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Abstract

Given a Lipschitz or smooth convex function f : K — R¢ for a bounded
polytope K := {# € R? : A9 < b}, where A € R™*? and b € R™,
we consider the problem of sampling from the log-concave distribution
7(0) o< e~/ constrained to K. Interest in this problem derives from
its applications to Bayesian inference and differential privacy. We present
a generalization of the Dikin walk to this setting that requires at most
O((md+ dL*R*) x md*~*log(%)) arithmetic operations to sample from 7
within error 6 > 0 in the total variation distance from a w-warm start. Here
L is the Lipschitz constant of f, K is contained in a ball of radius R and
contains a ball of smaller radius r, and w = 2.37 is the matrix-multiplication
constant. This improves on the running time of prior works for a range of
structured settings important for the aforementioned inference and privacy
applications. Technically, we depart from previous Dikin walks by adding
a soft-threshold regularizer derived from the Lipschitz or smoothness prop-
erties of f to a barrier function for K that allows our version of the Dikin
walk to propose updates that have a high Metropolis acceptance ratio for
f, while at the same time remaining inside the polytope K.

1 Introduction

We consider the problem of sampling from a log-concave distribution supported on a poly-
tope: Given a polytope K := {# € R?: A9 < b}, where A € R™*% and b € R™, and a convex
function f : K — R, output a sample § € K from the distribution 7() o e~/ Our in-
terest in this problem derives from its applications to Bayesian inference and differentially
private optimization. In Bayesian inference, the ability to sample from 7 () o e~/ allows
one to compute Bayesian confidence intervals and other statistics for the Bayesian posterior
distribution of many machine learning models (see e.g. [I7, 20, [6]). In differentially private
optimization, sampling from the “exponential mechanism” [36] allows one to get optimal
utility bounds for the problem of minimizing f under e-differential privacy [2].

The instances of the polytope-constrained sampling problem that arise in these applications
are more general than the two well-studied special cases— the uniform density case (f = 0)
and the unconstrained case (K = R?). However, they still have more structure than the
case of a general log-concave function supported on an arbitrary convex body. For instance,
in Bayesian Lasso logistic regression, f(0) = Y1, £(6;z;), where £ is the logistic loss and z;
are datapoints with ||z;|l2 <1, and K = {6 € R?: ||0]|; < O(1)}; see [44] [43], 26} [47]. Since
the logistic function is both O(1)-smooth and O(1)-Lipschitz, f is both O(n)-Lipschitz and
O(n)-smooth, and K is defined by O(d) inequalities and contained in a ball of radius O(1).

To obtain an e-differentially private mechanism for the Lasso logistic regression problem,
using the exponential mechanism, the goal is to sample from exp(— >, £(0;z;)), where
¢ is the logistic loss and K is contained in a ball of radius R. Thus, the log-density is both
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B-smooth and L-Lipschitz for 8 = L = ne/r = O(d) if n = d and ¢ < 1, since R = O(1).
Another example is a result of [28] that reduces the problem of e-differentially private low-
rank approximation of a symmetric p X p matrix to a constrained sampling problem where f
is linear (and thus 0-smooth) of dimension d = p? and K is the Gelfand-Tsetlin polytope (a

generalization of the probability simplex). Here K has d inequalities and diameter O(v/d).

Importantly, when sampling from the exponential mechanism in privacy applications, sam-
pling with total variation (TV) bounds-the case that has received the most attention-is
insufficient to guarantee e-differential privacy, the strongest notion of differential privacy;
see [I4]. Instead, one requires bounds in the stronger infinity-distance metric doo (v, 7) :=
supge i [log(¥(@)/x(0))|. A recent work [35] showed how to convert samples within O(d)-TV
distance from continuous log-Lipschitz densities 7, into samples with O(g)-infinity-distance
bounds, but it requires the TV distance § to be very small-roughly § = O(ce~?~EF)  rais-
ing the question of designing Markov chains whose runtime bounds also have a low-order
dependence on log 1/s. Thus, for the aforementioned applications to Bayesian inference and
privacy which give rise to structured instances of sampling from log-concave densities over
polytopes, it is desirable to design sampling algorithms that have a low-order polynomial
dependence not only on the parameters d, L, R, 3, but also on log 1/s.

Main related works. A line of work has developed algorithms for sampling in the general
setting when K is an arbitrary convex body given by a membership oracle [16], 11, [15] [33], [34].
[33] use the “hit-and-run” framework to give an algorithm to sample from a log-concave
distribution 7 o e~/ on a convex body K which also contains a ball of radius » with
TV-error § > 0 in O(d?(R/r)?log®(wdR/(rs)) log®(w/s))(Ts + Tx)) arithmetic operations from
a w-warm start (their Theorem 1.1) and O(d*(R/r)?)log”(4R*/(sr)(Ty + Tk)) arithmetic
operations from a cold start (Corollary 1.2). Here T is the time required to evaluate f and
Tk is the time for a membership oracle query. Here, a distribution v is w-warm for w > 1
w.r.t. the stationary distribution 7 if sup,¢ i ¥(2)/n(2) < w.

[38] give a “Dikin-walk”™-based algorithm to sample from any log-concave 7 oc e~/
on K where f is L-Lipschitz or [-smooth. The Dikin walk Markov chain was in-
troduced in [24] in the special case where f = 0 (see also [37]). Their runtime is
O((d® + d®*L*>R?)log(w/s5)(T + md~~1)) arithmetic operations, where w = 2.37--- is the
matrix-multiplication constant. From a cold start, their runtime is O((d® + d> L2 R?) log(1/s)
(dlog(R/r)+ M +1og(1/s)) (T +md=~1), where M := log(maxgecx ef(©)=F(?). Their bounds
when f is S-smooth are the same, but with each L? term replaced with 3. We discuss
additional related work in Appendix [A]

Our contributions. We present a Markov chain sampling algorithm that generates sam-
ples from an L-log-Lipschitz or B-log-smooth log-concave distribution © o< e~/ on an R-
bounded polytope K given by m inequalities, with an error bounded in the TV distance (Al-
gorithm and Theorem. Our algorithm requires O((md+dL?R?) log(w/s)) (T +md=*~")
arithmetic operations to sample with TV error O(d) from 7 o e~/ when f is L-Lipschitz,
and O((md + dBR?)log(w/s))(Ty + md~~1) arithmetic operations in the setting where f is
B-smooth, where T is the number of arithmetic operations to compute the value of f and

md®“~! is the number of arithmetic operations to compute the Hessian of the log-barrier of
K.

In comparison to [33], we improve dependence of the running time on the parameters &/r
and log 1/s. In comparison to [38], we improve the dependence on d while retaining the same
dependence on 1/s. Our result directly implies faster runtimes with improved dependence on
the dimension d for structured inference problems such as Bayesian Lasso logistic regression
where e.g. B/r = Q(v/d) (Corollary B.1)). Moreover, plugging our algorithm into the TV-to-
infinity distance bound converter of |[35], we obtain an algorithm to sample from a logconcave
density constrained to a polytope with error bounded by infinity distance that improves upon
prior work of [2]; see Corollary and the subsequent discussion. Corollary along with
the exponential mechanism [36], allows us to obtain faster runtime bounds with improved
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dependence on d for applications to differentially private empirical risk minimization [2] and
matrix approximation [28]; see Corollary and the subsequent discussion.

Technically, our algorithm is a Markov chain inspired by the Dikin walk [24 [37], whose steps
are determined by a barrier function that generalizes the log-barrier function by adding a
“soft-threshold” fs-norm regularizer. The regularized barrier allows our Markov chain to
take larger steps, while still retaining a high acceptance probability on Lipschitz or smooth
log-densities f —allowing our Markov chain to sample from these distributions with a faster
runtime. A key technical step in obtaining our results is to show that our self-concordant
barrier function is the limit of an infinite sequence of log-barrier functions for K “padded”
with additional redundant inequalities. This allows us to leverage well-known properties of
the log-barrier to bound the acceptance probability and mixing time of our Markov chain.

While /5 regularization is optimal for classes of functions f which are Lipschitz or smooth in
the fo-norm, for other classes of functions (e.g., Lipschitz in the ¢1-norm), ¢s regularization
may not be optimal. Moreover, it remains open to obtain runtime bounds for the Dikin walk
that do not require f to be Lipschitz or smooth, and/or depend polynomially on log R. This
leads to the question of whether one can design other tractable self-concordant barriers to
obtain further runtime improvements for sampling log-concave distributions on a polytope;
we discuss this in Appendix [F]

2 Results

Our main result (Theorem and Algorithm [1)) is a Markov chain algorithm that generates
TV-error bounded samples from L-log-Lipschitz or -log-smooth log-concave distributions
on a polytope. As explained later in this section, Theorem [2.I] often results in the fastest
known algorithm for some of the applications to Bayesian inference and differentially private
optimization mentioned in the introduction.

Notation. In the following, f is L-Lipschitz or S-smooth for some L, 8 > 0. T denotes the
number of arithmetic operations to evaluate f, Tk is the number of arithmetic operations
to compute the Hessian of the log-barrier function, Tk the operations for a membership
oracle query, and Tk the operations to compute a projection oracle for K. When K is a
polytope K = {# € R?: A < b} given by A € R™*? and b € R™, one has T = O(md“~!),
Tk = O(md), and T = O(md“~1). For every j € {1,...,m}, we denote the j'th row
of A by a; and the j’'th entry of b by b;. When comparing runtimes, we often assume
for simplicity that T = ©(d?) unless otherwise stated, which is the case, e.g., in logistic
regression with n = ©(d) datapoints. For any two distributions u, v on RY, we denote their
total variation distance by || — vy := supgcga |1(S) — v(S)|. For § € R, ¢ > 0, denote
the ball of radius t at § by B(0,t) := {z € R?: ||z — 0||2 < t} where || - ||2 is the Euclidean
norm. Denote the interior of any S C R? by Int(S) := {# € S : B(6,t) C S for some t > 0}.
a > 0 is a step-size hyperparameter shared by our algorithm and the original Dikin walk of
[24,137], v > 0 is the hyperparameter in [38], and > 0 a hyperparameter for our algorithm’s
regularizer.

Theorem 2.1 (Sampling with TV bounds via a soft-threshold Dikin Walk)

There exists an algorithm (Algom'thm which, given §, R > 0 and either L > 0 or 8 > 0,
A e R™*4 b e R™ that define a polytope K = {§ € R : A < b} such that K is contained
in a ball of radius R and has nonempty interior, an oracle for the value of a convex function
f: K — R where f is either L-Lipschitz or B-smooth, and an initial point sampled from
a distribution supported on K which is w-warm with respect to m o< e~1 for some w > 0,
outputs a point from a distribution p where ||p — 7|ty < 0. Moreover, this algorithm
takes O((md + dL?R?)log(w/s)) x (Ty + Tk ) arithmetic operations in the setting where f
is L-Lipschitz, or O((md + dBR?)log(w/s)) x (Tt + Tx) arithmetic operations when f is
B-smooth, where Ty is the number of operations to evaluate f and Tk = O(md*~").

Theorem improves on the previous bound of ([33]; Theorem 1.1) of
O(d?(B/r)? log® (wdR/(rs)) log® (w/s)) (T +Tx ) arithmetic operations, for sampling from oc e~/
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with TV error O(8) from a w-warm start, by a factor of min(d?= (R/r)2,d*"*/(212)) log* (w/s)
when f is L-Lipschitz on a polytope K defined by m = O(d) inequalities (see Table 1).
Thus, Tx = O(md) and if, e.g., we also have LR = O(vd) and B/r = V/d, the im-
provement is d3~“ arithmetic operationsﬂ When f is B-smooth, the improvement is
min(d>~“(R/r)?,d4°"/(+25)) log* (w/5) arithmetic operations.

