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Abstract

The projection operation is a critical component in a wide range of optimization
algorithms, such as online gradient descent (OGD), for enforcing constraints and
achieving optimal regret bounds. However, it suffers from computational complex-
ity limitations in high-dimensional settings or when dealing with ill-conditioned
constraint sets. Projection-free algorithms address this issue by replacing the
projection oracle with more efficient optimization subroutines. But to date, these
methods have been developed primarily in the Euclidean setting, and while there
has been growing interest in optimization on Riemannian manifolds, there has been
essentially no work in trying to utilize projection-free tools here. An apparent issue
is that non-trivial affine functions are generally non-convex in such domains. In
this paper, we present methods for obtaining sub-linear regret guarantees in online
geodesically convex optimization on curved spaces for two scenarios: when we
have access to (a) a separation oracle or (b) a linear optimization oracle. For
geodesically convex losses, and when a separation oracle is available, our algo-
rithms achieve O(T"/?), O(T*/*) and O(T"/?) adaptive regret guarantees in the
full information setting, the bandit setting with one-point feedback and the bandit
setting with two-point feedback, respectively. When a linear optimization oracle
is available, we obtain regret rates of O(7"*/*) for geodesically convex losses and

O(T?#1og T) for strongly geodesically convex losses.

1 Introduction

Online convex optimization (OCO) offers a framework for modeling sequential decision-making
problems (Hazan et al.,2016). The standard setting depicts the learning process as a zero-sum game
between a learner and an adversary. At round ¢, the learner selects a decision x; from a convex set
K and observes the encountered convex loss function f;. The learner’s goal is to minimize regret,
defined as

T T
Regret; == Z Je(xt) — min Z Jt(x).
t=1 t=1

In Euclidean space, OCO boasts a robust theoretical foundation and numerous real-world applica-
tions, such as online load balancing (Molinarol 2017), optimal control (Li et al., [2019), revenue
maximization (Lin et al.l [2019), and portfolio management (Jézéquel et al., |2022). The standard
approach for OCO is online gradient descent (OGD), which performs

Xe1 = e (xe — 10V fi(xy)),

where Ilx represents the orthogonal projection onto K, ensuring the sequence {x;}7_; remains
feasible. However, the projection operation can be computationally expensive in high-dimensional
or complex feasible sets. Projection-free online learning provides a reasonable way to handle this
situation. At the heart of this approach is the understanding that, in many cases, the complexity of
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Table 1: Summary of main results. Our approach allows us to invoke either a Separation Oracle (SO)
or a Linear Optimization Oracle (LOO) for O(T') times throughout the 7" rounds. Notably, our results
match those presented by (Garber & Kretzu| (2022)).

Oracle Losses Feedback Measure Regret
gsc-convex full information adaptive regret O(T'?), Thm. |1
SO gsc-convex bandit, one-point  expected adaptive regret O(TS/ *), Thm. Dl
gsc-convex bandit, two-point  expected adaptive regret O(Tl/ 2), Thm. 3l
LOO gsc-convex full information adaptive regret o(r °/ ), Thm. u
strongly gsc-convex  full information regret O(T*7*1og T), Thm.

implementing an optimization oracle can be significantly lower than that of the orthogonal projection.
As a result, both practical and theoretical interests lie in replacing the projection operation with these
optimization oracles. The two most well-known projection-free optimization oracles are:

(Linear optimization oracle) argmin (g, x)
xel

and
(Separation oracle) g : (y —x,g) >0, VxeK.

Whereas much attention has been given to the development of sub-linear regret guarantees using
optimization oracles in Euclidean space (Hazan & Kalel 2012} [Levy & Krause, 2019} Hazan &
Minasyan, 2020; Wan et al.,[2022; |Garber & Kretzu, 2022; Mhammedi, 2022aj;|Wan et al., [ 2023), there
is considerably less research on projection-free optimization on Riemannian manifolds. There are
numerous scenarios where the space of feasible parameters is not a convex subset of Euclidean space,
but instead has a manifold structure with a Riemannian metric; examples include non-negative PCA
(Montanari & Richard, [2015)), K-means clustering (Carson et al.,[2017) and computing Wasserstein-
Barycenters (Weber & Sral, 2022b)). However, there has been significantly less research on efficiently
computing projections or projection-free optimization in the Riemannian setting, even for highly-
structured geodesically convex (gsc-convex) feasible sets like:

K= {x| max hi(x)}

where each h;(x) is gsc-convex. In this paper we focus on projection-free optimization on Riemannian
manifolds in the online setting. A Riemannian version of Online Gradient Descent (R-OGD) was
given by Wang et al.| (2021)):

xt+1 = HExp,, (= V fi(xt))

where KC is now a gsc-convex set, and Il is the metric projection onto K. This method achieves
sub-linear regret guarantees for Riemannian OCO. The metric projection is often the most expensive
operation, and it is not always clear how to implement it on a manifold. In the present work, we
propose the use of two alternative operations: a separation oracle (SO) or a linear optimization
oracle (LOO) on the Riemannian manifold, with definitions deferred to Section E} It is important
to note that, in Euclidean space, both oracles rely on the definition of a hyperplane. In the realm of
Riemannian manifolds, there are two natural extensions of a hyperplane: one is the sub-level set of
a Busemann function, known as a horosphere (Bridson & Haefliger} 2013)); the other relies on the
inverse exponential map, as outlined in (2). While a horosphere is gsc-convex, the corresponding
separation oracle exists if every boundary point of the feasible gsc-convex set has a locally supporting
horosphere (Borisenko, 2002). The existence of a separation oracle is assured for any gsc-convex
sets on Hadamard manifolds (Silva Louzeiro et al., [2022), if defined via the inverse exponential map.
Hence, we adopt this latter definition. It is worth noting that this object is typically non-convex
(Kristaly et al.l [2016), leading to geometric complexities that necessitate careful management. Also,
our work builds upon the findings of|Garber & Kretzu|(2022)) and inherits the adaptive regret guarantee
for gsc-convex losses, as defined by [Hazan & Seshadhri| (2009):

Adaptive Regret;. := supj, ojcr) {Dj—, ft(x¢) — minxex D oy_, fe(x)}.

Our main contributions are summarized in Table|l} More specifically,
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* Given a separation oracle, we attain adaptive regret bounds of O(T"/?), O(T*/*) and O(T"/?) for
gsc-convex losses in the full information setting, the bandit convex optimization setting with one-
point feedbaclﬂ and the bandit convex optimization setting with two-point feedback, respectively.

» Assuming access to a linear optimization oracle, we provide algorithms that enjoy O(TS/ *) adaptive
regret for gsc-convex losses and O(T*/* log T') regret for strongly gsc-convex losses.

* We highlight some key differences between convex sets on a Hadamard manifold and in Euclidean
space. In particular, shrinking a gsc-convex set towards an interior point does not preserve convexity,
and the Minkowski functional on a Hadamard manifold is non-convex. These results, which may
not be well-known within the machine learning community, could be of independent interest.

The technical challenges of this paper can be divided into two parts.

Firstly, for the separation oracle, we need to bound the "thickness" of part of the feasible set cut by the
separating hyperplane. While in Euclidean space, this can be achieved through a convex combination
argument (Garber & Kretzul, [2022)), the task becomes challenging on manifolds due to the varying
metric at different points and the non-convex nature of the separating hyperplane. Fortunately, this
problem can be addressed using the Jacobi field comparison technique. Also, unlike in Euclidean
space, one cannot directly construct a separation oracle for (1 — §)K using a separation oracle for
KC. This poses significant challenges in the bandit setting. Nonetheless, we have identified a novel
solution to this issue in the two-point feedback setting.

Secondly, in Euclidean space, the linear optimization oracle is typically invoked by online Frank-
Wolfe (OFW) (Hazan & Kalel 2012; [Kretzu & Garber, 2021) to achieve no-regret online learning.
The analysis of OFW relies on the fact that the Hessian of a linear function is zero everywhere. But on
Hadamard manifolds, such functions’ existence implies that the manifold has zero sectional curvature
everywhere (Kristaly et al., 2016)). The algorithms in|Garber & Kretzu|(2022) do not require affinity
and serve as a starting point for our results. However, the analysis still needs to be conducted carefully
due to the non-convexity of the separating hyperplane on manifolds.

2 Related Work

In this section, we briefly review previous work on projection-free online learning in Euclidean space
as well as online and projection-free optimization on Riemannian manifolds.

2.1 Projection-free OCO in Euclidean Space

Linear Optimization Oracle. The pioneering work of Hazan & Kale| (2012) first introduced an
online variant of the Frank-Wolfe algorithm (OFW) and achieved O(T"/*) regret for convex functions.
Hazan & Minasyan|(2020) proposed a randomized algorithm that leverages smoothness to achieve
O(T"/*) expected regret. The insightful analysis of Wan & Zhang| (2021) and [Kretzu & Garber
(2021) demonstrated that OFW indeed attains O (T */ #) regret for strongly convex functions. (Garber &
Kretzu (2022) showed that it is possible to achieve O(T*/*) adaptive regret and O(T*/* log T') regret
for convex and strongly convex functions, respectively. Mhammedi| (2022b)) illustrated how to obtain
O(T*/*) regret for convex functions, where O(-) hides logarithmic terms. Our results are in line with
those of |Garber & Kretzu| (2022) and inherit the adaptive regret guarantee.

Separation Oracle and Membership Oracle. |Levy & Krause| (2019) demonstrated that it is possible

to achieve O(v/T) and O(log T') regret bounds for convex and strongly convex functions when the
feasible set is a sublevel set of a smooth and convex function. [Mhammedi| (2022a)) generalized the

idea of [Levy & Krause|(2019) and showed how to obtain O(+/T') and O(log T') regret guarantees for

general convex sets. Garber & Kretzu (2022) provided algorithms that ensure O(v/T) and O(T*/*)
adaptive regret guarantees for convex losses in the full information and bandit settings, respectively.

'For the one-point feedback setting, we allow the point at which we play and the point where we receive
feedback to differ, thereby bypassing a fundamental challenge posed by Riemannian geometry. In the case of
two-point feedback, however, we eliminate this non-standard setting.
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2.2 Online and Projection-free Optimization on Manifolds

Online Optimization on Manifolds. [Bécigneul & Ganeal (2019) demonstrated that a series of
adaptive optimization algorithms can be implemented on a product of Riemannian manifolds, with
each factor manifold being assigned a learning rate. |Antonakopoulos et al.|(2020) proposed using
Follow the Regularized Leader with a strongly gsc-convex regularizer to achieve O(\/T) regret
when the loss satisfies Riemannian Lipschitzness. Wang et al.|(2021) introduced Riemannian OGD
(R-OGD) and showed regret guarantees in full information and bandit convex optimization settings.
Hu et al.|(2023) considered achieving optimistic and dynamic regret on Riemannian manifolds.

Projection-free Optimization on Manifolds. |[Rusciano| (2018) provided a non-constructive cutting
hyperplane method on Hadamard manifolds. By comparison, our algorithms are constructive and
deterministic. [Weber & Sral (2022b)) proposed Riemannian Frank-Wolfe (RFW) for gsc-convex opti-
mization and showed some practical applications on the manifold of SPD matrices. In a subsequent
work, [Weber & Sral (2022a) generalized RFW to the stochastic and non-convex setting. We use RFW
as a subroutine to invoke the linear optimization oracle and establish sub-linear regret guarantees.
Hirai et al.| (2023) implemented the interior point method on Riemannian manifolds and used a
self-concordant barrier to enforce the constraint.

3 Preliminaries and Assumptions

In this section, we lay the groundwork for our study by presenting an overview of Riemannian
manifolds, the separation oracle and the linear optimization oracle within these spaces. Additionally,
we establish key definitions and assumptions that will be integral to the following sections.

