vE) as 1 < |B| < 8 goto 0. From here, by using the

D Proofs for Convergence Rates of Parameter Estimation and Minimax
Lower Bounds

In this appendix, we provide the proofs for the convergence rates of the MLE as well as the corre-
sponding minimax lower bounds introduced in Section

D.1 Proof of Theorem [4.1]

(a) For any G1 = G1(A1, p1,21) and Go = Ga( g, g, Xia), we denote the following distance
di(G1,G2) = M[(p1,21) — (w2, 2) ]
d2(G1,Ga) = A1 — X%

Even though d2(G1, G2) is a proper distance, it is clear that d(G1, G2) is not symmetric and only
satisfies a weak triangle inequality, i.e. we have

di(G1,G3) + di(G2,G3) > min{d,(G1,G2),d1(G2,G1)} .

Therefore, we will utilize the modification of Le Cam method for nonsymmetric loss in Lemma 6.1
of [16]] to deal with such distance. We start with the following proposition

Proposition D.1. Given that [ satisfies assumption (S.1) in Theorem .1} we achieve for any r < 1

that
/) i inf T : <el =0.
(i) lim GF(M“7211)171%:(%“2722){h(PGNPGz)/dl(Gl,Gz) di(G1,G2) <€} =0
(i) lim inf {h(pc,,pc,)/d5(G1,G2) : do(G1,G2) < €} = 0.

e—=0 G1=(A1,1,2),Ga=(A2,11,X)

2
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Proof. (i) For any sequences G1 5, = (An, 11,0, 21 n) and G, = (A, pi2,n, X2.n ), We have
/ P, () ~ P, ()
-— X
x'/’LQ ns Z2 n)

_ )\n/( ([p1,n, X1,0) — (x|ﬂ2,n722,n))2dw
f(x|/1'2,na 22,71)

h2(pG1,n7pG2,n) <

where the first inequality is due to \/pc, . () + /Pa,.. (@) > /A f(@[p2n, S2,n). By Taylor
expansion up to the first order, we have

al(zl,n - 22711)(12 a.f

B (11,0 — H2,n)
f(@lpan, Bn) = f@lp2n, o) = ;_:1 arlon] gy osien (2 2n)
,Ul n ,UIQ n) (El n E2 n /
ntt n— M2n), 200 + (31, — Xop,))dt
+ ) arlay! awlazw (@[p2.n + (1 = p2m), Bom + HE10 — o))

le]=1

Now, by choosing AL 72"||(t1m, S1.0) — (pon, X2.)|272" — 0, and ||(p1.0,210) —
(2,n: Z2.0) |l — 0 and wusing condition (S.1), we can easily verify that
h(pa, ,.>PGs..)/d7(G1n,G2,n) — 0. Therefore, we achieve the conclusion of part (i).

(ii) The argument for this part is essentially similar to that in part (i). In fact, for any two sequences
Gl = Moy pny 2n) and GY ,, = (A2,n; fin, L), We also obtain

WWoy,opey,)  _ (= den)>™ / (ho(lp10, S0) = f(lpn, 20))*
dQT(G'l 2 Gon) T (L= A1) A ho(|pt0, Xo) + f(x|pn, Xn)
2(/\l,n - A2,71)2 r

- (1 - )\l,n) A A1,n

By choosing (A1, — A2.,)27 2"/ {(1 — A1.n) A A1n} — 0, we also achieve the conclusion of part
(i). O

Now, given G, = (A\*,pu*,X*) and r < 1. Let () be any fixed constant. According to part (i)
of Proposition [D.1} for any sufficiently small ¢ > 0, there exists G, = (\*, 7, 27) such that
di(G,Gl) = di(G),,G,) = eand h(pa,,pa.) < Coe". By means of Lemma 6.1 of [16], we
achieve

. ~ Q 62 n n
int_sup By (X1 S0) - 0P 2 G (1- ka0 ).

G, €2 GeR
where p¢, denotes the density of the n-iid sample X3, ..., X,,. From there,
V&, .pe) < hpé,,pé)

\/1 — (1= h2(pc.,pc))"
\/1 . (1 _ CgEQT)n-

IN

Hence, we obtain

int_sup By (7, S — (1. D)17) 2 S y/1= (1= e
Gr,e= Ge=

1
By choosing 2" = 02 , we achieve

int_sup By (17 0) = (D)) = can
Gn.€EGEE

for any < 1 where c; is some positive constant. Using the similar argument, with the result of (ii)

in Proposition |D.1| we also immediately obtain the result inf sup E,, (Xn - /\2> > con /7.

