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Abstract

A conditional generative model is a method for sampling from a conditional
distribution p(y | x). For example, one may want to sample an image of a cat given
the label “cat”. A feed-forward conditional generative model is a function g(z, 2)
that takes the input - and a random seed z, and outputs a sample y from p(y | z).
Ideally the distribution of outputs (z, g(x, z)) would be close in total variation to
the ideal distribution (z, y).

Generalization bounds for other learning models require assumptions on the distri-
bution of x, even in simple settings like linear regression with Gaussian noise. We
show these assumptions are unnecessary in our model, for both linear regression
and single-layer ReLU networks. Given samples (z, y), we show how to learn a
1-layer ReLU conditional generative model in total variation. As our result has no
assumption on the distribution of inputs x, if we are given access to the internal
activations of a deep generative model, we can compose our 1-layer guarantee to
progressively learn the deep model using a near-linear number of samples.

1 Introduction

Generative models are in the midst of an explosion in accessibility, as models like DALL-E [31] or
Stable Diffusion [32] capture the attention of millions. In many cases, these generative models can be
succinctly represented by a fundamental mathematical object—the conditional distribution p(y | z).
In the example of text-to-image generative models, x can represent a text prompt or its Word2Vec
embedding [26], and the model can be seen as sampling an image y from its conditional distribution
p(y | ). With large numbers of people accessing these models, a massive amount of sample pairs
(yi, x;), are becoming available online. A natural question to ask is: How many samples (y;, x;) does
it take to learn the conditional generative model p(y | z)?

Recent empirical studies such as Stanford Alpaca [34], which attempt to learn GPT-3.5 from limited
samples, indicate that the number of samples needed may be within a practical range. In this paper,
we attempt to address this problem from a fundamental perspective grounded in a concept from
classical theoretical statistics: the Maximum Likelihood Estimator (MLE). Specifically, we focus on
feed-forward generative models from a relatively simple family and ask: with no assumptions on z,
how many samples are required to efficiently learn the conditional generative model p(y | x)?

Linear Regression. Consider ordinary linear regression with Gaussian noise: you observe indepen-
dent samples (z;,y;) € R* x R of the form

y=z-w +n forn ~ N(0,1).
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Figure 1: A conditional distribution defined by a conditional generative model. To sample from the
conditional distribution p(y | x), we perform inference. Due to the stochastic nature of the model,
each output is different.

How many samples does it take to get a “good" solution? For standard metrics—such as parameter
distance in w* or prediction error on y—the sample complexity of linear regression depends on
properties of the distribution (such as the conditioning of z, or the variance of y) that could be
unbounded and cannot be tested. For example, in the classic analysis (see [7], Chapter 3), sample
complexity depends on the design matrix, which in turn results in a dependence on the expectation of
[|]|2. The typical approach to deal with this would require bounded moments for z. For learning
the conditional distribution, the more natural metric is total variation (TV) distance: the parameters
w induce a distribution p,, (z,y) = p(x)p., (y | x) where p(z) is the true distribution of x, and we
would like to find @ such that

drv (pw- (2, ), pa(2,y)) < €. )]

This ensures that when the input z come from the user in the true unknown distribution p(z), the
model generates a conditional sample that is close in TV to the true model. It turns out that this goal,
unlike parameter distance, can be solved with no assumption on the distribution.

Theorem 1.1 (Informal version of Theorem 4.1). The MLE (i.e., least squares regression) achieves (1)
with O(%klog L) samples, regardless of the distribution of .

To our knowledge, all previous guarantees for linear regression either require some assumptions
on, or give guarantees in terms of, the distribution of z or y. We avoid this dependence on the z
distribution by adopting a similar analysis to Theorem 11.2 in [20].

Main Result: 1-Layer Networks. Modern feed-forward conditional generative models (e.g.,
StyleGAN2) are more complicated than linear regression. They are stochastic neural networks with
layers of the form:

y=oW*x+n)  forn~N(0,X7) (2)

for x € R¥, y € R, ¢(x) = max(zx,0) is the ReLU activation, and some weights W* € Rdxk,
e RdXd.

We show that 1-layer generative models of the form (2) can also be estimated using the MLE (which
is concave), with small TV error and without any assumption on z.

Theorem 1.2 (Informal version of Theorem 4.5). Suppose y is drawn according to (2) where ¥* has

2
condition number at most k. Using O (kds%d log % samples, the distribution generated by the

MLE has TV error ¢, regardless of the distribution of x.

Like Theorem 1.1, Theorem 1.2 shows that a conditional generative model can be learned in TV
regardless of the distribution of the input x. It generalizes Theorem 1.1 in three ways: (a) the output
1y is d-dimensional rather than 1-dimensional; (b) the covariance of the noise ¥* is learned rather
than specified; and (c) the ReLU nonlinearity ¢ imparts additional complex structure.

Indeed, the point (c) means that parameter distances are poor metrics for this problem. For example,
when an element of W*z has a large negative bias, the corresponding coordinate in y will almost
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always be 0. This means sample pairs (x;, y;) provide little information about W*, but still provide
useful information about the conditional distribution. As we will later see, exploiting this valuable
information in the truncated samples allows us to significantly outperform prior works such as [35],
which do not exploit these 0-valued samples.

Multilayer Networks Given Activations. Given our distribution-free results on 1-layer networks, it
is possible to extend our results to deep multi-layer networks. Given access to the internal activations
of a neural network (but not the weights), our results can be applied layer-wise. Intermediate layers
may have poorly conditioned input distributions, but since our result does not depend on the input
distribution, we achieve strong guarantees for layer-wise learning in Theorem 4.6.

1.1 Proof Approach

In this outline we focus on the case of 1-dimensional y, and and standard Gaussian noise n ~ N(0, 1).
Our proof approach is inspired by learning bounds that exploit finite VC dimension. We would like
to show (1), or equivalently,

d(w®, @) := Eldry (pu-(y | ), pa(y | 2))] <, ©)

when we see n samples z; of x, and one sample y; for each x;. We do this in two stages. First, we
show that the empirical distance between w and w is small i.e.,

d(w",®) := Eldrv (pu- (y | ), paly | 2))] < 05¢, @

where E, [f ()] = L5 | f(x;) denotes the empirical expectation over z.

Second, we show that the empirical distance is a good proxy for the true distance, i.e.,

d(w*,w) < d(w*,w) + 0.5¢ < ¢, &)
which gives (3).

Linear Case. In the linear case, both stages are straightforward. The linear regression solution has
an explicit form, and it is well known and easy to show that

E(zT (w* — ©))? o k/n.
Since dry (pw= (v | ), ps(y | ) = O(min(1, | - (w* — @)|)), Jensen’s inequality implies (4) for
n>k/e%
Secondly, f.,(z) := drv (pw(y | ), pw(y | )) is bounded and unimodal in w. Thus, it suffices to
bound the deviation of the empirical average from the true f,,(x) with Chernoff’s inequality.
ReLU Case. Inthe ReLU case, we have y = ¢(w* -  +n), and both stages of the previous analysis
are more difficult.

The most interesting part of our proof is showing the first stage for the ReLU case, which states that
the @ maximizing

1 n
L(w) :== — » logpw(yi | xi
(w) n;ﬂ og puw(Yi | i)
satisfies (4). Now, for any w not satisfying (4),

ElL(w) — L{w)] = *I;EdKL(pw*(y | 2)[lpw(y | 2))

< —2E[dry (pur (v | 2),pu(y | 2))%] < 227,

where the first inequality follows from Pinsker’s inequality. Unfortunately, L(w) — L(w*) does not
concentrate well, by virtue of the KL-divergence being unbounded. However, we can upper bound
it via the Bernstein inequality, such that for a fixed w not satisfying (4), and given n = E% log(%)
samples, we have
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with probability 1 — &. Using a careful covering argument and n = (k/c?) log(1/4) samples, we can
uniformly extend this to all w not satisfying Eq (4). By definition, the MLE has L(w) > L(w*), and
by our uniform bound, it must satisfy (4).

The second stage changes because f,,(z) depends on z - w and z - w* in a more complicated way
than through x - (w — w*). This makes showing a bounded VC dimension more difficult; however,
unpacking the proof that VC implies generalization, we can still show that the net (normally given by
Sauer’s lemma) is bounded. This generalization holds as long as f,,(z) is unimodal in z - w.

2 Contributions

1. We show that MLE can perform distribution learning in the setting of linear regression and
multi-layer ReLU networks. Our bounds do not make assumptions on the distribution of x or the
condition number of W*, and achieve a sample complexity polynomial in the system parameters.

2. We improve the sample complexity bound in [35], which estimates the parameters of a one-layer
ReLU network but suffers an exponential dependence on the W* term. In contrast, as we seek to
estimate the distribution of (x,y), rather than the parameter W*, we are able to avoid this. See
Section 4.2 for more details.

3. Our algorithm for learning multi-layer ReLU networks is considerably simpler than [1], who
learn discriminators that are engineered to perform moment-matching on the output of each layer
of the network. Furthermore, [1] impose a strong requirement on the sparsity and independence
of the activations at each layer, which essentially allows standard techniques in sparse coding to
recover these activations.

3 Related Work

Generative adversarial networks (GANs) [19, 2, 30] are a popular family of generative models
that train a generator and discriminator in an adversarial training framework. The seminal result
by [22] proposed progressive growing of GANs (PGGANS5) as a way to stabilize and accelerate the
training phase of these models. Future results, such as StyleGAN [23] introduce more complicated
architectures and “style” variables. Additionally, these models add noise at each layer of the generator
in order to introduce greater stochasticity in the generated images, which is important for textures
such as hair and skin.

Distributional Learning Most theoretical results have focused on the min-max optimality of
GAN:Ss [15, 28, 29], characterizing their stationary points [21, 17], or characterizing their generaliza-
tion once they have reached a global minimum [3, 5]. The closest result to ours is [35]. Setting x
to a deterministic scalar in our problem statement reduces it to [35], who consider y = ¢(b + 7) s.t.
b,n € R?, and they seek to learn the covariance of 7 along with the bias vector b. However, their
sample complexity bound suffers an exponential dependence on ||b]|2, .

Single layer networks have attracted recent attention, as they provide a tractable formulation for
studying the dynamics and generalization of adversarial learning [24, 18, 25, 11]. The recent results
of [1] show that multi-layered models that satisfy a property known as forward super-resolution (such
as PGGANS) can be learned in polynomial time and sample complexity using stochastic gradient
descent-ascent. In this case, the discriminator is designed to detect differences between higher
order moments of the generated and training distribution. Deep models have also been considered
in [12, 10].

4 Main Results

In this section we first show that the MLE of the parameters learns the input-output joint distribution
for linear regression. Then, we extend this guarantee to the case where the ReLU activation function
¢ is applied to the multi-dimensional output y. Finally, we show that we can compose the 1-layer
ReLU guarantee to learn the distribution generated by a multi-layer model.
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4.1 Linear Regression

We begin with the classic linear regression problem of learning the parameter w* from a linear model
y=a-w +n, (©)

where ) ~ N(0,02), w € R*, o is known and z € R¥ with some distribution. This problem has
been studied for centuries. Our novelty is that we view (6) as a conditional generative process, and
instead of studying error in Euclidean distance in parameter space, i.e., minimizing ||@ - ¢ — w* - z||2,
we focus on error in d(w*, W) as defined in (3), which only captures the error in @ insofar as it
impacts our distribution estimate. Given data {(z;, y;)}?, generated by (6), the MLE is:
2
W := arg max Z log pw (y;|z;) = arg min Z M

k K o
weR i€n] weR ic[n]

The following theorem establishes that the MLE is close in TV distance. The proofs for all results in
this section are in Appendix A.

Theorem 4.1. Let {(x;,y;) ', be i.i.d. random variables generated from the linear model (6), and
assume that o is known. Then, for a sufficiently large constant C' > 0,

1
n=C—log—
€ €

samples suffice to ensure that with probability 1 — e=UE) pyer the data,

d(w,w*) < e.

Note that one cannot hope to get such a guarantee in the classical setting where error is measured
in [|W -z — w* - z||2 without additional assumptions on the distribution of x because if x is badly
conditioned, the error may be dominated by very rare directions of x that we never sample. For
example, the bounds in [7], Chapter 3, require the second moment of x to be bounded.

Since we only wish to learn the distribution of y in total variation, no single = can contribute much
to our loss and we get a distribution-free result. This is possible as the total variation distance is
bounded, and we can invoke Theorem 11.2 in Gyorfi et al [20].

We now state two lemmas needed to prove Thereom 4.1, assuming without loss of generality that
o2 = 1. We split the proof into two stages. In the first stage, we bound d (@, w*), which denotes the
empirical TV distance (4) over the training set {xz; }7_;.

Lemma 4.2. Let {(x;,y;)}?, be i.i.d. random variables such that y; = x; - w* + N(0,1). Then,
forn > &, with probability 1 — e=X™), the MLE 1 satisfies

The proof relies on the fact that p,,« (y|x;) and pg(y|z;) are Gaussian distributions, so

d(pg(ylzi), pu- (ylz:)) = ©(min{1, [af (@ — w*)[}).
Using the explicit form of the MLE, we can show that, with high probability,

1 T~ 2 ko
Ezl:(“:‘ (0 —w )) < 5

and Lemma 4.2 follows from Jensen’s inequality.

The second stage shows that the empirical average of the TV distance d(w,w™*) is close to the
population average d(w, w*).

Lemma 4.3. Let {x;}"_, be i.i.d. random variables such that x; ~ D,. For a sufficiently large
constant C' > 0, and for n = CE% log% withn > g, we have:

Pr | sup
zi~Da [k

d(w,w*) — d(w,w")

> 5} < e~

q
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Note the probability in the above statement is with respect to the distribution of z, and does not
depend on y. The proof follows Theorem 11.2 in Gyorfi et al [20]: it relies on the fact that the TV
distance is bounded and a unimodal function of w - . This implies that for each x;, we are able to
partition the space of w with O(1/¢) hyperplanes such that within each cell the TV distance varies
by at most £. As we have n samples and w € R¥, the number of cells induced in R is o< (n/e)*,
and it is sufficient to provide concentration bounds for one representative in each cell. This approach
is similar to bounding the VC dimension of a set of binary functions. Setting n = @(Eﬁ2 log %) and
combining Lemma 4.2 with Lemma 4.3 gives d(w, w*) < e.

4.2 ReLU Case

Now consider the single-layer ReLU. We observe (x,y) € R*¥ x R< such that:
y=oWx+mn), n~N(0), @

where 7 € R%, W* and ¢(-) = max(-,0) is applied coordinate-wise. The matrices W* € R4**
and X* € R4 are unknown, and we do not observe 7. The variable «x is drawn from an arbitrary
probability distribution D,,, and we make no additional assumptions on D,: this is important, as we
will progressively cascade layers, and one should think of D, being the distribution of activations at
each layer.

Given a sample (z,y) € R* x R, let S denote the co-ordinates of y that are zero-valued, and let S¢
denote the compliment of S. Then, the log-likelihood of W, 33, on this sample is given by

log|® t—wWa)Is—1t — W
logpw,z(ylx):cf%ﬂog / eXp{( ) 5 ( )}dts. (8)

ts<0
tge=yge
where c is a normalization constant which does not depend on W or 3. This function is a mixed
density: in the coordinates of y that are 0, i.e., in the set S, we integrate the Gaussian density over the
negative orthant, as W*x + 7 could have been any negative value in those coordinates.In Lemma F.1
in the Appendix, we show that Eqn (8) is concave after an invertible reparameterization of W, 3.