When a warm start is not provided, Algorithmtakes at most O((md+dL%R?)x (dlog(E/r)+
M +10g(1/s)))(Ts + Ty) arithmetic operations when f is L-Lipschitz (or O((md + d3R?) x
(dlog(®/r) + M + log(Y/s)))(Ty + T}) arithmetic operations when f is S-smooth), since an
ed108(7/")+M _warm start can be obtained by sampling uniformly from the ball B (a,r) C K,
where M = log(maxgecg e/ (@=/)) < LR. In comparison, the work of [33] for the hit-and-
run algorithm gives a bound of O(d®(B/r)?)log” (48*/(sr))(Ts + Tix) arithmetic operations
to sample with TV error O(§) without a warm start. Thus, when we are not given a
warm start and 7 o< e~/ is constrained to a polytope K defined by m = O(d) inequalities,
Theorem improves on the bounds of [33] for the hit-and-run algorithm by a factor
of min(d?~%(R/r)2,d**/(+12))log*(1/s) arithmetic operations in the setting when f is L-
Lipschitz, and min(d?>~“ (R/r)?,d* /() log*(1/s) when f is f-smooth. On the other hand,
we note that the results of [33] apply more generally when 7 is a log-concave distribution on
a convex body, while our bounds for the soft-threshold Dikin walk (Theorem apply to
the setting where 7 is a log-Lipschitz (or log-smooth) log-concave distribution on a polytope.
In the example of Bayesian Lasso logistic regression, our algorithm takes O(d*™* log(4/s))
arithmetic operations without a warm start since f is both S-smooth and L-Lipschitz, with
B=L=n=m=4d,and R =1 and r = 1/vd (Corollary in Appendix [B]); this
improves by a factor of d3~“log?(d/s) arithmetic operations on the bound of d®log®(d/s)
arithmetic operations for the hit-and-run algorithm of [33]. This is because, while it only
takes Tx = O(d) arithmetic operations to establish membership in the ¢; ball, computing
the function f in logistic regression requires Ty = nd = d? arithmetic operations.

Iterations for Iterations for Arithmetic lerations if Herations if
. s S I - - S o O(L
Algorithm L-Lipschitz f -smooth f ope'rdtlorls per m = 0(d), L,r = O(1), m=0(d),r 0(\/3)
iteration R =0(d) B=L=0(d),R=0(1)
promatLaneeinMC 1 ogg-opz(y — O(md=~1) + T O(d*5-9) O(d5-%)
H“‘E‘;;]“”“ O(d(2y) same O(md) + Ty O(d*) O(d?)
lem[;;]]alk of O(ds + d:;LQHZ) O(dﬁ + d:‘ﬂH?) O(md”’l) + Ty O'(d5) O(d5>
Soft Threshold Dikin ~ 212 ~ ap2 w—1 _ 5013 A( 72
Walk (this paper) O(md + dL*R?) | O(md+ dBR?) O(md*~") + T O(d?) o(d?)

Table 1: Number of iterations (and arithmetic operations per-iteration) of different algorithms which imply bounds for sampling within TV error O(§)
from a logconcave 7 o e~/ on a polytope K when f is L-Lipschtiz or 3-smooth, from a w-warm start. Ty and Ty are, respectively, the
number of operations to compute f or V f. The O notation hides logarithmic factors of d, 8, 7, R, w. The fifth column gives runtimes when K is
a polytope with R = O(d) that contains the unit ball (and is thus not well-rounded), and f is O(1)-Lipschitz. The sixth column corresponds to
sampling a Bayesian Lasso logistic regression posterior distribution with O(d) datapoints, where K is the unit ¢;-ball.

We also compare to the bound of O((d° + d*L? R?) log(w/s))(T's + T};) arithmetic operations
to sample from an L-log-Lipschitz density on a polytope defined by m inequalities with
TV error O(0) from a w-warm start of [58]E| We note that while this bound has a larger
dependence on d (and L) than the bounds for the hit-and-run algorithm, the dependence on
log /s is much smaller— by a factor of log? 1/s— which can allow for faster runtimes when the
goal is to sample with infinity-distance error. We explain this in detail below. Theorem [2.1]
improves on the bound of [38] bound by a factor of d? arithmetic operations if m = O(d),

! Any convex body K contained in a ball of radius R > 0 and containing a ball of smaller radius
r > 0 satisfies the lower bound £/r > 1. Moreover, for any convex body K, there always exists
a linear transformation T for which TK is contained in a ball of radius R and contains a ball of
radius # such that £/» < O(v/d) (TK is referred to as a “well-rounded” convex body).

2When setting their scalar step size hyperparameter /2 to O(min(1/4,1/Lr)), [38] get a bound
of ¢ > o"?/(xvid) on the conductance ¢ of their Dikin walk (their Lemma 4). Here & is the self-
concordance parameter of the barrier function; for the log-barrier k = m, although there are other
barriers for which k = O(d). Plugging their conductance bound into Corollary 1.5 of [3I] implies a
bound of ¢~ 2 log(w/s)(Ts + Ti) = O((d® + d*L?> R*) log(/s) (T + T)) arithmetic operations from a
w-warm start for their walk to sample with O(6) TV error from w. See Appendix |A] for details.
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and d® if we also have that LR = O(v/d). When f is instead S-smooth their bound is
O((d° + d®*BR?)log(w/s5))(Ts + Ty), and our improvement on this bound is d? arithmetic
operations if m = O(d), and d® if we also have that SR? = O(d).

We also note that while many works, e.g. [24], B7, 27, 8], give faster bounds for the Dikin
walk and its variants than the bounds in [38], these only apply in the special case when 7 is
the uniform distribution on K. The proof of Theorem [2.I] appears in Appendix [E] We give
an overview of the main ideas in the proof of Theorem in Section 3] In Appendix [F] we
give an axiomatic approach to arrive at our barrier function and discuss possible extensions.

Infinity-distance sampling. In applications of sampling to differentially private opti-
mization [36, 23] 2, 18, 28], bounds in the total variation (TV) distance are insufficient
to guarantee “pure” e-differential privacy, and one instead requires bounds in the infinity-
distance doo (v, ) = supyc g [log(¥(0)/x(6))|; see e.g. [14]. [35] give an algorithm that con-
verts samples from TV bounds to those bounded in infinity-distance. Namely, given € > 0
and a sample from a distribution p within TV distance § < O(g(R(dlog(*/r)+LR)? /o) ~de~LR)
of 7, this post-processing algorithm outputs a sample within infinity-distance O(e) from
w. Plugging the TV bounds from our Theorem [2.1] into their Theorem 2.2 gives a faster
algorithm to sample from a log-concave and log-Lipschitz (or log-smooth) distribution con-
strained to a polytope K, with O(e) error in do (Corollary in Appendix. In partic-
ular, Corollary gives a bound of O((md + dL?R?) x [LR + dlog(Rd+LRd/r)|)(Ty + Tk )
arithmetic operations to sample within O(e) error in do, from a log-concave distribution
o e~/ constrained to a polytope K from a cold start when f is L-Lipschitz (when f is
also B-smooth, the bound is O((md + dBR?) x [LR + dlog(Rd+LRd/re)])(Ty + Tk)). This
improves on the bound of O((m?d® + m?dL?R?) x [LR + dlog(Rd+LRd/re)]) (T 4 Tk ) arith-
metic operations in Theorem 2.1 of [35] by a factor of d®. Moreover, it further improves
on the bound of O((md® + md®L*R*)(1/=2) x polylog(1/e, 1/r, R, L,d))(Ty + Tx) operations
implied by [2]. Corollary improves on this bound by a factor of ¢°~“/e2 when, e.g, each
function evaluation takes Ty = O(d?) operations and m = O(d) as may be the case in
privacy applications.

Differentially private optimization. A randomized mechanism h : D" — R is e-
differentially private (e-DP) if for any datasets x, 2’ € D which differ by a single datapoint,
and any S C R, we have P(h(z) € S) < e*P(h(z’) € 5); see [14]. e-differential privacy is
the strongest notion of differential privacy, holds several advantages over weaker notions of
differential privacy (see Remark, and has been widely studied in the literature [14}, 25} [2].

In the application of the exponential mechanism to e-DP low-rank approximation of a p X p
symmetric matrix M [28] (see also [19]), one wishes to sample within infinity distance
O(e) from a log-linear distribution o e~ on the Gelfand-Tsetlin polytope K C R? (which
generalizes the probability simplex), where d = p?, and where K has m = d inequalities with
diameter R = O(v/d). In this application, the log-linear density f is (trivially) 0-smooth
and d?o1-Lipschitz, where o1 := || M| is the spectral norm of M. Thus, when applied to
the mechanism of [28], our algorithm takes d*°*“oylog(1/e) arithmetic operations. This
improves by a factor of d® on the bound of O(d"**“gy) arithmetic operations implied by
[35, 38], and improves by a factor of @''*¢7/:2 on the bound of O(d'°c1/e2) implied by [2].

Consider the problem of finding an (approximate) minimum 6 of an empirical risk function
f: K x D" — R under the constraint that 0 is e-differentially private, where f(6,x) :=
Sor€i(0,2;). We assume that the 4;(-,z) are L-Lipschitz for all z € D", i € N, for
some given L > 0. In this setting, [2] show the minimum ERM utility bound under the
constraint that § is pure e-DP, Eé[f(é, r)] — mingex f(6,2) = O(dLR/:), is achieved if one
samples 6 from the exponential mechanism 7 o exp(— 3 If = f) with infinity-distance error
at most O(g). Plugging Corollary into the exponential mechanism, we obtain a faster
algorithm for a pure e-DP mechanism which achieves the minimum expected risk (Corollary
. Specifically, the runtime bound implied by Corollary is O((md + dn?e®) x (en +
dlog(nRd/(r¢))(Ty 4Tk )) arithmetic operations if each ¢; is L-Lipschitz (or O((md—l—dn%Re) X
(en + dlog(nRd/(re))(Ty + Tk )) if f is also B-Lipschitz). This improves upon the bound of
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O((d'°(1/?) + £2n*d®) x polylog(nRd/re)))(Ty + T ) arithmetic operations in [2] by a factor
of max(4'°”*/(=2m), nd®(1/=)), when the ¢; are L-Lipschitz on a polytope K and f can be
evaluated in Ty = O(nd) operations. And it improves by a factor of (at least) md on the
bound of O((m2d® + m?dn2e?)(en + d)log? (nRd/(r¢))) x md*“~') operations obtained in [35].

For instance, when applying the exponential mechanism to Lasso logistic regression, if e.g.
n = d and € < 1, our algorithm requires O(d*>**) arithmetic operations, improving by
d® on the bound of d°* operations implied by [35] and by roughly d°~* on the bound
of O(d'?) operations implied by [2]. In another example, when training a support vector
machine with hinge loss and Lasso constraints under e-DP, our algorithm requires O(d**%)
arithmetic operations, improving by a factor of d? on the bound of d®T* operations implied
by [35] and by d®~“ on the bound of O(d'?) implied by [2]. See Appendix |§| for details.

Remark 2.2 (Weaker notions of differential privacy) e-DP holds several practical
advantages over weaker notions of differential privacy (DP), including (¢,0)-DP—- a notion
of differential privacy where the privacy of the mechanism is allowed to fail with probability
0(9). E.g., when group privacy— privacy of subsets of k individuals— must be preserved,
any pure e-DP mechanism is also ke-DP. In contrast, (g,8)-DP only implies (¢, ke(*=1¢5)-
DP for subsets of k individuals— the failure probability grows exponentially with k.

3 Overview of proof of Theorem [2.1

Suppose we are given any polytope K = {# € R?: A9 < b} defined by m inequalities, and
a convex f : K — R? which is L-Lipschitz (or S-smooth) and given by an oracle which
returns f(6) at any 6 € K. Our goal is to sample from 7 e~ on K within any TV error
0 > 0, in a number of arithmetic operations and oracle calls that has a dependence on the
dimension d that is a lower-order polynomial than currently available bounds for sampling
from log-Lipschitz (or log-smooth) log-concave distributions, and is logarithmic in 1/s.

Extending the Dikin walk to sample from log-concave distributions on K. As
a first step, we begin by attempting to generate samples from 7 via the (Gaussian) Dikin
walk, by extending the standard analysis given in e.g. [24] B7] for the special case when
is uniform on K to the more general case where 7 is a log-Lipschitz log-concave on K.

