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Abstract

We present a new method that includes three key components of distributed opti-
mization and federated learning: variance reduction of stochastic gradients, partial
participation, and compressed communication. We prove that the new method has
optimal oracle complexity and state-of-the-art communication complexity in the
partial participation setting. Regardless of the communication compression feature,
our method successfully combines variance reduction and partial participation: we
get the optimal oracle complexity, never need the participation of all nodes, and do
not require the bounded gradients (dissimilarity) assumption.

1 Introduction

Federated and distributed learning have become very popular in recent years (Kone¢ny et al., 2016;
McMahan et al., 2017). The current optimization tasks require much computational resources and
machines. Such requirements emerge in machine learning, where massive datasets and computations
are distributed between cluster nodes (Lin et al., 2017; Ramesh et al., 2021). In federated learning,
nodes, represented by mobile phones, laptops, and desktops, do not send their data to a server due to
privacy and their huge number (Ramaswamy et al., 2019), and the server remotely orchestrates the
nodes and communicates with them to solve an optimization problem.

As in classical optimization tasks, one of the main current challenges is to find computationally
efficient optimization algorithms. However, the nature of distributed problems induces many other
(Kairouz et al., 2021), including i) partial participation of nodes in algorithm steps: due to stragglers
(Li et al., 2020) or communication delays (Vogels et al., 2021), ii) communication bottleneck: even
if a node participates, it can be costly to transmit information to a server or other nodes (Alistarh
et al., 2017; Ramesh et al., 2021; Kairouz et al., 2021; Sapio et al., 2019; Narayanan et al., 2019). It
is necessary to develop a method that considers these problems.

2 Optimization Problem

Let us consider the nonconvex distributed optimization problem
i d 1) = 13" pw) 1)
min x) = — (z) ¢,
TzER? n =

where f; : RY — R is a smooth nonconvex function for all i € [n] := {1,...,n}. The full
information about function f; is stored on i™ node. The communication between nodes is maintained
in the parameters server fashion (Kairouz et al., 2021): we have a server that receives compressed
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information from nodes, updates a state, and broadcasts an updated model.' Since we work in the
nonconvex world, our goal is to find an e-solution (e-stationary point) of (1): a (possibly random)

point Z € RY, such that E | ||Vf(:?)|\2] <e.

We consider three settings:
1. Gradient Setting. The i node has only access to the gradient Vf; : R — R? of function f;.
Moreover, the following assumptions for the functions f; hold.

Assumption 1. There exists f* € R such that f(x) > f* forall x € R.
V(@)= Vil < Lz —yl forall z,y € R%.
Assumption 3. The functions f; are Li—smooth for all i € [n]. Let us define L* := 2 57" | L2

Assumption 2. The function f is L-smooth, i.e.,

2. Finite-Sum Setting. The functions { f; }7_; have the finite-sum form
1 m .
filz) = oo > fijlw),  Vie[n], )
j=1

where f;; : R? — R is a smooth nonconvex function for all j € [m].

We assume that Assumptions 1, 2 and 3 hold and the following assumption.
Assumption 4. The function f;j is L;j-smooth for all i € [n],j € [m|. Let Lyax =
MaXien),je(m) Lij-

3. Stochastic Setting. The function f; is an expectation of a stochastic function,

fi(x) = E¢ [fi(z;: )], Vie|[n], ©)
where f; : R? x Q¢ — R.Forafixed z € R, f;(x;£) is a random variable over some distribution
D;, and, for a fixed & € €, f;(x; &) is a smooth nonconvex function. The i node has only access to

a stochastic gradients V f;(-; &;;) of the function f; through the distribution D;, where &;; is a sample
from D;. We assume that Assumptions 1, 2 and 3 hold and the following assumptions.

Assumption 5. For all i € [n] and for all x € R%, the stochastic gradient V f;(x; ) is unbiased
and has bounded variance, i.e., E¢ [V fi(z;€)] = V fi(z), and E¢ [||Vf1(;v, €) — sz(;v)||2} <o?,
where o2 > 0.

Assumption 6. For all i € [n] and for all x,y € R, the stochastic gradient V f;(x; ) satisfies the
mean-squared smoothness property, i.e., E¢ [||Vfi(az; &) — Viiy; §)||2} < L2 |z —y|?.

We compare algorithms using the oracle complexity, i.e., the number of (stochastic) gradients that
each node has to calculate to get e-solution, and the communication complexity, i.e., the number of
bits that each node has to send to the server to get e-solution.

2.1 Unbiased Compressors

We use the concept of unbiased compressors to alleviate the communication bottleneck. The unbiased
compressors quantize and/or sparsify vectors that the nodes send to the server.

Definition 1. A stochastic mapping C : R? — R is an unbiased compressor if there exists w € R

suchthat E[C(z)]=x and E [||C(x) - x||2] <w|z|®? VzeR 4)

We denote a set of stochastic mappings that satisfy Definition 1 as U(w). In our methods, the nodes
make use of unbiased compressors {C;}?_;. The community developed a large number of unbiassed
compressors, including RandK (see Definition 5) (Beznosikov et al., 2020; Stich et al., 2018),
Adaptive sparsification (Wangni et al., 2018) and Natural compression and dithering (Horvath et al.,
2019a). We are aware of correlated compressors by Szlendak et al. (2021) and quantizers by Suresh
et al. (2022) that help in the homogeneous regimes, but in this work, we are mainly concentrated on
generic heterogeneous regimes, though, for simplicity, assume the independence of the compressors.

Assumption 7. C; € U(w) for all i € [n], and the compressors are statistically independent.

'Note that this strategy can be used in peer-to-peer communication, assuming that the server is an abstraction
and all its algorithmic steps are performed on each node.

Note that L < L, L < Lyay,and L < L.
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Table 1: Summary of methods that solve the problem (1) in the stochastic setting (3). Abbr.: VR (Variance
Reduction) = Does a method have the optimal oracle complexity O ("; + 53%) ? PP (Partial Participation) =
Does a method support partial participation from Section 2.2? CC = Does a method have the communication

complexity equals to O (ﬁ) ?

Method VR PP cC Limitations
SPIDER, SARAH, PAGE, STORM
(Fang et al., 2018; Nguyen et al., 2017) v X X —
(Li et al., 2021a; Cutkosky and Orabona, 2019)
MARINA v PO Suboptimal convergence rate
(Gorbunov et al., 2021) (see (Tyurin and Richtdrik, 2023)).
(Zhaii(tj ?IAGZEZW) X X X Suboptimal oracle complexity O (Z—;) .
FRECON
(Zhao et al., 2021a) oV -
FedAv . c .
(McMahan et al., 2017; Kari?nireddy et al., 2020b) X v X Bounded gradients (dissimilarity) assumption of f;.
SCAFFOLD

i ()
(Karimireddy et al., 2020b) X 4 X Suboptimal convergence rate'’.

Calculates full gradient.
X@ v X Bounded gradients (dissimilarity) assumption of f;.
Suboptimal oracle compl. O (1/<3/2) in the setting (2).

MIME®©
(Karimireddy et al., 2020a)

CE-LSGD (for Partial Parlicipation)(°> Bounded gradients (dissimilarity) assumption of f;.

<
N
>

(Patel et al., 2022) (concurrent work) Suboptimal oracle compl. O (1/ &3/ 2) in the setting (2).
DASHA coox B
(Tyurin and Richtdrik, 2023) X v v
DASHA-PP v v v/ —
(new)

@ MARINA and FedPAGE, with a small probability, require the participation of all nodes so that they can not support partial participation
from Section 2.2. Moreover, these methods provide suboptimal oracle complexities.

® On average, MARINA provides the compressed communication mechanism with complexity © (ﬁ) . However, with a small probability,
this method sends non-compressed vectors.

© Note that MIME and CE-LSGD can not be directly compared with DASHA-PP because MIME and CE-LSGD consider the online version
of the problem (1), and require more strict assumptions.

@ Although MIME obtains the convergence rate © (
gradients.

© It can be seen when o2 = 0. Consider the s-nice sampling of the nodes, then SCAFFOLD requires O ("3/2/533/2) communication

31/2 ) of a variance reduced method, it requires the calculation of the full (exact)
€

rounds to get e-solution, while DASHA-PP requires O (v/7/<s) communication rounds (see Theorem 4 with w = 0, b = Pa/2—p,, and
Pa = %)

2.2 Nodes Partial Participation Assumptions

We now try to formalize the notion of partial participation. Let us assume that we have n events
{i" node is participating} with the following properties.

Assumption 8. The partial participation of nodes has the following distribution: exists constants
Pa € (0,1] and py, € [0, 1], such that

1 Prob (ith node is participating) =p, Vi€ |[n],
2. Prob (i™ and j™ nodes are participating) = p. Vi # j € [n].
3. Pa < 93, ®)

and these events from different communication rounds are independent.

We are not fighting for the full generality and believe that more complex sampling strategies can
be considered in the analysis. For simplicity, we settle upon Assumption 8. Standard partial
participation strategies, including s—nice sampling, where the server chooses uniformly s nodes
without replacement (p, = $/n and p,, = $(5—1)/n(n—1)), and independent participation, where each
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Table 2: Summary of methods that solve the problem (1) in the finite-sum setting (2). Abbr.: VR (Variance
Reduction) = Does a method have the optimal oracle complexity O (m + @) ? PP and CC are defined in

Table 1.
Method VR PP cc Limitations
SPIDER, PAGE
(Fang et al., 2018; Li et al., 2021a) v X X -
MARINA v x@ Suboptimal convergence rate
(Gorbunov et al., 2021) (see (Tyurin and Richtarik, 2023)).
ZeroSARAH . . .
(Li et al., 2021b) v 4 X Only homogeneous regime, i.e., the functions f; are equal.
FedPAGE . . . m
(Zhao et al., 2021b) X X X Suboptimal oracle complexity O (? )
DASHA
(Tyurin and Richtdrik, 2023) ok Y -
DASHA-PP v v v _
(new)

@.®: ee Table 1.

node independently participates with probability p, (due to independence, we have p,, = p?), satisfy
Assumption 8. In the literature, s—nice sampling is one of the most popular strategies (Zhao et al.,
2021a; Richtérik et al., 2021; Reddi et al., 2020; Konecny et al., 2016).

3 Motivation and Related Work

The main goal of our paper is to develop a method for the nonconvex distributed optimization that will
include three key features: variance reduction of stochastic gradients, compressed communication,
and partial participation. We now provide an overview of the literature (see also Table 1 and Table 2).

1. Variance reduction of stochastic gradients

It is important to consider finite-sum (2) and stochastic (3) settings because, in machine learning
tasks, either the number of local functions m is huge or the functions f; is an expectation of a
stochastic function due to the batch normalization (Ioffe and Szegedy, 2015) or random augmentation
(Goodfellow et al., 2016), and it is infeasible to calculate the full gradients analytically. Let us recall
the results from the nondistributed optimization. In the gradient setting, the optimal oracle complexity
is O (1/¢), achieved by the vanilla gradient descent (GD) (Carmon et al., 2020; Nesterov, 2018). In

the finite-sum setting and stochastic settings, the optimal oracle complexities are O (m + @) and

(] (%2 + 63%) (Fang et al., 2018; Li et al., 2021a; Arjevani et al., 2019), accordingly, achieved by

methods SPIDER, SARAH, PAGE, and STORM from (Fang et al., 2018; Nguyen et al., 2017; Li et al.,
2021a; Cutkosky and Orabona, 2019).

2. Compressed communication

In distributed optimization (Ramesh et al., 2021; Xu et al., 2021), lossy communication compression
can be a powerful tool to increase the communication speed between the nodes and the server.
Different types of compressors are considered in the literature, including unbiased compressors
(Alistarh et al., 2017; Beznosikov et al., 2020; Szlendak et al., 2021), contractive (biased) compressors
(Richtérik et al., 2021), 3PC compressors (Richtérik et al., 2022). We will focus on unbiased
compressors because methods DASHA and MARINA (Tyurin and Richtarik, 2023; Szlendak et al.,
2021; Gorbunov et al., 2021) that employ unbiased compressors provide the current theoretical
state-of-the-art (SOTA) communication complexities.

Many methods analyzed optimization methods with the unbiased compressors (Alistarh et al., 2017;
Mishchenko et al., 2019; Horvith et al., 2019b; Gorbunov et al., 2021; Tyurin and Richtérik, 2023).
In the gradient setting, the methods MARINA and DASHA by Gorbunov et al. (2021) and Tyurin and

Richtérik (2023) establish the current SOTA communication complexity, each method needs %

communication rounds to get an e—solution. In the finite-sum and stochastic settings, the current
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SOTA communication complexity is attained by the DASHA method, while maintaining the optimal
oracle complexities O (m + E—‘{/r%) and O (g + ﬁ) per node.

3. Partial participation

From the beginning of federated learning era, the partial participation has been considered to be
the essential feature of distributed optimization methods (McMahan et al., 2017; Konec¢ny et al.,
2016; Kairouz et al., 2021). However, previously proposed methods have limitations: i) methods
MARINA and FedPAGE from (Gorbunov et al., 2021; Zhao et al., 2021b) still require synchronization
of all nodes with a small probability. ii) in the stochastic settings, methods FedAvg, SCAFFOLD, and
FRECON with the partial participation mechanism (McMahan et al., 2017; Karimireddy et al., 2020b;
Zhao et al., 2021a) provide results without variance reduction techniques from (Fang et al., 2018; Li
et al., 2021a; Cutkosky and Orabona, 2019) and, therefore, get suboptimal oracle complexities. Note
that FRECON and DASHA reduce the variance only from compressors (in the partial participation and
stochastic setting). iii) in the finite-sum setting, the ZeroSARAH method by Li et al. (2021b) focuses
on the homogeneous regime only (the functions f; are equal). iv) The MIME method by Karimireddy
et al. (2020a) and the CE-LSGD method (for Partial Participation) by the concurrent paper (Patel
et al., 2022) consider the online version of the problem (1). Therefore, MIME and CE-LSGD (for
Partial Participation) require stricter assumptions, including the bounded inter-client gradient variance
assumption. In the finite-sum setting (2), MIME and CE-LSGD obtain a suboptimal oracle complexity
O (1/<*/?) while, in the full participation setting, it is possible to get the complexity O (/e).

4 Contributions

We propose a new method DASHA-PP for the nonconvex distributed optimization.

e As far as we know, this is the first method that includes three key ingredients of federated learn-
ing methods: variance reduction of stochastic gradients, compressed communication, and partial
participation.

e Moreover, this is the first method that combines variance reduction of stochastic gradients and
partial participation flawlessly: 1) it gets the optimal oracle complexity ii) does not require the
participation of all nodes iii) does not require the bounded gradients assumption of the functions f;.

e We prove convergence rates and show that this method has the optimal oracle complexity and the
state-of-the-art communication complexity in the partial participation setting. Moreover, in our work,
we observe a nontrivial side-effect from mixing the variance reduction of stochastic gradients and
partial participation. It is a general problem not related to our methods or analysis that we discuss in
Section C.

e In Section A, we present experiments where we validate our theory and compare our new methods
to previous ones.

S Algorithm Description and Main Challenges Towards Partial Participation

We now present DASHA-PP (see Algorithm 1), a family of methods to solve the optimization problem
(1). When we started investigating the problem, we took DASHA as a baseline method for two reasons:
the family of algorithms DASHA provides the current state-of-the-art communication complexities in
the non-partial participation setting, and, unlike MARINA, it does not send non-compressed gradients
and does not synchronize all nodes. Let us briefly discuss the main idea of DASHA, its problem in the
partial participation setting, and why the refinement of DASHA is not an exercise.

In fact, the original DASHA method supports the partial participation of nodes in the gradient setting.
Since the nodes only do the following steps (see full algorithm in Algorithm 6):

gitt =gl +C (V") - (1 - a)Vfi(a') — agl) . ©)

q
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Algorithm 1 DASHA-PP

1: Input: starting point z° € R, stepsize v > 0, momentum a € (0, 1], momentum b €
(0, 1], probability ppage € (0, 1] (only in DASHA-PP-PAGE), batch size B (only in DASHA-PP-
PAGE, DASHA-PP-FINITE-MVR and DASHA-PP-MVR), probability p, € (0, 1] that a node is
participating("‘), number of iterations 7" > 1

2: Initialize g9 € R?, hY € R? on the nodes and ¢° = 2 37" | g% on the server
3: Initialize ho € R on the nodes and take hO L ZT:l hgj (only in DASHA-PP-FINITE-MVR)
4: fort—Ol , T —1do
50 it =gt Vg
6:  Broadcast z't!, 2t to all participating'® nodes
7. fori=1,...,nin parallel do
8: if i node is participating® then
9: Calculate kf“ using Algorithm 2, 3, 4 or 5
10: hith = hi+ kit
o (LR 2 - )
12: gf“ =gl + m“r1
13: Send th to the server
14: else
15: hit! = hl; (only in DASHA-PP-FINITE-MVR)
16: Rt =nt, gt =gt mitl =0
17: end if
18:  end for
19:  gttl =gt + % Z?:1m§+1
20: end for

21: Output: 7 chosen uniformly at random from {xt}fgg
(a): For the formal description see Section 2.2.

Algorithm 2 Calculate kf“ for DASHA-PP in the gradient setting. See line 9 in Alg. 1
1 KT = V(@) — Vi(at) — b (b — Vfi(2h))

Algorithm 3 Calculate kf“ for DASHA-PP-PAGE in the finite-sum setting. See line 9 in Alg. 1

1: Generate a random set I} of size B from [m] with replacement
Vi) — Vi(at) - o (b~ Vi(at)),

with probability ppaee on all participating nodes,
B Ljer (Vi (@) = Vi),

with probability 1 — pyaee 0On all participating nodes

. L+l
2 K =

Algorithm 4 Calc. kEH for DASHA-PP-FINITE-MVR in the finite-sum setting. See line 9 in Alg. 1

1: Generate a random set I} of size B from [m] without replacement
5 gt = {5 (V@) = Vi) =0 (h; = Vi), el
v 0, JEI
3 Rt =ht + 1 ol
: hy

Copttl 1 t+1
4: k; ——Zj 1ij

Algorithm 5 Calculate k:“l for DASHA-PP-MVR in the stochastic setting. See line 9 in Alg. 1
t+1 B

1: Generate i.i.d. samples {5

2 K S VA ) S, VA0 (1 - b T, Vit )

~_, of size B from D;.

A
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The partial participation mechanism (independent participation from Section 2.2) can be easily
implemented here if we temporally redefine the compressor and use another one® instead:

o piaC,»,w.p. Das Q . gt + ici (Vi) — (1 = a)V fi(2') — ag!) , w.p. pa
' 0, w.p.1—p,. ' gt w.p. 1 — pa.

With probability 1 — p,, a node does not update g! and does not send anything to the server. The
main observation is that we can do this trick since g:** depends only on the vectors z**1, ¢, and g!.
The points 2¢*! and z* are only available in a node only during its participation.
However, we focus our attention on partial participation in the finite-sum and stochastic settings.
Consider the nodes’ steps in DASHA-MVR (Tyurin and Richtarik, 2023) (see Algorithm 7) that is
designed for the stochastic setting:

Bt = VT + (= b)(h = Vi 67), ™

K2

gt =gl +C (W =kl —a (gl —h)). ®)

Now we have two sequences h! and g!. Even if we use the same trick for (8), we still have to update
(7) in every iteration of the algorithm since gf“ additionally depends on hf“ and h!. In other words,
if a node does not update g¢ and does not send anything to the server, it still has to update h!, what
is impossible without the points ™! and x!. One of the main challenges was to “guess” how to
generalize (7) and (8) to the partial participation setting. We now provide a solution (DASHA-PP-MVR
with the batch size B = 1):

1
h§+1 — hllf 4 ;k§+17 k§+1 — Vfi(l't—‘rl;ngrl) _ Vfi(mt;§1?+l) b (hi _ Vf1($t7§t+1)> ,

? 2
a

1
gf“ =gl 4G (k;“ . (gf — hf)) with probability p,, ®)
Pa

Pa

and hiT! = bl gttt = g! with probability 1 — p,.

Now both control variables g¢ and h! do not change with the probability 1 — p,. When the i node

participates, the update rules of gf“ and h’;“ in (9) were adapted to make the proof work. When
pa = 1 (no partial participation), the update rules from (9) reduce to (7) and (8).

The theoretical analysis of the new algorithm became more complicated: unlike (7) and (8), the
control variables hﬁ“ and g? 1 in (9) (see also main Algorithm 1) are coupled by the randomness
from the partial participation. Going deeper into details, for instance, one can compare Lemma 1.2
from (Tyurin and Richtdrik, 2023) and Lemma 5, which both bound [[g:*! — h%*Y||” . The former

lemma does not use the knowledge about the update rules of hﬁ“, works with one expectation E¢ [-],
uses only (4), (15), and (16). The latter lemma additionally requires and uses the structure of the
update rule of h*! (the structure is very important in the lemma since the control variables h! "
and g/t are coupled), surgically copes with the expectations E¢ [] and E,,, [-] (for instance, it is not
trivial in each order one should apply the expectations), and uses the sampling lemma (Lemma 1).
The same reasoning applies to other parts of the analysis and the finite-sum setting: the generalization
of the previous algorithm and the additional randomness from the partial participation required us to
rethink the previous proofs.

At the first reading of the proofs, we suggest the reader follow the proof of Theorem 2 in the gradient
setting (DASHA-PP), which takes a small part of the paper. Although the appendix seems to be dense
and large, the size is justified by the fact that we consider four different sub-algorithms, DASHA-PP,
DASHA-PP-PAGE, DASHA-PP-FINITE-MVR, and DASHA-PP-MVR, and also PL-condition (The
theory is designed so that the proofs do not repeat steps of each other and use one framework).

6 Theorems

We now present the convergence rates theorems of DASHA-PP in different settings. We will compare
the theorems with the results of the current state-of-the-art methods, MARINA and DASHA, that work

IfC; € U(w), then CP* € U (w+1/p, — 1).

7
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in the full participation setting. Suppose that MARINA or DASHA converges to e-solution after T'
communication rounds. Then, ideally, we would expect the convergence of the new algorithms to
e-solution after up to 7/p, communication rounds due to the partial participation constraints*. The
detailed analysis of the algorithms under Polyak-t.ojasiewicz condition we provide in Section F. Let
us define Ag := f(20) — f*.

6.1 Gradient Setting

Theorem 2. Suppose that Assumptions 1, 2, 3, 7 and 8 hold. Let us take a = 52, b = 23“‘})3,
48w (2w +1) 16 P12\ 7
ve (o[BG ()] )

and g{ = hY = V f;(2°) for all i € [n] in Algorithm 1 (DASHA-PP), then E [HVf('x\T)Hﬂ < 27%.

Let us recall the convergence rate of MARINA or DASHA, the number of communication rounds to get

- 1 Ao w T 1 _ Ag wt+1 T
e-solution equals O ( = {L + \/HLD , while the rate of DASHA-PP equals O ( ~ [L + pz.\/ﬁL} )

Up to Lipschitz constants factors, we get the degeneration up to 1/p, factor due to the partial
participation. This is the expected result since each worker sends useful information only with
the probability p,.

6.2 Finite-Sum Setting

Theorem 3. Suppose that Assumptions 1, 2, 3, 4, 7, and 8 hold. Let us take a = 5 . b= ];”%ep’:’,

probability ppeee € (0,1],

1/2\ -1
y< L+ 48“—’(20-;4‘ 1) 2+ (1 — Ppage) LE 1o + 56 (1 _ @) 24 (1 = Ppage) Lnax
np? B NP2 Dpage Da B

and g0 = h? = V f;(2°) for all i € [n] in Algorithm 1 (DASHA-PP-PAGE) then E [HVf(ET)Hﬂ <

2A0
T

We now choose ppage to balance heavy full gradient and light mini-batch calculations. Let us define
1, :=,/1— % € [0, 1]. Note that if p, = 1 then p,, = 1 and 1,,, = 0.
Corollary 1. Let the assumptions from Theorem 3 hold and ppege = B/(m+B). Then DASHA-PP-PAGE

needs
AO w T Lmax ) 1 m ]]-p. E Lm'}x
T=0|—|L+—— L+ + —y/— — 4 - 10
< € pa\/ﬁ ( v B PaV T v B B (19)

communication rounds to get an e-solution and the expected number of gradient calculations per
node equals O (m + BT) .

The convergence rate the rate of the current state-of-the-art method DASHA-PAGE without partial
participation equals O (% [L + % (f + %) + \/? %D . Let us closer compare it with
(10). As expected, we see that the second term w.r.t. w degenerates up to 1/p,. Surprisingly, the
third term w.r.t. \/% can degenerate up to \/E/pa when I ~ Lnax- Hence, in order to keep
degeneration up to 1/p,, one should take the batch size B = O (Lfnax/ E2) . This interesting effect we
analyze separately in Section C. The fact that the degeneration is up to 1/p, we check numerically in
Section A.

In the following corollary, we consider Rand K compressors® (see Definition 5) and show that with
the particular choice of parameters, up to the Lipschitz constants factors, DASHA-PP-PAGE gets the

*We check this numerically in Section A.
5The choice of the compressor is driven by simplicity, and the following analysis can be used for other
unbiased compressors.

R
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optimal oracle complexity and SOTA communication complexity. Indeed, comparing the following
result with (Tyurin and Richtarik, 2023, Corollary 6.6), one can see that we get the degeneration up to
1/p, factor, which is expected in the partial participation setting. Note that the complexities improve
with the number of workers 7.

Corollary 2. Suppose that assumptions of Corollary I hold, B < min { pl o, % }6, and we
use the unbiased compressor RandK with K = O (Bd/,/m) . Then the communication complexity of

Algorithm 1 is O (d + m"‘A"d) , and the expected number of gradient calculations per node equals

g/
O (m + Easstim)

The convergence rate of DASHA-PP-FINITE-MVR is provided in Section E.5.
6.3 Stochastic Setting

1
We define h' := = 3" | hl.

Theorem 4. Suppose that Assumptions 1, 2, 3, 5, 6, 7 and 8 hold. Let us take a = 5 511,

~ 212 212 12\ ~t
b € (0,72 p},vg <L+[48“fi‘§“> <L2+<1 IEL”)Jrn}fj ((1——)L2+7(1 ) L")} ) , and

i fo,(fﬁo)H2> }

g% = hY for all i € [n] in Algorithm 1 (DASHA-PP-MVR). Then

E[va@T)H‘z] <;[2§0 +%Hh07vf(mu)||2+ <32bw512;;+1) N 4(17113'13}')) <% "
a a i1

482w (2w + 1 12b 2
+<M+7)L

p2 pa ) nB’

In the next corollary, we choose momentum b and initialize vectors hY to get e-solution.
Corollary 3. Suppose that assumptions from Theorem 4 hold, momentum b =

S} (min{ b, [nef p“ZEB}) , n‘:;, > 1, and b} = - o 7 f3(20;€9,) for all i € [n],
and batch size Biyjw = © (\/F‘B) , then Algorithm 1 (DASHA-PP-MVR) needs

Ag w ( L, ) o 1, L L o?
T:=0 L+ ——|L+ + —
( € Pavn VB/)  paVen \F mnsB
communication rounds to get an e-solution and the number of stochastic gradient calculations per
node equals O(Bipy + BT).

The convergence rate of the DASHA-SYNC-MVR, the state-of-the-art method without partial participa-
tion, equals O ( {L + f (L + f) + fn } +:55 B) Similar to Section 6.2, we see that in

the regimes when L~ L, the third term w.r.t. 1/e3/> can degenerate up to VB/p,. However, if we take
=0 (Lf,/ iz) , then the degeneration of the third term will be up to 1/p,. This effect we analyze in
Section C. The fact that the degeneration is up to 1/p, we check numerically in Section A.