In this setting, proving an analogue of Theorem 4.1 poses multiple challenges:

* The output y is d-dimensional rather than a scalar, and 7 in Eqn (7) introduces correlations
between the coordinates of W*x, such that we cannot decompose the log-likelihood in Eqn (8) per
coordinate.

* We do not know the covariance matrix >*, and it must be estimated.

e Lemma 4.2 requires the explicit form of the MLE in linear regression. In the absence of such a
closed-form solution, we need to directly analyze the log-likelihood, which is a mixed density and
involves integrating the Gaussian likelihood over the zero-valued coordinates of y. In order to
handle this, we use the Gyorfi approach again on the log-likelihood. This is challenging because
the variables we concentrate are KL-divergences, which are unbounded and require Bernstein type
inequalities.

* Recovering the true parameters W*, X" is difficult: if we see a zero in y, we do not know its
magnitude in W*x + 7 before the ReLU. This manifests in the results in [35], where it is assumed

that each entry in W* is positive — otherwise, their sample complexity scales as eV ll>.

Nonetheless, we can handle most of these difficulties, and the only assumption we make is that the
condition number of ¥* is bounded and known to our estimator.

Assumption 4.4 (Condition number bound). Let A’ ., \*

max’ “‘min

denote the largest and smallest singular

values of X*. We assume there exists k < 0o such that i‘:‘a" < k. We further assume that the value

min

of k is known to our estimator.

Note that the condition number only allows us to control the correlation between the coordinates of
W*x + n. The other challenges introduce by the ReLU, such as the lack of a closed form MLE, the
need to estimate >.* and a mixed density log-likelihood remain.

Under Assumption 4.4, the following theorem shows that the MLE W, S achieves a small total
variation distance. The proof of this theorem is in Appendix C.

A
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Theorem 4.5. Let R denote the set of positive definite matrices with condition number . Given n
samples {(x;,y;)} 1, satisfying Assumption 4.4, where x; ~ D, i.i.d., and y; is generated according

to (7), let /VI7, Y = argmaXy, cpaxk yepixd % > logpw s (yi | ;). Then, for a sufficiently large

constant C > 0,
kd + d? kd
nC’~< t >10g<ﬁ>
5 &d

samples suffice to ensure that with probability 1 — 6§, we have

dTV((/V[?,i), (W*,z*)) <e.

Comparison to [35]. Our result is closely related to [35]. Our ReLU model reduces to their model
by setting W* € R? as a vector, and = 1. In order to learn the distribution of y, they first estimate
the parameters W*, 3*, in £ norm and then convert the /5 error to a TV error. The parameter
recovery is done per coordinate of W* 3*, by performing MAP estimation on the positive samples
in y. This crucially assumes that each coordinate has enough positive samples, and to that end, they
assume that each entry in W* is positive—otherwise, their sample complexity scales as e/l 1% .
Our results do not make any assumptions on W* and handles a wider class of matrix valued W*.
Additionally, the objective function (8) does not discard the zero valued samples in y, making it more
sample efficient.

We assumed that the covariance matrix >%* has condition number x, and our sample complexity scales
as log k. Hence, even if kK = eP°V(4*) we only pay a poly(d, k) penalty. This improves on the
result in [35], where the sample complexity scales as 2. While our statistical guarantees are strictly

better, [35] gives poly-time and poly-space algorithmic guarantees for their estimator. We discuss the
empirical limitations of our algorithm in Section 6.

Lower Bounds Ignoring log factors, the complexity factor of kd is obviously required. Furthermore,
learning a Gaussian with unknown covariance matrix in total variation takes 2(d?) samples; see
[6]. Our Theorem 4.5 would solve their lower bound instance, the same lower bound applies to our
problem.

Extension to Multi-Layer Generative Models. Consider the following (L + 1)-layered generative
model.

Tp41=Wizp +np, where xp=¢(W; o1 +me-1) ER* V L€[1,L], (9
xzo~Dy and 1 ~N(0,X;) V £€]0,L]. (10)
We can compose the guarantees provided by Theorem 4.1 and 4.5 to show that we can learn this

model.

Theorem 4.6. Given n i.i.d. samples of (zo, . .., Tp+1), such that each matrix ¥ satisfies Assump-
tion 4.4, let Wy, ¥y, be the MLE estimates of W/}, ¥} learned from samples of (x¢, x¢41). Define

m = maxy df. Then,
’>m Imk
= 71 _—
n=o( ()

samples suffice to ensure that with probability 1 — 6,
drv ({We Sebeo AW, ) }eo) <

Comparison to [1]. The modelling assumptions in [1] are similar to ours — the authors learn a
generative model per layer, using images produced per layer. The key differences of their model
are: (i) each layer is deterministic (there is no 7y), (ii) their learning algorithm does not require
access to the activations of each layer, (iii) their algorithm performs moment-matching by crafting
the discriminator strategically.

In order to avoid requiring activations at each layer, [1] imposes a sparsity assumption on the
activations: this allows them to leverage tools from existing results in sparse coding [4], such that

7
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Figure 2: (a) Plot of TV distance vs. n. 02 =1, w* = 1}, for two different values of k = 5 and
k = 20. Plot includes data for two different distributions of . Note that distribution has little impact
on TV distance, and in both cases, we see the error decreasing with a slope of —1/2 in alignment
with our theory. (b) Plot of TV distance vs. input dimension k. For both n = 103 and n = 104, the
error grows with a slope of roughly 1/2, in alignment with our theory. In both plots 2000 runs are
used to compute the mean. Error bars represent 95% confidence intervals.

sparse activations at each layer can be recovered using images produced by the layer. This assumption
can be somewhat strong, as it implies that the activations are roughly independent of one another, and
the sparsity remains constant over layers, despite the layers themselves expanding by a factor of 4,
ie,dy >4dy_1 VL <L—1.

5 Simulations

We now numerically verify our theoretical claims and compare against other approaches. A detailed
description of simulation methods are included in the appendix. Our code is available at https:
//github.com/basics-1lab/learningGenerativeModels.git.

5.1 Scalinginn and k&

Figure 2 numerically investigates how TV distance of the MLE scales with the number of samples
n and the input dimension k. We consider a model with 1-dimensional output and a k-dimensional
input: y = ¢(z - w* +1n), for w* € R*¥ and n ~ N(0,0%). We set 0 = 1 and w* = ljyx1,
both unknown to the optimizer, which has samples (y;, x;)!"_;. Figure 2a, which plots the error in
TV distance against n on a log-log plot, has a slope of roughly —1/2 as predicted by our theory.
Similarly, Figure 2b has a slope of 1/2, which is in line with our theory on scaling with respect to
input dimension k. We defer simulations involving scaling in d to the appendix because computing
TV distance becomes increasingly difficult as d becomes large, and we must resort to using upper
bounds.

5.2 Distribution Independence

The fact that our guarantee does not depend on the distribution of x suggests that the expected TV error
of the distribution learned from the MLE may be similar for all distributions over x. To test this we
consider both z ~ N(0, I;;) and z ~ @), Lap(0, 1), i.e., each element of x is drawn independently
standard Laplace. Figure 2a verifies our hypothesis, showing only very slight differences in our
observed empirical average TV error between the two distributions over a wide range of n, and for
k =5and k = 20.

R
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Figure 3: (a) Left hand axis shows TV distance vs. bias vector b with y = ¢(n + bl4x1), d = 3,
n=N(0,%), and ¥ = I;. Note that MLE (blue) has error going to zero as bias becomes negative,
while the opposite is true for the baseline (red). Right hand axis shows the mean-squared error of the
parameters X and the mean p, each point was run a total of 2000 times. (b) TV distance vs. condition
number, d = 3. MLE does not exhibit trend with condition number, but baseline does. Error bars are
95% confidence intervals, over 20000 runs.

5.3 Scaling with Bias and Condition Number of Covariance Matrix

A key feature of the MLE is that it makes use of truncated samples. This is in contrast to [35], which
leverages results on learning truncated normal distributions [14] where truncated samples are not
observed. This leads to a stark difference in performance as the number of truncated samples becomes
large. To show this, we consider a model with a d-dimensional output and 1-dimensional input. We
let z = 1 almost surely, and then take w* = bl 4«1 for some bias b € R and n = N (0, ) with
¥ = Iy, thus y = ¢(n+ blyx1). As b becomes more negative, the number of truncated samples
increases. Figure 3a shows the differing behavior of MLE and that of [35] as b becomes negative. For
ease of computing the TV distance we set d = 3, and restrict optimization over diagonal 3. The solid
blue line depicts the performance of the MLE. We observe that the TV error is constant for b > 0
and begins to decrease rapidly for b < 0. This happens because as b becomes more negative, the
truncation places more probability mass at y = 0. Indeed, the dashed blue lines indicate that even
as the TV error is decreasing rapidly, the mean square estimation error of the covariance and mean
increase, however, since most of the probability mass is at zero, this does not significantly impact
the TV. In contrast, the method of [35] rapidly deteriorates as b < 1 as the number of untruncated
samples decreases. We also point out that even when the bias is large, [35] is still significantly worse.
We attribute this to the fact that even when there is no truncated samples, [35] is still minimizing a
different MAP objective. More discussion of this is provided in the appendix.

Robustness to Condition Number of >. Another concern is how TV error scales as a function of
the condition number of >*. Poorly conditioned >* can put significant probability masses on small
sets, and potentially cause large error. We consider a similar environment to the one described above,
but fix b = 1 and alter diagonal entries of X* such that one entry is v/x, another is v'x~! and the rest
are 1, making the condition number x. Figure 3b shows that the MLE is not measurably impacted by
the changing condition number over the range plotted. This is not true of [35], where we observe that
TV does grow with condition number.

6 Limitations

This work is only a first step to understanding fundamental limits of learning generative models.
We showed that our theorems for single-layer networks can be composed to get sample complexity
bounds on deep networks, with a critical caveat: we require access to not just the input and output
pairs, but also the intermediate activations. This is not practical in many scenarios, and removing this
restriction will be an important direction for future research. Beyond this, we assume that the learner
has an understanding of the model architecture. In many cases, however, a learner may not be aware

Q
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of the number of layers a network has or a vast number of other architectural details. Additionally,
we inherit known problems with the MLE, such as exacerbation of biases that exist in the training
data (Chapter 24.1.3 in [33]).

Our results place emphasis on sample complexity over computational complexity. Though we show
that the MLE problem is concave, this work does not provide a thorough analysis of the optimization
problem. It is possible that similar results to [14, 35] can be derived for the MLE problem. Indeed,
empirically, we find that a similar projected stochastic gradient ascent performs well in our problem.
A careful analysis must consider factors like the distribution over z, the condition number of >* and
the truncation probability, all of which are likely to impact the optimization.

7 Conclusions

We have studied the problem of learning conditional generative models from a limited number of
samples. We have shown that it is possible to learn a 1-layer ReL.U conditional generative model
in total variation, with no assumption on the distribution of the conditioning variable = using the
MLE. We have also shown that this result can be extended to multi-layer ReLU networks, given
access to the internal activations. Our results suggest that MLE is a promising approach for learning
feed-forward generative models from limited samples.
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A Proofs of Linear Case

Throughout the appendix, for ease of notation, we overload the definition of the function dry (-, -).
When inputs are random variables, it represent the TV distance between the distributions of those
random variables.

Lemma 4.2. Let {(x;,y;)}?, be i.i.d. random variables such that y; = x; - w* + N(0,1). Then,
forn > g, with probability 1 — eiQ(”), the MLE W satisfies

The proof of this lemma requires Lemma A.1, which characterizes the distribution of the residual
error of the MLE.

Lemma A.1. Giveny € R", X € R"** satisfying y = Xw* + n, where n ~ N'(0,021,), the least
square solution W satisfies

Xw* — X0~ N0, X (XTX)1XT) = E[| X — Xw*||*] = o°k.

Proof. The least squares solution is given by

W= (XTX)"1XTy,
= (XTX) X (Xw* + 1),
= w4 (XTX)"1XTy.

Multiplying on the left by X, we have

X = Xw* + X(XTX)7 ' XTy.

Since 7 is i.i.d. Gaussian with variance o2, we have,
X(XTX) Xy ~ N0, X (XTX) T XTX(XTX)71 XT)
~ N0, X (XTX)"1xT)
This implies
E[|Xw — Xw*||)] = *Tr[ X (XTX) 1 XT],

= Tr[(XTX) 1 xTX],

= o?k.

Proof of Lemma 4.2. The KL divergence between two Gaussians P = N'(u1,%) and Q = N (2, 2)
is:

Aien(PIQ) = 3 m — 1)~ (1 — o).

By Pinsker’s inequality, this implies

drv(PIQ) < win 1. 5/ = )= ) |-

1R
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Hence, the empirical TV on the dataset can be bounded by

T -~ *
J(0—w )’
fE drv (pa(Yl2i), pw- (y|zi)) < E mln{ U})
{ |x W — w*) }2
,E min Lk 2 A O
o

IN

IN
/
=
=]
—
-
N
gl=
—
R,
B
Q )
| |
g
*
=
&
R

where the second line follows from Jensen’s inequality.

By Lemma A.1, we have )
E[l X (0 —w")||"] =

which implies that with probability 1 — e~*("), we have
| X (@ —w")|]? < 20%.

Substituting in the earlier inequality, we get

1 k [k k
- o5 J . ; < 1 —_— = — > —.
- % drv (pa(ylx:), pw- (y|z:)) < mm{l, 2n} o forn > 5

Lemma 4.3. Let {z;}}_, be i.i.d. random varlables such that x; ~ D,. For a sufficiently large
constant C' > 0, andfor n= C’Ek log 1 = withn >k 5, we have:

O

Pr { sup

d(w, w*) — d(w,w*)‘ > €:| < e 9ne?),
zi~Da [ yeRE

Proof. The proof is inspired by Theorem 11.2 in [20], with modifications to our setting.
Let Since f,, () is bounded, for any fixed w, the Chernoff bound gives

Pr Hcﬁw, w*) — d(w, w")

> a} < g 2na® (11)

for any a > 0. The challenge lies in constructing a “net” to be able to union bound over R¥ without
assuming any bound on w or the covariate z. A net is a partitioning of an space, where within each
part, points are close together in some way. In this case, we construct a net using what we will refer
to as “ghost” samples.

Ghost samples. First, we construct a “ghost” dataset D/, consisting of n new samples, drawn
ii.d. {#}};c[n) of D,. This gives another metric d'(-, ). Instead of directly considering the distance
between d(w,w*) and d(w,w™), it is sufficient to consider the difference between d(w,w*) and
d' (w,w*) ie.,

Pr {sup’d(w7 w*) — d(w, w*)

> 6] <2Pr {Sup‘g(w,w*) — d'(w, w*)

> 5/2} (12)

To see this, let @ maximize d(w,w*) — d’(w, w*). Since w and {}};c[n) are independent, by the
Chernoff bound,

Pr[ d' (, w*) — d(w, w*)

> s/?\Dw} <e /2 <1)2.