In the special case where 7 is the uniform distribution on K, from any point 6 in the
interior of K, the Dikin walk proposes updates z = 0 + \/aH~1(0) £ where £ ~ N(0, 1)
and H(0) = V2p(0) is the Hessian of the log-barrier function () = — Z;nzl log(b; — a;-r@)
for K = {# € R?: A9 < b}, and a > 0 is a scalar hyperparameter. To ensure that the
stationary distribution of the Dikin walk is the uniform distribution on K, if a proposed
update falls in the interior of K, it is accepted with probability

N (( det(H(ZD) (=013 0y —l0—213 . 1)
det(H(0)) ’

determined by the metropolis rule; otherwise, it is rejected. The use of the log-barrier is to
ensure that the steps proposed by the Dikin walk remain inside the polytope K w.h.p.

The hyperparameter « is chosen as large as possible while still ensuring the proposed steps
remain in K and are accepted w.h.p. On the one hand, since the covariance matrix o H ~1(f)
of the proposed updates is proportional to «, larger choices of a allow the walk to propose
larger update steps. On the other hand, if « is too large, the proposed steps may fall outside
the polytope and be rejected w.h.p. To see how to choose «, note that for any 6 € Int(K),
the Dikin ellipsoid Dy = {w : (w — 0)TH 1 (§)(w — #) < 1} is contained in K. Thus,
standard Gaussian concentration inequalities which guarantee ||£[|2 = O(v/d) w.h.p. imply
0+ aH~10)¢ is in K w.h.p. if @« < O(Y/a). Moreover, using properties of log-barrier
functions, one can show the term det(H(z))/det(H(6)) in the acceptance ratio is also ©(1) for
a = O(Y/d), as is done in [24] [37]. To see why, Lemma 4.3 of [45] implies that, if H () is the
Hessian of a log-barrier function for K, its log-determinant V' (6) = log(det(H (0))) satisfies

(VVO)T[H)]'VV(0) <O(d) Vb € Int(K). (1)
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Thus, if @ < 1/d, the proposed update z = 0+ /aH ~1(0) £ has variance (1) in the direction
VV(6), and (by Gaussian concentration), (§ — 2)TVV () < O(1) w.h.p. This implies
V(z) = V() =logdet(H(z)) — logdet(H (0)) = (1), and hence det(H(2))/det(H(6)) = Q(1).

In [38], the Dikin walk is applied to the more general problem of sampling from a L-log-
Lipschitz (or B-log-smooth) log-concave m o< e~/ on K (the problem of interest in this paper).
To guarantee the walk has the correct stationary distribution 7, the Metropolis acceptance
probability of the proposed updates z = 6 + \/yH~1(0) &, where v is a hyperparameter,
gains an additional factor e/ /e=7®_ To ensure this acceptance probability remains (1),
they modify the scalar step size v such that w.h.p. the walk takes steps where f changes
by O(1). To see how to choose v, note that since f is L-Lipschitz, ef()=/() = Q(1) if the
Euclidean distance ||z — 6|2 is O(1/L). This can be shown to occur w.h.p. if v = O(Y/(LR)?),
since the fact that the Dikin ellipsoid is in K C B(0, R) implies that the eigenvalues of H(0)
are all < R? and hence the variance yv " H~1(0)v of the proposed step is < O(1/(dz?)) in any
given direction v € R? (where v is a unit vector). Thus, it is sufficient for them to choose
~v = min(l/d, 1/(LR)?) to ensure the proposed step remains in K and is accepted w.h.p.

On the one hand, to ensure the Markov chain proposes steps that change f by an amount
at most O(1) for any L-Lipschitz f, it is necessary and sufficient to ensure that from any
point § € Int(K), the Markov chain makes updates which fall w.h.p. inside a Euclidean
ball B(6,1/L) of radius 1/L centered at 6. This is because the Lipschitz condition on f:
1£(0) — f(2)]l2 < L||@ — z]||2 for all 8,z € K holds w.r.t. the Euclidean norm || - ||2. On the
other hand, to ensure that the Markov chain remains inside the polytope K, it is sufficient
to propose steps that lie inside the Dikin ellipsoid Dy = {w : (w — )T H~1(0)(w — 0) < 1}
centered at 6. Roughly, the scalar step size 7y is chosen such that this ellipsoid is contained
inside the Euclidean ball B(6,1/r), as this guarantees that w.h.p. the steps proposed by the
walk will both remain in K and will also not change the value of f by more than O(1).

However, at many points 6 the Dikin ellipsoid Dy is such that the ratio of the largest to
smallest eigenvalues of H () may be very large (this ratio can grow arbitrarily large as 0
approaches a face of the polytope). Thus, roughly speaking, modifying the covariance matrix
of the Dikin walk by a scalar constant (vH ~1(6)) can cause the Dikin walk to propose steps
whose variance in some directions is much smaller than is required for either of the two goals:
staying inside K and staying inside the ball B(6,1/r) defined by the Lipschitz condition on
f. This suggests that modifying the log-barrier function for K by a scalar multiple may not
be the most efficient way of extending the Dikin walk to the problem of sampling from a
general L-log-Lipschitz (or S-log-smooth) log-concave distribution on K, and that one may
be able to obtain faster runtimes by making other modifications to the barrier function.

A soft-threshold regularized Dikin walk. Before we introduce our soft-threshold Dikin
walk, we first note that even in the special case where 7 is the uniform distribution on K,
the analysis in [38] does not recover the bounds given in [24] [37] for this special case, as [38]
use a different runtime analysis geared to time-varying distributions studied in that paper.
Namely, [38] imply a bound of O(m?2d® log(«/s)) steps to sample from a uniform distribution
on K, while [24] 37] show a bound of O(mdlog(«/s)). For this reason, we first extend the
analysis of the Gaussian Dikin walk given in [24] [37] for the special case of uniform , to
the more general problem of sampling from an L-log-Lipschitz or 8-log-smooth log-concave
density. The analysis in [24), [37] uses the cross-ratio distance metric. More specifically, if for
any distinct v, v € Int(K) we let p, ¢ be the endpoints of the chord in K passing through u
and v such that the four points lie in the order p,u, v, g, the cross-ratio distance is

(v o S0l [0 =l o)
T o= ulla x v —all

One can show that for any u,v € Int(K), 0*(u,v) = (1/(my=)[lu — 021, (see e.g. [24,
31]). Thus, as the usual Dikin walk takes steps that have roughly identity covariance matrix

I with respect to the local norm |[ul, -1 49y := /uTy~LH()u, for v = min(Y/a, (Y/(LR)?)),
the bound we would obtain on the number of steps until the Dikin walk is within TV error
§ from 7 is O(A~tlog(w/s)) = O((md + mL?R?)log(w/s)) steps from a w-warm start.

7
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To obtain even faster bounds, we would ideally like to allow the Dikin walk to take larger
steps by choosing a larger ~, closer to the value /4 that is sufficient to ensure an (1)
acceptance probability in the special case when 7 is uniform. Unfortunately, if e.g. LR > d,
reducing v from 1/d to (1/(LRr)?) may be necessary to ensure the variance of the Dikin walk
steps is O(1/(dL?)) in every direction, and hence that the acceptance probability is €(1).

To get around this problem, we introduce a new variant of the Dikin walk Markov chain for
sampling from any L-log-Lipschitz (or -log-smooth) log-concave distributions on a polytope
K, which generalizes the Dikin walk introduced in [24] for sampling from 7 in the special
case when 7 is the uniform distribution on K. The main difference between our Dikin
walk and the usual Dikin walk of [24] (and of [38]) is that our Dikin walk regularizes the
Hessian a1 H(6) of the log-barrier for K by adding a “soft-threshold” regularization term
n~ 11, proportional to the identity matrix, where 7 is a hyperparameter and « is the same
hyperparameter appearing in the original Dikin walk of [24]. Since the log-barrier Hessian
a~tH(#) and regularization term n~1I; have different scalar hyperparameters a,n, we can
set o and 7 independently from each other: roughly, a~! is chosen to be the largest value
such that the Dikin ellipsoid defined by the matrix a~*H () remains inside K, while n~!
is independently chosen to be the largest value such that, with high probability, the steps
proposed by our Markov chain remain inside the ball B(6,1/r) defined by the Lipschitz
condition on f. Roughly, the addition of the soft-threshold regularization term to the log-
barrier Hessian allows us to reduce the variance of the proposed steps of the Dikin walk only
in those directions where a choice of & = 1/d would cause the variance to be greater than
1/(ar?) while leaving the variance in other directions unchanged.

More specifically, the steps proposed by our soft-threshold Dikin walk are Gaussian with
mean 0 and covariance matrix ®~1(0) := (o= H () + n~11;)~1. The addition of the soft-
threshold regularization term 1! allows us to ensure that the largest eigenvalues of the
covariance matrix ®~1() are < O(1/(dr?)), without reducing (by more than a constant
factor) the eigenvalues which were already < O(1/(dr?)). This allows our Dikin walk to
take larger steps, while still ensuring these steps are accepted w.h.p. by the Metropolis
accept/reject rule for f. Taking larger steps allows our Dikin walk to converge more quickly
to the target distribution 7(6) o< e~ on K.

The (inverse) covariance matrix ®(6) of the steps proposed by our Dikin walk is the Hessian
of the function ¥(0) = a=tp(8) + n~1|0]|?> where ¢(0) = — > iy log(b; — a; 0) is the log-
barrier for K. The modified function 1(f) can be seen to also be a self-concordant barrier
for K. In the special case where 7 is the uniform distribution, L = 0 and ' = 0, and our
“soft-threshold” Dikin walk recovers the original walk of [24]. Thus, our walk generalizes
the original Dikin walk to the problem of sampling from a general L-log-Lipschitz (or 8-log-
smooth) log-concave distribution on a polytope.

Bounding the number of Markov chain steps. Setting n = 1/(dL?) ensures the vari-
ance v a1 (f)v in any given unit-vector direction v of the proposed update z — 6 of our
Markov chain is at most O(1/(aL?)), and hence the term e/(*)=f(®) in the Metropolis accep-
tance rule is (1) with high probability (Lemma . Moreover, we also show that, if we
choose a = 1/a, the other terms in the Metropolis acceptance rule are also (1) (Lemmas
. While the proofs of these lemmas follow roughly the same outline as in the spe-
cial case of the original Dikin walk where 7 is uniform (e.g., [24] [37]), our bound on the
determinantal term det®(2)/detd () must deal with additional challenges, which we discuss in
the next subsection.

To bound the number of steps required by our Markov chain, we first bound the cross-ratio
distance o(u,v) between any u,v € Int(K) by the local norm [ju — v|¢(,) (Lemma [E.2):

1 = (af (u=2))"\  1lu—vl 1
2 > L — 2 > — |3,
o*(u,v) > <2m E (Tu—b)? + 5 B2 amal +2n*1R2Hu Ol ) (3)

=1 \d U

Using together with the isoperimetric inequality for the cross-ratio distance (Theorem
2.2 of [32]), we show that, if the acceptance probability of our Markov chain is (1) at
each step, then the number of steps for our Markov chain to obtain a sample within a TV
distance of § from 7 is O(A~!log(w/s)) = O((md + dL?>R?)log(w/s)) from an w-warm start,

]
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where A = Q(1/@ma~"+2¢p7'R?)). In particular, if m = O(d) and LR > d, this improves on
the bound we would get for the basic Dikin walk by a factor of d.

Bounding the determinantal term in the acceptance probability. For our mixing
time bound to hold, we still need to show that det(®(2))/det(a(6)) is (1) w.h.p. We would
ideally like to follow the general approach previous works [24], B7] use to show the term
det(H(2))/det(H(0)) in the basic Dikin walk is (1) w.h.p., which relies on the property of log-
barrier functions in Inequality . Unfortunately, as ®(6) is not the Hessian of a log-barrier
function for any system of inequalities defining K, we cannot directly apply to ®(6).

