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Abstract

The diffusion model has shown remarkable success in computer vision, but it re-
mains unclear whether the ODE-based probability flow or the SDE-based diffusion
model is more superior and under what circumstances. Comparing the two is
challenging due to dependencies on data distributions, score training, and other
numerical issues. In this paper, we study the problem mathematically for two
limiting scenarios: the zero diffusion (ODE) case and the large diffusion case. We
first introduce a pulse-shape error to perturb the score function and analyze error ac-
cumulation of sampling quality, followed by a thorough analysis for generalization
to arbitrary error. Our findings indicate that when the perturbation occurs at the
end of the generative process, the ODE model outperforms the SDE model with a
large diffusion coefficient. However, when the perturbation occurs earlier, the SDE
model outperforms the ODE model, and we demonstrate that the error of sample
generation due to such a pulse-shape perturbation is exponentially suppressed
as the diffusion term’s magnitude increases to infinity. Numerical validation of
this phenomenon is provided using Gaussian, Gaussian mixture, and Swiss roll
distribution, as well as realistic datasets like MNIST and CIFAR-10.

1 Introduction

Diffusion models have achieved remarkable success in various artificial intelligence context generation
tasks, particularly in computer vision [13]. This technique is rapidly evolving with industrial-level
products like DALL-E series. The diffusion model was first proposed and studied by Sohl-Dickstein
etal. [26] in 2015. Later, Song and Ermon [29] proposed score matching with Langevin dynamics
(SMLD) and Ho et al. [16] further explored the Denoising Diffusion Probabilistic Models (DDPM).
Both formalisms can be interpreted as time-discretization of stochastic differential equations (SDEs)
[30]. Since the publication of these seminal works, many techniques have been proposed to improve
the efficiency and accuracy of diffusion models, such as DDIM [28], Analytic-DPM [4], gDDIM
[36], EDM [19], and consistency model [31], among others.

The score-based diffusion model involves two steps [30, 17]. Firstly, one estimates the score function,
which is the gradient of the logarithm of the probability density function, in the form of a neural
network. This step uses trajectories of an Ornstein-Uhlenbeck (OU) process starting with given data
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samples. This process of injecting noise into structured data is usually referred to as the inference
process. Secondly, new samples are generated by simulating a time-reversed SDE, with a drift term
depending on the learned score function from the first step. This is known as the generative process.

In general, there are two diffusion coefficients g in the inference process and h in the generative
process; see § 2. Regardless of the choice of h and g, it is always possible to design an SDE in the
generative process that matches the forward inference process in the weak sense, i.e., the probability
density functions match for both processes. We highlight that this function A (unlike g) does not only
appear in the diffusion term, but also enters the drift term in the generative SDE. The choice of g is
equivalent to time re-scaling (see Appx. B.2), while the choice of h is an important topic in practice.
Two common choices of h are Probability Flow h = 0 [9, 32], which refers to as an ODE, and an
SDE-based diffusion model with h = g [16, 29, 30]. When the score training is accurate, the choice
of this function h does not affect the sample generation quality in the continuous-time setting.

In practice, numerical error is inevitable during training the score function. Recent theoretical works
[10, 7] have shown that the sample generation quality are affected by three aspects: (1) the truncation
of simulation time to a finite 7"; (2) the inexact score function; (3) the time-discretization error. The
first error is not significantly since the forward OU process converges to the equilibrium Gaussian
measure exponentially fast in 7. The third error can be reduced systematically by more efficient
numerical schemes [21], such as exponential integrator proposed in [35, 36]. The inexact training
of score function has a few important but subtle consequences. Recent works [10, 7] analyzed
the convergence rate of diffusion models, provided that the score training error is sufficient small.
However, once the score training is not accurate, the nice equivalence of the generated distribution
free of the generative diffusion coefficient & no longer holds as in the idealized situation of exact
score function. This raises a key question of our interest about how the choice of h can affect the
sample quality in the face of the inexact score training error. Qualitatively, there are two distinctive
cases: h = 0 or h is large. An important question to ask is: in the presence of non-negligible score
training errors, which h will produce better sampling quality? Is it the probability flow (h = 0)
or the SDE? More quantitatively, what magnitude of / is optimal?

Related works The impact of h on the generative process seems not yet fully investigated in
recent literature, as most experiments used the default choice of this parameter. However, some
authors have reported related empirical observations. For example, Song et al. [30] empirically
observed that the choice of h = g produces better sample generation quality than the ODE case
(h = 0) with real datasets. On the other hand, Denoising Diffusion Implicit Models (DDIM) in
[28] includes both deterministic and stochastic samplers and points out that the probability flow
(h = 0) can produce better samples with improved numerical schemes for the generative process. [36]
generalized the DDIM and tried to explain the advantages of a deterministic sampling scheme over the
stochastic one for fast sampling. Moreover, Karras et. al., [19] had empirically searched for optimal
coefficients which had shown to bring practical advantages. None of these empirical results delivered
comprehensive investigations on the influence of the diffusion coefficient, and a consistent and
affirmative answer to our question still awaits. Recently, there has been rapid progress in theoretical
works on error analysis for diffusion models, as seen in [10, 7] and references therein. However,
these analyses usually assume specific settings of h, such as h = g. Furthermore, it seems that
directly analyzing upper bounds based on these error estimations cannot provide adequate information
about choosing the optimal h; see Appx. B.4. Albergo et al. proposed a unified framework known
as stochastic interpolants and slightly discussed the optimal choice between the probability flow
and diffusion models [1, Sec. 2.4]. It is interesting to see how our theoretical analysis below can
generalize to their promising unified settings [1].

Our approach To investigate the effect of the diffusion coefficient & on sampling quality, we adopt
the continuous-time framework, which precludes time discretization errors. We measure sample
quality by the KL divergence between the data distribution p and the distribution of the generative
SDE at the terminal time 7". Given the assumption that the score function carries numerical errors,
we consider h as a controller and aim to minimize the KL divergence with respect to h. While
the optimization problem is straightforward to set up, it is challenging to draw valuable theoretical
insights in a general setting of approximate score functions. Therefore, we choose the asymptotic
approach, assuming that the error from the training score is reasonably small with a magnitude of e.
Under this assumption, the leading-order term of the KL divergence takes the form

error of sample generation in KL divergence = L(h) €* + 0(63).
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This €2 order is known in [7, 10], but the dependence of this Gateaux differential L(h) on h and other
factors has yet to be understood at all. Our contribution is to analyze how L(h) behaves as h varies;
in particular, by considering the constant A in two limiting situations: h = 0 and h > 1.

Main Contributions We summarize main contributions below:

* We prove that when the error in score function approximation is a time-localized function only
at the beginning of the inference step (i.e., at the end of the generative process), the ODE case
(h = 0) outperforms the SDE case (h — 00); see Prop. 3.5. If this (time-localized) error occurs in
the middle, then the SDE case has an exponentially smaller error than the ODE case (h = 0), as
h — oo (see Prop. 3.4). See Appx. E.4 for reasons behind the time-localized choice.

* For a general score training error, we prove that as h — oo, the leading-order term L(h) above
converges exponentially fast to a constant, which only depends on the distribution py and the score
training error at the end of the generative process; see Prop. 3.6. The conclusion about the optimal
h depends on how the score training error is distributed over the time horizon [0, 7.

Numerically, we validate the above phenomenon for 1D Gaussian, 2D Gaussian mixture, and Swiss
roll distribution, as well as realistic datasets like MNIST and CIFAR-10. Due to the tight connection
between the distribution of score training error and £, our results may suggest backwardly modifying
loss functions during training to adapt to a particular diffusion coefficient of interest. This is a topic
of independent interest and we report some preliminary experiments in Appx. I to validate potential
applications of our theoretical analysis. A comprehensive investigation will be left as future works.

Notation convention The time duration 7" > 0 is a fixed parameter. For any time-dependent
function (¢,7) + fi(z), where z € R? and t € [0, T], we denote f;~(z) = fr—_¢(x). Sometimes
we directly use the “arrowed” variables f; (x) to highlight the direction of time is from reference
noise to the data distribution (i.e., the generative direction) even without referring to f first. The
notation f < g means that f < cg where ¢ — 1 in a certain limit, i.e., limsup /g < 1; f ~ ¢g means
lim(f/g) = 1. The asymptotic parameter will be explained below explicitly. When two matrices
A =< B, it means B — A is positive semidefinite. I 4 is the d-dimensional identity matrix; 14 means
an indicator function of a set A; Id is the identity operator. For a random variable X, law (X ) means
the distribution of X. Some important quantities are summarized in Appx. A.

2 Background

Score-based generative models Suppose we have a collection of data from an unknown distribution
with density pg, we can inject noise into data via the following SDEs:

dX; = fi(Xy) dt + g, AW, law(Xo) = po, (D

where the drift coefficient f.)(-) : R? x R — R? is a time-dependent vector field, and the diffusion
coefficient gy : R — R is a scalar-valued function (for simplicity). A widely used example is
variance-preserving SDE (VP-SDE) with f;(z) = —1/2 g? ¥ and g > 0 is typically chosen as a
non-decreasing function in literature [30]. Without loss of generality, we can assume g; = 1 since for
any non-zero g, its effect is simply to re-scale the time; see Appx. B.2.

Denote the probability density of X; as p; and the score function is defined as V log p;. One main
innovation in diffusion models is to find a “backward” SDE Y; such that Y; drives the state with
distribution p back to py. We adopt the arrow of time in this backward direction now and write Y; as

AY, = A7 (V) dt + hi dW,,  law(Yy) = pr, )

where h;~ is an arbitrary real-valued function of time. The distribution of Y; is denoted as ¢;. Provided
that the score function is available, we can select A< such that ¢, is the same as pp_, in particular,
qr = po. Itis not hard to derive that we can ensure ¢; = pr_, if we choose

g<— 2 + he 2
A (@) = £ (@) + GO g 10 ) ®
A self-contained proof is provided in Appx. B.1. When h*" = ¢, it refers to the backward SDE

used in [30]; when A~ = 0, it refers to the probability flow therein. More general interpolation of
diffusion and flow can be found in, e.g., [1].
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Training of score functions The above score function (¢, z) — V logp;~ (x) needs to be trained
from data. Denoising score matching [33] refers to the following score-matching loss (SML) function
to train the score whose parameterized architecture is denoted as &:

T
mei)n/ wi B Xy mpo B, mpy 0 (-1 X0) [HGt(Xt) - VIngﬂO(Xt‘XO)HQ}dta 4)
0

where pyo(2¢|20) is the transition probability of the state x¢ at time 0 towards the state x; at time ¢
for the forward process (1). The function w; > 0 is a weight function. The default choice in many

literature is that g; = /B0 + (81 — Bo)t, 0 < By < B are parameters, and one chooses the weight
function as follows:

Default weight: wy = @, wy = \/ 1 — e~ 2t*(Bi—Bo)—tho, 3)

The quantity w; has the meaning as the standard deviation of X; conditioned on a fixed X in the
forward process. See § 3.7 and Appx. I for more weight functions.