14
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for any (D,, w) and large enough n. Thus,

Pr[ &' (o, w*) — d(w,w*)| > 5/2] > Per(w,w*) — d(w,w*)| > en ‘d(ﬁ;,w*) - g’(u’;,w*)‘ < 5/2}
= B [Ujuaar o 5oy Pr|[d0@ w) = d(@,07)| < /21D,
>(1-1/2) Pr[ d(w, w*) — d(w, w*)| > 5},
which implies (12).
Symmetrization. Since D, and D/, each have n independent samples, we could instead draw the
datasets by first sampling 2n elements x1, . . ., X2, from D,, then randomly partition this sample into
two equal datasets. Let s; € {+1} so s; = 1if z; lies in D/, and —1 if it lies in D,.. Then
2n
~ ~ 1
d'(w,w") — d(w,w") = — it d wlY|Ti), Puw= i))-
(w0, w*) — d(w, w*) n;s v (Pw (Y|2:), pu- (y]7:))
For a fixed w and x4, . . ., 22, the random variables (s, ..., s2,) are a permutation distribution, so

negatively associated. Then the variables s; - drv (pw (y|Zi), Pw~ (y|2;)) are monotone functions of
s4, S0 also negatively associated. They are also bounded in [—1, 1]. Hence we can apply a Chernoff
bound:

Pr[ d' (w,w*) — d(w, w*)

> 5} < e (13)

for any fixed w.

Constructing a net. We partition R¥ the space of w s.t. if w, w’ are in the same partition then,

|drv (pw(y|2), Pur (y|2)) — drv (puw (Y1), pu- (y]2))| < a.
for each z in the dataset 1, . . ., 2,. Then take the intersection of all 2n partitions to construct a net
over R”.

As the total variation distance is a unimodal function of x; - w — x; - w*, we partition w the sets
{w : drv (puw(yl@i), pu= (ylTi)) € [jo, (7 + 1)a]

where j goes from 0 to 1/a — 1. So the space of w, R¥ is partitioned by 2n sets of 1/« parallel
hyper-planes. Then the total number of cells is at most

k k
2n - 4den
E 2/a)' <2 —
1=0
2k log % .

We define a net N by choosing one representative of each cell in the partition, so [N| < e
By (13),

d'(w, w*) — d(w, w*)

Pr|max
weN

> €:| < ‘N|efn52/2 < e2klogﬁ7€2n/2‘

Finally, for any w € R let w € N be the representative of its cell. By definition of the cells,
|drv (puw(yli), puw- (y|2:)) = drv (Ps(Y|2:), pu- (y]2:))| < o

for all ¢ € [2n]. Thus

‘(Jf(w, w*) E(w,w*)) - (Jf(m,w*) - J(w,w*) ] < ][i(w,w*) — d(w, w*)

and so

Pr { sup

weR?
Setting o = /4, we have that

_|_

E/(w7w*) - d(wa w*)

g/(wa w*) - d(wa w*)

> E] < Pr [max
weN

1 1
n S —klog -
€ €
suffices for

Pr[ma]% &' (w,w*) — d(w, w*) > 5} < e Q)
weRP

15

g’(w,w*) - c?’(i),w*) < 2a

Se— 2a:| < e2klog ﬁf(ef2a)2n/2
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B ReLU Activation with Scalar y

In this section, we consider the model of
y=¢(W*'$+7l)a nNN(Oal)v

where w*, x € R¥, y, n € R. We are given samples (z,y) € R* x R, and want to estimate a @ that
estimates the distribution of y in TV.

The most challenging aspect of the ReLLU setting is that we do not have an expression for the TV
suffered by the MLE, such as Lemma 4.2 in the linear case. This forces us to directly analyze the
log-likelihood.

For a fixed x, w,, the expectation of the log-likelihood ratio over y is

E[log pw(y | Z‘)
Y DPw~ (y | .’E)

where the last inequality is via Pinsker’s inequality. This equation implies that if w is e-far from w*,
then the expected log-likelihood ratio(LLR) is < —2¢2. By definition, the MLE has a non-negative
LLR. Hence, if the empirical LLR is close to the expectation, this would imply that the MLE has
small TV.

] = —dic(w w) € —2d3y (0, w),

However, we only receive a single sample of y per x. For a fixed w, we can prove a Bernstein
inequality, showing that given 1/¢2log(1/d) samples, the empirical LLR is < —&2 for w that are

e-far.
Lemma B.1. Let py,...,p, and qu, ..., qn be distributions with E;[drv (pi, ¢;)] > €, where we use
the uniform measure on i € [n]. Let x; ~ p; for i € [n]. Then w.p. 1 — §, E;[log %] < —%for

n > O(Ei2 log %)
The proof of this Lemma, as well as other Lemmas in this section, can be found in Appendix B.1.

In order to extend this to all w € R” that are e-far, we will construct a cover over R* depending on
the values the log-likelihood ratio can take, and then apply the Bernstein inequality to each element
in the cover.

In order to construct the cover, we first show that the log-likelihood ratio is bounded above by the
magnitude of noise in 3. For ease of notation, for a fixed z € R*, and each w € R¥, define

0= (z,w) € R,
and let 0* = (x, w*).Similar to the notation for w, for each 6 € R, define py as the distribution of
¢(0 +n) forn ~ N (0, 1). Define the log likelihood ratio
po(y|z)
po~(y|x)

The following Lemma states that for a fixed datapoint (z, y), the log-likelihood ratio is bounded by
the noise in y:

Lemma B.2. Foranyy = ¢(0 + n),

Yo (y) := log

(y) = log ®(—0) —log ®(—6*) ify=0
L P S o

and therefore, for all y,
Yo(y) < Inl*/2.

2
Now, as v is bounded above by %, and it is concave wrt 6, the following Lemma shows that we can

partition 6 into O (?) intervals, such that in each interval, v changes by atmost €, or is very negative,
ie., v < —A.
Lemma B.3 (One-dimensional net). Let A > B? > 1. There exists a partition of R into O(A/¢)

intervals such that, for each interval I in the partition and every y = ¢(0* + n) with |n| < B, one of
the following holds:

1A
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s Forall € I, vo(y) < —A
e Forall 6,0 Yo(y) — o (y)] < €

Using Lemma B.2 and Lemma B.3, we can form a uniform bound, such that all w that are e-far from
w* in distribution will have log-likelihood ratio smaller than —% on the training set. With some
additional arguments, we can now show that as the MLE has positive log-likelihood ratio, it has small
empirical TV.

Lemma BA4. Let x1, ..., x, be fixed, and y; ~ ¢(xIw* +n;) forn; ~ N'(0,1). Forn > %klog L,
the MLE W satisfies

d(@,w*) < e.

This sample complexity guarantees that the MLE is good for the set of empirical z; ~ D,, and we
need to extend this to the expectation over x ~ D, for which we use a Lemma similar to Lemma 4.3
in the linear case, and this completes the proof.

A straight forward combination of Lemma 4.3 and Lemma B.4 gives the following Theorem.

Theorem B.5. Ler y = (b(xTw* +77), for w* € R¥, x ~ D,, andn ~ N(0,1). Then for a
sufficiently large constant C' > (),
k 1
n=C-—log-
€ €
samples of {(y;, ;) },—, suffices to guarantee that the MLE © satisfies

d(w,w*) <e.

B.1 Proofs

Lemma B.1. Let py,...,p, and qu, ..., qn be distributions with E;[drv (pi, ¢;)] > €, where we use

the uniform measure on i € [n). Let x; ~ p; fori € [n]. Then w.p. 1 — §, E;[log Zlgl;] < —%for
n>0(%log ).

Proof. Define v;(x) = log ZQE:;% and a;(z) := max(vy;(x), —2). We have that

Ei(z)] = —Eldk(pi, )] < —IzE[QdTv(puqz‘)Q] < —2¢?
and want to show that E;[y;(z)] < —&?/4 with high probability. Note that a;(z) > ~;(x), so it

suffices to show E;[a;(x)] < —e? /4. We will do this with Bernstein’s inequality, for which we need
bounds on the moments of a;(z).

To simplify notation, fix a particular ¢ and consider p = p;,q = ¢;,a = a;, and x ~ p.
For a random variable v, define v, ,v_ to be the positive/negative parts of v, respectively, so
v =v_ 4 vy. Define A(z) = pgzg 1. We have that E;,[A(x)] = 0, and

E [A(x)] = w]Ep[—A,(x)] = drv(p,q)- (14)

xr~p

Now, consider the function b(z) := max(log(1 + z), —2) — z. This function is nonpositive over
z > —1,and b(z) < —22/2 for z < 0. Since

a(z) = b(A(z)) + A(z)
and E,p[A(2z)] = 0, Egp[—a(z)] = Egnp[—b(A(x))]. This means
E [ma(@)] = E [-0(A())] = E [-b(A(@)1a@)<ol
> E [A2(2)/2

xr~p

or by (14),

El-a(e)] 2 BIA? (2)/2) 2 Jdrv(p.)" 15)

17
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Bounding the positive higher moments. We have that p(z)e®®) = max(q(z), e ?p(z)) so

E[e“(”)] = /max(q(m),e_Qp(w))dx
<14 e ?Prla(z) = —2].

In the following, we use that e’ > 1+ ¢ forall ¢, as well as e’ = 1 + ¢ + >_,~, :t". Therefore
1+ e 2Prla(z) = -2
> E[e*®] = Ee® ™ 14y<0 + 6“*(I)1a(x)>o]

> E[l + (a_(z) + ap(z +Zk'a+

=1+E[a Zkl
k=2

SO

M8

k— Ela% ()] < E[~a(2)] + e 2 Prla(z) = —2].

‘We now show that the
a(z) = —2,A(z) <
and at least 1 whenever

1
(x ) = —2] is smaller than the E[ a(z)] term, by relating to —b. When
1/e2,and b(A(x)) = —2—A(z) < —1. Since —b(A(x)) is non-negative,
)="2,

E[-a(z)] = E[~b(A(2))] > Prfa(z) = 2] -1

H"U?r

[
+
alx

and hence
— 1 1
> Elaf (0)] < (1+ ) El-a(x)]. (16)
k=2

In particular, E[a” (z)] < 2k! E[—a(x)] for all k > 2.

Bounding the second moment of a. We have that
Ela(z)’] = E[a} (z) + a® (2)]

and E[a? (z)] < 4E[—a(x)] by (16). We now bound E[a? (z)]. Note that |a_ (z)| < ﬁ|A,(x)|

by the construction of a. Therefore
a® (z) < 6A% (x)

and so by (15),
Ela? (z)] < 6 E[A% (7)) < 12E[—a(z)].

Thus
E[a?(x)] < 16 E[—a(z)]. (17)

Bernstein Concentration. Now we can apply Bernstein’s inequality (Theorem 2.10 of [8]).

We apply the theorem to X; := a;(x;), which are independent. The theorem uses that

n

> E[X?] =n Eai(x)’] < 16n E[-a;(2)] = v
by (17), and since

S I = 7 Elai (0)F] < 24 E[—ai(e)] < 3ok

i,T

so we can set ¢ = 1. Applying the theorem, we have that S = Y a;(x;) — E[a;(x;)] satisfies

/ 1 1
S < 2vlogg+logg

1R
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with probability 1 — 4. Plugging in v and rescaling by n, with probability 1 — § we have:
Elai(ro)] < Elas(@)] + 0(1) - /E[~a(@)] - log 5 + + log 5
Blai(z; _mazx a(z)]~log = + —log -

By our assumption on n for a sufficiently large constant in the big O, this implies

Ela(@1)] < Blai(e)] + g, [El-ai(@)] +2*/8

7 7,T

Since by (15), ¢ < /E;[drv (pi, ¢:)?] < /E; »[—2a;(z)], this means

) E[—a;i(x)] +£%/8

A
R
+

|

IN
|
|
™

as desired. [
Lemma B.2. Foranyy = ¢(0 + n),

{log (—0) —log ®(—0%) ify=0

Yo(y) = 00— 6%) — (9729*)2 ify >0

and therefore, for all y,
Yo(y) < Inl*/2.

Proof. Let ®(x) be the cdf of a standard Gaussian. For y > 0,

0y) = 3 (s~ 6 ~ (s~ 6)°)
= S0P~ (46— 0))
g (00
=n(0—0%) - 9

Thus:
log ®(—0) —log®(—6*) ify =0
Yo(y) =

n( — %) — C=0° ify >0

Now suppose || < B. We can upper bound vy (y) for all 6:
* Ify =0, then —6* > —B, so0
79(0) < —log ®(—0*) < —loge P/ = B2/2.
e If y > 0, then
N L 2
v0(y) = (0= 0" — ————<n"/2< B°/2.

as desired. O

Lemma B.3 (One-dimensional net). Let A > B? > 1. There exists a partition of R into O(A/¢)

intervals such that, for each interval I in the partition and every y = ¢(0* + n) with |n| < B, one of
the following holds:

s Forall € I, vo(y) < —A
e Forall 0,0 € I,

Yo(y) —ver(y)| < €

10
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Proof. To define our partition, we actually define two partitions, depending on whether y = 0, then
intersect them for our final partition.

First, consider y = 0. By Lemma B.2, ,(0) is monotonically decreasing in 6, from its maximum
of at most B?/2. We can thus define a partition P; consisting of intervals of the form I; := {6 |
79(0) € (B?/2 — (i + 1)e, B%/2 —ie)}, fori € {0,1,..., (A + B?/2)/e}, plus a special interval
I'"of {6 ] 79(0) < —A}. When y = 0, this partition satisfies the desired conclusion to the lemma:
|70(0) — 7o (0)] < e forall 6,0" € I, while v5(0) < —A for @ € I’. Call this partition Py, which

has size O(A/¢).
Second, consider y > 0. Define R = v2A + B. Note that R? < A and (R — B)? > 2A. Therefore
for |0 — 0*| > R,

1
Yo(y) < —5 max(0,]0 — " —m)* < —A.
Consider any 0,0’ € [6* — R, 0* + R] with « := | — §'|. We have

e (y) = ver (W)| < [n(0 — 6] + %!(9' —6)* — (0 —6")?]
< Ba+ 5|6/~ 6)(~26" + (¢ +0))

1
< Ba + 504(2]%) = a(B + R).

Thus, for o = ﬁ, this is at most e. If we partition [#* — R, 6* 4+ R)] into length-« intervals, we get a

size O(R?/e) = O(A/e) partition P; of R that has the desired property for all y > 0.

Our final partition is defined by all endpoints in either Py and P;. This has size O(A/¢), and within
each interval the conclusion holds for both y = 0 and y > 0, as needed.

O

Lemma B4. Let xq,...,x, be fixed, and y; ~ ¢(zFw* + ;) forn; ~ N(0,1). Forn > s%klog é,
the MLE  satisfies

d(w,w*) <e.

Proof. For any w € RF, and a sample (z;,y;), let p,(y|z;) be the conditional distribution of
y = ¢({z;, w) +n), and let y; ,, be the log-likelihood ratio between w and w* on this sample:

pw(y|xi)
7i,11) y) = logi
W) =log o)
Then
15[%,1‘;(24)] = —dg 1.(Piw= (Yl2i)|[PiwylT:))-
Define

* 1 =
drr(w*,w) = - § drr(Piw (Ylzi)||Piw (Y] 2i))-
=1

Concentration. From Lemma B.1, we see that if d(w*, w) > ¢, then for n > O(EL2 log 5),
1 — e?