To get around this problem, we show that, while ®(6) is not the Hessian of a log-barrier
function, it is in fact the limit of a sequence of matrices H;(6), i € N, where each matrix
H;(0) in this sequence is the Hessian of a (different) log-barrier function for K. Specifically,
for every j € N, we consider the matrices A7 = [AT,I4,...,I4]" where A is concatenated
with (m;=1)/4 copies of the identity matrix Iz, and m; = m + [an~!j%]d. And we consider
the vectors b = (b',417,...,j17)7, where b is concatenated with (m;—1)/a copies of the
vector 51, where 1 = (17...,1)—r € R? is the all-ones vector. Then, for large enough j,
K ={0eR?: A79 < b}, and the Hessian of the corresponding log-barrier functions is
i IV T LT

Hi(0) = Y00 qicalyms = HO) + lon™ ) T, 5 (4)
Using this fact , we show that, for every 6 € int(K), every z € %De, and every sequence
{2,132, € 3Dg such that z; — z, we have (Lemma ,

im det(H,(z;)) _ det(®(2)) (5)
j—oo det(H;(0))  det(®(6))

Moreover, since each H; is the Hessian of a log-barrier function for K, we have that does
hold for H; and hence (from the work of [24, [37]) that det(H;(2))/det(;(6)) = Q(1) w.h.p.
for all j € N, if we set z; =0 + al/ij_l/Z(G)f, & ~ N(0,1;), and choose o = 1/d. Thus,
implies that det(®(2))/det(2(0)) = (1) w.h.p. as well (Lemma [E.9)), and hence the acceptance
probability of the soft-threshold Dikin walk is (1) at each step.

Bounding the number of arithmetic operations. Since the acceptance probability
is (1), from the above discussion, the number of steps for our Markov chain to obtain a
sample within TV distance § > 0 from 7 is O((md + L?R?)log(%/s)) from a w-warm start.

Each time our Markov chain proposes a step 6 + ®~'/2 (0)¢, it must first sample a Gaussian
vector & ~ N(0,I;) which takes O(d) arithmetic operations. It must then compute the
log-barrier Hessian H (), and invert the matrix ®(0) = a=*H(0) + n~11,.

Since H(#) = C(0)C(0) T, where C(0) is a d x m matrix with columns ¢; () = @i/(a] 6-b;) for
all j € [m], we can compute H(6) in md*~! arithmetic operations. And since ®(6) is a d x d

matrix, computing ®~"/?() can be accomplished in d* arithmetic operations by computing
the singular value decomposition (SVD) of ®. Next, we compute the acceptance probability
min (‘“’ VAL 0113 0y~ 1630y 1

e—f(0) /det(®(0)) ’
arithmetic operations via the SVD. Evaluating f(z), f(0) takes two calls to the oracle for f.
Thus, from a w-warm start, the soft-threshold Dikin walk takes at most O((md + dL?R?) x

log(w/5)) Markov chain steps to obtain a sample from 7 with total variation error ¢ > 0,
where each step takes O(md“~1!) arithmetic operations, and one function evaluation.

. The determinants can be computed in O(d*)

Remark 3.1 (Optimality of ¢s-regularization) For the class of functions considered in
our paper, we conjecture that an ls-reqularizer that does not depend on 0 is optimal. This
is because we consider the class of functions which are L-Lipschitz or $-smooth with respect
to the lo-norm, and our bound on L or 3 does not depend on 6. Moreover, we only have
access to the function 0 through an oracle which returns the value of f at any given point 0
but does not tell us how f changes at nearby points.

Q
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Algorithm 1: Soft-threshold Dikin walk

Input: m,d € N, A € R™*? b€ R™, which define K := {§ € R? : A9 < b}.
Input: Oracle returning the value of a convex f : K — R. Initial point 6y € Int(K).
Hyperparameters: a >0, 7 >0, and 7" € N.
Set 0 < 6o
fori=1,...,7 do
Sample a point & ~ N(0, I4)
Set H(e) — E;nzl (a,;rgi—JbJ)Q
Set ®(0) < o *H(O) +n 14
Set z + 6 4 ®(9) /3¢
if z € Int(K) then
Set H(z) + >

i
j=1 (aj z—bj)?

Set ®(2) + o *H(2) +n"'14

T
ajaj

Accept z with probability %min (:—;E:im x el\sz\Ié(g)*Heszi(z)7 1)
else
| Reject z
end
end

Output 0

In Theorem we set the step size hyperparameters o = 1/(10°4) and n = /(10%dr?) if f is
L-Lipschitz, and the number of steps to be T = 10° (2m0f1 + n’le) x log(w/s). When f
is B-smooth (but not necessarily Lipschitz), we instead set o = 1/(10°d) and n = 1/(10%4p).

In many applications, a bound on L or 8 can be calculated analytically, allowing one to
set a,”n as above. This includes, e.g., applications to training Bayesian or differentially
private logistic regression models (or other generalized linear models such as support vector
machines). When a bound on L or 8 is not known, one can in practice set a,n by hand
such that the average acceptance probability is > Q(1).

4 Conclusions, limitations, and future work

Our result improves on the runtime bounds of a line of previous work, for the problem of
sampling from several classes of log-Lipschitz or log-smooth log-concave distributions on a
polytope (see Table 1). To the best of our knowledge, this is the first result to introduce
regularized barrier functions that simultaneously take into account the geometry of both the
constraint polytope and the Lipschitz or smoothness property of a target logconcave func-
tion. These barrier functions may be of independent interest for sampling or optimization.

On the other hand, we note that [27] give an implementation of the Dikin walk in the special
case where f is constant, where the (average) cost of computing the Hessian matrix of the
log-barrier of the polytope K := {# € R? : A9 < b} at each step of the walk is improved to
roughly O(d?+nnz(A)) arithmetic operations, where nnz(A) denotes the number of non-zero
entries of A. Whether this improvement in the per-step computation time can be achieved
for the problem of computing the regularized barrier functions used in our algorithm, in the
more general setting where f is L-Lipschitz or S-smooth, is an interesting open problem.

Moreover, we note that our bounds are polynomial in L or 3, yet there are algorithms for
sampling from log-concave distributions oc e~/ which do not assume f is L-Lipschitz or -
smooth. Thus, another interesting open problem is whether one can obtain runtime bounds
for a version of the Dikin walk which do not require f to be Lipschitz or smooth.

Our results have applications to Bayesian inference and differentially private optimization.
Bayesian inference can lead to algorithms with better generalization properties and quan-
tification of uncertainty, and differential privacy guarantees are important to protecting the
privacy of individuals in medical and other sensitive datasets. Thus, we believe our results
will have positive societal impacts, and do not anticipate any negative impacts to society.
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A Additional discussion with related work

The problem of sampling from the uniform distribution when K is a polytope given by a set
of inequalities, and the distance to 7 is measured in total-variation (T'V) distance has been
widely studied; see, e.g., [24 37, 30, [8, [27]. Also widely studied is the problem of sampling
from an unconstrained log-concave distribution. One direction of study includes works that
require the log-density 7 to be L-log-Lipschitz or -log-smooth on all R¢ for some L, 3 > 0,
and give bounds on the distance to 7 in terms of TV distance [13], Wasserstein distance
[12, @, [42], and Kullback-Leibler (KL) divergence [46, [I1].

Further, [5, B] provide versions of the Langevin dynamics for sampling from a log-concave
distribution 7 o« e~/ on K where f is L-Lipschitz and B-smooth and K is given by a
projection oracle- when, e.g., K is contained in a ball of radius O(1), it contains a ball
of radius Q(1), and L = 8 = O(1), [5] give a bound of roughly O(d°/s*?) gradient and
projection oracle calls to sample from 7 with TV error § > 0, while [3] give a bound of
roughly O(d°/s®) gradient and projection oracle calls. [21] provide an algorithm for sampling
from distributions o< e~/ where f is both L-Lipschitz and u-strongly convex (that is, f(6)
is the sum of a convex function f(f) and the quadratic function (1/2)]|0]|2 for some u > 0)
on a convex body K in roughly O((L*/u)log?(4/s)) membership and function oracle calls
(see also [7], who require f to be u-strongly convex for u > 0 and S-smooth). However,
the algorithms of [21], [7] do not apply to the more general setting where f is convex and
L-Lipschitz (or S-smooth), but not necessarily p-strongly convex for any p > 0.

Detailed comparison to [38]. Compared to [38], in our version of the Dikin walk, z is
sampled from a Gaussian with covariance matrix

(@™ H(z) +n~ ' a) ™",
where o' and n~! are hyper-parameters chosen to be o' ~ d? and n~! ~ dL? if f
is L-Lipschitz (or =% =~ dB if f is L-smooth). The “soft-threshold” regularization term
n~ 11, prevents the Markov chain from taking steps where the value of f decreases by more
than O(1) w.h.p., ensuring that the term e/(¥)=/(*) in the acceptance probability is Q(1).
The soft-threshold regularizer is chosen to be a multiple of the identity matrix I since the
Lipschitz condition on f is rotationally invariant— it bounds the derivative of f by the same
amount L in each direction (the same is true for the second derivative of f if f is S-smooth).
This in turn allows our choice of scaling a~! for the “Dikin ellipsoid” term H(z)— which is
not in general rotationally invariant, and determined only by the geometry of the polytope
rather than the geometry of the function f— to be independent of L (or ). This is in
contrast to the Dikin walk in [38] where the scaling parameter for H(z) must depend on L
(or ) to ensure an (1) acceptance probability, which allows our Markov chain to propose
steps with a larger variance than the Dikin walk in [38] in directions which are not the
largest eigenvector of H~1(z).

The (inverse) covariance matrix o~ H(z) + 7~ 11, of our soft-threshold Dikin walk updates
is the Hessian of the function ¢(6) = a~'p(f) + n~1(|0||3. This barrier function can be
seen to be a Hessian of a self-concordant barrier. On the other hand, it is not the Hessian
of a logarithmic-barrier function for any polytope defined by any set of inequalities. This
prevents us from directly applying the analysis of the Dikin walk in the special case where
f = 0 [37]-which relies on properties of log-barrier functions— to our soft-threshold Dikin
walk on Lipschitz or smooth f. To get around this problem, we show that, while () is
not a log-barrier function of any polytope K, it is the limit of a sequence of log-barrier
functions 1, 1o, ... where ¥;(0) — (0) uniformly in 6 as i — oo. See Section [3| for a
detailed overview of the proof.

An open problem is to obtain runtime bounds for the Dikin walk that do not require f to be
Lipschitz or smooth, and/or that depend polynomially on log R. This leads to the question
of whether one can design other tractable self-concordant barriers to obtain further runtime
improvements for sampling log-concave distributions on a polytope. We discuss possible
extensions in Appendix [F}

15
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Explanation of bounds in [38]. [38] consider a version of the Dikin walk for sampling
from a log-concave distribution 7 o< e~/ on a polytope K contained in a ball of radius R > 0
(and also more generally on any convex body with a self-concordant barrier function). Their
version of the Dikin walk has proposed updates z = a%H_%(H)f where £ ~ N(0,1;), and

acceptance probability given by i x min (e_f(Z)th(H(Z)) 1) Here H is the hessian of a
2 e~ O \/det(H(9)) )’
barrier function for the convex body K 3 Which may be the log-barrier or another barrier
function. For a step size of at = (min( (Condition 4 in Section 3.1 of their paper;
note that R is considered a constant in TSSLI and therefore does appear explicitly in their
bounds)ﬂ they obtain a bound on the conductance ¢ of their version of the Dikin walk
(Lemma 4 of their paper):
a‘Z

¢ = Y (6)
where k is the self-concordance parameter of the barrier function; for the log-barrier Kk = m,
although there are other barrier functions for which x = O(d). Plugging Inequality @ into
Corollary 1.5 of [31] implies that their Dikin walk can obtain a sample from 7 with O(9)
TV error in roughly ¢~ ?log(%) = O((d° + d° L R*)log(%)) steps from a w-warm start.

The number of arithmetic operations per step is md*~! and the number of arithmetic oper-
ations to obtain a sample with TV error O(8) from 7 is O((md*** + md**“ L?R?)log(%)).
If one also has that K contains a ball of radius » > 0, from a cold start one can find an

initial point which is ed108(F)+LR ywarm by sampling from the uniform distribution on this
ball, and hence their bound is O((md*** + md**“L?R?)(dlog(£) + LR + log(3))).

B Application to Bayesian Lasso logistic regression

The following corollary follows directly from Theorem

Corollary B.1 There exists an algorithm which, given d,c > 0 and a dataset {z;}7_, CRY

s.t. ||zilla <1V i€ [n], and letting f(8) = Y i 16(9—'—%) where {(s) = 1+ — s the logzstzc

loss, K = {0 € R : ||0||; < c} is the Lasso constraint, and 7 oc e~/ has support K, outputs
a point from a distribution p s.t. ||p — wllry < 8, in O((d* + ndc?)(d“*! + nd?)log(2))
arithmetic operations.

