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Abstract

While personalized recommendations systems have become increasingly popular,
ensuring user data protection remains a top concern in the development of these
learning systems. A common approach to enhancing privacy involves training
models using anonymous data rather than individual data. In this paper, we explore
a natural technique called look-alike clustering, which involves replacing sensitive
features of individuals with the cluster’s average values. We provide a precise
analysis of how training models using anonymous cluster centers affects their
generalization capabilities. We focus on an asymptotic regime where the size of the
training set grows in proportion to the features dimension. Our analysis is based on
the Convex Gaussian Minimax Theorem (CGMT) and allows us to theoretically
understand the role of different model components on the generalization error. In
addition, we demonstrate that in certain high-dimensional regimes, training over
anonymous cluster centers acts as a regularization and improves generalization
error of the trained models. Finally, we corroborate our asymptotic theory with
finite-sample numerical experiments where we observe a perfect match when the
sample size is only of order of a few hundreds.

1 Introduction

Look-alike modeling in machine learning encompasses a range of techniques that focus on identifying
users who possess similar characteristics, behaviors, or preferences to a specific target individual.
This approach primarily relies on the principle that individuals with shared attributes are likely to
exhibit comparable interests and behaviors. By analyzing the behavior of these look-alike users,
look-alike modeling enables accurate predictions for the target user. This technique has been widely
used in various domains, including targeted marketing and personalized recommendations, where it
plays a crucial role in enhancing user experiences and driving tailored outcomes [26, 19, 18, 21].

In this paper, we use look-alike clustering for a different purpose, namely to anonymize sensitive
information of users. Consider a supervised regression setup where the training set contains n pairs
(zi,y;), for i € [n], with y; € R denoting the response and x; € R? representing a high-dimensional
vector of features. We consider two groups of features: sensitive features, which contain some
personal information about users and should be protected from the leaner, and the non-sensitive
features. We assume that that the learner has access to a clustering structure on users, which is
non-private information (e.g. based on non-sensitive features or other non-sensitive data set on users).

We propose a look-alike clustering approach, where we anonymize the individuals’ sensitive features
by replacing them with the cluster’s average values. Only the anonymized dataset will be shared with
the learner who then uses it to train a model. We refer to Figure 1 for an illustration of this approach.
Note that the learner never gets access to the individuals’ sensitive features and so this approach
is safe from re-identification attacks where the learner is given access to the pool of individuals’
sensitive information (up to permutation) and may use the non-sensitive features to re-identify the
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Figure 1: Schematic illustration of look-alike clustering on features data. Within each cluster,
the sensitive features of users are replaced by a common look-alike representation (center of the
cluster). In this example, 1, pu2, ps represent the average of the sensitive features vectors for
users in cluster 1, 2, 3.

users. Also note that since a common representation (average sensitive features) is used for all the
users in a cluster, this approach offers m-anonymity provided that each cluster is of size at least m
(minimum size clustering).

Minimum size clustering has received an increased attention mainly as a tool for anonymization and
when privacy considerations are in place [7, 2, 3]. A particular application is for providing anonymity
for user targeting in online advertising with the goal of replacing the use of third-party cookies with a
more privacy-respecting entity [10]. There are a variety of approximation algorithms for clustering
with minimum size constraint [23, 9, 1, 24], as well as parallel and dynamic implementation [10].

In this paper, we focus on linear regression and derive a precise characterization of model gener-
alization' using the look-alike clustering approach, in the so-called proportional regime where the
size of training set grows in proportion to the number of parameters (which for the linear regression
is equal to the number of features). The proportional regime has attracted a significant attention
as overparametrized models have become greatly prevalent. It allows to understand the effect un-
der/overparametrization in feature-rich models, providing insights to several intriguing phenomena,
including double-descent behavior in the generalization error [22, 8, 14].

Our precise asymptotic theory allows us to demystify the effect of different factors on the model
generalization under look-alike clustering, such as the role of cluster size, number of clusters, signal-
to-noise ratio of the model as well as the strength of sensitive and non-sensitive features. A key tool
in our analysis is a powerful extension of Gordon’s Gaussian process inequality [13] known as the
Convex Gaussian Minimax Theorem (CGMT), which was developed in [30] and has been used for
studying different learning problems; see e.g, [29, 8, 15, 14, 16].

Initially, it might be presumed that look-alike clustering would hinder model generalization by
suppressing sensitive features of individuals, suggesting a possible tradeoff between anonymity
(privacy) and model performance. However, our analysis uncovers scenarios in which look-alike
clustering actually enhances model generalization! We will develop further insights on these results
by arguing that the proposed look-alike clustering can serve as a form of regularization, mitigating
model overfitting and consequently improving the model generalization.

Before summarizing our key contributions in this paper, we conclude this section by discussing some
of the recent work on the tradeoff between privacy and model generalization at large. An approach
to study such potential tradeoff is via the lens of memorization. Modern deep neural networks,
with remarkable generalization property, operate in the overparametrized regime where there are
more tunable parameters than the number of training samples. Such overparametrized models tend
to interpolate the training data and are known to fit well even random labels [34, 33]. Similar
phenomenon has been observed in other models, such as random forest [4], Adaboost [25, 32], and
kernel methods [5, 17]. Beyond label memorization, [6] studies setting where learning algorithms with
near-optimal generalization must encode most of the information about the entire high-dimensional
(and high-entropy) covariates of the training examples. Clearly, memorization of training data imposes
significant privacy risks when this data contains sensitive personal information, and therefore these
results hint to a potential trade-off between privacy protection and model generalization [27, 12, 20].
Lastly, [11] studies settings where data is sampled from a mixture of subpopulations, and shows
that label memorization is necessary for achieving near-optimal generalization error, whenever the

'the ability of the model to generalize to new, unseen data from the same distribution as the training data
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distribution of subpopulation frequencies is long-tailed. Intuitively, this corresponds to datasets with
many small distinct subpopulations. In order to predict more accurately on a subpopulation from
which only a very few examples are observed, the algorithm needs to memorize their labels.

1.1 Summary of contributions

We consider a linear regression setting for response variable y given feature x, and posit a Gaussian
Mixture Model on the features to model the clustering structure on the samples. We focus on
the high-dimensional asymptotic regime where the number of training samples n, the dimension
of sensitive features (p), and the dimension of non-sensitive features (d — p) grow in proportion
(p/n — 1, and d/n — 14, for some constants 0 < 1, < 1)4). Asymptotic analysis in this particular
regime, characterized by a fixed sample size to feature size ratio, has recently garnered significant
attention due to its relevance to the regime where modern neural networks operate. This analysis
allows for the study of various intriguing phenomena related to both statistical properties (such as
double-descent) and the tractability of optimizing the learning process in such networks [22, 8, 14],
where the population analysis n/d — oo fails to capture. Let 7" = {(x;,y;),¢ € [n]} denote the
(unanonymized) training set and 7;" be the set obtained after replacing the sensitive features with the

look-alike representations of clusters. We denote by 9 and 9, 1, the min-norm estimators fit to 7" and
1, respectively. Under this asymptotic setting:

* We provide a precise characterization of the generalization error of Hand 0. Despite the random-
ness in data generating model, we show that in the high-dimensional asymptotic, the generalization
errors of these estimators converge in probability to deterministic limits for which we provide
explicit expressions.