Ny = — iawlli) < ——, 18

Ve n;:l% (yi) ) (18)

with probability 1 — 4.

Of course, whenever 7,, < 0, the likelihood under w* is larger than the likelihood under w. Thus, for

each fixed w with d(w*, w) > e, maximizing likelihood would prefer w* to w with probability 1 — §
ifn>O0(Z%log }).

Nothing above is specific to our ReLU-based distribution. But to extend to the MLE over all w, we
need to build a net using properties of our distribution.

20
https://doi.org/10.52202/075280-1873 43221



Building a net.  First, with high probability, |n;| < B = O(y/logn) for all i. Suppose this happens.
For each 4, by an abuse of notation, let ; . (¥) = V(z,,w) (y) Where the value of §* when considering
tis (z;,w*). By Lemma B.2,

’Yi,w(yi) S 32/2
for all i. Let A = O(nlogn) > nB?. By Lemma B.3, for each i € [n], there exists a partition P; of
R into O(A/£?) intervals, such that for interval I € P;, and any w,w’ with 7w, zTw’ € I, either

Vi (i) — Vi (yi)] < €2/2 (19)
or 'Yi,w(yi> < —A.

These individual partitions P; on (x;,w) induce a partition P on R¥, where w, w’ lie in the same cell
of P if (x;, w) and {x;,w*) are in the same cell of P; for all i € [n]. Since P is defined by n sets of

0] (E%) parallel hyperplanes in R¥, the number of cells in P is:

9 24Aen\ "
ek )’
We choose a net AV to contain, for each cell in P, the w in the cell maximizing glv(w*, w). This has
size

log| V| < klog n
5

By (18), for our n > O(Zklog £), we have with high probability that 7,, < —%, forall w € N
with d(w*, w) > . Suppose that both this happens, and |;| < B for all ;. We claim that the MLE @
must have d(w*, @) < e.

Consider any w € R? with dy (w*,w) > . Let w’ € A lie in the same cell of P. By our choice of

N, we know dry (w*, w') > EZVTV(w*, w) > ¢,507%,,, < —2. Now we consider two cases. In the
first case, there exists 4 with 7; ., (y;) < —A. Then

1 A
YV = — iaw(Yi) < —— B?/2 < 0.
Voo n%v,(y)_ —+B7/2<

Otherwise, by (19),
Vo < T + T = Fur | £ =€ + maxyi o (vi) = Yiowr (00)] < —€°/2.

In either case, 7,, < 0 and the likelihood under w* exceeds that under w. Hence the MLE @ must

have d(w*, w) < e. O

Theorem B.5. Let y = (b(asTw* +77), for w* € R¥, x ~ D,, and n ~ N(0,1). Then for a
sufficiently large constant C' > (),
k

1
n=C-—log-
€ €
samples of {(y;, x;)},—, suffices to guarantee that the MLE © satisfies
d(w,w*) <e.

Proof. Let D, denote the dataset {;};c[,,] that is used to find the MLE. Notice that the MLE is
found using this finite subset, but we would like to make a claim about D, without making any
parametric or simplifying assumptions on the distribution D,.

An application of Lemma 4.3 tells us that with probability 1 — e‘Q("ez), the expectation over the
distribution D, and the dataset D, are within /2 of one another:

d(w,w*) < d(w,w*) +&/2.
Now, all we need to show is that the MLE has a small TV distance on the finite dataset, and Lemma B.4
2
tells us that with probability 1 — e=%(¢7)
d(@,w*) < /2.
Substituting in the above inequality, we get d(w, w*) < e. O
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C ReLU Activations with d > 1, Unknown Covariance

We recommend the reader review Appendix B, which contains the proof recipe for the case of scalar
y. The proofs in this section generalize those of Appendix B.

Consider a sample (r,y) € R¥*4, with
y=o(W'z+n), (20)

where W* € R? x k, and noise  ~ N(0,%*). The matrices W* and %* are unknown. For
each matrix W € R%*% let § = Wa € RY, denote a reparametrization of W, and let #* denote
0* = W*z. Let S denote the co-ordinates of y that are zero-valued. Then the log-likelihood for each
0,3 is given by

fos(y) =logpws(y|x)=c— %log|§]| + log/ exp{—(t — H)TZ_l(t — 9)/2}.

t:it5<0,tsc=yge
where c is a normalization constant which does not depend on € or X. Let
pP.=x"!

and let P* be the precision matrix of the noise 7, and Ps, Pggc, Pscg, Psc be the block matrices of
P corresponding to the index sets S and its complement S°.

By some arithmetic involving completion of squares, we can decompose the integral in f into the
sum of two functions g, h, such that

1
fos(y) =c— 3 log|¥| + go,5(y) + ho,=(y).

The first term g corresponds to the quadratic term involving the observed positive-valued coordinates
Yge:

90.5(y) = —(yse — Ose)" (Pse — Pses(Ps) ™ Psge)(yse — Ose)/2.

As the matrix Pge — Pgeg(Ps) ' Psge = ((P~!)ge)~! = 35! is the precision matrix of 7g, if ©
were the covariance of 7, we can simplify the above equation as

9o.5(y) = —(yse — 0se)" (Zse) ™ (yse — Os¢)/2. (21

The second term corresponds to the probability under 8, P of observing zero-valued coordinates
corresponding to the index set .S, given the positive coordinates yge:

hos (y) = log / exp(—|[P3 (t = 0s) + (Ps) "/ Pose(yse — 05)2/2).  (@2)

<0
The log-likelihood ratio is the difference between fy s and fg- -, which we denote by
Yo,5(y) = fos(y) — for 5+ (y)

Over a dataset {(;, ¥;) }ie[n)» the average log-likelihood ratio is given by
_ 1
wr = > e s ).

Remark C.1. For ease of analysis, we will interchange between the precision matrix P in s p and
the covariance matrix Y in g ., and it should be understood that P = $~1. The same applies to the
functions gg 5. and hg x.. Finally, the matrix P* refers to the ground truth precision matrix (= $*~1).

Analogous to Appendix B, we start by showing that the log-likelihood ratio is bounded by the noise
in the sample. The proofs of results in this Section are in Subsection C.1.

77
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Lemma C.2. Assume P* := X*~! satisfies Assumption 4.4.

For all y = ¢(0* + n) such that S denotes the zero-coordinates of y, and n such that
>|<l *l

| Ps2nsll, || PgZnse|| < B, if the max eigenvalue A\yax(P) satisfies

)\Inax(P)
—= <
Amin(P*) o C’

then for all 0 € R?, we have

d
Yo,P S 5 log(C’) + 332.

For the ease of stating the next Lemma, we assume that across the samples of y in the training data,
at least one coordinate has sufficiently many positive samples. The proof of our theorem separately
handles cases violating this assumption.

Assumption C.3. Let § € (0, 1) be a parameter corresponding to the failure probability of our
algorithm. Then, there exists a coordinate j € [d)], such that for at least n' = O(log %) samples
Yiys - - -+ Yi,, in the dataset, the j-th coordinate is positive.

This is a very weak assumption: if it is violated, then W = 04«1, > = 0 will achieve a TV distance

2
smaller than 2% .

Appendix B assumed that the variance in y was 1. Since Section 4.2 considers an unknown ~*, we
need the following Lemma to show that the MLE will select a precision matrix P, whose eigenvalues
are reasonably bounded wrt $* 1,

Lemma C.4. Under Assumption 4.4, C.3, consider P € Rff_Xd such that ’/\\"L((g)) < k and

Amax (P) >0 K3d%n? n B2nk
Amax (P*) — k2 k ’

Then, for all W € R¥™¥, and for all y; = ¢(W*x; + n;) with ||P*§77Sc||, ||P;%775|| < B, we have

1
v = — s i) < 0.
Yw, P o GZ[] YW 1,P(y)

Lemma C.2 and Lemma C.4 show that the MLE will only select precision matrices P that have max
eigenvalues in a certain range of the true precision matric P*.

Now, for matrices in the above eigenvalue range, we first construct a geometric net over the max
eigenvalue p of the precision matrix, and then cover the matrices whose max eigenvalue is smaller
than p.

Lemma C.5 (X cover). For B> 1,and0 < L < U, let A > max{ log 1, B2U~k, $log(=Y), 1}.

Let P* := X*~! be the precision matrix of n. Let Q C RiXd denote the set of positive definite

matrices P € RiXd with condition number k. and whose maximum eigenvalue lies in [Lpin (P*), U -
Amax (P*)]-

Then, there exists a partition of Q of size

(m(s2))’

such that for all § € R and all y = $(0* + n) € R with HPg%nSH, HP;% nge|| < B, and each cell
I in the partition, one of the following holds:

e forall P € I, o, p(y) < —A, or
* forall P,P" € I, we have |y p(y) — vo,p' (y)| < e

71
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Analogous to Appendix B, we now construct a partition over W for a fixed precision matrix P, such
that each cell in the partition has very small log-likelihood (in which case the MLE will not choose it)
or the log-likelihood changes slowly.

Lemma C.6 (W-net). Let nge,ng be such that
* 1 * L
HPSCZTISC” S B17 HPS2"75H S B27
fO}’ Bl,BQ Z 0.

Let A > max{B?, B3,poly(C,k)}. Let P* = ¥*~1 be the precision matrix of 1. For a fixed
matrix P € R¥? whose condition number satisfies Assumption 4.4 and whose eigenvalues satisfy
Amax(P) € [e*% Amin (P*), CAmax (P*)], there exists a partition T of R? with size

(1))

such that for each interval I € I, we have one of the following:
e forall§ € I, o p(y) < —A, or
e forall 0,0 €1,

vo,P(y) — 70, P(y)| < €

Using the above lemmas, we can show that the MLE will only pick out /V[Z P such that they have
small TV on the dataset of {x;}.

Lemma C.7. Let 1, . .., x, be fixed, and y; = ¢(W*x; +n;) for n; ~ N(0,5*), and W* € RI*F

with ¥* € R¥? satisfying Assumption 4.4 and Assumption C.3. For a sufficiently large constant

C >0,

(d? + kd)
o2

b

n==C- log

samples suffice to guarantee that with high probability, the MLE /V[7, 5 satisfies
J((W, ), (W*,E*)) <e.
Lemma C.8. Let {x;}" ;| be i.i.d. random variables such that x; ~ D,.

Let P* := X1 Let XY\, Niax be the minimum and maximum eigenvalues of P*. For 0 < L < U,

let S denote the following set of precision matrices

)\max(P)

Q:={PeR¥,
{ < + Amin(P))

< kand Apax(P) € [L- A0, U - A% L] }

Then, for a sufficiently large constant C' > 0, and for
kd + d? kd U
nzC-( —; )log(ﬁlog(>),
€ € L

Prl sup ]J<<mP>7<W*,P*>>—d((W,P>,<W*,P*>>\>a]<e“W%

we have:

zi~Da | W eRdxk PeQ

Theorem 4.5. Let R denote the set of positive definite matrices with condition number . Given n
samples {(x;,y;)} 1, satisfying Assumption 4.4, where x; ~ D, i.i.d., and y; is generated according

to (7), let W, ¥ 1= argmaxy, cpaxk yepdxd % > logpwsi(yi | @:). Then, for a sufficiently large

constant C > 0,
kd + d? kd
nzC-( —Z >log<n>
€ )

samples suffice to ensure that with probability 1 — 6§, we have

dTV((W,i), (W*,z*)) <e.

24
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Proof of Theorem 4.5. First, we consider the cases violating Assumption C.3.

2 . . . . . . . . . .
Asn x g—z log %, if assumption C.3 is violated, then it implies that each coordinate is non-zero in

atmost a 2 /d? fraction of the samples, and a union bound implies that the probability of seeing a
non-zero vector is atmost €2 /d. Hence, with high probability over the draws of the data, returning the

. . . 2
all-zeros vector always will achieve a TV distance smaller than 2%.

Let 13, P* = f]*l, ¥*~1. Now, if Assumption C.3 holds, Lemma C.7 guarantees that the MLE has
small TV on the x; observed in the dataset:

~ o~

d(W,P),(W*, P*)) <.

The above result is over the finite x; observed in our dataset. To generalize it over x ~ D,, we use
Lemma C.8, which gives

~ o~

d((W, P),(W*, P*)) — d((W, P),(W*, P*)) <e.
Rescaling ¢ gives the conclusion of the Theorem. O

C.1 Proofs of Appendix C.

Lemma C.2. Assume P* := X*~! satisfies Assumption 4.4.

For all y = ¢(0* + n) such that S denotes the zero-coordinates of y, and n such that
1 1

| Ps2nsll, || P52 nse|| < B, if the max eigenvalue A\max(P) satisfies

/\max(P)
Jmaxl” )<
)\min(P*) o 07

then for all 6 € R<, we have

d
v.r <5 log(C) + 3B2.

Proof. We have
2]

1
Yo,x < 3 log I + 90,5 — go= 5+ + hox — hox o= (23)

From Lemma C.9, C.10, we have

1 Pg
go.x — go= v+ + hoss — hg- s+ < go» + - log Ll +3B2.
2 7 |Ps|
Substituting in Eqn (23), we get
1 |

+ =1o + 3B2.
S| 2% |Pg]

1
Y9,5 < gox + 3 log

As (P%) 7! = X% — S5 X5 'Sk g, by the matrix determinant rule, we have

log|X*| + log| P3| = log|X5.|.
This gives
1 |25 |
< ~1 5% 1+ 3B%.
V0.5 < go.x F 5 108 S| +
This gives
)‘maX(Z*> 2
< =1 3B
Vo2 < go,x + 5 log N (%) + )
Amax (P) 2
= =1 3B~. 24
9o,z + 5 108 Nonin (P + (24)
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As the matrix chl is positive definite, we trivially get
90,5(y) = —(Wi,50 — Oi.5¢)" (Sse) ™ (50 — 0i5¢)/2 <0,

Substituting in Eqn (24), we get

/\max (P)

< —log 2~ 1 3B2.
Y62 = B og Aomin (P +

As the Lemma assumes

Amax(‘P) S C)\min(P*)a

we get
d 2
Yo,x < ilog(C) + 3B~.

O

Lemma C.9. Consider the function g defined in Eq (21). For the ground truth parameters 0%, >*,
the function gg~ s+ satisfies

1
—go 5+ < §||ﬂsc||2zsca
which is, with probability 1 — e (),
—go=,x+ < O(d).

Proof. As yge are the positive valued coordinates in y, we have
YSe — 02'0 = 7S¢,
which gives
s \T /% \— *
9o,z (y) = —(yse —05)" (X5e) ™" (yse — 05e)/2,
= —nsell%,. /2-
As nge is Gaussian with covariance X%., the expected norm is |52—C‘, which implies that with probability

1 — e~ 25D we have
—go=,3+(y) < O(]S°)).

Lemma C.10. Consider y generated according to Eqn (20) by
y=0("+mn), n~N(©OZI).