In the following corollary, we consider Rand K compressors (see Definition 5) and show that with
the particular choice of parameters, up to the Lipschitz constants factors, DASHA-PP-MVR gets the
optimal oracle complexity and SOTA communication complexity of DASHA-SYNC-MVR method.
Indeed, comparing the following result with (Tyurin and Richtérik, 2023, Corollary 6.9), one can see
that we get the degeneration up to 1/p, factor, which is expected in the partial participation setting.
Note that the complexities improve with the number of workers n.

Corollary 4. Suppose that assumptions of Corollary 3 hold, batch size B < min { 5 \"/gn 2 ZL 12 } ,

we take RandK compressors with K = © (%) . Then the communication complexity equals

If1, =0 theni = +00
Pa ) lgai2

Q
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(@] ( \/pj"\/n—s + f)"%g) , and the expected number of stochastic gradient calculations per node equals

O( s +L“A°”).

\/Pane pag/2n

We are aware that the initial batch size Bj,;; can be suboptimal w.r.t. w in DASHA-PP-MVR in some
regimes (see also (Tyurin and Richtarik, 2023)). This is a side effect of mixing the variance reduction
of stochastic gradients and compression. However, Corollary 4 reveals that we can escape these
regimes by choosing the parameter /' of Rand /X compressors in a particular way. To get the complete
picture, we analyze the same phenomenon under PL. condition (see Section F) and provide a new
method DASHA-PP-SYNC-MVR (see Section G).

Acknowledgements

This work of P. Richtarik and A. Tyurin was supported by the KAUST Baseline Research Scheme
(KAUST BRF) and the KAUST Extreme Computing Research Center (KAUST ECRC), and the
work of P. Richtdrik was supported by the SDAIA-KAUST Center of Excellence in Data Science and
Artificial Intelligence (SDAIA-KAUST Al).

References

Alistarh, D., Grubic, D., Li, J., Tomioka, R., and Vojnovic, M. (2017). QSGD: Communication-
efficient SGD via gradient quantization and encoding. In Advances in Neural Information Process-
ing Systems (NIPS), pages 1709-1720.

Arjevani, Y., Carmon, Y., Duchi, J. C., Foster, D. J., Srebro, N., and Woodworth, B. (2019). Lower
bounds for non-convex stochastic optimization. arXiv preprint arXiv:1912.02365.

Beznosikov, A., Horvath, S., Richtarik, P., and Safaryan, M. (2020). On biased compression for
distributed learning. arXiv preprint arXiv:2002.12410.

Carmon, Y., Duchi, J. C., Hinder, O., and Sidford, A. (2020). Lower bounds for finding stationary
points i. Mathematical Programming, 184(1):71-120.

Chang, C.-C. and Lin, C.-J. (2011). LIBSVM: a library for support vector machines. ACM Transac-
tions on Intelligent Systems and Technology (TIST), 2(3):1-27.

Cutkosky, A. and Orabona, F. (2019). Momentum-based variance reduction in non-convex SGD.
arXiv preprint arXiv:1905.10018.

Fang, C., Li, C. J., Lin, Z., and Zhang, T. (2018). SPIDER: Near-optimal non-convex optimization
via stochastic path integrated differential estimator. In NeurIPS Information Processing Systems.

Goodfellow, 1., Bengio, Y., Courville, A., and Bengio, Y. (2016). Deep learning, volume 1. MIT
Press.

Gorbunov, E., Burlachenko, K., Li, Z., and Richtarik, P. (2021). MARINA: Faster non-convex
distributed learning with compression. In 38th International Conference on Machine Learning.

Horvith, S., Ho, C.-Y., Horvath, L., Sahu, A. N., Canini, M., and Richtarik, P. (2019a). Natural
compression for distributed deep learning. arXiv preprint arXiv:1905.10988.

Horvith, S., Kovalev, D., Mishchenko, K., Stich, S., and Richtarik, P. (2019b). Stochastic distributed
learning with gradient quantization and variance reduction. arXiv preprint arXiv:1904.05115.

Ioffe, S. and Szegedy, C. (2015). Batch normalization: Accelerating deep network training by
reducing internal covariate shift. In International Conference on Machine Learning, pages 448—
456. PMLR.

Kairouz, P., McMahan, H. B., Avent, B., Bellet, A., Bennis, M., Bhagoji, A. N., Bonawitz, K.,
Charles, Z., Cormode, G., Cummings, R., et al. (2021). Advances and open problems in federated
learning. Foundations and Trends® in Machine Learning, 14(1-2):1-210.

10
https://doi.org/10.52202/075280-1655 38027



Karimireddy, S. P., Jaggi, M., Kale, S., Mohri, M., Reddi, S. J., Stich, S. U., and Suresh, A. T.
(2020a). Mime: Mimicking centralized stochastic algorithms in federated learning. arXiv preprint
arXiv:2008.03606.

Karimireddy, S. P., Kale, S., Mohri, M., Reddi, S., Stich, S., and Suresh, A. T. (2020b). Scaffold:
Stochastic controlled averaging for federated learning. In International Conference on Machine
Learning, pages 5132-5143. PMLR.

Kone¢ny, J., McMahan, H. B., Yu, F. X., Richtérik, P., Suresh, A. T., and Bacon, D. (2016). Federated
learning: Strategies for improving communication efficiency. arXiv preprint arXiv:1610.05492.

Li, T., Sahu, A. K., Zaheer, M., Sanjabi, M., Talwalkar, A., and Smith, V. (2020). Federated
optimization in heterogeneous networks. Proceedings of Machine Learning and Systems, 2:429—
450.

Li, Z., Bao, H., Zhang, X., and Richtarik, P. (2021a). PAGE: A simple and optimal probabilistic
gradient estimator for nonconvex optimization. In International Conference on Machine Learning,
pages 6286—6295. PMLR.

Li, Z., Hanzely, S., and Richtarik, P. (2021b). ZeroSARAH: Efficient nonconvex finite-sum optimiza-
tion with zero full gradient computation. arXiv preprint arXiv:2103.01447.

Lin, Y., Han, S., Mao, H., Wang, Y., and Dally, W. J. (2017). Deep gradient compression: Reducing
the communication bandwidth for distributed training. arXiv preprint arXiv:1712.01887.

McMabhan, B., Moore, E., Ramage, D., Hampson, S., and y Arcas, B. A. (2017). Communication-
efficient learning of deep networks from decentralized data. In Artificial intelligence and statistics,
pages 1273-1282. PMLR.

Mishchenko, K., Gorbunov, E., Takac¢, M., and Richtarik, P. (2019). Distributed learning with
compressed gradient differences. arXiv preprint arXiv:1901.09269.

Narayanan, D., Harlap, A., Phanishayee, A., Seshadri, V., Devanur, N. R., Ganger, G. R., Gibbons,
P. B., and Zaharia, M. (2019). PipeDream: generalized pipeline parallelism for dnn training. In
Proceedings of the 27th ACM Symposium on Operating Systems Principles, pages 1-15.

Nesterov, Y. (2018). Lectures on convex optimization, volume 137. Springer.

Nguyen, L., Liu, J., Scheinberg, K., and Taka¢, M. (2017). SARAH: A novel method for machine
learning problems using stochastic recursive gradient. In The 34th International Conference on
Machine Learning.

Paszke, A., Gross, S., Massa, F,, Lerer, A., Bradbury, J., Chanan, G., Killeen, T., Lin, Z., Gimelshein,
N., Antiga, L., et al. (2019). Pytorch: An imperative style, high-performance deep learning library.
In Advances in Neural Information Processing Systems (NeurlPS).

Patel, K. K., Wang, L., Woodworth, B., Bullins, B., and Srebro, N. (2022). Towards optimal commu-
nication complexity in distributed non-convex optimization. In Advances in Neural Information
Processing Systems.

Ramaswamy, S., Mathews, R., Rao, K., and Beaufays, F. (2019). Federated learning for emoji
prediction in a mobile keyboard. arXiv preprint arXiv:1906.04329.

Ramesh, A., Pavlov, M., Goh, G., Gray, S., Voss, C., Radford, A., Chen, M., and Sutskever, 1. (2021).
Zero-shot text-to-image generation. arXiv preprint arXiv:2102.12092.

Reddi, S., Charles, Z., Zaheer, M., Garrett, Z., Rush, K., Kone¢ny, J., Kumar, S., and McMahan,
H. B. (2020). Adaptive federated optimization. arXiv preprint arXiv:2003.00295.

Richtarik, P., Sokolov, 1., and Fatkhullin, I. (2021). EF21: A new, simpler, theoretically better, and
practically faster error feedback. In Neural Information Processing Systems, 2021.

Richtarik, P., Sokolov, 1., Fatkhullin, I., Gasanov, E., Li, Z., and Gorbunov, E. (2022). 3PC: Three
point compressors for communication-efficient distributed training and a better theory for lazy
aggregation. arXiv preprint arXiv:2202.00998.

11
38028 https://doi.org/10.52202/075280-1655



Sapio, A., Canini, M., Ho, C.-Y., Nelson, J., Kalnis, P., Kim, C., Krishnamurthy, A., Moshref, M.,
Ports, D. R., and Richtérik, P. (2019). Scaling distributed machine learning with in-network
aggregation. arXiv preprint arXiv:1903.06701.

Stich, S. U., Cordonnier, J.-B., and Jaggi, M. (2018). Sparsified SGD with memory. Advances in
Neural Information Processing Systems, 31.

Suresh, A. T., Sun, Z., Ro, J. H., and Yu, F. (2022). Correlated quantization for distributed mean
estimation and optimization. arXiv preprint arXiv:2203.04925.

Szlendak, R., Tyurin, A., and Richtérik, P. (2021). Permutation compressors for provably faster
distributed nonconvex optimization. arXiv preprint arXiv:2110.03300.

Tyurin, A. and Richtarik, P. (2023). DASHA: Distributed nonconvex optimization with commu-
nication compression and optimal oracle complexity. International Conference on Learning
Representations (ICLR).

Vogels, T., He, L., Koloskova, A., Karimireddy, S. P., Lin, T., Stich, S. U., and Jaggi, M. (2021).
RelaySum for decentralized deep learning on heterogeneous data. Advances in Neural Information
Processing Systems, 34.

Wangni, J., Wang, J., Liu, J., and Zhang, T. (2018). Gradient sparsification for communication-
efficient distributed optimization. Advances in Neural Information Processing Systems, 31.

Xu, H., Ho, C.-Y., Abdelmoniem, A. M., Dutta, A., Bergou, E. H., Karatsenidis, K., Canini, M.,
and Kalnis, P. (2021). Grace: A compressed communication framework for distributed machine
learning. In 2021 IEEE 41st International Conference on Distributed Computing Systems (ICDCS),
pages 561-572. IEEE.

Zhao, H., Burlachenko, K., Li, Z., and Richtarik, P. (2021a). Faster rates for compressed federated
learning with client-variance reduction. arXiv preprint arXiv:2112.13097.

Zhao, H., Li, Z., and Richtarik, P. (2021b). FedPAGE: A fast local stochastic gradient method for
communication-efficient federated learning. arXiv preprint arXiv:2108.04755.

172
https://doi.org/10.52202/075280-1655 38029



Contents
1 Introduction 1

2 Optimization Problem
2.1 Unbiased COMPIESSOrS . . . . v v v v v v e ettt e e e e e e e 2

2.2 Nodes Partial Participation Assumptions . . . . . . . . . .. . vt e ..

3 Motivation and Related Work 4
4 Contributions 5
5 Algorithm Description and Main Challenges Towards Partial Participation 5
6 Theorems 7
6.1 Gradient Setting . . . . . . . . . e e e e 8

6.2 Finite-Sum Setting . . . . . . . ... e e 8

6.3 Stochastic Setting . . . . . . . . . . . ... e 9

A Numerical Verification of Theoretical Dependencies 15
A.1 Experiments in Partial Participation Setting . . . . . .. . ... ... ... .... 16

B Original DASHA and DASHA-MVR Methods 17
C Problem of Estimating the Mean in the Partial Participation Setting 18
D Auxiliary facts 19
D.1 SamplingLemma . . . . .. ... ... ... 19
D.2 Compressors Facts . . . . . . . . .. 21

E Proofs of Theorems 21
E.1 Standard Lemmas in the Nonconvex Setting . . . . . . . . ... ... ... .... 22
E.2 GenericLemmas . . . .. . . . . . . . . .. e e e 23
E.3 Proof for DASHA-PP . . . . . . . e 26
E.4 Proof for DASHA-PP-PAGE . . . . . . . . . . .. 30
E.5 Proof for DASHA-PP-FINITE-MVR . . . . . . . . .. i s 41
E.6 Proof for DASHA-PP-MVR . . . . . . . . . e 52

F Analysis of DASHA-PP under Polyak-Lojasiewicz Condition 65
F1 GradientSetting . . . . . . . . . . . e e 65
F2 Finite-Sum Setting . . . . . . . . . .. e 65

F3 Stochastic Setting . . . . . . . . . . . e e e 66
F4 Proofsof Theorems . . . . . .. .. .. . ... ... ... . 67
F4.1 Standard Lemma under Polyak-tojasiewicz Condition . . . . . . .. ... 67

12
38030 https://doi.org/10.52202/075280-1655



F42 GenericLemma. . . . . . . . . . . . . . e 67

F.4.3 Proof for DASHA-PP under Pt-condition . . . . ... ... ........ 69

F.4.4  Proof for DASHA-PP-PAGE under PL-condition . . . . . ... ... . ... 71

F.4.5 Proof for DASHA-PP-MVR under Pt.-condition . . . .. ... ... .... 76

G Description of DASHA-PP-SYNC-MVR 83
G.1 Proof for DASHA-PP-SYNC-MVR . . . . . . . . . e 85

14
https://doi.org/10.52202/075280-1655 38031



A Numerical Verification of Theoretical Dependencies

- DASHA-PP-MVR (s = 1): Step size: 0.00390625

- A
10 K =500 A~ DASHA-PP-MVR (s = 10): Step size: 0.03125
$ <q~ DASHA-PP-MVR (s = 50): Step size: 0.25
v A 57 B>~ DASHA-PP-MVR (s = 100): Step size: 0.25
1073 B B 1073 - DASHA-SYNC-MVR: Step size: 0.5
a
v <
W S o A x
v, 8 S10-
S %0
v N4 VE < < " v

< Y. -
° A\
3
e A D \4
El 10% v

10-7| ~V~ DASHA-PP-PAGE (s = 1): Step size: 0.0625 < < A %

A~ DASHA-PP-PAGE (s = 10): Step size: 0.5 A
<I- DASHA-PP-PAGE (5= 50): Step size: 2.0 g A A
10-%| ~D>~ DASHA-PP-PAGE (s = 90): Step size: 8.0 [N by , 4 B
- DASHA-PP-PAGE (s =100): Step size: 8.0 10557 To° 151 700
~@- DASHA-PAGE: Step size: 8.0 # communication rounds
10715 0 107 10 5
# communication rounds - -
(b) Stochastic setting, °°/ne3 = 10000, and K = 200

(a) Finite-sum setting, X = 500 in Rand K. in Rand K.

Figure 1: Classification task with the real-sim dataset.

Our main goal is to verify the dependeces from the theory. We compare DASHA-PP with DASHA.
Clearly, DASHA-PP can not generally perform better than DASHA. In different settings, we verify
that the bigger p,, the closer DASHA-PP is to DASHA, i.e., DASHA-PP converges no slower than 1/p,
times.

In all experiments, we take the real-sim dataset with dimension d = 20,958 and the number of
samples equals 72,309 from LIBSVM datasets (Chang and Lin, 2011) (under the 3-clause BSD
license), and randomly split the dataset between n = 100 nodes equally, ignoring residual samples.
In the finite-sum setting, we solve a classification problem with functions

2
1 & 1
fi(x) :m2<1‘1+p<y>> ’ "

Jj=1

where a;; € R? is the feature vector of a sample on the i node, y; ; € {—1,1} is the corresponding
label, and m is the number of samples on the i node for all i € [n]. In the stochastic setting, we
consider functions

I d 2
fi(w1,22) = Ej ) | — log ( op (a”xyij) ) +A Z Z A (12)

2 |
Zye{l,Q} exp (a;l;my) ye{1,2} k=1 1+ {xy}k

where 1, 2o € R?, {-}}, is an indexing operation, a;; € R? is a feature of a sample on the i node,

yi; € {1,2} is a corresponding label, m is the number of samples located on the i node, constant
A =0.001 for all i € [n].

The code was written in Python 3.6.8 using PyTorch 1.9 (Paszke et al., 2019). A distributed
environment was emulated on a machine with Intel(R) Xeon(R) Gold 6226R CPU @ 2.90GHz and
64 cores.

We use the standard setting in experiments’ where all parameters except step sizes are taken as
suggested in theory. Step sizes are finetuned from a set {2°|i € [—10, 10]}. We emulate the partial
participation setting using s-nice sampling with the number of nodes n = 100. We consider the
RandK compressor and take the batch size B = 1. We plot the relation between communication
rounds and values of the norm of gradients at each communication round.

In the finite-sum (Figure 1a) and in the stochastic setting (Figure 1b), we see that the bigger probability
pa = 5/n to 1, the closer DASHA-PP to DASHA. Moreover, DASHA-PP with s = 10 and s = 1
converges approximately x10 (= 1/p,) and x100 (= 1/p,) times slower, accordingly. Our theory
predicts such behavior.

"Code: https://github.com/mysteryresearcher/dasha-partial-participation
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A.1 Experiments in Partial Participation Setting

In this experiments, we compare our new algorithm DASHA-PP with previous baselines MARINA and
FRECON in the partial participation setting. We consider MARINA and FRECON because they are
the previous SOTA methods in the partial participation setting with compression. We investigate

the same optimization problem and setup as in Section A of the paper. All methods use the Rand K
compressor in these experiments.

1. Finite-Sum Setting. We now consider the function from (11). In Figures 2 and 3, we compare all
three methods in the finite-sum setting on two different datasets: real-sim and MNIST. The parameter
s is the number of clients participating in each round that are selected randomly using the s-nice
sampling (server chooses uniformly s nodes without replacement). We can see that DASHA-PP
converges faster than MARINA. Since FRECON does not support variance reduction of stochastic
gradients, it converges to less accurate solutions.

(a) 10 % of nodes participating (b) 50 % of nodes participating (c) 90 % of nodes participating
Figure 3: Classification task on MNIST

2. Stochastic Setting. In Figures 4 and 5, we consider the stochastic setting with the function
from (11). We can see that DASHA-PP convergences to high accuracy solutions, unlike FRECON.
Moreover, DASHA-PP improves the convergence rates of MARINA.

v Y WLy 07
v 9
v ‘3"’%
4
LA IEIE IR e
Vo o | g.
e v £ S
xR H
* <

(a) 10 % of nodes participating (b) 50 % of nodes participating (c) 100 % of nodes participating

Figure 4: Classification task on real-sim

(a) 10 % of nodes participating (b) 50 % of nodes participating (c) 100 % of nodes participating
Figure 5: Classification task on MNIST
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B Original DASHA and DASHA-MVR Methods

To simplify the discussion and explanation from the main part, we present the algorithms from (Tyurin
and Richtarik, 2023)

Algorithm 6 DASHA

1: Input: starting point z° € R, stepsize v > 0, momentum a € (0, 1], number of iterations 7' > 1

2: Initialize g9 € R? on the nodes and ¢° = % Z?=1 g? on the server
3: fort=0,1,..., 7 —1do

4 gt =gt —~¢t

5:  Broadcast z'T! and !

6: fori=1,...,ninparallel do

7 mith = C; (Vfi(z!™h) = Vfi(z!) —a (gl — Vf;(2h)))

8 gt = gt + mit

9: Send mi“ to the server
10:  end for
11: gt+1 — gt + % Z?:l mé‘Fl
12: end for

13: Output: 27 chosen uniformly at random from {z*}]

Algorithm 7 DASHA-MVR (with batch size B = 1)
0

1: Input: starting point x° € R4, stepsize v > 0, momentums a,b € (0, 1], number of itera-
tions ' > 1

2: Initialize g9 € R? on the nodes and ¢° = 2 3™ | ¢ on the server

3: fort=0,1,...,7 —1do

4 it =gt gt

5:  Broadcast z**! and

6. fori=1,...,nin parallel do

7 hg:: Vi (;I;ﬁl;gﬁl) + (1L =b)(ht — Vfi(zt; &), & ~D;
8: mitt =C; (b — hi —a(gf — hl))

9 gt =gl +mi"

10: Send m! ™ to the server

11:  end for
122 gt =gt + % Z?:lmzl&l

13: end for
14: Output: 27 chosen uniformly at random from {mt}z:ol
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C Problem of Estimating the Mean in the Partial Participation Setting

, . : . T Linas
‘We now provide the example to explain why the only choice of B = O (mm { i Vo 1212 }) and

2

B=0 (min {p;/gn’ ]lfiﬁ }) in DASHA-PP-PAGE and DASHA-PP-MVR, accordingly, guarantees
the degeneration up to 1/p,. This is surprising, because in methods with the variance reduction of
stochastic gradients (Li et al., 2021a; Tyurin and Richtarik, 2023) we can take the size of batch size
B=0 (, /%) and B=0 (ﬁ) and guarantee the optimality. Note that the smaller the batch size
B, the more the server and the nodes have to communicate to get e-solution.

Let us consider the task of estimating the mean of vectors in the distributed setting. Suppose that we
have n nodes, and each of them contains m vectors {x;; }/ |, where z;; € R foralli € [n],j € [m)].

First, let us consider that each node samples a mini-batch I of size B with replacement and sends it
to the server. Then the server calculates the mean of the mini-batches from nodes. One can easily
show that the variance of the estimator is

2

1 n 1 n m
e DI Rt D) DL (13)

i=1jeri i=1 j=1
2
n m m
oYy >3
= —— T — — Tii
nB nm : T m J
1=1 j=1 j=1

Next, we consider the same task in the partial participation setting with s—nice sampling, i.e., we
sample a random set S C [n] of s € [n] nodes without replacement and receive the mini-batches
only from the sampled nodes. Such sampling of nodes satisfy Assumption 8 with p, = $/n and
pa = 5(5=1/n(n—1). In this case, the variance of the estimator (See Lemma 1 with r; = 0 and
S; = jeri xij) is

2

1 1 n m
DD Rt DY B (14)

i€S jeri i=1 j=1

:E%ZZ mij_%,zlxij
J=

i=1 j=1

2

max

2
n m n

n—s 1 1 1 -
+mgz o 2T T e D D

i=1 j=1 i=1 j=1

2
Let us assume that s < 7/2. Note that (13) scales with any B > 1, while (14) only scales when
B=0 (ﬁfnax/i‘z) . In other words, for large enough B, the variance in (14) does not significantly

improves with the growth of B due to the term L£2. In our proof, due to partial participation, the
variance from (14) naturally appears, and we get the same effect. As was mentioned in Sections 6.2
and 6.3, it can be seen in our convergence rate bounds.

1R
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D Auxiliary facts

We list auxiliary facts that we use in our proofs:
1. Forall z,y € R?, we have
lz +yl* < 2l2)” + 21|yl (15)
2. Let us take a random vector ¢ € R?, then

B[] =B {ls - EEI®] + B (16)

D.1 Sampling Lemma

This section provides a lemma that we regularly use in our proofs, and it is useful for samplings that
satisfy Assumption 8.

Lemma 1. Suppose that a set S is a random subset of a set [n| such that

1. Prob (i € S) =p,, Vi€ [n],
2. PrOb(iGS,jES):paa7 VZ#]G [n]a
3. Daa sza

where p, € (0,1] and py, € [0, 1]. Let us take random independent vectors s; € R? for all i € [n],
nonrandom vector r; € R? for all i € [n], and random vectors

{’I“i + pishi €S,
i = !

Ti,i g Sa
then
n n 2
1 1
SHES P ot
i=1 n =1
1 - 2] Pa — Paa ” 2 . Paa _p2 1<
= o DB [l BlsI] + P m SRl + S SR
i=1 i=1 i=1
1 - 2] Pa — Paa - 2
S E |: S; — E Si + E S; .
gy 2 [l Bl + B S e s
Proof. Let us define additional constants p,, and pp,, such that
1. Prob (i € S,j € S) = pm, Yi#jE€]n],
2. Prob(i ¢ S,j € S) =pm, Yi#jE][n].
Note, that
Pa = Paa + Pan (17)
and
Pon = 1 — Paa — 2Pan. (18)

Using the law of total expectation and

E [vi] = pa (n— +E [182D + (1 —pa)ri =7 + E[si],

Pa

10
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we have
2

E

1 & 1 —
ﬁizzlvi_E n;w]

. % Zn:E [Hm —(r; +E [sys])llﬂ

i
D n 2
n—;ZE r; + asl—(ri—FE[sl]) ]
i=1
1-»p ~ 2
g > Iri = (ri + Blsi])l|
i=1
Paa
QZEK”JF asi*(TiJrE[Si]),TjJr*aSa
i#£]

i#j
p n
+ % (ri—(ri +E[si]),r; — (rj + E[s;])) -
i#]
From the independence of random vectors s;, we obtain
1 n 1 n 2
E (|- i — B | — i

1 2
—S; — E S;
Pa s ‘|

_Z;iE
P

1-p . 2
+ Y Il
i=1

Paa(l = Pa)® ¢
P P S (Bl B sy
Pa Y
i#]
2pan(Pa — 1)
¢ BN (Blsi) Elsy))
Pa —
i#]
p n
+ DS (B s E i)
i#£j
Using (17) and (18), we have
n n 2
1 ESSEESARD I
i Z i l
P n 1 2
a
E;E jSZ_E[S’L] ]
1— pa o 2
+——= Y B s
i=1
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+ P2 P SN B [, E [s))

P

© ZE [lsi — B lsill?]
1 —pa 1112
o Z||E[sz}\|

1o e
E ﬁizzlvi_E n;v;|
< SB[l - Elsll?] + 2 p“ZHE i

D.2 Compressors Facts

We define the Rand K compressor that chooses without replacement K coordinates, scales them by a
constant factor to preserve unbiasedness and zero-out other coordinates.
Definition 5. Let us take a random subset S from [d], |S| = K, K € [d]. We say that a stochastic
mapping C : R? — R? is Rand K if
d
)= > ey,

j€S
where {e;}¢_; is the standard unit basis.
Theorem 6. IfC is RandK, then C € U (£ — 1) .

See the proof in (Beznosikov et al., 2020).

E Proofs of Theorems

There are three different sources of randomness in Algorithm 1: the first one from vectors {k/™'}7_
the second one from compressors {C; }"_;, and the third one from availability of nodes. We define
Ex [}, Ec [] and E,, [] to be conditional expectations w.r.t. {k{ "'}, {C;}7_,, and availability,
accordingly, conditioned on all previous randomness. Moreover, we define E; 1 [-] to be a conditional
expectation w.r.t. all randomness in iteration ¢ + 1 conditioned on all previous randomness. Note,
that Eq 1 [] = By [Ec [Ep, []]].

In the case of DASHA-PP-PAGE, there are two different sources of randomness from {kf“}?zl
We define E,, . [] and Ep [] to be conditional expectations w.r.t. the probabilistic switching and

mini-batch indices I}, accordingly, conditioned on all previous randomness. Note, that E;; [] =
EB [Ec [Epi‘ [Eppage [.}:H] and Et+1 [.} = EB [Eppage [EC [Epa [.”” *

21
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E.1 Standard Lemmas in the Nonconvex Setting

We start the proof of theorems by providing standard lemmas from the nonconvex optimization.