* Our characterizations reveal several interesting facts about the generalization of the estimators:

(i) For the min-norm estimator 6 we observe significantly different behavior in the under-
parametrized regime (14 < 1) than in the overparametrized regime (¢4 > 1). Note that in the
underparametrized regime, the min-norm estimator coincides with the standard least squares
estimator. For the look-alike estimator 8, our analysis identifies the underparametrized regime
as ¥4 — ¥ < 1 and the overparametrized regime as g — ¥, > 1.

(i7) In the underparametrized regime, our analysis shows that, somewhat surprisingly, the general-
ization error (for both estimators) does not depend on the number or size of the clusters, nor
the scaling of the cluster centers.

(i74) In the overparametrized regime, our analysis provides a precise understanding of the role of
different factors, including the number of clusters, energy of cluster centers, and the alignment
of the model with the constellation of cluster centers, on the generalization error.

» Using our characterizations, we discuss settings where the look-alike estimator 61, has better
generalization than its non-private counterpart 8. A relevant quantity that shows up in our analysis
is the ratio of the norm of the model component on the sensitive features over the noise in the
response, which we refer to as signal-to-noise ratio (SNR). Using our theory, we show that if SNR
is below a certain threshold, then look-alike estimator 0, 1. has lower generalization error than 0.
This demonstrates scenarios where anonymizing sensitive features via look-alike clustering does
‘not’ hinder model generalization. We give an interpretation for this result, after Theorem 5.1, by
arguing that at low-SNR, look-alike clustering acts as a regularization and mitigates overfitting,
which consequently improves model generalization.

* In our analysis in the previous parts, we assume that the learner has access to the exact underlying
clustering structure on the users, to disentangle the clustering estimation error from look-alike
modeling. However, in practice the learner needs to estimate the clustering structure from data. In
Section 3.2, we combine our analysis with a perturbation analysis to extend our results to the case
of imperfect clustering estimation.

Due to space constraint, we refer to the supplementary material for an overview of our proof
techniques as well as proof of theorems and technical lemmas.
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2 Model

We consider a linear regression setting, where we are given n i.i.d pairs (x;, y; ), where the response
y; is given by
yi:(wi700>+5ia EiNN(O,O'2). (2])

We assume that there is a clustering structure on features ;, ¢ € [n], independent from the responses.
‘We model this structure via Gaussian-Mixture model.

Gaussian-Mixture Model (GMM) on features. Each example « belong to cluster ¢ € [k], with
probability ;. We let 7 = [, 72, ...,m] € R¥ with w > 0 and 17 = 1. The cluster conditional
distribution of an example z in cluster £ follows an isotropic Gaussian with mean g, € R, namely

x=p,+z, z~N(0,71). 2.2)

By scaling the model (2.1), without loss of generality we assume 7 = 1. Writing in the matrix form,
we let

X =[m|msl. . J&n] €R™™, y=(y1,..,yn) €R", M =[py]pto] ... |11, ] eRT" . (23)

It is also convenient to encode the cluster membership as one-hot encoded vectors A; € R*, where \;
is one at entry ¢ (with ¢ being the cluster of example x;) and zero everywhere else. The GMM can
then be written as

X=MA+2Z, 2.4

with Z € R%™ is a Gaussian matrix with i.i.d N(0, 1) entries, and A € R**™ is the matrix obtained by
stacking vectors \; as its column.

Sensitive and non-sensitive features. We assume that some of the features are sensitive for which
we have some reservation to share with the learner and some non-sensitive features. Without loss
of generality, we write it as @ = (&g, @ns), where x5 € RP representing the sensitive features
and x,s € R?P representing the non-sensitive features. We also decompose the model 8 (2.1)
as 0y = (0o,s,00ns) With g5 € RP and 6 5 € RP. Likewise, the cluster mean vector p is
decomposed as p = (g, 4,5 ). The idea of look-alike clustering is to replace the sensitive features of
an example s with the center of its cluster .. This way, if each cluster is of size at least m, then
look-alike clustering offers m-anonymity.

Our goal in this paper is to precisely characterize the effect of look-alike clustering on model
generalization. We focus on the high-dimensional asymptotic regime, where the number of training
data n, and features sizes d, p grow in proportion.

We formalize the high-dimensional asymptotic setting in the assumption below:

Assumption 1 We assume that the number of clusters k is fixed and focus on the asymptotic regime
where n,d,p — oo at a fixed ratio dfn — g and p/n — 1,

To study the generalization of a model 8 (performance on unseen data) via the out-of-sample
prediction risk defined as Risk(8) := E[(y — «'0)?], where (y, ) is generated according to (2.1).
Our next lemma characterizes the risk when the feature x is drawn from GMM.

Lemma 2.1 Under the linear response model (2.1) and a GMM for features x, the out-of-sample
prediction risk of a model 0 is given by

Risk(8) = 0% + [0 - 0|7, + (8 - 0)" Mdiag(m)M" (6, - 6).

The proof of Lemma 2.1 is deferred to the supplementary.

3 Main results

Consider the minimum {5 norm (min-norm) least squares regression estimator of y on X defined by

0=(XX")'Xy, 3.1

il
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where (X X )" denotes the Moore-Penrose pseudoinverse of X X T. This estimator can also be
formulated as .
6 := arg min {HOHez : @ minimizes |y - XTBH&} .

We also define the “look-alike estimator” denoted by 0, 1, where the sensitive features are first
anonymized via look-like modeling, and then the min-norm estimator is computed based on the
resulting features. Specifically the sensitive feature x4 of each samgle is replaced by the center of its
cluster. In our notation, writing X ' = [ X[, X.], we define X = [(M,A)T, X 1] the features
matrix obtained after look-alike modeling on the sensitive features. The look-alike estimator is then
given by

0,=(X. X)Xy, (3.2)

Our main result is to provide a precise characterization of the risk of look-alike estimator 8y, as

well as 8 (non-look-alike) in the asymptotic regime, as described in Assumption 1. We then discuss
regimes where look-alike clustering offers better generalization.

As our analysis shows there are two majorly different setting in the behavior of the look-alike
estimator: (%) ¥q — 9, < 1, i.e., the sample size n is asymptotically larger than d — p, the number of
non-sensitive features (referred to as underparametrized asymptotics); (i7) ¢4 — ¢, > 1, which is
referred to as overparametrized asymptotics.

Our first theorem is on the risk of look-alike estimator in the underparametrized setting. To present
our result, we consider the following singular value decomposition for My, the matrix of cluster
centers restricted to sensitive features:

M, =US, V), U,eR’" 5, eR™ V,eR"”  withr =rank(M,) < k.