Forall € R Y € R‘fd, and the function hg x, defined in Eqn (22), the difference hg x(y) —
ho= s+ (y) satisfies

P2l et
log 51 + [ P32 nse 2 + 2 P52 ns > — nse . +O(1S]). @25)

1
— hoe s (1) < =
hes(y) — he- s+ (y) < 21%8 B

where P* = Y*~1 is the precision matrix of 7.
Proof. For € R%, Y € RY*¢ and P = ¥ 7!, we have

he s (y) = log/

exp(—[IPZ (¢ = 05) + (Ps) /2 Psse (yse — 052)[2/2),
t<0
<tog [ exp(=|PE (- 65) + (P) 2 Pase(yse — 00 2).
teRIS|
S 1
< L tog(am) — 1 gl 26)

7A
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where the last step follows from the integral of a Gaussian pdf. This gives a sufficient upper bound
on hg »(y), and now we will focus on lower bounding hg« s+ (y).

For the coordinates of y in S¢, we have ysc — 0. = nge. Substituting in Eqn (22), we get

*3 * *\ — *
o) =log | _exp(~ 1P 03) + (P) 2 Pssense]/2).

+<0
*% * *\—1/2 px* 2
—tog | exp(=I1PS*(t — 05) + (P&) ™2 Pagms:|[?/2).
+<0
Using |la + b||? < 2a? + 2b%, we get

*3 .
o5 (5) = = |(PS) ™/ Pésansel g | exo(=IIP5F (= 05)F).
t<
Set u := P;% (t — 0%), and by the change of variables formula, we get:

o) = = (P92 Pssnse* +log [y |(25)?] - exp(~ ),
Py 2ut65<0

*\ — * 1 —
=~ [[(P§)~* Pégense|® + 5 log| P§ ™| +log/*_; exp(—|lul]?).
2 Py Zut05<0
For i € S, we have 0] 4+ n; < 0. This gives
w1 _1
P Pu<ng = Py *utfy <0= log/%l exp(—|ul®) > log/kL exp(—|ul?),
Py 2ut60%5<0 Py *u<ns

using which we get

*k— * 1 *
o5+ (0) 2 = (P2 Psensel* = 3 logl P3| +1og [, exp(=Jul?).

. —

Py 2u<ns

_1
By another change of variables via v := P; *u —ng, we get

. - o}
ha- 5+ (y) = = | (P5) /2 Pisens: |? = 5 logl Pg| + 10g/ <0‘P s

%1
exp(—1P5* v+ 1s)12),

*\ — * 1 * *1 *x1
>~ (P Piense | = ol P51 = 25 Hasl + g [ |P3?

SR,

exp(=2 5 oll?).
*\ — * 1 % *1

= — [[(P§)™"/* Pgsense||” = 5 log| P5| — 2/ P3 s + O(IS)).

As (3%.)71 = Pi. — Phog(P%) 1 Pég., we have
.— * *1/2
—(Ps) "2 Pggense | = nse 3. — 1P *nse 1%,

which gives
*1 1 % wl
how s+ (y) ZlInse |55, — 1 PsZ nsell* = 5 loglP5] = 2 Pg*ns|* + O(|S]). 27)

From Eqn (26) — Eqn (27), we get

1. |P:
%gc+§log| S|+0(|S|). (28)

x1 w1
ho.s(y) — ho= s+ (y) < || PgZnsel|” + 2|[Ps2ns||* — [[nse| Pl

O

Lemma C.4. Under Assumption 4.4, C.3, consider P € Rdfd such that ’}\mj‘i"(m < Kk and

n(P) -

Amax (P) K3d?n?  B?nk
>0 .

N (P*) — ( ZEERE"

*l *l
Then, for all W € R¥¥  and for all y; = ¢(W*z; + n;) with || Ps2nse||, | Ps2ns|| < B, we have

1
y = . i) < 0.
Tw.p = Z YwWa,,P(Yi)

i€[n]

27
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Proof of Lemma C.4. For each W € R?*F et

From Eqn (24) in Lemma C.2, for each ¢ € [n], we have,
d Amax (P) 9
v < gp. —log ————~ 4+ 3B
V6,2 = g9, = T 5 108 Noin(P7) + )
d KAmax (P) 9
< gp, —log ———————~ + 3B~.
< g¢,z+ 5 108 e (P7) +
Now consider
1 _
90:.2(y) = =5 (yi,se — 0i.5¢)" (Sse) ™ (Yise — bi5¢),
1 _
< *5\\11 - 9H2>‘min(zscl)a
1 2 -1 1 2
< _5“9 - 9H )‘min<2 ) = _5”2/ - 9” )‘min(P)v
1 Amax (P)
< —glly - o2,
K

where the second inequality comes from the eigenvalue interlacing Theorem, and the last line follows
from the condition number assumption on X, P.

By Assumption C.3, there exist at least £2n samples for a coordinate j such that (y;); > 0. Averaging
ge,.x, by Lemma A.1, we get that with high probability,

*2

ok
>l - 62 = ==
(3

which gives

1 U*fzk)\max(P)
- ) N —J T 7
n ;99“2(%) >~ Ank )
 FAmax(P)
T AnkAmax(P*)
This gives
_ Amax(P)k d AmaX(P) 2
< IEE 4] e B
TWE = 4nl‘<0/\max(P*) * 2 s\t )‘maX(P*) I
Amax(P)k )‘maX(P) 2
————+d - —— 4 3B~
T AnkAmax(P*) * " Amax (P*) *

Completing the squares, we get

2
P 272
7W,2§—< M—mdﬂ) LR spe

AnkAmax (P

For

Amax (P) >0 K3d%n? n B?nk
Amax(P*) — k2 k ’

the above inequality satisfies

w,s < 0.
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Lemma C.11. Assume P* := X*~! satisfies Assumption 4.4 with condition number .
For all y = ¢(0* + n) such that S denotes the zero-coordinates of y, and n such that

1 1
| Ps2nsll, || P52 ns-|| < B, consider precision matrices P whose max eigenvalue Amax(P) sat-
isfies

)\max (P)

Amin(P*) o C

Let A > 4max{$% log C,3B?}. Then for V := (P~')sc and Rp defined as
3
Rp :=2BVC + 1/514, (29)

||93(‘ - agr

we have

v>Rp = yp<—A
Proof of Lemma C.11. Consider Eqn (24) in Lemma C.2. We have

vo.p < go.p + S log 2max(P)
T ’ 2 /\min(P*)

+3B2,
d 2
<gep+ §logC+3B )
where the last inequality follows from ;‘"L((PF?) < C in the statement of the Lemma.

By the definition of gy p, we have
1 _
96,.p ‘= —§<ysc — HS(:)T(PSC — PSCSPS 1PSSC)<Z/SC - Hsc).

We can rewrite the matrix (Pse — PsegPg 1PSS’C) as

B _ -1
(Pge — PsesPg ' Pgse) = ((P1)se)

By setting
V= (P_l)Saa
we can rewrite gg p as
iil .y 2 771 -9 val —0
90.p = =5 llyse = Osellv = =5 (yse — bs<) (yse — Ose).
Now, as yge = nge + 0%., we have
1 * 2
go,p = —5”7756 + 05 — 05|y,

_ 71 9* —9 2 9* -0 o 1 2

= 5 ll05e = Oselly + lInsellv 0. —bsll = S lnsellv-
Ignoring the ||ns<||?, term, we get

v+ Insellv 105 — Osllv.

1 *
go,.p < *§||95c — Oge

By the Cauchy-Schwartz inequality and the eigenvalue interlacing theorem, we have

[UERE
(P=1)

1 c c
Insellv < Mae(V=1) - lsells = ez limsellz
2 (V) )\2

min min

1
—<— = Abax(P) - s
(Psh) A

min

70
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B

By the statement of the Lemma, we have || P2 nge|| < B = |ns¢||2 < ——2——. Substituting
in the above inequality, we get e
Ar%lax pP). Se
Inselly < 2Pl lnsellz g,
)‘Iiin (ngc)
Substituting in the function gg p, we get
1 * *
go.p < =105 = Osc[[Y + BVCI|05. — bslv-
Hence, for 6 satisfying
|6se — 0% |lv > Rp := 2BVC + 2V/A,
we get
vo.p < —A.
O

In order to cover our precision matrices, we will consider a subset of matrices whose entries are
quantized by an interval size 3:

Definition C.12 (Quantized Precision Matrices). For k > 0, define Q1 C R?*? as the set of positive
definite matrices with condition number k.

For p > 0, define the set Q), C §) as

Q, = {P €0 Anax(P) € [g,p}}

For a quantization size 3 > 0, define Q) 0,8 C Qpas:
Qpp =P €Qy: Py € {=p.—p(1 =), —p(L=26).-+ . p(1 —268),p(1 ~ §).p}.}
Lemma C.5 (X cover). For B> 1,and0 < L < U, let A > max{ log 1, B?Uk, $log(=F), 1}.

Let P* := X*~! be the precision matrix of 1. Let Q C R‘fd denote the set of positive definite

matrices P € RiXd with condition number k and whose maximum eigenvalue lies in [L\min (P*), U -
Amax (P*)]-

Then, there exists a partition of Q) of size

((s2))’

>|<l *l
such that for all § € R? and all y = ¢(6* + 1) € R with | Ps2 ns||, || PsZnse|| < B, and each cell
1 in the partition, one of the following holds:

e forall P € I, o, p(y) < —A, or
* forall P, P’ € I, we have |y p(y) — vo,p' (y)| < e
Proof. In order to construct the net over the precision matrices, we will consider geometrically spaced

values of p € [L - Apin(P*), U - Amax(P*)], and for each p, we will construct a net over matrices
that have max eigenvalue < p.

Now consider p > 0 that lies in the following discrete set:
{Amin(P*)27,j € [logy(k5)1}
This set is a geometric partition over the possible max eigenvalues that the MLE can return.

For the current p, let 2, follow Definition C.12. Now consider P € 2,,.

N
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Constructing the interval for which v p < —A. By Lemma C.11, for V = (P~1)se, and
RP = O(B4 /)\-#(P*) + \/Z) = O(\/Z), we have

|0se — 0%c|lv > Rp = ~vo.p < —A.
For any 6, notice that the set of matrices P satisfying ||fsc — 8%.|v > Rp is connected (as its

complement is compact). This forms the set I for which vy p < —A.

Constructing intervals for which |yy p — 79 p/| < e. We will now construct a partition over those
P which satisfy ||fge — 6% ||v < Rp, and show that the log-likelihood changes by atmost ¢ for each
cell in this partition.

If P € Q,, then each of its elements P;; € [—p, p|. For a parameter § > 0 that we will specify later,
consider the partition €2, g of €2, following Definition C.12. Clearly, the size of {2, 3 can be upper

bounded by
d2
~ 2
o< (3)

We will now analyze the effect of rounding down P € ,, to its nearest element in Q 0.8+
By Claim C.13, for v = 2x3d?, we have
(L=t =0l < [t =05 < 1+t = 0I5, (30)

Consider the log-likelihood at 6, P':

1
fo.pr(y) = 3 loglP'| +log [ exp (~Ilt — 6113,

t:ts<0,tgc=ygc

We will use the LHS of Eqn (30) to show that

1 1
fo.pr(y) — 3 log|P'| < fo,p(y) — 3 log|P| + ¢,

and deal with the log| P’| term later. The lower bound for the log-likelihood at P’ can be obtained via
analogous proof using the RHS of Eqn (30).

By the LHS of Eqn (30), we get

1
fope(y) — 5 loglP’| < log [ exp (~(1 =)t~ 6113).

t:ts S07tsc =Ysc

Rearranging the terms, we get

(1-7)
2

1
fo.pr(y) — 5 log|P'| < — llyse — Ose 2256

(1—=9)pt -5 2
+ log exp { ——— |P&(t—0)s + Py ? Pgge(yse — 0g¢)|
<0

The non-integral term corresponds to gg, p in Eqn (21), while the integral term corresponds to kg p in
Eqgn (22).

Handling the non-integral term. As we are only considering 6 such that |yse — Og¢||ss. < Rp,

we have that for
€ €
b= O<R?ad2fi> B O(poly(A))’

the non-integral term corresponds to gy, p + €, which gives

1 1-— 1 1
for () = 5108l <gnp+e-t10g [ oxp (<5 21PEE - 0)s + 5 Pase s - 0P
t<
(€29

21
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Handling the integral. Now we consider the integral term. Define the integral

1— 1
n=tog [ ew (U k- wi?)
+<0

for v = 2d%kB and u = fg — Ps’lPSSC(ySc —0sc).

Define the analogous integral that does not have the (1 — +y) term in the exponential:

1 1
f=tog [ o (5IPde- )
<0

Clearly, I} > I.

We only need to consider y such that || < O(v/Ap): otherwise the likelihood will be smaller
than —A.

By Lemma C.14, for v = O (m), we have
I 1 < I 2+ €.
Handling the log-determinant term. Now consider the log| P| term. As we are decreasing each
element by atmost [3p, none of the eigenvalues can increase. Moreover, as
Tr(P') — Tr(P) > —dfp,

we can conclude that each eigenvalue decreases by at most —dfp. Also, as p < k);(P)V j € [d],
we can conclude that each eigenvalue satisfies
Aj(P') = X (P)(1 — dBr).
Hence, the log-determinant satisfies
d?Bk £ €
1—dBk kd? — kr2d?’

log|P'| > log|P| + dlog(1 — Bdk) > log|P| — > log|P| — O(e) for g <

This finally gives
Vo, — vo,p'| < O(e).

Bounding the size of the net As 8 = 0O (m), and the max radius is also O(poly(A)), we

have a cover of size (%(A)) per entry of the precision matrix (for a fixed £2,,).

Intersecting the d? nets means that for each p» We have a net of size

N\
(poly (A, )) .
€
As we are considering poly(A) many s, the size of the net remains the same as the above.

O

Claim C.13. In the setting of Lemma C.5, if P € Q, and P’ € ﬁp,g is its nearest neighbor; then for
v = 2kBd?, we have

L=t =0l < It = 0lI% < 1+t = 0lI5,, (32)
where ¥ := P~ % .= P’ 1,
Proof. Consider P € Q, and P’ € ﬁp)g such that P = P’ + A. Since P’ is the rounding down of
P, wehave A;; € [0, Bp).
As Tr(A) € [0, pfAd], and ||Al|r < pBd, we have
Amax(A) < pBd and Ayin(A) > —pBd?.

2
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This implies that when considering untruncated Gaussians with precision matrices P, P’, we have
that for all ¢,0 € R?,

[t = 011 — pBd®|[t — 0] < |1t — 013, < ||t - OII3; + pBd]it - 6],
Since Amin(P) > 4=, we have
pllt —0]1* < 2r[jt — O[3
Substituting in the previous inequality, we get
It = OII% — pBd*|[t — 01 < ||t = OlI% < It - OII% + pBdlit — 6],
= (1= 26Bd*)|It = 0|3, < |1t — 013 < (1 +26Bd) ||t — 03,

For the sake of symmetry, we will use the weaker bound of
(1 —26Bd%)||t — 0[5 < ||t — 0]I% < (1+2xBd%)[|t — 0|3,

Setting v = 2k3d? completes the proof. O

Lemma C.14. Consider a bounded mean vector p with ||| o < v and precision matrix P with max
eigenvalue p and condition number k.

— M g 13
For v = O(mln{iwl/wg/z, Td%})’ we have

1-— 1 1, 1
g [ e (U5 IPh - l) <=0 [ e (g1PHe- ).
t<0 t<0

Proof of Lemma C.14. Wlog, consider ;x > 0. The case where the entries are possibly negative
follow a similar proof.