Lemma 2. Suppose that Assumption 2 holds and let '™ = xt — vgt. Then for any g* € R% and
v > 0, we have

L
f(mt-&-l) < f(xt) . % va(xt)HQ _ (217 _ 2) th+1 _ xtHQ n % Hgt . Vf(xt)HQ- (19)

Proof. Using L—smoothness, we have
Fa) < F@t) + (T2 =0t + 2 2 ot
L
_ f([)?t) - <Vf(xt),gt> + 5 th-i-l _ xtH2-

2 2 2 .
Next, due to — (z,y) = 3 [lz — y[|” = 3 |=[I” — 5 [lylI”, we obtain

Fat*) < 1) = JITIOI - (5 = 5 ) e+ o+ ot - o)
O]
Lemma 3. Suppose that Assumption 1 holds and
B [f(21)] + 10! < B [f(a")] - fE [HVf )| ] £ AUt A, (20)
vTv:ere Ut is a sequence of numbers, V' > 0 for all t € [T, constant C' > 0, and constant v > 0.
en
B[[vsEn)’] < %‘T"ﬁfma 1)

where a point T is chosen uniformly from a set of points {xt}tT;Ol

Proof. By unrolling (20) for ¢ from 0 to 7" — 1, we obtain

%i [va M E[f(z")] + 79" < f(2%) +y¥° +~TC.
t=0

We subtract f*, divide inequality by %7 and take into account that f(z) > f* for all z € R, and
Wt > 0forall ¢t € [T], to get the following inequality:

1 2 QAO 2\11
TZE“V}‘ HE 7t 2
It is left to consider the choice of a point Z7 to complete the proof of the lemma. O

Lemmad4. If0 <~y < (L++vA)™',L>0,and A >0, then

The lemma can be easily checked with the direct calculation.

77
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E.2 Generic Lemmas
Lemma 5. Suppose that Assumptions 7 and 8 hold and let us consider sequences gtJrl ht+1 and

kt"'lfrom Algorithm 1, then

Ee [Ep,\ [||gt+1 B ht+1|| ”

ZHk‘H—lH 2w—|—1 pa paa ZH ¢ ht“ _|_ 2||gt—ht||2, 22)
and
Ec[ N “gt+1 h11§+1H2H
2 _
< i—w B + <a(2w;1pa) +(1 a)2> gt — B> Vi€ [n). (23)

Proof. First, we estimate E¢ [Epa [Hgtﬂ — ht+1||2H:
Ec [Epa [
= Fc [By, |

where we used (16). Due to Assumption 8, we have

Ec [Ep, [9i"']]

g+ (;kf-“ - (gt - 1) )

Pa

- 26 )|

=g+ ki —a(g — ki),

’ t+1 ht+1|| H

L R — B [Ey, [¢"T = AT H H + HEC By, [0 — ht+1m 2

)

= p.Ec + (1 —pa)g!

= gf + p.Ec

and

1
Ec [Ep, [hiT]] = paEe {hﬁ + pak;f“] + (1 — pa)ht = hl + kIt

Thus, we can get
Ec |:Ep. |: t+1 ht+1||2}]
— E¢ [Epa {Hgﬁ-l Bt R, [Epa [gt-H _ ht+1” H2H +(1—a)? Hgt _ htHQ.
Due to the independence of compressors, we can use Lemma 1 with r; = ¢! — h! and 5; =

PaCi (;ﬁkf“ — (g}~ hf)) — kIt and obtain

Ec [Epu [HgtJrl o htHHQ”

1 & 1 a 1 a
< 3R [ s (2t 2 ) ) ke (et 2 ) ) -
: Da DPa DPa DPa

2
1 a
Ec lpaci (k;?“ - — (¢! - hﬁ)) - ki“]
Da Pa

2]
1

38040 https://doi.org/10.52202/075280-1655

Pa — Paa
(B

a =1




+(1—a)2Hgt—htH2
DPa - 1 t+1 a t 1 t+1 a 4 t
= — E Cil —=ki™ — — (gt — Wt — | =k — — (g — R}
nQ; ¢ [ (pa ’ Pa (o1 ’)> (pa ! Da (g ’)>
—Pp 2
nzpa ) ZH L= B+ (=) [|g" = B

From Assumption 7, we have
Be [By, [Jlo"* 1]

WPa — |1 t+1 @ t 2 a? (Pa — Paa) t ]2
< — k™ — — (g — R _— h: (1- —h
<y hrt - ot )| TS P - ]

@“fa@54®W+«i&—&iZ]m P+ (- a2 gt — e
”pa =1
(15) 2w i:HkHlH 2w+ pa Paa) ZH t htH +( QHgt_htHQ.

The second 1nequa11ty can be proved almost in the same way:

Be [B, ot — i+ ]]
= B By, ot %1 — e [By, o~ KT + e (B, Lol — ]

= B By [l — B o v a (ol - a4 )] (- a2 ol b

= 1

a*(1 = pa) [|gf — hl||* + (1 — a)? ||t — t|”

16 1 a a
(_) paEC [ S (pa kt+1 “w _ hf) ) _ (pa kt+1 Iz (g;t _ hf))
)

( pa2

QC”“ “(of m)‘%W+w¢4m
P Da DPa

C;

|

ot = nil*

+a <1—pa gt = B|* + (1 — ) ||g} — nt|”

< 2t —a (gt - 1)

2(1 —
B

QB g COEELB g 1 o o -
O
Lemma 6. Suppose that Assumptions 2, 7, and 8 hold and let us take a = 5~ ‘1, then
E [f(zt+1)] + 7(2w + 1)E [HgtJrl _ ht+1H2] V(2w + 1) pa — paa l Z H t+1 ht+1|| ]
Pa np2
L
<E |fa) - 91t H(QNWHfW+wWVﬂﬂH}

(2UJ+1 |:H " ht||2:| ((2W+1)pa paa
npa

e (1)

470.) 2w +1
L3 et - wu]

24
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Proof. Due to Lemma 2 and the update step from Line 5 in Algorithm 1, we have

Et+1 [f(fctﬂ)]

<Eip [f@ vt - ( f;) ot xt||2+;HgtVf(xt)||2}
= Eups [ 1) = JIVAON = (5 = 5 ) e+ =4 3 ot = he b 1t = 9700
(2) Bt { xt va H _ (_ L) th+1_xtH2_~_’y<Hgt_htH2+Hht_vf(xt)HQ}) .

Let us fix some constants k,7 € [0,00) that we will define later. Combining the last inequality,
bounds (22), (23) and using the law of total expectation, we get

E[f(a")]

+#E [[lg" = B[] +

Zugtﬂ wHQ]

=E [Err [f(=")]]

1 kE [Ec |:Epa {Hgtﬂ_htﬂHﬂH_’_nE Ec |E,, [izngﬁl_h;ﬂHgH]
i=1
zt) L t+1 t)|2 t t|2 t NIE
<E[ 2Ivse —(—)Hm - | +v(ug—hu + = vra|)|
2W+1 pa Paa)
0B |23 Sl 0 1]
roE 2“’2|\kf+1||2+(‘”2“1‘“ a-o?) 151t -
NPa “— Pa
L
—B | @) - 215N - (5 - 5 ) ot =t +vr|ht—w<xt>u}

-I-('y-i-li(l—a) )E[Hg —htM

2 — 2 - -
) <m (20 +1)p. ~ pa) M(G (2w +1—pa) +(1—a)2>)E 1Z|\gf—h§\|2]
npa a n =1
lekt“H

2/<;o.) 2nw
()
Npa
Now, by taking x = I, we can see that v + (1 — a)2 < k, and thus

E[f(h)]

T gE [Hgtﬂ _ ht+1|ﬂ +7E

Z Hgt+1 hf+1||2

<E |fa') - v s H—(—5)uw—wt||2+w||hf—w<xt>\ﬁ]

+ 1 [lgt ]

. <7a((2w +n]19;pa — Paa) +a (612(2““];1—%) (- a)2)> E l; Zz:; llgt — hﬁHQ]
()]
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Next, by taking n = %}M and considering the choice of a, one can show that

('ya((2w+1)17 —Daa) +1 (a Qutl-p) | (1— )2)> < n. Thus

np? Pa
E [f(l,t+1)]
I 7(2w + 1)E |:||gt+1 _ ht+1H2:| (2w + 1) pa — paa Z Hgt+1 hiﬂ“ﬂ
np?
<E |fa) - v s u-—(—L)Wﬁﬂ—fn+wwf—Vﬂﬂw1
(2w—|—1 21 Y((2w+1)pa—p
B It -] + LRl [ 5 MH]
292w+ 1w = 29((2w + 1) pa — Paa) ) 41
+ + k;
( np; npj Z 1
Considering that p,, > 0, we can simplify the last term and get
B [f(a")]
n 7(2w + I)E Mgtﬂ _ ht+1H2] 7((2w +nl]3 Da — paa Z Hgt+1 hf““ﬂ
e a

<E|f6) - J Vs H«—(—L)Wﬁl—fﬂ+vwf—vﬂfMﬂ

2w 1 t t 2w+ 1) pa aa t t
#2004 g 1] 4 2Bt D) 15 hH]

np 2
~+i9@ii* 5|31

E.3 Proof for DASHA-PP

Lemma 7. Suppose that Assumptions 3 and 8 hold. For hf“ and kf“ from Algorithm 1 (DASHA-PP)
we have

1.
By, |1+~ V7]

-~

2(p. — .. ) L2 2b
S%thﬂ_fﬂ‘ +%2Hht Vfila || + ( 2Hht_Vf(xt)||2.
a i=1

B, [ - ViG]

21 —pa) ;o) 441 |2 2b2(1 ) ¢ AN .
< ML) gz e +(pa - >||h Vi), ie ln.

I < 222 ot — 7 282 - VGO e ol

Proof. First, let us proof the bound for Ej, [Epa [Hh“rl — Vf(xth) ||2} ] :

By, [0+~ i)

7A
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= By, [ = By, (AP + 1Bp, [141] = V|
Using

Ep, [hi*] = hi + Vfi(@'™) = Vfi(a') = b(h} = Vf;(2"))
and (16), we have

E,, [Hhtﬂ _ vf(xtﬂ)H?]
—E, {Hht“ —E,, [h'*!] ||2} +(1=0)?||nt = V)|
We can use Lemma | with r; = ! and s; = k{1 to obtain

-

ZHW A p“ant*w + (1= 0)*||n* = V)|
:ngpgaa;Hwi(zt“)—Vfi(xt)—b(ht Vi) P + (1= b)?[|nt = Vf(h)|
2 S 9 = T+ B - SR - - 9
R = 3~ = TG+ 007 o= 9

In the last in inequality, we used Assumption 3. Now, we prove the second inequality:
B, [0 - ViG]

= By, ||~ By 0] + (B, 0] - VAP

= By, [P = (ht+ V(e = Vfilat) = b(ht = Vi) |*] + (1= 0)2 |t = V£
= S o) - At - o - V)|

+ (1= p) | VA = Vfi(at) = b(ht = Vfi(e)|* + (1= 0)?||ht — V fi(a))||
B (1;]3) IV £i(a"*1) = Vfila") = bk = V@D + (1= 0)?[|bf = Vfi(a")]|”
< BB et gt () gy ) T
Finally, the third inequality of the theorem follows from (15) and Assumption 3. O
Theorem 2. Suppose that Assumptions 1, 2, 3, 7 and 8 hold. Let us take a = 5247, b = 52—,

48w (2w +1) 16 pa\1Y2 ) 77
VS<L+{ np} +n7§(1_1>} L) ’
and ¢9 = K0 = V f,(z°) for all i € [n] in Algorithm | (DASHA-PP), then E [HW(%T)HQ} < 280,

Proof. Let us fix constants v, p € [0, co) that we will define later. Considering Lemma 6, Lemma 7,
and the law of total expectation, we obtain

Pa npa

B [fa)] + L2 g [jgeet vt 2] o LT DP—pul [ZH ht“H]
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+ B [[[ = V@] + pE

%Z [~ Vfi(xf“)ﬂ
i=1

o] 4 1 et - o 2Dl [ 15 g ]
TR |:Epa [Hht+1_vf(mt+1)“2”+pE l ZHhtH Vfi(z t+1)H H
<B ) - FIVHON = (5 5 ) ot = o = w5

2w+1 |:H + ht||2i| + 7((2W+1)2pafpaa)E
NP,

1 n
LSl -
=1

4yw(2w + 1
+7( )

et U o o1 P 2 3 - 9
2 (pa — Paa) L2 2b? (pa — Paa
o [P0l ot 2 ) St o+ 107 - )
a a

+ pE

2(1 —pa) t t 2b _Pa 1 ¢
(pap)LQHx 1, H2_|_<(pap)_|_(1_b)2)n2’|h Viilah)|| ]

=1

After rearranging the terms, we get

B ete] + 222 5 g ] Ul | LS gt o]

+ B [ = | +

IS Vfi<mt+1>!|ﬂ
i=1

<E[f(a")] - 2E [| V5]

2w+1 [Ht htHQ} (2w +1)p, — pﬁkl
np?

PIE ]

(1 _L_ Swer DI 2p—p) 12 21— p)l? ) B[ - o]
Pa

2y 2 np? npy
+ (1= ) [ - 91 ]
2 2 2
+<8b wg;ujtl)Jr 2b (np paa)+p(2b (; ) g _p) )) ZHht Vfi(a 1

By taking v = 7, one can show that (y + v(1 — b)?) < v, and

E[fwn+V‘QZJ%[HW—ht“uz] e

B[ - iG]+

%Z [ m(ﬂ“)HQ]
i=1

)I°

<E[f")] - 3B [||Vf

(2w +1) pa — paa)
’I”Lpa

}
(2w+1 [Ht ht||}+

DR

7R
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2y 2 np2 bnp?

T2 _ T2 _ T2
( 1L L 8yw(@w+ 1)L 2y(pa—pa)L® p2(1 ppa)L ) E [th-H B xtH?}
a

+ B [n - v £
5 _ 2
. <8b W@+ 1) 2'yb(]:;)§ Paa) +p(2b (;a ) 1) ))

2
np;

S -wael .

Note that b = 52

82yw(2w +1)  2vb (pa — Paa 26%(1 — p,
( VW(W+)+W(ZPQP>+p( (p p)+(1_b)2)>

np?
8b2 2 1 2b a — Maa
_( %u(er)Jr 7(p2p)+p(1_b)).
np3 np3

And if we take p = S22 4 20Ppa) then

8b?yw(2w + 1 27b (pa — Paa
(Wreteact) i) )
np; np;

and

L e | R [znw wwf]

Pa npz%

n

n %E [Hht+1 B Vf(xtH)Hz} N <8b7w(2w +1) X (pap: paa)) B [1 3O [nit - Vfi(xt“)HQ]

2 2
npz n n —

<E[f@")] - 2B [||VF@")]’]

(2w +1) [H ¢ ht’|2}+’7((2w+1)pa_paa)E

2
np;

1 L 8w(w+ 1) L2 B 27 (pa — Paa) L2
2y 2 np? bnp?

1 n
LSt

=1

_ 1667‘”(2“ + 1)(1 - pa)iz . 4y (pa - paa) (1 *pa)i2 E [thJrl - $tH2}
np3 np3

’}/ 8byw(2w +1) | 27 (pa — Paa)
+E [Hht Vi@ } ( np? L )E

1 n .
LSt - v ]

i=1
Let us simplify the last inequality. First, note that
16byw(2w + 1)(1 = p)L? _ 1670(2w + 1)L

np3 - np2

due to b < p,. Second,

2 (pa - paa) L? < 4y (pa - paa) L?
bnp? - np3 ’

due to b > & Allin all, we have

E [f(z"1)] + 7(20;:‘ 1)E [Hgt+1 _ ht+1H2] + v((2w +n1]32pa _paa [ Z Hgt+1 h§+1H2‘|

2
npa n a

] e T R e e e [; 3l - wfﬂﬂ
=1

70
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<E[f@)] - 3B [[V7@)]’]

2w—|—1 [H t htHQ} n 7((2w+1)pa_paa)

2
np;

1 n
E nzugf—hfﬂ
=1

(1 L 24w (uw+1) L2 87(pa‘paa)i2>E[th+1xt||2}

2y 2 np? np3

’y 8byw(2w + 1) 27 (Pa — Pan)
E[Hht v H} < e I >E

S wae|.

i=1
Using Lemma 4 and the assumption about 7, we get

B[] + L U g0 — pen 7] 4 Lt D= bl [zngtﬂ hz“ﬂ

2
npy

’YE [Hht+1 Vi(x t+1 HQ} + <8b'yw (2w +1) + 2y (pap; Paa ) E li Z thﬂ . Vfi(ﬂctH)HQ}
i=1

npa n a

<E[f()] - IB[|IV )]
+

2w ]. t t 2w+1)p, aa
4_ + [|| —_h || } (( + )19 — D ) E

npa

1 n
LS gt W]
n =1

. 2 8byw(2w+1) 29 (Pa — Paa IR
VE[Hh —Vf(ac)”}—k( yw (2w + )+ 'Y(ppzp ))E EZH}L Vfi(a H]

2
np; np; P

It is left to apply Lemma 3 with

Qw + 1 2 (QW + 1)pa paa
v o e e
1 8bw 2w—|—1) 2 (Pa — Paa
+ EEUW— ]+ (B 20y L5 - ]
to conclude the proof. O

E.4 Proof for DASHA-PP-PAGE

Let us denote

kﬁl = Vfi(a"™h) — Vfi(a) — 5 (= V fi(a")) ,
page

t+1 1
5 =5 =S (V) = V).
JjerIt
Pl hi+ kit ™ node is participating,
LT ) at, otherwise,

el ht + kﬁl, i node is participating,
ht, otherwise,

t+1 . 1 n t+1 t+1 . 1 n t+1
hy™ =i hiysand by =2 300 By . Note, that

B {htﬂ'l, with probability ppage.

RETY, with probability 1 — ppage-

N
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Lemma 8. Suppose that Assumptions 3, 4, and 8 hold. For hﬁ“ and kf“ from Algorithm 1
(DASHA-PP-PAGE) we have

1.
En [E, [Ep, [0 - V7))

2(pa_paa)z2 (1_pptlg€)L12nax t+1 it 2
g( e V= [

aa) b\’
2t 2l S i T+ e (152 ) 0 ) I 1

n pappa e DPpage

Ep [EP [ Ppage [|ht+1 vfi(xt+1)’|2:|H

2 (1 —pa) L} | (1 = ppage) Linax |2+ - xtHQ
PaB
2 (1 — Da) b? b\ t INIE :
+ +ppage 1-—- +(1_ppag€) th —sz(.f )’ ) Vi € [TL]
DPaPpage Ppage

Es [Ep, |[57]°]]

- 2
g ) Lt T e )

Proof. First, we prove the first inequality of the theorem:

Ep [Epu [Eppage {Hht“ - vf(xtH)HQ]”

= ppscEs [y, [[|147 = T1GD|F]] + (- pse) B [y, [I[5F — V)]

Using
Ep [By, [hi5']] =
= pahl + V('™ = Vfi(zh) - ; (ki =V fi(a")) + (1 — pa)h}
page
b
= hl + V(@™ = Vfi(zh) - (Rl =V fi(z")).
DPpage
and
Ep [By, [hi5']] =
1
=phi +Ep B Z (Vi (@) = Vfi;(2) | + (1= pa)hi
JEI}
= hf + Vfi(.’EH_l) — sz(xt),
we obtain

Ex (B, [Ey I = Vo) )]

O By, (|47 = By (0] + (1~ ppase) B [B, [[157 — B B, [67]])]]

21
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o+ Prsee [Ep, [B571] = V@) |* 4+ (1= pge) [[E [Ey, [157]] = V(a4
= ppascEp, [0 = By [0 1] + (1 ppeae) s [B, 1057 — 5 [, [5]] ]|

b 2
+ (ppage <1 - ppage) +(1 —ppage>> |nt = V()| (24)

. 2 .
Next, we consider E,,, {Hh’i“ —E,, [n7]| } We can use Lemma 1 with 7; = ! and s; = k[ '

to obtain
[Hht“ By, [])]

Z HktJrl kHlH + Paa Z Hkt+1

< n2
a ~— [Faa - b ?
= D Pa NV fi(att) - Vilat) - (ht — V fi(z"))
n p; P Ppage
19 2(py — p 2 2
nzpd w) ;vaz a1 = Vfi(a)||” + n%wjge ;Hht Vii(x
From Assumption 3, we have
By, [P = By, []1°]
. T2
<20 p) P 2y 2B g )

2 2
npy n pappage i=1

Now, we prove the bound for Ep [Epa [thﬂ —Eg [Ep, [h5]] ||2” . Considering that mini-

batches in the algorithm are independent, we can use Lemma 1 with r; = h! and s; = kit
to obtain
Ep |Ep, [|BST - Ep [E, A5
B |Ep, |[[h2" = Ep [Ey, [hy"]]]
< L zn:EB [Hkt-‘rl [k_t—i-l ] paa Z ||E k‘t+1
— nzpa pot 2,2
2
1 o 1
= n2p ZEB E Z (Vfij($t+1) - Vfij(l‘t)) — (Vfi(a:“'l) — Vfl(act))
2 =1 JEIt
”";%3” > [9Aatt) - T)f
Bz ZEB ;H Vi (@) = Vi (") = (V™) = V(")) ]
J
T Z [V £t = Vit
= ey _ (LY T £ (b)) ]2
= Bm;;“ Vi@t = Vfi(ah) = (V@) = V)|
— Paa t+1 12
Vfi( -V
e ;H fila fita")|
2 paa 2
< o meZZHsz] (") = Vfij(z t)” + ZHVf@ b1y sz'(xt)H '

=15=1

2
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Next, we use Assumptions 3 and 4 to get

2 _ T2
Ba [E,, (14— Ex [B,, (1)) ] < (L A L ) ot — |

np,B np;

(26)
Applying (25) and (26) into (24), we get

Es [Ep, [Bpw. I = 91 P]]]

2pa7paa EZ paa
< P (ﬁ%’nxtﬂ P+ 22 S v )

=1
2

L2, — Paa) L2
+ (1 _ppage) (n;:g + (pa ng;a) ) th—H — -TtHQ

2
+ (ppage (1 _b ) + (1 — ppage)> ||ht - Vf(xt)HQ
Ppage

— 72 _ 2
< (2(Pa — l;aa)L + (1 ppage)Lmax> ||xt+1 _ xtHQ

D3 np, B

pdd t
h V ) age ]- -
n p DPpage Z H f <pp ¢ (

=1

b\ t INIE
> + (1= Dpage) | [|2" =V f(=)]"
DPpage

The proof of the second inequality almost repeats the previous one

Es [By, [By. [I067 - A |F]]]

= B [By, [0 = 9] + ¢

© ppge B, ([0~ B By, 151 H
+ Dege |[E [Bp, [AE5]] = VA" + ppagaHEB [y, [15']] = Vit |

= PpueeE |Ey, [[|n11! — B [Ey, [A1]]] H 1= ppe)Er By, |[145" = En (B, [n13']]]°]]

b 2
e (1) 4 | S

LetusconsiderEB[ [HhtJr1 Ep [ [htHHH H

[ et = B [y, [RE])°)]
Ep, ||~ Es [Ey, [051]7]

ht + ;kfjl - <h§ + V("™ = Vfi(2h) -
a

~ Doage)E { [Hht+1 2t ||2H
(1~ Pp)E [E, [HW 5 [En (5]

27)

2
= DPa

Ppage

ht — (hf + Vfi(a™) = Vfi(z') - b

Ppage

(h -V fz(z:t)))

+ (1 _pa)

(1 _pa)2
DPa

(1t~ V) )

2

VAE) = Vhia) = L (1 = V()
page

F(-p) \vmt“) CVAGEY - 2 (- iaY)
1 — Pa

Da

2

Ppage

Vi) - V) - 2 (-

Ppage

2

vfz(xt))
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Considering (15) and Assumption 3, we obtain

Ej [ [Hht“ Ep [Ep, [ni']] HQH

< Muxtﬂ_gthM_(17”/1lt Vil (28)
DPa pappage
Next, we obtain the bound for E { [HhtJrl B [Ep, [Ri5']] HQH :

s (B [I05" ~ Eo (B (05711

=p.Ep |||hl + ;k;gl — (R + Vf;(z"1) = Vfi(2")

T

+ (1= pa)Es || = (bt + Vfila"™) = Vi) ]

<1—pd IV fi(a+) = Vfi(a f>||2
s[5 - (VA6 - Vi) + C2E a6 - vieo|?

+<1_pa vaﬁﬂ Vi)

=pl s [IF5 - (Vfi(x“l)—wi(x))yﬂ+%p3Hw,»(wl)_wi(xt)y;?

= paEB plkf:gl — (Vfi(l‘t+1) — sz(l’t))

a

2

_ 2
{Hkt.ﬂ (sz t+1) . vfz(xt))HZ} + % th-&-l o xt’ 7 (29)

Da
where we used Assumption 3. By plugging (28) and (29) into (27), we get

Ep {Em |:Eppagc {th“ - vfi(mtﬂ)”ﬂ”

— 2
< Doage (2(1294)112 th+1 71,1:”2 i 2(1 - Hht Vfia H )
Da Pa ppage

0 (B IR (PR = D) ] + E e o)

Pa
b \° t ty||2
+ (ppage (1 - ) + (1 - ppage)> ||h1 - Vfl(x )H

DPpage

< 2(1 —pi?a) L? th+1 _ xtH2 n 1 —pipage [HkH—l (Vfi(ﬂct+1) _ Vfi(l“t))HQ]

2(1 —p,) b2
+<(p>+ppage (1_

PaPpage Ppage

b \? 2
) + (1 _ppage)> ||h§ —Vf,(il?t)H .
From the independence of elements in the mini-batch, we obtain

Es [Ep, (B [0 = VAl ]]

5 30 (V™) = Vhie) — (VAG) = Vi)

< 2(1—pa) L} thﬂ B xtHQ + 1 _ppageEB
Pa p—_
]eIi

N Pa

+<2(1pa)b2

PaPpage

: > +(1 ppage)) [ = vfi(zt)Hz

+p <1 -
paee Ppage

4
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— 2
_ 2(1papa)Lz th+1 t|| _|_ ppage |:Z H Vii(x t+1 Vfij(xt)) o (vfi(xt+1 —Vfilx )H

JEI?