Theorem 3.1 (Look-alike estimator, underparametrized regime) Consider the linear response
model (2.1), where the features are coming from the GMM (2.4). Also assume that (0o s| = rs

and (U] 0o s|| = \/prs, for all n,p. Under Assumption 1 with ¢4 — v, < 1, the out-of-sample
prediction risk of look-alike estimator oL, defined by (3.2), converges in probability,
2,2
L~ P O+ 9
Risk(0r) > ————— — prs.
1- ('(/Jd - wp)

There are several intriguing observations about this result. In the underparametrized regime:

1. The risk depends on 8 s (model component on the sensitive features), only through the norms
|60,s] =7 and |UJ 0y | = \/prs. Note that | U] 6, 5| measures the alignment of the model with
the left singular vectors of the cluster centers.

2. The cluster structure on the non-sensitive features plays no role in the risk, nor does 8 ,,s the
model component corresponding to the non-sensitive features.

3. The cluster prior probabilities 7t does not impact the risk.

We next proceed to the overparametrized setting. For technical convenience, we make some simplify-
ing assumption, however, we believe a similar derivation can be obtained for the general case, albeit
with a more involved analysis.

Assumption 2 Suppose that there is no cluster structure on the non-sensitive features (M5 = 0).
Also, assume orthogonal, equal energy centers for the clusters on the sensitive features (Mg = pUg

with Ul U, = I,).
Our next theorem characterizes the risk of look-alike estimator in the underparametrized regime.

Theorem 3.2 (Look-alike estimator, overparametrized regime) Consider the linear response
model (2.1), where the features are coming from the GMM (2.4). Also assume that |0 s| = 75,
[00.ns| = s and ||UST6?07S = \/prs, for all n,p,d. Under Assumption 1 with g -, > 1, and
Assumption 2, the out-of-sample prediction risk of look-alike estimator 0., defined by (3.2), converges
in probability,

Risk(8},) LpE (1-p)r2+72 + o' (I + p’diag(m))ex, (3.3)

q
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where 7 = (71, ..., encodes the cluster priors and vy and o € R® are given by the following

relations:
5 1
o - (I wdiag(m) ) UsTeo,s 7
wd - wp -1
2= S (02 +72 4 uzaTdiag(ﬂ')a) + (1 S )r2 .
O Ya-hp-1 ° ba—vp) ™

As discussed in the introduction, one of the focal interest in this work is to understand cases where
look-alike modeling improves generalization. In Section 5 we discuss this by comparing the look-

alike estimator 8, with the min-norm estimator 8, given by (3.1) which utilizes the full information

on the sensitive features. In order to do that, we next derive a precise characterization of the risk of 0
in the asymptotic setting.

Theorem 3.3 (min-norm estimator with no look-alike clustering) Consider the linear response
model (2.1), where the features are coming from the GMM (2.4). Under Assumption 1, the fol-
lowings hold for the min-norm estimator @ given by (3.1):

(a) (underparametrized setting) If 1q < 1, we have

g

Risk(8) 5

d

(b) (overparametrized setting) If 14 > 1, under Assumption 2, the prediction risk of ) converges in

probability
Risk(8) 5 02 + 32 + & (I + pdiag(r))é, (G4)
where 7y and o are given by the following relations:
I+ p2di -
& - (rsIrdiosm) g
g -1 ’
<2 1 2 ~T 2 ;. ~ 1 2,2
¥ = ((T +a (I+p dlag(ﬂ'))a)+ 1-— ) ((1=p)ri +rig
Ya—1 Ya
Example 3.1 (Balanced clusters) In the case of equal cluster prior (11 = ... =7 = 1/k), the risk

characterization (3.3) depends on o only through | o ¢, (and likewise, the risk (3.4) depends on &
only through its norm). This significantly simplifies these characterizations.

3.2 Extension to imperfect clustering estimation

In our previous results, we assumed that the underlying cluster memberships of users are known to
the learner, so we could concentrate our analysis on the impact of training using anonymous cluster
centers. However, in practice, clusters should be estimated from the features and thus includes an
estimation error. In our next result, we combine our previous result with a perturbation analysis to
bound the risk of the look-alike estimator based on estimated clusters.

Recall matrix M € R™* from (2.3), whose columns are the cluster centers. Also, recall the matrix
A € R®™ whose columns are the one-hot encoding of the cluster membershlps We let M and A
indicate the estimated matrices, with the cluster estimation error rate J,, HM sA - MSA.HQ,
where | - |2 indicates spectral norm. Note that only the cluster estimation error w1th respect to the

sensitive features matters because in the look-alike modeling only those features are anononymized
(replaced by the cluster centers).

Proposition 3.4 Let X' := [(]W SK)T, X 1] be the feature matrix after replacing the sensitive
features with the estimated cluster centers of users. We also let 0, L = (X LX Z)TX LY be the look-
alike estimator based on X' L Note that 6, )1 is the counterpart of 0. given by (3.2). Define the cluster
estimation error rate 0y, f | M A — M,A|s, and suppose that either of the following conditions
hold:

A
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Figure 2: Validation of theoretical characterizations of the risks. Curves correspond to (asymp-
totic) analytical predictions, and dots to numerical simulations (averaged over 20 realizations).
In all the plots, d = 500, p = 200, ;& = 5, k = 3, p = 0.3. Left panel corresponds to the risk of
8. and right panel corresponds to the risk of 0.

* (i) Pa =1y <0.5and 5 <\/1= (Ya = 1p) = \/Va — V.
o (i1) Ya—Yp >2and § < /g —Pp—-1-1.
Then, _ R
Risk(6;) <Risk(0y) + C4,
for some constant C depending on the problem parameters.

4 Numerical experiments

In this section, we validate our theory with numerical experiments. We consider GMM with k clusters,
where the centers of clusters are given by sy, for £ € [k], where u, € R? are of unit £o-norm. Also
the vectors uy are non-zero only on the first p entries, and their restriction to these entries form a

random orthogonal constellation. Therefore, defining U = [uy,. .., ux], we have U = [%S], with

UST U = I} In this setting there is no cluster structure on the non-sensitive features and the cluster
centers on the sensitive features are orthogonal and of same norm.

Recall the decomposition of the model 8y = (g s, 0o ns ), With 8y the true underlying model (2.1)
and 6y s, Oy s the components corresponding to sensitive and non-sensitive features. We generate
00.ns € RP to have i.i.d standard normal entries and then normalize it to have [60.ns ¢, = ns. For

0y, we generate Z1, Z5 ~ N(0,, I,), independently and let
Pu.z1 —— ([ -Py,)z
HO,SZTS\/ﬁié"'TS 1—P—57
|Pu.21], [(I - Pu,)z|,,

where Py, := UU, is the projection onto column space of Us. Therefore, |6 | ¢, = Ts and

HUST 0o s ’ 4, = \/Prs. Note that p quantifies the alignment of the model with the cluster centers,
2
confined to the sensitive features.)