Riemannian Manifolds. We provide key notations in Riemannian geometry that will be employed
throughout this paper. Readers looking for a more comprehensive treatment are encouraged to consult
Petersen| (2000); [Lee| (2018). Our proof also relies on the concept of the Jacobi field, and we provide
some backgrounds in Appendix [E.I] We consider an n-dimensional smooth manifold M equipped
with a Riemannian metric g. This metric confers a point-wise inner product (u, v), at every point
x € M, where u, v are vectors in the tangent space T M at x. This tangent space, a vector space of
dimension n, encompasses all vectors tangent to x. The Riemannian metric also determines the norm
of a tangent vector u as: ||u| := /(u, u). A geodesic y(t) : [0, c] = M is a piecewise smooth curve
with a constant velocity that locally minimizes the distance between 1ts endpomts say, x and y. The
Riemannian distance between these two points is given by d(x,y) =[5 I3 @)t = [ 117(0)]|dz.
It’s important to note that the Riemannian distance remains invariant under reparameterlzatlons
of v(t). Consider a geodesic y(¢) : [0,1] — M with v(0) = x, v(1) = y and 4(0) = v. The
exponential map Exp, (v) transforms v € Tx M toy € M, and the inverse exponential map Exp,. ly
performs the inverse operation, mapping y € M to v € Tx M. The inverse exponential map also
offers a handy way to express the Riemannian distance: d(x,y) = |[Expy 'y||.

The sectional curvature at a point x € M is contingent on two-dimensional subspaces of Tx.M, and
describes the curvature near x. Generally, geodesics diverge on manifolds with negative sectional
curvature, converge on manifolds with positive sectional curvature, and manifolds with zero sectional
curvature are locally isometric to Euclidean space. In line with Zhang & Sra| (2016); Wang et al.
(2021)), we primarily explore Hadamard manifolds, which are simply connected manifolds with
non-positive curvature that admit a unique global minimizing geodesic between any pair of points. A
set I C M is geodesically convex (gsc-convex) if it includes the geodesic connecting x and y for
any x,y € K. A p-strongly gsc-convex (or gsc-convex, when p = 0) function f : M — R fulfills

fy) = f(x) + (Vf(x),Expy'y) + 4d(x,y)?, 4))

for any x,y € M, where V f(x) € Ty M is the Riemannian gradient.

Optimization Oracles on Riemannian Manifolds. In this part, we introduce the concept of a
separation oracle and a linear optimization oracle on Riemannian manifolds.

A separation oracle, given a point y not in the gsc-convex set /C, returns a non-convex separating
hyperplane that satisfies the following condition:

(—Expy 'x,8) >0, VxeKk, )

a4
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where g € T, M. Even with the non-convexity of the separating hyperplane, for certain gsc-convex
sets like I = {x| maxi<;<m h;(x) < 0} where each h;(x) is gsc-convex, a separation oracle can be

efficiently implemented by Lemma|18|and Remark

On the other hand, a linear optimization oracle is responsible for solving the following problem:
argmin <g, Exp;01x>
P

on a gsc-convex set K, where x¢ € K and g € T, M. Although this objective is not gsc-convex, it
can still be solved in closed form for certain problems. Examples include computing the geometric
mean and the Bures-Wasserstein barycenter on the manifold of SPD matrices (Weber & Sra, [2022b)).

In this paper, we rely on a series of definitions and assumptions, which we introduce here for clarity
and reference in subsequent sections.

Assumption 1. The manifold M is Hadamard with sectional curvature bounded below by k, so the
sectional curvature of M lies in the interval [k, 0].

Assumption 2. The manifold M is a homogeneous Hadamard manifold with sectional curvature
bounded below by k. For every t € [T, the inequality | fi(x)| < M holds. For the bandit setting
with two-point feedback, we additionally require M to be symmetric.

Assumption 3. The set K C M is a gsc-convex decision set and satisfies Bp(r) C K C By (R).
Here, By, (1) represents the geodesic ball centered at p € K with radius r.

Assumption 4. For every t € [T] and x € Bp(R), the function f,(x) is gsc-convex (or strongly
gsc-convex), and the norm of its gradient is bounded by G, i.e., ||V fi(x)]| < G.

Let us make two important comments. First, the homogeneity and the symmetry of M allows us to
employ the unbiased estimator presented inWang et al.| (2023)) for the bandit setting. It should be
noted that homogeneous and symmetric Hadamard manifolds include two of the most commonly
used ones: the hyperbolic space and the manifold of SPD matrices. Second, the projection onto

a geodesic ball, denoted as Il () (-), is considered projection-free as it can be computed to an e

precision using log(1/e) bisections

Definition 1. We define a geometric constant  as ¢ = 2R+/—k coth(2R/—k).
Definition 2. Fixing p € I, for any ¢ € (0, 00), we define cK = {Expp(cExp;1X)|x € K}

Definition 3. We call'y € M an infeasible projection of y € M onto a simply connected closed set
K C M iffor every point z € K, the inequality d(y,z) < d(y,z) holds. We define Orp(K,y) as an
infeasible oracle for KC which, given any 'y, returns an infeasible projection of y onto K.

We note that, in Euclidean space where the sectional curvature is zero everywhere, we have { =
lim,,_,o 2R+/—k coth(2R+/—k) = 1. We also observe that the definition of the infeasible projection

in|Garber & Kretzu (2022) requires K to be convex, which is indeed unnecessary. This distinction
is essential because, in the case of the separation-oracle-based OCO, we construct an infeasible

projection oracle onto K = (1 — §)K, which may be non-convex (Theorem EI)

4 Warm-up: the High-level Idea

We briefly illustrate the overarching strategy of achieving regret guarantees. Our basic algorithm is
Algorithm which generates a sequence {y;}7_; by R-OGD that does not necessarily fall within
the feasible set. A key insight is that we can build an infeasible projection oracle using either a
separation oracle or a linear optimization oracle, resulting in a sequence {y;}7_; that exhibits a
desirable regret guarantee (as shown in Lemma(I). The design of the infeasible projection oracle
rests on a straightforward fact: whenever y, deviates significantly from /C, we can call upon either
oracle to produce a descent direction and then apply Lemma[2]to gauge the progress. Additional error
terms, arising from the fact that y; may not necessarily lie in /C, can be quantified by leveraging the
boundedness of the gradient in Assumption [4]

2This fact is well-known in Euclidean space (Grétschel et all2012), but it appears we are the first to observe
its counterpart on manifolds.
3A comprehensive explanation of this observation can be found in Remark

q
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Algorithm 1: Infeasible Riemannian OGD
Data: horizon T, feasible set K, step-sizes {n:}L_,, infeasible projection oracle Oy p(l@, ).
fort=1,...,Tdo
Play y;, and observe f;(¥:)
Update y¢+1 = Expy, (—m:V f¢(¥+)), and set yey1 = Orp (K, yii1)
end

We have the following guarantee for Algorithm I
Lemma 1. (Proof in Appendix[A.1) Assume y, € Bp(R) and let Vy = V f,(y¢) and K C By (R) be

a gsc-convex subset of M. Consider K C K as a simply connected and compact set, and Orp(K,-)
be an infeasible projection oracle as in Definition[3}

1) Suppose all losses are gsc-convex on By (R). Fix some n > 0 and let n, = n for all t > 1.
Algorithm[l| guarantees that the adaptive regret is upper-bounded by:

d(ys,x1)? | ¢, IVell?
VI=/]s,e] C[T th yi _glgzlczft Xr) 20 + 9 .

2) Suppose all losses are o-strongly gsc-convex on By (R) for some o > 0. Let 1y = éfor allt > 1.
Algorithm[l| guarantees that the static regret is upper bounded by:

- - CIVe?
- . t
— min .

;ft()’t) xeﬁ;ft Z 2t
Remark 1. 7o apply Lemma we need to ensure that y; € IBP( ) for any t € [T). In the case of a
separation oracle, we have K = (1 — 6)K for some § € (0,1), and 'y, € K C By (R) by Lemma
With a linear optimization oracle, we have K = K, and §, € By (R) is guaranteed by Lemma
Lemma 2. (Proofin Appendix Consider K C K C By (R) as a simply connected and compact
subset of M. If y ¢ K and g € Ty M satisfies — <Exp;12, g> > Q, where (Q > 0, then consider
y = Expy(f’yg). For~ = % and ||g|| < C, assume d(y,z) < 2R, then we have

5 2
d(y7Z)2 < d(Ya Z)2 - %

Unlike |Garber & Kretzu| (2022), in Lemma we also do not require K to be gsC-convex.

5 Riemannian OCO with a Separation Oracle

In this section, we show how to use a separation oracle to construct an infeasible projection or-
acle and achieve sublinear regret guarantees. We note that we rely on an infeasible projection
oracle onto (1 — )/ rather than directly onto K. While we have a separation oracle that re-
sults in (—Exp,'x,g) > 0, using Lemmag on this separating hyperplane may lead to minus-
cule progress, given that () can be arbitrarily small. Consequently, achieving sublinear regret
with only O(T') oracle calls becomes unfeasible. In contrast, constructing an infeasible pro-
jection onto (1 — §)K always ensures meaningful progress, as quantified by Lemmas (3| and

Algorithm 2: Infeasible Projection onto (1 — ¢)K with a Riemannian Separation Oracle

Data: feasible gsc-convex set /C, radius r, squeeze parameter 6, initial point y.
y1 =g, (r)Yo
fori=1,... do
ify; ¢ K then
SOk returns g; satisfying (—Exp;'x,g;) > 0
yi+1 = Expy, (—7ig:) where v; = H%H and 7 is defined in Equation (3))
else
| returny =y;
end
end

A
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Lemma 3. (Proof in Appendix Lety € By(R) \ K and let g € Ty M be the output of the

separation oracle for'y. Then, under Assumptionsand we have that <—Exp; 'z,g) > o7|g|| for
any z € (1 — 6)K, where

. V=R@2R+r)  V=r(R+7) .

" sinh(v/=k(2R+ 7)) sinh(v/—k(R+71))

In Euclidean space, we can establish that (y — z, g) > dr||g||(Garber & Kretzul 2022, Lemma 11).
However, as indicated in Lemma [3] the result on manifolds is significantly worse with respect to
R, given the exponential nature of sinh. It is an interesting line of inquiry to explore whether this
dependence is unavoidableE]

3

Based on Lemma to implement an infeasible projection oracle onto (1 — )/, the number of calls
to the separation oracle is bounded in Lemma4]

. . B, s . = £
Lemma 4. (Proofin Appendix Under 2Assumptions and Let 0 < § < 1 and setv; = el
Algorithm|2|executes at most C(d(y“’(1_6)K§2;d(y’(1_6)l® ) + 1 iterations and returns y € K such
that d(y,z)? < d(yo,z)? holds for any z € (1 — §)K.

In the full information setting, with a separation oracle, infeasible R-OGD is shown in Algorithm 3]

Algorithm 3: Infeasible R-OGD with a separation oracle

Data: feasible gsc-convex set /C, radius r, step-size 1 and squeeze parameter 9.
Y1 =PE€ (1 - 5)/C
fort=1,...,Tdo
Play y; and receive fi(y;)
yi+1 = Expg, (=nV fe(¥1))
Update y,41 as the output of Algorithm 2] with set /C, radius r, squeeze parameter ¢ and
initial point y;1.
end

We can show the following regret guarantee for Algorithm 3]
Theorem 1. (Proofin Appendix Under Assumptions and Setn =
then the regret of Algorithm3]is upper bounded by

SUP(s ojc ) {2 tms 1 (Fe) — ming exc Yo, fe(x1)} < 3GRVCT,

and the number of calls to the separation oracle is O(T).

