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Abstract

We present improved algorithms with worst-case regret guarantees for the stochas-
tic linear bandit problem. The widely used “optimism in the face of uncertainty”
principle reduces a stochastic bandit problem to the construction of a confidence
sequence for the unknown reward function. The performance of the resulting bandit
algorithm depends on the size of the confidence sequence, with smaller confidence
sets yielding better empirical performance and stronger regret guarantees. In this
work, we use a novel tail bound for adaptive martingale mixtures to construct
confidence sequences which are suitable for stochastic bandits. These confidence
sequences allow for efficient action selection via convex programming. We prove
that a linear bandit algorithm based on our confidence sequences is guaranteed to
achieve competitive worst-case regret. We show that our confidence sequences are
tighter than competitors, both empirically and theoretically. Finally, we demon-
strate that our tighter confidence sequences give improved performance in several
hyperparameter tuning tasks.

1 Introduction

The stochastic linear bandit problem is a sequential decision-making problem where, in each round
t, a learner chooses an action a; and then receives a stochastic reward r; for its choice of action.
The expected value of each reward is a linear function ¢(a;) " @* of a known feature vector ¢(a;)
associated with the corresponding action, while 8* is unknown. The linear bandit problem has
attracted a great deal of attention because it is expressive enough to be a faithful model of many
real-world decision-making problems, such as news recommendation (Li et al.,[2010) and dynamic
pricing (Cohen et al.| [2020), yet it is simple enough to make theoretical analysis tractable.

A popular way to design algorithms for linear bandits is to follow the principle of optimism in the
face of uncertainty. This principle states that we should choose actions as if the expected reward
function is as nice as plausibly possible. For linear bandits, the principle can be instantiated with a
confidence sequence O, ©1, ... for the parameter vector 8 € © of the expected reward function. A
confidence sequence is a sequence of subsets of the full parameter space ©, which is built iteratively
as data becomes available and is constructed such that with high probability over the observed data,
0 is contained in each confidence set ©;. One can then run an upper confidence bound (UCB)
algorithm, which at round ¢ chooses an action a;;; by maximising the UCB maxgceo, {¢(a)T0}
with respect to a.

The popularity of UCB algorithms stems from the fact that they come with worst-case regret guaran-
tees and often perform well in practice. However, the performance of a UCB algorithm is intimately
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Figure 1: Tighter upper and lower confidence bounds via tail bounds for martingale mixtures.
The upper and lower confidence bounds of CMM-UCB (left), AMM-UCB (middle), and OFUL
(Abbasi- Yadkori et al.,|2011)) (right) for a test function linear in random Fourier features. The bounds
from CMM-UCB and AMM-UCB are visibly closer to the true function (dashed line) than those of
OFUL. The CMM-UCB confidence bounds are slightly tighter than the ones of AMM-UCB.

tied to the size of the confidence sets it uses. The smaller the subsets in the confidence sequence, the
better the regret bound and, perhaps more importantly, the better the algorithm performs in practice.

In this work, we develop a general-purpose tail bound for martingale mixtures, which can be used to
construct confidence sequences. When we specialise our general results to the linear bandit problem,
the maximisation problem to compute the UCB is a convex program. We maximise the UCB over
actions via gradient-based methods, and investigate two procedures for computing the UCB along
with its gradient: (a) Convex Martingale Mixture UCB (CMM-UCB): We employ a convex solver for
the UCB maximisation and calculate its gradients via differentiable convex optimisation (Agrawal
et alL[2019); (b) Analytic Martingale Mixture UCB (AMM-UCB): We exploit weak Lagrangian duality
to obtain an analytic upper bound on the UCB, whose gradient can be computed in closed-form or
via standard automatic differentiation procedures.