We will vary the values of 75 and ry,5 in our experiments. We also consider the case of balanced
clusters, so the cluster prior probabilities are all equal, 7, = 1/k, for £ € [k]. We set the number of

7
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cluster k£ = 3, dimension of sensitive features p = 200 and the dimension of entire features vector
d =500. We also set iz = 5 and p = 0.3. In our experiments, we vary the sample size n and plot the
risk of §L and 8 versus ¥a —p = (d - p)/n. We consider different settings, where we vary 7, 7'ns
and o (noise variance in model (2.1)). In Figure 2, we report the results. Curves correspond to our
asymptotic theory and dots to the numerical simulations. (Each dot is obtained by averaging over 20
realizations of that configuration.) As we observe, in all scenarios our theoretical predictions are a
perfect match to the empirical performance.

S When does look-alike clustering improve generalization?

In Section 3, we provided a precise characterization of the risk of look-alike estimator 67, and its
counterpart, the min-norm estimator 8 which utilizes the full information on the sensitive features.
By virtue of these characterizations, we would like to understand regimes where the look-alike
clustering helps with the model generalization, and the role of different problem parameters in
achieving this improvement. Notably, since the look-alike estimator offers m-anonymity on the
sensitive features (with m the minimum size of clusters), our discussion here points out instances
where data anonymization and model generalization are not in-conflict.

We define the gain of look-alike estimator as A := Risk(8)/Risk(87) to indicate the gain obtained
in generalization via look-alike clustering. For ease in presentation, we focus on the case of balanced
clusters (equal priors 71 = ... = 7w, = 1/k), and consider three cases:

e Case 1 (104 < 1): In this case, both 0, 1, and 0 are in the underparametrized regime and Theorems 3.1
and 3.3 (a) provide simple closed-form characterization of the risks of 87, and 8, by which we obtain

L (1-va)"
(L+72/02)(1 =g +¢pp) ™t = prifo?”
Define the signal-to-noise ratio SNR = r4/o. Since p < 1, it is easy to see that A is decreasing in
the SNR. In particular, as SNR— 0, we have A — (1 - g4 +¢,)/(1 - 14) > 1, which means the

look-alike estimator 7, achieves lower risk compared to 8. In Figure 3a we plot log(A) versus SNR,
for several values of v,,. Here we set ¢4 = 0.9 and p = 0.3. As we observe in low SNR, the look-alike
estimator has lower risk. Specifically, for each curve there is a threshold for the SNR, below which
log(A) > 0. Furthermore, this threshold increases with 1, covering a larger range of SNR where oL
has better generalization.

log(A)

log(A)

0 1 2 3 4 5 0 1 2 3 4 5

SNR = r,/c SNR = r/o
(@) p=0.3 (b, =0.5

Figure 3: Behavior of gain A in the generalization of the look-alike estimator 81, over min-norm
estimator 6 as we vary SNR =74 /0. Here, 14 = 0.9, o = 1, and we are in the underparametrized
regime for both 61, and 6.

In Figure 3b we report similar curves, where this time 9, = 0.5 and we consider several values of p.
As we observe, at fixed SNR the gain A is increasing in p. This is expected since p measures the
alignment of the underlying model 8y with the (left eigenvectors of) cluster centers and so higher
p is to advantage of the look-alike estimator which uses the cluster centers instead of individuals’
sensitive features.

R
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e Case 2 (¢qg > 1,v4 — 1, < 1): In this case, the look-alike estimator 6, is in the underparametrized
regime, while the min-norm 8 is in the overparametrized regime. The following theorem uses the
characterizations in Theorem 3.1 and and 3.3 (b), and shows that in the low SNR= r;/o, the look-alike
estimator @7, has a positive gain. It further shows the monotonicity of the gain with respect to different
problem parameters.

Theorem 5.1 Suppose that 1q > 1 and 14 — 1, < 1, and consider the case of equal cluster priors.

The gain A is increasing in v and p, and is decreasing in ji* [k. Furthermore, under the following
condition

73)2< 1+ (ha=1)"" = (1 =¢a+1pp) ™" (5.1

o B (1—1/)d+¢p)_1+1/};1—1 ’

we have A > 1, for all values of other parameters (p, k, p, Tys).

SNR? := (

An interpretation based on regularization: We next provide an argument to build further insight on
the result of Theorem 5.1. Recall the data model (2.1), where substituting from (2.2) and decomposing
over sensitive and non-sensitive features we arrive at

Y= (333703> + (wnsaens> +e
= (/JS,05> + <ZS, 95) + <wnsa0ns> te.

Note that (2, 85) ~ N(0, [65]?). At low SNR, this term is of order of the noise term & ~ N(0,02).
Recall that the look-alike clustering approach replaces the sensitive feature x4 by the cluster center
W, and therefore drops the term (zg, 05) from the model during the training process. In other
words, look-alike clustering acts as a form of regularization which prevents overfitting to the noisy
component {zg, 05), and this will help with the model generalization, together with anonymizing the
sensitive features.

In Figure 4a we plot log(A) versus u for several values of r,s. Here, ¥q = 2, Yy = 17,0 =1,
rs = 0.5 and so condition (5.1) holds. As we observe log(A) is positive, decreasing in u and also at
any fixed p, it is increasing in g, all of which are consistent with the Theorem 5.1. In Figure 4b, we
plot similar curves where this time 7,5 = 0.2 and we try several values of p. As we see the look-alike
estimator has larger gain A at larger values of p.

0.28 0.327
— =01 —p=02
—r =02
ns
0.26 re=03

_\_rzo.“
ns
Jo2a

0.22

0.2

(a) p=0.3 (b) rns = 0.2

Figure 4: Behavior of gain A in the generalization of the look-alike estimator 81, over min-norm
estimator @ as we vary p the energy of cluster centers.

e Case 3 (14 — 1, > 1): In this case, both 8, and O are in the overparametrized regime. Let us first
focus on ry5, the energy of the model on the non-sensitive features. Invoking the equations (3.3) and
(3.4) and hiding the terms that do not depend on 7, in constants C, Co we arrive at

@ Cr+ (1= ),

— 1 >
02 + (1 T Ya—tbp )Tns

Therefore, lim, 0o A = (1= 9;)/(1 = (¢ba —,)~") > 1, indicating a gain for the look-alike

estimator over 8. In Figure 5a, we plot log(A) versus 7 for several values of ¢,,. As we observe,
when 7, is large enough we always have a gain, which is increasing in .

Q
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-0.8 : : : : ‘ -0.2 : : : : /
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Figure 5: Behavior of gain A versus rns and SNR:=rs /o for several values of ,,. Here, ¢4 = 4,
0 =0.1, p=0.3, u =5, k =5. Here, we are in the overparametrized regime for both 87, and 6.