_ 1
and5—2ﬁ,

2R
GVCT

Moving on, we demonstrate how to achieve a sublinear regret guarantee in the bandit convex
optimization setting. A major challenge is that, while in Euclidean space, we can construct a
separation oracle on (1 — ¢)X using the separation oracle on K (Garber & Kretzul 2022, Lemma 11.).
On Hadamard manifolds, (1 — §)K can even be non-convex (Theorem @), thus a separation oracle for
(1 — §)K may not exist. For Riemannian BCO with one-point feedback, in AlgorithmE], we address
this by resorting to a non-standard setting: we play z; € K but we receive feedback at z, where z,,
7, are nearby points. We present the algorithm and the corresponding regret guarantee in Algorithm
Ml and Theorem

Algorithm 4: One-point bandit convex optimization on manifolds with a separation oracle

Data: feasible gsc-convex set I, radii (R, ), step-size 7, squeeze parameters (4, ’, 7), ¥1 = p.
fort=1,...,T do

Sample z; ~ Sy, (0'); play z; == Exp,, (

Expl;lzt) /] § = V—r(R+7)

1+7 ) ™

sinh(\/ —k(R+r)
Expflzt

Observe fy(z); & = fu(ze) - g 23 Ve = Expg, (—ng)
Yt

V41 < Output of Algorithm 2] with /C, radius r, squeeze parameter ¢ and initial point y;4 .
end

*An exponential dependence on the diameter is common on manifolds with strictly negative curvature. For
instance, the volume of a geodesic ball grows exponentially with its radius in hyperbolic space, whereas this
dependence is only polynomial in Euclidean space. This property has been leveraged to construct lower bounds
for convex optimization on manifolds (Criscitiello & Boumall |2022).
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ISE

Theorem 2. (Proof in Appendix m Under Assumptions and Setn = T-2,8 =T 1,
r=T"%. Then regret of Algorithm ﬂ is upper bounded by

SUP(y e ) {2t fo(Ze) — miny ex Yop_, fr(x1)} = O (T%) :

and the number of calls to the separation oracle is O(T).
Remark 2. An acute reader may notice a discrepancy between the step-size n = O (T_%) in our

work and the step-size n = O (T_%) in|Garber & Kretzu| (2022, Theorem 15). It is important to

highlight that our 1) is equivalent to %! as per \Garber & Kretzu (2022)), ensuring that the parameters
are in fact consistent. This reasoning is also applicable to Theorem 3]

Interestingly, in the context of the two-point feedback setting, we can get rid of the non-standard
setting by adapting the algorithm. In Algorithm [5] we adhere to the loop invariants: x; € S and
v+ € K. Each round involves constructing an unbiased gradient estimator g; at x; using the two-point
feedback. Subsequently, we map g; to the tangent space of y; and execute online gradient descent in
that space. A key advantage of this parallel transport is the ability to employ the separation oracle on
KC to construct an infeasible projection onto (1 — §)K. Upon a meticulous analysis, we observe that,
at each round, an additional distortion arises from this parallel transport:

Ss
Vs

X - — S !
E[(g:, Ty Expy,'x — Expy'x)] < ijlamgtm -0(8") = 0(8"),

This distortion accumulates to O(y/T') when choosing &' = O (%) , ensuring the regret bound
remains unaffected. The regret assurance of Algorithm[5]is detailed in Theorem 3]

Algorithm 5: Two-point bandit convex optimization on manifolds with a separation oracle

Data: feasible gsc-convex set K, radii (R, ), step-size ), parameters (9, ¢’, 5):

§E0.1.0€0,1),8 = (1- Bl

—1
Initialize x; € BK, y1 = Exp,, (EXP‘/} xl) // y1€K

fort=1,...,Tdo

Sample z; ~ Sy, (6")

Play z; and its antipodal point z,
Observe f; at z; and z;

Construct g; by g = 3 (fi(z:) — fi(24))

Vi1 = BExpy, (—nT'% ;)
Y¢+1 < Output of Algorithm with /C, radius r, squeeze parameter ¢ and initial point y;_ |
X¢41 = Expy, (BExpy 'yit1) // xe41 € K

-1
EXth Zt

-1
IExpsc, 2 |

end

Theorem 3. (Proofin Appendix@ Under Assumptions and Setn=1,6=1—-="T"32,
then the regret of Algorithm[3]is upper bounded by

sup {E lze: fi(ze) — ){ng}cift()(*)] } =0 (ﬁ)

[s,e]<[T]

and the number of calls to the separation oracle is O(T).

6 Riemannian OCO with a Linear Optimization Oracle

In this section, we focus on performing projection-free OCO on Riemannian manifolds utilizing a
linear oracle. The linear oracle is invoked inside the Riemannian Frank-Wolfe (RFW) algorithm
(Weber & Sral |2022b). We outline how to obtain a separating hyperplane by RFW, as detailed in
Algorithm|6[and Lemma 5]

R
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Algorithm 6: Separating Hyperplane via RFW

Data: feasible gsc-convex set /C, error tolerance e, initial point x; € K, target vector y.
fori=1,... do
v, = argminxe,c{<—Exp;i1y, Exp;i1x>}
if {(Expy'y, Expy'vi)} < €ord(x;,y)? < 3c then
| return X <+ x;
end
o = argmin, g g {d(y, Exp,, (JExp;ilvi))z}
Xiy1 = Exp,, (0:Expy ' vy)
end

Lemma 5. (Proofin Appendix Under Assumptions|l|and|3} For anyy € By (R), Algorithm @
terminates after at most ([(27TR* /e) — 2] iterations and returns X € K satisfies:

1) d(x,y)* < d(x1,y)*

2) At least one of the following holds: d(x,y)? < 3eorVz € K : <Exp;1z, Exp;lfc> > 2e.

3) Ifd(y,K) < ethen d(X,y)? < 3e.

Remark 3. Note that the second item of Lemma 5| provides a separating hyperplane between y and
K. One of the challenges in its proof is to find an analog of the Euclidean identity (z —y, X —y) =

X — yll3 — (z — X,y — X) on manifolds, which initially appears to be a daunting task. However, a
clever application of Lemma 30| (Appendix[E) provides a solution.

Algorithm 7: Closer Infeasible Projection via LOO

Data: feasible gsc-convex set IC, xg € K, initial point y, error tolerance e, step size +.
y1 =g, (r)Yo
if d(Xo, YO)2 < 3¢ then
| return x < X,y < yi.
end
fort=1,...,T do
x; < Output of Algorithm[6] with set I, feasible point x;_, initial point y; and tolerance e.
if d(x;,yi)? > 3¢ then
| yir1 = Expy, (1 — 7)Expy'yi)
else
| returnx < X;,y < y;.
end
end

Algorithm [7]demonstrates how to "pull" an initial point y, towards K using RFW, while Lemma [6]
verifies that the output of Algorithm[7]is indeed an infeasible projection onto K.

Lemma 6. (Proofin Appendix Under Assumptionsand Fix e > 0. Setting v = d(xfﬁ,
Algorithm|7|stops after at most max { Cd(xo’yo)zi‘igxo’yoﬁ_e) +1, 1} iterations, and returns (x,y) €
K x Bp(R) such that

Vz € K: d(y,z)? <d(yo,z)? and d(x,y)? < 3e.

Given that Lemma 6] provides an infeasible projection oracle, we can combine Algorithms|[T]and [7]to
achieve sublinear regret by setting the error tolerance as e = o(1). However, RFW requires O (1/e) =
w(1) iterations in the worst-case scenario (Lemma , and the resulting algorithm necessitates w(7")
calls to the linear optimization oracle. |Garber & Kretzu| (2022) utilize a block trick to address this
challenge: the time horizon 7T is broken into B blocks, and the infeasible projection is computed
once in each block. We demonstrate that this trick can be implemented on Riemannian manifolds
in Algorithm[8] We present the regret guarantees for gsc-convex and strongly gsc-convex losses in
Theorem 4] and Theorem [5] respectively.

Theorem 4. (Proofin Appendix Under Assumptions and Fixing n; and €; asn = %ng
and € = 60R2C2T7%, respectively, for any i € {1, ceey %} Setting B = 51"/>. Then the regret of

Q
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Algorithm 8: Block OGD on manifolds with a linear optimization oracle

Data: horizon T, fea51ble gsc-convex set C, number of blocks B, step-sizes {m 2, error

tolerances {62}1:1
Choose xg,x1 € K
Yo =X0,y1 = X0,y1 = X1,V =0 € T3 M
fort=1,...,Bdo
Play xg; observe f:(xg)
Vi =V1+Vfi(Jo)

end
yB+1 = Expg (=mV1).
fori=2,...,Z do

(xi, yl) € xB p(R) «output of Algorithm [7] with input K, x; 2, y(i—1)p+1 and €;.
Y(i—l)B+1 Vi 17V =0eTy,_, M.
fors=1,...,Bdo
Play x;_1 and observe fi(x;-1)
Vi=Vi+Vfi-1p+s(¥i-1)
end
yip+1 = Expy,  (=n:V3).
end

Algorithm 8| for gsc-convex losses is bounded by
sup Z fe(xe) — min Z fi(x1) y < GR (5T3/4<2 + ¢80T/ + 4T/ /¢ + 20T1/2) ,
I=[s,e]C[T] 2

and the number of calls to the llnear optimization oracle is bounded by T.
Theorem 5. (Proof in Appendix Under Assumptions and Suppose all losses { ol

are a-strongly gsc-convex for some known o > 0 and T' > 3B. Choosing €; = (aszg)) ¢ and

N = mB foranyi=1,... T . With B = ( ) T°/% and assume T > 3B, the regret guarantee
of Algorlthm@ is bounded by

tzzlft(xt mmet 20\[(+1)(G4R2/a)3T2/3 <1+1 (\{)if))

And the number of total calls to the linear optimization oracle is bounded by (T.

7 Conclusion and Perspective

This paper pioneers the exploration of projection-free online optimization on Riemannian manifolds.
The primary technical challenges originate from the non-convex nature of the Riemannian hyperplane
and the variable metric. These challenges are tackled effectively with the aid of the Jacobi field
comparison, enabling us to establish a spectrum of sub-linear regret guarantees. Interested readers
may question the difficulty of generalizing these techniques from Hadamard manifolds to CAT (k)
manifolds. Some hints toward this generalization are provided in Appendix [E.3]

There are several promising directions for future research. First, there exists the potential to refine
the regret bounds, particularly for strongly gsc-convex losses via a separation oracle. In the context
of the separation oracle, reducing the dependence on the number of calls about the diameter of the
decision set would be an intriguing objective. Moreover, devising an efficient method to optimize the
linear optimization oracle objective, argmin, < g, Exp;01x>, remains a notable open problem. This
paper does not discuss the membership oracle, primarily because related work (Mhammedi, [2022a;
Lu et al., [2023)) heavily relies on the convexity of the Minkowski functional in Euclidean space, a
property not guaranteed to hold on Hadamard manifolds (Theorem[7). However, this does not rule
out the potential for executing OCO or convex optimization on manifolds using a membership oracle.
Thus, uncovering alternative strategies to tackle this issue remains a compelling research question.
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A Omitted Proofs in Section 4]

A.1 Proof of Lemmal[ll

Proof. Fix t, since y;; is an infeasible projection of y;4; onto K, and ye+1 = Expg, (—m:Vy), by
Lemrna we have for any x € K,

A(Fr41,%)? < d(yie1,%)? <Cd(Yi41,50)° + d(Fe, %)% =2 <EXP§t1Yt+1,EXP§3X>

“
<Vl + d(§1, %) + 201 (1, Expg )
To verify that ¢ represents the correct geometric distortion, we need to show d(y:,x) < 2R holds
for any y; € Bp(R) and x € K. Since £ C K C B, (R), we can demonstrate this by the triangle
inequality:
d(ytax) S d(S’tvP) + d(p7X> S 2R

Rearranging Equation (@), we have

- d(ye,x)?  d(yis1,x)? (]| Vel)?
. - 1 < 9 _ +1> )
<Vt, Expg, x> S 7o 51 + 5

®

Fix 1 < s < e < T and sum over [s, €], we have

€

S (g ) < B S (L e 3 O
t=s

t=s Ns i \20e 2

Using gsc-convexity of f;(-) and set n; = 7, we have

d(ys,x)? | nC3 i IVl
+ .
2n 2

th(f’t) — fi(x) <

In case all losses are a-strongly gsc-convex, using fi(y) — f:(x) < (V fi(y), —Exp, 'x) —
and set (s,e) = (1,T), we have

2 Ak 1« d 1 1 a
S HF)-fix) <> 2*(2771 - 2) d(y1,%)*+Y ¢ ( - 2) d(31,%)*.
t=1 t=1 t=2

1
at’

Setting 1y = we get the guarantee for the strongly gsc-convex case. O

A.2  Proof of Lemmal[2]
Proof. By Lemma[29]
d(ya Z)2 SCd(Ya y)z + d(ya 2)2 -2 <EXP;15’7 EXP;IZ>
<(yC? +d(y,2)* — 2(—g, Expy, 'z)
<% +d(y,2)* — 29Q

2
_ 2 @
_d(y? Z) - @a
where the first inequality relies on Lemma and d(y, z) < 2R, the third inequality holds because
— (Expy 'z,g) > Q. and for the last line, we plug in y = ng. O
14
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B Omitted Proofs in Section [3

The technical difficulty lies in constructing an infeasible projection oracle using a separation oracle.
The following lemma is instrumental to the later results.