2(1—pa)b? ( b )2 t N
T T Peae 1- +1_pae hi—Vfi,’E
< DaPpage pa Dpage ( pag ) H ( )H
2(1—p,) L? oo
= HEE Jatet | Z |95 = Vis(a) = (Vi) = Vi)
2(1 - pa) b? ( b >2 t N
T e (1 (0~ ) | |1~ Vil
( DaPpage pa Dpage ( pag ) H ( )H
— 2
< 2O farrt P e Z [V 5@+ = V)
2(1 - pa) b? ( b )2 t N
T e (1 (= ) | |1~ Vil
( DaPpage pa Dpage ( pag ) H ( )H
2 _ 2
< (2 (1 —pa) L; + (1 ppage)Lmax> th—&-l _ :Et||2
Pa paB
2(1—pa)¥” ( b )2 ¢ N
+ | ————— + Ppage | 1 — + (1 — Ppace hl_vll‘ \
( DPaPpage pag Dpage ( pag ) H f( )’

where we used Assumption 4. Finally, we prove the last inequality:

EB |: Ppage |:Hkt+1H :|
2
= Ppage |V fi(z'T) — V fi(2") — b (h} = V fi(z"))
Ppage
2
1
+ (1 7ppage)EB E Z (vflj(xt+1) - vf?](xt))
jert
2
Z Ppage ||V fi(2h) = V fi(a') — oo (B =V fi(a"))
2
F (= ppBs ||| 5 37 (V™) = Vi) — (Vi) - Viilat))
JEI}
+ (1 *ppage) ||Vfi(xt+1) - Vfi(zt)HQ
] 2
(2) 2Ppage HVfi(le) - Vfi(xt)H2 + Iil;e th - Vfi(zt)HQ
2
+ (1 — ppage ) EB é Z (Vfij (@) = Vi (@) = (Vfi(a") = Vfi(z))
jert

+ (]— _ppage) vaz t+1 vfz ||

<2|Vfila') - Vi) +r|!ht Vi)
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2

+ (1 - ppage)EB

5 3 (V™) = Vhia) = (TG = Vi)

JEI!

Using the independence of elements in the mini-batch, we have

Ep [Ep | [157]°]]

< 2| Vi) - Vi) +—Hht Viiah)’
¢ 1= Deeg z{:u V£t Vfij(xt))—(Vfiw“)—wi(xt))HQ]
JEI}
— 2|V i@ = Vi) +1THht Vi)
L= e ZH Vi@t = V() - (Vh ) - V)|
<2V - Vi + 25 it - Vi)

’ 2

ppdge Z va” t+1 Vfij(l’t)’

It it left to consider Assumptions 3 and 4 to get

Es B |[I5]°]]

_ 2
< (orp Ot st 2 s

Theorem 3. Suppose that Assumptions 1, 2, 3, 4, 7, and 8 hold. Let us take a = 5 g et
probability ppeee € (0,1],

-~ 2 _ 2 1/2\ —1
L < <L+ 480 (20 +1) <32+ a pmg»LW) P <(1_ pa) e O ppgaLm)} )
Pa

np2 B NPy Ppage
and g0 = h? = V f;(2°) for all i € [n] in Algorithm 1 (DASHA-PP-PAGE) then E [HVf(fT)Hz} <

2A0
¥

Proof. Let us fix constants v, p € [0, c0) that we will define later. Considering Lemma 6, Lemma 8,
and the law of total expectation, we obtain

’7(2&)4—1) t+1 _ pt+1(]2 ((2W+1)pd paa t+1 t+11|2
el (AR 7 leg ~hit

E [f((Et—H)] +

LS - ]
=1

+ B[ = V] + pE
L
< |- J 196 - (5 )||w1ztn?ﬂnhtwuwnﬂ

DR

(2UJ+1 |:H " ht||2:| ((2W+1)pa paa
npa

A
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47w 2w + 1

Z Gk

+vE [Hht+1 - Vf(xtﬂ)fﬂ +

IR e w@(ﬂ“)ﬂ
=1

— & [7a) - J |0 s (L)nwztn?ﬂnmwuwnﬂ
(2w+1 Bl - ht”z} ((2w+;;apa Pa) g ZHt htM

dyw(2w + 1
+w(w )

2
npy

+VE [Ep [E,, [By,,,

E

£ B | 1310 |

=56
Eue [ 31wt
<r [f< IV = (5 =) It = = Vs P

S2w+1) [H ) ht’ﬂ (9 + 1)~ pa) TllZHg;_hﬂF]
=1

—
1

+ pE

Egp lEm

2
np;

4’yw(2w +1) = (1= ppage)L?nax t+1 t 2 2b 1 t
g <2L + ) o Zuh Vfila
T VE( <2 (Pa — P;a) L2 + (1- ppage)LIQnax> ||xt+1 _ xtH2
np3 np, B
p b2 2
_ T2 _ 2
—|—pE< (2 (1—p))L n (1 ppag;)Lmax> th-&-l _ xtHQ
Da Da
2(1 = p,) b2 < b )2 1<,
+ —_— + age 1-— + , e - h v 2
( DaPpage Pres DPpage e n z:: | f

After rearranging the terms, we get

B [f(«"1)] + 7(2(,;: 1)E [Hgtﬂ B htHHZ] n ¥((2w Jrnl;apa paa l Z H t+1 hf+1|| ]

+UE th+1 - Vf(xt“)Hz} +

IS wxf“)ﬂ
i=1

<E[f()] - 3B [[V7@)]’]

2w—|—1 [H t ht’ﬂ + ’7((2W+1)pa_paa)E

2
np;

1 n
LSt -l
i=1

2 B

(L L @t (op (1 Ppuge) Linax
2y 2 np?2

7
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+ (7 +v (ppage <1 —

_y 2(pa— l;aa) L + (1 *ppage)Lfnax —p 2(1—pa) L? + (1 7ppagC)L3nax
npa npaB Pa paB
b \? 2
> +(1ppage)>>E{Hht xt)H }
DPpage
2V (pa - paa) b2
npgppage npgppage

8b2yw(2 1
+< 702w + 1)

+p<2upaw

PaPpage

Due to b = Dl
pd

we take v = 7, then

(7 +v (ppage (1 -

therefore

B [f(a:tﬂ)] . 72w + 1)

Da

+1E (51 = p @] + pE

<E[f@")] - B[V

< Dpage, One can show that (ppage (1 —

E [HgtJrl _ ht+1H2] n

) Yol -]

b\ ,
e (125 ) 0 ) Je [ - v

2
b
Ppage

7((2“} + 1) DPa
np?

l - t+1 RS NIE:
DN >u]
]

b 2
) +(1*ppage) S’Y+I/(1*b):I/
Ppage

+ (]— ppage)> § 1—0b. Thus, if

_paa lZHgtﬂ hz§+1H2]

2w+]‘ t t||2 ’7((2w+1)pa_paa) 1 -
2O D [ ge2] 4 1 DR bl | L
a i=1
(L _L_ et l) (orn (1 Ppae)lina
2y 2 np?2 B
7 [ 2(Pa — Paa) L (1~ Ppage) Linax —p 2(1—pa) L? 4 (1 — Ppage) Linax E |:th+l _ xtH2:|
b np? np, B Pa paB
+7 t
+ 2B |I8 = Vs )]
+ 8b27w(2w + 1) 2y (pa - paa) b
npe%ppage npgppage
2(1 — p,) b2 b \?2
e G ) R ) D e P SR
PaPpage Dpage

Next, with the choice of b = %ﬁa’ we ensure that

2(1—p,) b2 < b >2
T e P 1- +(1-=p <1—b.
< PaPpage page Ppage ( page )
If we take p = Sblz(i::;l) + 21(;51) Pa) then
8b2’yw(2w +1) 29 (pa—paa)d 2(1—py) b2
2 + 2 P + Ppage | 1 —
NP3 Ppage NP3 Ppage DaPpage
therefore
2w+ 1) Y((2w + 1) py

t+1
E[f(=")] + o

https://doi.org/10.52202/075280-1655

E [Hgt-‘rl _ ht+1H2] n

np;

28
38055

b 2
) + (1 _ppage)> ) <p,
Ppage

y — 1 <&
el ln > lloi* - hi“ﬂ
=1



_|_

<8bfyw(2w +1) 2y paa)> E [711 i [AEH =V fi(at |

gl t+1 t+1y||?
‘B [ AT -V }
+ b H f(l' )H npgppage npgppage

<E[f@)] - 3B [|[V/6)]

2
np;

1 n
LS g hﬂf]
n =1

_(1 L ‘WM(QEQJF“_W#)L?W()

2w—|— ]. 2 7((2w+1)pa_paa)
+ 22 D g 7] + E

2y 2 B
_ Y 2(1— @ EQ + (1 _ppage)L?nax
bnp, Pa B
2y (1 — Bu 2
2 1 i ( " ) ~ 1-— L
8b%u(3 w+1) n P <2 (1—p) L2 + (1 — Ppage) max> E [thﬂ _ xtHﬂ
NP, Ppage npappage B
7 t 8b7w(2w + 1) 2’7 (pa - paa t
+TB [ - vra|] + (Pl R
al’page pappage
Let us simplify the inequality. First, due to b > 225 we have
Y (2 (1 paa) L2 (1 - ppage)LIQ‘ﬂax) S ;1’7 <<1 _ paa) EQ + (1 _ppage)LIerax> )
bnp, Pa B NP3 Ppage Pa B

Second, due t0 b < pappage and pay < pz, we get

w1y 21 (1-2) =5 (1= Ppage) L2
8byw(2w + )+ P <2(1pa)L2+(pPage)m'«m)

npgppage npgppage B
_ Pa
8yw(2w + 1) 2y (1 Pa ) Paa) 72, (1= Ppage) Linax
B + 5 2({1—— )L+ —————=———2=
np; Py Ppage Pa B
< 16%)(20; +1) ((1 paa> 72y 4= ppage)L?nax)
np; Pa B
Paa
L) (1-22) 32 U=
npdppage pa B
< 167("}(20‘) + 1) <L2 + (1 - ppage)Lmax>
np?2 B
;L’Y ((1 _ paa) EQ 4 (1 pPage)L?nax> )
NP3 Ppage Pa B

Combining all bounds together, we obtain the following simplified inequality:

2w+ 1 2w+ 1) P — Paa) r | 1
7/( 0; )E[Hgtﬂ_htHH?] +’Y(( w n)Qpa pa)E [nzngfﬂ_}éﬂ”?]
2 P Pt

E [f(a:tﬂ)] +

0% 41 1) 2 8byw(2w +1) 2y (pa — paa)> 1 & 41 1y (2
E[ h } + < + E|= RIHL -V f;
H R e e L P 9

)I*

<E[f@)] - 1B [||Vf

}
(2w—|—1 [H t ht||:|+ ((2W+nlzzgpa paa)E

1 n
LS g W]
n =1

20
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- (1 L 24yw(2w+1) (32 L a ppage)Lfnax>

2y 2 np? B

8y DPaa 2 (1 _ppage)Lﬁnax> t4+1 t2
_ 1— L o~ max E —
NP2 Ppage (( pa) B {Hx “I }
L1 8yw(2w +1) 27 (Pa — Paa) 1N
P2 wre ]+ : Je |3 waehi.

2 2
NP3 Ppage NP3 Ppage =1

Using Lemma 4 and the assumption about -y, we get

2

E[ml)]+i7<2w+1>E[ugt+l-wmN(@“*”pa‘p” [zugtﬂ wluﬂ

pa npa
gl t+1 2t 2 8byw(2w + 1) 27(Pa—paa)> RN t+1 t+14](2
—E[ h } < E |- ATt -V f;
il W+ (Tt * o n;H : Filah]|

<E[f@")] - JE [HW rﬂ
+

2w 1 t t 2w+ 1)p, aa

2
np;

1 n
DT
=1

ges [Hht _ Vf(wt)HQ} L <8b%u(2w—|— 1) n 27 (pa _paa)> E %zn: [t =V fi(a")| 1

2 2
npa ppage npa ppage i=1

It is left to apply Lemma 3 with

2(,0 + 1 2 QW + 1)pd pdd
t t t ¢ t
v = B [l - ] + B0 R
a
1 . 8bw(2w +1) 2 (pa — Paa) .
HE [Hh - V)] + (P 2 ZHh Vi)
at’page pappage
to conclude the proof. O
Corollary 1. Let the assumptions from Theorem 3 hold and ppage = B/(m+B). Then DASHA-PP-PAGE
needs
AO w T Lmax ) 1 m 1 E Lmax
T=0—|L+——=(L+ +— /= | =+ 10
( £ Pav/n ( VB PV n \ VB B (10

communication rounds to get an e-solution and the expected number of gradient calculations per
node equals O (m + BT) .

Proof. In the view of Theorem 3, it is enough to do

T =0 & L+ w? <L2 (1 — ppage)L?nax> + 21 ((1 _ paa> EZ + (1_ppage)L?nax>
€ npa B npappage Pa B

steps to get e-solution. Using the choice of pyega and the definition of 1, , we can get (10).

Note that the expected number of gradients calculations at each communication round equals pregat+

(1 — Pmega) B = 3;1’; < 2B. O
2
Corollary 2. Suppose that assumptions of Corollary I hold, B < min ; o, lL;“Z’; }8 and we

use the unbiased compressor RandK with K = O (Bd/,/m) . Then the communication complexity of

8f 1, =0 theni = +00
Pa ) lgai2

an
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Algorithm 1 is O (d + L\Aﬁ’d) , and the expected number of gradient calculations per node equals

O (m + Lusoymn),

Proof. The communication complexity equals

L 1 fm(1,L L
KL—"-K L+ max +K7 o pa _"_ max
s (T o)k o (B e

O(d+KT) = O<d+A

1,,L

Since B < Linax , we have + % < M% and

Pm \/E
A Lnlax 1 Lmax
O(d+KT) = o<d+{KL+K ?<L+ \F>+Kp % o D
a a
Note that K = @(f) O(#) andw—l—lz%duetoTheorem& thus
AO d d T Lmax d
OWd+KT) = 0O|d ——L+—— (L ———=Lmax
(+ ) <+5 [pa\/ﬁ +pa\/ﬁ( +\/§)+pa\/ﬁ :|>
LmaxA(]d>
= O|ld+ ——— .
< paE\/ﬁ

Using the same reasoning, the expected number of gradient calculations per node equals

O(m+BT) = O <m+A€O _BL+B a\f <L+ L\;ﬁ") +B;\/§<ﬂp\/;§ n L%ax)
(m+A€° BL+ B Zlf (3+ mex) +B;\/§LI§XD

- o [L B (5 ) ] ]
(

LmaxAO \/7>
PagV/1t .

)

E.5 Proof for DASHA-PP-FINITE-MVR

Lemma 9. Suppose that Assumptions 3, 4, and 8 hold. For hf'H, hZH and kzﬁ'l from Algorithm 1
(DASHA-PP-FINITE-MVR) we have

1.
Bs [B,, [|n - Vi)
2L12‘na.x 2 (pa — Paa) L? 2
(2
paa 2
2B S - Vit H+n2p3m;;uh —Vhy ()|
+ (1= ||nt = ViEh)?
2.

Ep [Bp, [[n0 = V@]

g ( PR s

pB

m

ZH -9+ (BB a2 - O vie ol

41
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[ |:||ht+1 sz t+1)||2:|:|

2 (1 - paB) LIQnax 2
< . [

m

2(1-22)p ,
+ —  mB (1 - b ||h Vf”(xt)H , WYie€ [nLVj S [m]

By [[#7]

2
< <2Lgax +2L§> [Easrdl
2b2 m ht 2 b2 ht 112 .
JrBleH z‘j_vfij(f”)H +2 || i_vfi(x)H , Vi€ [n]
i=

Proof. We start by proving the first inequality. Note that
Eg [Ey, [27]]

1
. (hﬁ + B [kf“]) (1= po!

B m B
v @:1 D (Ve = VEsla) =0 0y = Ths(e) + (1= 2 ) 0
= Vfi(z"™) + (1= b) (hi = Vfi(z")),
thus
Eg |:Epa {Hht-‘rl _ vf(l,t+1)H2H
) o [ Pa [Hh”1 —Ep [E,, [A*1]] ||2H +(1=b)2 ||t = Vi)
We can use Lemma 1 with r; = ! and s; = k!t to obtain
e [Es [ - 901+
Ep |||k = Bp [k | P N B K1)
< ot 2o [ = ()] + e S
+ (102 |nt ~ V@Y
i 2

- ZEB

npai 1

Zkt-i-l vfz t+1)foz(xt)fb(hffoz(xt)))

+ pddZHvﬁ ) Vfi(xt)*b(%*Vfi(xt))Hz
i=1

n?p?
2

+ (1 —=b)*|[p" = V)]

Next, we again use Lemma 1 with r; = 0, 5; = V fi;(x't!) — V fi;(a") — b (hl; — Vfi;(z")),

B(B—-1
Pa = %7 and Paa = mgmfl)):

Ea [E, [ - v )]

Vil
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< nipa 2 (BQ;Z 2 V5™ = Vislat) =0 (b = Vi) )

paaZHVfZ ) = Vfi(ah) —b(hﬁ—Vfi(xt))Hg
=1

npa

+(1—b)? ||ht Vi@t

—anmZZIIme (1) = Vfi(at) = b (k= V()|

= 1] 1
- ppaa Z ||sz t+1 Vfl(xt) i b(hf . sz(xt))HZ
4 4=1
+(1- ||ht— V)|
(15)
< anm;jZIHVfU 1) = i3 ()| +anmZUZl||h iyt
+2(nppdd ZHVfl t+1 sz H + pdd ZHht vfz
a i=1
+ (1) ||nt = VY]
Due to Assumptions 3 and 4, we have
Es [Ep, ||| = Vi@ +)|?]]
QL?nax 2 (pa — Paa) L? 2
= (npaB + np? thﬂ 7It”
2(pafpaa)b2 - t
g LM VAEOI Bm2;||h - Vi)

+(1=b)?||nt = V)|
Let us get the bound for the second inequality:

o B [1 - 956
O kg B, (A (VA + (0 - b0~ Vi) ]
+ (1= b2 bt = Vi@

=pEp |||ht + pkt“ (Vfi(z"™h) + (1= b)(hi — Vfi(2"))) ]
+ (1= pa) ||t = (Vila™Y) + (1 = b)(h — Vi)
+ (1= b)?||hf = Vi)

© b [+ ~ s )]
+ 1P|t - V) - bkt - Vi)

+ (1= b)?||ht — V1))

Let us use Lemma 1 with r; = 0, s; = V fi; (z'*1) = V fi;(z!) — b (hl; — V fi;(z")) , pa = £, and
_ BB-1).
Daa = m(m—1)"

B [Ep, [0 = ViG]

4R
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( ZHVfu ) = () = b (bl — Vi@ )||)

I

+ 1- - DPa ||Vf1 It+1) _ Vf(x ) — b(h§ . sz(xt))
— b)? |[ht = V fi(a")||?
B 2 IV = V) o 0 - V1)

1-— 2

t+1) Vfi(ft) — b(hf - sz(xt))H
Y TR AP

mmeZH o) = Vg )+ 22

P2 |1 £, (2t - V£ ()|

m

2b ZHh — V)| +<2(1‘pfa>”+<1_b>2) It = V)|

p Bm
2
< (2Lmax + 2(1 pa)Iq) th+1 _l'tHQ
p.B Pa
20 (- 2 [2(1—p,)b? )
ht. — W fij(a (1 -b)?) ||h — Vit
+n£mZNZJ ﬁNﬂH+< o (A=) ||rt - VY],
where we used Assumptions 3 and 4. We continue the proof by considering

Ep [ [Hht-‘rl Vfij(th)HQHi
Ep [ [Hh“rl Vfij(xt+1)||2”
Ok [B, [~ (VA + 0= b)#G — Vi@)]]

+(1=0)2||h = Vi ()]
Bp,

( ) 1AL, — (Vi (@) + (1 = B)(hE, — V)|

(1= ||hL = Vfi )

*@
bu

2
=<p)HVf 2 = Vi (at) — b(hG — V fis (@)

- (1 T ) |V £i; (@) = V fi5(z") — b(hi; — V)|

+ (1= 0)?||h; = Vi ()]

2

1 — kB
:( )vau 2t = Vfi(a') — b(hi; — V fij(a"))]]

SF

+ (1= 0)[|nl; = V5"
2(1 pa. B 2 1_M b2
(?()Hw t+1)—Vfij($t)H2+<<pa;> +(1-9) )Hh A C]

a4
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hi; + I (Vi (a") = Vfi; (") — b (hl; — Vfi;(a")) = (Vfij (@) + (1 = b)(hi; —

Vfij(2h))

T



It is left to consider Assumption 4:

o { N “ht+1 Vfij(JCtH)HQH
S (W 07 S

Finally, we obtain the bound for the last inequality of the lemma:

Ep {Hkﬁle}
© B [k~ B [5)7]

+[[Vfi(a™) = Vfi(a) = b(hf — V fi(a"))

[k
Using Lemma 1, we get
B [[k7]
B B - t t t t
< B 25 V) = Vi) b = 1) |
+ |V (@) = Vi) — bRt — V fi(ah))]
< % S IV i@t = Vi ah) = b (hl; — Vi (")) H2
j=1
+ ||Vfi (&™) = Vfia') — b(ht — V fi(a")|”

15)

*7Z||Vfu ) vfij(l't)||2+2”Vfi(xt+l)—Vfi(xt)Hz
Sy VA @+ 22 - 6
j=1

2
< (QLgax +2L3> 2+ — |

)

207 < t (12 2 |11t 2
= 3 by = Vi) + 207 |0l = Vi)
=1

where we used Assumptions 3 and 4. O
2B
Theorem 7. Suppose that Assumptions 1, 2, 3, 4, 7, and 8 hold. Let us take a = 5%~ g b= 2?&, 5>

-1
148w(2w + 1) L2 2m Paa \ 7 L2
<|L ——— L max — 1——= | L2 4 ax
7‘( +\/ np3 < " )T n)” 7B :
g9 = h) = V[i(a®) for all i € [n] and h; = V f;;(2°) for all i € [n],j € [m] in Algorithm I

(DASHA-PP-FINITE-MVR) then E |||V /(27)||"| < 25¢.

Proof. Let us fix constants v, p, d € [0, co) that we will define later. Considering Lemma 6, Lemma 9,
and the law of total expectation, we obtain

B [fa)] + L2 g [jgeet vt 2] o LT DR pu) [ZH ht“H]

Da npa

ViR
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+ B [[[ = V@] + pE

%f: i+t - m(ﬁ“)ﬂﬂ
i=1
+5E[ >yt -v t+wW]

i=1 j=1
L
<E[ﬂ )= VI = (55 = 5 ) ot =o'l 2 e = 9 st
2w+1 2 ’7((2w+1)pa_paa) 1o t £)|2
e e P

4’yw 2w + 1

Z [

+vE [||ht+1 =~V

|13 - v
=1
+6E[ Zznht“ V fij (@) ]

=1 j=1
—E (1) = Vs - (55 - 5 ) ottt = atlP 0 = 91
2w+ 1) 20+ 1)ps —Paa) o | 1 =y 4
(w [H t ht||2}+'7(( w nzzgp p )E n;||gz_h§”2‘|

n dyw(2w + l)E

2
npy

AP
+vB[E [B, [[n = Vi@ |

Y[ sz-(wl)lfm

=1

Zznhtﬂ Vfij(xt+1)||2]”

+ pE EB lEpa

Lo [
<B|fa) - JITAP = (5 = 5 ) It = atlP a0 = 91

2w+1 [H t htHQ} n 7((2w+1)pa—paa) iZHgf_thQ}

2
i=1

npa
2Lmax
( B +2L2>th+1 P+ 2SS — V)P +—Z|\ht V(e

i=1 j=1

le].

E

4yw(2w + 1
N w( d )
np;

2 o T2
+ I/E( <2Lmax + 2(pa Zﬁﬁ)L > ||$t+1 o fo2

np,B npy

4 2Ll E:HH' Viia npl%nEZEZHh - Vi)

n
pa =1j=1

+(1 -2t - Vf(xt)||2>
4A
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2 _ T2
+pE< <2Lmax et ppa)L ) ot — 2t
a

paB
2(1_pa)b
ht; — Vi 2+( 1b> b —Vfi(z
p Bnm ;;H Cll Da ZH f )
2(1-2B) 2
m max 2
—|—5E< ( paB) thﬂ_xtn

Dueto b = 2_“7373 < 2f—“pa,weha\/e
2(1-n2)p
L (1-b? ) <10
and
2(1—p,) b2
<(p)+(1b)2) <1-b
DPa

Moreover, we consider that 1 — % < 1, therefore

E [f(z"1)] + 7(20;;‘ 1)E [Hgt+1 _ ht+1”2] + 7((2w +n1]3£pa _paa [ Z gt — hf“HQ]

+vE {Hhtﬂ — Vf(xt“)HQ} +

E i2||h5“—wi<xf+l>ll2]
=1

”E[ St - v t+1>H2]

i =
<E[ z') H]Vf I —(—L> Hmt“—xt!|2+w||hf—Vf(xt)|\2}

(2w +1) [Ht ht“ﬂ ((2w+n1;dpa Pa) Zng h§‘|2]
+4W(§;§+U (2L§ax+2L2> |+ — t”2+32£m§§”h — VS | +%Z||ht Vi(z ||
+ E( (255“3 + 2 ;p?“)p> IS

+2 n:‘“ Z!Iht Vi) +anm;;||h — V)|

+(1—0b)?||n" - Vf(xf)y|2>

_ T2
JrIDE< <2Lmax T 2(1 —pa)L ) HItH 7xt||2
DP.B Pa

a7
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anmZ 1o
2
(M ot 1) S
a i=1j=1

After rearranging the terms, we get

33 - Daute "+ - 5 - 95

— Vfii(=") )

E[f(="*h)] + o

i |ht+1

=1

+ B [[[ = V@] + pE

”E[ 3 ST INE

<E[/6"] - 3B |[Va)]|]

2w + 1 ((2(*) + 1)pa paa
208 D [ ) 22+ D)

(1 L 4wewH1) (207, +of?
2y 2 np2 B

7(2w + 1)E [Hgt+1 _ ht+1H2] (2w +n1£pa

t+1)||2‘|

DT

np,B np3 puB
+ (v +v =07 E [0 - V6]
n 8b2,yw(2;) +1) N 2V (pa —zpaa) b2 (- b)
np; np;

2 2 2
<8b yw(2w+1)  2vb L 2¢b L5 b) ) [
n

np2B np, B p.B

Thus, if we take v = 7, then v + v (1 — b)*> < v and

V(2w + 1) pa —

Pa P B

|13 - v

n m

St - Vs

=1 5=1

B[] + LD g - )] + 2

+ %E [Hht+1 _ Vf(xtﬂ)‘ﬂ n

”E{ ZZIIW Vi t+1>||2]

<E[f(] - 3B [[V7@)]’]

(2w +1) (2w + —p
B[l - )] + L P e

(1 L 4w@w+l) 212 Y
2y 2 np?2 B

4R
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npa

LSt -l

— v <2Lr2nax + 2 (pa _p'd'd) E2> _ <2Lr2nax + 2(1 _p'd)iz> _ 62mLi1ax

paa l ZH t+1 ht+1H1

R

al

p«m [ ZH t+1 ht+1||]

AR sz-(xt“)HQ]
=1



bnp, B bnp? PaB Da PaB

2vL2 27 (pa — Paa) L2 212 2(1 — p,) L2 2mL>
_< VLmax + '7(174 paa) >_P< max ( pa) )_5 m max)E{HxH—l_xtHQ}

+JE [0 = ()]

2 —
+<8b7w(2w+1)+27(pa paa)b+ 1—b>E

DA

np; np?
0(1-=0) - )
+< 2B B B ( nm;;\ — Vfi(h)]|

8byw(2w+1) + 27(pu_2pz\a) then
np? ’

Next, if we take p = 2

8b? 2w+1 2 - b
’7&1( (; ) + Y (pa 2paa) Y0 (1 _ b) —p,
NP, NP,
therefore
Y(2w + 1 2 Y((2w+1)p,—p 1 & 2
E [f(xt+1)] n ( ; )E [HgtJrl _ ht+1H ] 4 (( m; a aa)E HZ Hgf-ﬂ _ h§+1||
a a i=1

+ %E [Hht+1 _ Vf(:rt“)HQ} n <8b7w(20; +1) + 2y (pap; paa)) E li i Hhﬁﬂ _ vfi($t+1)‘|21

"'Pa "'Pa i=1

+E ZZHhtH Vfij(xtH)HQ

(2w +1) [H . htHz} n 7((2w+1)pa—paa)E

2
np;

(1L w@otD) (2L 5
2y 2 np?2 B

1 n
~> lloi - hﬁHQ]
i

3 (27[,2 279 (pa — Paa) E2> B <8b'yw(2w +1) N 27 (pa —paa)> <2LfmaX . 2(1 — pa)f2>
Da

bnp, B bnp? np2 np2 p.B Pa

2
B 52mLmax>E [th-u B xtHZ}

8b’yw(2w +1 2y (pa DPaa
+ ( np? np? ) [ ZHht vV fi(z)]| ]

8b%yw(2w + 1) 2~vb 1663yw (2w +1) 462y (pa — Paa) ,
+< 2B B YTE — +o(1— ;;Hh — Vi)

Due to b < p, and P2=P= < 1, we have
Pa

8b2yw(2w +1)  29b N 16b3yw (2w +1) 462y (P — Paa)

np; B np, B np3 B nBp3
< 8b?yw(2w +1) 290 16b*qw(2w+1)  4vb
- np2B np.B np2B np.B

49
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24b%yw(2w +1) 69D
= + .
np? B np,B

24byw (2w+1)

_ 6y
Let us take § = P + pB Thus

2 3 2 _
<8b yw(2w+1)  29b  16b°yw(2w + 1) 4b°Y (Pa — Paa) a1 b)) <5

np?B np.B np3B nBp3
and
E [f(xt+1)] i 7(2w + 1)E [HgtJrl _ ht+1H2] 4 (2w + 1)21?a —Paa)E ll Z ||gf+1 _ hﬁ“”ﬂ
Pa np, n--

n %E [Hht+1 B Vf(le)HQ} n <8b7w(2w +1) n 2y (pap; paa)) E li Z Hh?l _ vfi(xt+1)‘|2]

2
np; np; —

8hww+1) 6y t+1 L |12
+< np2B +npaB>E anZHh S arcan]

<E[f@")] - 2 [||VF@")]’]

2w+1 |:H N htH2i| + 7((QW+1)pa_paa)E

2
np;

1 n
LSl

i=1

2y 2 np?2

( 1 L 4w+l (2%&,( +2L2>

~ (%LW 2 (P pa) E2> - <8bw(2w+ D 2 paa)> <2L2 2(1 pa>E2>
Pa

max +
bnp,B bnp2 np? np32 paB Pa

_ <24b’YW(2W + 1) 67 ) 2mLmax E |:||$t+1 _ xtH2:|
np; B npB ) p.B

+ 2B [t - 75 @)
8b w(2w +1 2 a — Maa 1 - t t
(D B S s

24byw(2w + 1) )
+< np2B mpB) anZHh —Vfi(a")]

=1 j=1

Let us simplify the term near E [th*l - xt{ﬂ .Duetod < p,, P2 <1 and1—p, <1, we
have

dyw(2w + 1) (QLIQMX n 2L2>

np?2 B
27Lmax 27 (pa - paa) EQ
bnp, B bnp?