1r

——1, =0.1
——1, =0.2
——1, =03

log(A)

0 0.5 1 1.5 2
SNR=r,/c
Figure 6: Behavior of gain A versus SNR for the nonlinear model described in Section 6. At
small SNR, we observe a positive gain (lower risk of look-alike estimator 81, compared to 8).

We next consider the effect of SNR = rs/o. In Figure 5b we log(A) versus SNR, for several values
of v,,. Similar to the underparametrized regime, we observe that in low SNR, the look-alike estimator
has better generalization (log(A) > 0).

6 Beyond linear models

In previous section, we used our theory for linear models to show that at low SNR, look-alike
modeling improves model generalization. We also provided an insight for this phenomenon by
arguing that look-alike modeling acts as a form of regularization and avoids over-fitting at low SNR
regime. In this section we show empirically that this phenomenon also extends to non-linear models.

Consider the following data generative model:

1
1 +exp(—{x,00) +¢)’

y ~ Binomial(N, pg), pz=

where ¢ ~ N(0,02). We construct the model 8y = (6 s, 0o ns) similar to the setup in Section 4.
Wesetn =200,d=180,k=3,u=50=1,p=0.3, rys = 2and N = 1000 (number of trials in
Binomial distribution). We vary SNR by changing rs in the set {0.1,0.3,...,1.9}. The estimators )
and @, are obtained by fitting a GLM with logit link function and binomial distribution. We compute
the risks of 8 and 8, by averaging over a test set of size 50K . In Figure 6, we plot the gain log(A)
versus s where each data point is by averaging over 50 different realizations of data. As we observe
at low SNR, log(A) > 0 indicating that the look-alike estimator 81, obtains a lower risk than the
min-norm estimator.
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Supplementary Material

In this supplementary, we first provide an overview of our proof techniques in Appendix A and then
in Appendix B provide the proofs of theorems and technical lemmas stated in the main paper.

A Overview of proof techniques

Our analysis of the generalization error is based on an extension of Gordon’s Gaussian process
inequality [13], called Convex-Gaussian Minimax Theorem (CGMT) [30]. Here, we outline the
general steps of this framework and refer to the supplementary for complete details and derivations.

Consider the following two Gaussian processes:

Xu,v = uTGv + ¢(U,U) ;

Yy = Hu“e2 gT'u + Hth hTu+ Y (u,v),

where G € R™*?, g ¢ R™ and h € RY, all have i.i.d standard normal entries. Further, 1) : R x R® - R
is a continuous function, which is convex in the first argument and concave in the second argument.

Given the above two processes, consider the following min-max optimization problems, which are
respectively referred to as the Primary Optimization (PO) and the Auxiliary Optimization (AO)
problems:

Dpo(G) := mjgn m%XXu,v, (A1)
Dp0(g,h) = minmaxY,,. (A.2)

ueS, veSy,

The main result of CGMT is to connect the above two random optimization problems. As shown
in [30](Theorem 3), if S,, and S,, are compact and convex then, for any A € R and ¢ > 0,

P(|Ppo(G) - Al >t) <2P (|Pao(g,h) - A >t) .

An immediate corollary of this result (by choosing A = E[® a0 (g, h)]) is that if the optimal cost of
AO problem concentrates in probability, then the optimal cost of the corresponding PO problem also
concentrates, in probability, around the same value. In addition, as shown in part (iii) of [30](Theorem
3), concentration of the optimal solution of the AO problem implies concentration of the optimal
solution of the PO around the same value. Therefore, the two optimization are intimately connected
and by analyzing the AO problem, which is substantially simpler, one can derive corresponding
properties of the PO problem.

The CGMT framework has been used to infer statistical properties of estimators in certain high-
dimensional asymptotic regime. The intermediate steps in the CGMT framework can be summarized
as follows: First form an PO problem in the form of (A.1) and construct the corresponding AO
problem. Second, derive the point-wise limit of the AO objective in terms of a convex-concave
optimization problem, over only few scalar variables. This step is called ‘scalarization’. Next, it
is possible to establish uniform convergence of the scalarized AO to the (deterministic) min-max
optimization problem using convexity conditions. Finally, by analyzing the latter deterministic
problem, one can derive the desired asymptotic characterizations.

Of course implementing the above steps involved problem-specific intricate calculations. Our proofs
of Theorems 3.1, 3.2, 3.3 in the supplementary follow this general strategy.
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B Proof of theorems and technical lemmas

B.1 Proof of Lemma 2.1

By substituting for y from (2.1) in the definition of risk we obtain
Risk(0) = E[(y - =" 0)?]
=E[(z" (60 - 0))*] + E[¢”]

WS rE[((pg+ 2) (80 - 6))] + E[€2]

Le(k]
= 3 mE[(kg (60 -0))*]+ Y m |68, + 02
Le[k] Le[k]

Y (6-60)" Mdiag(r) M (8- 6) + |6 - 0], + 07,

where (a) follows from the Gaussian-Mixture model (2.2) and (b) holds since ¥ e[ ¢ = 1.

B.2 Proof of Theorem 3.1 and Theorem 3.2

Recall that the look-alike estimator is defined as the min-norm estimator over the feature matrix X,
where the look-alike representations are used instead of individual sensitive features; see (3.2).

To analyze risk of 81,, we consider the ridge regression estimator given by
~ . 1 Thll2 2
0, = argmin o |y - XLOHeZ + (0], -

The minimum-norm estimator is given by ) L = limy_ o+ 0, X
We follow the CGMT framework explained in Section A. Recall that

M.A
Xr = [MHSA ¥ Z] )

and therefore by substituting for y, X, and X, we get
1 T2 1 T T2
Ly X707 = L e+ xT0, - Xo,
1
= 5 e+ ATMT (60~ 0.) + 2080, + (ATM + Z],) (B0 - 6.)|,, -
We define the primary optimization loss as follows:
1 2

Lro(8,6ns) = - e+ ATM] (80 - 0.) + 2] 0« + (ATM,], + Z])(B0.ns ~ Ons) [, +2 |65 12, +X [60s]7,

We continue by deriving the auxiliary optimization (AO) problem. By duality, we have

2
1 v
Lpo(0s,0,) = max — (st + 0 ATM] (805 -0,)+v Z 0y + v (ATM + ZT )(00.0s — O0s) - |2|f)
von
2 2
+ A6l + A [€ns]y,

Note that the above is jointly convex in (6s, 8,s) and concave in v, and the Gaussian matrix Z is
independent of everything else. Therefore, the AO problem reads:

1
L40(0s,0ys) = max f(vTe + UTATMST(BQS -6y)
v on
+ 60, gdv + [v],, bl 60
+ HeO-,ns - OnsHe2 gI-Il—S’U + H'UHZQ hls(GO,ns - 0ys)

2
lvll,

+ 0  ATM] (80 15 — ) - 5

S

2 2
)+ A6[7, + A 6ns7,

14
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where g5, gns € R" and hg € RP, h, € RP are independent Gaussian random vectors with i.i.d
N(0,1) entries.