B.1 Proof of Lemma[3

Proof. Let x = Exp,, ((WH%H + Expy, 1z), if we can show x € KC, then by the definition of the
separation oracle, we have

(—Exp, 'x,g) = —67||g|| — (Exp; 'z,g) > 0,

which in turn implies (—Expj, 'z, g) > 67||g||. Note that when 7 = 0,x = z € (1 — )K C K,
V—k(R+7)
sinh(v/—k(R+T))
Lemma (19| we have B,(d7) C K. Thus we only need to ensure d(x,z) < 67 because this implies

x € B,(6r) C K. We define an admissible family of curves:

r:[0,1] x[0,1] - M (t,s) — Expy(t(Exp;lz + 867Vv))

thus there exists positive 7 such that x € K for any z € (1 — §)K. Let 7 = -r. By

where v = H%:H' ThenT'(1,0) = zand I'(1,1) = x. Let J,(t) := %, which is a variation field

of the variation T', and is thus a Jacobi field. We can compute J,(0) = % = 0 and by Lemma

14
Dth(t)|t=0 = 5’FV.

To apply Lemma we need to reparametrize I" to make it unit speed. Let I'(¢, s) = r (%, s)
where

R(s) =d(T'(1,s),I(0,s)) = ||Exp;1z + sorv|| < ||Exp;1z|| +0F <2R+6r < 2R+
Then we have J,(t) = J,(R(s)t) and D;J,(t) = R(s)D;Js(R(s)t). Now we can apply Lemma

(s
(R sinh (v=rR(s))[| DeJs (0)]]
1T = [[Js(R(s))]| < r
_sinh (V=rR(5))| D Js(0)|| _ sinh (V=rR(s))dr
V—rR(s) V—KR(s)

We would like to have d(x,z) < §7, and it suffices to choose 7 such that

h(v—k(2R + 1))
V—K(2R+T)

Q)

oF < o7

1 .
dixz) < [ ]ds < 2
0

We then find a valid 7 is
VoRQRRAT) o VERRR4T)  VeR(R4r)
sinh(v/—k(2R + 1)) sinh(v/—k(2R+r)) sinh(yv/—k(R+ 1))

r =

B.2 Proof of Lemmald|

Proof. We use k to denote the number of iterations in Algorithm [2| then for any ¢ < k, we have
yi ¢ K. By Lemma we have <7Exp;ilz,gi> > 67||g;|| for any z € (1 — §)KC. We then invoke
Lemma2|with C = [[g;||, @ = 07|g;| to get

6272

d(yit1,2)* < d(yi z)° — N @)

holds for any z € (1 — §)K. To ensure the geometric distortion ( is valid here, we need to prove
d(y;,z) < 2R holds for any i > 1 and z € (1 — §)K, which can be guaranteed by induction. The
case of ¢ = 1 is straightforward. Asy; € Bp(R),z € (1 —0)K C Bp(R), we have

d(Yla Z) S d(ylvp) + d(Z7p) S 2R.

15
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Now assume d(y;,z) < 2R holds for some i > 1 and any z € (1 — §)K, then by Lemma 29| and
Lemma[2]

d(}’i+1, Z)2 SC(/@ d(yi7 Z)) . d(Yi+17 yi)2 + d(}’i> Z)2 -2 <EXP;11}’2‘+1>EXP;1.1Z>
<((%,2R) - d(yit1,y:)* + d(yi,2)* — 2 (Expy'yiy1, Exp; ' z)
=Cd(yit1,yi)* + d(yi, z)* — 2 (Expy'yit1, Expy ' )

627:2

<d(y;,z)* - < (2R)%.

Thus, we know d(y;,z) < 2R holds forany i > 1and z € (1 — §)K.

By Equation (7), d(y,z)? < d(y1,z)? forall z € (1 — §)K. Since y is the projection of y, onto
By (R), we have d(y1,z)? < d(yo,2z)? holds for z € By(R). Thus, we indeed have d(y,z)? <
d(yo,z)? forany z € (1 — &)K.

It remains to bound the number of iterations in Algorithm[2] We must be careful because, on manifolds,
(1 — 9)K is not guaranteed to be gsc-convex (Theorem @ Note that argmin, e 1 _g)c d(yi, x)? is
consistently non-empty because (1 — §)K is a closed set. Let x} € argmin, ¢ (;_g)c d(ys,x)* and
invoke Equation , we have

d(yit1, (1 — 5)’C)2 = d(Yi-Q—l)X:-i-l)Q
(52f2 62,,:2
<d(yi1,x7)? < d(yi, x;)* — i d(yi, (1 —0)K)* — <

The first inequality is due to the definition of x}, ; and the second one follows from Equation (7). We
also need to show d(y1, (1 — 6)K) < d(yo, (1 — §)K) to finish the proof. We have

d(yhX’{) < d(YLXS) < d(meg)» (8)

where the first inequality is again due to the definition of x7, while the second one comes from y;
is the metric projection of y( onto B, (R) and x§ € (1 — §)K C Bp(R). Reminding y = yy, and
unrolling the recurrence, we have

dy, (1= 8)K)* < dlyo, (1 - §)K)* W

Thus, in the worst case, we need
¢ (d(yo, (1 =8)K)* —d(y, (1 - §)K)?)
5272

iterations to stop. ]

k= +1

B.3 Proof of Theorem ]

Proof. Combining Algorithm 3] with Lemmalfd] we know y; € K thus Algorithm 3]plays a feasible
point at each round. For a fixed interval I = [s,e] C [T, let x; = argmin,cx » ;_, fi(x) and
x1 = Exp,((1 - 5)Exp;1x1). Then

d(xr,x5) = d(Expp((l - 5)Exp;1x1),x1) = d(EprI (5Exp;11p),x1) =dd(p,xs) < OR.
By Lemmad] y; € K is an infeasible projection of y; over (1 — §)K. Then by Lemmal[l]

° r X 2 e ) ~t 2 9 9
S () — filE) < d(y;n 2 Wi IVAGII 2| T

t=s

On the other hand, by the gradient-Lipschitzness, we have
ft(i]) - ft(X]) S G- d(f(], X[) S GOR.

Combining the above two equations, we have

e 9 )
> (g~ i) < <GR5 i G;C) T4 %

1A
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Setting 7 = Gf/% and § = 2f < 1, then we have

e

() — filxh)) < GRVFT

t=s

where we use ¢ > 1. It remains to bound the number of calls to the separation oracle. Denote
x; € argminge gk d(X,¥¢). Due to yi 11 = Expy, (—nV fi(y1)),

d(yey1, (1 = 0)K) < d(x},ye1) < dxX[,¥e) +d(Fe,yir1) < d(Fe, (1= 0)K) +nl|Vfie(ye)lls

where the first inequality is because x; € (1 — §)/C, the second is due to the triangle inequality, while
the third one follows from the definition of x; and y;11 = Expg, (—=nV fi(¥+)). Squaring both sides,
we have

d(yes1, (1= )K) < d(Fe, (1 - K)* +2d(31, (1 — HK)G + G

9
< d(¥+, (1 = 6)K)? 4+ 20 RnG + n*G?, ©

where the second inequality is because
d(ye, (1 —0)K) < d(y+, Exp,((1 — 5)Exp;1§/t)) = d(yt,Expyt(éExpgtlp)) =dd(y+,p) < OR.

Combining Equation (O) with Lemma[] we can bound the number of separation oracle calls as:

Neanrs < Z ( (yir1, 1 = 6)K)? —d(Feq1, (1 = §)K)? N 1)

627:2

2 2092 _ 7% _ 2

SZ( (ye, 1 = 6)K)* + 2RinG ;r,;] G* —d(yi+1, (1 — §)K) +1>

P 0% (10)

QRGHT  G2°T
<¢ < a5t g | TT
SR? 16 R?
(e
T 72

where we use y1 = p € (1 — ¢)K and thus d(¥1, (1 — §)K) = 0 to derive the third inequality. [

B.4 Proof of Theorem 2|

We first prove Lemmal[7] which characterizes the relation between ¢ and 7.

Lemma 7. For a gsc-convex subset K C M where M is Hadamard, any point' y € K and
Bp(r) € K C Bp(R), we have

B V=k(R+T)
Y \ sinh (V=r(R+T))

) C(1+7)K.

Proof. The proof of this proposition takes inspiration from Lemma [I9](Wang et al., 2023)), but with
several significant adjustments. Notably, Lemma [19] hinges on the gsc-convexity of K to bound
the radius of the geodesic ball B, (7), where y € (1 — 7)K, which resides within K. However,
the gsc-convexity of (1 + 7)K is unknownE] Therefore, we must explore alternative strategies that
leverage the gsc-convexity of I to meet our objectives.

Let v € Ty M be a unit vector such that ||v|| = 1 and z = Expy(077v). The goal is to find

—1
the maximum 6 which ensures z € (1 + 7)K for any v. Let y’ = Exp, (Eﬁpi7y> and z/ =

Exp,, ( i ) It is immediate to see z’ € K iff z € (1 4+ 7)K. We denote &, (s) as the geodesic
satisfying £, (0) =y’ and &, (1) = 7.

>We conjecture that on Hadamard manifolds, (1 + 7)K is gsc-convex for any 7 > 0.

17
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We define an admissible family of curves:

1+7

I: [0, ] x [0,1] - M (t,s) — Expy(t(Exp;lff(s))).

We can verify that 1'(0,1) = y,I'(1, y . T (HT,0) = Exp,, (4T Exp_1 ') = p, and
I'(1,1) = z’. We also denote w := " ( ,1). The idea of the proof is to show d(p, w) < r by
Lemma. 15| which implies w € K since B, ( ) C K. Combining with the fact that y € K and z’ is

on the geodesic connecting y and w, we have 7z € K. Thusz € (1+ 7)K.

*H

We notice that v(t,s) = aré?t) is a Jacobi field since it is a variation field of ~4(¢) =

Expy(tExpylfr( s)). Let R(s) = d(I'(0,s),I'(1,s)). To apply Lemma , we need to normal-
ize the geodesic Y5(t) = s ( RES) ) Since M is Hadamard, by Lemma

[o(1, 5)[ = R(s)[[V5_v(0, ). (11)

Remind that ||v(1, s)|| = H%
d(y’,z'). We construct A(p,y,Z) in Euclidean space, a comparison triangle of A(p,y,z) with

comparison points y’ € [p, y] and Z' € [p,z]. We restrict d(p,y’) = de(p,¥’) and d(p,z’) =
dg(p,Z’), then by Lemma[20] we have

= ||&-(s)|| = d(y',2'). Now we use Lemma to bound

d(y',2') < d(y',2') (12)
On the other hand, it is immediate to verify A(p,y, z) is similar to A(p, ¥, z’) by considering
de(p,2") _d(p,2) 1 _dpy') _ de®.y’)
ds(p’.2')  d(p.z) 147  d(p.y) de(p.¥')
Thus we have
ba(y'7) = T da(y.7) = dly.a) = 1 (13)

where the first equation is due to the property of similar triangles, the second one follows from the
definition of the comparison triangle, and the last one is due to the definition of z.