Source of errors There is usually intrinsic error due to an inexact score function. It is not negligible
in many scenarios, e.g., there is only a finite amount of samples of py available or only a small neural
network architecture is achievable. However, it is reasonable to assume that this non-negligible error
is reasonably small, and we decompose the trained score function &;~ into

&} (x) = Vlogp; (z) + €&/ (), (©6)

where € is small, & is assumed to be O(1) and the total error is €4,. The generative process
used in practice has to use law(Yy) = A (0, 1) instead since pr is intractable in (2). By choosing T
large enough so that pr ~ A (0, I;), we can neglect this error due to the finite 7". Besides, we also
need some numerical schemes to simulate this generative SDE, which also leads into discretization
errors. In summary, there are three sources of errors (1) pr # N (0, I): this is the source of
errors in the initial distribution of the generative process; (2) & # 0: error from imperfect score
function from training; (3) numerical discretization of the generative process. The third error can be
systemically eliminated by choosing a high-order scheme [21] or an extremely small time step. It has
been observed that by choosing a more accurate numerical scheme, e.g., exponential integrator, one
can reduce the computational costs [35, 36]. As for the first error, if one chooses the OU process for
(1), pr converges to (0, I;) exponentially fast and thus 7' = O(In(§)) where § is the error between
po and the distribution of generated samples. Therefore, the choice of T’ is, in practice, not hard to
manage. More details about these three error sources can be found in, e.g., [7, 10] or Appx. B.3.

Score Error w.r.t. Time t Sampling Error w.r.t. Diffusion Coefficient h
Given a fixed score error (black),

we study the effect from

blue and green regions by Prop. 3.4

separately DUD0DENDEEEREE)

by Prop. 3.5 or Prop. 3.6

error is
"additive"
from different
regions
0 ho2 T ho P
t h

Figure 1: Schematic illustration of the main message: the distribution of the score error &, w.r.t.
time also matters, in addition to the score-matching loss (4). Asymptotically, the score error can be
viewed as “additive” and the error from two time regions (blue and green) might decay or magnify as
the magnitude of diffusion coefficient h* increases (see the right picture). The yellow region is a
transitional region whether the effect of h is not easy to decide.

3 Asymptotic analysis of terminal errors

We use the KL divergence between the data distribution pg and the distribution of generated samples
to quantify the performance of generative model, which depends on the error of score function e&*,

il
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the diffusion coefficient h*, and data distribution pg. To extract the main feature, we first let e — 0
and estimate

sample generation error in KL divergence = L(h*, &, po)e” + O(€?).

Whenever pg and &< are obvious from the context, we simply write L(h*) = L(h*, &%, po).
Next, we formulate the main problem setup and assumptions in § 3.1. The expression of L is shown
in Prop. 3.2. Then we let h;~ = h be independent of time, and study how the leading order function L
depends on h in various settings of the error function & . Firstly, we consider & (x) = ;s F(x)
as a time-localized function and two limiting scenarios: A~ = h where h = 0 (ODE case) and
h — oo (SDE case with large diffusion). When & (z) = 6;—F(z) is a time-localized function at
the end of the generative process (i.e., s is close to 7T"), the ODE case will outperform the SDE case
(see Prop. 3.5); otherwise, the SDE case has an exponentially smaller error than the ODE case as
h — oo (see Prop. 3.4). Secondly, by combing Prop. 3.4 and Prop. 3.5, the tail behavior of h — L(h)
for a general & is described in Prop. 3.6. The reasons behind considering this pulse-shape &, will
be discussed in Appx. E.4.

3.1 Set-up and assumptions

We fix the time T and consider the following SDE for the generative process in ¢ € [0, T,
. . )2 hi 2 . .
at, = (— s @) + WU e (3 ar on ami, law(T) =pr, )

which can be regarded as a perturbed equation (2) of Y;. Denote the distribution of Y, as qG:- Note that
gr depends on both h*~ and €& (hidden inside &; = Vlogp; + €6 ); however, when e = 0,
by (3), ¢ = qr = po for any h*". We quantify the sample generation quality via

KL(pll3r) = [ polos(ou /).

Due to the presence of €6~ with non-zero e, in general KL (po||gr) > 0.
Assumption 3.1. Throughout this section, we assume that:

(1) For the forward process, we assume fi(x) = —%x, g+ = 1 without loss of generality.
(2) The data distribution has the density pg.
(3) There exists cyy € R such that Uy(x) — |21?/2 > ¢y, for any x € RY, where Uy := — log po.

Recall that a generic g; is equivalent to the time re-scaling (Appx. B.2). So this choice of g; = 1
refers to the generic choice in VP-SDE [30]. The second assumption is also mild; in practice,
if pg is a delta distribution, a common practice is that one tries to learn the mollified version
Po() = [pa m exp (— (@=9)°/20%)po(y)dy instead, as in the GAN [27] and early-stop

techniques [7, 10]. The third assumption is not restrict, for example, Uy (x) = ac|2 and cpy = 0. As
many realistic datasets are almost compactly supported, we expect that pg = e~ ~° decays faster than

a Gaussian, namely, po(z) < C~'e"$|2/ 2 for some C' > 0, which reduces to the third one.

3.2 Asymptotic expansion of the KL divergence with respect to ¢

We introduce a time-dependent operator
1 14+h? hi?
(@) = =V ((G7+ —5—Vlogpi (@)u()) + ~5-Au(@), @
)

which is the generator in the Fokker-Planck equation of ¢; for (2). Define an operator <1>§’ff as

EEh

follows: given any function u, define @i{bj) (1) to be the solution at time ¢ of the following Fokker-

Planck equation with r € [s,t]: 0,0, = ,/v'7(~h<_)(9r)7 and with initial condition 6, = u. We define
@ilft )(u) := 0;. Properties of this operator are collected in Appx. C.1.

We use the notation ¢ to refer to ¢ since we need to calculate the its derivative for the small parameter
€. The dependence of g on h*™ is suppressed for short notations. We have the following asymptotic
result with the proof given in Appx. C.3.

q
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Proposition 3.2. Define vy := 0.4 |.=o as the first-order perturbation of ¢5.. We have
KL(poll@7) = L(h")e* + O(€’), ©)

where

A _1/ U%(Jf) __l/T —2\q (R 7) (e o
L) =5 | o & vor=—g [ +h )y (V- &) dt. (10)

3.3 The role of " in the Fokker-Planck operator £§"“)

Let the potential U, := — log p¢, and by the notation of time-reversal, U~ = Up_;. When h*™ > 0,
we can rewrite
2
20 = (pt V(W) V@) = (U @) - o
t
‘We now introduce a probability distribution induced by the potential V;:
pi x exp(—V,7). (12)

By convection, we also have V; = Vi~ , and p; = p%_,. Note that V= depends on 1~ and when
h* — oo, we have V,""°° = U;". The role of h*" in Egh ) now can be viewed as the time

re-scaling and the effect of LE’M at a local time ¢ can be viewed as evolving the Fokker-Planck
equation associated with the overdamped Langevin dynamics in the time-dependent potential V<~
for O(hf 2/2) amount of time. When b — oo, ﬁih ) can be roughly viewed as constructing
an “almost quasi-static” thermodynamics [6] bridging the initial py and the (quasi-)equilibrium
po = e Ut : for any distribution p;~ (probably far away from p; ), within a short time period At
slightly larger than 0(1 Jhi 2), we have pj A, & piy a4 Provided that s — g~ evolves according

to Eghk); see Appx. C.2. This key finding will guide our analysis of the solution operator q)gh; ),

3.4 Score function is perturbed by a pulse
From (10), we know that v combines the averaged effect of CIJEh; ) (V - (pi &) for various t. As

a first result, we consider & (x) = E(z)d;—_, for a fixed time instance s € [0,T), where d;_ is the
Dirac function. In this case, vz no longer involves time integration and we have

1+hE?) e
v = *(72)‘132% )(V : (p?E))v
(13)
Rt 2
Ly = LA’ / (207 (V- (05 )
8 R4 Po .
To proceed, we need to make additional assumptions:
Assumption 3.3.
(1) Forany t € [0, T), Uy = —logp; is assumed to be strongly convex and the Hessian of Uy is
bounded by two positive numbers my and M; as below
miIy < V2U,(2) < M/, Ve e RY, (14)
Moreover, assume that
my > 1, t€[0,T], and mg > 1. (15)
(2) Forallt € [0,T], we choose hi~ = h as constant.
Introduce
ki =1 +h)mi —h2=1+h")mp_;, —h~ 2 (16)

A
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which characterizes the Hessian lower bound of V,;*~ (11). Note x;~ ~ m;~ when h > 1. We would
like to explain the reason behind the above assumptions, in particular, their practical relevance. Part
(1) Strong convexity: this is a common assumption for Langevin sampling analysis [11, 14]. As

the role of ,cihe) is essentially simulating a Langevin dynamics with time-dependent potential, it
is reasonable to use this assumption as a starting point. Moreover, the algorithmic improvement
in gDDIM [10] is highly inspired by a form with assuming the data distribution as a Gaussian;
Fréchet inception distance (FID) [15], a widely used metric to evaluate the quality of generative
model, essentially treats the data (in the feature space) as Gaussians. Therefore, we believe that
this assumption can still capture some main features of realistic datasets. Part (2) m; > 1 for any
t € [0, T]: The second assumption m; > 1 means that p; is more localized (smaller variance) than
the standard Gaussian (unit variance), which is compatible with Assumption 3.1 (3). It can also
ensure that V; is strongly convex with positive Hessian lower bounds, i.e., kj~ > 1, for any ¢ € [0, T
and h € (0, ).

Proposition 3.4. Under Assumptions 3.1 and 3.3, suppose that & (x) = E(x)d;—s for some fixed
s €1[0,T). If h > hjp := max {1/27 ho(1/2), \/maX{O, ~ (o) SUPe[s, 7] Cf’@)}} , we have the

upper bound of L(h) in (13):

T
L(h) < Cu(1+h?)2exp (— / (h? — e — o Way), (17

2 —2
where C, = %f (V-(pr)) /o5, C;_’(Q) = %; see Appx. E.1 for details about C’;_’(l) and
t
ho(1/2); cu € R comes from Assumption 3.1. Moreover, limy,_, oo Ch, limp,_ oo C’t(_’(l) exist.

See Appx. E.1 for proofs. We remark that the above bound focuses on capturing the scaling with
respect to h? but may not be tight for other parameters. It remains interesting to see how we can
improve the above upper bound. The main conclusion is that: if the error function & is a pulse
at time ¢ = s, then for a large h, L(h) will decay to zero exponentially fast with respect to h. For
1D Gaussian case, we can clearly observe such an exponential decay in Fig. 2a, where we pick
&7 = li<o.957V log p;~. The intuition behind this exponential suppressed prefactor is that for large

)
h, &

. can be viewed as an almost quasi-static thermodynamics dragging any positive measure

towards p- = po, as mentioned above in § 3.3. Asv = V - (p?E) has measure zero, we can

split it into positive and negative parts: v = v+ — v~ (assume [ v* = 1 WLOG). Each term
‘I)ibe )(zﬁ) ~ pi ~ o )(z/*), which explains that (I)ifLT )(v) ~ 0 for large h.

S,

L(h) L(h) L(h)
[%;_...................._.... =02
1 N 1014 1 0p=0.4
........... : a cee 09=0.6
I 0p=04._ Te-_ " 3 — =01 1004 |
0,=0.6 10725 : 0p=02 \
10724 e 00=0.8 N 00=0.3 N
0 1 2 3 4 0 25 50 75 100 0 25 50 75
h? h? h?
— — — — — —
@ & = Li<o.957V log p; (b) & = Ii>0.09057V log p; (c) &7 = Vlogp;:

Figure 2: 1D Gaussian py = N (0, 02) (with different oq smaller than one) and 7' = 2. Panel (a)
validates the exponential decay of L(h) when the score function has no error near ¢ ~ T, similar to
Prop. 3.4. Panel (b) validates Prop. 3.5 that the ODE model (h = 0) outperforms the SDE model
when there is a large score error at ¢ = T Panel (c) validates Prop. 3.6 that limy,_,, L(h) exists.