+ <86'YW(2";) + 1) + 2y (pa 2paa)> 2L3nwx + 2(1 - pa)EQ
np; np; paB Pa

N 24byw (2w + 1) 6y \ 2mL2 ..
np; B npB)  p.B

< 12'yw(2w +1) (QL,QW N 2L2>
np? B

S0
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+ 67Lmax 6’7 (pa - paa) E2
bnp,B bnp?

n <24b’yw(2w +1) n 6y > 2mL2,. .
np2B np, B p.B

Considering that b < p‘ and b > B2 B

4’7("}(2(“} + 1) (2Li1ax 2Z2>

np? B
o 2 Lmax | 27 (Pa = Pua) L?
bnp,B bnp?
Sbyw(2w +1) 2y (pa — 2L2. 2(1—p,)L2
+ ( 'VW( "‘2" ) + ’7(pa _ paa)) + ( pa)
npa npa paB pa
<24b'yw(2w +1) 6y > 2mL2 ..
np?B np,B p.B
S 36’7(“)(22} + 1) 2Ll%nax + 2L2> 187Lmax 6’7 (pa B Zaa) ZQ
np2 B bnp, B bnp?

< 3(2 1) 2Lix 572 36vanzqax L 12my (p—pu) 17
np2 B np?B Bnp}

All in all, we have

Da 2

E[f(z"1)] + 7(2w + UE [HgtJrl _ ht+1H2] i (2w Jrnllzpa *paa)E l:b Z ||gf+1 _ h§+1||2]
a i=1

n %E [Hht+1 _ Vf(wt'H)Hz} . <8ZWW(20J +1) n 2y (pap— paa)) E li Z [t = vfi(xt+1)‘|21

2 2
npz np; p

=1 j=1
)°

<E[f@")] - 2E |||V /()

(2w +1) [Ht ht”}

24byw(2w + 1) 6y - 2
" ( np: B B) E nm ZZWH Vfij (]|
+

(2w + 1) p, paa)E

2
np;

1 n
LSt
n

=1

2y 2 np? B npr2 Bnp3

S R 7 COT

N <8b7w(2u2)+1) Rl paﬂ)> B [leHhEVﬁ(xt)HQ]

np;

24byw (2w + 1) ,
()P R ) [ e

i=1 j=1

Using Lemma 4 and the assumption about ~y, we get

Da 2

E [f(«"1)] + v(2w + 1)E [Hgt-i-l _ ht+1H2] n (2w +nl]32?a —Paa)E [1 En: g+t — h§+1H2

51
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n %E [Hht-i-l _ Vf(xtJ’l)HQ} n <8byw(2w +1) n 2y (Pap; paa)> E [i& Z ||h — Vfi(fEHl)Hg

2
np; npy

=1 j=1
)’

24bfyw(2w+1 6y ‘ RN
N IR
<E[f@)] - SB[|v/6)]

L (2w +1) Pa = pa)

2
np;

E

12 D g )]+ 2

1 n
Ly hzﬂ
n

i=1

Sl GOl

n <8b7w(2u21+ D 2 (P ;paa ) 1
np? np? n

24byw(2w +1) 6y 1<
+ < np?B + np,B nm g

It is left to apply Lemma 3 with

2w—|—1 2W+1 DPa — paa
wo- Bl - 7]+ D 15

np3

zn:w Vfi(x ]
i Vi ||]

+%E [0 = ra)]?]

8bw(2w+1)  2(ps— Paa) 1™ )
+( wp? T izpf =) ﬁ;”hﬁ‘vfﬂwt)\\
24bw(2w + 1) 6 e
(i e [ E o]
to conclude the proof. o

E.6 Proof for DASHA-PP-MVR

Let us denote V f; (2! *1; ff“) = % Zf:l Vfi(z' gzt;rl)

Lemma 10. Suppose that Assumptions 3, 5, 6 and 8 hold. For hﬁ"'l and kzﬁ'l from Algorithm 1
(DASHA-PP-MVR) we have

1.
Bx [Bp, [0 = V||
2202 (2(1—b)2L2 Q(pa—paa)EQ 2
<2 (e e e
# 2Bl =+ (=07 = 96
2.

B, [E,, [0+ - VAE )|

< 2202 n (2(1 —b)2L2 n 2(1 —pa)L?> th+1 _ thQ
- paB paB Pa

2(1—pa)b - t ‘xt 2
+(pa L (1-b) >Hh Vfilah)

, Yie[n].

82
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’. Vie [n].

b [l ] < 25+ (205

Proof. First, let us proof the bound for Ey, [Epa [HhtJrl — Vf(ztth ||2} ] :

Ei [Ep, [ = Vs )]
= B [By, [+ B B, 1] 7] + 1B [ 1] = 974

2 9 _K\272
20%0 +(2(1 b) La+2Lg> [+ — &t ||* + 262 ||t — V fi(a)

Using
Ei, [Ep, [RT]] = bt + By, [EITY] = b + V fi(2') — Vf;(2") — b(hE — V f;(z"))
and (16), we have
E, |:Ep;, [Hhtﬂ _ Vf(ItH)HZH

= By [Ep, [[|n4 = Bk [By, 1] |]] + (1= 0) 1t = Vs

We can use Lemma 1 with r; = h! and s; = kf“ to obtain

B B, [+ = V)]

L - DPa — Paa
< oo 20 B [ = E [ - ZHE kI + (=) [0t = V)
=1

(@) = V(€)= b (b = Vi)

,(vf,( Hl)*Vfi( t)ib(ht Vfi(z ))H }
”“ZHW ) = Vhi(e') = b (b = Vi) |

+( Hht Vi’
(15) ZEk [Hb Vf t+1. 51&—5—1) Vfl(xt-i-l))H?}

(1 =8) (VA6 = Vit e = (Vi) = Vi) [

| 2

p““ZWf B W f(at) — b(h! — Vi(a)]
(1-0) Hht— \iCollk

» [Ivstate) - vaE )]

LS B [V - VAGHET) — (Vi) - ViE)]

P DIV A ) = Vhile) = bk = V)|
a =1

+(1=b)?||nt = V)|

53
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- BQZZEk 1956565 = V]

=1 5=1
. Jil gth (VA1) = VA ) — (Vi) - V)]
a i=1

Bt S IV AGE) - Vi) = b(h - Vi)

2
+ (1 —=b)7 ||t = VS
In the last equality, we use the independence of elements in the mini-batches. Due to Assumption 5

we get
Ex [Epu [Hh“rl - Vf(a:Hl)HZH
20%0?
<
T np.B
—b
i (;2%) [va t+1;§f+1) _ Vfi(xt;éf“) _ (Vfi(xtJrl) _ sz‘(xt))HQ]
i=1
Pa — Paa . i+1 t t (2
T ;wa ) = Vfila') = b(h! = ¥ fi(a"))]|
+(1=0)?||nt = Vf(h)|”
(15 2b%g?
<
~ np,B
—_p2
N 2(;2pb) E, [vai(xt-&-l;ngrl) — Vit e — (Vi) — Vfi(xt))H2]
i=1
# 20 P) §7 9 a0) - P+ 202l znht Vi

+ (1= b)?||nt = Vf(h)|.

2202
" np.B
2 n B
2n2p p ZEI@ |: ‘Vfi(xt-i-l §t+1) vfz( ffjl) _ (Vfi<$t+1> _ vfl(xt>)H2:|
=1 j=1
+ 20D S g i) - w4 2P Z [t~ Vita
a i=1 a

+(1=b)?||nt = V@),

where we use the independence of elements in the mini-batches. Using Assumptions 3 and 6, we
obtain
i [B,, [[In - it

20252 2(1 = b)?L2 2 (pa — Paa) L2 t+1 t)2
- B 2" = a*|]
a a

~ np,B
2pe” )V Zuht VA + 1 -0 ||nt - Vi)

npa

sS4
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Now, we prove the second inequality:

By [E, [Hht“ Vi ]

= B B |0 — Bx [B,, (1] )]

+ |[Bx [By, (1] - VAl

= By [B, [0 — (4 Vi) — Vi) — bht — V) ]
+ ||pi + V(@) = V fi(z") = b(h] = V fi(a")) = V fi(x HI)H

= Ei By, [0 = (8 + V1Y) = Vfilat) — b0 = 9 1) ]
+ (1= )% |[nt = Vfi(a")||*

— By |1t + pikf“ — (Bt + Vi) = Vi(at) — b(h! — Y fi(z"))

T

= paEx l %kf“ — (Vfia") = Vfi(a") = b(hi — Vfi(2")))

+ (1= pa) [|h — (B + V(@) = Vfi(a) — b(ht — V fi(2")) |
+ (1= )|t — V fi(ah)|”
|
+ (1= p) |V fila™h) = V() = bkt = V fi(a")||
+(1=b)2||nt = V fia")||”
Lk [HW (V') — Viia) — b(ht ~ V()]

19

+ = (1 HVf 1y — Vfi(2") — b(ht —Vfi(xt))‘f

<1 —pa) |V filat*) = Vfi(a?) — b(ht =V fi(z")||”
+ (1= )|t — V fi(ah)|”
= piEk [V A6 = T filats €71 = b (b = VAila'65) = (V) = Vfila') = bkl = Vfi(@)) ]

+1_pa

[V fi(@ ) = V fia') — b(ht = V f;(2"))|”
+ (1= 0)?||n = V fi(x H
- iEk [Hb (VA THEN) = V™) + 1 =) (VH@E ) = Vi) - (VAE™) = Vie9) ]

P Vi)~ bih — V)|

T ( Hht Vi)’
(15) 2pb2Ek |:val t+1. €t+1) Vfi(xt+l)|’2:|
+2<1 b, [V A ) - VA€ — (TAE) - V) ]

L= I |V (o) = V) — bih — Vi)

+ (1= 0)?||hl = V£l

58
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Considering the independence of elements in the mini-batch, we obtain
Ex [B,. [0 - Vst

W o 2L ) t+1y |2
:pBngk[wf € = V|

B
11);32) Z U|Vfi($t+1 N = Vi(h e — (VAET) = Vi) || }

I

+ 1- ; Da vai(xt-i-l) _ sz(xt) _ b(h§ . sz(xt))

+ (1= b)?||ht = V1))

13 2b [va t+1, gtﬂ)_vfi(xtﬂ)nﬂ
2(1_ S5 IV £ €5 = Vit €581 = (Vi) = Vi) ]
PWE 2 k i i ij i i

# 2Pt A (PR ) - P

Next, we use Assumptions 3, 6, 5, to get

B By, [ - )]

2b%52 2(1—0b)2L2  2(1—p,)L? t+1 £)|2
< B (e MR e

2(1 — p,)b? B ¢ RN
+(pa (1) )Hh V)|,

It is left to prove the bound for Ej, [kaﬂ H2} :

B [[[#)]

= Ei [ VA€ = Vit €01 b (b = Vit 6)|?]

Y B [le-(mf“; &) ~ Vil 5?+1> = b (b= VA E™) - (V@) = Vi) = b - V)|
+ [ Vi) = Vfilat) = bk = Vi)

— By, [Hb(v filatthelth) - Vfi(:ct“)) (L =) (VSfila™ €T = V(a7 - (sz-(x”l)—Vfi(xt)))HQ}
IV it = Vi) — b(hf = V@)

< W |V e - V)]
+2(1 = b)%By [[Vfi(a ) = Vi€ = (Vi) = Vi)
+2||V i) = Vi) + 267 |f - Vfilat)

Using Assumptions 3, 6, 5 and the independence of elements in the mini-batch, we get

B |||k

SA
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2b252 <2(1 —b)2L2
< +

2 t+1 ]2 2 |(pt _ oty ][2
<2 . +2Li)||x 2 + 26 [t — V£ (a2

O

Theorem 4. Suppose that Assumptions 1, 2, 3, 5, 6, 7 and 8 hold. Let us take a = Jﬁ,

- - : /2\ 7t
e (0] (e [ (2 02 ) e (o) e 022 )]
g% = h? for all i € [n] in Algorithm 1 (DASHA-PP-MVR). Then

llmen) e [ 3pe oo (2200 HUB)) (o)

48b%w(2w + 1 12b 2
+<M+7)0

p? p. ) nB’

Proof. Let us fix constants v, p € [0, 00) that we will define later. Considering Lemma 6, Lemma 10,
and the law of total expectation, we obtain

2w+ 1 2w + 1) Pa — Paa 1 &
E[f(=*1)] + ( C; )E [Hgt+1 _ ht+1”2] n 7((2w np)2p D )E lnz Hgfﬂ _ hEHHQ]
a a =1

+vE {Hhtﬂ — Vf(xt“)HQ} +

Z i2||h5“—wz—<xf+l>ll2]
=1

<E [ )= IO - (5 = ) It = e = T
Y20+ e e 20+ 1)pa—Pua) o | Ly 0 e
w [H 0 HZ} +’Y(( w n}ggp P )E n;HQi_hiHQ]

47w (2w + 1

npa

Z Gk

+ B [[[ = V] + pE

%Z [t — Vﬁ:(z”l)HQ]
i=1

1 L
—5 |7 - JIvre - (5 - 5) ||xt“xtn?ﬂnhtwmnﬂ
~v(2 —|—1 2+ 1)p aa)
g g - ] 2Dl [ 5
4 2 +1 1 &
W;;j e 13 e

0 B 1, [+ — 9]

+pE |Ep [Epm iiuhﬁﬂ—v]ﬁ(w)ﬂﬂ
<E[ ) = 3 V)] —(—L) Hwt“—xt!|2+w||hf—Vf(xt)|\2}
72w +1) B[t 7] + (2w +n1]3dpa Pu) Zng hﬁHQ]
47w(§;:+1) 2b;02 +< (1 —Bb) L2 +2L2) e+t — ot +2b21 ZHht | ]

87
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2202 (2(1—b)2L2 2 (py — pa) L2 2
E o t+1 ot
+v (npaB + ( o~ + e || ||

4 Lo ra)l ZHht Vi + 2||htVf(f”t)”2>

n2p?
20202 [(2(1—b)2L2  2(1—p,)L2
) g + ( )7L3 + ( Pa) th+1 _xtH2
p.B p.B Da

N (2(1—p>b - 5)2) %Z |t - sz-<xt)H2>-

Pa i=1
After rearranging the terms, we get

72w + 1) t+1 i1 |2 (2w + 1) pa — paa t+1 t+1
] [CARE A i ZH - r

E[f(z™)] +

T S Ry i T Vfi<xf+l>!|2]
i=1

<E[f(a")] - 2E [| V5]

2w+1 [Ht htHz} (2w +1)p, — pﬁkl
np?2

DT

- ( 1 L 4yw(2w+1) (2(1 —b)2L2 +2E2>

2y 2 np?2 B
2(1 —b)2L2  2(py — paa) L2 2(1—b)2L2  2(1 — p,)L2 12
S (MSEE el B (SR MmN s
+(y+v (=0 )E[p -V }
2 . 2 n
+ <8b ’VUJ(2(2/J + ]‘) + 21/( pdd) b + p (2(]‘ pa)b + (1 _ b)2> )E l Hht sz H ‘|
np;, npa Pa n P

+ .
np? npa ' pa) B

By taking v = 7, one can show that (y + v(1 — b)?) < v, and

7(2w + 1) t+1 t+11|2 (2w + 1) py — paa t+1 t+1
—F —h — h;
o IE ]+ 2 E :II I

n <8b2'yw(2w +1) N UL])Q 2b2> o2

E[f(@™)] +
+ 28 [ = s ] + g
<E[f@")] - 2B [||VF@")]’]

2w—|—1 " . (2w + 1) p, aa)
B[y -] + 2+ D

Ly —vwﬂf]
=1

LSl -l

2y 2 ol B

oy (20 -b)2L2 N 2 (pa — paa) L2 (20 -b)2L2 N 2(1 — p,) L2 - {me B mtm
b np, B np3 g P B Pa

FE [0 = vreh)’]
58
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82 yw(2w 4+ 1) 2y (pa — Paa) b 2(1 = Pa)b2 t
1—b)? hi =V fi(
+ ( 2 + 2 +p o +( § [nt =V fi(ah)||?
8V yw(2w+1)  29b 2
I (W(‘;H + 2L, ) a
npy NPa B

Note that b <

2

1 — 1 — pa)b?
( Pwetl) 29 2paa)b+p(2(pa)b+(1—b)2>>
npa npa

DPa
2 _
<<8bw<2w+1>+2w<pa paa>b+p(1_b)>.

- 2 2
np; np;

And if we take p = S22 4 20Ppa) then

8b%yw(2w + 1 2y (Pa — Paa) b
( w2 tl) | Db gy <,
npy npy

and

E[f(z**1)] + 7(22: 1)E [HgtJrl _ ht+1H2] 4 (2w +1) pa —

pdd t+1 t+1 2
i e

a1 i1 8byw(2w + 1 27 (Pa — Paa SR b2
i L R O UELZW iy
<E[f6"] - 3B |[Va)]]

=1

2w+1 |:H N htH2i| +’7((2(U+1)pa_paa)E

2
npy

- (1 L 4w tl) (2(1 —bPLE 2E2>
2y 2 2

1 n
L3l

i=1

2 np; B
272
_ g (2(1 b) La 42 <1 paa) L2>
np,b B Da
Shyw(2w +1) 2y ( - ’{7) <2(1 — b)2L2

o \T2 t+1 ¢ 2}
v~ 2 5 +2(1 —pa)L >>E [Hx ||

’YE[Hht Vi M <8b’yw(2w+l)+27(10p paa> ZW Vi M

2
802w(2w+1)  2vb  [(8byw(2w+1) 2y (pa— paa) ) 20
+< vw(;f+)+7+( vw(w+)+v(ppp)) )

npg n
np? npa np3 np3 pa) B’

Let us simplify the inequality. First, due to b < p, and (1 — p,) < (1 1; "a) we have

Bbyw(2w +1) | 2y ( - %) 2(1 — b)2L2
np3 np?

5 +20- p.d)i2>

_ 8hw(2w +1) (2(1 —b)2L2 pa)EQ)

2(1 —
np3 B +2

e e

7 4+ 2(1 — p,) L2
- 5 - )2

59
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1272 R
< 8’yw(2w2+ 1) <2(1 b)2L2 +2L2)
npg B

2y (2(1 —b)2L2 < pdd> 2)
+ z+2(1- L
np,b B Da
therefore

E [f(xt—‘rl)] n ’7(202;‘ 1)E [Hgtﬂ _ ht+1H2] (2w + 1) pa — paa l Z H t+1 ht+1H ]

np2

8b 2 1 2 a — Maa t
’YE[Hht-H Vix t+1 H2}+< yw (2w + )+ V(PPQP )E[n2’|hi+1_vfi($t+l)‘|21

npa n a

Y((2w + 1) pa — pdd
npa

<E[f@)] - 3B[|v/6)]
+

(2w +1) [Ht ht”}

DT

(1 L 1290w +1) 2(1 —b)2L2 Yy
2y 2 np? B

3y (2(1-0)*L3 Paa \ 72 t+1 t)2
_npab( 2 (1-2) 1 B[l - o]

8hyw(2w+1) 2y (Pa — Paa 1 &
ZE[Hht Vi(x H} < yw(2w )+ W(Pnpgp ))E ;ZHht Vfilx H]

2
np;

=1
N <8b2~yw(zw 1), 20 (8b7w(2c;1 +1) , 2(s ;paa)) 262> a?
np3 NPa np; np; pa) B

=B[fa")] - JE[[vsE)|]

2w+1 2W+1 paa
B[l - )] + L2

LSt

2y 2 np? B

6y ((1-0)L2 Paa \ 72 t+1 t|2
_npab< e (1-2) 1 B [|let — o]

’YE [Hht Vi(x H } <8b’YW (2w +1) I 27 (pa _paa)> E

(1 L 24w(2w 1) ((1 —b)2L2 +32)

np3 np3 ~
8b2yw(2w + 1) 2'yb 8byw(2w +1) 2y (py — pa) \ 2%\ o2
+(—————+== + - —)=.
np; npa np32 np; pa) B
Also, we can simplify the last term:
<8bvw(2w +1) 2y (pa— paa)) 2v*
npz% npf Pa
. 2 aa
_16w(20 1) by (1 - %)
a np3 np3
16b%yw(2w + 1 4b
< 168%y (2 ) by
npy NPa
thus
Y(2w +1 2 2w+ 1)p. —p
E[f(xtﬂ)] n ( : )E[Hgt-‘rl _ht+1H ] 7(( n; a — Paa) ZH t+1 ht+1”
a a

AN
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_|_

7 2
e i

<8bvw (2w +1) n 27 (pa —paa)> E ll En: Hh”l _ Vf'(fEHl)HQ
Py n Z

<E[f(a")] - 3B [|vsa")]]
@+ D pa)

v(2w + 1)
+ 1222 D gt ] -

1L 2wetl) (1L-D2LE 4,
2y 2 np? B

6y ((1-b)L2 Paa \ 72 t+1 |2
_npab( e (1-2)F B [Jle — o]

3l ] () e[S o]

"Pa "'Pa i=1
24b%yw(2w + 1 6vb 2
N <W<2W> N V> o
np? np.) B

Using Lemma 4 and the assumption about ~, we get

1 n
LS g hﬂf]
n =1

B [f(a1)] + 222D [t o] 4 LD P —pu)yg [1 3 ot - hz“ﬂ

Pa np;
y 2 8yw(2w + 1) 27 (Pa — Pan) 1 « 2
t [Hhtﬂ =l } i < w0 g > " ln ; [ = w5 ]

<E[f@)] - 3B [HW )]
2w 1 t t 2w 1) pa aa 1 - t 2
MiCCR) [H — } At +n;§p ~ Paa) [nZ||gihi|| ]

fy 8b7w 20J—|—1 2y (pa_paa) 1 ¢
E[Hht Vi(z +< + 2 )E Ez:Hht Vfi(x H]

n
a i=1

<24b2’yw(2w +1) 67b o?
+ JE—

np? B’
It is left to apply Lemma 3 w1th
b= 2w+1 {H t htHZ} 4 (2w +1)p, — paa [ zn: hi”ﬂ

np3 )
1 8bw (2w + 1) -p

* 3E [nhf— ]+ (Pt 2t Y | LS i - v

and C = (%;wﬂ) + %f) 5 to conclude the proof. O

Corollary 3. Suppose that assumptions from Theorem 4 hold, momentum b =
© (min{ ”;\/"TB pa”EB}), o> 1 and hY = o fi(2%;€9,) for all i € [n],
and batch size By = © (‘/IT“ ) , then Algorithm 1 (DASHA-PP-MVR) needs

Ag w ~ L, o 1, L L o?
T:=0 — L+<L+)+
( Mt E M UE) Yhm \Ve " VpneB
communication rounds to get an e-solution and the number of stochastic gradient calculations per
node equals O(Biy + BT).

Al
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Proof. Using the result from Theorem 4, we have

B [[vs@ED)]’]

1 48w (2w + 1) [~ (1-0)2L2 12 Paa \ = (1-0)2L2
< —1|2A¢ | L — (L2 g 1-=\)r[24+ -7
=7 0 ( + \/ np? ( + B + pab e + 2]

4(1— 2=
P2 -ty (Reten 108 (231 wrenp)

npa2 NPa

2
a Pa

(48b2w(2w +1) 12b> o?
_|_ S —— JE—
nB

2

2
We choose b to ensure <w+%b - = ©O(). Note that =

w 02 2 2 0_2
© (max{pa\/ T pamB}) <6 (max{ e B }) , thus

B{[Ivr@E")|7]

1 w ~ L o2 ~ L
0Y I VN O A 1,0+ =2
T ( +om (B 75) + e (10 WE)>

1 b 1 1 —
+ 3 I0- v+ (B + ) (nguhgvmxonf) e,

where 1, = ,/1 — %. It enough to take the following 7" to get e-solution.
1 w ~ L o2 ~ L
T=0|=-|A0|L+—F—(L+—Z% ——— (1, L+ —=
o ( + o (04 5) + s (w2 f3)>

3w (5 L) (33 vaeor)

Let us bound the norms:

B([n = Vi)’ =

Iml

Z > Vii(a® V()

i=1 1n1lk 1

n  Bini
2
= e S E[[9AE%E) - VA
init =1 k=1
U
< :
N Binit
Using the same reasoning, one cat get £ > | E [Hho v fi(20)|| } 5 Combining all inequal-
ities, we have
%
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1 w ~ L o2 ~ L
T=0|-|A¢g|L+——=|(L 7 — (1, L+ =%
: ( + oo (4 75) + et (1 +f3)>

o2 bw?c? o2

+ + +
bnBinic  np2Binit  1PaBinit

Using the choice of Bjy;; and b, we obtain

1 w ~ L o2 ~ L
T=0|=|0 L+ (L+22 )4 /- T~ (1,T+-2
of o< +pa\/ﬁ< + ﬁB>+ pngB(pu + ﬁB>>

o? b2w2o? bo?