Gn€EGE=E
As a consequence, we reach the conclusion of part (a) of the theorem.
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(b) The proof of this part is a direct consequence of Theorem [3.3] and Theorem 23] Indeed, for
Grn = (An, lin, 2p) being the MLE as in equation (3)), we have
N ~ Thm B3]
Epe, (IAn = X427 Gins E0) = 1 501) S Epe, Vipg, pa.) < Epe, hipg, ,pc.)
Thm 23]
n logn
~ \/ﬁ

Because all inequalities are uniform in G, we achieve the conclusion of part (b) of the theorem.

D.2 Proof of Theorem[A.1]

(a) Similar to the proof argument of part (a) of Theoremd.1]| we define
d3(G1,G2) = Mill(Apa, AZ)[(p1, E1) = (2, 22)ll,
di(G1,G2) = [\ = Xolll(Apr, AXY)|%.
for any G1 = G1(A1,p1,21) and Go = Ga(Ag, pa, Xa). It is clear that both d3(G1,G3) and

d4(G1, G2) still satisfy weak triangle inequality. To achieve the conclusion of this part, it suffices to
demonstrate the following results

(i) There exists two sequences Gi, = (Ap, 10 S1n) € Zi(,) and
Gg’n = ()\n7 M2 n, Eg’n) S El(ln) such that dg(Gl’n, Gg}n) — 0 and
h(pa, . Pc..,.)/d5(G1n, G2,n) as n — oo.

(ii) There exists two sequences G ,, = (A1 n; fin, 2n) € E1(ln) and G ,, = (A2, fin, Xn) €
=1 (ln) such that d4(C¥17n7 G27n) — 0 and h(pGﬁ,n’pGé,n)/dZ(Glan’ Gg)n) as n — o0.

for any r < 1. The proof argument for the above results can proceed in a similar fashion as that of

Proposition therefore, it is omitted. We achieve the conclusion of part (a) of the theorem.

(b) Combining the result of Theorem and the fact that D(G, G..) < D(G, G,.) for any G and G.,
we immediately achieve the following convergence rates

* % * PR v s log”n
sup. By (A, A7) P B — (07, 2 ) £ 51
GLEE n
N a N N ~ N log? n
s By, (17 AP A PR, -3 ) 5 22, (34)

It is clear that the second result in (34) does not match with the second result in the conclusion of
part (b) of the theorem. To circumvent this issue, we utilize the fact that G, € Z;(l,,). Indeed, notice
that (fi,, Xn) — (0, X%) = (A, AX,) — (Ap*, AX*), we have

2

PG =

Epe.. ||(Afin, AS,) — (Ap*, AX¥) log? 1
Sup ~ * * *
G.c= [(Ap*, AZ*)|]? n(A*)?[[(Ap*, AXF)
Hence, by the AM-GM inequality, we have
Epo., [[(Afin, AT [P — A*)?

o 0. 35)

1 * * N * -~ @ * * N *
2 S lI(Ap", A WP Epg, (A = X)? = Epg, [I(Afin, AZy) — (Ap*, AZH) [P (A — A)?

2
E

vo ||(AFin, AS,) — (Apr, AZF) |7 (A, — A%)?

[(Apx, AX)|1?

1 * * N *
= SIAW AT | Epe, (A = A1)* =

Vv

(AR, AS) | Epe,, (An — A2, (36)

uniformly in G, where in the last inequality we use (33) combining with the fact that \Xn — A*|is
uniformly bounded by 2. Hence,

* * N * ~ « * * N * 10g2 n
Bpe. (1047, AZYIRu N ) S By, (187 AP A" AR, -3 5 2L,

which is the conclusion of the theorem.
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D.3 Proof of Theorem[A.2]

(a) Similar to the proof argument of part (a) of Theorem@ we define

d5(G1,Ga) = Mll(p1, 1) — (p2, 32)|1%,
de(G1,Ga) = |\ = Xa|[[(Aps, AT
for any G1 = G1 (A1, p1, 1) and Go = Ga(Ag, 2, Xa). It is clear that dg (G, G2) satisfies weak

triangle inequality while d5(G1, G2) no longer satisfies weak triangle inequality. In particular, we
have

min {d5(G1,G2),d5(G2,G1)}
s .

A close investigation of Lemma 6.1 of [16] reveals that modified Le Cam method still works under
this setting of ds metric. More specifically, for any € > 0 the following holds

. ~ €
inf  sup E,. (dg(G, Gn)> > 128{1 — V(pgl,p&)}
Gn€E GEEL(ly)

where G1,Go € Es(l,) such that d5(G1,G2) A ds5(G1,G2) > €/4. From here, to achieve the
conclusion of part (a), it suffices to demonstrate for any r < 1 that

ds(G1,G3) +ds(G2,G3) >

(i) There exists two sequences G, = (Ans 1m0y 21,m) € Eo(l,) and
Ggm = (/\n,ug,n,Egm) S El(ln) such that d5(G1,n,G2,n) — 0 and
h(pa, . Pc...)/d5(G1n, G2,n) asn — 0.