3.5 Score function is only perturbed near the end of the generative process

Proposition 3.5. Under Assumptions 3.1 and 3.3, suppose that & (x) = lyeip—q, 1 E(x) where
a < 1. Then when a < 1 and h > 1, asymptotically ,

> [ (V- (pE))? (1—e%=)® 1 (V. (pE))?
o~ [ SRR pw s [ &

)

Po 2“%

7
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with kg = (1 4 1/h?)mg — 1/n? as in (16). The upper bound of L(h) is tight asymptotically.

We remark that we made no assumption on how ah? scales. If h > 1, L/Lo) <
4(1— e*ah2“°/2)2/a2n%. Case (I): If ah? > 1, then L(h)/L(0) < 4/a2s2, which is large as a < 1.
Case (ID): If ah? < 1, then L(h)/L(0) < h*, which is still large. In either case, L(h)/L(0) is expected
to be large for a general £ and the ODE model is preferred in this case. The intuition is that there

is almost no time for the operator £§h ) to suppress the error E, so the prefactor 1 + (h;")? in vy
(10) dominates (which is the key difference compared with Prop. 3.4). The proof is postponed to
Appx. E.3. In Fig. 2b, we consider 1D Gaussian and only perturb the score function at the end of the
generative process (6~ = I;>0.9957V log p;~); clearly, the SDE-based models have comparatively
larger error.

3.6 General error in score function

We can generalize Prop. 3.4 and Prop. 3.5 to a general error function &, and observe that L(h) will
converge to a constant exponentially fast as h — oo.
Proposition 3.6. Under Assumptions 3.1 and 3.3, we consider a general error function (t,x) —
& (x). Let v = infy>p,, infcpo 77 ki, Forany a € (0,1) and 3 € (0,2), when h > 1,

L(h) S (1+a*)T + (1 +a™?) Cy (1 +h*)exp (—h*"Fy),

L(h) 2 (1= a)T — (a2 = 1)Cy~ (1 +h*)exp (—h*"Pr),

where C is given in Appx. F.1 and T (only depending on py and &5 ) is upper bounded by

1 Vb)) 1 ?
0<T< / ( (P07 )) = / (Vlogpo-éaf_—&-v-g%_) Po- (18)
Rd R4

~ 2m3 Do ~2m3

In the limit h — oo, (1 — a?)T < L(h) < (14 )T, where a € (0, 1) is arbitrary. Hence, the tail
behavior is that L(h) converges to T exponentially fast as h — oco. If we assume that &/~ = V log po,
po = N(0,021,) in d-dimension, then the above upper bound is simply 7~ < d, which is independent
of og (see Appx. F.2). For 1D Gaussian in Fig. 2c, we can indeed observe that limy,_, o, L(h) exists,
and is bounded above by d = 1; see Appx. G for more types of error functions.

The above upper bound has an interesting tight connection to the generator of (overdamped) Langevin
dynamics with drift —VUy = Vpy. If we adopt constrained score models [23, 25], namely, parame-
terizing log p; instead of the score function V log p; during training, the error &7 = V¢ for some
scalar-valued function ¢. Then the above upper bound becomes

1
2m

1
/ (Ao — VU - V@)Qe_UU = —/ (,C*gp)Qe_Uo, (19)
Rd Rd

2
2mg

where L£*(¢) := Ap — VUy - Vo whose adjoint operator £(u) = V - (VUpu) + Ap is the Fokker-
Planck generator of the following Langevin dynamics dX; = —VUy(X;) dt 4+ v/2 dW, where W;
is the standard Brownian motion. We remark that this formula (19) is general for constrained score
models [23, 25]; see also F.2 for elaborations. An interesting open question is whether and how we
can take the above upper bound into consideration when designing the loss function.

3.7 An application: exploring the effect of training weight

The above theoretical discussions suggest that diffusion models with large diffusion coefficients are
more negatively affected by score error near data’s side, whereas the ODE model is more negatively
affected by the score error near the noise end. This leads us to conjecture that if we can control the
training (e.g., by optimizing the training weight w;), so that the score error distribution near the noise
end is reduced and meanwhile the score-matching loss is not significantly impacted, then it will very
likely improve the ODE models. We report preliminary numerical experiments to support this idea in
Appx. I, whereas a comprehensive study will be left as future works.
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4 Numerical experiments

We present experiments on 2D Gaussian mixture model, Swiss roll, CIFAR10 to support our theoreti-
cal results: when numerical discretization error is not dominating, the sampling quality increases as h
increases, a reminiscent of Prop. 3.4. Experimental details are postponed to Appx. H, as well as more
numerical results (e.g., results about 1D Gaussian mixture and MNIST). Results by adopting various
weight functions, a technique arising from theoretical predictions, are postponed to Appx. I. Source
codes are available at https://github.com/yucaoyc/OptimalDiffusion.

Example 1: 2D 4-mode Gaussian mixture. We verify the theoretical results on 2D Gaussian
mixture with a specified score error. In Fig. 3, a clear trend is that a higher h produces generated
distributions that better match the marginal densities of pg, and it is numerically verified by the purple
line of Fig. 4a. In Fig. 4, with multiple settings of & and ¢, we observe a consistent phenomenon
that as h increases, the KL divergence of true data and generated data converges exponentially fast,
thus validating Prop. 3.6. It worths noticing that in all three settings of &, by simply adopting a
larger diffusion coefficient A in (3), we can obtain better generative models without any extra training
costs.

h?=0.0 g2 h?=1.0g? h?2=2.0g2 h?=3.0¢g? h?=4.0g?
4 a 4 4
5
iy 0 T 0 1 0 0 1 9 0 Y 0 1
4 4 4 4
° zl 2 l 2 2
Y [ - [) - ) 1 9 [} 1 9 0 1

Figure 3: Visualization of marginal densities of 2D 4-mode Gaussian mixture, where &~ = V log p;~
and € = 0.2. The top row shows the marginal distribution of the first coordinate and the bottom row
for the second coordinate. The red lines are the exact marginal distributions of py and the histograms
(blue) visualize the empirical densities of generated samples.

KL divergence KL divergence KL divergence

-1
10 —— £=-02 —— £=-02 —— £=-02
£=-0.1 e=-01

—— = . —ea— £=0.0
Tin | v T

1072 —— £=02 —— £=02

10-3 1073

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
h?/g? h?/g? h2/g?
04— < +— 1+4sin(27t/T < 04— —
(@) & = Vlogp; (b) & = HRED G logpm  (¢) & = Lico.057V log pf

Figure 4: Numerical results of 2D 4-mode Gaussian mixture. The above panels show that the KL
divergences between the true distribution and the generated samples overall decay as h increases for
various types of error perturbation of score functions.

Example 2: Swiss roll. We consider Swiss roll, a more complex distribution without exact score
function available. We train the score function with the denoising score-matching objective [33]
(Appx. H). The first plot in Fig. 5a shows the difference between true data and generated data
measured by Wasserstein distance, which decays to zero exponentially fast, verifying Prop. 3.6. In
the second plot of Fig. 5a, we tested various h and time steps for the generative process. The ODE
model (h = 0) does not improve, as the number of time discretization steps increases, but near the
continuous-time limit, all SDE cases (h > 0) are better than the ODE model. It suggests that our
conclusions here is limited to the continuous-time setting. The exploration of time discretization
errors will be future works. The generated data results in Fig. 5b demonstrate that with increasing h,
the sample quality is improved; see Appx. H.6 for more results.

Q
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Wasserstein distance Wasserstein distance

h2=0.0 g? h2=1.0¢? h?=2.0 g?

2.0 x1072 e xm:i = :ﬁifﬁﬁ k2
1.5 x1072 4 x10 e hie2g?
—m— h?=3g?
1.0 x10-2 2x1072 |
0 1 2 3 4 102 103 104
h?/g? Discretization steps
(a) Improved model performance with larger h (b) Visualization results for selective h

Figure 5: Numerical results of Swiss roll. Panel (a) shows the decay of Wasserstein distance between
the true distribution and the generated samples with increasing i and 20,000 time-discretization steps,
and the decay of Wasserstein distance with the increasing number of time-discretization steps and
different h. Panel (b) shows generated samples with different h.

Example 3: CIFAR-10. When using a large amount of parameters for score matching in practice,
we observe that SDEs appear to perform better than ODEs as discretization error descreases, a result
similarly observed on Swiss roll. This implicates the practical applications on generating samples of
better quality under a given (pre-trained) score-matching model.

Table 1: CIFAR-10: We evaluate FIDs with different discretization steps and h*/g? on a pre-trained

checkpoint entitled “vp/cifar10_ddpmpp_continuous” in [30]. We do not use any correctors and

evaluate FIDs on 10* samples, thus the results for h2/g2 = 0, 1 are different from the reported values.
Discretization steps 100 200 500 1000 2000 3000 4000

h?/g? = 0 2243 812 720 689 698 727 7133
h2/g? =1 3172 1572 723 670 671 695 7.8
h?/g? =2 5277 2668 1078 699 670 6.69 6.98
h?/g? =4 92.83 4611 2047 1017 720 7.09 7.01

5 Summary and outlook

In this work, we study the effect of the diffusion coefficient on the quality of overall sample generation
in the generative process. Theoretically, we provide understandings of scenarios in which the ODE-
based model and the SDE-based model is superior than the other; see Prop. 3.4 and Prop. 3.5.
Numerically, these results are validated via toy examples as well as benchmark datasets.

There are many interesting directions for continuing works. (1) As we focus on the asymptotic case,
a time-dependent h;~ with large magnitude (i.e., h;~ > 1 for all ¢) is essentially no different from a
constant Ay~ = h with h > 1. Whether it is possible to use time-dependent ¢ — h;~ to combine the
advantages of ODE and large diffusion cases in dealing with different types of error of score functions
in the non-asymptotic region is still an open question. (2) Can we design a practical criterion that
directly learn the optimal magnitude of the noise-level function h;~ by looking at the score-training
error distribution? Can we develop certain theoretical understanding of the empirical results in [19]?
(3) How can we find a stable and accurate numerical scheme to deal with the fast diffusion case?
(4) How can we generalize the above theoretical results by removing the convexity assumption, and
including the low-dimensional feature of datasets into the theory [8, 5, 18]?

Concerning the broad impact, though we don’t foresee any negative social impact of this work, the
potential improvement of generative model might relate to creation of “deep fakes”.
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Supplementary Material for ‘“Exploring the Optimal Choice for Generative
Processes in Diffusion Models: Ordinary vs Stochastic Differential Equations'

A Notation Convention.

Table 2: Summary of important quantities in this paper

Quantity Notation Notes

Forward process X t = 0: data distribution
Backward/generative process Y: t = 0: noise distribution
Backward process with inexact score Y:

Distribution of forward process Dy pe = law(X})

Distribution of backward process qQ law(Y;) := @t = pr—+ = p§~
Distribution of approximated backward g G = law(Y:), ¢¢ = ¢ when
process error e = 0

Error function of the score €6 0<e<land & = 0O(1)
The exact potential Uy pp = e U

Modified potential AN see (11)

Normalizing constants Zy = [e”V  Vis arbitrary

B Discussion and proof for § 2

B.1 Proof of (3)

We re-state the conclusion in (3) in the following lemma:

Lemma B.1. For any function hi~, if one chooses A as in (3), then we have q;(x) = pr_i(x) for
anyt € [0,T] and x € RY.