We next fix norm of |v|,, = 3, and maximize over its direction to obtain

1 TasT TasT
»CAO(Bsy an) = Iggg( g(ﬁ ”5 +A Ms (00,5 - 05) + HGO,S |g2 gs + Heo,ns - ensugz Gns + A Mns(eo,ns - 0ns)||e2

2
+ BRI 00« + BAT (B0 ns — Ons) — %) FA]64]7, + A 607,

1
=max (6 |le + ATM (60« - 0.) + ATM (80 s — 0s) +1/ 60,5

B20 n

2 2
|g2 + |60,ns - 9ns\|g29

‘12

2
+ Bh;raO,s + 5hl—s(90,ns - GHS) - %) +A HOSHE2 +A HansH?2 )

where we used that g, g,s € R™ have independent Gaussian entries. Here, g € R™ has i.i.d entries
from N(0, 1). Next, note that the above optimization over 3 has a closed form. Using the identity
maxgso(Sz — $%/2) = 22 /2, with 2, = max(z,0), we get

1
CAO(esaens) = %(

e+ ATM] (85— 6.) + ATM (8,0s - 62) +\/ |00 %, + | Boms - anSHﬁngZ
) 2
.

+h] 60 +hT (Bg.ns - ens)) T A]64]7, + A 67, - (B.1)

Scalarization of the auxiliary optimization (AQ) problem. We next proceed to scalarize the AO
problem. Consider the singular value decomposition

M, =USV],

with U, € RP", =, € R™", V; € R®", where r = rank(M,) < k. Decompose g := 0 — 6
in its projections onto the space spanned by the columns w1, ..., u,s of Uy, and the orthogonal
component:

T

qs = Z QUG s + OéoqsL )

i=1

where | g5 ,, =1, ap 2 0, and U/ q! = 0. Using the shorthand « = (o, . . ., v,.), we write

ATM(6y.-6,)=A"V.Z U g, = ATV, Zx.

In addition,
101, = 180.s = (80,5 - )11,

= 1007, + laslz, —2(605, a:)

= 16017, + lasl7, — 2(60,5, Usex) = 20(B0.5, 42)

= H‘90,s||32 + asl7, - 20U 00 5, ) = 2000(60., g )

= 6057, + (af + |el7,) - 2(U 80, @) = 200(60 5, 42 ) - (8.2)
Similarly, we define gns = 8y ns — Ons and consider the singular value decomposition

Mns = UnsznsVT

ns>

with Uy € REPXE 3 e R Vi, e Rt where t = rank(M,) < k. Decomposing gy in its
projections on the orthogonal columns 1 ys, - . ., Uy ns Of Uy, and the orthogonal component we
write
¢
gns = Z YiWins + Voquls y
i=1
with [lggll,, = 1,7 20, and Ul

ns

gy, = 0. Define v = (71, ..., 7). In this notation, we have
ATMIL(QO,ns - Ons) = ATVnsEnsUI—II—SQns = ATVnszns7 .

15
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Also, 60,5 - Gnsug2 = [ qus Hez =\ 3+ H’YHZ In addition,

t
hIs(GO.,ns —-0y) = hISQns = Z ’Yih-rll—sui,ns + ’Yohlsqés .

i=1
Using the above identities in (B.1), we have

EAO(asaan) - 7(

e+ ATV.Za+ ATV, By + \/I\Go s

g+l ],
2

2
T T T 1
+ h’s BO,S + Z 'Yihnsui,ns + ’Y()hnsqns)
i=1 +

+ M60, 17, + Mg + lely,) - 2MUT 6p,5, @) - 2Xa0(00.5, a)

2 2 2 T
+A HOO,HSHe2 + )‘(70 + HPYHEQ) - 2>‘(Un5007ns,7> - 2)"70<00,ns7 qés) . (B3)
By the above characterization, minimization over 85 and 6, reduces to minimization over «, Yy, ¢,
v, q& and g;,. Further, these variables are free from each other and can be optimized over separately.
For g7, there is only one term involving this variable and therefore, minimization over it reduces to
. . T T
min  —~(0os,q:) = min ~(U(U) 00s,45) = = | (U) 0o.s

atlatl,,=1 at.latl,,=1 b2

For gi,, we note that there are two terms involving this variable, namely ( NG q.,) and
((Ux)T60.ns, qs.). Since |gi]l,, = 1. it is easy to see that the optimal g3, should be in the
span of hi, and (UL) 00 ns. In addition,
hi (»)
(\/r%v (U;S)T007n5> -0,
by the law of large numbers. In words, these two vectors are asymptotically orthogonal. Hence, we
can consider the following decomposition of the optimal g;.,:

- L (U \Te
g =g s Un(Uin) Ooms

| HeQ [(Usa) T00.ns
where £ > 0 and hy, denotes the projection of h,s onto the (left) null space of U,,s. This brings us to
1,1
i £40(6s,01s) = 1 ATV, S, + ATV, S, H
Join L0 (85, 6ns) = ao%gglgﬂ/?(\/— e+ o+ v+ o+ I, .
h 005 ¢ h uz ,ns ”h HZ
Z - 7¢ 2 )
o \/ﬁ +
52 + Mg + HaHh) —2MU.[ 8y 5, ) - 2 ||(U;)T0075”Z2
2 2
+ A 80,55, + A + 1712,) = 2MU 80,05, 7) = 2X70V/1 = €2 | (U)o,
(B.4)

Note that at this stage, the AO problem is reduced to an optimization over r + ¢ + 3 scalar variables
(0,70 20,0<¢<1and a € R", v € RY).

Convergence of the auxiliary optimization problem. We next continue to derive the point-wise
in-probability limit of the AO problem.
First observe that since € and g are independent with i.i.d N(0, 1) entries, we have
2 2 (d) 2
e+ \/100.l7, + 23 + 712, 9 € Vo> +2 (60,
where g € R™ has i.i.d N(0, 1) entries.

2 -
+78+170%,) g,

Second, by construction AAT = diag(n1,...,ny) € R¥**, where n, denotes the number of examples
from cluster ¢. Hence,

~ ||ATVE o+ ATVHSEHQ/”Z = (ViZsa + Vi Bey) Tdiag (2, .., %) (Vi Bsar + Vi)
@ (ViSa + Vi Sowy) Tding () (Vi Sacx + Vi Biey)

1A
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Next, by using concentration of Lipschitz functions of Gaussian vectors, we obtain

vn
B (VeBsa + VasZooy) Tdiag(m) (ViZea + Viu Busy) + 02 + (00,17, + 72 + [717,)

Also, since [0y s|,, is bounded and |u; s, =1, we get

e+ A V.Ea+ ATV, Z v+ \/‘|00,s|

2 2 2
L+l g

h—erO,s h;ll—sui,ns (17))
vnolon
In addition, |h;|,, concentrates around \/d —p -t and (d - p —t)/n = g - 1, because t < k
remains bounded as n diverges, and so

(1 Hez (g) m
NG T
Using the above limits, the objective in (B.4) converges in-probability to

D(a01 Yo, 57 «, ’Y) =
1
5 (VB Vi) Tding(m) (VBea + Vi Z0) + o2 + (160,

2 2 2
+ A [6olly, + Mg + 75 + el + I1z,)

22 ((UT 00,0, ) + 0 [(UH) 00,],, + (UL 00.007) + 70V 1 [ (UL) O0s],,)  (BS)

0.