Combining Equations (TT)), (T2) and (13), we have
[o(s)| _ e
R(s) — (1+71)R(s)

195 0(0,9)]| < (14)

We also need to apply Lemmal|l5[at t = HTT Since the sectional curvature of M is lower bounded

by x, we have
1 1
v( +7 )H nsmh (ﬁR(s) ( ‘:7')) Vs v(0, )] (15)
Putting Equations (T4) and (T5) together, we have

1+7 Slnh(\/jfiR ( = )) 147 Orr
(S RS -
_sinh (vV=KR(s) (7)) o
V=kR(s) (££7) '

Now we can bound 6. Note that

R(S) = d(F(O’ S)v F(lv S)) = d(Y7 57'(5))

T Orr T
<d(y,y') +d(y',7') < TRt T ST B

By Lemma 21| we have

sinh (\/jﬁ;R (%)) < sinh (\/7(R+r))

1R
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Thus we can take
B vV—k(R+T)
~ sinh (V=r(R+T1))

to ensure Hv ( ) H < r. The length of the curve v (HT ) can be bounded by

! 1
/ v( +T)Hds<r
0

This implies d(p, w) < r and thus w € K. Then we know z’ € K because z’ lies on the geodesic
connecting w and y, with both endpoints in K. This finally leads to the fact thatz € (1 + 7)K. O

Now we give the proof of Theorem [2]

Proof of Theorem 2] Algorithm[d]always plays feasible points because by
5 — vV—k(R+T) .
sinh (vV=r(R+7))

and Lemmal(7] we have z, € (1 + 7)K and z; € K.

By the first item of Lemma 23]

(g1, Bxeyx)| =B [(Ellsi] Bxey/x)] = % (Vi Bxes/x)] - a7)

where f,(x) is a smoothed version of f;(x). More specifically,

A 1
fix) = /B e

where w is the volume form.

Applying Lemma to Algorithm we know ¥, is an infeasible projection of y; over (1 — 0)K,
which means

A(Yir1,%)* < d(yir1,%)* < d(ye,%)* + Cn?llg® — 2n <gt, —EXP§t1X> (18)
holds for any x € (1 — 6)K, where the second inequality is due to Lemma
Equation (T8) is equivalent to

_ A(§+,%)? — d(Feq1,x%)?
(5. —Expy)x) < 20X 27’(“”*1 D g (19)

By the third item of Lemma[23] we have
F5) = F) < (VF(31), ~Expy, %) +20'G

S§’ —1

=7 E [<gt, —Expy, x>} + 20’ pG (20)
S&’ d(yh X)2 - d(yt+17 ) 77( 85 2 /

< . - —E 26" pG.

where p is a constant solely depends on K.
Combining Equations (T7), (19), and (20), we have

- P~ » 2R2 55/ T]CSg
E tz:;(ft(Yt)_ft(x)) < T.Vé/

ZE lge|?] + 20’ pGT @1

holds for any x € (1 — §)K, where we use the fact that d(ys7 X) < 2R. We also need to bound
E {ft('zvt) - ft(yt)} and E {ft(il) - ft(x[)}. For the former term,

E[fu(@) - fi(50)] =E /(@) — fu(z)] + Efi(ze) = fi(52)] + E [fu(32) = fo(50)]
<G -d(z,2;) + G + G < GrR +2G7,

(22)

10
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where we use Lemma[22]and the gradient Lipschitzness. Similarly, for the latter term,
E [ft(it) - ft(XI)] =E [ft(il) - ft(f([)} +E [ft(f(I) - ft(XI)}
SG(S/ + G- d(f(LX[) < G& + GOR.

By the second term of Lemma[23] we have

S 11 112
Tl < (5 +ninl) 4)

Combining Equations ZI), 22)), 23) and (24), summing from ¢ = s to e, we get

E lz (fe(2ze) — ft(XI))‘|

(23)

t=s

|3 (5@ - fi5)

t=s

+E +E

> (i) - ft<xl))1

t=s

Ze: (ft(yt) - ft(xl))

t=s

2R? Sy M? Sy
5+7IC s

<(GTR+2G&")T + < T+ 2p§/GT> + (G§' + GOR)T

N Ve 2 Vs
2R? M?
<(GTR+2G8) T + (f : (“ nlxl) + "42 (5, +n|f<;)T+2p5'GT> + (GO + GSR) T
(25)
After plugging in n = T-2,6 =T 4,7 =T"1and § = MT’@, we see

sinh (\/TH(R-&-T))
§' < T~%rand

Al

sinh (vV=r(R+1)) Ti
V—r(R+T) r

-0 (T%)

Denote x; € argmin,¢ 5 d(x,y+). We now bound the number of calls to the separation oracle.
Due to y;+1 = Expg, (—78¢).

dye1, (1= 0)K) < d(x{,yer1) < d(xg,¥1) + d(Ye, Yir1) < d(ye, (1= 6)K) +7lgell-
Squaring both sides, we have

A(¥ir1, (1 = 0)K)? < d(ye, (1 = 8)K)? + 2d(3+, (1 = §)K)nM + > M>
< d(ye, (1 = 6)K)* + 20RnM + > M?,
where the second inequality is because
d(y1, (1 = 9)K) < d(F2, Expy, (1 — 6)Exp, '§+)) = d(§+, Expy, (0Expg,'p)) = dd(¥+, p) < OR

and ||g:| = |f¢(z¢)| < M. Combining Equation (26) with Lemma[d] we can bound the number of
separation oracle calls as:

Neaus < Z < (Y41, (1= 0)K)? — d(Fr+41, (1 — )K)? N 1>

62772

<
;<

Then
Z fe(ze) = fi(x1))

as claimed.

(26)

< Z < yt, 5)IC)2 + 2R§’I]M + 7]2M2 — d(yt+17 (1 — 5)’6)2 4 1>

0272
_ 2RM§77T LT @7
B ) 7202
2RMCT n  M*CT o’
= z RN o
2 st gt
2RM M?
_py MG g ,2<-T%
72 T
where the last inequality follows from y; = p € (1 — §)K and thus d(¥1, (1 — §)K) = 0. O
20
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B.5 Proof of Theorem[3|

Proof. We maintain the loop invariant x; € SK. So by Lemma B(x¢,d’) C K, which means z;
and z; are feasible points.

For the two-point feedback setting, by Lemma[23]

fi(xe) — fe(x) < <Vft(xt), —Exp;ﬁ1x> + 28 pG
J— S(sl
-7
_ 55/
=7

E [(g1, —Expy,'x)] + 200G (28)

B (s, ~T0ENDy, %) + (s T3 EADg x — Bxp )] + 2006

By Lemma 17 of [Wang et al.[(2023)),

S
TE (gl < nG(1 + []5).
6/
Thus,
&E [<gt I3 Expy,'x — EXP_1X>] < &]E [llgell] - Cd(xe, ye)
‘/5, 'Yt Y Xt — V:S/ )
<nG(1+|]6%) - ¢(1 = B)d(y:, p) < nGRC(1 — B)(1 + |k[6™) (29)
sinh(v—k(R+71)) ¢

—nGRC - (1+ [|s]6”) = O(&"),

V—r((R+7) T
where we use the (-smoothness of $d(x, y)? and the definition of §.
Since y; 41 is an infeasible projection of y;  ; onto (1 — 0)K,
d(yi1,%)% < d(y£+1,x)2 < d(y:,x)*+ Cd(yt,yéﬂ)z -2 <EXp;}y£+1,Exp;fX>
=d(y:, %)% + (n?llge]|® — 2 (—nlY g, Expy,'x)
=d(ys,%x)* + (n°|lgel|* - 2n (g, —Ty:Expy,'x)
holds for any x € (1 — §)K, which means
[

d(ytax)2 - d(Yt+1,X)2 4 UCHgt

Xt —1
<gt7 7FytEXpyt X> S 277 9 (30)
Taking expectation and using f/j: < § + n|k|, we have
S -1 S 2 2 n¢Ss 2
E —T'*E < d —d E
Vs [(gt, yi EXPy,, x)] < 2V (d(ye,x) (Yi1,%)?) + Wy [llgtll?] an
L /n 2 2 n n|x| 2 2
§% (g + n|f<a|> (d(yt,x) —d(yt41,%) ) + (25, + N ne - 6"2G2.

Combining Equations (28), (29), (30) and (1), and summing from ¢ = s to e, we have

e

> (fulxe) = fix))

t=s

1
E =0 <+6’T+776’T)
no’

holds for any x € (1 — §)K.

Following Equations (22)) and (23), and taking x = Exp,, (1- 5)Exp;1x*), we have
E[fu(z) - fulx)] = O(&")

and

E [ft(x) — ft(x*)} =05+ ).

21
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In sum,
S EUA(a) 060 =0+ 6+ )T+ ).

By choosing g =1, =1— 8 =T"2,thend = O (T_%> and we can get O(+/T) regret.

Denote x; € argmin,¢(;_g)x d(X, y+) and we again bound the number of calls to the separation
oracle. Due to y;,; = Expy, (—nT'¥!g:),
d(yi1, (1= 0)K) < d(x{,yi11) < dx7,ye) +dye, ¥ip)
<d(y, (1= 0)K) +nllgell < d(Fe, (1 - 0)K) +nd'G

where we use [|g¢|| = 3| fi(z:) — fi(2:)| < 5'G by Assumption Squaring both sides, we have

d(yy41, (1= 8)K)* < d(ye, (1 — 0)K)? + 2d(yy, (1 — 6)K)nd'G + n°6*G?

< d(ys, (1 = 0)K)? +26Rnd’'G + n*6"*G?,

where the second inequality is again due to y; € K and
d(yr, (1= 8)K) < d(y:, Exp,((1 — 0)Exp, 'y1)) = d(y+, Expy, (6Exp,,'p)) = dd(y:, p) < 6R.

Combining Equation (32) with Lemmaf] we can bound the number of separation oracle calls as:

Neans < Z ( (Yit1, (1= 6)K)? = d(yii1, (1 = 6)K)? . 1)

(32)

62f2

(yt, (1 —0)K)? + 2Rénd'G + 0?6 G? — d(ys41, (1 — 6)K)? (33)
<Z< 52772 +1

20'nRG n?6"?G?

=C- : T+T
¢ o2 +¢ 2z Tt

where the last inequality follows from 31 = p € (1 — §)K and thus d(y1, (1 — §)K) = 0. Since

n=1,8=1—3=T"2 and
&=O—m.”_MR+” pog VREEY
sinh (vV=r(R+71)) sinh (vV=r(R+7))
Plugging these parameters into Equation (33), we have

2rRGT r2G?T
Ncalls SC —o +C F2 +T:O(T)

7

C Omitted Proofs in Section

We have the following convergence guarantee for RFW.

C.1 Proof of Lemmal[3

Proof. Since Algorithm@is indeed RFW with line-search (Algorithm@) when f(x) = d(x,y)?/2,
which is ¢ gsc-smooth by Lemma[27|and V f(x) = —Exp; 'y, the upper bound on the number of
iterations follows from Lemma [26| with L = ¢ and D = 2R. Item 1 follows from the line-search
because f(x;) = d(x;,y)?/2 does not increase as i increases.

For item 2, Algorithm@stops when either d(%,y)? < 3eord(X,y)? > 3¢ and <Exp)§1y7 Exp;1x> <
€. For the first case, item 2 obviously holds. Now we consider the second case. We first show
(Expy, 'z, Expy 'X) + (Expg 'z, Exp; 'y) > d(X,y)? as follows. By Lemma 30| we have
_ 1 1 - -
<EXpy 1Za EXpy 1X> 2 §(d(Ya Z)2 + d(y7 X)2 - d(X, Z)2>

- - 1, -
(Bxpi 2, Bxpsy) 2 S (A&, ¥)* +d(%,2)° — d(y,2)°).

77
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Adding the above two inequalities we have (Exp, 'z, Expy,'%) + (Expy 'z, Expy 'y) > d(X,y)?.
Now item 2 follows from

<Exp;1z,Exp;15(> > d(x,y)% - <Exp;1z,Exp;1y> > 3e — <Expglvi,Exp;1y> > 2e.