Proof. We can easily write down the Fokker-Planck equation of (1)

2
Opi(x) = =V - (fi(@)pr(@)) + & Lpi(o).

Since we need to ensure ¢; = pr_¢, we require

«—2

Orge(@) = V - (£ (@)ar(2)) - L= Lar(a)
2 2 2
+h h
= V- (i @al) - " Va(@)) + 25 Daa)
2 2 2
+h h
= ((f @) - E— = Viog (@) a(a)) + “5— Aau(a)
2 + h(—? 2
=V (@) = LT logpy () arla)) + “= Lar(o)
hi?
= -V (A7 @a(@) + “5- D),
by noting that A; () is specified in (3). This equation is exactly the Fokker-Planck equation of
(2). O

B.2 Therole of g;

The function ¢ — g; as the diffusion coefficient in the forward Fokker-Planck equation (1), in fact,
plays a role as time re-scaling as long as g; > 0 for any ¢. Indeed, if we have an SDE in the following

1R
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form (the VP-SDE in [30])

2
dX; = —%Xt dt + g¢ dW, te [OaT]’

then by introducing 7 : RT — R™T via the ODE 7/(t) = (gT(t))ﬂ, 7(0) = 0, we know that
X 1= X satisfies the following SDE [20]:

1
dX, = —5X, dt +dW,,  t€[0,0]

where 6 := 77!(T) means the inverse function of 7 at time T'. The Brownian motion W in X, is
not the same Brownian motion in X4, i.e., the driven-noise in the last two equations are not the same
technically; we slightly abuse the notation for the simplicity of notations. By Lem. B.1, this SDE has
the backward process as follows:

@ (1 1+h? - -
dy, & (ilt + —5—Vlogp; (xt)) dt +h dW,  te0,0]
) (20)
1 1+hy_,

= (ixt + TngEe—t(X:&)) dt +hy_, dW,
where p, is the density function of X, by notation conventions in § 2. By Lem. B.1, so far we know
that

law(Y, ,) =" law(X,) = law (X7 (1) ).

Let fo := 0 — (77')(T — s) and Y, := Y, where s € [0, T]. By straightforward computation, we

know
1 1+h5 ;. 2 W
ay, = f;(inS +—— —+Vlogpy_, (st)) dt +/fi by s, dWs

/(1 1 +h3*fs /W2
= fs(§YS =+ bengfs(Ys)) dt + \/ Johg_p dWs.

To get the second line, we used the fact that

Ry, = law(Xy_; ) =law(X, -1 (p_y)) = law(X7 ) = prs.

By chain rules, it is easy to compute that
1 1
fo= = — = g%_ > 0.
T T =8) (grel) |

Therefore, the above SDE for Y, has the form

g%—s =+ hg—fs
2 2
This matches the form in Lem. B.1 by choosing

5 1
Y;"’QT—S

av, = ( Vlogp! (V) dt + gr-shy_ s, AW,

hy = gr—shg_y = gﬁhTfl(T—(e)~

Hence, if we simply pick h = ¢ as a constant function in (20), it has the same effect as choosing
ht = cgt where ¢ € RT. The former (h = c¢) is used in § 3 for simplicity in theoretical analysis,
and the latter (hf~ = cg¢?) is used in numerical experiments in § 4 to match previous literature
in practice (namely, a general g). In conclusion, the above discussion justifies the consistency of
notation and set-up between our theoretical analysis and numerical experiments.

B.3 Existing analysis of sample generation quality

In practice, one simulates the following SDE:

(97)% + (hi7)?

A2, = (= fi7 (2 + 9

Gf(Zt)) dt +he dWh,  law(Z) = N(0,1,). (21)
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From the analysis by Chen et al. [7, Theorem 2.1] for the case h*~ = g*~, one has
KL(po||q) < KL(pr|[N(0,Iz)) + O(Te?) + O(T*d/n),

where ¢ is the distribution of Z7 after applying the exponential integrator to (21) and N is the
number of time-discretization steps. The first term KL (pr||NV(0,14)) < (Ms + d)e™ ", where

My = E,, |z| is the second moment of data distribution.
Therefore, to ensure that KL (po | |qA) < 4, it is sufficient to choose
T = O(log (Mz+d)/s)).
The time-discretization error can be eliminated by choosing N — oo. What is so far less clear in

literature is the term O (T'e?).

B.4 Existing error bounds appear to fail to characterize the optimal 7

Note that the target dynamics ¢; in (2) and the approximated dynamics ¢ in (7) only differ in the
drift term. Recall that g7 = pg, and to estimate KL (po | |§T) = KL(qT| \Z]VT) we can simply estimate

how the quantity KL(g;||g;) changes for ¢ € (0,T). By [7, Lemma C.1], for any ¢ € R,

_ he2 _ 2 _|_he2
KL (q¢l|q:) = —tT/(QtHQt) + gtftﬂﬂ

+— Qt()/t)
[(~esm (), Vieg 2] @)

2
where the Fisher information ¢ (p||q) = [dp ‘Vlog g‘ . By Cauchy-Schwarz inequality,

‘ 2

KL (q4]|qt)

2
C P 2 1
(SB[t (IP] + 5 5E

2
T2+

hi® _ Y,
S—tT/(thqt)-i-g 5 ¢(Yr)

a:(Y)

HVIog

) (23)

(he2 JrgeQ)Q
=Rl (1),
t

h<—2 —2
where we chose ¢ = %

when h< = g*, which helps to establish the effectiveness of score-based diffusion method in [7].
However, this bound is not directly applicable for a general h*", as it is clear that this bound fails
to provide useful information when A~ = 0 (namely, the probability flow), as well as the large
—2 232
e -,
one ends up with the choice h*~ = ¢g*, which has been used in many literature. We acknowledge
that b~ = ¢* is an effective choice; however, as we show in § 4, this is not really the optimal case
in general, and the above argument cannot justify choosing the diffusion model over the probability
flow.

in the last line. This bound captures the scaling extremely well

diffusion case (b~ — o0). From directly optimizing the upper bound, i.e., minimizing

C Discussion for § 3 and proof of Prop. 3.2

C.1 The operator (I)S_VL:)
Lemma C.1.

. <I>E‘h)<_(.)) satisfies the following property, i.e., for any s,t,r € R,

" oo ) — o). (24)
Moreover @EZH)
e Forany s,t € R,

0.2 (w) = - (" ) a@l () =" (0% (). @)

s,t

= Id is an identity operator for any t.
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Proof. The structure in (24) is easy to imagine and is thus omitted herein. Next, we shall only prove
the first result in (25) for illustration:

(h7) (hH)
o,(@", () = lim Povsnelt) = Por (W)

§5—0+ 4s
h h h
T, (I)gt )(I)§+56)‘s(/1’) _(I)i,t )(N)
5s—0+ ds
(h ) (a7
— lim (I) ((I)s-‘réss—ld)( )
§5—0+ 0s
h< h
i ol ) (1d - 65" —1d) ()
ds—0t 0s
h e
—o0, (L8 ().

O

Lemma C.2. Suppose (t,z) — u(z), (t,x) — 0:(x) are time-dependent functions. Suppose
Oy = Egh )(,ut) + 0, with pg = 0, then

T
h(—
W:/ o (6,) at.
0
Proof. Note that

(@ ) 2ol (—L" )+ 0y (e e+ 0) = 07 (01).
Therefore,
(h) L)
oy ) = [ ol o)
By applying the operator @é’f; ) to both sides, we have

T — — T —
uT:/ o) oaly )(9)dt(2‘”/ o".(6,) dt.
0 0

C.2 Time re-scaling of £(7) and connections to almost quasi-static Langevin process

By time re-scaling, it is immediate to obtain the following result:

Lemma C.3. Suppose hi~ =h for any t € [0,T] for simplicity. For any probability distribution p,
the probability dlstrlbutlon <I>( )(u) (with s < t) is the final state of the following PDE on the time
interval 7 € [0, t=)*/2]:

Orfiz = Dz + V- (VWikaolir) . Jo = 26)

It corresponds to the following Langevin with time-dependent potential:
dX5 = =VV oo (Xp) 7 +V2dWr,  law(Xo) =

Proof. To obtain <I’( H)( ), we simply solve the following PDE:

an h? (ANT V(YY) s = .

By change of variables 77 = (r — s)h */2 and [i7 := iy = pig42rs2, we immediately have (26), and the
corresponding Langevin dynamics easily follows. O

Orpor =

When h — oo, the potential in the Langevin dynamics r — V.-, , evolves extremely slowly. From

(t—s)h?
—

+2T‘/h
(11), we also know that V7, 2 R US when r = 0 and is approximately U;~ when r =

Therefore, the Langevin dynamics can be viewed as an almost quasi-static process [6] approximately
transforming the state p{~ to the state p;~ over an extremely long time period though.

1A
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C.3 Proof of Prop. 3.2

Denote
vi(2) == 0eqf (2)|e=0,  Gil@) := 0245 (2)]e=o-
Namely, we expand gf via the following
2
~ €
G (@) = @ (x) +evi(@) + () +O(").
——
=q¢(x)

Lem. B.

Recall that when € = 0, ¢0 = ¢; in particular, ¢% = gr 2% 1ho. The cost function can be easily
expanded via Taylor’s formula:

KL(pol|77) = —e/Rd vr(a) de - 5 (@) - Z((i))) dz + O(€%).

Since [ g5 =1, itis easy to know that [‘vy = [ {7 = 0 and thus

KL(pOH("fT) = % /Rd ;Z((Z)) dx + 0(63).

Next we need to study vp. Recall from (7) that the Fokker-Planck equation of ¢; is

ond; = £ @) - v - (Lftdeffa;).
By taking derivatives with respect to e on both sides of this equation and then passing € — 0,
dvr = L") () - V - (%ﬁéﬁt)
By Lem. C.2,
vp = 1/T(l +hi ) (Ve (g &) dt. 27)
2 Jo o ;:_/

D Preliminary results

We collect two lemmas which will be useful in proving Prop. 3.5 and Prop. 3.6 later.
Lemma D.1.

1. The operator K(f) := Af+V - (VV . f) is a Hermitian/self-adjoint operator in the space
(*s)12(p—1) Where p e~V Therefore, K has the eigen-decomposition in this weighted
L?(p~1) space.

2. Assume that V2V (x) > mlI 4 for any x € R? for some m > 0. Then the operator —K is a
positive operator on the space { f : [ f = 0} with spectrum gap at least m.

Proof. For any f, g, note that
Koy == [ V(o) Valols.
Therefore, K is a Hermitian operator. In the space {f : [ f = 0}, we know

KD = [ 90

Poincaré ineq.

= o [P 1)= i D

The validity of Poincaré inequality under the strong convexity assumption is well-known in literature;
see, e.g., [2, 24] and [3, Corollary 4.8.2]. O
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Lemma D.2. Suppose the operator K is defined as K(f) := ANf+V - (VV - (f)) with VZV (z) >
ml 4 for any x € R, Then for any c,a € RY, and any function o with Je=0,

a 2 0 _ ,—achg
[ o) -5
) k=1
1 —e—acmy2 4,02
= ( cm ) Ri P

where p o< eV, {( Ak, ¢r) }32, are eigen pairs for the operator —K, and p =Y 7o | Q.

k
Remark. Note that as K is an operator, exp (cth) =Y (Ctg )~ s the operator exponential.