C Infinity-distance sampling

In applications of sampling to differentially private optimization [36] 23] 2] 18] 28], bounds
in the total variation (TV) distance are insufficient to guarantee “pure” differential privacy,
and one instead requires bounds in the infinity-distance doo (v, m) := supye i [log(¥(0)/=(6))] ;
see e.g. [14]. [35] give an algorithm that converts samples from TV bounds to those bounded
in infinity-distance. Namely, given € > 0 and a sample from a distribution p within TV
distance § < O ( (R(dlog(R/r)+LR)?[er) e’LR) of 7, this post-processing algorithm outputs
a sample from a distribution v with infinity distance do(v,7) < € from 7. Plugging the
TV bounds from our Theorem [2.1] into their Theorem 2.2 gives a faster algorithm to sample
from a log-concave and log-Lipschitz distribution constrained to a polytope K, with O(e)
error in d. In particular, Corollary improves the bound of O((m?d® + m2dL?R?) x
[LR + dlog(Rd+LRd/(re))])(Ty + Tk ) arithmetic operations in their Theorem 2.1. The proof
is identical to that of how their Theorem 2.2 implies their Theorem 2.1, and we refer the
reader to their paper.

Corollary C.1 (Sampling with infinity-distance guarantees) There ezists an algo-
rithm which, given ¢,L,r,R > 0, A € R™*4 b € R™ (and possibly 3 > 0), that de-
fine a polytope K = {6 € R? : A9 < b} contained in a ball of radius R, a point

3There is a typo on page 7 of [38]: “R” should be the radius of the smallest ball containing K,
not the radius of the largest ball contained in K.

1A
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a € R? such that K contains a ball B(a,r) of smaller radius r, and an oracle for
the value of a convexr function f : K — RY where f is L-Lipschitz (or is both L-
Lipschitz and B-smooth), and defining © to be the distribution ™ o e/, outputs a
point from a distribution v such that doo(v,m) < €. Moreover, this algorithm takes
O ((md + dL*R?) x [LR + dlog (RdtifRd)]) (Tt + Tx) arithmetic operations, where Ty is
the number of arithmetic operations to evaluate f and Tx = O(md“~Y). If f is also j3-
Lipschitz, the number of operations is O ((md + dBR?) x [LR + dlog (EHEED) 1) (T + T ).

Corollary further improves the dependence on the dimension d over [2} [35]. Specifically,
[2] implies a bound of O((md” +md°®L*R*)(1/=2) x polylog(1/e, V/r, R, L,d))(Ts + Tx) arith-
metic operations, where T’ is the number of operations to compute f and Tk the operations
to compute a projection oracle for K. Corollary improves on this bound by a factor of
roughly 4'“"“/(c2m) when, e.g, each function evaluation takes Ty = O(d?) operations. For
example, when m = O(d), as may be the case in privacy applications, the improvement is
d°~“/:2. Moreover, it improves by d* on the bound of O((m?d® + m?dmin(L?R?, fR?)) x
[LR + dlog((Rd+LRd)/(re))| (T + Tk ) arithmetic operations obtained in [35].

D Differentially private optimization

A randomized mechanism h : D™ — R is said to be e-differentially private (¢-DP) if for
any datasets z,z’ € D which differ by a single datapoint, and any S C R, we have that
P(h(z) € S) < efP(h(z') € S); see [I4]. In the application of the exponential mechanism
to e-DP low-rank approximation of a p x p symmetric matrix M [28] (see also [19]), one
wishes to sample within infinity distance O(g) from a log-linear distribution oc e~/ on the
Gelfand-Tsetlin polytope K C R (which generalizes the probability simplex), where d = p?,
and where K has m = d inequalities with diameter R = O(\/E) In this application, the
log-linear density f is (trivially) O-smooth and d?cy-Lipschitz, where oy := ||M]|| is the
spectral norm of M. Thus, when applied to the mechanism of [28], our algorithm takes
d*5*t¥g; log(1/e) arithmetic operations. This improves by a factor of d* on the runtime
bound of O(d"->**¢;) arithmetic operations implied by [35, [38], and improves by a factor
of d""?07/:* on the bound of O (4'°¢1/c?) arithmetic operations for the bound in [2].

Consider the problem of finding an (approximate) minimum 6 of an empirical risk function
f: K x D™ — R under the constraint that 6 is e-differentially private, where f(0,z) :=
Sor 1 €i(0,2;). We assume that the ¢;(-,z) are L-Lipschitz for all € D", i € N, for some

~

given L > 0. In this setting, [2] show the minimum ERM utility bound under the constraint
that 0 is pure e-DP, E, [£(0,2)] — minge f(0, ) = O(ALR/:), is achieved if one samples 0
from the exponential mechanism 7 o< exp(— sind ) with infinity-distance error at most O(g).
Plugging Corollary into the exponential mechanism, we obtain a faster algorithm for a
pure e-DP mechanism which achieves the minimum expected risk (Corollary .

Corollary D.1 (Differentially private empirical risk minimization) There  exists
an algorithm which, given e,L,7,R > 0, A € R™*4 p ¢ R™ (and possibly B> 0) that
define a polytope K := {0 € R% : AG < b} contained in a ball of radius R and containing a
ball of smaller radius r, and an empirical risk function f(0,x) := Z?:l £;(0,x;), where each
l; : K — Ris ﬁ—Lipschitz (and possibly also B — smooth), outputs a random point 6ecK
which is pure e-differentially private and satisfies Ey [£(0,2)] — mingex f(0,x) < O(dLR/).
Moreover, this algorithm takes O((md + dn?c?) x (en + dlog(nRd/(re)) (T + Tk )) arithmetic
operations if each l; is L-Lipschitz (or O((md + dn%Rs) X (en + dlog(nBd/(re)) (T + Tk))
if f is also B-Lipschitz), where Ty is the number of operations to evaluate f and
Tk = O(md"’_l).

Corollary[D.1]improves on [2}35]. In particular, it improves upon the bound of O((d'°(/<2)+
e2ntd®) x polylog(nRd/re)))(Ty + Tk) arithmetic operations in [2] by a factor of roughly
max(4'°"/(c2m), nd®(1/¢)) arithmetic operations, in the setting where the ¢; are L-Lipschitz
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on a polytope K and f can be evaluated in Ty = O(nd) operations (TK is the number of
operations to compute a projection oracle for K). And it improves by a factor of (at least)
md on the bound of O((m2d® + m?dn?e?) x (en + d)log?(nRd/(re))) x md“~") arithmetic
operations obtained in [35]. The proof is identical to that of how their Theorem 2.2 implies
their Corollary 2.4, and we refer the reader to their paper. For instance, when applying
the exponential mechanism to the Lasso logistic regression problem, each loss ¢; is both
B-smooth and L-Lipschitz for 3 = L = 1 and R = O(1). Thus, if n = d and ¢ < 1, for
this problem our algorithm requires O(d®*%) arithmetic operations, which improves by a
factor of d* on the bound of d5T* arithmetic operations implied by Corollary 2.4 in [35]
and by roughly d°~* on the bound of O(d'?) arithmetic operations implied by [2]. In
another example, when training a support vector machine model with hinge loss and Lasso
constraints under e-differential privacy, one has that ¢; is f,—Lipschitz but not smooth, for
L =1,and R=O(1). Thus, if n = d and € < 1, our algorithm requires O(d***) arithmetic
operations, which improves by a factor of d on the bound of d®** operations implied by
Corollary 2.4 in [35] and by roughly d®~“ on the bound of O(d*?) implied by [2].

E Proof of Theorem 2.1

E.1 Bounding the number of arithmetic operations

1

In the following, we assume the hyperparameters «,n satisfy a < 1555 log(+) for some

5
choice of 6 > 0, and either n < 104% (in the setting where f is L-Lipschitz) or n < ﬁ
(in the setting where f is S-smooth). To obtain our main result (Theorem [2.1]), we set
0= ﬁ. To obtain improved runtime bounds in the setting where A is sparse, we will set
0 = 100(md+dL12R2)log(%)5 when f is L-Lipschitz, and § = 0 when f is

[-smooth.

1
T00(md+dBR?) log( L)

Lemma E.1 Each iteration of Algorithm 1| can be implemented in O(md“~') arithmetic
operations plus O(1) calls to the oracle for the value of f.

Proof: We go through each step of Algorithm [1| and add up the number of arithmetic
operations and oracle calls for each step:

1. Line [4] samples a d-dimensional Gaussian random vector & ~ N(0, I4), which can
be performed in O(d) arithmetic operations.

2. At each iteration, Algorithm [I| computes the matrix H(w) at w = 6 (line |5)) and
w = z (line [9):

Computing H(w) at any w € R? can be accomplished in md“~! operations as
follows:
a;

aTw—bj
j :

for all

Define C'(w) to be the d x m matrix where each column c¢;(w) =

j € [m]. Then
H(w) = C(w)C(w)".

Since C(w) is a d x m matrix the product C(w)C(w) " can be computed in md~~1
arithmetic operations. Thus, Lines [5] and [9] of Algorithm [I] can each be computed
in md“~! arithmetic operations.

3. Since Lines [ and @l compute a sum of two d x d matrices, Lines [f] and [I0] can each
be performed in d* arithmetic operations.

4. Line [7] computes the proposed update
=0+ ®(0) 3¢

18
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Computing @(9)_% can be performed by taking the singular value decomposition
of the matrix ®(6), and then inverting and taking the square root of its eigenval-
ues. This can be accomplished in d“ arithmetic operations since ®(6) is a d x d
matrix. Once @(9)_% is computed, the computation 6 + @(9)_%5 can be performed
in d? arithmetic operations. Thus Line [7] can be computed in O(d*) < O(md*~1)
arithmetic operations.

5. Line [§ requires determining whether z € K. This can be accomplished in O(md)
arithmetic operations, by checking whether the inequality Az < b is satisfied.

6. Line |11 requires computing the determinant det(®(w)) and f(w) for w = 6 and
w = z. Computing det(®(w)) can be accomplished by computing the singular value
decomposition of det(®(w)), and then taking the product of the resulting singular
values to compute the determinant. Since ®(w) is a d x d matrix, computing the
singular value decomposition can be done in d* arithmetic operations. Computing
f(w) for any w € R% can be accomplished in one call to the oracle for the value of
f. Thus, Line [11] can be computed in O(d*) < O(md“~!) arithmetic operations,
plus two calls to the oracle for the value of f.

Therefore, adding up the number of arithmetic operations and oracle calls from all the
different steps of Algorithm [I} we get that each iteration of Algorithm [I| can be computed
in O(md“~1) arithmetic operations plus O(1) calls to the oracle for the value of f.

E.2 Bounding the step size

Definition E.1 (Cross-ratio distance) Let u,v € Int(K). If u # v, let p,q be the end-
points of the chord in K which passes through u and v such that the four points lie in the
order p,u,v,q. Define

_ M —vll2 x llp — gll2
Ip = ull2 x [lv = gll2

o(u,v) :

if u#wv, and o(u,v) =0 if u=v.
For convenience, we define the cross-ratio distance between any two subsets S, 52 C K as
0(S1,52) = min{o(u,v) : u € S1,v € Sa}.

And for any S C R? and any density v : R? — R we define the induced measure:
v*(S) = / v(z)dz.
zE€S

Definition E.2 For any positive-definite matriz M € R% x R?, and any v € R?, we define
llullar := VuT Mu.

Lemma E.2 For any u,v € Int(K), we have

1
o(u,v) >

T 2ma~l +n~1R2 e =vllew-
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Proof: Let p,q be the endpoints of the chord in K which passes through v and v such
that the four points lie in the order p,u,v,q. Then

2
— >< —
Q(U,U) (”u U”Q ”p Q||2>

lp = wullz x [[v = gll2

N2 s 12 e 12
g (L [l ol

lp—wll3” llu—ql3" Ip—dl3

T(0 — )2 —oll?
o (TP L)

ielm] (a; u—b;) lp —qll5
1 (af (u=v))*  1]u—0[3

— max —
2ieml (a]u—10)2  2|p—ql3

zm: (o] (w=0)))  1]u—vl
2m P (a]u—b;)? 2 R?