Define the integral on the LHS and RHS of the Lemma statement by /; and I» respectively.
By a change of variables, we set ¢’ = /T — (¢t — p) + p in I3, to get

1 1 1
L i exp <—||P2<t’ . u)ll2>~
vi=7 v<A-yT ) 2

Since v < 1, we have (1 — /T — ) < ~yu. Substituting in 17, and for v = O(¢), we get

1 1, 1
h<tog e tiog [ e (<5 IPHE - 7))
L—n t'<vyp 2
1
<0 +iog [ o (-3IPHC - 0?).

t'<vyp

I, =log

The integrating set in the above inequality can be split into two parts: one over the negative orthant
(which is exactly to e/2) and another over the shell

C={t' <qup\{t <0}

This gives

1 1
I, <0(e) Jrlog(el2 +/ exp (2|P2(t’ - ,u)|2)>
t'eC

In the above inequality, let e’ denote the integral over the shell C'. We will now show that I3 satisfies
elr <eel2,
Let f(x) denote the Gaussian density with mean  and precision matrix P.

For a subset of co-ordinates S C [d], S # 0, and t € R, let 24, x_ € R be such that

N Jopi ifie S, N —Tug ifie s,
x+’s(l){ti ifig¢s, x‘vS(Z){ti ifi ¢ S.

23
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By the monotonicity of the Gaussian density, the integral over the shell C' can be upper bounded by
breaking up into a sum of integrals over lower-dimensional strips, where for a fixed subset S € [d],
the variables tg. are integrated over (—oo, yjug<], while the variables in S are fixed to yus.

This gives

el < ) / fays) [T
tse<ypse

5C[d] i€S
<Y [ st
SCld] tse<ypse

d
d & /
< a max T .
—k; (k)w P STk e 1)

By Claim C.15, for any S, and v = O (min{ #/Td’ a%ﬁp }) each summand satisfies
f(zys) <2f(z-5)

Furthermore, for any S C [d], we have

S|
/ f(ac,,s)(la) <el2,
tse<vyusec €

This gives
d 1
els < z:deEkeI2 < 3ede ifed < -.
3
k=1
Rescaling € < 3 completes the proof. O

Claim C.15. Let f be the Gaussian density with mean . € [0, a)? and precision matrix P € R4*4
with max eigenvalue p and condition number k.

Let vy = O(min{ﬁpd, a%d%}). For any subset of co-ordinates S C [d], S # 0, and t € R, let
ry,v_ € R be such that

z+(0) = {ti figs o 0= {ti ifid S
we have

flzy) <2f(z-)

Proof. WLOG, let S be a contiguous set such that we can separate the coordinates of x4 and z_
into disjoint sets. For the coordinates belonging to S, let ;g denote the coordinates of . belonging to
1, and pge the coordinates not belonging to S (similarly for ¢g and tge<).

Taking the logarithm on both sides of the claimed inequality, we want to show that

L o1 |vis — ps | |2 Lo [=2us — ps|||?
P [ - [ e
2 H |:tSC — jse - 2 lge — jge +log

Let a and b denote the vectors whose norms correspond to the log-densities in the claimed inequality,
andletd =a —b.

This gives
b:P% _MS(1_7> , a :P% —MS(l‘*‘g) , 6::a—b:P% */LS’)’(%“FI)
tsc — HUSe Ifsc — HUSe OSC
4
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‘We want to show that
1 1
—5Ibl* < =5 llall* +log2,
1
< (8,6) + 5110]* < log 2. (33)

As ||P|| € pand ||u|loo < «, we have

1 2
1913 < o2l (14 2)

For v = O(a\zﬂ),weget

1
163 < 5 log2. (34)
Similarly, consider the inner product (4, b) in Eqn (33). By the trace trick, we get

(6,b) = Tt(AP),

where

o))

Notice that the diagonal elements of A are all non-negative. This implies that all singular values are
non-negative. The trace of A is

1
&) = sl = (£ +1).
Hence, by Von Neumann’s trace inequality, we get

(.) < TUAITHP) < s~ )2+ 1) o

For v = O(m), this gives

(0,b) < —log2. (35)

N =

Substituting Eqn (34) and Eqn (35) in Eqn (33) completes the proof. O
Lemma C.6 (W-net). Let nge,ng be such that

1Ps2nsell < Bi, | Ps*ns|| < Bz,
for Bl,B2 Z 0.

Let A > max{B?, B3, poly(C,k)}. Let P* = ¥*~1 be the precision matrix of 1. For a fixed
matrix P € R whose condition number satisfies Assumption 4.4 and whose eigenvalues satisfy
Amax(P) € [e_% Amin (P*), CAmax (P*)], there exists a partition T of R? with size

1\ 3¢
(roe(2.2))
€
such that for each interval I € I, we have one of the following:

s forall® € I, v9 p(y) < —A, or
e forall0,0' €1,

Yo,p(y) — 70, P(y)| < €

35
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Proof of Lemma C.6. Recall that the log-likelihood ratio 4 can be decomposed into the difference
of two terms that depend on 6:

P
Yo.p(Yy) — log P =g0.p(y) — 9o+ P~ (y) + ho.p(y) — ho~ P+ (y).

Without loss of generality, consider the net for the first coordinate 6. The final net will be the
intersection of the per-coordinate nets.

We will construct three partitions: the first is Zj o for h when y; = 0, the second is is Zj,; for h
when y; > 0, and the last is Z, for g when y; > 0. The final partition will be the intersection of these
partitions.

Case 1: Netover h,y; =0. Asy; =0, wehave 1 € S. For § € R?, we have

ho.p(y) = log/ eXp<—||P§ (t — 0s) + (Ps) '/ Pgge (yse — 950)”2/2),
<0

By Claim C.16, if 6, > O( C”‘A) then the log-likelihood is smaller than — A.

Now, consider 6; < O(ivil’m). Let 8’ = 6 4 ae; for o > 0. As h is monotonically decreasing per
coordinate, 1 < 0} = hg p > hg: p. We would like to now upper bound hy p in terms of hg/ p

Let

1 =05 + (Ps) ™' Psge(yse — Ose),
=05 + (Ps) ' Psse(yse — 0s¢)

In the function hg, break the integrating set into two domains: one where ¢ — y is small,
0 = {te R Pt < v},
and another where it is large:
S 1
0 = {te RS |Pd(t— )l >},

for some r > 0 that we will specify later.
Let I; and I> denote the integrals over {2, and 25 respectively.

I5 corresponds to the tail of an unnormalized Gaussian distribution, and hence we have

ho,p(y) = log (12 + /<O . eXP(—HPé (t— M)||2/2)>7

where I, < (27)'3| P52

We can simplify I be comparing | P| to |P*|:

‘P 1/2‘ . 5]
x—1/2| _p2 181 Apax w—1
e () I

(271')%‘ (ffe?) 5 ’Pg_%

By Lemma C.10, we have

\S\

IQ S (27‘1’)

_7—v2

e

(2m)'5| PL 73| < ehor.pr ) +OW+ B3+ BY)

A
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As we are only consider 6’ such that hg« p+(y) — A < hg/ p(y), for
1
r? = O(dlog k + A + log g) = 0(4),

we have

]2 S gehe’.P(y)

Subsituting in hy p(y), we get

ho.p(y) < log (<> s [ ew-ipbe- u)||2/2))
t<0,6€Q

1

Now consider the integral [1 = [, ,cq,, €XP <—||P§ (t— u)|\2/2).

By Claim C.17, as €2 is defined for ¢ bounded by 7, and u — ¢/ = aeq, we have
I < exp (2apir + o®p?) - I,

where I = [ exp (<[P (= )| f2) < o),
t<0,teM

Substituting in the expression for hg p, we get
he,p(y) < log (ehe”P(y) - (e + exp (2ap17 + azp%)))

Aslog(e + €*) < e+ x for z > 0, we have

ho,p(y) < ho,p(y) + € + 2apir + a?pf.
Setting o = O(5), we get

he.p(y) < he p(y) + 2e.
This shows that hg p changes by at most € for the considered net. We need to defined the other end

. - . L Crlog(:
point for the net. By a similar argument to the positive end point, if §; = —O (pl()> , the

log-likelihood ratio changes by at most € until §; = —ooc.

As we are only trying to cover 6 such that |6 | < O(ivgf“‘), this net has size

O(\/CHA) :O<\/C,‘-€Ap1’r> 4

P moo€ £
Case 2: Net over h,y > 0. A similar argument to Case 1 works here as well.

Case 3: Netover g, y; > 0. By Lemma C.11,if |6 — 6. |p . > R, for
R, = O(WVA),
then
go,p — gor.p < —A.
Now consider 6 such that
|61 — 07| < R,
and 0, 0’ such that  — 6’ = qe;.

7
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The difference in gy — gp- is

— 1 * 1 *
90(y) = 9o (y) = mse (V) 7 (Ose — Oc) = 5105 = Osell5,. + 5105 — O3

The second and third terms in the RHS can bounded by observing that
|20° — 0" — 0] < 2R, = O(VA), |0 — 0| < a,

and hence we get
1, . 1, .
5185 = Osel,. + 5105 - 052, < O(VA)a.

Now, for the first term in the RHS, we have

B Bk
Inscllps, < Bi = lInsell < —2— < —PE
AL(P)  Muax(P?)
This further implies that
_ Bk
ngc (ESC) 1(956 — 9/ c) S 117\/7\/])7101 = pOly(A)a
Athax (P*)
Setting
€
olin)
poly(A)
we get

Ul

l90(y) — gor (y)| <

As we are covering a set of size R; using a grid size of «, the size of this partition is

Biy_ poly(4)

O(a €
O

Claim C.16. In the setting of Lemma C.6, we have Apax(P) < CAmax(P*). Let py denote the first
diagonal element of P.

If6; > @(7%), then the function hg p is such that

h@)P - h‘g*yp < _A
Proof of Claim C.16. Recall that the function hg_p is defined as:

ho.p(y) = log/

eXP(*HPsE (t — 0s) + (Ps)'/*Pgge (yse — 95c)||2/2>-
<0

Consider the term HPS% (t —0s) + (Ps)~ Y2 Pgge(yse — Os)||. By the triangle inequality, we have
1
IPE(t = 0s) + (Ps)~/*Psge (yse — b))
1 _1
>[|P3 (t — 0s) + (Ps)™/* Psse(05c — 05) | — || Pg * Psse(yse — 05
1
>(|P2 (t — 0s) + (Ps) /2 Pgse (0ge — 0%.)|| — VCKA,

9
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where the last inequality follows as

1 . 1 1 VO ax
| Ps * Psse(yse — 05c)|| = | Pg * Psse(nse) || < [|1Psc|llnse|| < ——=B < VCkA.

V A;‘lil’l
1
Similarly, the function gy p only considers 6 such that || PZ. (6s- — 0%.)|| < VCrA (otherwise, the
log-likelihood ratio is smaller than — A by virtue of gy, p, irrespective of hg p). For these #, we have
1
IPZ (t — 05) + (Ps)™"/? Psge (65 — 0s¢)
1
>|1Pg (t —0s)ll — VCrA,

which gives
| P2 (t — 0s) + (Ps) /2 Pgge(yse — Ose)|| >||P2 (t — 0s)| — 2V/CrA.
Hence, if 6; > O(

54 then we have

p1
||P (t — 0g) + (Ps) "2 Pgge (yge — Ose)|| =Q(VCrA) V t <0,

_1
and hence the Gaussian integral is at most (27)!51/2 ‘Ps 2 e~ UCrA)

By Lemma C.10, we have hg- p- > — % log|P%| — O(A), which gives
|Ps|

1
he.p(y) — he- p(y) < 5 log Q(CrA)
|Ps|
d X
<3 log /\LEZXP) —Q(CrA) < O(Alogk) — Q(CrA) = —Q(CKA).
This gives a contiguous interval over #; for which yp p < —A. O]

Claim C.17. In the setting of Lemma C.6, let 11, i1’ be such that iy — p’ = ey

Then, for all t such that
1
|1Pg (t —p)| <,
and py := Py, we have

3 2 2,2 3 INTE
1Pg (t = " = = 2apyr — a”py + [|Pg (£ — )|
1
Proof of Claim C.17. Consider the term || PZ (t — p)||?.

1
Adding and subtracting || P2 (t — p/)||%, we get
1 1 1
IPZ(t— w)lI? = [1PZ(t — w)lI* — |1 P2(t — u)]I® + P2 (¢t — )]

W o

1 1 1
= (P22t —p' — p), P2 (W — ) + |[P2(t — )%,
1 1 1
= (P3(2t —2p— (u’ — ), P2 (1 — p)) + I|1P2 (t — p)I?,

1 1 1 1
= 2PE(t — 1), P2 (W — ) — | PE (u— )12 + 1P (¢ — )%
As p — 1/ = aep, we have
1
1Pg (1 — p)II* = o”pi.
By the Cauchy-Schwartz inequality, and since  — ¢/ = aey, the inner product can be lower bounded
as

2(Pg (t — p), P§ (W' — p)) = =2[|P3 (t = p)lllP§ (W — w)|| = —2apar.
Substituting, we get

P%t— 25 _9 2.9 P%t_/z
|1Pg (t — wI* = —2apir —a”py + | P§(t — p)|"

This completes the proof.

20
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Lemma C.18. Following Definition C.12 let ), be the set of precision matrices with condition
number k satisfying Amax(P) € [§, p], and let Q, g be the quantized net with quantization level 3.

Forany P € Q),, let Pe ﬁp, g be its element-wise rounding down. Then, for any 1 € R?, we have

drv (N (p; P), N (15 P)) < O(d?Bk). (36)

Proof of Lemma C.18. Let S = P~*and & = P~L.

By Theorem 1.1 in [16], the TV between two Gaussians with the same mean is

dry (N (1 2), N (15%)) = © [ ming 1, [> €25 ],

7

where &; are the eigenvalues of Yy — 1.

We can convert the bound on the eigenvalues to the Frobenius norm of Dty d:

Do <S8 - 1yp.

Recall that P is the rounding down per entry of P. Hence,

SIS — Iy = (570 = [uy])2 — 1y, where 0 < v;; < Bp,
= —vd.

Taking the Frobenius norm, we get

=712 = Lllr = VS|,

< (dBp)(dpma () = (dBp) (d(P))

min

< (dﬂp)< ) < 2d*Bk.

R
Pmax (P)

where the first inequality follows as each element of v is at most 3p, the second inequality follows as

P has condition number £, and the third follows as P € Q, = pmax(P) > §.

This completes the proof. O

Lemma C.7. Let x4, ..., x, be fixed, and y; = ¢(W*x; +n;) for n; ~ N(0,X*), and W* € R4k
with ¥* € R4 satisfying Assumption 4.4 and Assumption C.3. For a sufficiently large constant
C >0,

(d? + kd)

kdr
g2 8

n=C- lo

samples suffice to guarantee that with high probability, the MLE ﬁ/\, 5 satisfies

J((W, i),(W*,z*)) <e.

Proof of Lemma C.7. Forany W € R¥* 53 € R?¥4 and a sample (z;,;), let p; w.x(y|x;) be the
conditional distribution of y = ¢(Wx + 1), and let 7, 5 be the log-likelihood ratio between (W, X)
and (W*, ¥*) on this sample:

Piwz\Y | i
vi,w,=(y) = log #~
Di,w= 3 (y | l‘i)
Then

]E[%‘,W,z(y)] = —KL(piw-s-(y | z:)lpswsy | ©:)).
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Concentration. From Lemma B.1, we see that if dry (W*,2*), (W, X)) > ¢, then for n >
O(z log §),

1 n 2

Tw,s = o ;%,W,Z(yi) <-3 (37

with probability 1 — 6.