Proof. Let us first denote the eigenvalue decomposition of K as K(¢) = —Ag¢r where A\, > m
for k € Nand (¢, ¢x)r2(p-1) = dx for any j, k € Nby Lem. D.1. Then we can decompose ¢ by
@ = >, oy Itis not hard to verify that

o0
exp (ctk) () = > e P agr.
k=1
Then
a 0 1— e—ac)\k
/ exp (ctK) (p) dt = Z — g Pk
0 1 k
Hence,

Lo (o)

k=1

/Rd % ( /0“ exp (ctK) (i) ) i

E Proof of Prop. 3.4, Prop. 3.5, and a discussion on the pulse-shape error

E.1 Proof of Prop. 3.4
For convenience, we summarize some notations below; see also Appx. A.

* Denote the global minimum of U~ as X~ and denote the global minimum of V;~ as ;.
When h — oo, we know

lim Vi — &
h—oo

* Denote the normalizing constant Zy := [ e~V for an arbitrary potential V.

* Recall that the distribution of the exact dynamics Y; is ¢;: = pr—¢ = p;~ and the distribution
of the approximated dynamics Y; is q;.

* Recall that p; := e~V and p; &< e~V in (12).

Lemma E.1. Under Assumption 3.3, we have:

(i) Assumption 3.1 (3) is valid, i.e., the existence of cy.

1R
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(ii) Foranyt € [0, T), the probability distribution p; defined in (12) satisfies the Poincaré inequality
with constant k; (16):

/ Vel o > s / Pl g with / =0 28)
R R R

(iii) Zy, = fRd e~V0 is both upper and lower bounded: for any § € (0, 1), there exists ho(8) > 0
such that whenever h > hg(0),

—2
1-6< Zy, <e M v,

and

7h_20U

po
po~ 1-90
(iv) If we pick 6 = 1/2, for h > max{hy(1/2), , /max{0, _thUz)} the function po/po is uniformly
bounded:

PO <y (29)
Do

Proposition E.2. For any h > 1/2, we have

d
/ ©?—pi SCf’(l)/ o* p?+0f’(2)/ Voo, Ve e C2(RY),
R4 R4 R4

dt
where
20dM ¢
W =g 2V - X
my
o2 8¢ _ 20+ 30M; 2
Cf = mi2 = mi2 ’
t t . - (30)
5d(1+ M 5
E;_ = ’@ 10gZVte| + % + §|X;—|2,
1 3Mf?2
~i=5(= t),
St (2 + 4 )

Zye— = [ e=Vi", M{ and m{~ are shown in Assumption 3.3, and X~ and Y~ are the global
minimum points of functions x — U (x) and x — V, (x), respectively.

Remark. A similar result holds for any h > 0; we choose h > 1/2 in order to simplify the above
constants (30).

Note that the constant C,~ @ g independent of h. We remark that when h > 1, C;~ (1) approxi-
mately behaves as follows:

Lemma E.3. When h — oo, we have
B 5d(1+ M)
=

(50 4+ 75M;2)d M~
5 .

5
1. <—,(1) e Xe 2
hgrolc G, + 2‘ t I” + mi

We now proceed to finish the proof of Prop. 3.4. The detailed proofs of Lem. E.1, Prop. E.2, and
Lem. E.3 are postponed to Appx. E.2.

Proof of Prop. 3.4. By Lem. E.1,

Ly (LFh2)? / (207 (-0 2) ",
Rd

8 Po Po
31
() )’ GD
29 1 29 (q)s,T (V- (ps E)))
2 aw / .
2 Rd Po

10
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To simplify notations, let

o _ gt - _ [ A
A =9, (V- (i E)), J(h,t) := et tels,T].
R t

After taking the time-derivative and using Lemma C.1 (in the first line below), and expressions (11)
in the second line below, and integration by parts in the third line, the expression of p;~ (12) in the
fourth line, we have

d, ML) [ AR A
dt ( t) — 2d Py
R Pt R (pf) t

«—2
%2/ AL (aar v (v - [ A
Rd pt Rd (p ) dt
2 A — A Af&_2 d o 2
=—h V— (VA + VV7A —/
R PP ( ! v ) R (p )2dt

2

:—hz/ v PZ_—/ AT? d ot
Re | PP R (pf~ )2 at’
The major challenge is to estimate fRd ( ;‘_)2 Pt - By Prop. E.2,
pi
d AP Af
—J(ht) <~ (h* - CP) / V=L dpr + oW / (=5 ) dpi
de R | Pt R Pt

(28)

g
2 (mw-ar O e ) [ ALy an
Rd Pt

To verify the condition in Prop. E.2, we can readily confirm that

<_pt /A“—/@S’;( /v =0,

where the third equality in the last equation comes the fact that the Fokker-Planck solution operator

<I>(lf ) preserves the total mass. Note that we need h? — C; (@ > 0 in order to ensure the correct

direction when applying the Poincaré inequality above, Wthh explains the lower bound that h needs
to satisfy in Prop. 3.4.

By Grownwall’s inequality, for any ¢ > s,
t
J(h,) < J(h,s)exp (~ / (4 — @ — C0)ar), (33)
S

Finally, by (31), we have

2\2 T
L(h) < wJ(h,T) < Ch(1+h%)Zexp ( - / ((h? = @) — C’f’(l))dr),
where
2
1 1 (V-(SE))

Recall that C’ ) (30) is 1ndependent of h. By Lem. E.3, we already discussed that limy,_, o, CF’(U
exists. When h — oo, we know that p{~ — p$™ (11)(12), and thus,

2
1 V. (psfE
limCh:f/ (V- B)”
h—o0 2 Jga jou
This completes the proof of Prop. 3.4. O
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E.2 Proof of Lem. E.1, Prop. E.2, and Lem. E.3

Proof of Lem. E. 1.

(i) From mg > 1 in Assumption 3.3, z — Uy(x) — 22 /2 is strongly convex and thus is surely
bounded from below by some ¢y € R.

(ii) The second result is a classical result by Bakry-Emery criterion [2, 3], as V;~ (12) is strongly
convex with Hessian lower bound ;= (16).

(iii) To prove the third one, note that

— 11 — -2 —2,.12
Zv, ::/ Vo <:>/ o~ (Hh =) Uo(2)+h~2[2l?/2 g,
R4 R4

:t/’ ¢~ Uo(@) =h > (Uo(2)=[2I?/2) gy
Rd

< €7h72CU €7U0 — €7h72CU.
>~ a

To prove the lower bound,
YAV >/ e~ (1+h ™) Uo() da::e_(1+h72)U0(XU)/ 6_(1+h72)(U°($)_U°(X0)) dz. (35)
0 — .
R R

Recall from the beginning of this Appendix, X is defined as the global minimum of z — Uy ().

Then, Uy(z) > Uy(Xp) for any = and we know h =107 (Vo) 0o (%)) i5 monotone
increasing. By monotone convergence theorem,

fm [ e (Uo@-th(aw) gy / lm e (03 (o) -00() g,

h—oco R4 R4 h—oco
— e~ Uo(@)+Uo(X0) 1, — Uo(Xo)
Rd

Thus, the limit of the right-hand side of (35) is 1 when h — oco. Hence, the lower bound of Zy,
follows immediately. Finally, when h > hq(4),

ef(l+h_2)U0(x)+h_2|w\2/2 efh_2cU

Po
e — < . 36
Po (.’E) ZVOB_UU - 1-4 (36)
(iv) When we pick 6 = 1/2 and choose h as specified, we can immediately obtain (29).
[

Before we prove Prop. E.2, we need the following three lemmas.
Lemma E.4. Under Assumption 3.3, we have

d(1+ M) | |z|* | 3M,

2
0 ()] < =— gl AL

Proof. Since p; follows the Fokker-Planck equation d;p; = V - (32p;) + 3 Apy, then Uy = —log p,
satisfies 8,Uy (x) = — 3 (d — - VU (x) — AU (x) + [VU,(x)|?). Then by Assumption 3.3,

d 1 1 1 . . .
|0:U(z)] < 7+ 5\9@ - VU ()] + B AU (x) + E\VUt(x)F (triangle inequality)

d 1 1 1 . .

< 5+ (al* +[VU@)) + 5 AV (@) + 5IVU @) (Cauchy inequality)
d 1 3 dM,

<5+ gl {IVU(@) — VU + 55 by VU(X) = 0)

d(1+M,) | |2 3M7F 2
< — 4+ — — X°.
< 5 1 T |z — X
Recall that X; is defined as the global minimum of U, and thus VU, (X};) = 0. O
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Lemma E.5. When h > 1,

——(0) <&+ la - XL (37)
Pt
where
5d(1+ M 5
— :‘8t10gZVtF’+¥+§‘X;_|27
1 3Mf2
G = 5(2+ 4t ).

Proof. By direct calculation from the definitions of p;~ in (12) and V" in (11),
atpf = (8,5 IOgZVH) (1+h ) f@th

Hence, by Lem. E.4 and h > 1,

Ot oy d(1+ M > 3M;?
901 (1) <loy10g 2y | + (1 -+ b2y BEEME)  Jol | M e pey
pF ‘ 2 4 4
5d(1+ M
X e — X 3M? 2
+5(—g AT
1 3M?
=6 +5(5 + )l - AP
2 4
O
Lemma E.6. Assume that p < e~V and ¢ decays fast enough such that
/ V. (@2Vp) — 0,
Bo(R)
as the radius R — oo (Bo(R) is the ball centered at 0 with radius R), e.g., ¢ € C2(R?). Then
/ IVV[*%p < 4/ |V%0|2/)+2/ ©? AVp. (38)
Rd Rd

Proof. The identity V - (¢2Vp) = V2 - Vp + ¢? Ap and the trivial facts Vp = —pVV, Ap =
(JVV]?2 — AV)p show that

0:/V<p2~Vp+<p2Ap

= —2/(VV'V<P><PP+/<P2(—AV+|VV|2),0
Cau«,hymeq 1
/|VV|2<P2P 2/|V<p| p— /<p2 AV0+/\VV|2¢20

:§/|VV| 9020—2/\V<p| p—/@QAVp-

Therefore,

/IVVW%S 4/|V90\2p+2/<p2 AVp.

77
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Proof of Prop. E.2. The above three lemmas show that

d
24
/}Rd@ dtpt

g [ o s [ Pl YoV - Per
R R

Cauchy ineq.

@D 2 ¢ «— — |2\
< Rd‘ﬂ(ft +< o= X))

(€ + 2w - ) [ oo [ o= ViPar
R R
0D e — |V — |2 2 2§t<_ 2 — — V(2
S(gt + 27|V — AT ) RdSD Pt +m“2 Rd@ IVVi (z) = VV (V) pi
' t

2 2€<_ 2
(& oY - AP / o+ 2 [ 2w @)
Rd m. Rd

t

(38) 9 265 2
< (& +257 1V —xF )/RdﬁpfﬂLmiz(ﬁl/Rd Vel pf+2/Rd<p2AVﬁpf)
t

(14) 2¢5
< (& 205 —X51) | o+ 254 Vel +10Md | o))
R4 mt R4 Rd

20M 5 dg 8¢
(6 2y — a2y 220l / . / Vol
m R4 m R4

i i
To get the fifth line, we used the definition of YV : ) is the global minimum of V, so that
VV(Yf) = 0. To get the second last line, we used the fact that

2(by h > 1/2)

AV =(1+h2) AU —h 2 < (1+h72)dM —h™ 5dM;.