" (aia) )?
:(u—v)T< 17 xailz (aia,) + 11xn1[d>(u—v)

v

Y

Y

2ma—1! ~ (afu—0;)? 2R

1 T
> oma—1 + 277_1R2 (’lL - U) (I)(U) (U - U)
_ 1 2
~ 2ma~! 4+ 2~ 1R? lu = UH(I)(")
Thus, we have
(u,0) > - ol
o(u,v) > U — V|3
V2ma~t 4+ n~1R? )
|
Lemma E.3 For any u,v € Int(K) such that |[u — v|lew) < 5= 11/2 we have that
(1= 0% Ju = vlla ) *®(0) = D) = (1 + 0" u — vllag)*B(v).
Proof:
™ (a] (u—v))? _
= ol = o 3 T ol
i=1 g
Tl )2
> a ! max (aiT(uiv).
i€[m] (a; u—b;)?
Thus,
[(a] uw—1b;) — (a] v —b)| < a"?||u — v||q>(u)\a;-ru — b, Vi € [m).
Therefore, for all w € R we have
T 1/2 o1 1
1-— — 1
w l( a2 |u — v]|p(u)) Zav_b +n" d]
-1 1
1,
[ ; a U — b 2 T d] v
m
< 1+ ||u— a~t 7
< | o 3
Thus,
(1= 072 = vl *B(0) = () < (1+ 0" — vl o)) *B(v).
|

N
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E.3 Bounding the acceptance probability

Lemma E.4 Let 6 € Int(K). Then the acceptance ratio of satisfies

m(z)/det(P(2)) 9 9 3 1
P.on@o.o-10)) |~ s exp (|2 = O30 — 10 — 2l30y ) X 1{z € K} > — | > =.
N5 0) (W(g) @y P (12— Ol — I —2lla ) x Lz e Ky 2 5 ) 2 5

Proof:
By of Lemma we have

2 98
Povoa oy (I = 0w — 1= e 2 -5 ) 2 5 ™
By Lemmas and we have that

7(2)/det(®(2)) 2 2 3
P.. -1 — "X -0 — 1|0 — o) xI{ze K} > —
N(9,2-1(9)) (W(e) det((0)) exp (”Z ||q>(e) | Z||q>( )) {= } 10

7(z) 1 det(®(z)) _ 48
N {exp (I12 = 030) — 110 = 213.)) = 0.96} N {z € K})
(z) _1° det(@(z)) _ 48)°
=3} | G > 5

1 I z~N(0,2-1(0)) ( { (9
|| 0”2@ ||0 ||2<I> >— 2 ) { }C

U
2 1¢ det(@(2)) _ 48)°
>1-=P. n@a-10) <{7r29; > 2} ) —P.on@,0-1(0)) ({m > 50} )

2 (&
~Parxioaioy (12~ 0~ 16—l <~ ) ~ Pomioaioy (5 € K39

Lemmas Eq. [q 1 6 2 2 1
- 10 100 100 100

~—

3

~—

—N

3

>

W =

Lemma E.5 Let 0 € int(K). Then
m(z) _ 99 99
P - —l > — | >
2N (6,27(0)) (w(a) = 100)
Proof: Since z ~ N(0,®(0)~!), we have that
2=0+D(0) 7 =0+ (o "H(O) +n "I 3¢
for some & ~ N(0,13).
Since a~YH(0) + =14 = n~'1;, and H(#) and I, are both positive definite, we have that
nla = (o H(0) + 0~ 1a) " (8)
Thus,
I2=0ll2 = (@™ H®) + 0" 1a) 3¢

— €T (e H(O) + L)

VG
= Vnll¢ll2- 9)
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Now, since §& ~ N(0,1;), by the Hanson-wright concentration inequality for the x-
distribution [22] [40], we have that

t2—
P(|élla>1) <e 5 Wt>2d. (10)
Thus, Equations (9)) and together imply that
1
(||Z—9H2>\f\/ﬂ) -5 m. (11)

Now, in the setting where f is L-Lipschitz, we have

m(2) _ ~(r)=F0) > o~ Ll==0lz.

Therefore,

A
Ky
Vv
‘@
RS
N———
\Y2

p 99
—L||z—0
ZNN(9,<I>71(9)) (7.[.(9) — 100 PZNN(67<I>71(9)) ( ” H2 > >

— 100
log(5y’)
P.no,2-1(0) (||Z — 0|2 < ng)
99
> 22
- 100

where the last inequality holds by Inequality (1)), since n < 157z .

Moreover, in the setting where f is differentiable and §-Lipschitz, we have that, since z — 6
is a multivariate Gaussian random variable,

P((z - 0)"Vf(0) <0)
If (z — )"V f() <0, we have that

f(z) =) < (z=0)TVF(O)+ Bllz— 0I5
< Bllz—0]3.
Therefore,
s 99
P.n(o,0-1(0)) (ﬂg;g > 10)
> P, n,a-10) :EZ? > 19090} N{(z=0)TVf(0) < }>

99 1
> x =,
— 100 2

where the last Inequality holds by Inequality (11| . since n < and since the Gaussian

1O4dﬁ
distribution is symmetric about the d — 1-dimensional hyperplane (z —6) TV £(8) =0

Lemma E.6 For any 0,z € Int(K) such that ||6 — z||¢ @) < we have that

1
4a1/27
_ _ 1
IN (6, @71(0)) = N(2, 271 (2)) 1y < 3da| = 2[5 + 510 — 23
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The proof of Lemma is an adaptation of the proof Lemma 3 in [41] to our Markov
chain’s “soft” barrier function, and follows roughly along the lines of that proof.

Proof: Since [|0 — z||o(p) < 4a1/2, by Lemma we have that
(1= o210 = 2l|a6)*®(2) = (0) = (1 + (|0 — 2]l o)) *®(2). (12)
From Inequality we have that
(1= a2(10 = z]la) e < D(2) 2 @O)D(2) "7 < (1+ ][0 — 2] 0(9))* a:
Thus, denoting by A\;(M) the ith-largest eigenvalue of any matrix M € R? x R?, we have
by Inequality that
(1= a0 = z]lo(9)* < Ai(D(2) 2 0(0)0(2)72) < (1+ a0 = 2]lap)® Vi€ d]. (13)

Now the KL-divergence between any to multivariate Gaussian distributions with any means
p1, 2 € R? and any covariance matrices X1, Y, € RY satisfies (see e.g. Section 9 of [10] or
Fact 5 in [41])

DKL (N(/“Ll’ E)a N(:U'Qa E))
= % <Tr(21_122) —d+log (iitt((zzlz)) + (1 = p2) "2 — m)) - (149

Therefore we have that

Pinsker’s Inequality

IN(0,271(0)) = N(z,@7 1 (2) | Fv < 2Dkr, (N(6,971(6)), N(z,@71(2)))
D 2 (e (9) - 4 os (g0 ) + 0~ ¢<e><e—z>)
:;<ﬂ@ra@¢wﬂrl(» d +log ( ilé ) mw—zﬁ

1 1 1 1 2
:5 AA@ NQQMN@Z(»—fd+§l (mﬂé_a@¢wﬂyéu»)+gﬂ9—zh@

_%z — 0, L 1 —z|]?
20004 2)) =1 1ok (1) )+ 510~

_1 1 1
2(0)05(2) + - —2) + 5l sl

1 1 )
72 ) max ) t+¥—2 +§||9—z||¢,(9)
te[(1-a'2)10—2ll0(0))?, (1+a210—2llacs) )’

d
1 1 1
S max 4024 —— o)+ Loz
2 4 <t€[—a1/2|9—z|¢(9), Otl/zHQ—ZH@(S)] (1 +t)2 > 2 @(0)

i=1
1< 1
< - max 6t ‘1‘*”9_2”%0
2 ; <t€[ a'/210—z|| (0, 01/2H9—ZH<1>(9)] ) 2 @

convex1ty 1 1
<Z6a|9 2l 30 ) + 510 = 2lla )

= 3dal|0 — 23 + §||9 — 2ll30);

where the first inequality is Pinsker’s inequality, the second inequality holds because
log(1) < + —1 for all t>0, the fourth inequality holds because (1 + ) + (1-&02 -2 < 6t?

for all t € [—1, 1], and the fifth inequality holds since ¢? is convex for ¢ € R.
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For every j € N, let m; = m + |an~!j2]d. Consider the matrices 47 = [AT Iy,...,I4]"

where A is concatenated with 7 _1 copies of the identity matrix I;. And consider the

mJI

vectors b = (b7, Jj1t, ... 7le) Where b is concatenated with copies of the vector j1,

where 1 = (1,...,1)T € R? is the all-ones vector. Then K = {9 € R?: 470 < b}, and the
Hessian of the corresponding log-barrier functions is

H( ):i af(aZ)T
ST S (@Te -

Lemma E.7 For all w € int(K) we have that

lim H;(w) = a®(w), (15)
j—o0
uniformly in w, and that
lim (H;(w))™" = o™ (®(w)) ™, (16)

j—o0

uniformly in w. Moreover, for any 0 € int(K), any z € %Dg and any sequence {Zj};‘)i1 -

%Dg such that lim;_,o z; = z uniformly in z, we have that

lim H,(z) = a®(2) (7)

uniformly in z, and that

L det(H(z)) _ det(@(2))

S Gt (H, (0)) — det(3(0))” (18)

uniformly in z.

Proof:

m d T

—1.2
:1aw_b Loy JJZ

H(w) + [y~ ﬁz e (19)

(ef w— j)?

<.

Now, since w € K C B(0, R), we have that

(R=3)? < (efw—j)? < (=R—j)% (20)
Thus,
o lan7h? et 4
7 S d =7 JJ_
Jlggo (efw—74)2 ~ Jli>nolo (R—1j)? “r 1)
and I 152] I 152]
: an”j . lanTy —1
lim ——>=— > lim ———>—= = ) 22
P o e ER A oy ) e @2)
Thus, , and together imply that
—1,2
lim H;(w) JrZel X limta_rnijJ

Joe 355 (o] w — )

w) + Z ee; xamt
i=1

= H(w)+an 'l
= a®(w), (23)
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where Inequalities and imply that the convergence to the limit is uniform in w.
This proves Equation .

Moreover, since {zx}32, C %D@, and Dy C K, we also have that

1
laj zj — bi| > §|%T9— bil. (24)
Therefore,
Lan~"5?]
fim Hy(z) = Hz +Z€Z XM e e
- Lan‘lfJ
- el % lim ol
X T 0p zj—b s el i 9,

.
Il

5'43

-1
(a zj—b —l—Zez X am

5+ Zez X om_1

i=1

Eq._ Z

=H(z)+an 'y

= ad(z),
where the convergence of the limit in the fourth equality holds uniformly in z by and
the fact that lim;_, . z; = 2. Thus, we have that

lim H,(z)) = a®(:) (25)

ClZ—

uniformly in z. This proves Equation .

Moreover, since the determinant is a polynomial in the entries of the matrix, Inequality
implies that
lim det(H;(w)) = det(a®(w)), (26)

]*}OO

uniformly in w.

We also have, plugging Inequality into Equation (L9),

T LT P N7, LT
+Zl ( J)QjHJ()jH( )+;1ix(_R_j)2

and, hence, that

T L] P T H o <o L)+ LT T v e re
v {H(w)—i— e Id} <wv Hj(w)v < [H( )+(R])21d} v E]R(.27)
Thus, Inequality implies that
Lan—15?) Lan~15?) ,
H(w) + ﬁfd = Hj(w) 2 H(w) + mfd VjeN. (28)

Thus, Inequality implies that

la~5%) N\ - lan~52] \7' .
(H(w)+(R])21d) < (H;(w)) j(H(w)+(Rj)2 Id) VjeN. (29)

Thus, since H(w) is positive definite, Inequality together with inequalities and
imply that
lim (H;(w)) !