For the third item, denote x* = argmin,x d(x,y)?, Suppose d(y,K)? = d(x*,y)? < € and
d(%,y)? > 3e. Denote f(x) = d(x,y)?/2 and V f(x) = —Expy 'y. For the last iteration,
Exp: 'v;, ExpZly) = Expsz'v, -V f(x)) <
(Bxpyvi, Exp ) = max (Bxpy v, ~V £(3) <«
which implies
d(%,y)? — d(y,K)* =2f(%) — 2f(x") < 2 (~Expz 'x", Vf(%))
< —Exp; ! %)) < 2e.
_2mea’%<< Exp; V,Vf(x)> < 2e¢
And thus
d(x,y)? < d(y,K)? +2¢ < 3¢
as claimed. O

C.2 Proof of Lemmal6

Before proving Lemma 6] we need the following lemma.

Lemma 8. Consider Algorithm E] and fix some € such that 0 < 3¢ < d(Xq,yo0)> Setting v =

d(xffyo)g, we have d(x;,y;) < d(Xo,Yo) for any i.

Proof. Forall i > 1, we define the sequence y; by the relation y; = Exp, ((1—v)Expy' yi-1),
and v € [0, 1). From this, we can deduce the following sequence of inequalities:

d(x;-1,y:) = |Expg il
=(1- 7)\\EXP;i1,1Yi—1||
<d(Xi-1,¥i-1)-
The inequality follows since v € (0, 1).

By the first item of Lemma for any i > 1, we have d(x;,y;) < d(x;_1,y;). Combining this with
the previous inequality, we get

d(xi,y:) < d(xXi—1,¥i-1)
(Xl,Y1)
(XOaY1)
(Xan()))

VAR VA VANRVANR AN
WS~ -~V

where the last inequality follows from the fact that xo € C and y; is the projection of y( onto B, (R),
while £ C B, (R). O

Proof of LemmalB] Given that y; is the projection of y, onto B, (R) and K C By (R), we have Vz €
K :d(y1,2)? < d(yo,z)?. The lemma trivially holds when d(xg,y0)? < 3¢ or d(x1,y1)? < 3e.

Without loss of generality, we assume that d(x1,y1) > 3e. Let k£ > 1 be the number of iterations in
Algorithm This means that d(xx, y)? < 3¢ and d(x;,y;)? > 3¢ for any i < k. According to the
second item of Lemma , we obtain (Exp;iylz7 Exp;ilx,) > 2eforalli < kandz € K. Lemma
also gives us d(x;,y;) < d(x0,yo) forall ¢ < k.

71
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Applying Lemmawith g = —Exp;ilxi, C = d(x0,Yy0), and @ = 2¢, we deduce that for every
1<i<k,

4¢? 4¢?
- <d(z,y)? .
Cd(xi,y:)? ( ) (d(x0,y0)?
Consequently, for any z € K, the returned point y satisfies d(y, )2 < d(y1,2)? < d(yo,2z)%

Because p € K, we have d(y, p) < d(y1,p) < R, which implies y € B, (R). Note that x € /C as it
is the output of Algorithm |6l Thus, we know Algorlthmlreturns (%, y) € K x Bp(R).

VzeK: d(z,yit1)” < d(z,y:)? 4

Now we bound the number of iterations in Algorlthml 7} Denote x; = argmin, d(x,y;)? for any
i < k. Using Equation (34),

A(yis1,K)? =d(x},1,¥i+1)% < d(x},yit1)?

4€2 4€2
<d(xyi)? - - —
<d(x;,yi) ¢d(x0,y0)? ¢d(x0,y0)?

By applying the inequality d(y1, K)? < d(yo, K)? and subsequently performing a telescoping sum,
we can demonstrate that

= d<yi7 ’C)2 -

4ie? 4ie? < d(yo,x )2 _ 4ie?
¢d(x0,y0)? (d(x0,¥0)* ~ Yo, %o Cd(x0,¥0)%
After at most k — 1 = (Cd(xq,y0)?(d(x0,y0)? — €))/4€? iterations, we have d(y, K)? < €. By the

third item of Lemma 5] the next iteration will be the last one, and the returned points x, y satisfy
d(x,y)? < 3¢, as claimed. O

d(yir1,K)% < d(y.,K)? - < d(yo,K)? -

C.3 Proof of Theorem ]

We first prove Lemma 9] which bounds the regret of the infeasible projection for gsc-convex losses.

Lemma 9. With some fixed block size B, n; = nand €; = € foranyi =1,. .., B Assume all losses
are gsc-convex. We use i(t) to denote the block index of round t. Then the regret of playing y;(1)—1
as defined in Algorithm|[8can be bounded by

BG?T 4R?
sup {th —mmet (xr) }<CT]2+4RKG+77

I=[s,e]C[T] xrek

Proof. For convenience, we assume B divides T'. Let 7; = {(i — 1)B + 1,...,iB} be the set of
rounds in the i-th block. By Lemmal6] ;1 is the infeasible projection of y; 5 onto K:

A(¥it1,%)* < d(yi41,%)?
holds for any x € K. By Algorithm|[8] we have

B
yig+1 = Expy, | <Tl Z Vii-1)B+s (5’@—1)) = Expy, , (77 Z vft(yi(t)—1)> -

s=1 teT;
Thus
d(Yit1,%)* < d(yips1,%)’

<d(Fi1,%)° + OPBGE =2 Y (VfiFio1), —Expy | x)
teT;

where the last inequality is due to Lemma[29|and ||V f,(x)|| < G. This is equivalent to

> Ad(¥i—1,%x)? —d(yir1,x)? | (nB2G?
+ .
2n 2

> <Vft(5'¢_1) —Exp; | (35)

teT;

24
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For a certain interval [s, €] C [T, let ¢ and 4, be the smallest and the largest block indices such that
Ti. and T;_ are fully contained in [s, ¢]. Then we have

e (i.—1)B
Itz_;<Vft(5’i(t)1) —Ex pylm ) >S tz:; <Vft(}~’is—2),—Exp;iizx>

e . (36)
+ Z <Vft<3~’i71>7 —Expgi{1x> + Z <Vft(5’ie)7 —Exp§i16> .

t=i.B+1

There are some undesirable terms in blocks i, — 1 and i, + 1, and we can bound them by noticing
<vft(5’i(t)—1)a —Exp;il(t>7lx> < VA(Fiy-0)Il - ||EXP§7i1(t),1XH <G-2R=2GR. (37)

Combining Equations (33), (36) and (37), we have

. S -1
S (G- = £09) < 3 (Vi) —Bxpg), %)
t=s t=s
e —d i B2 2
<z< Yi-1,X (Yit1,%)° +C77 G)+2GR~QB (38)
=1 ,'7 2
4R? BG*T
<M GBSy paR.
n 2
where the last inequality is due to the number of blocks in [s, €] is upper bounded by %. O

Now we give the proof of Theorem 4]

Proof of Theoremd] We still use i(t) to denote the block index of the ¢-th round. For an interval
[s, €] C [T], we can do the following decomposition

€

Z (ft(xi(t)q) - ft(X))

:Z (ft(xi(t)—l) - ft(yi(t)—l)) + Z (ft(S’z‘(t)—l) - ft(X)) (39)

t=s
€

< Z: <Vft(xi(t)—1), —Exp;il(t)_lf’i(t)_1> + Z (£ Firy-1) — f:(x))

t=s

Algorithm|[§]calls Algorithm [7]in each block to compute an infeasible projection. By Lemma 6| and
Algorithm[8] (x;,¥;) € K x Bp(R), which satisfies d(x;,y;)? < 3¢; = 3e. Thus

<vft(xi(t)—1)7 —EXp;l(t)_lf’i(t)—1> < Gd(Xi1)-1,Yi(r)) < V3eG. (40)
Combining Equations (39), @#0) and Lemma|[9} we have

2 2T
Z (fe(xigy—1) — fe(x)) < 4RGB + % + C"BQG + GTV3e

t=s
holds for any x € K. By plugging in 7, €, and B, we get the claimed regret bound.

We also need to bound the number of calls to the linear optimization oracle. Note that d(x1,¥1) = 0
due to the initialization, and for any ¢ > 2, we have d(x;, S’Z‘)Q < 3e due to Lemma@ By Algorithm
[8l we have

YiB+1 = E)(p}—,ii1 -n Z Vft(51¢,1) Vi = 1, ey
t=(i—1)B+1

S
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Therefore
d(xi—1,¥ip+1) < d(%i-1,¥i-1) + d(Fi-1,¥in+1) < V3e + nBG. (41)
Squaring on both sides, we have
2
A(Xi1,¥ips1)? < (@ + nBG) < 66 + 2B2Gp2, 42)
where (a + b)? < 2(a? + b?) is used.
By Lemmal[f] on the i-th block, Algorithm[7]stops after at most

d(xi—1,Yi 2 (d(xi-1,Yyi z—
maX{C R A 6)4—1,1}

4e2

iterations. According to Lemma 5] each iteration calls the linear optimization oracle for at most

¢ 21—1;2 — 2] times. Thus in the i-th block, the number of calls to the linear optimization oracle is
bounded by

d(x;—1,¥: 2 (d(xi-1,Yi 2 2 2
Noon, ::maX{C (Xi—1,¥iB+1)? (d(Xi—1,¥iB+1) €)+171}. TR

4e€2 €

There are % blocks in total, so the total number of calls to the linear optimization oracle is at most

T 1 11B2G2n2  B*G*nt 27CR?
Neas < = (14 2¢ 4 G BIGTTY ) 2
B 2 2¢ €2 €

Plugging in the values of B, n and €, we find N q;;s < T as claimed. O]

C.4 Proof of Theorem[3
Proof. Based on a similar argument as in Equation (33), we have

Z (fe(¥i-1) = fe(x))

1teT;

(Z <Vft Yi-1) EXP;LX> - O;Bd(yi—l,x)2>

teT; (43)

MmH WMWH i Mm\ﬂ

IN

5 2 (o 2 B2G? B
(d(YL 17X) 5 d(yl"l‘l?X) + Cn G — Ld(yZ 1, X )2>
1 ni ?

-
Il

(BG?
at

i

IN
'Mm\ﬂ

I
-

K2

where we apply the strong gsc-convexity on the i-th block under the help of Lemma [28} the last
inequality follows from the definition of 7;. If we consider the sum of regret over each block as in

Equation (3),

d BG? &
> (FiFiw-1) — filx sc Zf (44)
t=1

On the other hand, since f;(-) is G-Lipschitz, by Lemmal6]

T
Z (fe(xiry—1) = fi(Fiw-1))
. (45)

o~
oS

i
W~

< Z Z <Vft Xi(t)-1); *EXP;l(t),lyi(t)—1> <V3BG Vei-1,

€Ti 1=2
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where we use the fact that for the first block, i(t) =
combine Equations (@4)) and @3}, we have

3 )<fBGZW+§B

1 and thus X;(;—1 = ¥i(t)—1-

(Fi(xstey-1) — ¢

<.
Il MWH
o

t=

>~]>—I

By plugging in {¢;}7 ;, we get the stated regret guarantee.

Now as we

Now it remains to bound the number of calls to the linear optimization oracle. Note that for each

block i € [%} , by Lemma@ d(x;,¥:)? < 3¢;. In view of Algorithm we also have

(i+1)B

“nir1 Y, V(i

t=iB+1

Y(+1)k+1 = EXpg,

By the triangle inequality,

d(xi—1,¥i+1) < d(Xi—1,¥i-1) + d(¥i-1,¥iB+1) < \/3€i-1 + 1, BG.
Squaring both sides and making use of (a + b)? < 2(a? + b?), we have
d(xi-1,yiB+1)? < 661 + 2B*G?np7.

By Lemma|6] the number of iterations in Algorithm [7)for the 7 + 1-th block is at most
d(xi—1,¥ip+1)*(d(Xi-1,¥iB+1)” — €
max{( (%i—1,yiB4+1)*(d(Xi-1,¥iB+1) 6+1)+171}

4€z+1

22B2G*nle;—1 + ABYGy}
§max{§~ i1 it +1,1}
<max {(
62

461 11
1, 1}
i+1
16e;_ 2B4G*
<max{ o Lo+ n’C—i—ll}
€it1 €1
Thus, the number of calls to the linear optimization oracle is bounded by
T
2B4G477Z ct )

z+1

30¢2

4€?