Fig.[T|highlights a key observation: both of our UCBs are tighter than those used in the state-of-the-art
OFUL algorithm (Abbasi-Yadkori et al., |2011) for stochastic linear bandits. We verify this claim
empirically in Sec. [8]and prove it in App. [C.2] We evaluate CMM-UCB, AMM-UCB, OFUL and
various other linear bandit algorithms in several hyperparameter tuning problems (Sec. [8). We find
that our tighter UCBs result linear bandit algorithms with better performance.

2 Related Work

Algorithms with regret guarantees have been developed for several variants of the stochastic linear
bandit problem. Dani et al.|(2008)), | Abbasi-Yadkori et al. (2009) and Rusmevichientong & Tsitsiklis
(2010) proposed algorithms for a linear bandit problem where the action set is a fixed, possibly
infinite subset of a finite-dimensional vector space. |Auer (2002) and |Chu et al.| (2011) proposed
algorithms for linear bandit problems where the action set has finite cardinality, but may change over
time. |Abbasi- Yadkori et al.| (201 1) proposed the OFUL algorithm for linear bandit problems with a
changing and possibly infinite action set, which is essentially the problem that we investigate. We
consider stochastic linear bandit problems where the reward function is a composition of a possibly
non-linear feature map and a linear function. This can be seen as a restricted version of the stochastic
kernelised bandit problem, where the kernel feature map is finite-dimensional. |Srinivas et al.| (2010);
Valko et al.|(2013); |(Chowdhury & Gopalan|(2017);|Camilleri et al.| (2021)); |Salgia et al.|(2021) and [Li
& Scarlett| (2022) proposed algorithms with regret guarantees for various kernelised bandit problems.

In the bandit literature, confidence sets and confidence bounds constructed from online (e.g. non-i.i.d.)
observation points for unknown linear functions have been proposed by [Dani et al.| (2008)); Rus+
mevichientong & Tsitsiklis| (2010) and |Abbasi-Yadkori et al.[(2011). Online confidence sets/bounds
for unknown functions in separable Hilbert spaces and reproducing kernel Hilbert spaces (RKHSs)
have been proposed by |Srinivas et al.[(2010);|Abbasi- Yadkori|(2012); |[Kirschner & Krause|(2018)) and
Durand et al.|(2018). Russo & Van Roy|(2013)) derived online confidence sets for unknown functions
belonging to arbitrary function classes.
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We use the term “mixture of martingales”, or martingale mixture, to refer to a martingale of the
form K, p[M:(v)], where (M;(v)|t € N) is a collection of martingales indexed by the variable
v € V. Martingale mixtures can be traced back to (Darling & Robbins| |1968}; |Robbins|, |1970), and
have been used to construct confidence sequences since at least the work of |Lai| (1976)). Proofs of
tail bounds for martingale mixtures typically use the method of mixtures, which was first used by
Robbins & Siegmund| (1970) and was later popularised by |de la Peiia et al.| (2004, |2009). Methods
for martingale mixtures have seen renewed interest in the sequential testing literature (Howard et al.,
2020; Kaufmann & Koolen, |2021)). Examples of confidence sequences for bandits that use martingale
mixtures include the works of |Abbasi-Yadkori et al.| (2011)); |Abbasi-Yadkori| (2012); [Kirschner &
Krause| (2018)); Durand et al.| (2018)); Neiswanger & Ramdas| (2021). Unlike in these examples,
we construct confidence sequences based on adaptive martingale mixtures (E,.. p, [M:(v)]]t € N),
where the mixture distribution P, can be refined as more data is acquired at each time ¢.