- - + -
VPanB npg/zB pf/QnB

+
VPanB /b
Ag w <,\ L, ) o2 < ~ L, ) o? 1
= — | L+ ——F(L+—= ) +{/ 55 | L. L +—= +——+t —=
B Pav/n VB pien?*B \ " VB VPaneB  \/pa
Using % > 1, we can conclude the proof of the inequality. The number of stochastic gradients that
each node calculates equals Biy + 2BT = O(Bini + BT). O

2
Corollary 4. Suppose that assumptions of Corollary 3 hold, batch size B < min {p;\;gn, ]1;%2} ,

we take RandK compressors with K = © (%) . Then the communication complexity equals

O ( \/pﬁg — + i = \%osd) , and the expected number of stochastic gradient calculations per node equals

2
el L,Aqgo
O (e + 28tz

Proof. The communication complexity equals

Ao w ~ Lg o2 ( ~ L(,) o?
O@Wd+KT) = O|d+22|KL+K—_(L+ =2 )+ K/ — (1, 0+-Z) | + K——
(d+KT) : paﬁ( @) \ =B \"n" B N

AR
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L? T 1 Lg 2L,
Dueto B < W, we have 1,, L + NG < N and
Ag w ~ L, o2 L, o?
Od+KT) = O|ld+ —|KL+K——|L+— Ky ——=—F% K—
(d+ ) + € + D/ ( + \/B> * p2en?B /B * /PaneB

From Theorem 6, we have w + 1 = %. Since K = © (%) =0 (p ?/ﬁ) , the communication

complexity equals

Ap d d <A L, ) d do
OWd+KT) = Old+—|—F4L+—F~|L+—=|+—FLs| + ——
( ) € pa\/rﬁ pa\/H \/E pa\/ﬁ \/ZTa\/ ne
d LyApd
= (G o)
\/lTa\/TTg Pay/ne
And the expected number of stochastic gradient calculations per node equals

O(Binit+BT)
o? Bw | o2 Ag w ~ L o2 ~ L
=0 ——+ —|BL+ B L+ =X By/———=1|(1,L 7
pne | m Y neB e MW ( - \/B) T8\ et ( Pt \/B> "

o? Bd o2 Ag d ~ L o2 L o
-0 \/ 200BL+ B4 (T+22) 4B T
V/Pane + K./p. V neB + € + Kp.v/n ( + \/§> + p2en?B \/B + DanE

2 2

o o & o Ly

g ~ g
+ + L+ (L + ) + —VL,
\/me,E \/ITaﬂé‘\/E € pa\/gn paﬁn \/E pa\/gn

_ 0 o? +L0AOO—
VDane  pae’Pn )’

A4
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F Analysis of DASHA-PP under Polyak-t.ojasiewicz Condition

In this section, we provide the theoretical convergence rates of DASHA-PP under Polyak-Lojasiewiczc
Condition.

Assumption 9. The function f satisfy (Polyak-Lojasiewicz) PE-condition:

IVF@I* 2 20(f(2) = f7), Yz €R, (30)
where f* = inf cga f(z) > —00.

Under Polyak-Eojasiewicz condition, a (random) point Z is e-solution, if E [f(Z)] — f* < e.

We now provide the convergence rates of DASHA-PP under PE-condition.

F.1 Gradient Setting

Theorem 8. Suppose that Assumption 1, 2, 3, 7, 8 and 9 hold. Let us take a = 3247 2{—‘"‘1)&
200w (2 1 48 aa
v < min L+ M + <1 - p—
np; npz Da
and hY = ¢¥ = Vf,(2°) for all i € [n] in Algorithm 1 (DASHA-PP), then E[ * <
(1 —yp)T Ay.

Let us provide bounds up to logarithmic factors and use o (+) notation. The provided theorem states
that to get e-solution DASHA-PP have to run

5 w+1+£+ wl . L
Da B pap/n o pap/n )’

communication rounds. The method DASHA from (Tyurin and Richtérik, 2023), have to run

w
/n

communication rounds to get e-solution. The difference is the same as in the general nonconvex case
(see Section 6.1). Up to Lipschitz constants factors, we get the degeneration up to 1/p, factor due to
the partial participation.

F.2 Finite-Sum Setting

Theorem 9. Suppose that Assumption 1, 2, 3, 7, 4, 8, and 9 hold. Let us take a = 5~ +1 , probability

_ B DpagePa
Ppage = m+Bab— 2—py

-1
200w (2w + 1) [~ 1 — Ppage) L2, 48 )~ 1 — Ppage) L2, b
Y <mind (L+ w(w+)<L2+( P,g)mx>+ ((17@>L2+( p/g)mx) RN
np? B nPZ Ppage Da B 2 2p

and hY = g9 = V f;(2°) for all i € [n] in Algorithm 1 (DASHA-PP-PAGE), then E [ f(z7)] — f* <
(1 =)™ Ao.

The provided theorem states that to get e-solution DASHA-PP have to run

~(w+1 m L w T Lmax \/> T Lmax
(9< +++(L+ >+ (L+ >)
Pa PB o papy/n VB papiV/'nB VB

communication rounds. The method DASHA-PAGE from (Tyurin and Richtarik, 2023), have to run

o5 i (708 s (5))

communication rounds to get e-solution. We can guarantee the degeneration up to 1/p, factor due to

the partial participation only if B = O ( ’“‘“‘) The same conclusion we have in Section 6.2.

AS
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F.3 Stochastic Setting

Theorem 10. Suppose that Assumption 1, 2, 3, 7, 5, 6, 8 and 9 hold. Let us take a = 25_"“_1,
b e (O, zf“p } ,

—_h\272 - _1\272 N
v <min< [ L+ 000w +1) ((LZ0PLy | 7o) 40 (LZ0PLe | () Pa) g ;
np; B npab B Pa

and h? = ¢? for all i € [n] in Algorithm 1 (DASHA-PP-MVR), then
E[f(z") - ]

Sp— (Ao+uh° Vi) (R B o)) L ZHhO Vil u)

np,
l <100b2w(2w +1) 20[))
w Pg pa ) nB

£

The provided theorems states that to get e-solution DASHA-PP have to run

3 w+1l w 02 o2 +L+ w <A+ LU)+ o (Z—i— La>
Pa P\ pneB  paumeB T p papn/n VB) = pmp¥?VeB VB
—_———

Py P
(€29)

communication rounds. We take b = e (min{ Pay ) “ZiB , ”"“"SB }) >
S (min{ pg,’”‘g@sB}) .

The method DASHA-SYNC-MVR from (Tyurin and Richtérik, 2023), have to run

~ g’2 L L g L
O L+ — e 32
(w+;msB+ uf( +\/ >+nu3/2\/€? (\/B)) .

communication rounds to get e-solution’.

In the stochastic setting, the comparison is a little bit more complicated. As in the finite-sum setting,
2
we have to take B = O ( ) to guarantee the degeneration up to !/p, of the term P; from (31).

However, DASHA-PP-MVR has also suboptimal term Ps. This suboptimality is tightly connected with
the suboptimality of By in the general nonconvex case, which we discuss in Section 6.3, and it also
appears in the analysis of DASHA-MVR (Tyurin and Richtarik, 2023). Let us provide the counterpart
of Corollary 4. The corollary reveals that we can escape regimes when Ps is the bottleneck by
choosing the parameters of the compressors.

L2
Corollary 5. Suppose that assumptions of Theorem 10 hold, batch size B < min { o \/ﬁw 75 } ,

we take RandK compressors with K = © (L Vg’wn) . Then the communication complexity equals

6( do + dLg )
Da\/pEN Pap/n )’

and the expected number of stochastic gradient calculations per node equals

~ o? oL,
@ + 5 .
paptne  panp?y/e
Up to Lipschitz constants, DASHA-PP-MVR has the state-of-the-art oracle complexity under PL-

condition (see (Li et al., 2021a)). Moreover, DASHA-PP-MVR has the state-of-the-art communication
complexity of DASHA for a small enough .

For simplicity, we omitted - term from the complexity in the stochastic setting, where (c is defined

in Definition 12. For instance, for the Rand K compressor (see Definition 5 and Theorem 6), (¢ = K and
d

£ =0 (w).

¢c

AA
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F.4 Proofs of Theorems

The following proofs almost repeat the proofs from Section E. And one of the main changes is that
instead of Lemma 3, we use the following lemma.

F4.1 Standard Lemma under Polyak-f.ojasiewicz Condition
Lemma 11. Suppose that Assumptions I and 9 hold and
E [f(z"")] + 40"+ <E [f(2")] - %E UIVf )| } (1 =y ¥ 440,

where W' is a sequence of numbers, ¥t > 0 forall t € [T), constant C > 0, constant pn > 0, and
constant v € (0,1/p). Then

E[fa") = f] <@ =y)" ((f(2%) = f*) +~97) +%~ (33)

Proof. We subtract f* and use PL-condition (30) to get
E[f@") = f]+90 < E[f@) - ] - 2E[[|[VF@)|*] + et +4C

(L=ywE [f(z") = f*] + 1 = yu)y¥" +7C
= (1—9u) (E[f(2") = f] +7¥") +1C.

IN

Unrolling the inequality, we have

E[f(@™) = f]+0 < (=) ((f°) = 1) +79°) +9C D (1 =)

i=0
. C
< A=) ((f) = 1) +79°) + "
It is left to note that W* > 0 for all ¢t € [T]. O
F4.2 Generic Lemma
We now provide the counterpart of Lemma 6.
Lemma 12. Suppose that Assumptions 2, 7, 8 and 9 hold and let us take a = ﬁfﬂ, then

t 27(2w + 1) t t 2 4y((2w 4 1) pa — Paa)
B[] ¢+ O g1 et 4 TR Pl

Ly ettt hﬂf]
i=1
<B[16) = JIVA = (55 = 5 ) I =o' v = 9o

27(2w + 1) Av((2w + 1) Py — Paa 1 &
+ (1= ) 2 D gt — 7] 1y 222D ’”E[nzugfhznﬂ

np;

1072w + 1w
+7(7

ST

Proof. Let us fix some constants x,n € [0, 00) that we will define later. Using the same reasoning as
in Lemma 6, we can get

E [f(x“'l)]

+ 1B [[lg 1 = h?] 4

ZHgtJrl hEHHQ]
<1 - IS - (‘5)Hwt“—xtH?ﬂth—Vﬂw%lf

A7
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+ (7 +r(1— a)2> E [Hgt - htHQ}

ka?((2w + 1) Py — Paa) a?(2w+1—p,) 9 1 — 2
a ~ Paa eRutl=p) ElL L pt
+ ( e +n< o +(1—a) >) - ;:1 lgf — ht]]

2w 2nw 1
e (B e LS|

Let us take k = 277 One can show that v + « (1 — a)® < (1 — %)k, and thus

E[f(2")]

+ 2B [yt n ] m | ant“ Gl

<131~ (£ ) b -]
+(1—7)2”E[Ht |1

(e (Eation) ) o bS]

(25
(e

+2Ye LS|

+
anp,

Considering the choice of a, one can show that (W +(1- a)2) < 1 — a. If we take

47((2w—7&;11)§pa—p a) then (Q’Ya((2w+1)1? —Daa) + (a2(2w+1—pa) + (1 _ Cl)2>> < (1 _ %) n and

77: np Pa
E [f(z"h)]
27(2w + 1) t+1 412 4y((2w + 1) pa — paa t+1 4112
+—;—*Ul s e 2 ZM = hi |
L
<B ) - FIvsO - (5 - 5 ) ot =t +tht—Vf<wt>H
%%+1 a\ 42w+ 1) pa —paa) o, | 1
(-5 PO e i )+ 1) PO [ |
a i=1
27( 2w—|—1 8v((2w + 1) py — Paa)w
O
L
<B | - FIHON - (5 5 ) ot = = w5
2’)/ 2w+1 2 a 4’}/((2004‘1)29‘1*17&&) ]- - 2
(-5 PO e i )+ 1) e [ |
10y(2w + 1)w
+i ZHWH]
It it left to consider that v < i,and therefore 1 — 5 <1 —ypu. O
AR
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F.4.3 Proof for DASHA-PP under PL.-condition

Theorem 8. Suppose that Assumption 1, 2, 3, 7, 8 and 9 hold. Let us take a = 34, b 2{—"1)&,

200w (2w + 1) 48
’YSmin{(L—l—\/w(o;H—&- 2(1—1’“ }
np3 np3

and hY = ¢? = Vf;(2°) for all i € [n] in Algorithm 1 (DASHA-PP), then E [f(x
(1 —~yu)T Ao.

Proof. Let us fix constants v, p € [0, 00) that we will define later. Considering Lemma 12, Lemma 7,
and the law of total expectation, we obtain

' 272w + 1) ' 1112 4v((2w + 1) p, — paa
B[] + TR g -] =

LSt -]

+vE [[nH = V7] + oE

WIS
i=1

< 1) - IV - (5 - 5 ) It =t v = 9P
2 2 +1 4 2 +1 a aa 1 =
1= 22 ] 1y DD pul [ 1S5
e g o o - 2 3 - s
a =1
2(pa_paa) E2 2b (Pa Paa 2
o | 2Bl s 7 2P 3 w1+ QHht—wmn]
8 |2 sy (L2 ) LSt - e H]
a a i=1

After rearranging the terms, we get

E[f(=1)] + 27(2;: + 1)E {Hgtﬂ _ ht+1H2} Ay ((2w +n;) Pa — paa

ZW WHQ]

+vE {Hht+1 - Vf(xt“)!ﬂ + pE

LS vl

=1

<E[f@)] - SB[|v/6)]

0 2 g gt ] 41— T D [ >t - hﬂ

np3

2y 2 np?2 np?2

1 L 200ww+1IL2  2(ps—pw) L2 2(1 —p,)L2
_( yw (2w + 1) . (Pa — Paa) _p( ppa) )E[Hmtﬂ_xtH?}

+ (v + v =B B0 = Vs a)]?]

2w W 2 " 2
+<2om <z~2 1), 2 <np pdd>+p<2b <;a ) )> l Znht Vi ]

npy

By taking v = 2, one can show that (y + v(1 — 4)?) < (1 — %) v, and

E [f(a")] + ME [llg7+* = 1] + (2w +1) pa = Pua)
Pa npa

WL

A0
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R S R SEER TR
<E[fa")] - 2E |Vt ||}

22+1 1 Av((2w + 1) pa — Paa 1 &

2
np;

2y 2 np2 bnp?

<1b> 27E[||ht v ia)|]

2002w (2w + 1) 4vb (Pa — Paa) 20°(1 — Pa) g ¢
+< 2 + np? +p< Pa -0 )) lZHh Vi ]

np;

( : L 20qw (2w +1) L? _ 4y (Pa — Paa) L2 — 2t _pa)22> E {th-’_l — xtHz}
Da

Note that b = p , thus

(2062w(2w +1) AP —pw) | ) (21’2(1%) (- b)2>)
np?

np3 Pa
2002 yw (2w + 1 49b (py — Paa
S( 7(2 )+7(p2p)+p(lb))'
np? np?
And if we take p = 4Obv‘;fb(2w+1) + 83(papu) then

P2 np?

200%yw(2w + 1)  4vb(p, — b

( 'yw(2w+ )+ Y (pa2 paa)+p(1_b)> < (1_> 0,

npz nps 2

and

E [f(z**1)] + 27(221 + 1)E {HgtH _ htﬂ‘ﬂ Ay (2w +n]1)) Pa — Paa

ZH t+1 ht+1“ ]
= Z [t~ vﬁ(f“)HQ]
i=1

2y 41 b1y (2 40byw(2w + 1) 87 (Pa — Daa)
+ B [0 = vra|] + e L

<E[f@")] - 2B [[|VFa")’]

27(2w + 1) Ay((2w + 1) Py — Paa) o, | 1 <
+ (1= ) P gt = ] o 1y DB D2 )EanHgf—hﬂ
a i=1

2y 2 np? bnp?

( 1 L 200w(w+1)L% 4y (py — pa) L2

np3 np3

<1b> 27E[||ht Vi } < b) (40b7w(2w+1) N 87(pap;paa)>E

npa na

_ 80byw(2w + (1 —p)I? 167 (pa —pu) (1 _p‘“')P)E [l — 2]

S wa).

171

Due to & < b < p,, we have

E [f(a:t'H)] + ME [Hgt-u . ht+1H2:| 4v((2w + 1) pa — paa
Pa np?

ZWH hfﬂﬂ
L tH1 o1y (]2
E n;”hi V iz 1

2y 2 40byw(2w + 1) 8v (Pa — Paa
+ ?E [Hhtﬂ — Vi) ] + ( np? + np? )

0
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<E[f(a")] - 3B [|v/6")]]
+ (1 _ ’YM) Q’Y(Q;J—’—UE Mgt . htHQ} + (1 _ 7#) 47((2w + 1)2pa _paa)E l; Z Hgf . th2‘|

N (1 L 1009w 2w+ 1)L 24y (pa — pan) 22)E [l — (]
’npa

2y 2 np?

e (1= 8) e st ] (1= 8) () 1

np; npy

S wa).

i=1
Using Lemma 4 and the assumption about 7, we get

E [f(ztﬂ)] +

272w + 1) 2 4v((2w + 1) pa — paa
p B {Hgtﬂ B htHH ] n
a pa

ant“ WHQ]
< t+1 o1 ][2
|13 - v

2y 2 40byw(2w+1) 8y (pa—p
n TE [Hht+1 — V()| } n ( 7 n ,;pg aa )

<E[f@)] - 3B [[v7@)]’]

27(2;; +1) 5 [||9t B htm (1 gy D@ D~ ) [; ot - hﬁ”ﬂ
a

+ (1 =p)

2
np;

1
b\ 2 . b\ [40bvw(2w+1) 8 (ps — pas
(12>V [Hh Vite H} < )< fopa 2 ﬂpnpfp )>E

Notethat7<4i§%§ ,thus1— % <1—ypand

S wa).

i=1

t 27(2“'}_'_ t t 2 ((2w + l)pa paa
E[f@")] + TE Mg i } np?

ZH t+1 ht+1H ]
S It —wz-wﬂ
i=1

2y 2 40byw (2w + 1) 87 (Pa — Paa
T Mht“ —VIE] } - ( np; M )

<E[f(")] - 2E [|vseh)]

2 2 +1 4 2 +1 a — PMaa ]- =
) 2D g gt - w)?) + (1 -y DB Y P )El | Ehﬁllﬂ
DPa np; nl

+ A=

+ (1) 7E[||ht VIE|] + ¢ (4Obyw(2w+l)+87(p p"‘a))

np? np?

DALEE

In the view of Lemma 11 with

2(2w 22w +1) 1) 2 4((2w + 1) pa — pd‘i 2
v Bl 7] Al |5
a
2 40bw(2w+1)  8y(pa—p
" EE {Hht_ H} ( np3 - np3 aa> [ ZHht Vi ]
we can conclude the proof of the theorem. [

F.4.4 Proof for DASHA-PP-PAGE under PL-condition
Theorem 9. Suppose that Assumption 1, 2, 3, 7, 4, 8, and 9 hold. Let us take a = zfﬁv probability

— B DpagePa
ppage_m+Bvb_ 2—p, ?

—1
+ < min L 2000-1(2‘;1 + 1) (E2 + (1 - pl)agt’)LxQnax> + 38 ((1 _ &) EQ + (1 — p"”gﬁ)Lﬁ‘ax> , i’ i ,
np; B NP3 Ppage Pa B 2u 2p

71
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and hY = g9 = V f;(2°) for all i € [n] in Algorithm 1 (DASHA-PP-PAGE), then E [ f(z7)] — f* <
(1 =) Ao.

Proof. Let us fix constants v, p € [0, c0) that we will define later. Considering Lemma 12, Lemma 8,
and the law of total expectation, we obtain

E [f(z*1)] + 27(2;; + 1)E {Hgt—f—l _ htﬂ‘ﬂ Ay (2w +n117) Pa — Paa

ZW Wﬂ

+vE {||ht+1 - Vf(:ct“)ﬂ + pE

LS - ]
=1

<B|fa) - VAP - (5 = 5 ) Ittt = atlP o = 91
) 2D [ 7] 4 1y T D l;§jw,—wW]

np?
Z ||kt+1| ]

+VE {Hht“ — Vf(a:t“)uz} +pE

107(20.1 + Dw

%Z [ Vfi(xt“)ﬂ
i=1

) L t+1 t t NI
<81 = J IS = (55 -5 )l =P = 9
+ (1= yp) 72 12wt 1) {H e ] (1 =y (2 t;)pd D) [ ZH il ]

10y(2w + 1)w
R T
NP,

_ 2
+ I/E( < paa + (1 ppage)Lmax> ||xt+1 . xtHz
np? np,B

aa b 2 t
» ot zrw TR+ (e (152 ) 0 ) I 76

n pappa e

E

_ 2
(2E2+ (1 Ppge)Lmax> th-s-l t 2 2b 1 ZHht Vfi(x ]

i=1
1 — pa (1 — ppage)LIQ‘ﬂax t+1 ot 2
+ pE ( 0B Ha: |
(1 —p,) b2 b o\2
(p‘pp“;)  Posee (1 B ppage) + 1 e ) Z Hht Vfl >

After rearranging the terms, we get

t 27(2“) + 1) t t 2 4 ((Zw + 1) Pa — paa
B[] + TR [l -] =

2
LS -] ]

+vE {HhtJrl - Vf(:c”l)Hﬂ + pE

i e —www!iﬂ
<E[f(a")] - 3B [|v/E")]]

+(1—w)27(2;};1)E[||gt—ht||2}+(1—w)4 @+ D pa —Pu)py [ ZH ¢ htM

npa

17
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(1 L 10yw(@w+1) 972 4 (1 — Ppage) L2 ax
2y 2 np? B

N T2 _ 2 - T2 _ 2
—v (2 (pa - paa) L + (1 ppage)Lmax> —p (2 (1 pa) L + (1 ppagC)Lmax> > |:H t+1 t|| :|

P2 np,B Da paB

. (7 ) (ppage <1 - ppl:ge>2 +(1 ppage)>> E [Hht _ Vf(ggt)Hz}

n 200%yw(2w + 1) n 2V (pa — Paa) b2
npgppage npgppage

2(1 —p,) b2 b \°
p<(p)+ppage (1_ ) +(1_ppage )) [ ZHht vfz H ]
PaPpage Ppage

2
Due to b = %% < pyge, one can show that (ppage (1 - b ) +(1- ppage)> <1 —b. Thus, if

Ppage

we take v = 277, then

<7+ v (ppage (1 — p::ge)2 +(1 —ppage)>> <y+v(l-0b)= (1 — g) v,

therefore

E[f(«")] +

WE {Hg”l . ht+1H2] + 4y ((2w + 1)2Pa *Paa)E

L g hz“ﬂ
n =1

npy

N
=1

# 25 [ v ] + o

<E[f@")] - 1E [HW 7]

v(2w + 1 4y((2w + 1) pa — I
+(1—’YM) w M t htHQ} _’_(1_7”) 'Y(( w )2pa paa)E [HZHgf_hﬁHQ]
=1

NP,

27 2 np? B

. 2y (2 (1 o paa) 2+ (1_ppage)L§nax> —p 2(1—pa) L? + (1 _pPage)ernax E {thﬂ _ xtHQ}
bnpa Da B Pa DB

e(-5) T e wren

+ 20b27w(2w + 1) + 4’7 (pa - paa) b
NP2 Ppage NP2 Ppage

2(1—p,) b2
+p<(pa>+ppage(1_

PaPpage

(1 L WM(ﬁuu—ppage%x)

Ppage

>2+(1_ppage>> [ZW Vii(x H]

Next, with the choice of b = %, we ensure that

2(1 — p,) b2 b\’
( pappa:e * Ppoge b Ppage * (1 a ppage) s1- b.
If we take p = 40{:; (172:8?1) + 8’:1(5“1) Pa) then
2002w (2w + 1 LA (= puw)b 2(1—pa) b2 b \? b
2( ) ( ) +p ( ) + Ppage | 1 — + (1 — Ppage) <({l-5]p
NP3 Ppage npappage PaPpage DPpage 2
7

38090 https://doi.org/10.52202/075280-1655



therefore

t 27(2w + 1) t t 2 4y((2w 4 1) pa — Paa)
B[]+ T g1 et 4 TR Pl

E3 ol ]
=1

%Z [ Vfi(xtJ“l)HZ]
i=1

2 40byw(2 1 8 — Da
+ lE [Hhtﬂ . vf(xt-&-l)HQ] + ( 7“2( w+1) + W(P; paa)) E
b NP3 Ppage NP3 Ppage

<E[f(a")] - 2E [|vseh)]

(1= ) M M t ht” ] (1= ) 4v((2w + 1) pa _paa)E l; Z Hgf B hf”ﬂ

2
np;

_<1_L_WM(QEQ+G—W@>L?W>

2y 2 np? B
_ 27 201 = @ EQ + (1 _ppage)L?nax
bnp, Pa B
w1y 87 (1-2) vy (1= Page) L2
Obvwg)( w+1) 4 (2 (1-p) L%+ (1 — Ppage) max) E [szH»l _ xtHQ}
1P} Ppage 13 Ppage B
b\ 2 40byw(2w + 1 8% (Pa — Paa)
o (1-5) I -]+ (1- ) (Pt St ) LS i - v
npappage NP3 Ppage
Let us simplify the inequality. First, due to b > 22 "we have

2’7 <2 <1paa> 22+(1_ppage)Lr2nax) S 287 (<1paa> E2+(1_ppag€)l’12nax>.
bnpa Pa B TPy Ppage Pa B

Second, due t0 b < pappage and pa < p2, we get

Paa
40byw(2w +1) 87 (1 - E) =5 | (1= Ppage) Liax
Gotl) | A 2(1 - py L2 4 LB e

NP, Ppage NP3 Ppage

_ Pa
0w +1) & (1) (2 (1 _paa> EQ+(1—M6)L§W>
npg npappage Pa B

<WM<<1_%>32+<1PW)L%M>
Pa

np? B
__ Paa
16y (1 Pa ) Paa \ 72 (1 - ppage)L?nax
NP3 Ppage Pa B
< %‘;’*U <j2 + “‘ppage)L?nax>
np? B

16y Paa \ 72 (1 - ppage)L?nax
(o) ).
NP3 Ppage Da

Combining all bounds together, we obtain the following inequality:

E [f(mt—&-l)] i 27(2w + 1)E {Hgtﬂ _ ht+1H2} + 4ry((2w + 1)2pa _paa

ZW WHQ]

pa npa
2y t+1 t4+14[2 (40b'yw(2w+ 1) 8y (Pa— Paa) ) 1 41 4182
—E[ W v } + BEl-Snttt - vy,
+ | FEFH)T + T P — n;” fila™h|

<E[f@)] - SB[|[v/6)]

74
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1) PN [ ] 4 g L]

npa

. (1 L 1007w(2w+ 1) <E2 + (1 _ppage)LIQnax)

2 2 np?2 B

B 2247 ((1 B paa) 2 (1 —Ppage)L?nax> E [th+1 _ xtuz}
NP3 Ppage Pa B

N (1_ b) Dg [ - )] + ( b) <4Obvw(2w+1) N SV(pa—paa)> .