Of course, whenever Fwy < 0, the likelihood under W* ¥* is larger than the likelihood under W, 3.
Thus, for each fixed W, ¥ with dpy (W*,3*), (W, X)) > €, maximizing likelihood would prefer
W*,%* to W, ¥ with probability 1 — & if n > O(Z log ).

Nothing above is specific to our ReLLU-based distribution. But to extend to the MLE over all W, X,
we need to build a net using properties of our distribution.

Building a net. First, for a given sample y;, let S; be the set of coordinates of y; that are zero, and
S¢ be its complement. Then, with high probability,

x5 *3 ;
15 (i)l 1 Psé (ni)s. || < B = O(V rdlogn) Vi € [n],

where P* = ¥*~!, and P}, PZ. are the block matrices in P*.

Supposing the above event happens, we will construct a net over the precision matrices P = %71,
Note that as we are only considering matrices with bounded condition number, this is a bijective

mapping.

Net over ¥~ !. By Lemma C.4, any precision matrix P = ¥ ~! satisfying Assumption 4.4 and
whose max eigenvalue satisfies

Amax(-P) Z U : Amax(P*%

332, 2 2 . _ . .
for U = O("‘ izn + £ d"klog"), will have Jyy, p-1 < 0, irrespective of TV.

Similarly, by Lemma C.2, any precision matrix satisfying Assumption 4.4 and whose max eigenvalue
satisfies

Amax(‘P) S L- )\min(P*)

for L = e=O(®198™) hag , 1y p—1 < O forall i € [n], and hence its average Jy, p-1 is also < 0.
This shows that for all precision matrices P whose max eigenvalue is extremely small / large when
compared to the min / max eigenvalues of P*, has

Yw,p-1 <0,
irrespective of W, and the MLE, which has non-negative 7, will never pick these P.

Let A = poly(n, d, k, ) be large enough such that A > n(dlog(Ux) + B?), and such that it meets
the requirements of Lemma C.5 and Lemma C.6.

Then, by Lemma C.5 with U = poly(d, x,n) and log(+) = poly(k,n), there exists a parti-
tion P of precision matrices whose max-eigenvalue lies in [L - Apax(P*),U - Apax(P*)] into

(poly(d, Ky, %))d cells, such that for each cell I € P, and P, P’ € I, the following holds for all
i € [n] and W € RI¥F:
&2
i w,p (yi) = viw.pr (vl < 16 (38)

or vi,w,p(yi) < —A.

Using Lemma C.18, we also have that for all W,

2

< —.
— 16

)

dTV((Wﬂ P),(VV, Pl)) (39)

41
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We can choose a net IV consisting of precision matrices from each cell in P. This net has size
dkn
log|N| < d? log().
€
This gives a sufficient net over the precision matrices.

Now we will construct a net over W for each precision matrix in the net.

W-net. Now, for each P € Np, by Lemma C.6, for each i € [n], there exists a partition P 5 of

R? into (poly(d, k,k,n, é))d cells such that for each cell I € Pp,, and W, W' € I, one of the
following holds:

82

< (40)

’71'7W7ﬁ(yi) - ’Vi7W/,ﬁ(yi)
or vy, w p(yi) < —A

Let W; be the j-th row of W. The individual partitions P ; on (z;, W;) induce a partition Pj , .
on R*, where W, W lie in the same cell of P ; ;if (@i, W) and (x5, W) are in the same cell of

Pp, foralli € [n]. Since Pg | i is defined by n sets of (poly(d, k,k,n, %)) parallel hyperplanes in

1V
(poly (d, k,k,n, 5) ) .

As there are d rows in W, we can intersect P5 ; joverj € [d], which induces poly(d, k, , n,

R* the number of cells in Pz, ; is

;)kd
€
cells in R¥. We choose a net N 5 to contain, for each cell in [ el Pﬁ ig the W in the cell
maximizing dpy ((W*, P*), (W, P)). This has size

log| N 5| < kdlog<”d€k"> :

Proving MLE works. By (37), for ourn > O ((kd%drz) log %), we have with high probability

that
_ e?
Tw,p < 3

for all P € N and for all W € Np with dpy ((W*, P*), (W, P)) > €. Suppose that both this

happens, and
< B=0(y/rdlogn) Vi€ [n].

We claim that the MLE W, & must have dpy (W*,X%), (W7 i)) < ite.

Consider any W € R*** and P € R™? with dpy (W*, P*), (W, P)) > 1le. Using our net on
precision matrices, we can find P € NN such that

*1 w L
1Ps? (ni)s; I, 1|1 Psé (1) s,

dTV((W*vp*)’(Wﬁ)) > dTV((W*’P*)’(VVv P)) - dTV((Wa P)?(W ﬁ))

Recall that we are only currently considering W, P such that dry (W*, P*), (W, P)) > ife. By

Eqn (39), we have dry (W, P), (W, P)) < %, which gives
~ 17 e?
d *, P P)>e—-——>c¢
v (W7, P7),(W,P)) 2 eqc — =€

Now, for this ]5, we can find a W eN s and by our choice of N B, We know that

dry (W, P*),(W, P)) = dry (W*, P*),(W, P)) > ¢,
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2
£

and by (37), we have ¥ 5 < — 5.

Now we consider two cases. In the first case, there exists ¢ with v; w. p(y;) < —A. Then
_ 1 A
Tw,p = > vwe(y) < -t B?/2 <0.

Otherwise, by Eqn (38) and Eqn (40), we have

b

Yw,p <V p+ ‘Vw,ﬁ - VWJS‘ + ’Ww,ﬁ —Yw,p

2
£ ~ ~ —_ —

= 2 T max|Y; i p 7i,Wﬁ’ T maxyy; wp = ’Yz‘,W,P)a

< e + = + = <0

- 2 16 16 ’

In either case, 7y, p < 0 and the likelihood under w* exceeds that under w. Hence the MLE @ must
have dry (w*, w) < }—ga. Rescaling ¢ gives the conclusion of the Lemma.

O

Lemma C.8. Let {x;}" , be i.i.d. random variables such that x; ~ D,,.

Let P* := Y"1 Let A%, A% be the minimum and maximum eigenvalues of P*. For0 < L < U,

let §) denote the following set of precision matrices

)\max (P)

=< P dxd .
Q { € RY Nouin (P)

< Kk and )\max(P) € [L . /\;knin’ U- )‘:nax]}‘
Then, for a sufficiently large constant C' > 0, and for

2
n=C- (k:d—&;d >log<mlog(U>),
€ e L

- sup ‘(I((VV, P), (W*7P*>) _ d((W P)7 (W*’P*))‘ >e| < e_Q(ngz).
zi~Dy | W eRdxk, PeQ

we have:

Proof of Lemma C.8. For P = ¥~ and P* = ¥*71, let
FOW, P) o= d((W,5), (W, 5%))

and

Ful0W, P) i= d((W,9), (W, 5%)) = Sl (o, (slc), v o (o)

i
Since the function is bounded, for any fixed W, P, the Chernoff bound gives
Pr[| fu (W, P) — [(W, P)| > a] < e~2" (41)

for any o > 0. The challenge lies in constructing a net to be able to union bound over R* without
assuming any bound on W or the covariate x. As before, we do so by constructing a “ghost” sample,
symmetrizing, and constructing a net based on these samples.

Ghost sample. First, we construct a “ghost” dataset D!, consisting of n fresh samples IID samples
{@}}icin) of D,. This gives another metric

FulW, P) = (W, 2), (W, 5%)) = = 3 ldry (o, (ol o=, p- (o120)]

%

Similar to the proof in Lemma 4.3, it is sufficient to consider the difference between f,, (W, P) and
1 (W, P)ie.,

Pr|sup| f(W, P) — f,(W, P)| > ] <o2Pr [supm(w, P)— fL(W,P)| > ¢/2|.  (2)
W,P W,P
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Symmetrization. Since D, and D/, each have n independent samples, we could instead draw the
datasets by first sampling 2n elements 1, . . . , Ta,, from D, then randomly partition this sample into
two equal datasets. Let s; € {£1} so s; = 1if z; lies in D!, and —1 if it lies in D,,. Then

2n

1
fa(W, P) — f1,(W,P) = n Z si - drv (pw,p(Y]Ti), pw P (ylz:)).
i=1
For a fixed W, P and z1, . . ., Z2,,, the random variables (s1, ..., Sa,,) are a permutation distribution,

so negatively associated. Then the variables s; - dpy (pw,p(y|zi), pw+ p+(y|z;)) are monotone
functions of s;, so also negatively associated. They are also bounded in [—1, 1]. Hence we can apply
a Chernoff bound:

Pr(|fu(W, P) — fL(W, P)| > €] < e™"°/2, (43)
for any fixed W, P.

Constructing a net. We will first construct a net over the precision matrices P (independent of
W), and then for each element in the P-net, we will construct a net over W.

Net over ¥~ 1. In the following, A\yax (P) denotes max eigenvalue of a matrix P, A, (P) denotes
the min eigenvalue, and \;(P) denotes the i-th eigenvalue, in decreasing order.

In order to construct the net over the precision matrices, we will consider geometrically spaced values
of X € [L - Apin(P*), U - Amax(P*)], and for each A, we will construct a net over matrices that have
max eigenvalue < A.

Now consider A > 0 that lies in the following discrete set:

{/\min(P*)Qjaj € ’—10g2(ﬁl%)-‘ }
This set is a geometric partition over the possible max eigenvalues that the MLE can return.

Following definition C.12, let 2 denote the subset of positive definite matrices in R?*¢ that have

condition number  and max-eigenvalue in [, A]. Similarly, following Definition C.12, let Q) 5
denote the gridded version of {2, where entries in the matrix are multiples of \j.

For any P € 2, let Peq A, be the matrix obtained by rounding down every element in P.

By the Data Processing Inequality, for any W € R%** we have
drv (pw.p (ko). by, p(412) ) < drv(N (Was PN (Wa; P)).
By Lemma C.18, we can upper bound the RHS of the above inequality by
dry (N (Wa; P), N(Wa; P)) < O(d*Br).
Setting
€
8=0(z):
we have a partition of size O ((dzn / E)dZ) per A such that:
drv (pw,p(y12), by pyl2) ) < OCe).
We will now construct a net over W, so as to show Eqn (43) for all W, P.
W-net. By repeated triangle inequalities, we have

Fa(W, P) = Fr(W, P < | fa(W, P) = fu(W, P)| + Fu(W, P) = [ (W, P)|.

Fa(W, P) = £ (W, P)| +

Using the cover over P, the first and last term on the RHS are O(¢). This gives

|fu(W, P) = f,(W, P)] < O(¢) +

fa(W.P) = fL(W. P)|. (44)
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For a fixed VNV7 ]5, we will have (43) using a Chernoff bound. Since Pis already finite, we will now
construct a net over W for each P.

It is sufficient to bound drv (py, 5(y|xi), Py 5(yl|z:)) as the triangle inequality implies that this is
larger than the RHS above.
We want, for any W, W’ in a cell,

[drv (Pyy 5(y|zi), pw=, P~ (Yl2i)) — drv Py 5 (Wl2i), pw P+ (ylzs)| < O(e).

foralli € [2n]. Itis also sufficient to bound drv (pyy, 5(y|:), Py 5(y|x:)) as the triangle inequality
implies that this is larger than the left hand side above.

Lemma C.19 implies that we can find O (63‘1/2 log(id)> per row of W such that for any W, W’ in
a cell, either
drv (P, pWlTs), pw=, P+ (Ylz:)) = drv (P 5 (Y5l2i), pw=, P+ (yjlzi) 21 —¢
which implies
drv (P, pWl2i), Py p(ylai) < €
or

drv (D, 5 (W|2:), Py p(lTi) < drv (g, p (Y1120 Dy pyile:)) < €/d.
j

Therefore, for each ¢ regardless of the value of IV z; there are at most O (63‘1/2 log(id)) partition-
ing hyperplanes.

We then take the intersection of all 2n partitions (for each data point z;). The cells of this partition

are defined by 2n sets of O (Esd/z 1og(26d)> parallel hyperplanes. Since z € R¥, the number of

K
cells is at most O((ﬁ/dz 10%(?)) )

dk
Hence the total number of cells for d rows is at most O ( (62% log(zed)) ) .

Putting everything together. Finally, for any W € R? let WeN 5 be the representative of its

cell. Recall that each representative P of P induces a different cover N 5 over W. Let N be the net
over the precision matrices P.

By definition of the cells,
\drv (5 (Ylzi), pw= b= (y|22)) — drv (D5 5(yla:), pw= s (ylz:))| < O(e).
for all ¢ € [2n]. Thus

(720, P) = £uW, P)) = (£17, P) = fu (W, P)) | < OGe).
and so

Pr| sup [fn (W, P) = fu(W, P)| > €]
WEeRdxk PeRdxd

g
<P "(W,P) — fo(W,P)| > =
< r{welrvr;agelvlfn( ) — [n(W, P)| 4]
< ¢los |NI+log [Np|—(5)n/2

As there are log n% partitions over P (corresponding to the maximum possible eigenvalue of P),
. 2
each with (O(d?”))d2 elements, we have

2
log |N| < d? log(dgn) —l—loglog(m[l{).

ViR
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and each cover Np over W has size

d 2d
log |Np| = 2kdlog<€3/2 log(e>>.
2
n=C- (kdtd ) log<mlog<U>),
€ L

Prlsup f,(W, P) — fu(W, P) > €] < e,
W, P

This implies that

suffices for

O

Lemma C.19. Let y = ¢(u* + 1o+ ) where p*, o* are fixed, and y,, » = ¢(1 + 1. ). We partition
the space R of i s.t. for p, 1 in a cell, either

Ay (Do (Y), Py .o (y)) < €/2d.

or
drv (Puo(¥)s Pur o+ (y) =1 —€  and  dpy(puw oY), Pus o+ (y)) > 1 — €

Then the number of cells is at most O( Esd/z log(22)).

Proof. In one dimension

drv (pu,a (y)apu*ﬁ* (y)) =drv (pCMCU (y)’ Pepr cox (y))

where c is a constant. So, we can assume WLOG that o* = 1. The number of cells in the grid only
depends on o /c*.

Now, we show that, regardless of the value of ©* we only need to make a grid on a segment of length
at most 3 max(c, 1)/log(2d/e€). This is because for any p outside the ranges specified below the
dTV (pu70'(y)7pu*70'* (y)) >1—e

o If p* < —y/log(2d/e) and for any p such that g > o+/log(2d/e), the
drv(Pu+ .0+ (Y), Pu,o(y)) > the difference in the probabilities at 0 which is bigger than
1—e

«If 0 2 u* > —/log(2d/e) and for any p s.t. p > max(c,1)4/log(2d/¢), the
o+ (Y),

«(y),Pu,0(y)) is the same as in the linear case and since, p — p* >

maX( )\/W the dTV(pM ,o* (y)»pu,d(y)) >1-e

s If 0 < p* < y/log(2d/e), for any p st. pu — p* > max(o,1)4/log(2d/e), the
dTV(p,u*.,a* (y),p#,cr(y)) >1—e

o If u* > 4/log(2d/e) then for any p s.t. u — p* > max(o, 1)/log(2d/¢) using the same
argument as above, we have, the dry (P o+ (V) Pu,o(y)) > 1 — €. Moreover, this is also

true for p s.t. —o+/log(2d/e) < p < p* — max(o, 1)4/log(2d/¢). Therefore, in this case,
we have an additional cell.