(ii) There exists two sequences G ,, = (A1 n; fin, Xn) € Z2(ln) and Gy, = (A2ns fin, X)) €
El(ln) such that dg(GLn, Ggm) — 0 and h(pGll,n’pG,z,n)/dg(GL"’ Gg,n) as n — o0.

Following the proof argument of Proposition [D.I] we can quickly verify the above results. As a

consequence, we reach the conclusion of part (a) of the theorem.

(b) From the discussion after Theorem [3.3] we can show that:

Q(G, Gy) = =X [(I AP IAZN AL IPIAS )+ (ln—p* IPHIS =S DN AN ALl HIASD X (AL 2+ AZ)).
Hence, from Theorem [3.6]combining with Theorem 23] we have

* -~ * « * * * logz(n)
SngpG* W21 = w1+ 120 = D (AR * + 1AZ]?) S —

*

3 * -~ = * * 10g2(7’l)
ngpEpG*IAn—A PUARNAZ ) (AR AS?) § ===

Similar to the proof of Theorem[A.1]and with the definition of Z5(I2), we have
Epe, A = X PUIAR N A1) Z (AL AP Epe, [An — X*[?
uniformly in G, € E2(l3). Hence,
N * * * 10g2 (TL)
sup - Epg [An = NP(IALPASY) € ———.
G.€22(l2) n
As a consequence, we obtain the conclusion of the theorem.

E Proofs for Auxiliary Results

Lemma E.1. For anyr > 1, we define
Dy (G,G.) = Al(Ap, AD)[I" + X*[[(Ap™, AZT)|"

- min{A,A*}(nmu,Az)r‘ A AT~ (1 S) — (u*,z*w)

for any G and G,. Then, we have W (G, G,) < D,(G,G.) for any r > 1 where W, is the r-th

order Wasserstein distance.
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Proof. Without loss of generality, we assume throughout the lemma that A < A*. Therefore, we
obtain from the formulation of D,.(G, G.,) that

Dy (G, G.) = (A = DA, AZ)" + Al[ (1, 2) = (67, 25"

Direct computation of W (G, G..) yields three distinct cases:

Case 1: I [|(Aps, AD)[|” + [|(Apr*, AS)|I" = [[(1,5) — (", )|, then
WI(G,G.) = Al(Ap A" + A[[(A™, AS)|I"
— min {0} (1A AD)[" + (A, AS)]" = [1(2,5) — (6", =)
= D,(G,G,).

Case2: I [|(Ap, AD)||" + [|(Ap*, A" < [[(1,E) — (", )| and A+ A* < 1, then

WG, Gy) = A|(Ap, AD)||" + A*[[(Ap™, AZ")||"
A" = OlAp", AX" + A[(Ap, AD)[" + [[(Ap®, AZT)]).
From Cauchy-Schartz’s inequality, we have ||(Ap, AX)||" + |[(Ap*, A" 2 [|(g, X)) —

Hy
(1*,X*)||". Therefore, under Case 2 we have ||(Au, AX)||" + ||[(Ap*, AZ)||" < ||(1, Z) —
(1*, X*)||", which directly implies that W (G, G,) < D, (G, G.).

Case3: I [|(Ap, AD) || + [|(Ap*, A" < [[(1,E) — (", )| and A+ A* > 1, then

WG, G.) = (1= A)[[(Ap, AD)[|" + (1 = M[[(Ap™, AZ)[]"

A+ A" =D (s, 2) = (" X))

(A" = NIAp" AT + (1= A ([[(Ap, AD)|" + [|(Ap, AXH)7)
+ AT A= DI X) = (0 X

Since [[(Ap, AS)|I” + [(Ap, AL = [[(, ) — (%, 57)], we achieve
(1= A Ap, AD)[|" = (1= M) 2) = (1, Z)"
Therefore, we also have W (G, G.) < D, (G, G.) under Case 3.

Combining the results from these cases, we reach the conclusion of the lemma. O

+

F Discussion and Additional Experiments

F.1 Parameter Changes with the Sample Size

In statistics and machine learning, researchers often want to know how many samples are enough
to achieve some pre-specified e error for the estimation of parameter 6 in the fitted model. In the

language of probability, we want to find an inequality such as E||0,, — 6|| < C x rate(n), where
rate(n) is a decreasing sequence in n and C' does not depend on n. Usually, in the parametric
models, we have rate(n) = 1/y/n, and therefore it takes C* /% samples to achieve average e error
in estimation. In complex models such as hierarchical models or the multivariate deviated model
that we consider in this paper, difficulties arise because of the singularity and identifiability of the
model. For example, in Eq. (), if \* = 0, any pair of (u*, ¥*) yields the same model. Hence, when
A* 2 0, it should be harder to estimate (u*, ¥*), and researchers may need more samples to have
an accurate estimation for them. Notably, we have shown, for example in Theorem [.1] the precise
dependence of the convergence rate of (u*, ¥*) on the magnitude of A*. In particular, we have

~

logn . . o logn
(/U'mzn) - (N 72 )

Jn vn’
where C' is a constant that does not depend on \*, u*,%* and n. Hence, one can have a good

estimation (with error €) for \* with C /€2 samples, while he needs C? /(e * A\*)? samples to achieve
such a good estimation for (u*, X*). The simulation studies in the next section will make this clearer.