16€2_,

(&
(

27TR%(

€

)

Ncalls :

¢+

!
¢

Ra
20G

16(i + 3)*
(t+1)4

2(i + 3)*
4002 (i — 1)4¢2

)2(i+3)2C

where the last line follows from ¢ > 1,
we have

| /\

Combining Equations @9), (530) and plugging in B = (%) 3
(T.

D Some Basic Facts about Convex Sets on Hadamard Manifolds

(46)

(47)

(48)

(49)

(50)

T°/3, we get the claimed N,q; <

O

In this section, we highlight two significant characteristics of convex sets in Euclidean space which do
not apply to Hadamard manifolds, emphasizing the fundamental differences between these two spaces.
Our counterexamples are constructed within the Poincaré half-plane, H?. Therefore, understanding
some basic properties of this unique manifold will prove beneficial.

27
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Lemma 10. (Udriste| 2013 \Wang et al.| 2016} |Kristdly et all|2016) The Poincaré half plane H? can
be described by

M = {(tl,tg) € R2|t2 > 0}
with metric

Oii . )
gij(uav):ﬁ 12172 ]:172

We have the following conclusions about geodesics and the distance on the Poincaré half-plane.
1) For the geodesic connecting x = (t1,t2) and y = (s1, s2), let

824+ 83 —12 —12

Ty — — by 2 27
2(31 _tl) T'zy (81 y) + 55

byy =
then the geodesic vy = (71,,72,) connecting x and y is,
L t1, ift1 =51
Yoy (5) 1= byy — ryy tanh ((1 — §) - artanh bey=h | ¢ artanh l”;’i_gv ,  ift1 # s1
Try Ty
(51)

ray j 52)
ift S1. (
cosh((l s)-artanh luyitl+€ artanh M) ' it 75 !

Ty

, B e(l—s)~lnt2+s~ln 32 lftl =3
Yoy (5)

Indeed, we have (7, (5) — bay)? + (v2,(5))? = r2, for any s € [0,1] when t, # 5.
2) The distance between two points (uy,v1) and (ug, ve) can be calculated by

(Ug — U1)2 + (UQ - ’U1)2
2’1)1@2 '

du((u1,v1), (ug, v2)) = arcosh (1 +

D.1 Shrinking Gsc-convex Sets on Hadamard Manifolds Does Not Preserve Convexity

In the context of projection-free online learning on manifolds, the set ¢ = Exp, (cExp,, x)x €K
takes on a pivotal role, particularly when ¢ < 1. Consider a convex set K in Euclidean space, then
the convexity of ¢k is guaranteed for any positive c. Nonetheless, this property does not necessarily
hold on Hadamard manifolds. We can construct a counterexample within the Poincaré half-plane H?.
To achieve this, we rely on the following lemma.

Lemma 11. On the Poincaré half-plane H?, the mid-point of the geodesic v, which connects

x=(=Ap)andy = (\ p) is (0, /A2 + pu2).

Proof. By symmetry we know fy;y(%) = 0. To compute *yﬁy(%), note that b, = 0 and 75, =

/A2 + 12, then by Lemma

1 VA2 + p?
Yoy (2) = VA2,
cosh ( arctanh \/m +3 L arctanh )
where we use the fact that arctanh(-) is an odd function and cosh(0) = 1. O

Now we prove the following theorem.

Theorem 6. There exists a counter-example on the Poincaré half plane H? such that the radially
contracted set (1 — a)KC where a € (0, 1) is non-convex.

Proof. Let p = (0,1), u = (—=1,v2), v = (1,v2), w = (0,1/3). Observe that 7,, is an arc
satisfying {(\, )|\ + % = 3} and, by Lemma|l 1} w is its midpoint. Following this, we calculate
Ypu> Vpw- and Yy, and shrink these three geodesics by a factor of (1 — «). Let’s denote the resulting
geodesics as Ypu/» Ypuw'» and vy, Ultimately, we demonstrate that for some «, w’ is positioned
beneath ~,,,, implying that the radial contraction of X' does not encompass a geodesic, hence proving

7R
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its non-convexity. We first compute 7,,, and ,, to facilitate this. Note that by, = —1 and r,, = /2,
by Lemma [0} we can write down

Ypu(8) = —1 — V2 tanh ((1 — s) arctanh (-%))

and

V2
cosh ((1 — s) arctanh (—%)) .

7))

cosh ((1 — s) arctanh (7%)) .

We can also compute Yy, (s) = (O, esln \/5) . Now we have

u = PYpU(]- - a) = <_1 - \/itanh (04 arctanh (_%)) ’ cosh((xardﬁh(-l))>

V2

v = ’va(l - Oé) = (1 + \/ﬁtanh (a arctanh <_%)) ’ cosh(aarcﬁh(fi)>
V2

Tpu(8) =
By symmetry, we have

Yoo(s) =1+ V2 tanh ((1 — s)arctanh

/N

and

Vo (s) =

and w’ = (O, el=a)ln ﬁ) We just need to demonstrate that for some « € (0,1), w’ is positioned

below v,/ (%), where

YVurv! (;) = (0, \/3 + 22 tanh (a arctanh <_\}§>>> .

by Lemma Specifically, we need to show Ja € (0, 1),

1
e(1-a) Inv3 < 4/34+ 2\/§tanh (a arctanh (—))
V2

We set a« = .1, then

1
\/3 + 2v/2 tanh (a arctanh <—\/§>> — 1= V3 _ g g36... > (.

Therefore, the set (1 — a)K fails to contain the geodesic 7,7, (s) and is thus non-convex.

D.2 Non-convexity of the Minkowski Functional on Hadamard Manifolds

In this part, we show the Minkowski functional (Gauge function), which is defined as

) Exp_'z
Yk (x) = inf ¢ A > 0 : Exp,, )\p exk (53)

can be non-convex on Hadamard manifolds, where /C is a gsc-convex set of a Hadamard manifold M
and p is an interior point in .

Theorem 7. The Minkowski functional defined in Equation (33) can be non-convex on Hadamard
manifolds.

70
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Proof. We again construct a counterexample on the Poincaré plane H?:
M = {(t1,t2) € R?|ty > 0}.
To verify the geodesic convexity, we can verify an equivalent statement: a function f is gsc-convex

iff f is convex when restricted to any geodesic. Thatis f(y(¢)) < (1 —¢)f(7(0)) + ¢f(7(1)) holds
for any geodesic (¢) : [0, 1] — M. The counterexample is as follows.

Assume K is the gsc-convex set consists of all points (u1,uz) such that u? + u3 < 3 and up > 0.
= (-1,v3),y = (-2,2) and p = (0, 1). We show that v (z) is non-convex on the geodesic 7y,

We first compute b,,, = —2 and r,,, = 2. By Lemma|I0] we have

1 2
Vay () = (—2 — 2tanh ((1 — s)arctanh (—2)), cosh (1 — s) arctanh (_;))) (54)
=(—2 — 2cos6(s),2sinb(s)),

where we let 6(s) = tanh ((1 — s) arctanh (—3)) to ease the elaboration. We denote z :=
Yoy(s) = (—2 — 2cos6(s),2sin6d(s)). Then we compute the geodesic -y,, connecting z and
p = (0,1), and we have

(24 2cos6(s))? + (2sin6(s))? — 1 7+ 8cosb(s)

bp=(s) = 2(—2 — 2cosf(s)) B A4(1+ cos 0(s))

and rp,(s) = 1/bp.(s)? + 1. Now we can compute the intersection of -y, (s) with K as the solution
(1, g2) of the following system of equations

{ (g1 — bp=(8)) 4 ¢35 = bp=(s)* + 1
@+ =3

The intersection point is (%(g), £/3 = ﬁ) For each s € [0, 1], we can evaluate the Minkowski
functional at v, (s) w.r.t. KC as

p=(8) bp=(s)?

where dy is the hyperbolic distance defined in the second item of Lemma If the Minkowski
functional is gsc-convex, then we should have h(s) < (1 — s)h(0) + s - h(1) for any s € [0, 1].
However, by numerical computation, we find

h(s) = du((—2 — 2cos0(s), 25in 6(s)), (0, 1)) /s ((bl 5 1) 0, 1)) ,

h(1/2) — %h(@) - %h(l) =0.0057--- > 0,

which refutes the assumption that (s) is convex. Thus our conclusion is established. O

E Technical Lemmas

E.1 Background on the Jacobi Field

The role of the Jacobi field as an essential tool for understanding the impact of curvature on the
behavior of neighboring geodesics cannot be overstated. To make our discussion more comprehensive
and self-contained, we will introduce related definitions and properties sourced from Lee|(2006) and
Lee| (2018)).

We define an admissible curve as a continuous map, ¥(t) : [a,b] — M, representing a piecewise
regular curve segment. An admissible family of curves, on the other hand, is a continuous map
I'(t,s) : [a,b] x (—e,€) — M which is smooth on each rectangle [a;_1, a;] X (—e€, €) for a finite
subdivision a = ag < - -+ < ay = b. Here, ['s(¢) := I['(¢, s) is recognized as an admissible curve for
each s € (—e, €). When v(t) is admissible and I'(¢,0) = ~(t), we refer to I as a variation of ().

Upon an admissible curve I', we can delineate two sets of curves: the principal curves I's(¢), which
hold s as constant, and the transverse curves I'®) (s) := T'(t, s), which consider ¢ as constant. We
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consider T" as a variation through geodesics if each principal curve I';(t) = T'(¢, s) is a geodesic
segment. For an admissible family of curves I', we define a vector field along I' as a map V :
[a,b] x (—€,€) = TM such that V (t,s) € Tp,s)M and for each s, V (s, t) is piecewise smooth.
The Jacobi field is a vector field along a variation through geodesics and is formally defined as
follows.

Lemma 12. (Lee| |[2018, Theorem 10.1, The Jacobi Equation) Let (M, g) be a Riemannian manifold,
v be a geodesic in M, and J be a vector field along . If J is the variation field of a variation
through geodesics, then J needs to satisfy the following Jacobi Equation.

D}J + R(J,%)% =0,

where R is the Riemann curvature endomorphism. A smooth vector field J satisfying the Jacobi
Equation is called a Jacobi field.

Given initial values of J and D;J at one point, the Jacobi Equation can be uniquely determined by
the following proposition.

Lemma 13. (Lee| 2018 Prop. 10.2, Existence and Uniqueness of Jacobi Fields) Let (M, g) be a
Riemannian manifold and ~y : I — M is a geodesic where I is an interval. Fix a € I, let p = y(a),
u,v € T, M, there is a unique Jacobi field J along v which satisfies

J(a) = u, DiJ(a) = v.

The Jacobi field seems to be a complicated object to study, but the following lemma shows we can
write down the initial conditions of the Jacobi field for certain variations through geodesics.

Lemma 14. (Lee| 2018, Lemma 10.9) Let (M, g) be a Riemannian manifold, I be an interval
containing 0, and v : I — M be a geodesic. Suppose J : I — M be a Jacobi field with J(0) = 0.
If M is geodesically complete or I is compact, then J is the variation field of the following variation

of y:
['(t,s) = Exp, (t(u + sv)),

where p = v(0), u = %(0), and v = D;J(0).

The advantage of introducing the Jacobi field is the norm of J(¢) can be bounded by the initial value
Dy J(0)]], as shown in the following Lemmal15]

Definition 4. We define
t, ifk=0
s(k,t) = { o sin(Vat), ifk >0
\/% sinh(v/—kt), ifk <O.

Lemma 15. (Lee, 2018, Theorem. 11.9 ) Suppose (M, g) is a Riemannian manifold, v : [0,b] — M
is a unit-speed geodesic segment, and J is any Jacobi field along ~y such that J(0) = 0. For each
¢ €R, let s(-,-) be the function defined by Deﬁnition

1) If all sectional curvatures of M are bounded above by a constant ko, then
[T (@B = s(max{0, k2},¢) [[D; J(0)]]
Sforallt € [0,b1], where by = bif ko <0, and by = min (b, \/L'TJ if kg > 0.
2) If all sectional curvatures of M are bounded below by a constant k1, then
[J(@O < s(minf0, &1}, 2) [ DeJ (0)
Sorallt € [0,bs), where by is chosen so that v (bs) is the first conjugate point to v(0) along v if

there is one, and otherwise by = b.