O

Proof of Lem. E.3. Note that ¢/~ does not depend on h. When h — oo, as V,;" — U (11), we
know Zy~ converges to Zy+~ = 1 by the definition of p; := e~ Yt, we immediately know that

lim |8t log va‘ =0.
h—o0
Then
5d(1+ M)

5 2
. — e
Jm &= 2 ol T

Moreover, )V; — X; as h — oo, we have

. —1) _ . 2 | 20dM o
Jan, G = B T 2 i T AT e
 hd(1+ M) . §\X“|2 N (50 4+ 75M;2)d M~
B 2 27" my? '
O
E.3 Proof of Prop. 3.5
Case I: h = 0. For this ODE case, (8) becomes
1
£ (w)() = 5V - (VU (@) = [2*/2) (=) ). (39)
and the formula of leading order term L(0) is
1 v7(z) aw 1 [T o
L(0) = = | = - P, 0 (V- (pj E)) dt
O=3 [ Tha w5 [ e 6rm) a

71
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since we perturb the & only when ¢ ~ T, that is, & () = Iyc{r—q, 7 E(2) for a small positive a.
Then we know that
17 a
vr ~ =5 V- (poE)) dt:—§V'(poE)-
T—a

Recall that py = p¥% ~ p;~ when ¢ =~ T'; moreover, @E% ~ <I>§3 )T = Id. Therefore, the leading order

term of L(0) when a < 1 is

Loy~ [ SR

Case II: h — oo. For the SDE case,

1+h% (T
o2 [ e (v 6 e
0

1+h? (7
o / ") (V- (pE)dt  (bya< 1)

2 T—a
1+h2 [T 2 e
~ - +2 / TR (V. (poE)) dt (bya < 1)
T—a
T4+h2 [% 2,
=— z /ef%’% (V- (poE)) dt,
0
where
K () = Ap+V - (VVp). (40)
Then when we further assume h > 1,
1 2 1 2
5 / d(fo) <3 / ) (vao) (by Lem. E.1 (iii))
R R
14h2)2 (1 —e-a5Ro\2 [ (V- (pyE))?
< ! +8 )( . )/M (by Lem. D.2)
2 ko R Po
Cat2 N2
(L h)? (L-err) / (V- (poE))?
h4 23 R £0
a2 N2
(—eeE) / (V- (poE))?
2r3 R Po
—aﬁf”vo 2 2
o (1—een )/(V'(poE))
2“3 Rd Po

To apply Lem. D.2 in the second line, we remark that % (1) = Ap + V - (VVF ), V4§ has
Hessian lower bound x% = kg (16).

E.4 Discussion on the pulse-shape error

Though the error of the score function is time-dependent, we can always divide the error function
into a linear combination of step functions:

57 (@)~ 3 6501ty 1010,
J

where x is the indicator function and ¢; is the function value of £ on the time interval [¢;,¢;41].
Without loss of generality, assume that the time-discretization is uniform, i.e., t;41 —t; = At for any
j. If we don’t worry about ill-behaved functions, this decomposition can be made arbitrarily accurate
by choosing a smaller time interval; it is not difficult to make this approximation mathematically
rigorous. It is hard to assume that this error function at time e.g., ¢ = 0.1 has some subtle connection
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with its error at e.g., ¢ = 0.8 in general; how the error function exactly looks like depend on a
vast amount of hyper-parameters in training. Therefore, we might as well treat each ¢; as “mostly
independent” in order to handle the worst case situation. If we consider how each ¢; contributes to
the final sample generation error (quantified via KL divergence), then we might as well study each
one independently. We remark that this is simply a reasonable assumption in order to treat generic
error types.

More specifically, recall that in Prop. 3.2, vy linearly depends on each ¢;

T
vr ==y [ el (v i 60) dr
0
1 <«
~ =5 DA+ )R (V- (b)) At

J

and recall that the leading order term (10) is simply

o1 B@
Lm)_QAHM@d'

Therefore, after plugging the decomposition of & into L(h*"), we have

(v (e ) o) (W - (e
L(h7) = % (At)? j’zk/Rd (I)tZT (V (ptj %)I));I)t:j (V (ptk ¢k))

We had chosen hi~ = h for all ¢ € [0, T for simplicity. Either by Cauchy-Schwartz inequality, or by
assumptions on the independence of each ¢; as discussed above, the main feature is the following

term
1+ h?)? 1
(@ +h%)* At/ 7[
8 Rd PoO

Therefore, it makes sense to study how this quantity scales for each j, and for two asymptotic regions
h = 0 and h — oo. For each fixed j, we can easily observe that the above quantity arises from
choosing the error function as a pulse-shape error, i.e., ¢ = 0 if k # j (with certain normalization
rescaling).

o2 (v (oier))]

F Proof of Prop. 3.6 and the discussion of the large diffusion limit

F.1 Proof of Prop. 3.6

Let us pick an a = h—# < 1. We split vy (10) into two parts:

1+ h?
2

Vr =

T <~
[ 4509 o)
0 %/_/

=TI

1+h2 7 (h5) 1+4h2 T-a (h5)
== D) / (I)t,T (1—‘;—) dt — 9 / (I)t,T (Fft_) dt.
T—a 0
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Upper bound

By Cauchy-Schwartz inequality ((z + y)? = 2% + y? + 22y < (1 + o)z + (1 + o~ 2)y? for any
z,y and o > 0),

2
L(h):l/“l
2J po

< (14a?)

(14 h2)° / (S @l rar)?
8 R4 Po

=T

“*““5/ (S5 el (ri)de)?
8 Rd Po

+(1+a7?)

=72
For the second term 73,
) T—a q)(he) 1—‘% d 2
(1+h)/(f tT( )dt)
8

a (h7)
Cauc}zmcq (]_ + h2 /’T / @t T ]_—V* ) &
Rd

29 (1 2)2 <I> Iy
<<>(+h)T/ (/ - ))dt
R4 ,00
(33) 1 h2 2T T—a T
2 U+ / / ) exp / ((h2 = Cm @)k — 1))dr> dt
R P t

1+ h?2 2T re2 T=a
< LT (/ P )exp</ Cﬁ’(Q)ﬁerCf’(”dr)/ cMT) gy
2 te[0,7] JRe Pt 0 0

2 2 T 2) ,—ah?
< a+h)T h2 )T sup (/ Fti__ ) exp (/ Cr@R ¢ Cﬁ_’(l)dr)—(l +h)em ™
2h tefo, 7] JrE Pi 0 ¥

which decays exponentially fast as h — oo as long as h? > a~! > 1. To get the second line above,
we used Cauchy-Schwarz inequality and Fubini’s theorem. Recall the definition of v € R* in the
statement of Prop. 3.6.

Ty =

)

Overall, whena = h =% <« 1,
(1+ h%) exp (— h*7Fy)

Lh <(1+a?C - + (14 a*)Ti,
where
1 h2 I\e2 T
C= LQ)T sup (/ — )exp(/ CBgs 4+ 0 Wdr)
2h te[o,T] JRe Pt 0
T FHQ -, . (1)
<= osup ( )exp ( C DIms + ( lim C;M)dr).
2 te[o,7] JR4 P h—o0

Please refer to Lem. E.3 for limp_, o Cf’(l).

Lower bound

The lower bound can be proved in the same way: by Cauchy-Schwarz inequality again,

Lh)>(1-a®)Ti+(1-a )T

(1+ h?)exp ( — h2_57)
vy

> (1- )T — (a2 —1)C

The remaining task is to estimate 77.
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Asymptotic limit of 77
We only provide an asymptotic result below. As a < 1,

(1+ h2)? / (S el rr)dr)
Rd

3 Do

_a +8h2>2 /R plo((/:_ a5 ) ry))’
22 T 2 2
~ (1+8h)/R i(/T_aexp (%(T—t)lC‘T_)F}_ dt)

a Po

(1+h2>2/1/T N e s dr)’
3 y PO( T_aexp(Q(T HEF)TH dt),

(h) (h*)
. . L L
where we used I';™ =~ I'\7, when ¢ ~ T in the second line; we used T VP T 7 whent ~ T in

T =

the third line; E(jfl - h?/2 K= (40) herein. In the last line, we used the fact that py ~ py when
h — oo.

By Lem. D.2,
1+h22°o 1_e—a2)\<h)
7—1 N( 8 ) Z( h2 )\(h) (al(ch))
k=1 2 Yk
1 & a,ih) 2
N§Z(W) (bya=h"? h>1),
k=1 )\k

where (/\,(Ch), ¢’(€h)) are eigen pairs of K4 and T = >°77 | a,(qh)(b,(ch). When h — oo, we know that
the eigenvalues of /3, which depends on h and has the form

K5 (1)(@) = Dp(w) + V - (VUo(@)u(x)) + h 2V « (VU (x) - z)u),
should converge to X°°, defined as
K>(p) = Dp+ V- (VUop).

Therefore, in the limit,

o0

. 1 oo
Jim 7= 537 ()

k=1

where (A 6(°)) are eigen pairs of K> and T = $°° | (> (>,

Upper bound of 7;

By the upper bound in Lem. D.2 (together with @ = h=# and h >> 1) or by applying /\,(Ch) > Ko
directly to the asymptotic of 77, when h > 1,
L[ TF2 1 [ (V-péi)? | 1 / (V- (poé5))?

Rd

263 Jra po 262 Jga P0 2m? Do

DS
The term 7 in Prop. 3.6 is simply the limit of 7;.

F.2 Remark on the large diffusion limit
Score function parameterization in constrained score models
We would like to remark on the parameterization of score function. It is common in literature

to directly parameterize S, (4) via some neural network. However, in general, this practice can
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rarely guarantee that &, (which is supposed to approximate V log p;) has the gradient form as well
[23, 25]. If we instead parameterize log ps(z) = Ny(z; ), where N.(-;6) is some (scalar-valued)
neural network with parameter 6, we can simply use the following ansatz in training

Si(x) = VNy(x;0).
Consequently, the error of score function estimate also has a gradient form:
e& (x) £ & (x) — Vg p; ()
= VN{ (2;0) — Vlogp; ()
=V (N}~ (2;0) — logp}~ (@) .

=:p

This validates the discussion in § 3.6. Apart from the apparent benefit in preserving the gradient form,
this ansatz can help us identify some interesting structure for the the upper bound of limy_, o, L(h) in
(18), discussed in § 3.6.

More discussion on the upper bound

Because the score error & comes from approximating V log po, it is reasonable to consider the case
= log po, the upper bound (18), or equivalently (19), becomes

1
TS —2/ (IVU | = AlG) e 0. (41)
2m0 Rd
This quantity heuristically characterizes how difficult the probability distribution py can be learn by

score-based diffusion models with large diffusion coefficient.

It is of interest to further explore how to utilize the above upper bound to improve the training of
score function, or provide theoretical understanding about what types of probability distributions are
easy/difficult to learn via score-based SDEs. We shall leave an extensive study of these important and
interesting questions for future work. Below, we shall provide a simple example.

Example: d-dimensional Gaussian
When py = e~Yo = N (i, o), the quantity mg (14) is mg = % Then this upper bound (18) is
0

d 2
——) e 0 =d.
pe)

2

T— [
2
99

4
a5
2 Jout

This is compatible with the insight that it is more difficult to learn a high dimensional probability
distribution.