Jj—o0

(H(w) +an~Ig)~"

= a 'o(w)! Yw € Int(K)

R
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uniformly in w. This proves Equation .
Moreover, Inequality implies that

det(Hj(w)) < det (H( )+ LO‘" J >
< <Amax <H( )+ L(OI‘{” - iy )>
< (Amax( max( Cg]_lf ))d

< (max(H(w)) + 3an™1)*
=C vj > 3R7

for some ¢; > 0 which does not depend on j.

Inequality also implies that

st > a0 + &iz_;ﬂ 1)

> (max (Amm(H(w))v Amin (mjd))>)d

> | -an
3
= C2 V] > 3R7

for some co > 0 which does not depend on either j or w.

(31)

Thus, Inequalities (26]), (30), and together imply that for any 6,z € int(K) we have

that

lim min
Jj—o0

(det(Hj(z)) 1) Ea. (0. (D min (hmjﬁOo det(H,(z;)) 1)
det(H,(6))’ lim;_, o det(H;(60))’
Ea. (25).[25) min (det(c@(z)) 1)
det(a®(6))’

where the limit converges uniformly in z. This proves Equation .

Lemma E.8 Let £ ~ N(0,1) and let 0 € int(K). Then with probability at least 1 —

we have that 1
0+aH (0)¢ € 3D

and

[€]l2 < 10V/4d.

100

5

Proof: Let z = 0 + azH 2(A)¢. Then since & ~ N(0,I;), by the Hanson-Wright

concentration inequality [22] [40], we have that

P(Ely>t) <em 50 V> V2d.
And hence, since o™ 7?||z — Ol o) = ||H%(9)H‘%(9)§H2 = ||€]|2, that

t2—
P(|z =6l > o) <e 5 vE> V24

2A
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Hence,
1

) 21
P(||z — 0| g0y > /?10Vd) < 100°

log($)
T00d

1 1
P(ZG 2D9> —P<||29|H(0) < 2> 17@5

Lemma E.9 Consider any 0 € int(K), and € ~ N(0,1,). Let z = 0 + (®(0)) 2. Then

Thus, since a < we have that

et (2(2)
(oo 2 50) =~ 100" 32)
and
P (1=l ~ I Ol < o5 ) = 1o (33)

Proof: Let z; =0+ a%H;%(H)S for all j € N. Since H;(#) = H(6) for all j € N, we have
that z; = 0+a%Hj_%(9)§ € 1Dy whenever O+azH(H) =€ € 1Dy. Let E be the event that
€]l < 10V/d and that {7452, € 1Dy. Thus, by Lemma we have that
99
P(E) > 100°
Moreover, by Equation of Lemma we have that lim;_,. H;l(e) = a 1o71(h),
which implies that

(34)

lim z; = lim 9+a2H (t‘))f

j—o0 j—o0
— 0+ D3 ()¢
=z (35)

uniformly in € (and hence uniformly in z = 6 + ®~2(0)¢) whenever the event E occurs.
Therefore, by Equation of Lemma we have that

o det(H(z))) _ det((2))
jooo det(H;(0)) — det(®(6))’

uniformly in z whenever the event E occurs.

(36)

Since, for each j € N, H; is the Hessian of a log-barrier function for K, by last line in the
proof of Proposition 6 in [41], we have that, for all ¢ € (0, 3] and all v € (0,1],

Pe-nv(0.1s) <logdet<Hj<9 +JHy(0)75) ~ log det(H,(0)) > ngog(b) >1-1,

Setting t = 1005 we have
Peonnay (10BQeH 0+ aF Hy)36)) ~ logdet(F(6)) = 55 ) 1= 1955
since o < Wlog(%),
Thus, 1 1
e (det(Hj(ge:&?Z?gg)zf)) - §3> >1- 5 (37)
27
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Inequalities and together imply that

det(H;(z;)) _ 49 1 . .
) s 22 — 5. ,
Pg,\,N(on) ({ det(Hj(H)) 2% NE| >1 1005 VjeN (38)

Moreover, Equation (36) implies that there exists some number N € N such that
det(Hn(zn)) _ 49 det(®(z)) _ 48
— > b NECS— = > — > NE. 39
{ det(Hn(0)) — 50 = | det(®(6)) — 50 (39)

Hence,
1 . Ea. det(Hy (2 49
=000 = Penou ({(N(<N)) - } “E)
Eq. det(®(z 48
< Peano ) ({( E §§ > 5} N E) . (40)

This proves Inequality .
Moreover, since, for each j € N, H; is the Hessian of a log-barrier function for K, by
Proposition 7 in [41], for all ¢ € (0, 3], all @ > 0 such that Vvad < ilog(%)‘% and all

20
7 € N, we have that
P (125 = Ol o)) — 12 = Ol 2 2t@) 1=t VjeN. (41)

Thus, Equations and imply that

1 98 .
P ({5~ 0~ I~ 000 < o} nB) 2 o view @)
since o < 1557
By Equation of Lemma Equation implies that
T H;(z)) = a®(z), (43)

uniformly in z, whenever the event F occurs. Thus, Equation implies that
Jim 125 = 011, o) — 12 = O, 0) = jli};o(zj —0) T Hj(2) (2 — 0) = (z — 0) " H;(0)(2; — 0)
Ea_{) lim (z — 0)Ta®(2)(z — 0) — (z — 0) " a®(0)(z — )
j—00

:aHz—HHé(z) —a||z—9||§>(9) (44)

uniformly in z (and hence in & = ®2 (6)(z — 6)) whenever event E occurs. Thus, Equation
implies that there exists a number M € N such that

1 2
{1t = 010y = Uone = OB < g B € {alle = 1) = alls = OBy < o }E.

(45)
Thus,

98 Ea. 9 9 1

6= B ({ e = B e~ Nors = B0 < 550 b1

Eq. 2
<P ({als 0l - als = bl < o} ).
This proves Inequality .
| ]
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E.4 Bounding the conductance
Lemma E.10 For any 0,z € int(K) we have that

1Py — PylTv < 30 whenever 0 — 2|l < 1.

Proof: First, we note that,
[Py — P.|lvv < [|[Pg — N (0,27 (8))l|lrv
+[N@,@71(0) = N(z, @71 (2) v + | P = N(2,@71(2)) [rv.  (46)

By Lemma the middle term on the RHS of satisfies

_ _ 1
IN@,®71(9)) = N(2, 81 (2)) v < \/Sdaw—zné(g) +ol0- g @)

Plugging in our choice of hyperparameter o = ﬁ, Inequality simplifies to

ING,371(0) = N, @)y < ) 16— 2llagey (48)
Thus, if we can show that ||[Py — N(6,®~*(6))|rv < 1 for all 6 € int(K), we will have that
[Py — P.||rv < 23 whenever [0 — z||g(s) < 3, as desired.
To bound the other two terms on the RHS of , we observe that
1Po = N (0,27 (0))llrv =1 — Eonio,a-1(00) [a(0 2)], (49)

where

40, 2) = min{1, (2) /det®(2)

z2—0|%, — |10 — 2|2 x1{ze K
) Tnetne P~ e — 1023 x 1 € K3)

is the acceptance ratio.

By Lemma we have that P,y ,0-1(0)) (

9
P, n@,a-10))[q(0,2) > E]

2

9 99
> —O) > 15+ Therefore,

Lemma [E-5]
> —P.n,-1(0) (7r(9) <100 9

CPneoio) (euzfel\é,(e)f\lole\i(z) < O.96> —Paono.o-1 (o)) (2 ¢ K)

w(z) 99 \/det (2)
—P.on@,0-1(0))

R~

>77
— 10

where the term with the exponent is bounded by Inequality of Lemma and the
other two terms are bounded by Lemmas [E.8 and [E.9] Therefore,

9 9 9 4

Py — N(0,271(0 =1-E - 0 1= X652 5
[Py — N(0,27(0))]rv =~N(o,0-1(0)[a(0: 2) 2 151 TR
Plugging Inequalities (48) and (50) into (46)), we obtain that ||[Py — P.|rv < 22 whenever

[0 — zllop) < %, as desired.
|

We recall the following isoperimetric inequality for a log-concave distribution on a convex
body, which uses the cross-ratio distance:

20
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Lemma E.11 (Isoperimetric inequality for cross-ratio distance (Theorem 2.2 of [32]))
Let 7 : R — R be a log-concave density, with support on a convex body K. Then for any
partition of RY into measurable sets Sy, Sz, S3, the induced measure 7 satisfies

TF*(S3) 2 0'(51, 52)71'*(51)7(*(52).

For any 6 € Int(K), define the random variable Zy to be the step taken by the Markov chain

in Algorithmfrom the point 6. That is, set z = 6+ ®(0)~2& where £ ~ N(0,1,). If z € K,
. . o1 . w(z)y/det(P(z)) 2 2

set Zy = z with probability min (71'(0)det(<1>(9)) exp (Hz —Ollgp) — 10— z||¢,(z)) ,1>. Else,

set z = 6.

For any 6, S C R?, define the one-step transition probability of the soft-threshold Dikin
walk Markov chain to be

Pg(S) = ]P(Zg € S)
The next proposition shows that the soft-threshold Dikin walk Markov chain is reversible
and 7 is a stationary distribution of this Markov chain:

Proposition E.12 (Reversibility and stationary distribution) For any S1,S2 C K

we have that
/ m(0)Py(S2)do :/ m(z)P,(S1)dz
0€S, 2€S>
Proof: Let py(z) := we_
(2pi) 2
the N (0, ®(9)~1) distribution.

/065'1 W(Q)PQ(SQ)de N /9651 71-(9) /ZESQ pe(Z) :

~(2) /A @) o Z
min (9)det((9)) exp (HZ Mg o) — 110 ||q>(z)> ,1> dzdo

/9651 /2652 m(0)po(2) mi (m, )dzd9
/265'2 /0651 )p=(0) min C:EQZEZ;J) dodz

- / #(0)Py(S5)do.
6eS,

2(0-2)"®(O)(02) for any 6, 2 € Int(K') be the density of

Define the conductance ¢ of the Markov chain to be
1
o= inf 7/ Py(K\S)m(0)do
w(s)<4 () Js
Lemma E.13 The conductance ¢ satisfies
1

0> .
10% \/2ma—t +n—1R?

Proof: The proof follows the general format for conductance proofs for geometric Markov
chains. Let S; C K and let Sy = K\S;. Without loss of generality, we may assume that
7(S1) < & (since otherwise we could just swap the names “S;” and “S>”). Let

1
1= P, < —
Sl {9 S Sl 9(52) < 70}
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and let
S5 = (K\S7)\S3.
By Proposition [E:I2] we have that

/ m(0)Py(S2)do :/ 7 (0) Py (S1)do. (52)
0eS: 0€S2
Moreover, by Lemma [E.10} for any u,v € Int(K) we have that
I1P, — PyllTv < 2 henever ||u — || 1 (53)
™V = 30 w Vi ‘1’(“) =9
Thus, on the one hand, by Lemma Inequality implies that for any u,v € Int(K),
29 1
P, - P, h < . 54
I Irv < 30 whenever o(u,v) < N TRy (54)
On the other hand, Equations imply that, for any u € S, v € S5 we have that
68
||Pu - PvHTV >1- PU(SQ) (Sl) > % (55)
Thus, Inequalities and together imply that
1
o(S,585) > (56)

2oma g e
Moreover by Lemma [E.11] we have that

T (S5) = o(S1, Sp)m*(S1)7* (). (57)
First, we assume that both 7*(S]) > 27*(S;) and 7*(S55) > $7*(S2). In this case we have

Eq._ 1 1
/Sl Py(Ss)m(8)dg " /S PQ(SQ)W((J)dMQ/SQ Py(S1)7(8)d0

2
E
b 14110 ()
T (st s (S ()
e — (ST ()
> S0 T (S, 7 (%)
1 1

> T*(S52)). 58
= 2024\/Wmm (1), 7(52)) (58)
Now suppose that instead either 7*(S]) < 1m*(S1) or 7*(S5) < m*(S2). If 7*(S}) <
L7*(S1) then we have

Py(So)r(@)do "L [ psyr@an+ L [ py(si)r0)de
S1 2 S1 2 So
1

> - / Py(S)m(6)do
2 Js\sy

Eq¢. 1 3 34
> =X =X =T
2 4 70

> %min(w*(sl), 7*(S2)). (59)