2 NP2 Dpage NP2 Ppage

L3 v

i=1

Using Lemma 4 and the assumption about -y, we get

B[] + 22 g e et OBl (15 ]
pa npa
2’7 t+1 t+14[2 (40b’7w(2w + 1) 87 (pa — Paa ) t+1 t4+1y]]2
—E |||h -V E|— h;™ —Vf;
* b |:H f(CC )H } + npgppage + np;%ppage n ; || ¢ f (:U )H

<E[f(")] - 3E[[|Vf@)]]

4 (1= ) ZEEE g gt = 7] 4 1) DL el [ > i - hfn]

b\ 2v b\ [(400yw(2w +1) 87y (Pa — Du)
+<1_2>bE[Hht_ M ( )( np2p TN >E n
a Mpage al’page

Note that y < 2 thusl—ﬁ <1—~pand

>l - v

i=1

B [fe ) + 2B g g — o] o DB by
Pa npa

ZH tJrl ht+1“ ]
1 t 2
£ 13 - v

27 2 40byw(2w + 1 8% (Pa — Daa)
4 ?E [Hhtﬂ S Can] } I ( 2( ) 4 ( .
NP3 Ppage NP3 Ppage

<E[f@")] - 2 [[|VFa")’]

2v(2w + 1 49((2w + 1) Pa — Paa 1 &

+ (1 —p)

np? —
2y . 40byw(2w + 1) 8’}/ Da — Paa ) Lyt NIK
1- E{ v } ( E|=S" |t -V .
+(1—yp) I F| - P P n;” i)

It is left to apply Lemma 11 with

vt — 2(2w +1) [H . htHz] n 4((2w + 1) p, pd(l

DT

np? P
2 2 40bw (2w + 1) — Daa)
+7E[ht— F(at ]+< ht— Vfi(x
b H ( )H NP3 Ppage npappase Z H '
to conclude the proof. O
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F.4.5 Proof for DASHA-PP-MVR under PE.-condition

Theorem 10. Suppose that Assumption 1, 2, 3, 7, 5, 6, 8 and 9 hold. Let us take a =
b e (O, 23—*‘1)3},

. 200w(2w + 1) ((1—0)2L2 - 40 /(1 —b)2L2 Paa | = a
< L z 4 L2 Z 4 (1-22) 12 —
~ < min { ( + \/ np? ( B + + p— B + 0. ‘2% o

and h? = ¢? for all i € [n] in Algorithm 1 (DASHA-PP-MVR), then
E[f(z") - f*]
2 40vbw (2w + 1 8y paa
< (1 =" <A0+Hh° V()| +< 7 (2 ) B ) ZHhO Vfi(z >

np;

1 /1000*w(2w +1) 200\ o2

+ - —2 + I——
1z D; Da ) NB

pﬂ
2w+1’

E [f(«1)] + 27(2w + 1)E {Hgtﬂ _ ht+1H2} " 4y((2w 4 1) pa — Paa)

|23l

Da np?
<E ) - VI —(—L) fo“—xtuﬁvuht—wuw\ﬂ
22+1 42+1add 1
a i=1
N 107(2w+1 ZHktHH 1

Proof. Letus fix constants v, p € [0, o) that we will define later. Considering Lemma 12, Lemma 10,
and the law of total expectation, we obtain

E[f(=1)] + 27(2w + 1)E |:Hgt+1 _ ht—H‘ﬂ 4y((2w+ 1) pa — paa
Pa np?

L3l ]

+ B ([ = Vi) + pE

LS - s
i=1

<E| ) = JITAN = (5 =) e+ =o'l v 1 = 91
27(2 4y((2 D) [ 1% '
—I-(l—’w)LH |:Ht ht”ﬂ‘*‘(l—’ﬂﬂ ((w+n}17?p -p lnz hiH2‘|
L 107w+ e .
e LS e

+ B[ = V] + pE

LS - ]
=1

L
<B|#a) = VA = (5 = 5 ) ottt = atlP o = 91
27(2w + 1) A7((2w + 1) pa — Paa) 1 | 1 &
0= 2B [ ] 1 =g B “E[HZHgs—mnﬂ
a i=1
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| 10y + W22 [(2(1-b2LE - 1
flp ) BU + ( ( B) +2L2 Hl.t-‘rl tH +2b2 ZHht vfz H
a

2 2 _p\272 _ 72
+1/E<2b o> (2(1 b)°LZ +2(pa Paa) L >||zt+1_l,t||2

np, B np,B np3

aa b
¢ 2Bl S ot - 9 + 2||ht—w<xt>|f>
2202 (201 -0)2L2 20 —p)L®\ | 1 a2
+pE<paB —l—( B + 0. |2+t — 2|

20-0% (1 2} LSS 1t - v et
+<pa+(1 b))n;Hm Viiah| )

After rearranging the terms, we get

E[f(=™)] + (1 —yn) QW(QZJF Vg [Hgt“ - h“l’ﬂ T (1 =y 22 +mlj D

t+1 t+1]|2
ZHQ k|

+ B [ = O] +

|13 - et
i=1

<E[f@)] - SB[|V/6)|]
Jr(l*'y,u)i? 120+ 1) {||t ht||2]+(1W)M((%Jrl)papaa)EliZHgfh;€||2]

np2
1 L 10w(w+1) (2(1-0b)°L Y
2y 2 np? B

2(1 = b)2L2  2(py — paa) L2 2(1 —b)2L2  2(1 — p,)L2 2
- ( B np2 7 B E [Hm - }
+ (v v =02 B [0 - vre)]
2 _ 2 )2
+ (20b ’yw(22w + 1) + 2v (pa 2paa) b +p (2(1 ppd)b + (1 _ b)2> >E

np a np a a

=1

3

- s

1
n

i=1

2 +p—
np; NPa Da

200%yw (2w + 1 2b? 262\ o2
+(W<W>+V i

By taking v = 2¥, one can show that (y + (1 —b)?) < (1 — %) v, and

L R

WL

g e

N
<E[f@")] - 1E [HVf 7]
2w+ M t htHQ} +(1_7N) 47((2w+1)pa—paa)E [;Zugf_hf’|2‘|

np?
(1L 10w@et1) (20072 o
2y 2 np? B

+(1—w)
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2y (201 -b)%L2 L2 (pa —pu) L*\ , 2(1 — b)2L2 N 2(1 — pa) L2 . [Hfﬂ”l B xtm
b np.B np; PaB Da

+ (1— b) Mg 18 = wr@")]7]

2
200%yw(2w + 1) 4y (pa — Paa) b 2(1 — p,)b? 1 —
+ @otl) )b (22 G ) Ve | LS n - v )
np; np; Pa ~
200%yw(2w +1)  4yb 207
+<W<;>+v+p>0
np; NPa B

Note that b < p“ , thus

2002yw(2w + 1) 47 (py — paa) b 2(1 — pa)b?
< w(zw ) 4 (e pu) +p<< Pa) +(1b)2)
npa npa a

2002w (2w + 1) 47 (pa — paa) b
< Yw (2w )+ v (p 2p) Fo—p) ).
np? np;

And if we take p = 40“‘;;2“)“) + 8’Y(Z"p Ps) then
200%yw (2w + 1 4 - b
< i (2 )+ fY(pa 2paa) +p(1—b)>§p,
np; np;
and

2v(2w + 1)

a

E [Hgtﬂ - ht+1||2} 4 (1= p) 47((2w + 1) pa — Paa)

l = t+1 g t+1)2

IES Vfi(xt“)IIQ]
=1

E[f@*)] + (1 =)

2y 9 40b’YW(2w + 1) 8y (pa - paa)
+ 5B [Hht“ — V]| } + ( np2 + np? )

<E[f@")] - 1E [HW 7]
+a —“YM) v(2w + 1 M t htHZ} +(1—yp) 4y((2w + 1) py _paa)E liz Hgf . thQ]

2
NP,

- (1 L 1002w +1) (2( — b)2L2 2L2>

2y 2 npa
. 2y (1 - b) _ Paa 2
np,b B
paa
40byw (2w + 1 2171)2L2 ~ 2
el ( r20-pI?) JE [ -]
npy npa

(-8 Bl () (2 S

N (2062%0(2;«1 +1) b <4Obw(2;u+ D 87 ;paa)> 262) o?
np2 Py np2 np3 Pa

WIS

R
Let us simplify the inequality. First, due to b < p, and (1 — p,) < (1 — %) , we have

byww+1) 2 (1-2)\ f20 - per2 -
ooty 21 (8 20w
np} np; B

7R
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4 b 2 1 2 2L2 ~
0byw(2w + < 2(1pa)L2)

npa
ph\
2(1 —b)2L2 ~
( +2(1-p)E?)
npa
40'yw (2w+1) <2 2L2 2f2>
np?
o (e 5
+ T+2(1- L
np,b B Pa
therefore
2v(2w + 1 2 4y((2w + 1) pa — Paa 1 & 2
( )E [Hgt+1 _ ht+1|| } +(1— ) (( np)2 )E = Z ngHl _ hf'HH
‘ a i=1

E[f"D] + (1 —p)

2~y 2 40byw(2w + 1)  8Y(pa — Paa) 1 & 2
B[ - v IF] + ( e I L P S i ]
<E[f@")] - 2E [||VF@")]’]

27(2w + 1) 47((2w + 1) pa — Pa 1<

1 22 ] 1y D [ 5
Pa [t
(1 L s0pw(wl) (20-0)°L -,
(27 2 np? ( B 2L
10y (2(1—b)%2L2 Paa \ 72 t+1 t)|2
—npab< 5o r2(1-0e)1 E[Hx —x”}
b 2y . b\ [(40byw(2w +1) 8y (Pa — Paa) 1 =
() -] (1-8) (S e
2 _ 2
N (20(; Ww@wt1) b <4()b7w(2;u+ D, 87 (s . paa)> Qb) o
npa NP, npy npy DPa B
<E[f@")] - 1E [HW 7]
(2w + 1 4y((2w + 1) py — 1<
L —’YM) w M t htHQ} 41— ) (2w np)2pa paa)E [nz Hgf . h§H2‘|
a i=1
1 L 1000w(@w+1) ((1-b>2L2 | -,
(27 T el G
20y ((1-0)L3 _ Pa ) 72 t+1 o t))2
npab( DLoy (122 22) ) ot - )]

b\ 2y . b 40bw(2w+ 1) 8y (pa— pa) 1
() el o] (-3) (S )aL err
(20627w(2w +1)  4yb <40b’yw(2w +1)  8y(p.— paa)> 2b2> o

— T + > e
np; NP, np3 np; Pa) B
Also, we can simplify the last term:
(4Obw(2w +1) | 8y (pa— paa)) 207
2 + 2 o
npa npa pa
80bPyw(2w + 1) 166™ ( ’;Z')
= 3 + 2
np? np?
70
https://doi.org/10.52202/075280-1655

38096



2
< 80b ’yw(22w +1) n 16b’y,
NP, NPa

thus

2v(2w + 1)

E [Hgtﬂ Bt } (1= ) Ay((2w + 1) pa — Paa

E [£)] + (1= ) —

Pa

27 9 40()’)/00(260 + 1) 8’}/ (pa — paa)
+ 2B [t - v i) + ( wE T np? )

1
E gz [Can
=1

<E[f@")] - 3B [|[V/6)’]

2
npy

+ (1 _ ’YM) WE Mgt N htHQ} + (1 _ 7#) 4’7((20.) + 1)pa _paa)E Lll Z Hgf o

i=1

2y 2 np? B

20y [ (1—0b)2L2 (paa)A2> th1 12
npab( Doy (122 22 ) ot - )]

(-2 D waep] ¢ (1- ) (D )

2 2 np? np?
1000%yw (2w + 1 207b\ o2
+< 7 (2 ) , 200 >
npy np, ) B

Using Lemma 4 and the assumption about 7y, we get

( 1 L 100yw(2w+ 1) ((1 — b)2L2 +E2>

B[] + 0 —ym) QW@:j D, (g =B+ (=) Hi t;) Do)

+ Q%E [HhtJrl _ Vf(xtﬂ)H?} i (40b’yw(2w +1) 4 8y (pap; Paa))

2
npa n a

<B[f@)] - 3B|[V@)’]

2v(2w + 1 42+1aaa 1 —
+(1—w)7(: >E[||9t—ht||2}+(1—w) ((wnp)p ! anHt

b\ 2v t t (12 b 4Ob’yw(2w +1) 8y (pa — paa)
_2) 2 - 2 E
+ <1 2) E [0t = wr@)°] + (1 - e T
n <100b2'yw(22w +1) n 20'yb> 072.
np3 np, /] B

Note that v < %,thus 1— % <1—~yuand

B L3 -
=1

27(2w + I)E [HgtJrl _ htHHﬂ +(1— ) 4y((2w + 1) pa — paa

E[f"] + (1 —p) e

+ 2%]3 [Hht+1 _ Vf(a:t"'l)HQ} . (4067w(2w +1) n 8y (pap; paa))

2
npy Py

<B[f()] - 3B [V @")’]

(=) O g [ 7] (1 gy DELE D P =) l Sl

0N
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1
B\ Z [
=1

Zwm wwﬂ

- foxt“)ﬂ

mﬂ

DR

i=1

ZH t+1 ht+1” ‘|

Vfi<xt“>||2]

]

DRI

i=1

LSt -t

Vfi(ﬂft“)HQ]

&



+(1—yp) ?E (13 =5[] + (1 =) (4%%’(2“) ), 8 (p“p_ Pa )

DR

np? np2
1000%yw (2w + 1 2070 o2
+< g (2 ), 20 )
np3 B’
It is left to apply Lemma 11 with
2(2w +1) 21 42w+ 1)pa — Paa) - | 1 & 2
o= B{llg" = n|’] E =gt nt
Jot - 7] + L2 D) y z ot )
2 . 40bw(2w+ 1) 8 (pa — Paa) .
+ [Hh -]+ (P Rt Y | LS i - 9
and C = (% + QOb) % to conclude the proof. O
Corollary 5. Suppose that assumptions of Theorem 10 hold, batch size B < min { ™ \/le, iz } ,

we take RandK compressors with K = © (L Va“m) . Then the communication complexity equals

~ ( do dL, )
@) + ,
Pay/HEN — papiy/n
and the expected number of stochastic gradient calculations per node equals
2
~ o oL,
(9< - >
Papme  panp?y/e
Proof. In the view of Theorem 10, DASHA-PP have to run

Glettye /o o +L+W(E+L")+U(E+L")
Pa Pa\ pmeB  paumeB  p o papu/n VB) = panp*VeB VB

communication rounds in the stochastic settings to get e-solution. Note that K = O (p f) .

Moreover, we can skip the initialization procedure and initialize hO and gl , for instance, with zeros
because the initialization error is under a logarithm. Considering Theorem 6, the communication
complexity equals

~ w41 o2 o2 L w <A L, ) o <A L, )
oK +K K vK2 kY (I+ 22+ k—2  (I+22
( pneB " pauneB T pap/n VB panp’/*V/eB VB

2 2
e o g +K£+K w (L—i—L)—l—K oL, )

< uneB " pgneB T pan/n VB panyi*/?\/eB

d o2 Ko? dL d [~ L, KoL,
=0|—+— + + L+ 22 )+ —

Pa /mEB  pancB Patin/1 - papin/n VB) = panp?\/eB

(d

P

do__, dL d <A+LU)+ dL, )
\//msB Pay/JIET Pt/ | pai/n VB) = papv/n

O (i )
Day/HET paﬂ\f
The expected number of stochastic gradient calculations per node equals

- 1 2 2 L -1,
(9(3‘u+ +B— > _+p2 +B+B“’(L+

o ~ L
+B— 27 <L + ")
Pa pneB T pyuneB o pauy/n VB ) panp®>VeB VB )

R1
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I
1S}

BY

w L w ~ Lg g La
+Bﬂ/ +B=+B——(L+-Z)+B—— (%
Pa uneB pauneB B pap/n < VB ) pany®/>\eB (\/E >)

_o( B L+ Bd <E+LU)+ oL,
AV Kpa /meB paime Kpap/n VB/  pnp?\fe

o oL

o ~ L oL
+ — + — L+ ”) + .">
pa\/um pauemf pafine  pap*P/en - pup’2\/en < VB)  panp’?\/e

Il
|6}

Il
|6}

n oL,
Papne  panpt\/e

{7
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G Description of DASHA-PP-SYNC-MVR

By analogy to (Tyurin and Richtérik, 2023), we provide a “synchronized” version of the algorithm.
With a small probability, participating nodes calculate and send a mega batch without compression.
This helps us to resolve the suboptimality of DASHA-PP-MVR w.r.t. w. Note that this suboptimality is
not a problem. We show in Corollary 4 that DASHA-PP-MVR can have the optimal oracle complexity
and SOTA communication complexity with the particular choices of parameters of the compressors.

Algorithm 8 DASHA-PP-SYNC-MVR
0

I: Input: starting point z° € RY, stepsize v > 0, momentum a € (0,1], momentum b €
(0,1], probability pmega € (0, 1], batch size B’ and B, probability p, € (0, 1] that a node is
participating®, number of iterations T" > 1.

2: {‘nititaliZf(:) gf, R 0; theln(;)des and ¢° = 1 3" | ¥ on the server

3: fort=0,1,...,7 —1do

4 xt+1 — .Tt _ ,ygt

5. g+l 1, with probability pmega,
' | 0, with probability 1 — prega
6:  Broadcast z'™1, ¢ to all participating™ nodes
7 fori=1,...,nin parallel do
8: if i node is participating® then
9: if ¢!t1 =1 then »
10 Generate i.i.d. samples {5 B of size B from D;.
1 1 B’ 1 B’ t.
11: ki =& Zk:l Vfila ™ €5 =5 Yy Vilah 65— pmega (hﬁ — 5 2pmr VSilzh€
12: mi = kT — 2 (gf = hY)
13: else
14: Generate i.i.d. samples {£/F'}12, of size B from D;.
1 1 1
15: k§+ = BZ; 1Vf1( t+1»ft+ ) BZ] 1sz( §t+ )
16: mi = ¢ (LR - 2 (gt - )
17: endlif .
. t+1 __ 1 7.t+
18: Ryt = hi+ -k
. 1 t+1
19: 9; gZ +m;
20: Send th to the server
21: else
22: Rt = nt
23: mitt =0
24: g =gt
25: end if
26:  end for
27: gtl=gt+ 150" mitt
: n i= 7
28: end for

29: Output: #7 chosen uniformly at random from {z*}] )
(a): For the formal description see Section 2.2.

In the following theorem, we provide the convergence rate of DASHA-PP-SYNC-MVR.

Theorem 11. Suppose that Assumptions 1, 2, 3, 5, 6, 7 and 8 hold. Let us take a = 253_1,
b= Ig"%‘;ff‘,probability Dmega € (0, 1], batch size B > B > 1

-1

8(2w+1)w (’\ LZ) 16 (< paa) L2)
<L+ | (22 ) —— (122 24 2 :
7 ( \/ np? B NPmegala Pa B

3

t+1
ik

)
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and h? = ¢? for all i € [n] in Algorithm 8. Then

EvAT2<lﬁih0_v OIPoL_\ P~ hOVZ
1oran) < 3|22+ o - wr )+ 2L St - v
1202
+nB"

First, we introduce the expected density of compressors (Gorbunov et al., 2021; Tyurin and Richtdrik,
2023).

Definition 12. The expected density of the compressor C; is (¢, := sup,cga E [[|Ci(2)]|,], where
|||, is the number of nonzero components of z € R?. Let (¢ = max;e,] Cc,-

Note that (e is finite and (¢ < d.

In the next corollary, we choose particular algorithm parameters to reveal the communication and
oracle complexity.

Corollary 6. Suppose that assumptions from Theorem 11 hold, probability p,eeq = min { %, Tf—QB} ,

batch size B' = © (%z) ,and b = g9 = 5 P N7 f(2%; €9, for all i € [n), initial batch size

— B — Bd o
Bt = 0 (52 ) = © (max { 2L, 22 }) , then DASHA-PP-SYNC-MVR needs

T_O @L‘i‘ w + d <E+Lg>+a i_}r& _|_0-72
I = v/ \ pen VB) v \VB ' B JPaneB

communication rounds to get an c-solution, the expected communication complexity is equal to
O (d+ ¢cT) , and the expected number of stochastic gradient calculations per node equals O(Bigi +
BT), where (¢ is the expected density from Definition 12.

The main improvement of Corollary 6 over Corollary 3 is the size of the initial batch size Biy.
However, Corollary 4 reveals that we can avoid regimes when DASHA-PP-MVR is suboptimal.

We also provide a theorem under PE-condition (see Assumption 9).
Theorem 13. Suppose that Assumptions 1, 2, 3, 5, 6, 7, 8 and 9 hold. Let us take a =
b— pmegapd = ,probability Prega € (0,1], batch size B' > B > 1,

Pa
2w+1”

-1
1602w+1)w (12 = sz 2A(1-) 12 )
v < min L+ w(§+L2>+ 8 o + P ii

np; NPmegaly B MPmegaly 2’ 2p
and hY = ¢? for all i € [n] in Algorithm 8. Then
E[f@") - f7]

2 8 a dd 20 ’
< (1*7M)T (AOerthovf(xo)HZJr vnz]:p : ZHhO Vi@ H ) /m;"
al/mega

Let us provide bounds up to logarithmic factors and use o (+) notation.
Corollary 7. Suppose that assumptions from Theorem 13 hold, probability pmea =

min { &, 2258} patch size B = © (2= ) then DASHA-PP-SYNC-MVR needs

r-ofefl, 4, o +L+w<L"+E>+ vd ’ (L"+E>
e Pale pameB o papn/n \VB paux/Ccn panp®/?veB ) \VB '

f4
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communication rounds to get an e-solution, the expected communication complexity is equal to

O ((cT) , and the expected number of stochastic gradient calculations per node equals O(BT ),
where (¢ is the expected density from Definition 12.

The proof of this corollary almost repeats the proof of Corollary 6. Note that we can skip the
initialization procedure and initialize h? and g?, for instance, with zeros because the initialization
error is under a logarithm.

Let us assume that C% = O (w) (holds for the RandK compressor), then the convergence rate of
DASHA-PP-SYNC-MVR is
~(w+1 o? L w (L(, A) o (L(, A>>
(@] +—+—+—F(—=+L |+t ——7=|—=+L]) ). (34)
( Pa PapneB  p o papin/n \VB panp®/2veB \VB
Comparing (34) with the rate of DASHA-PP-MVR (31), one can see that DASHA-PP-SYNC-MVR

improves the suboptimal term P5 from (31). However, Corollary 5 reveals that we can escape these
suboptimal regimes by choosing the parameter K of Rand K compressors in a particular way.

G.1 Proof for DASHA-PP-SYNC-MVR

In this section, we provide the proof of the convergence rate for DASHA-PP-SYNC-MVR. There are
four different sources of randomness in Algorithm 8: the first one from random samples £/+!, the
second one from compressors {C; }7;, the third one from availability of nodes, and the fourth one
from ¢**!. We define Ey, ], Ec [-], Ep, [] and E,,, [] to be conditional expectations w.r.t. £+,
{C;}"_,, availability, and c¢!*1, accordingly, conditioned on all previous randomness. Moreover, we
define E; 1 [] to be a conditional expectation w.r.t. all randomness in iteration ¢ 4+ 1 conditioned on
all previous randomness.

Let us denote

b
i VA - VA - 2 (1 e

Pmega

B
1

t41 . L 2L gt )
ki -—B;sz( 13 BZVﬂ )
pt1 ht + p%kf*ll, i™ node is participating,

R otherwise,

s ht + %kf;l, i™ node is participating,

L2 ) ht, otherwise,

41 gi + pikﬁl — (gt —hf), " nodeis participating,
g 1 = ' 2 s a .

v g5, otherwise,

i1 gt +C; (pikfgl - (gf — hf)) , 1" node is participating,
g; 5 = a U a )

" gt otherwise,

t+1 . 1 t+1 t+1 . 1 t+1 t+l 1 t+1 t+1 . 1 t+1
hl '*721 1h117h T Zz 1h127 Zz 1gz1’andg T Zzl 12'
Note, that
Pt _ AN
A =0,
and

t+1 t+1
gt+1 _ {gl , C = ]-a
- t+1 t+1
g, =0

First, we will prove two lemmas.

R8s
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Lemma 13. Suppose that Assumptions 3, 5, 7 and 8 hold and let us consider sequences {g:}7_,

and {hLT}1 | from Algorithm 8, then

EqEJ&gUWH—M“WH

2
< 2 pmega Z "kt+1|‘ + ( paQa)a n 2(1 pmega a (AJ) Z Hgl thQ

2
n"pa

+(1-a) Hg *htH :

and
Ee [By, [Ep [l —ni+ ]
2 2
§ 2 (1 _pmega ||kt+1H + ((1 _pa)a + 2 (1 _pmega) a w) ||g;§ _ h12£||2
Pa Da Pa

, Yien)].

+(1—a)?||g! — bt]”
Proof. First, we get the bound for B {Hgt+1 — pttl HQ} :

Ee [By, [Bpn [llo** -2+ ]
= pmessBp, [0 = BE7] 4+ (1 pesa) Be [By, [[l057 — 157(°]]
Using
By, [o03" — h3Y] = g+ K —a(gf — h) — b — K5 = (1—a) (9! — A)
and
Ec [Ep, [9i5! — hib']] = gf + Ki5" —a(gf — hi) —hi — k5! = (1 —a) (¢} — i),

we have
Be [Ep, [Epp [0 = 541]]]
© DegaB, [[|057 = B = By, [g1! = 0]
+ (1= poega) e [By, [[lof™ = 071 = By, [g5+ = 1|
+(1-a)?|g" - htH )
We can use Lemma 1 two times with i) ; = g¢ — ht and s; = —a (¢! — ht) and i) 7; = g¢ — h! and

si = paCi (p kle - (gt — hf)) — kffgl, to obtain
2
N

pmegaa (pa paa t ht
< tom ) -

1 n
+ (1 - pmega) (77/2 ZEC l
a .
1— — Paa) t ht
e S I

+(1—a)?|g" —ht|

. a? (pa _paa) En: H t_ htH?
= 477)21)2 P gz K

1
e, (pw . hﬁ)) (3 —a (gl - h)

Pa

)

RA
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1 a
kt+1 a ?_h’?>_<k?+1— t—h’?)
( Pa (gz z) 1,2 D (gl 1)

]-_pmegd < QZEC[

+ (1 —a)? Hg —htH
a? (pa_paa) - t )2
STI)?;H%*MH
(1 - pmega) Paw zn:

n2

2

a
kg 2 (! - nl

_|_

u—aww—mw
p.