G Numerical experiment: 1D Gaussian case

We demonstrate and validate main findings via a simple 1D Gaussian. Suppose f;(z) = —%x, g =1,

and the exact data distribution is a Gaussian py = N(0, o3). The error is quantified by KL (po||qr)-
We investigate this error as a function of the magnitude of 2~ (which is chosen as a constant function
hi =hforanyt € [0, T)).

G.1 Explicit formulas for 1D Gaussian case

From solving the SDE for the forward process, we know that

py = N(0, af), af = ageft +1—et, Viegpi(z) = —%. (42)
i

The backward dynamics (7) on ¢ € [0, 7] is

e i, ¥ 5
dyt:<§yt+ (- + 657 (V) de+ hi” AW,
07—+

law(f/o) =pr-

7R
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In this example, there is only one source of error, which is &, as we know explicitly the distribution
pr and we can choose the time step small enough such that numerical discretization error is negligible.
Due to the structure of the score function, it is reasonable to consider the following ansatz

&7 (z) = ayz. (43)

This example has explicit formulas: Y7 is a Gaussian distribution with E[Y7] = 0 and

T
Var(Yr) = G Var(Yy) + / GL2G?hi2 dt,
0

where
t 2
1 1+hf 1
Gy = exp(—/o §—|— 5 (_U%,S + earg)ds).
The sample generation error quantified by KL divergence also has an explicit formula:
_ 1 Var(Yr) o8 1
KL (pollqr) = 5 log + =~ 5

G.2 Experiment 1: Fix error magnitude ¢ and consider various error types

We choose T' = 2, hj~ = h for all ¢ € [0, 7], and the error function is chosen as

1 case 1;
-1 case 2;
e =0.02, & () = Viogp; (x) x w case 3; (44)
Ti<o.957 case 4;
Ht>0.99T case 5.

For these choices, we only perturb the true score function by a bounded prefactor. We can observe
that the error KL (p0| |q~T) is a complicated function of h in general in Fig. 6. When we only perturb
the score function during the initial period of the generative process (case 4), we can clearly observe
that the sampling error decays exponentially fast with respect to h%, which numerically validates
Prop. 3.4. When we only perturb the score function near the end of the generative process (case 5),
increasing the diffusion coefficient h will actually increase the error, which is predicted by Prop. 3.5.
For a general error (case 1, 2, 3), overall we can still expect that increasing diffusion coefficient h
will generally suppress the error when oy is small.

Table 3: Approximated value of L(h) when h? ~ 20. We can observe that in each column (referring
to a specific error type) the value is almost independent of the o in particular when o < 1.

ogp Casel Case2 Case3

0.2 0.2567 0.3032 0.0658
04 02569 0.3028 0.0636
0.6 0.2570 0.3018 0.0597
0.8 0.2569 0.3023 0.0544
1.5 02570 0.3017 0.0321
20 0.2564 03022 0.0198
3.0 0.2566 0.3020 0.0121

G.3 Experiment 2: consider L(h) for various error types

We further numerically approximate L(h) = L(h, &%, pg) by linear regression and study how o
(i.e., the data distribution py), error type &<, and diffusion coefficient h affect the leading order
term L(h, &, po). Recall that we use L(h) as a simplified notation when & and py are clear from
context; see § 3. As a remark, to approximate L(h), we used the leading-order approximation that
KL (po||gr) = L(h)e* + O(e?): we choose a few € values and use linear regression to estimate L(h).
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In Fig. 7, we can clearly observe that L(h) converges to a constant extremely fast when h increases
for cases op < 1. The value of &} for the case 3 is only 1/2 of that for case 1 and case 2. By
Prop. 3.6, we know that limy,_, o, L(h) for the case 3 should be approximated 1/4 of that for cases 1
and 2. This is also (approximately) numerically observed in Table 3.

case 1l case 2 case 3 case 4 case 5
-3.51 —4.0
S -3.0 -3.01 . —-41
I —4.0 1 —4.44
S -3.61 -3.59 —64
. —a04, 451, . . —a8!
0 20 0 20 0 20 0 2 0 20
-3.6 -4.0
o 301 s ]
S : —-4.01 -4.8
I35
S -36 —4.4 —61 564
-4.0 4 -4.0 4 : : " :
0 20 0 20 0 20 0 5 0 20
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-3.84 -3.84 —4.44 —6.0
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Figure 6: We show log; (KL (pol|gr)) as a function of h? for the 1D Gaussian model. T = 2,
different oy and error functions in (44) are considered.

H More details about numerical experiments in § 4

In this section, we discuss datasets, network architectures, evaluation metrics, numerical schemes
(exponential integrator), and the default weight in denoising score matching.

H.1 Datasets
* 1D 2-mode Gaussian mixture: po(z) = > ._, 0.5N (z; (—1.0)%,0.01).
« 2D 4-mode Gaussian mixture: po(z) = . ._, 0.25N (z; ((—1.0)%, (~1.0)7),0.05°I5).

ij=1
* Swiss roll: Swiss roll generates samples by (x,y) = (¢sin(t), ¢ cos(t)) with ¢ drawn from
the uniform distribution U/ (2F, 2.

20
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Figure 7: We show log; (L(h)) as a function of h? for the 1D Gaussian model. 7' = 2, different o
and error functions in (44) are considered.
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e MNIST: MNIST [34] contains 60,000 28 x 28 gray-scale images with hand-written digits.
* CIFAR-10: CIFAR-10 [22] contains 60,000 32 x 32 RGB images with ten categories.

H.2 Network architectures and other parameters

For experiments on 1D/2D Gaussian mixtures, the exact scores can be obtained analytically if we
use VP-SDE. We set T' =4 and g; = 1 for t € [0, T']. For the time discretization when solving the
reverse SDE with Euler-Maruyama method, we apply 40,000 steps and 80,000 steps for 1D and 2D
Gaussian mixtures, respectively.

For experiments on Swiss roll, we apply a three-layer neural network for score matching, where the
width of each layer is set as 50, 50, and 2 and we apply ReLU as the nonlinear activation for two
hidden layers. We set 7' = 1 and g, = 1/0.1(1 — ¢) + 20¢ for ¢ € [0, T)]. The learning rate is set as
0.01 and decays by 0.5 every 8,000 steps. The batch size is set as 400. We train the neural network
for 20,000 steps. For the time discretization when solving the reverse SDE with Euler-Maruyama
method, we apply 20,000 steps.

For experiments on MNIST, we apply the net architecture in [17] for score matching, where we use
two resolution blocks in U-net and set the multipliers of channels to be one and two. We set 7' = 1.4
and g, = 1/0.1(1 — t) + 20t for ¢ € [0, T]. The number of iteration is 20, 000, the batch size is set
as 64. We solve the reverse SDE with exponential integrator; see also Appx. H.4.

For experiments on CIFAR-10, we apply the DDPM++ cont. in [30] as the net architecture, and
use their pretrained checkpoint in for score estimation. We use the same setting as [30],i.e., 7 =1

and g; = /0.1(1 — t) + 20t for t € [0, T. For the time discretization when sampling with Euler-
Maruyama method, we apply 100, 200, 500, 1000, 2000, 3000 and 4000 steps.

H.3 Evaluation metrics

For experiments of 1D/2D Gaussian mixtures and Swiss roll, we apply approximated divergences for
evaluating the performances. Specifically, we discretize the space into 100 bins in each dimension,
then obtain the empirical densities of 10,000 true samples and 10,000 generated samples, and use
Jensen-Shannon divergence, Kullback-Leibler divergence and Wasserstein distance between both
empirical densities as the metrics for evaluation.

H.4 Exponential integrator
We shall explain the exponential integrator for (2) with ¢ € [0, 7T, i.e., the following equation
)2 he 2

dY; = —f7 (V) dt + w

1 e2+he2
zingYtdtJr(gt) 2(t)

Viegp; (Y;) dt + hy dWy
Viegps (Yy) dt + hi™ dWy.
Then for any time ¢ € [ty, tx1], and given Ytk, we approximate the above dynamics by

(9:7)% + (hi”

. 1 . 2 .
d}f;zégfz}ﬁ dt + 5 ) Vieogp;, (Yi,) dt +hi dW,.

This dynamics is a linear SDE and we can solve it exactly

t —2 —2
N 1o pthtl ez gon BFL 4 ctkgr 2 4. Q@ +h
%tk+1 —e2 ftk 9s s i/tk + [/ e2 Ji gs “dsdt T Tt dt} S

tr 2
::.71
tht1
+/ e M e dspe qyy,

tr 7

=T

Sk = Vlogpg(?}k).
ey
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Therefore,

R tr41
}/tk+1 =7+ / (%)2 dt Zy, Zy NN(()’Id)

ti

If we pick
hi =ag;, a € RT,
g: = v/ Bo+ (81— Bo)t which implies that g = \/ﬁo + (B1 — Bo)(T —t),

then after straightforward calculations,

?tkﬂ = Vi, + (1 + 012)(’71@ - 1)Sk +4/a? (’Y;% - 1)Z/€7

(5k (250+(2tk—2T+5k)(/30—/31)> )

where 0y, := tp11 — t and v, := exp 1

H.5 Default training weight

Given the fixed X, we can explicitly solve (1) (with the choice f;(z) = —%x):
t
X = (G) o+ [ G7'Gug. W,
0

2
%5 ds). The standard deviation of the Brownian motion term above is

where G = exp ( fot
t
wy = / G;2G2? g2 ds.
0
When g; = /B0 + (81 — Bo)t as used in many literature [30, 17], we can explicitly solve for wo;:

wy = \/1 — exp <—;t2(51 — Bo) — 7«‘50)-

In literatures, to balance the noise over time in training the score function, a common practice is to
use the default weight w; = w? (5) in the (denoising) score-matching loss function (4).

H.6 Additional numerical results for experiments in § 4

We present more numerical results on 1D Gaussian mixture, Swiss roll, and MNIST to further verify
theoretical results.

1D Gaussian mixture

We evaluate the performances of generative models under different values of h for 1D Gaussian
mixture, and present the visualization and numerical results in Fig. 8 and Fig. 9, respectively. In Fig. 8,
a clear trend shows that with increasing h, the empirical density of generated samples better matches
the true density function. This trend is more quantitatively captured in Fig. 9, from which we
clearly observe that the distance between the empirical and the true density function decreases to the
numerical threshold exponentially fast. Numerical threshold means the error of various distances
when ¢ = 0; due to the space discretization when computing various distances, the numerical values
of various distances are not exactly zero even when we use the exact score function. However,
increasing h can help us to almost reach this limit and this phenomenon is theoretically described in
Prop. 3.4.
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Figure 8: Visualization of 1D GMM, where & (z) = V logp; (x). We can observe that increasing
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h can help to generate samples with a distribution closer to the true py.
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Figure 9: Numerical results of 1D 2-mode Gaussian mixture. We can observe that the distance
between the empirical density and the true density function decreases as h increases, when &7~ is not
extremely large.

Swiss roll

In Fig. 10, we provide additional figures to discuss the effect of time-discretization. When the
numerical error is negligible, we can observe that the generative process with a larger h can provide a
clearer picture of Swiss roll, as shown in Fig. 10c. However, when the discretization error cannot
be ignored, the conclusion may be reversed. Therefore, it is necessary to design and employ more
accurate numerical methods for models with large h in order to fully benefit from diffusion models
with a large diffusion coefficient.