*(51)
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Similarly, if 7*(5%) < $7*(S2) we have

Po(So)r(@)d0 "L [ pisy)r()a0 + % Py(S1)7(6)do

Sl 2 Sl SZ
1
> 1 / (1)m(0)d0
2 S2\S/
Eq.Bll1 3 34
> _ - *
Z XX %)
1
> S5 min(r*(51), 7(S2)). (60)
Therefore, Inequalities , , and together imply that
1 1 1
Py(S2)mw(6)do > — . 61
min(7*(S1), 7*(52)) /51 o(52)m(6)d6 = 10* \/2ma—1 + 5 1R? (61)
for every partition S; U Sy = K Hence, Inequality implies that
1 1
= inf Py(K\S) de > — .
= sk / o(ENS)T(0)40 2 G5 oy R
|

Definition E.3 We say that a distribution v is w-warm for some w > 1 with respect to the
v(z) <w

stationary distribution m if sup,c g ) S

Lemma E.14 (Corollary 1.5 of [31]) Suppose that pg is the initial distribution of a lazy
reversible Markov chain with conductance ¢ > 0 and stationary distribution w, and let u;
be the distribution of this Markov chain after i > 0 steps. Suppose that pg is w-warm with
respect to w for some w > 1. Then for all i > 0 we have

2
HMWHV<JO¢>

Lemma E.15 Let § > 0. Suppose that f : K — R is either L-Lipschitz (or has 3-Lipschitz
gradient). Suppose that 0y ~ po where po is a w-warm distribution with respect to ™
e~1 with support on K Let p denote the distribution of the output of Algorithm I with
hyperparameters o < 1O5d andn < 104dL2 (orn < 1O4d,8) if it is run for T iterations. Then
if T > 10° (2ma~! + n7'R?) x log(%) we have that

[ —mllov < 6.

Proof: By LemmalE.13we have that the conductance ¢ of the Markov chain in Algorithm
[ satisfies ) )

>
= 10* \/2ma—1 +n~TR?’

T=10° (2ma™" + 77" R?) x log(5) > 267 x log(5).

and hence that

Thus, by Lemma we have that

2 T
mw—wTv<¢wQ—¢)

Proof: [of Theorem
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Total variation bound. Recall that we have set the step size parameters a = ﬁ and
either n = 104dL2 (if f is L-Lipschitz) or n = 10id,6 (if f is B-smooth). Thus, after running

Algorithm [1| for T = 10? (2ma~" + n~'R?) x log(%) iterations, by Lemma we have
that the distribution p of the output of Algorlthm |f] satisfies

| —7llryv < 6. (62)

Bounding the number of operations. Moreover, by Lemma we have that each
iteration of Algorithm 1| I can be implemented in O(md“ b arithmetic operations plus O(1)
calls to the oracle for the value of f. Thus, the number of iterations 7" taken by Algorithm
is O((md+dL*R?) x log(%)) iterations in the setting where f is L-Lipschitz and O((md +
dBR?) x log(%)) iterations in the setting where f is S-smooth, where each iteration takes
one function evaluation and md®“~! arithmetic operations.

F Extension to general barrier functions?

From any point 6, our algorithm proposes a step with Gaussian distribution
N(8,%(V?g(6))~1), where g is the following barrier function

9(8) = p(6) + 71676, (63)
where () is a barrier function for the polytope K, and the parameter 7~ = Q( L2) in the
setting where f is guaranteed to be L-Lipschitz and /! = Q(%) in the setting where f is
guaranteed to be S-smooth. Thus, most of the probability mass of the Gaussian distribution
concentrates in the Dikin ellipsoid Dy = 6 + {w : w'(V2g(8))~'w < 1} for the barrier
function g. For simplicity, in our main result, we assume that ¢(6) := — 377" log(b; —a;0)

(which has self-concordance parameter m), however, we can in principle choose any barrier
function ¢ for the polytope K, such as the entropic barrier [4] or the Lee-Sidford Barrier
[29] which have self-concordance parameter roughly v = d.

To arrive at our barrier function from a more axiomatic approach, we first consider the
definition of v-self concordant barrier function:

Definition F.1 (v-self-concordant barrier function for K) We say that g is a v-self-
concordant barrier function if g : Int(K) — R and g satisfies the following conditions:

1. Convex and differentiable barrier: g is convex and third-order differentiable,
and g(x) = +00 as x — OK.

2. Self-concordance: V3g(z)[h,h,h] < 2(V2g(z)[h,h])*/? for all h € R (this en-
sures that the Hessian of the barrier function does not change too much each time
the Dikin walk takes a step from x to z, that is, %Vgg(z) < V?g(r) 2 2V3g(2))

3. g is v-self concordant: h"Vg(z) < \/vhTV2g(z)h for every x € Int(K), h € R?

The fact that our barrier function satisfies parts (1) and (2) of Definition follows
from the fact that ¢ satisfies Definition and that V3(070) = 0. We discuss the self-
concordance parameter v for which our barrier function satisfies below.

To ensure that the steps z ~ N(6, (1V2g(6))~!) proposed by our Dikin walk Markov chain

arising from the barrier function g has an Q(1) acceptance ratio e/ (*)=f() we require that
the function g satisfies the following property. This property says that at least 1 of the

volume of the Dikin ellipsoid Dy is contained in the sublevel set {z € K : f(0) < f ( )+ 2}
where the value of f does not increase by more than 2.

Property F.1 Dikin ellipsoid mostly contained in sublevel set: At every 6 € Int(K),
the Dikin Ellipsoid, satisfies

Vol (Do {z € K : () < f(0) +2}) > iVol(ﬁg).

22
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When designing a barrier function g, there is a trade-off between choosing g such that
the self-concordance parameter v is small, while at the same time ensuring that Property
holds. Roughly, to make the parameter v as small as possible, we would like the
Dikin ellipsoid to be large relative to the Hilbert-distance metric for the convex body K
(This is because, by Proposition 2.3.2(iii) of [39], any v-self concordant function g satisfies
(WTV2g(z)h)~2 < |h|, < (143v)(hT V2g(z)h)~ 2, for any h € R? where |h|, := sup{a > 0 :
xtah € {z € K}). On the other hand, if we make the Dikin ellipsoid too large (with respect
to the sublevel set {z € K : f(2) < f(z) + 2}) then Property [F.1] will not be satisfied, and
the steps proposed by the Dikin walk will have a very low acceptance probability. Setting
the hyperparameter 7 = % when f is L-Lipschitz or 7} = % when f is [ smooth ensures

that our barrier function in satisfies Property

In the special case where f is the log-density of the uniform distribution (f = 0), or when
f is any linear function, we have that f is S-smooth for g8 = 0. Thus, our barrier function
we use to encode the geometry of f on K is the same as the barrier function ¢ for the
polytope K. This is because, since the level sets of linear functions f are half-planes, any
ellipsoid centered at 6 has at least half of its volume in the sublevel set {z € K : f(z) <

fO)} C{ze K: f(z) < f(9) + 2}, satislying Property

The following lemma shows that our barrier function in is v-self concordant with v =
O(V' +1HR?), where v/ is the self-concordance parameters of ¢ (which is v/ = m if we choose
¢ to be log-barrier function). Thus, our barrier function in is v =0 + L?R?) self-
concordant in the setting where f is L-Lipschitz, and v = O(v" + BR?) in the setting where
f is p-smooth:

Lemma F.2 Suppose that ¢(x) is a v'-self concordant barrier function for a convex body
K C R where B(0,r) C K C B(0,R) for some R >r > 0. Let g(z) = ¢(z) + Sz "z for
some a > 0. Then g is v-self concordant for v = 41" + 4aR?.

The proof of Lemma is given in Appendix The polynomial dependence of v on
LR or BR? is a necessary feature of any objective function satisfying Definition and
Property In appendix we give explicit examples of classes of objective functions
f and polytopes K for which the minimum value of v depends polynomially on LR (and
classes of smooth functions f where v depends polynomially on /BR.

An open problem is whether one can design versions of the Dikin walk which sample from
log-concave distributions with a runtime that depends only on the dimension d, and is
independent of L, R or § and which are invariant to affine transformations. The difficulty
in achieving this lies in the fact that (e.g., in the setting where f is L-Lipschitz), on the one
hand, the level sets of f where most of the probability mass of « e~/ concentrates may have
a diameter roughly RL times smaller than the diameter R of K. Thus, to have an (1)
acceptance probability the Dikin walk may need to take steps that are roughly RL times
smaller than the diameter of K. On the other hand, the isoperimetric inequality currently
used to bound the mixing time of the Dikin walk uses a metric— the cross-ratio distance
for K—which, roughly speaking, defines distances between steps by how quickly these steps
approach the boundary of K. Thus, measured in the cross-ratio distance, the steps proposed
by the Dikin walk are of size roughly proportional to ﬁ, and mixing time bounds obtained
with this isoperimetric inequality thus depend polynomially on RL. To obtain mixing time
bounds independent of the R, L, one may need to show a new isoperimetric inequality
which is based on a different metric that encodes the geometry of all of the level sets of
f-rather than just the geometry of its support K.

F.1 Proof of Lemma [F.2]
Proof: [Proof of Lemma For any z € int(K), we have
Vyg(x) = V(x) + ax
Thus, for any h € R?,
h'Vg(x) = h'V(z) +ah’z < hTVe(x) + a|b||lz] < h'Ve(x) + aR|h| (64)

U
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Thus,

Eq- (hTVQb(l') + aR|h|)? (65)

( Vo(x))® + 4(aR|h])?
(h"Vé(x))? + 40’ R2h T I;h
(R"V¢(x))? + 4aR*h" (aly)h

(h"Vg(x))®
<14

4
4
4W'hV2p(x)h + 4aR*h" (aly)h

(4 + 4aR*) (W V?¢(x)h + h' (aly)h)
= (4 +4aR?) (L (V?¢(x) + aly)h)

= (4 +4aR?)(hT (V3g(x))h)

IA A

where the third inequality holds since ¢ is v’ self-concordant. Thus, plugging in v = 41/ +
4aR? to , we get that

BT Vg(x) < \/v(hT (V2g())h).

F.2 Lower bounds for self-concordance parameter

Lower bounds on v for worst-case L-Lipschitz f. Consider the L-Lipschitz function
f(8) = L||f||2 constrained to the convex body K = 2\[[ 1,1]% which is contained in
a ball of radius R. In this case, any barrier function g which satisfies Property [F.]
has Dikin Ellipsoid Dy which is contained in the ball B(O,%). Thus, we have that
v > Q(RL). (This is because, by Proposition 2.3.2(iii) of [39], any v-self concordant
function g satisfies (hTV2g(0)h)~2 < |hlg < (14 3v)(hT V2g(A)h)~ 2, for any h € R® where
|hlo :=sup{a>0:0+ ah € {z € K}. Thus, at # = 0 and choosing h = (1,--- ,1) we have

Ihle s Tt > — 1t ) >
s = Rt and (h"V?g(0)h)~2 < O(%). Thus, v > Q ((hng(e)h) 2) LR).

Since there exists a convex body K for which any self-concordant barrier function satisfy-
ing Definition has self-concordance parameter at least v > d, for any L, R > 0 there
exists a function f and convex body K C B(0, R) such that the self-concordance param-
eter of every barrier function satisfying both Definition and Property is at least
v > Q(max(d, LR)).

Lower bounds on v for worst-case -smooth f. Consider the g-smooth functign
f(0) = 18676 constrained to the convex body K = Rf[ ,1]%. At 6 = 0, any ellipsoid Dy

B(0,1). Thus, we have that v > £ /B =

Q_

satisfying Property is contained in the ball == , > =5
% V5
Q(v/BR) (This is because at § = 0 we have \Z‘ng = Rand (hTV2g(0)h)"2 < O(ﬁ) and
] " In| 1
thus, by Proposition 2.3.2(iii) of [39], we have v > Q ((hng(Z)h)% > +/BR). Thus, for

any 3, R > 0 there exists a function f and convex body K C B(0, R) such that the self-
concordance parameter of every barrier function satisfying both Definition [F.1]and Property

is at least v > max(d, Q(SR)).
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