3 Problem Statement and Background

We consider a problem in which a learner plays a game over a sequence of 7' rounds, where 7" may not
be known in advance. In each round ¢, the learner observes an action set .4; and must choose an action
a; € A;. The learner then receives a reward r; = qﬁ(at)—r@* + €. The feature map ¢ : A — R%is
a known function that maps actions to d-dimensional feature vectors, where A = Ut A;. 0F € R
is an unknown parameter with Euclidean norm bounded by some known B > 0, i.e. ||[0*||, < B.
€1, €2, ..., e are conditionally zero-mean o-sub-Gaussian noise variables. These assumptions on 6*
and €1, €9, . . ., e are standard in the linear bandit literature, see e.g. (Abbasi- Yadkori et al., 2011)).
While our regret analysis applies to any action sets, our algorithms focus on the case where the action
sets A, are continuous subsets of R%4,

The goal of the learner is to choose a sequence of actions that maximises the total expected re-
ward, which is equal to Zthl #(ay) " 0" after T rounds. We use cumulative regret, which is the
difference between the total expected reward of the learner and the optimal strategy, to evaluate
the learner. For a single round, we define the regret as A(a;) = ¢(al) 0" — ¢(a;) " 6%, where

a; = argmax,c 4, {¢(a)" 0" }. After T rounds, the cumulative regret is Ay.7 = 23:1 Alay).

Confidence Sequences. For any level 6 € (0, 1], a (1 — 6)-confidence sequence for the parameter
vector 6" is a sequence O1, O, ... of subsets of R9, such that each ©, can be calculated using the
data aq,71, ..., as, r; and the sequence satisfies
Pay,ao,..., [Vt Z 1: 60 € @t] 2 1-6.
T1,725..0

A confidence sequence ©1, ©a, ... is thus a sequence of data-dependent confidence sets such that
with high probability over the random actions and rewards, 8* € ©, holds for all ¢ > 1 simultaneously.
We remark that the confidence sets ©; in this paper are random closed sets in the sense of Def. 1.1.1
of (Molchanov, 2005), which implies that the event @ € ©, is actually measurable for all 8 € R,

4 UCB Algorithms for Linear Bandits

We describe here how to transform confidence sets for 8 into a UCB algorithm for the linear bandit
problem. Such algorithms have appeared under various names, such as LinRel (Auer, [2002)), LinUCB
(L1 et al.,)2010) and OFUL (Abbasi-Yadkori et al., 2011). We refer to this meta algorithm as LinUCB,
and give its pseudo-code in Algorithm|I] When run with our confidence sets, we call this algorithm
CMM-UCB resp. AMM-UCB (see Sec. [6).

In each round ¢, the first step is to construct a confidence set ©; from the previous observations
{(ag,r%)}s_,. If 8" € ©, with high probability, then for any action a,

UCBe, (a) = max{¢(a) ' 6} (1)

is an upper confidence bound (UCB) on ¢(a) " @*. Taking mingce, in (1) yields the lower confidence
bound LCBeg, (a). Once a confidence set O; has been constructed and the next action set A; 1 has
been observed, the LinUCB algorithm chooses the action

a1 = argmax {UCBeg, (a)}, 2)

a€Ai41
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Algorithm 1: LinUCB

fort=0,1,2,... do
Construct a confidence set ©; from {(ag, %)} _,
Observe next action set Ay 1
Play next action a1 = argmax,c 4, , {UCBe, (a)}
Observe next reward 7,41

end

which maximises the UCB. The remaining challenge lies in the construction of the confidence sets.

S Confidence Sequences from Martingale Mixtures

In this section, we develop a general-purpose tail bound for adaptive martingale mixtures. We then
specialise our general result to the stochastic linear bandit setting, described in Sec. |3} and construct
confidence sequences for the parameter 6*.

5.1 General-Purpose Tail Bound for Adaptive Martingale Mixtures

We consider a general setting in which we are given a filtration (H;|t € N), a sequence of adapted
random functions (Z; : R — R|¢ € N), and a sequence of predictable random variables (|t € N).
For f; € R, we define the conditional cumulant generating function v;(f;, A) as

Vi(f, Ae) = In (E [exp(Me Ze(f2)) [ Hi-1])

where the expectation E is over Z;(f;) and \; (although ); is non-random when conditioned on
H:—1). We use the shorthand f, := (f1, f2,..., ft) and Az := (A1, Aa, ..., A¢). Let

M (f, Ar) = exp (Z AeZ(fie) — (i, /\k)> : )

k=1

M;(f,, A¢) is a slight generalisation of the martingale used in App. B.1 of (Russo & Van Royl
2013). One can show that for any sequence (f;|t € N), (M(f,, At)|t € N) is a martingale and
E[M,(f,,A¢)] = 1 (App.[A.T). We will now construct an adaptive martingale mixture.