E.2 Miscellaneous Technical Lemmas

Lemma 16. (Bacdk,|2014, Section 2.1) Let M be a Hadamard manifold, f : M — (—o0,00) be a
gsc-convex lower semicontinuous function. Then any [3-sublevel set of f:

{xeM: f(x)<p}

is a closed gsc-convex set.
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Lemma 17. (Bacdk, 2014} Section 2.2) Let M be a Hadamard manifold, f; : M — (—o00,0)
fori=1,....,mbe a series of gsc-convex lower semicontinuous functions. Then sup;c|,,) fi (x) is
gsc-convex.

Lemma 18. For a set K := {x| maxj<;<m hi(x) < 0} C M where each h;(x) is gsc-convex, M
is Hadamard and any'y ¢ KC, there exists g € Ty M such that

<—Exp;1x,g> >0, Vxelk.

Proof. By Lemma |17 max; <<, hi(x) is gsc-convex. Further, by Lemma|[16} K is a gsc-convex
subset of M. For some y ¢ K, there exists j € [m] such that h;(y) > 0. If not, we have h;(y) <0
holds for any ¢ = 1,...,m, which implies y € X and leads to a contradictory. Applying the
gsc-convexity for any x € K, we have

- <EXp;1X, Vh;i(y)) > hj(y) — hj(x) > 0,

where the second inequality is because h;(y) > 0 and h;(x) < 0. This is a valid separation oracle
between y and K. O

Remark 4. Given K = {x|maxj<;<m hi(x) < 0} where each h;(x) is gsc-convex and'y ¢ IKC, we
can check the sign of h;(y) fori = 1,...,m until we find i* such that h;«(y) > 0, then using the
proof of LemmalI8} we obtain

- <Exp;1x, Vhi«(y)) >0
Jfor every x € K. This gives us a separation oracle between y and K. The computation of this
separation oracle requires no more than m function value evaluations and a single gradient evaluation.
This is efficiently implementable when m is of moderate size.
Remark 5. Using Gauss’s Lemma (Leel | 2006, Theorem 6.8), we can efficiently compute the projection
onto a geodesic ball. Consider x ¢ By (r) for which we aim to compute its projection onto By (r).
First, we determine the geodesic segment, denoted as ~y(t), connecting x and p. This segment
intersects the geodesic ball at point z. Gauss’s Lemma then tells us that the tangent vector of v(t) at
z is orthogonal to the geodesic sphere S, (r). This indicates that z is the projection of x onto By (r).
By performing O(log (1)) rounds of binary search on ~(t), we can approximate z to within an e
precision. In each round, it suffices to verify if the condition d(xy,p) > 1 is met.
Lemma 19. (Wang et al.| 2023} Lemma 45) Suppose the sectional curvature of M is in [k1, k2] where
k1 < 0and kg > 0. Assume a gsc-convex set KC satisfies Bp(r) C IC C Bp(R) where R < 575

NG
when kg > 0. Then for any'y € (1 — 1)K, the geodesic ball By, (%) € K, where s(-,+) is
defined in Definition
Lemma 20. (Bridson & Haefliger, 2013, Chapter II.1) Suppose A(p,q,r) is a triangle on a

Hadamard manifold M and A(p, Q, T) is a comparison triangle in Euclidean space such correspond-
ing side lengths are the same for both triangles. Then for any x € [p,ql, y € [p,r], X € [P, q,

}_’ S [f’v f‘] satisfying d(p7 X) = dE(f’v )_() and d(p7 y) = d]E(I_)a y>7 we have d(X7 Y) < d]E()_(7 y)

Lemma 21. The function Sinwh“’

is increasing for any x € [0, 00)].

Proof. We denote g(z) = S22 then

, x coshxz — sinh x
g'(z) = - 2

It suffices to show h(x) := x cosha — sinh x > 0 holds for any = € [0, 00). This is obvious because
h(0) = 0 and ' (x) = xsinhx > 0 for any = € [0, 00). It remains to compute ¢’ (0). By LHopital’s

rule,

4(0) = lim xcoshx — sinhx ~ fim rsinhz _o.

z—0 1‘2 z—0 2x

O

Lemma 22. Let f : M — R be gsc-convex and G-Lipschitz on a gsc-convex set IC C M. Then

satisfies
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Proof. We have

1f(x) = F(%)] = [Ejv=1 [f (Expy (V) — f(x)]|
<E|vj=1 [f(Exp,(0v)) — f(x)] (55)
<E|y=1 [G[|ov][] < G4.

where v € Ty M. The first inequality is due to Jensen’s inequality, and the second one is by the
gradient Lipschitzness of f. O

Definition 5. Given a homogeneous Riemannian manifold M, we use Ss and Vs to denote the
surface area and the volume of a geodesic ball with radius §.

Remark 6. We note that on homogeneous Riemannian manifolds, the volume and the area of a
geodesic ball only depend on its radius (Kowalski & Vanhecke, |1982), so S5 and Vs are well-defined.

Lemma 23. (Wang et al.||2023| Lemmas 11 and 13) For a homogeneous Hadamard manifold (M, g)
with sectional curvature lower bounded by k < 0, f be a C' and gsc-convex function defined on M
such that | f| < C for any x € M. We define

A 1
fo) =4 / e

where w is the volume element, and
Exp, ' (u)
[Expy " (w)]|’

is a corresponding gradient estimator. Then we have

g(u) = f(u)

1) %g(u) is an unbiased estimator of ¥V f (x). More specifically, for any x € M,

Ss 5
Eues, (5) {V&g(u)‘x] = Vf(x).
2) The expected norm of % g(u) can be bounded by
Ss
24 29 <
Eues. (s) [H 7,8 IH C 5 4 n|n|6) C

3) Suppose K € M is a gsc-convex set and ||V f(x)|| < G, then f satisfies

F) = £ = (VI (). Bxp ' (v) ) = 209G,

where p solely depends on the set IC.
Remark 7. From the proof of Lemma@ we can figure out the formal definition of p is

(\/>Exp o(u ))Z

p= sup
x,y,uclkl

e ] st o) =y,

By|\Wang et al.{(2023)), this quantity can be O (eD ) even on a 2-dimensional Poincaré disk.

Algorithm 9: Riemannian Frank-Wolfe with line-search

Data: feasible gsc-convex set K, initial point xo € K, gsc-convex objective f(-).
fori =0,... do

v, = argmin, ¢ { <Vf(xi), Exp;}x) }
o1 = argmin, o {f (Exp,, (7Fxpz 1 vi))}
Xit1 = Exp,, (JiExp;il vi)

end
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Lemma 24. (Weber & Srd, [2022b| Theorem 1) Suppose the diameter of the gsc-convex set KK C M
is upper bounded by D and f is gsc-convex as well as L gsc-smooth on K. With a linear optimization
oracle in hand, the primal convergence rate of Algorithm[9 can be described by

2
Fxe) = ") < 222

Lemma 25. (Weber & Sra,|2022b| Lemma 2) Under the same assumptions as in Lemma[24] for a
step X1 = EXp,, (nExp;klv) withn € [0, 1],

2 2
f@ﬂﬂﬁf@ﬁ+n@ﬁ@@jmgv»+légi

Lemma 26. Under the same assumptions as in Lemma|24| denote
9(x) = max (~Bxp'v, Vf(x)) .
If Algorithm[?]is run for K > 2 rounds, then there exists k, such that 1 < k, < K and

27LD?

g(xx,) < WK+

Proof. The proof is an adaptation of Jaggi| (2013} Theorem 2). We first assume the duality gap is
large in the last one third of K iterations, then get a contradictory to prove conclusion. For simplicity,
we define hy, .= f(xy) — f(x*) and g == g(xx).

To ease the elaboration, we denote C' = 2LD?, o = % b= % and d := K + 2. We assume

gr > 1?740-2 = % holds for the last one third of the K iterations. More specifically,

gk>% for ke{[ad]-2,...,K}.

By Lemmawith n= ﬁz’ we have

e <l 2 n 2LD?
k+1 SNk k+29k (k + 2)2
(56)
b 2 n C
P27 T k122
Plugging in the assumption that the duality gap is large, we arrive at
2 C C
hpp1 <hpy —+——F— + +——
N N T IR
20C C
< hy — e + Py (57)
20C — C/a?
R —

forall k = [ad] — 2,..., K, when the second inequality follows from [ad] — 2 < k < K implies
ad <k+2<d.

Denote ki, == [ad] — 2 and hynip, = hy, ., then there are K — kppip +1 = K — ([ad] —2)+1 >
(1 — a)d steps in the last one third iterations. Thus summing Equation from k = [ad] —2to K,
we have

2 _ 2
hK+1 < hppin — (1 — Oz)dbc’(TC/a
c 2ab—1/a C
< 2 _(1— iy e
Saa e/ (58)
C
=— 1-(1-a) (2ab-1/a))
<0,
24
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where Apin < % is due to Lemma while for the last step, we plug in the values o = % and

b= %. However, hx 1 < 0 is impossible because hx 1 = f(Xx+1) — f(x*). Thus, there always

exists k. in the last one third iterations of K such that

bC % -2LD?  27LD?

<= = = :
Ixe) S = T T iR+ )

O

Lemma 27. (Ahn & Sral 2020, Prop. H.1) Let M be a Riemannian manifold with sectional curvatures

lower bounded by r < 0 and the distance function d(x) = 1d(x, p)* where p € M. For D > 0,

d(-) is ¢ gsc-smooth within the domain {u € M : d(u,p) < D} where ( = /—£D coth(v/—kD)
is the geometric constant defined in Definition

Lemma 28. Suppose f;(x) is a-strongly gsc-convex for any i = 1,..., N, then Ef\il fi(x) is
aN-strongly gsc-convex.

Proof. By the a-strongly gsc-convexity of each f;(x),
-1 @ 2
fily) = fi(x) + (V f;(x),Exp ' (y)) + §d(Xa y)©.

Summing from 7 = 1 to N, we have

N N N
Z fily) = Z fix) + Z (Vfi(x), Expily) + Z %d(X» y)?
i=1 i=1

i=1 i=1

(59)
N N 1
=3 filx) <Z Vfi<x>,1~:xp;1y> 45 (@N) d(x,y)”
i=1 i=1
This indeed implies Zfil fi(y) is aN-strongly gsc-convex. O

Lemma 29. (Zhang & Sral 2016, Lemma 5). Let M be a Riemannian manifold with sectional
curvature lower bounded by k < 0. Consider a geodesic triangle fully lies within M with side
lengths a, b, ¢, we have

a® < ((k,c)b* 4 ¢* — 2bccos A
where ((k, ¢) := \/—kccoth(yv/—kc).
Lemma 30. (Sakai, 1996, Prop. 4.5) Let M be a Riemannian manifold with sectional curvature

upper bounded by k < 0. Consider N, a gsc-convex subset of M with diameter D. For a geodesic
triangle fully lies within N with side lengths a,b, c, we have

a? > b + 2 — 2bccos A.

E.3 Extension to CAT(x) Spaces

It is not too difficult to generalize the result in this work to CAT(x) spaces, which are simply
connected manifolds with sectional curvature upper bounded by «. To achieve this extension, the
following adjustments would be necessary in our manuscript:

* We may assume that the sectional curvature lies in the range [«, K. In this context, we can replace
Lemmain our draft with|Alimisis et al.| (2020, Corollary 2.1). When K > 0, we must further
assume that the diameter of the decision set is upper-bounded by \/”7

* The separation theorem, specifically for Hadamard manifolds as outlined in|Silva Louzeiro et al.
(2022), would require generalization to CAT (k) spaces. This change ensures that the separation
oracle remains well-defined.

* Lemma [3|requires modification to accommodate the recomputation of the Jacobi field, considering
the manifold’s sectional curvature. Lemmas[T5]and[I9] will be instrumental in achieving this.
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