In addition to the above, for any p, ' < —o\/log(2d/€), the drv (pu,+(y), Pu o (y)) < €/2d since
both y, +, Y,/ - are only non-zero with probability at most €/2d. Therefore, for all the above cases,

we only need to partition a segment of length at most 3 max(c, 1)/log(2d/¢)

Moreover, for ¢ sufficiently small we can do better. We only need to partition a space of o+/log(2d/¢).
This is primarily because when o sufficiently small, for any p in the linear case we have that

drv (pu,a(y)vpu*,a* (y)) >1l-e
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It is easy to see that drv (pu,0(y), Po,1(v)) > drv(po,s(y),po,1(y)). The PDFs of N(0,0) and

N(0,1) intersect at z = +o %

sufficient to show that
1-20(—|z|/o)>1—€ and 1-—2¢(—|z|) <k,

where ®(z) is the CDF of the standard normal distribution. By using classical bounds on ®(z), we
have that

. To show that drv (po,o(y),po.1(y)) > 1 — €, it is now

o o2
_z2/20'2 _13?1(1,/02))
exp exp
(- < _
Clel/o) < =7 7l/o
which is < ¢/2 if 02 < ¢/2. And,
|| exp=®°/2
a(-fa]) 2 LGP

which is > (1 — €)/2 if

When p* < —4/log(2d/¢) the same argument as above shows that if 1 > o+/log(2d/e) then the
drv (pu .0+ (y), Pp,0(y)) > the difference in the probabilities at 0 which is bigger than 1 — e.We

consider the case where pu* > —4/log(2d/e.

Since, when o is small, for any p in the linear case the TV distance is large it is sufficient to have
large enough so that the intersection of the PDFs are positive and we are in the linear case.

The point of intersection assuming ¢* = 1 is given by
pin — pp /o + \/(m — 12)?/0? + (57 — 1) log(0?)

r= 1 3
o2

which is positive whenever
po > oy/log(1/o? + p2 > o+/log(2d/e.

For the rest of the space, we partition . € R¥ s.t. for any y, ¢/ in a cell,
ln—p'| < oe/2d.

This implies that for any p, 44’ in a cell, either,

dTV(pu,0<y)7pu’,o(y)) < 6/2d
or
drv (Pp,o(Y), Pu= o+ (y)) 2 1 — €and dry (ppr o (), Ppe 0+ (y)) = 1 — €.
Then the number of cells is the max of O(dy/log(2d/e)/e) (when o small) or

O(d+/log(2d/e)/oe) < d+/log(2d/€)/e*/? (when o large). O

D Proof of composition of layers

Proof. We can use the triangle inequality to compose our single layer guarantees. Suppose, for layer
7 and j + 1 we have

dry(X7,X7) < e/2 and
drv ($(W3 e X5 + 1), (W X +m;)) < €/2
then,
drv (6(Wir pXj +n5), (W X + ;)
< drv (6(WiyppXi + i), 6(WiyppXi +nj))
+dryv (6(Wiy L p X5 +15), oW X +15))
<e
where we use the fact that dpry (f(X), f(V)) < drv(X,Y).
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(a) Total Variation Upper Bound vs d (b) Total Variation vs. n for Different D,

Figure 4: (a) Plots Pinsker’s upper bound on the TV distance as d gets large. We set ¥>* = I; and
W* = 141, thus setting input dimension £ = 1. n = 5000 samples are taken. As we might expect,
the upper bound is increasing in d. each point is determined by 2000 samples. (b) Plot of TV vs. n
for additional distributions of . All three distributions follow roughly the same trend, each point is
determined by 2500 samples.

E Simulations

E.1 Additional Simulations

In this section, we provide additional simulations to supplement some of the discussion in Section 5.

E.2 Simulation Details

E.2.1 Figure 2

In these experiment, we set d = 1, and plot the results for various values of the number of samples n
in Figure 2a and various values of the input dimension % in Figure 2b. For each plot, we fix the true
0* = 1 and the w* = 1. In each case the MLE is solved via gradient descent with backtracking
line search, and we check a first order condition ||V, log puw.» ((y | 2))[|> < § = 1073 as the exit
condition. We verify that increasing or decreasing § by one order of magnitude makes no difference
to the Figure.

The expected total variation distance for the two distributions is calculated as follows. We sample
x according to the true distribution (in this case either Laplace or Normal). Then we compute
drv(Pa,s(y | ), pw,e(y | )) via the MATLAB integral function which uses vectorized adaptive
quadrature. We repeat this a total of 100 times and take the average to compute our expected total
variation. We then repeat the entire process 2000 times, each time optimizing to find an MLE, and
then compute its average total variation distance. Lines indicate the average of these experiments,
and the error bars, (not easily visible due to their size) indicates one standard error.

E.2.2 Figure 3

In these experiments we fix d = 3 to retain reasonable complexity for computing the TV distance,
and take input dimension k& = 1 with deterministic = in order to compare with [35]. In Figure 3a we
fix X* = I; and take let W* = bl 4,1, where b will vary across our experiments. We set n = 10000.
In Figure 3b we set n = 5000 and adjust ¥ such that one diagonal entry is x'/2, and the other is
£~1/2, making the total condition number k.

In both of these experiments, we restrict the MLE computation to be over diagonal ¥ only. This is
not because computation of the MLE is too difficult, but rather because computing the TV distance is
greatly simplified in this case. The algorithm of Wu et al. is hence modified to use the knowledge that
the output must be diagonal. This is simply done, because the procedure of Wu et al. essentially first
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estimates the diagonal entries of the matrix as if it were diagonal and then computes the correlations.
Removing this second phase allows us to achieve our goal.

Since x is deterministic, we do not need to consider randomness in computing the expected TV
distance, though other challenges remain. Since our distribution is degenerate, we must be very
careful in computing the TV distance in higher dimensions. Specifically, in the diagonal case, the TV
may be written as:

dTV((Wai)v(W*’E*)>: / ‘p sylz)— pW*z»«yII’dy

-4

>U

d

HpWE yl ‘ 1. HpW*,E*(yl | LC)

i=1 =1

dy,

where y; is the i element of y. Though at first glace it seems that this is a single high-dimensional
integral, the reality is that due to the truncation, the probability mass on the boundary of the non-
negative orthant cone R2 , has a complex structure that cannot be ignored. Instead we perform a
series of integrals of continuous bounded functions, which are much more amenable to Monte-Carlo
integration techniques:

ary (7.2, 00.2)) =

Z /S, HPWEyllx H @(2—1/2 ) HPW*E* (yi | x) H @<E—1/2 )dys/.

s/egld] R>o |ies i€(S’)e €S’ i€(S’)e
(45)

Essentially, for each possible support of y, S’, we integrate over the absolute deviation in those
coordinates.

E.2.3 Figure 4

In Figure 4a, we plot an upper bounds for the TV distance of the MLE as the output dimension
d grows. We set the input dimension & = 1 with deterministic  and fix the number of samples
n = 5000. To estimate the KL divergence, we repeatedly sample y according to the true distribution,
and compute the empirical average log-likelihood ratio.

In Figure 4b we fix the output dimension d = 1 and input dimension k£ = 5, and compute the TV over
a range of values of n. In addition to x sampled i.i.d. from the Normal and Laplace distributions, we
also plot a performance with a Normal mixture, where with probability 0.01, the normal distribution
has mean shifted by 100. We observe, as our theory suggests, that in all cases, there is only very
minor differences in the expected TV distance.

Note that in the case where x is distributed according to a Normal mixture, we observe that the
optimization may become very challenging, and in the plot above, we have omitted some of the
instances where optimization failed due to lack of smoothness in the objective and numerical
imprecision. Omitting these point may lead to a small systematic error in the figure, which may
explain why it is lower than the other plots. In practice, for a fixed optimization budget, we may
observe meaningful differences in TV for different distributions of x, since computing the MLE
becomes more challenging for more complex heavy-tailed distributions.

F The Likelihood Function

In this section, we discuss the likelihood function, proving log-concavity, as well as discussing
computational challenges.

F.1 One Dimensional Case

In this section, we consider the case where the output dimension d = 1, with some ¢* and some
W* € RY* and describe how to compute the likelihood function. We defer the proof of the
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log-concavity to the follwing section, which covers the more general case with d > 1 When we

re-parameterize as u = —W /o, v = 1/0, the likelihood function is written as:
1 2 !
fuw(y) = D) EZS,(U% —u-x;)° + 15 log(v) +‘€Zslog<b(fu~x,;) (46)

where in this case we let S = {i | y; = 0}, where y; is the i sample in the set {y;, z;} ;. Note
this is distinct from how we define .S and S’ in the multidimensional case, where it corresponds to the
zero and non-zero coordinates of a single sample y;. The case of d > 0 with uncorrelated 7 follows a
similar approach.

Numerical concerns. In (46), the term log ®(—u - x;) presents some numerical concerns when
w-x; > 0 if we naively compute ®(—w - x;) and then take the logarithm. Instead we compute it from
the mills ratio m(x) [27], defined to be the ratio of the standard normal pdf and the complementary
cdf. The mills ratio is easily computed, with many well-known expansions, see for example, [13].
Then we can write:

log ®(—x) = —logm(z) — %log(%r) - %xz, x> 0.

Since m(x) changes relatively slowly in  compared to ®(—x), this greatly improves numerical
stability.

F.2 Multidimensional Case

In the multi-dimensional case, we will generally use the more standard natural parameters:
Z_l
2 )
vi= X 'Wa.
Note that in the one-dimensional case, we could have also use the natural parameters, but due to the
truncation structure, the parameters we used make the computation simpler, in a way that does not
apply to the multidimensional case. Also note that here we are considering a fixed x and writing v as

a vector. In full generality, we should take V' = —Y>~ W, however, this is a simple extension which
we omit here for readability. It turns out that density is log-concave in these natural parameters:

U .=

Lemma F.1. The log-likelihood function in Eqn (8) is concave in the natural parameter space.

Proof. First, let’s write the un-truncated density in terms of these parameters:

1 1
fws(ylr) = exp (2(y - Wx)TE*I(y —Wz) — 3 10g|27r2>, 47

1 1
exp (—2yT21y +2TwWTsty —2TWTs = 1wae — 3 10g|27r2|) (48)

1 1
= exp (—QyTUy — Ty —2TU oy - 3 10g((27r)"/U|)> (49)
(50)
Thus, the untrucated conditional density can be written as:

1
fuo(y) = eXp(—QyTUy +yTv— A(U, v)),

where A(U, v) is the cumulant function (note this is distinct from the related cumulant generating
function). A well known result is that A is jointly convex in its arguments, U and v. Taking logs and
using this fact, shows us that fy,(y) is log-concave in U, v.

Our truncated density is simply:
foatvle) = [ puatole)dys
ys<0

For any log-concave density f(z), integration over a convex subset of the coordinates preserves
log-concavity ([9], Example 3.42-3.44). Thus the objective is log-concave. O
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Then the likelihood function at U, v can be rewritten as

TU—l 1
o) =1 [ exp (~70e = o = 004 Juogpan),
ts<0,tgr=yg/ 4 2
Ty-1 1
_ vy vLC log|2U| + log/ exp (—tTUt - tTU)a
4 2 ts<0,tg/=ygs

Separating the terms corresponding to S and S/, we get

vTU 1y

fU,v(y) = - 4

1
t3 log|2U| — y&Usys — y&ivs: + log/ exp (—t§Usts — 2y& Ussts — vits).
ts<0

The last term resembles the log ® term that appears in the univariate case. This resemblance can be
made more clear as follows. Let rg = Ugg ys + %vs and MTM = Us.

= log/ exp (—(t§MT Mtg + 2thrg))
ts<0

= log/ exp (—((MtS)TMtS +2tLrg +rEM M Trg — rngleTrs))
ts<0

:log/ exp (—HMtS+M_Trs||2+r§M_1M_Tr5)
ts<0

=rsM'M~ rs—l—log/ exp <_Ht5+U5_1TSHZS>
ts<0

27rd/2|U§1/2|1/2 e
—Aus ks e (s 0l

1 1
= LU rg — 3 log|2Us| + log/

1 2
—=|lts + U5! >+
120 (2m)i2|U 2] o (~glts + U5l )+

1 1
=riUrg — B log|2Ug| + 10g<I><0;,u =-Ug'rs, S = 2US_1> +c
Putting this together, fi;,, can be written as:

vIU— 1w 1 llog( )

fuo(y) = — 1 +§10gIU|—y§/US/ySI y&vs +r5U5 Ts—*loglU | +18'

Jrlog(I)(O;u 5're, X = 2U§1> +c¢ (51

Thus, it appears that evaluating the likelihood for even a single sample involves the high-dimensional
integral that is the rectangular cdf in equation (51).

F.3 Computing Gradients
F.3.1 One Dimensional Case
In the one-dimensional case, the gradient with respect to u is easily computed as:
vufu,'u(y) = Z(U?Jz — U T)T — Z mxi,
ics’ i€S
where we have previously defined m(z) as the mills ratio. Furthermore, we have:

1
_ - _ . L e
Vofuw(y) =18 IU E yi(vy; —u - ;)

€S’
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F.3.2 Multidimensional Case

First we consider the non-integral terms in the likelihood. Differentiating each term wrt U, we get

Trr—1
vvU v 1, -
_VUT = Z(U Lo TU—h),
1 1
VU§10g|2U| =5U L
0 0
_V T/U / =
UyS S'Ys (O _yS/y%j,)
Differentiating each term wrt v, we get
vITU~ 1.
Vq, 4 *§U v,

0
—Vuy§'US' = <_yS’>

Now consider the integral term. Differentiating wrt U, we get

VU log‘/ exp (7thStS - 2y§/US/StS - ’Ugts)
ts<0

~tsts  —tsy
fts<0 exp (7tTSWU5t5 — ng:/US’StS — Ug:ts)
~ \usith 0

ftsgo exp (—thStS — ng:/US’StS — Ug:ts)
Let M be a matrix such that
MTM =Ug
Then via completion of squares in the exponential term, we get

Vu log / exp (—t5Usts — 2y5 Usists — vits) (52)
ts<0

—tsth  —tsyl
Jis<o exp (= [|Mts + (M~)" (Ussys: + %) II°)
—ysitg 0

Jrs<oexp (=1 Mts + (M=) (Ussrys + 5)II7)

(53)

Notice that this density is Gaussian, with mean and covariance:

-1
e e 5 5)

And hence, the gradient can be estimated as

—tsts  —tsyd,
Vol —tLUsts — 2L Ug gtg —vlts) = E
U 108 eXP( sUsts YsUsrsts — Vg s) ;
t5<0 I\ sty 0

where tg is the truncation of

1
z NN<_M1(M1)T<USS'Z/S/ + %S), U;)

to the negative quadrant. A similar calculation gives the gradient for v as

Vo log/ exp (—t§Usts — 2y Ugists — vgts) = E K—és)}
ts<0 ts
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