EX*

E[X, — M| < C

<
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(a) Rate of X, (b) Rate of 7y, (c) Rate of 52

Figure 3: Case \* = 0.5/n%/8.

— y=-0.49x +-0.62 — y=-0.02x +-0.39 oo — y=0.01x+-0.52

log(|dn =" |)

log(}As=A"|)
log(|63 = (" )2])

200 225 250 275 300 325 350 375 400 200 225 250 275 300 325 350 375 400
log(n) log(n)

300
log(n)

(a) Rate of /)\\,,L (b) Rate of fi, (c) Rate of Gi

Figure 4: Case \* = 0.5/n'/2.

F.2 Additional Experiments for the Distinguishable Settings

We have seen in the main text that in two cases where A\* is either fixed or decreasing with rate
n~1/%, the convergence rate of \* is C' x n~'/2, where the constants C is the same for both cases.

The convergence rate for (u*, X*) is C' x n~ /4 for the latter case, which is much slower than the
parametric rate in the former case. This phenomenon is quite rare for parametric models. We want to
further bring readers’ attention to two more extreme cases:

1. A* = 0.5/n%/8 as n increases;

2. \F = O.L’)/nl/2 as n increases,

where we consider the same (p*, X*) with the experiments in the main text. The convergence rate
for (A, i1, 0?) in both cases in the log domain can be seen in Figure [3|and Figure 4] Hence, in all
cases, the rate of convergence for \* is always of order n~'/2, meanwhile, the rate for (y*, ¥*)
becomes slower as A* tends to O faster. From the theoretical result, when A* = 0.5/ n3/8, we expect
the rate for (u*, ¥*) to be of order n~1/8, which is demonstrated in Figure b)&(c)). At the extreme
case \* = 0.5/n'/2, it is even impossible to recover (;*, $*) as n — oo (cf. Figure Ekb)&(c)).
This suggests practitioners collect more data when An is small to have a good estimate for (p*, 3*).
Finally, in the case A is extremely small (of order n~1/?), we suggest not to report the estimated

~

values (fin, X, ), as they are highly uncertain.

F.3 Non-distinguishable Settings

Finally, we consider the weakly identifiable and non-distinguishable setting here to demonstrate that
the convergence rate for \* can be slower than the parametric rate when f is near hg. Let both hg
and f belong to the location-scale Gaussian family. ho(z) = f(z|0,1) and consider two cases of
(AN, p*, 3%):

1. A*=0.25,p* = 0. are fixedand 0* =1 + n~1/8 as n increases:;

2. \* =0.25,0" = 1. are fixed and p* = n~'/8 as n increases;

7
30132 https://doi.org/10.52202/075280-1310



— y=-03x+-0.17 o4 —— y=-051x+0.34

—— y=-043x+0.77

-0

log(|A, =A"|)
log(|dn = u" )
log(|63 — (*)?])
.

o8

325 350 375 400 200 225 250 275 300 325 350 375 400

200 225 250 275 B
log(n)

325 350 375 400 200 225 250 275

300 200
log(n) log(n)

(a) Rate of Xy, (b) Rate of Jiy, (0) Rate of 52

Figure 5: Case 1: i* = jg and (0*)? — o2 in the rate n=1/8
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Figure 6: Case 2: 0* = o and j* — puo in the rate n /8.

Recall that we have proved that {[|Agp*||* + [|AZ* ||} An — A = O(n=1/2) and A* (|| Ap*||% +
AT |12+ [|AS* |+ | AS, D (1 — ]2+ |20 — Z*]|) = O(n~/2), where there is a mismatch in
the orders of convergence rates of the location and scale parameter. Notably, the rate of convergence
for A* also depends on the rate Ap* and A(c*)? — 0. The experiments do support this theoretical
finding, where we have the rate for \* is &~ n~1/4 is the first case (as || A(c*)? ||2 = O(n~"%)) and
it does not convergence in the second case \* is &~ n~ /4 is the first case (as | Ap*||* = O(n=1/2)).
The mismatch rate for ||z, — p*|| and ||72 — (0*)?|| can also be seen clearly in the second case,
where the rate for the scale parameter is still of the parametric rate, whereas it is slower for the mean.
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