2
+

2z 2 - e b0y %)

We are now ready to prove the theorems.

B.2.1 Proof of Theorem 3.1
Using Lemma 2.1, we have
Risk(8;,) = 0® + 60 - 0|7, + (80 - 8)" Mdiag(w) M (6, - 6)
= 0%+ g7, + laus|, + @] Mdiag(m) M q. + ql, Mdiag(m) M, gus
=%+ (ag+75 + laly, + IVIZ,)
+ o' BV, diag (7)) ViZea + 7" B V. Ldiag () Vi Bey - (B.6)
Since g — 1, < 1, we are in the over- determined (a.k.a underparametrized) regime. As A — 0%, the

terms involving A become negligible compared to the first term in (B.5) except those that include «y,
as g is not present in the first term . Since (z)? is increasing, and

(ViZsor+ Vo Bney) T diag(m) (VaBsa + Vs Zaey) + |77, 2 0,

the minimum over « and + is achieved for o = 0 € R” and « = 0 € R?. The optimization (B.5) then
reduces to

i ! 2 ? 2 T
. (\/02 + (180.slly, +73) = v0&\/ v - ¢p)+ +Aag - 2\ ||(US) 90,5||£2 . (B.7)

The optimal £ is given by £ = 1. Also, setting derivative with respect to o to zero we obtain the
optimal ag = || (U004, . Next, by setting derivative with respect to 7o we arrive at

2 ) wd - wp

71— (wd - 1/%0)

Using the optimal variables in (B.6) we obtain the risk of minimum-norm estimator as

e,

% = (0% + 60,

2
s+ (0% + 00

1
1- (wd - ¢p)
Recall that by assumption, 7 = |0 || s, and ||UST 0o s || 0= \/Prs, which completes the proof.

Risk(0;) = o + | (U)o s

2
= (02 + HGO,SHZQ)
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35982 https://doi.org/10.52202/075280-1560



B.2.2 Proof of Theorem 3.2

We continue from (B.5). In the case of 14 — 1), < 1, it is easy to see that the derivative of the first
term of (B.5), in the active region is decreasing in ~yy. With the consideration A - 0*, minimizing
over o will push us into the non-active region. Therefore the optimization problem (B.5) reduces to

subject to
(ViZsa + VnSEnS7)Tdiag(ﬂ)(‘/szsa + VasZnsy) + o’ + (HOO,SHE2 + 78 + HP)IH?Q) < 7352(¢d ~p)
(B.8)

By Assumption 2, 3¢ = ply, Vi = Iy, and 35 = 0, Uy = 0 (no cluster structure on non-sensitive
features and an orthogonal, equal energy cluster centers on the sensitive features). Therefore, by
fixing v := ||, the optimization problem (B.8) becomes:

minimize of + 3 + HaH? +72 =2 ((UT 6y 5, ) + o (UL 00 4], +70V/1 - €2 160,ns]l,
2 Lo 2

subject to

. 2 2 2
minimize |6, + ap +75 + leely, + 171,

-2 ((UJGO,S,a) +ag ||(U§)T90 b”, (UL00 1s,7) +70\/1 - €2 || UL)"00 us

2adiag(m)a + 0% + 00,7, +78 +7° <36 (Va - 1p) - (B.9)

Since o does not appear in the constraint, it is easy to see that its optimal value is given by
ag = || (U;)TOO s ” ,,- Also, note that by decreasing +y the objective value decreases and also by the
‘ Slley

constraint on the other variables become more relaxed. Consequently, the optimal value of ~y is v = 0.
Removing «y from the objective function, we are left with

minimize 3 + |7, - 2 ((UT 605, ) +70\/T= € |0 nsl, )

subjectto  pladiag(m)a+ 02 + |0os| +12 <23 (Ya - 1by) . (B.10)
Optimal choice of ¢ results in the constraint to become equality. Solving for £, the optimization
reduces to
. 2 2
o praldiag(m)a + o2 +3
minimize 7 + HozH?2 -2 (USTO(),S, a)+ \} Vé - 160 ns H22
wd - d)p
Setting derivative with respect to 7y, to zero, we obtain
. 2
\} 22 pPotdiag(m)a+ 02 + 0oy, +75 (1 1 ) 80ma] B.11)
- = - 0,ns . .
0 ﬁ}d - 1//17 "/)d - 7/’1) b2
Setting derivative with respect to & to zero and using the previous stationary equation, we get
2 q- -1
d
a- (I+“lag(”)) Ul 6, (B.12)
@[Jd - d)p -1
We next square both sides of (B.12) and rearrange the terms to get
1 1
2 2 2 2 T 2
Vo= ——— (0 + 60|, +p e diag(m)ax +(1— )|00’ns|
0 ¢d—¢p—1( ) Ya =y 2
1 1
=——— (P +rl+ ,uZaTdiag(ﬁ)a) + (1 - )ris,
Ya = '@[Jp -1 ha = wp

which are the same expressions for o and 7, given in the theorem statement.
The final step is to write the risk of estimator in terms of «, vp. Invoke equation (B.6), and recall
that in the current case, X5 = 0, X = ul. Also, as we showed in our derivation, 7y = H'szz =0,

ag = ||(USL)T007S _» by which we arrive at

. N . 2
Risk(81) = pi*adiag(m)a + 0 + (|(UL) 0o, +76 + lexl?,)
=l +(1-pri+y2+a’ (I+,u2diag(7r))a. (B.13)

This concludes the proof.
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B.3 Proof of Theorem 3.3

We follow the proof strategy used for Theorem 3.1-3.2. Here, we would like to characterize the risk

of min-norm estimator 8. The features matrix has a clustering structure, but the learner is not using
that (no look-alike clustering) and is just compute the min-norm estimator for fitting the responses to
individual features. Therefore, one can think of this setting as a special case of our previous analysis
when there is no sensitive features (so 1, = 0).