Mm%}]w &l
Ol S syt ot - )P

+(1-a)? Hg —htH .
In the last inequality, we use Assumption 7. Next, using (15), we have

Ee [Ex (B [l =17

< 2( 1—Pmega ZHktHH +< n2];:§)a2 + 2(1_pmega )Zng h§||2

+(1-a)?|¢" —ht|| .
The second inequality can be proved almost in the same way:
Be [Ep. By [l = 15"
= puessB, [[l91" = L] + (1= P Ee B [l963" - 03]
Y PrsaB, [[|915" = B = (1= a) (9F = B |*] + (1 = Presa) Ee By [[lgf5" = ni5"(1°]|
+ Puega(1 — 0)? gt — b

= P22 ot 2 4 (1 o) e [ a5 571
+ Dmega(1 — )% [|gf — Rt

(@%ng“ﬁwﬁwW+a—mmmd llgist = ntst = (= a) (af = 1))
+(1—a)?|gf - hi|"

_ pmega(]-p Pa)a? Hg;: _ h§||2
T on

+ (1 - pmega) paEe

T

gt G (k8= ot nt) ) = (Rt k8 ) = (1) (f - )

a pa
+ (1= prega) (1= pa) [|gf — bt — (1 —a) (gf — 1Y) |)?
+(1—a)?||gt — |

_ pmega(1 _pa)a2 ||th _ h216||2
Pa

Pa

i (Latst = Lt nt)) - (ks oot - 10
Pa 7 Pa 7

2
+ (1 - pmega) paEc l ‘|
R7

38104 https://doi.org/10.52202/075280-1655



+ (1 - pmega) (1 - pa) (12 ngt - thz
+(1—a)?|gt — h||”

(16) pmega(l_pa)a2 (l_pmega) (l_pa)a2 t £112
i i)

1 a a
Ci| —kit — — ?h?>( kit — — ﬁh?>
(pa 0,2 Pa (gz z) Pa 7,2 Pa (gz z)

+(1—a)? [lgf — i
_ 2

= (2RI gt
Pa

+ (1 - pmega) paFe l

+ (1 - pmega) paEC l

T

(o = (o= 1)) = (o= 2 (- 1))

Pa Da

+ (1= a)[|gf - nt[|"
1— 2
I ot m

+ L Pomn) st (gt — )|

<

+(1-a) ng - htH2
(g) 2(1 _pmega Hkt+1|| + ((1 —pa)a2 n 2(1 _pmega) a2w> ||gf B hi”z
Pa

Pa Pa
+(1—a)?|gf - th .

O

Lemma 14. Suppose that Assumptions 3, 5, 6 and 8 hold and let us consider sequence {hﬁ"'l}?:l
from Algorithm 8, then

B [Bp (B, [0+ = 9]

26%0° 2imega L2 b \° (1= puega) L2 | 2(pa — pua) L?
g (p g a(l_ ) _|_( Pmega) o 4 (Pa — Paa) ||xt+1_xt”2

o npmegapaB/ np, B’ Pmega np, B npf
paa t b )2 + 12
h \Y [ + mega 1- + 1- mega h* — \%
nzp Pmega ;H el (p ¢ ( Pmega (1= Pneg )> | f@)]

Er [Ep, [Epn [0 = Vi) °]]]

20%0° 2pmegaL§ b \° (1_pmega)L(2r 2(1 — pa) L7 t+1 )2
+< (1 ) + + o |2t — 2t

" PaPmega B’ DB’ Drmega paB
2(1 b \?
+ 2(1-p)t? Rt =V iz || + <pmega <1 - > + (1 pmeg,,)> |t — Vfi(a:t)HQ, Vi € [n],
pmegapa mega
and

, Yie[n],

e [Ig ] < (S 4 22) o+t =

Proof. First, we prove the bound for Ej, [Epa [Epmcgu {H R+l -V f (act“)Hz] ] } . Using

By [Ey, [h71']]

{R
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B’

b
=W+ B |3 LS ) - B Z VA —
k=1 mega
:%+Vﬁ@”57Vﬁ@U—;—{M—Vﬁ@w
mega
and
B [Bp, [hi5']]
= hj + Ex [ Zv,ﬂ L) - ZVfZ
= hf + Vfi($t+1) — sz(l‘ ),
we have
Ex [Ep, [Epu [0 = V5@ )]
= pmegaEk [Epa {Hhi*ﬂ _ Vf(xt+1)H2}} + (1 — pmega)Ek |:E
@ Pmegalk [ Pa [Hhtl-H — Ex [Em [hfiHH H2” +(1 *pmega)Ek [E
bo\2
+ (pmega (1 - P ) +(1 - pmega)) Hht - vf(xt)HZ-
mega

fete)

t+1
U

o [l = v @]

oo IP57" = B [By, [1571]°] ]

We can use Lemma 1 two times with i) r; = hf and s; = k1" and i) r; = h! and s; = k[}', to

obtain /

Ek? |:Epa |:Epmeq |:||"Lt—"_1 - Vf ‘Tt+1 H2i|:|i|

< Prega ( Z Be [k = B K1) + B0 STV AGES) - VG - —— (hf - V(")
Pa =1 DPmega

— Daa
2m2

(L D) (p > (I3 B EI] + B
+’<pm%a<1__
“>pm@§:E [kt = B [R5
e S -
+2122*—2%2|Wf,.<mt+1)—vjfi<xt>|lg
S - SN+ (s (1

=1
Ex [K1]°]

b

Pmega

2
) o —pmega>> I — v r) P

Ex (k23]

paa b

n2p Pmega Pmega

Let us consider E;, [Hk“‘l —

Ex [Hk?+1 sy
b
— t+1 t+1 t+1
B/ Z Vfl Zk Z sz pmega
RQ
38106

DolIVAiE) -
i=1

xf>||2)

2
) + (1 - pmega)> ||ht - Vf(l‘t)H2 :

(35)

t+1
zk

(ht—ZVfl
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b

LA wmt)))

Pmega

- (Vfi(xt“) = V/fi(a') -

T

B/vaz P - B,vaz &n) (B,ZVJ% t“)
megd
N <Vfi<xt“>wi<xt>+

T
[P

+ (1— : >(Vfi(xt+1 Eil1) = VA E = (Vi) = Vi)
pmega

(Vfi(xt»)

Pmega

(Vi b — Vfi(a'th)

Pmega

2]
where we used independence of the mini-batch samples. Using (15), we get

B [R5 - B [R)°]

2b> ZEk { ’Vf 41, €t+1) _ Vfi(xt+1)|’2i|

< B2,2
B pmegdk 1

4o (102 ) ZEk (VA1) - Vel - (V) - VaE)|].

Pmega
Due to Assumptions 5 and 6, we have

2202 2L2 b\’ 2
[||kt+1 k[/ﬂ“{l]ﬂ} B + 5 <1_pmega) [E—d (36)

Next, we estimate the bound for Ej, [kagl — Ex [K{5'] ’ﬂ .

|:Hkt+1 [k,tJrl] I }

2

B B

ZVfZ L) - Z Viilah &) — (V™) = Vi)
B
Z [ |Vf t+1, §f+1) _ sz‘(xt;fffl) o (vfi(xtJrl) _ Vfi(xt)) H2} '

Due to Assumptions 6, we have
L2
B [[I57 - B [k 7] < Bttt - a7

Plugging (36) and (37) into (35), we obtain
Bk [Ep, [Epu [[171 = V5]

2202 2L2 b \°
< Pmega : 20— + /g (1 . > Hzt+1 _ thQ
NPa B pmega B pmega

1 _flr)neg) L2 ||xt+1 _ xtHQ

) ZHW )~ Vi)

2
npa

+

an
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— Paa) b ¢ b\’ t INTE:
Z Hh sz H + (pmegd (]- - ) + (1 _pmega)> ||h - Vf(if )H :

2
n=Pa pm ega Pmega
i=1

Using Assumption 3, we get

B [En [Bn [ 197~ 97

2b20'2 2pmegaL2 b 2 (1 - pmega) L2 2 (p — D ) 22 t 2
o o a aa +1 t
( (1 - ) n + e+t — o

o npmegapaBl np,B’ Pmega np,B npg
paa t b 2 t t\]]2
hi —Vf; m 1-— 1—pnm h* — .
n2p Pmega ; H f H - (p e ( pmega) +( P Cga)> || Vf(x )H

Using almost the same derivations, we can prove the second inequality:

B [Ep [Bp [0 - V5] ]

= s [B, [[65 = Vit )7]] + 1—pmega)Ek[ [t = vt

" pessi (B, 055 — B (B (B 1)) + (1 o) B B, [JIRES" — B [, [n35']]7]]
(s (1= 525) + 0 = w0

2

B+ ok — (B [K))

a

= pmegapaEk

+ Piega (1= pa) |1t = (B + By [K5]) )7

+ (1 - pmega)paEk

1
R RN )

a

|
(1= prega)(1 = pa) |2 — (Rt + Ex [K5])°

2
+ (pmega (1 - b ) + (1 _pmega)> th - vfl(xt)HQ

Pmega
2‘|

Vi) — Vit - 2 (bt - V()

DPmega
T
+ (1 - pmega)(l - Pd) ||sz t+l H

2
+ (pmega (1 - b ) +(1 _pmega>> th - sz(:rt)H2

mega

1
= PmegaPaEi [ ;kfjl — Ey [kltjl]
a

2
+ pmega (]- - pa)

+ (1 - pmega)paEk

1
;@?fmwgw
a

(16) pmega {Hkt-i-l —E, [kﬁlq] ”2}

1
RSN [Is" = me )7]

Pa
Pmega (1 —pa) oty ot L t_ (ot ’
+ ||V /fi(a") = V fi(z") (hi = Vfi(a"))
DPa Pmega
+ (1 — Pmega) (1 — va t+1) sz‘(ﬂ?t)HQ

a

91
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b 2
+QM%Q—EW) +a—%m0uw—vmﬂm2

(15 )pmeg,a {Hktﬂ —Es [k;f{l] Hﬂ

+ & B [rgg" - k5]

2(1 — pu
+%vai(xt+l)_vfi(xt)”2
2(1 ¢ ( b >2 t £\ []12
+ h vl + mega 1-— +1_ mega hi—Vi .
— = = e <Pg ) (0 b ) - VA

Using (36) and (37), we get
Bk [Ep, [Epn [P0 = W fitat )]

)
2
< 21)20'2 n 2pmega/L§ < b > ||xt+1 . ath2
DaPmega B’ BB

(1- pmega)La t+1
e

2(1 pa ||Vfi($t+1)—vfi($t)Hz

DPa
2(1—
( th vfz H + <pmega (1 -
pmegdpd
Next, due to Assumption 3, we obtain
Bk [Bp, [Bp [ 117 = V1) ]|

+

+

b) + (1 _pmega)> th - vfz(xf)HQ .

Pmega

2
< 2h252 - 2pmegaIL§ <1 B b ) + (1 —pmega)Li i 2(1 *pa)L? ||xt+1 7ItH2
papmegaB P B Pmega paBB Pa
2(1— b \° 2
+ ( Hht vfz || + <pmega <1 - > + (1 —pmega)> th — sz(xt)H .
pmegapa Prmega

The third 1nequa11ty can be proved with the help of (37) and Assumption 3.

Be [[#317]

OB Ikt - B (5] + VA - Vi)

IN

2
Yottt VA - VG
2
< (% i) oo -

Theorem 11. Suppose that Assumptions 1, 2, 3, 5, 6, 7 and 8 hold. Let us take a =
b= p;f;’:a probability puega € (0, 1], batch size B > B > 1

O

Da
2w+1’

8 (2 1 ~ L2 16 ~ L2
v< L+ W(L2+U)+ 2(<1_paa>L2+0> 7
np; B NPmegaPa Pa B

and hY = ¢? for all i € [n] in Algorithm 8. Then

[HVfAT M 1124 LHhO—Vf(xO)H 4(1 ) ZHhO Vi
mega i

Y PmegaPa

Q7
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1202
nB’’

Proof. Due to Lemma 2 and the update step from Line 5 in Algorithm 8, we have
B [f(a")]

<Ei11 [f 5 ||Vf || - ( - L) Hmt“ tH ty : H Vi H }
=B 169 TV - (57 = ) 1ot =o'+ s =1 010
L 16 = JITAON - (5 - 5 ) I+ =P+ (= w1 + = w5 )

Let us fix constants x, 7, v, p € [0, c0) that we will define later. Considering Lemma 13, Lemma 14,
and the law of total expectation, we obtain

E [f(z"))] + kE [Hgtﬂ _ ht+1||2] B

DAL
%Z Ini+ — Vfi(xtﬂ)”?]
=
<E{ ) ||Vf I - (_L) ||:z:t+1_zt||2+7(’|gt—ht||2+|}ht_vf(xt)’|2>]
8 [By [Ec By By [l = 7] )]
& En. lE"m %an gttt — h§+1||2]_ 11
=t 414

08 [61 B, B, 07 = 91

+vE [Hht+1 - Vf(xtJrl)H?} + pE

+’I7E Ek EC

+pE Ek’ Epu Epmcg'd [;Z’|h§+1 —sz(l't+1)”2
L L . J11]
<E [f( —fHVf )| - (—2> th“—;vt]|2+v(“gt—ht||2+|}ht—Vf(xt)’|2)]
{2 (1 ) sy
NPa B
(Pa = Paa) @ | 2(1 = Pinega) @*w - t pt]|2 N2t t]]2
e DU R SRR
( pmega Ié +E2> ||5L’t+1 *l’tHQ
(1 —p)a® 2(1-
(! {j)a 2o LSS 1 ot -
E( 2b%52 <2pmegaII/ (1_ b )2+ (1_pmega) L¢27 n 2(pa_2;aa)i2> th.H _xtHQ
NPmegaPa B np.B Prmega np.B np;
b 2
+ n2p pzj::a ; Hht vfz H + (pmega (1 - P a) + (1 _pmega)> ||ht _Vf(xt)H2>
2 2 2 o \T2
4 oE 2b°o 2pmegalL <1 b ) Jr( pmega) (1 pa)L ||l’t+lfxtH2
papmega P B Pmega P B Da
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Z Hht sz H + (pmegd (]— -

npmegap i—1

Pmega

Let us simplify the last inequality. Since B’ > B and b = 5% < pega, We have 1 — prega < 1,

2pmegaLg <1 _ b )2 < 2pmegaL(2,—
P B’ T p.B ’

Pmega

b 2
(pmega (1 - > + (1 pmega)) S 1- ba
Pmega

2 2
(2<1—pa>b b ) Hl_pmga)) .

and

+ pmega ( 1-
pmegapa pmega

Thus

B [f(@)] +#E [||g™ = h+1[*] + 0B

LSt -
1 t+1 t+14](2
DRI
i=1

B! L t+1 t)|2 t t)2 t INIE:
<E|fa) - HVf I = (55 = 5 ) e+t = (g =0+ It = 97|

+I€E< Hx”l—xtw
NPa

+ 2w+1 pd paa ZHQ@ h§||2_’_(1—a)2||gt_ht||2>

s 77E<2 ) o )
Pa

+ B [[[ = V] + pE

2

(et 1= L9 g 2H9$—h$|\2>

=1

+vE
np.B np?

2 2 N T2
- 2b%c - ( 212 N 2 (pa — paa) L ) |+ _xtHQ
'mega/a

3 2P BN G 1y - xwf)

n2p Pmesa
26202 2(1 — p,) L2
bom( 2T ALZRIE ) et —
papmeg,d Pa B Pa

+(1-b)= Zuhf Vfi(a )

After rearranging the terms, we get

B [f(z")] + kB [Hgt+1 _ ht+1|ﬂ B

Z Hgt+1 hEHHQ]
T vfw)uﬂ
i=1

+ B[ = V@] + pE

a4
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<E[f(a")] - 3B [|vs6")]]
1 L 2kw (L2 2nw (L2 | =y
_<%_2_nm<B+L)_pa(B+L>
2L2 Q(Pa—paa)iz 2L2 2(1_pa)Z2 t+1 t]2
_V<npaB+ np32 or ZE+T me _xM

+ (’Y+I€ (1—a) )E{Hgt—htuz}

) 7 2 n
2w+ 1) pu—pu)a +n(@w+1Pﬁa.+a—af))E[;§ZMﬁ—hwﬂ
i=1

np? Pa

+

+(+v(A-)E||n -V

ol
2 (pa — Paa) b2 1 &
V——————— 1—b> lntht Vf’L ]

+

npa Pmega

2ub? 20b% \ o2
+ =YE
npmegapa papmega B

Let us take k = g,thusv—l—f{(l—a)Q < k and

t+1 2 t+1 3 i+1]|2
E[f@")] + 1B [[g"*! ||}+17E

2
Z ||gt+1 hE'HH ]
L i - wwlﬂ
=1

+vE {Hh“l - Vf(th)Hz} + pE

<E[f@")] - 2E [||VF@")]’]
1 L 2y [L? 9 2nw (L2 =,
- (m‘z‘anpa (F+7) - (57
202 2 (Pa — Paa) % 22 2(1 - pa)ZQ t+1 t]|2
- (npaB * np3 “P\pB " Pa . [Hm - }

+ 28 |l - #P]
a

N (MM n o, (<2w+1—p> L _a>2) )E [;i lo! —hﬁ||2]

np; Da i=1

+ (v (1= E[[p = Vah)’]

+<V2(pa—17aa>b2 +p(1—b)>E %iHht Vi@ M

prgpmega i=1
2ub? 2pb% \ o2
+ + -
npmegapa papmega B
Next, since a = ﬁf}_ly we have (W)%paw +(1 —a)z) < 1 — a. We the choice n =
7((2“"‘;41;31721_17@)7 we guarantee 7((2‘*""‘;;?'41_?:\&)‘1 + 7 ((2W+1Z):pa)a2 + (1 _ a)?) S n and

t (2 +1) t t ((2 +1) a aa
L [ ] e [ZHW hwnﬂ

+ B[ = V@] + oE

i2||h5“—wz—<xf+l>llﬂ
i=1
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<E[f(a")] - 3B [|v/6")]]
_ (1 . £ _ 2y(2w+1w ([’(27 +ZQ) _ 27 (2w + 1) pa — paa) w (L?y +Z2)

2y 2 np? B np3 B
2L7 2 (pa — Paa) L2 207 2(1- pal)Z2 t+1 t(|2
v <npaB T )\t B [fla" — |
v (2w -‘r- t t 2} 7 (2w +1)pa pdd l - 12
D g -] » 1221 L3 ot -

+ (v (=) E || = V)]

2 (pa — paa) V°
+ (U(paQPaa) + p(l — b))E
NP3 Pmega

< 2ub? 2pb? )02
+ + —
NPmegaPa  PaPmega ) B
<E[f@")] - 2B [[|VFa")’]

_(1 L 4y(w+1w (Lg

i

_|_

2 2 np? B

)
202 2(py — pua) L2 212 2(1—p,)L?

— o 4 (Pa ];aa) Y it A (1 —pa) E |:th+1 _ xtH2:|
np.B np; paB Pa

2w+ Y (2W+1 paa I
12 g ] Ll | LS

np?
+ (v (A=) E || = Vf@Eh)]’]

2(pa_paa)b _ l - t
+<”np§pmega +p(1 b))E nZHh Vfi(z M

1=1
2ub? 2pb% \ o2
+ + 7
NPmegaPa  PaPmega B

where simplified the term using p,, > 0. Let us take v = % to obtain

E[mw+LM>E[||gt+um+lu2}N“?““)pa Pulp [ zn o P

Pa npy
e R R P TR TR
=1
§E[f(x)]*%E[||Vf )’
2 -~

. 2vL% 29 (Pa — Paa) L2 _ ﬁ 2(1 - pa)z2 t+1 ot
(bnpaB + bnp? p p.B * Da B [Hx * H ]

+ 2w+ |:H t ht||2:| ((Zw-l-l)pd pdd l ZH t ht” ‘|

npa

o E [Hht Ol

9A
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27y (pa - paa) b _ ht v
+ ( np;%pmega TP 1 b > [ Z H fl ‘|

2+vb 2pb? o2
+ ( RAR ) .
npmtgapa papmegﬂ B

Next, we take p = 2LL:=Pu)

5 , thus
NPy Pmega

E [f(xt-&-l)] + ME [Hgt—i-l _ ht+1H2} Y ((2w+1)p, —

Y%
o npa aa [ ZH t+1 ht+1|| ‘|
LS [ - v ||]

’YE [||ht+1 Vi(z t+1 H?}_'_z’YnPa paa
papmega

<B[f(a")] - 3B |[v/6")]]
(w Yw (L2
L

Q’VLQ 27 Pa — paa L 27 Pa — paa) QL?, 2(1 —pa)L2 41 112
- " 205 20 =)L) Ny e
bnp, B lmpa npapmegd p.B DPa

7 (2w+1) 2w+1)pa — paa

2+ D gt -] + 24 m}a |31
v 27 Pa — pdd 2
WE[H’** ]+ 2=l | LS - s

27b 4 (Pa — Paa) b\ o?
npmegapa npa pmega

Since 2222t < b < pregapa and 1 —p, <1 — B2 <1 we get

E [f(xt+1)] + ME [Hgt—i-l _ ht+1H2} 7 ((2w + l)pa

paa t+1 ht+1
) | IR
I _Wmﬂ
=1

Y t+1 t+14]]2 2 (Pa — Paa)
g [ Bty } 27 P2 — Paa)
+ 7 I FEH|T + prEm—

<5 [se)] - B 197
L L H@ilhw (L 5
_<27_2_ np3 (B th
L 47 (Pa — Pua) L2 4yL2 47(1 —Pa)EQ { 1t 2}
_ o B - B
(npmegapr + npmegapg npmegapr + Hx € H

NPmegal>
2] 2Ot D

t t
LSt

gl 27 Pa — pdd 2
,E[”ht, @] + =gy E H;thmwn]
60

+ nB’

<E[f(")] - 2B [|vseh)]

Q7
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2 2 8,}/ Paa L2
B <1L4’Y(2wq2t1)w (L +L2) 8vLzZ N ( ) )E{thﬂxtHQ]

B npmegapg B npmegapa

Uyt - ] 4 22 D=l | L5t |

np;

+ T8I - v ] + L) [ Sl - vt M

NP3 Pm mega

60

+nB"

Using Lemma 4 and the assumption about 7, we get

E [f(z"*Y)] + Y (QL;:‘ 1)E [Hgt+1 _ ht+1H2:| + v (2w +n1;§pa —Paa) ll Z Hgt+1 h§+1H2]

2 2 27y (Pa — Paa) 1 2
e R e ATl

<E[f@")] - SB[|v/6)]
1 g ) Ll S

npa
L3I - v ]

42 27 (pa — .
E[Hht Vi(z H} ﬁ

6v02

+ nB' "

It is left to apply Lemma 3 with

t 2w " + 2(«01 aa t t
W= GOt e (ot Unc [ZH hu]

npa

+ %E [[I5 = v 1] + M

NPaPmega

WIRIETE

and C = B, to conclude the proof. O

d’ o2

Corollary 6. Suppose that assumptions from Theorem 11 hold, probability pyeeq = min { ¢ neB } ,

batch size B' = © (%z) ,and h) = g = Bfm( Bm" YV fi(2%€0,) for all i € [n), initial batch size
By =0 (5-2=) = © (max { BL, 2 }) , then DASHA-PP-SYNC-MVR needs

Dane

r—ol|2|i (v, d (E+Lg>+ o L 22NN o?
) € pa\/ﬁ ngCn \/E pa\/gn \/E B \/ZTangB

communication rounds to get an c-solution, the expected communication complexity is equal to
O (d+ ¢cT) , and the expected number of stochastic gradient calculations per node equals O( Binix +
BT), where (¢ is the expected density from Definition 12.

0K
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Proof. Due to the choice of B’, we have

T |2 1 82w+ 1w L2 16 Paa \ = L2
E [va(x ) } S 7| 280 <L+\/ np? (L2 B> - NPmegala ((1 - pa) L=+ B))

v R Sl - v
pmegdpd npmegdpd !
2¢e
+§.
Using
Binit 2 2
ag
E [0 - V@)’ =E Z mZVﬂ ) = VA6 | <
and
n Binit 2 2
o
2 LB - vae] = 53 | St - vaut| | <5
we have

R 2
[va @) H} ERPYW 2w+1 L2 L2 > 16 ((1—10“)L2+L">
npmegapa Pa B

npmegapa init

*3

Therefore, we can take the following 7' to get e—solution.

1 w? L2 1 L2 o?
T=0|-1A¢ L+ <L2+>+<L2+> + —
€ 0 ( \/mﬁ B npmegapg B NPmegaPa Binit

Considering the choice of pyega and Biyi¢, we obtain
1 w | d ~ L o L L o2
T=0|-|A(L+ + <L+">+ — At = ||+t
€ 0 ( (pa\/ﬁ paQCCn> VB paven \ VB B NPmegaPa Binit

-0 AO L+ w + d (E—i— LU)+ g E +LU + 0’2
€ Pav/n picen VB Paven \ VB B \/PaneB

The expected communication complexity equals O (d 4 Pmegad + (1 — Pmega)Cc) =
O(d+ (c) and the expected number of stochastic gradient calculations per node equals
o (Binit + pmegaB/ + (1 - pmega)B) =0 (Binit + B) . O

Q9
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Theorem 13. Suppose that Assumptions 1, 2, 3, 5, 6, 7, 8 and 9 hold. Let us take a =
b= Ig%/;f;‘,probability Dmega € (0, 1], batch size B > B > 1,

DPa
2w-+1"

—1
16 (2w + 1) w [ L2 482 24(1—”*“5)L2 b
y<minq | L+ 16wt )W(BJrL?) 7— + z =

np;% npmegapr npmegapg 2# 2#’
and h? = ¢? for all i € [n] in Algorithm 8. Then
E[f(=") - 1]
2y 2 87 Pa — paa
<o (8o 3 o T+ S S v ) 4 2

np Pmega i—1

Proof. Let us fix constants ,7, v, p € [0, 00) that we will define later. As in the proof of Theorem 11,
we can get

B [f(z")] + kB [Hgt+1 _ ht+1|ﬂ B

Z Hgt+1 h§+1H2
iE:H%*“—Vﬁ@“*Mﬂ
i=1

+ B[ = V@] + pE

<E[f6")] - TB[[v @)
1 L 2kw (L2 5 nw (L2 =,
<M2nm<3 L) pa(B+L>
2L¢27 2(pa *paa) 22 2L§ 2(1 7])3)22 t+1 t)2
V(npaBJr np? —p @+T me —x”}
H(rar-a?) Bl - 1]
2 _ 2 "
(w4 1)pa—pu)a +,7((2W+1pa)“+(1_a)2>>E liZHgf—hﬂﬂ
i=1

np;

_|_

S (y+r(1-b) [Hht ViEh|

2 paa 1 = ¢
V—— + 1-b — hi = Vf;
npdpmega p( ) n Z H f H
< 2ub? 2pb? > o2
+ -
NPmegaPa  PaPmega B
Let us take x = %,thus*y—i—m(l —a)’ < (1—%)rand

Zugtﬂ hf-+1!!2]

1 t4-1 t1y((2

D TARTE
=1

+

E [f(xt+1)} n ?E “|gt+1 _ ht+1H2:| -

B [[[ = Vi) + pE

<E[f@)] - B [|V/6)|)]
1 L 4y (L2 -, 2nw (L2 -,
(sz%<B*L>pa(B+L>
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202 2(pa — pua) L? 202 2(1 — p,)L?
—v o + (pd ];da) —p “Ho + ( pd) E |:th+1 o xt||2i|
np, B np; P B Pa

+(1-5) 2 [lo —w)F]

(2 (@t ) pe—pu)a +77<(2“’+1 Pa)a +(1—a)2>>E 1Z|\gf—hﬂ’2]
npa pa n i=1
Fatr(—b) [nht Fa) M
2 paa L
npapmega > Z H f ‘|

( 20b? 2pb? > o2
+ -
npmegapa papmega B
2045, we have (M’%W +(1 —a)z) < 1 — a. We the choice n =

27((2“’:;;?&_1)2:3) , wWe guarantee ’Y((ZW"Fi;?a_paa)a + n ((2W+1p:pa)a2 + (1 _ a)?) S (1 _ %) n and
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It is left to apply Lemma 11 with
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