In Fig. 11, we display JS and KL divergences between the true density po and the generated samples.
Since the data distribution of Swiss roll is highly localized (data is concentrated on a curve embed in
2D), accurately computing the KL divergence poses a significant numerical challenge. That is why
we use Wasserstein distance instead in Fig. 5a. Based on more robust symmetric metrics (i.e., the
JS and Wasserstein distance herein), we can observe that a larger h can indeed diminish the error in
sample generation.

h?=0.0g? h?2=1.0¢g2

h?=2.0 g?

(a) discretization steps = 100
h?=2.0g? h?=3.0g?

@fDO)

(b) discretization steps = 1, 000
=2.09? =3.092 =4.09?

OO

(c) discretization steps = 10,000

h?=0.0 g? h?=1.0 g2

h?=1.0¢g?

Figure 10: Visualization results of Swiss roll with different number of time steps.
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Figure 11: Numerical results of Jensen-Shannon divergence and Kullback-Leibler divergence of
Swiss roll.

MNIST

We conduct further experiments to explore the effect of A and the time discretization steps. It is
important to note that if one has an extremely well trained score function, then the effect of h* is
indeed negligible, as shown in (3). To somewhat magnify the score training error for MNIST (but
with a reasonable score function), we increase the time 7" and use a smaller architecture with fewer
parameters; the reason of the occasional failure to generate clear MNIST images in later figures
comes from this deliberate experimental design.

For an existing pre-trained score function with non-negligible error, we notice that increasing h*~
can almost ubiquitously improve the quality of sample generation; see Fig. 12 (as well as Fig. 15
and Fig. 16 under different training setup). This improvement is supported by our theoretical results,
particularly Prop. 3.4. Notably, even when choosing h~ = 0 (ODE) and h*~ = ¢* (the default
diffusion model in many studies) occasionally fail to generate an image, simply by increasing the
magnitude of " (possibly at the cost of more computational resources), we have a larger chance of
generating an image with reasonable quality; for instance, see the last row in Fig. 12 (particularly see
the last row in Fig. 15). The ODE-based model sometimes fails to generate hand-writing digits even
when the step number is 103, whereas the diffusion model (with large ") does not encounter this
issue. This conclusion might be reversed when the time step size is large, which is similarly observed
in the Swiss roll.

The computational cost of SDE-based models with large diffusion (b > ¢*) is relatively high
due to the necessity of a larger number of time steps: a larger A~ has the similar effect as running
Langevin for a larger time horizon as discussed in § 3.3 and a longer time simulation is expected
to be more expensive and also its accuracy largely relies on a well-chosen time step. However, this
can be offset by the ability to use a lightweight architecture that possibly speeds up the generative
process. A detailed comparison of various diffusion-based models with the same computational
budget constraint is challenging and is slightly beyond the scope of this work, and we will leave this
task to future work.

A
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Visualization of sample generation in MNIST where we used default we

Figure 12:

use different random seed to ensure robustness and this is the result for trial 1. Results for trial 2 is

not included in this work as the overall tendency remains the same.
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I Numerical experiments for adopting different weight in training

We have two reasons to explore the effects of various weight functions in training.

The first reason is that theoretically, any positive scalar-valued functions w; on (0,7 is a valid
candidate. This prompts the question of whether such a default weight function (5) is optimal in
designing the loss function. We fully acknowledge that the default choice adopted in most literatures
is a very effective one. However, the mathematical reason behind it is still not satisfactory in our
opinion. This motivates us to ask whether the default choice is really the optimal one, at least in
certain circumstances.

The second (and actually the primary reason) comes from our theoretical predictions discussed in
§ 3.7. As there is a tight connection between the optimal reverse-time generative process and the
time-distribution of the score error (see Prop. 3.4, Prop. 3.5 and Prop. 3.6), if we are willing to
train or re-train the score function and are interested in using the ODE-based model (for fast sample
generation), it appears that we should focus more on the noise’s end comparatively. To achieve this
goal, namely, to control the distribution of score error, we adopt different weight schemes in the loss
function only for training: default weight in (5), a data-driven case (more weight in the data side) and
a noise-driven case (more weight in the noise side):
3

wy noise-driven, or simply referred as “noise”;
w=1{ . . (45)
_— data-driven, or simply referred as “data”.

There is no theoretical reasons behind the noise-driven and data-driven choices in the last equation.
We merely experiment with two reasonable choices and at the same time they are expected to help us
control the time distribution of the score error.

After the initial camera-ready version of this work, we notice that such a weight design (in particular
the noise-driven weight) has also been studied in [12]. Their experiments seem to provide further
evidence about the validity of our arguments. However, we would like to emphasize that the
approaches and perspectives towards proposing such a weight design are different: in [12], their
conjecture is based on an insightful perception argument, whereas we take a mathematical approach
and come up with the design based on the above error accumulation analysis.

LI.1 Our guess

Based on our theoretical results, we guess that if a different weight function can really achieve
our expected goal (namely, control the time distribution of the score function), the noise-driven
case should be more suitable for ODE models, and the data-driven weight should give us the worst
performance for ODE models.

We remark that this conjecture is surely not universal, and its validity remains to be fully validated by
more benchmark experiments. Nevertheless, our numerical experiments below suggest its potential
usefulness and it prompts an interesting question to explore and design the optimal score-matching
loss function, which is rarely studied in literature. In what follows, we report numerical experiments
for MNIST and CIFAR-10.

1.2 MNIST

We used different weights to train the score function and then visualize their generated samples in
Fig. 13. We can clearly observe that the score function trained by the noise-driven weight produces
comparatively better samples in ODE models. We plot the denoising score-matching loss for score
functions obtained from training with various weights in Fig. 14:

* to make the comparison more straightforward, we visualize the time-distribution of relative
score-matching loss rather than the absolute value, namely, we demonstrate:

) 2
]EXONPOEXtNPt\O('l.XO) {H(G(l))t(Xt) - Vlogpt\o(Xt|Xo)|| }

t—
2
Exompo B Xm0 (1Xo0) [H(G(defa“"))t(xt) — Vlog pyjo(X¢| Xo) || }

, i € {noise, data},

(46)

2R
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and &) refers to the score function obtained from training using weight i and we use test datasets
to approximately represent pg;

* to ensure robustness, we independently conduct two trials with different neural network initializa-
tions: For each trial, the initial neural network is the same and the only difference in training is to
adopt different weights in the loss function.

In Fig. 14, we can clearly observe that adopting different weights indeed help us to control how the
score error is distributed over time as we expect (e.g., noise-driven weight helps us reduce the error
near t ~ T and has an opposite effect near ¢t ~ 0); as shown in Fig. 13, their numerical performances
in terms of sample generation also match our guess above.

We further visualize how the diffusion coefficient h and time step size affect the sample generation
quality for score functions obtained by data-driven weight (see Fig. 15) and noise-driven weight
(see Fig. 16). The conclusion is the same as in the default weight case. This further validates our
theoretical results in § 3.
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independent random initialization.
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Relative score-matching loss

i

Y data, trial 1 / N
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Figure 14: Score-matching loss for data-driven and noise-driven case on MNIST, compared with the
default case
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1.3 CIFAR-10

We carry out a similar experiment for CIFAR-10 to test the effect of training weights w;: we used the
same initialization (referred to as the trial number below) and all other hyper-parameters, except that
we employ different weights in score-matching loss (4). The same architecture is used as in [17] for
CIFAR-10 and the detailed hyper-parameters can be found in source codes.

In Fig. 17, we observe that overall over the whole training period, the noise-driven weight leads into a
score function estimate no worsen than that by the default weight: due to stochastic fluctuations and
other uncertainties (in particular if we adopt the mixed precision training), there is no guarantee that
the noise-driven one is always better, but the overall tendency is still observable and clear. In Fig. 18,
the noise-driven one actually has a slightly larger score-matching loss (SML) than the default one
(which could be possibly explained by how we measure the SML in Fig. 18). What is interesting is
that score functions trained by the noise-driven weight and the data-driven weight have a similar SML,
which both decay at the similar pace; however, the FID values for the score function estimate by
noise-driven weight are much smaller than that by the data-driven weight. This apparent gap clearly
explains that apart from the total score-matching loss (which does matter), the time distribution
of the score error plays an important role in determining the final sampling error, echoing our
theoretical results in § 3.

For instance, in Fig. 17, if we consider the first experiment (i.e., trial=0) with float16 mixed-precision
training (i.e., mixed=True), we notice that relatively near 80k and 120k training iterations, the
performance of noise-driven one is much better than the default one, which is consistent with Fig. 19
that the relative loss near ¢ ~ T is more minimised for iterations 80k and 120k, compared with
other iteration stages. Moreover, for the same experiment in Fig. 17, the data-driven one has a much
worsen FID value at iteration 200k, which is compatible with the increasing relative error near the
noise’s end (i.e., t = T) in the last row of Fig. 19. For the remaining three experimental setup
(either different initialization or training precision), we notice a similar consistency between how
the time-distribution of the SML behaves and how FID values change. This relation, so far, still
cannot be used as a rigorous quantitative indicator to predict one based on the other quantity, but
qualitatively, the above explained relationship does appear to be numerically valid and theoretically
sound.

In summary, if we have two score functions S, and S, from training:

o If the SML for G; is much larger than the SML for G4, then we can probably confidently expect
that &5 is a more accurate estimate.

¢ However, when the total SML (4) for both are close, then the time-distribution of the score-
matching loss together with which generative dynamics is chosen will play a significant role in
determining the final sample generation quality, which is probably largely overlooked in current
literature as far as we know. A full investigation and in particular whether it is possible to adapt
this observation to achieve the state-of-art models will be left to the next stage of research.
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Figure 17: We visualize FIDs of score-training estimates by various weights with respect to the
number of training iteration. We consider ODE models (i.e., h = 0) when computing FIDs. Trial = 0,
1 refers to different neural network initialization; mixed=True means we use float16 mixed-precision
for training; mixed=False means we use 32-bit precision.

a4
https://doi.org/10.52202/075280-1453 33463



trial=0, mixed=True

77;,

76

SML

75 A

74 1

N

X

40k

80k 120k 160k 200k

trial=1, mixed=True

77 1%

76

SML

754

74 1

40k

80k 120k 160k 200k

SML

SML

trial=0, mixed=False

77
76
75 A

74

40k 80k 120k 160k 200

trial=1, mixed=False

77 1%

76

75 A

74 1

—»— data
noise
—— default

40k 80k 120k 160k 200k

Figure 18: We visualize score-matching loss (4) for score function trained using various weights with
respect to the number of training iteration’s. Trial = 0, 1 refers to different training initialization;
mixed=True means we use float16 mixed-precision for training; mixed=False means we use 32-bit
precision. When we compare SML for different score functions above, we consistently use the
“default” weight for fairer comparison, even though some score functions are trained using different
weight functions; we also use the test dataset to approximately represent py.
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Figure 19: The first independent experiment with the float16 mixed precision training: We
visualize the relative time distribution of the SML (46) (on the left) and the time distribution of SML
(on the right) for various training weights and for various training stages (each row).
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Figure 20: The first independent experiment with the full 32-bit precision training: We visualize
the relative time distribution of the SML (46) (on the left) and the time distribution of SML (on the
right) for various training weights and for various training stages (each row).
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Figure 21: The second independent experiment with the float16 mixed precision training: We
visualize the relative time distribution of the SML (46) (on the left) and the time distribution of SML
(on the right) for various training weights and for various training stages (each row).
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Figure 22: The second independent experiment with the full 32-bit precision training: We
visualize the relative time distribution of the SML (46) (on the left) and the time distribution of SML
(on the right) for various training weights and for various training stages (each row).
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