(a) By setting ¢, = 0 and r = 0 in the result of Theorem 3.1, we get that when 14 < 1,

—~ o2

Risk(8) = - o
—Yd

(b) In this case, we specialize the proof of Theorem 3.2 to the case that ¢, = 0. Continuing
from (B.8), and removing the terms corresponding to sensitive features, we arrive at

minimize Wg + H’YHZ -2 ((Urj—seo,nsa’}l) +7V 1- 52 ||(U;s)T00,ns||£2)

subject to

. 2
(VHSEHS'Y)leag(’T)(Vnszns’)’) +0”+ 'Yg + ”'7“22 < 7§€2¢d (B.14)

We drop the index ‘ns’ as it is not relevant in this case. Also by Assumption 2, 35 = uly,
Vs = I4. Therefore, the above optimization can be written as

minimize 73 + |17, - 2((UT60,7) +10V/1-2 | (U764, )
subject to  ~" (I + piPdiag(m))y + 02 + 72 < 12E%q. (B.15)

Optimal £ makes the constraint equality. Solving for &, the above optimization can be written
as so we have

T(I + p2diag(m))~y + 02 + 42
2 7 (I + p>diag(m))y 7o H(UL)TOO

. 2
minimize 73+|\'7H¢2—2 (UT90,7)+\I% Hb

Yd
Setting the derivative with respect to 7y to zero, we get
~T(I + p2diag(m))~y + 02 + 2 1
V3 - ( ) 0 :(1——)”(UL)T00H€ . (B.16)
Yd Yd >
Setting derivative with respect to -y to zero and using the above equation, we obtain
-1
I+ p2di
7=(I++"lag(”)) UTo,. (B.17)
Ya—-1

We next square both sides of equation (B.16), and rearrange the terms to get:

2= (0 +~" (I + pPdiag(m))y) + (1 - i) ||(U1)T00||j2 .

Y0

1
Ya—1
Under the simplifying Assumption 2, there is no cluster structure on the non-sensitive
features and so U, = 0. Therefore,

[U"60,, = [U760.], = or..
[T 60, = 16017, - [UT60];, = (1~ p)r? + 2.

We next proceed to compute the risk of estimator in terms of ~y, ~y. We use equation (B.6),
which for the min-norm estimator with no look-alike clustering, reduces to

Risk(8) = 02 + 72 + 4" (I + p2diag(w))y . (B.18)
This concludes the proof. Note that in the theorem statement we made the change of variables

Yo = Yo and v — &, for an easier comparison with the risk of look-alike estimator.)
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B.4 Proof of Proposition 3.4

Consider singular value decompositions X7, = UXV 7’ and X, = USVT. We then can write the
estimators @7, and 07, as follows:

0.=UX'V'y, 0,=UZ'V'y.
We first bound |7, — 61 |. We write
16 -6.] <|US'VT-TE"VT|y|. (B.19)
We have
lyl = [ X"60+e| = |[ATMT O+ ZT00+e] .

Note that ZT@, + ¢ @ \/[00|? + o2g where g ~ N(0, I,,). In addition,

1

—|ATMTO,* = leg MAATMT6,

n n

= 0y Mdiag(™,..., "= )M "0, & 65 Mdiag(1, ..., mx) M 6.

Therefore by using concentration of Lipschitz functions of Gaussian vectors, we get

1
Iyl % \f6] Mdiag(m)MT0, + 100+ 0*.
This shows that
1
—lyl = C</(p+1)(r2+72) +02. (B.20)
Vn
We next use the result of [28, Theorem 3.3], by which we obtain
e~ 1 1 1 PUPOPS
U VT UV < +\/5max( 55 = )|UEVT—U2VT|. (B.21)
2 Omin(z) Umin(2)2
Note that
|USVT-USVT| = | X - X | = |[MA - M,A| <6/, (B.22)

by the assumption of the theorem statement. We next lower bound o yin (2) = 0min (X1, ). Recall
that X = (MA)" + [0y, Z,x(d4-p))> With Z having i.i.d N(0, 1) entries.

Next suppose that Condition (i) holds true, namely & < \/1 = (¢bg — 1) — VW — Uy, with g =1, <
0.5. Using the result of [31, Theorem 2.1], we have with probability at least 1 — nt,

amin(XL)zﬁ( wd—wp—l—l—\/zlff”).

Gmill(XL) 2 Umill(XL) - HXL - XL H

zﬁ(w—(wd—wp)—m—wp—\/zl‘jf”—6)

> /i (V1= (W =) =\ Pa = )

using the assumption on the estimation error rate . Therefore, using the above bound along
with (B.22) in (B.21) we get

Furthermore,

e 1445 1
sV US| < V5 5.

2 i (1= (a—p) ~\Ja =)’
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Combining the above bound with (B.20), we get
1+V5 C
2 2
2% (V1= (0 —p) —/dba — Up)
We next note that by triangle inequality, the above bound implies that

|65, 60| - |81 - 6] < |8, - 81| = O(5).

|6 -6 < 5. (B.23)

Therefore, by invoking Lemma 2.1, we obtain the desired result on Risk(g L)-

Next suppose that Condition (4¢) holds, namely 6 < /¢4 — 1, — 1 — 1 with ¢4 — ¥, > 2. Using the
result of [31, Theorem 2.1] for X 7, we have with probability at least 1 — n1,

omm(XL)z\/ﬁ( ¢d_¢p—1—1—W).

By following a similar argument we prove the claim under Condition (7%).

B.5 Proof of Theorem 5.1

We use Theorem 3.3 (b) to characterize Risk(@) in the regime of ¢4 > 1. Specializing to the case of
balanced cluster priors, the risk depends on & only through its norm & := | &, , and is given by

2
Risk(8) 5 02 + 32 + (l; + 1) &>

_ Y N ~2 o N2 L2
‘wd-l(” +(k+1)a)+(1 )@,

with
-1

d—(1+k+1) N7
= prs.

Ya—1
In addition, by Theorem 3.1 we have
o2 + 12 9

. ~ P
RISk(aL) - m 2
P

Note that Risk(87,) in this regime does not depend on x2/k. Also, it is easy to verify that Risk(8) is
decreasing in % /k. Therefore the gain A is decreasing in 1% /k.

Also observe that Risk(@) is increasing in 75, while Risk(§ 1) does not depend on 7,5. Therefore,
the gain A is increasing in 7.

To understand the dependence of A on p, we write

_ Risk(®) _,
Risk(8})
2 2k -2
(o (1) (15 o) (1) @ ert)

o2+r2 ~ o2
Tdarg, P's

-2 2, 2 2
ta 2 w )( M2/k+1) 2 ( _ i) 2,2\ _ _o4rs prl
P (0’ +( 1)1+ ) pri)+(1 Ve (rs +1iy) e,
o2+r2 2

=g+, PTs

As we see the numerator is increasing in p and denominator is decreasing in p, which implies that the
gain A is increasing in p.
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We next show that A > 1 if condition (5.1) holds. Since A is decreasing in 2 /k and increasing in p,
2

it suffices to show the claim assuming p?/k — oo and p = 0. In this case we have (% + 1) a2 -0

and so

2 1 2, .2
Z;ﬁi +(1—%)(T‘S +rns

o2+r2
1-va+ip
(-3
wd*1+ 1 Ya T's
o2+r2
1-tpg+1hy
Ya _ 1 2
_wd_1+(1 wd)SNR .
B 1+SNR? -7
1-vg+1p

v

where the last step follows from condition (5.1).
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