We call a data-dependent sequence of probability distributions (P;|¢t € N) an adaptive sequence
of mixture distributions if: (a) P; is a distribution over f, € R'; (b) P; is H;_1-measurable;
(c) the distributions are consistent in the sense that their marginals coincide, i.e. [ P.(f,)df; =
P,_1(f,_,) for all t. These conditions on the sequence of distributions ensure that the martingale
mixture (Ez p, [M(f;, A¢)]|t € N) is in fact a martingale. In App. we verify this and
show that E[E¢, . p, [M;(f;, A;)]] = 1. From here, we can use Ville’s inequality for non-negative
supermartingales (Villel, [ 1939) to obtain our general-purpose tail bound.

Theorem 5.1 (Tail Bound for Adaptive Martingale Mixtures). For any § € (0, 1), any sequence

of predictable random variables (M|t € N), and any adaptive sequence of mixture distributions
(P;|t € N), the following holds with probability at least 1 — §:

ln< E [Mt(ft,)\t)]) <In(1/0) forallt> 1.

~It

We provide a proof of this result in App. Note that if each ¢y (fx, Ax) in (3) is replaced by an
upper bound on ¥y (fx, A ), the statement of the theorem still holds.

Thm. [5.1]is closely related to the general-purpose anytime PAC-Bayes bound in Thm. 3.1 of (Chugg
et al., [2023). The main difference is that our inequality holds for adaptive sequences of mixture
distributions or priors. PAC-Bayes bounds with somewhat similar adaptive sequences of mixture
distributions/priors have recently been proposed by [Haddouche & Gued;| (2022, [2023).

il
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5.2 Confidence Sequences for Stochastic Linear Bandits

We now specialise Thm. |3.1|to the stochastic linear bandit setting. For the filtration (H,|t € N), we
set H; to be the o-algebra generated by (a1, 1, ..., at, 7+, ar+1). For reasons that will become clear,
we choose Z;(f) = (f: — #(as) "0 )e;. Since Z(f;) is linear in the noise variable e, 1;( f, A¢) can
be upper bounded using the sub-Gaussian property of €,. We have

Ue(fe, M) = In (E [exp (Ae(fe — ¢(at)T9*)€t)|Ht—1]) < Ao (fr — plar) TO7)?/2. (D)
With this upper bound on v (f, A¢), Thm.[5.1]implies that, with probability at least 1 — &
t 2
* * g * 1
Ef,r lexp {Z M = 0lar)T0) (i — 6(ax)T0%) = TN (fi — 0ler) O )H <5
k=1
Since Z( f;) is linear in f;, this integral has a closed-form solution whenever the mixture distribution

is a Gaussian P; = N (u,, T;). Although there is a closed-form solution for any predictable sequence
(\¢]t € N) (see App. [B.1), we choose \; = 1/0%, which yields a relatively simple convex quadratic

constraint for 8*. Collecting the feature vectors in ®; := [¢(a1), ..., P(ar)] T € R*? and writing
the reward vector r; := [ry,...,7¢] ", we arrive at (see App. [B.2)

T,
o2

-1
T 1
|®.0" — rt||§ <(pp—1)" <]l + ) (u; — ;) + 0% Indet (]l + a;> +20%1n 5 %)

This inequality has an attractive interpretation. At each step ¢ of the bandit process, the (unknown)
ground-truth reward vector ®,' 8" lies within a sphere around the observed reward vector r¢, with
squared radius equal to the RHS of (5). One can think of the mean vector p, as a prediction of the
reward vector T, given the previous data a1, 71,...,a:—1,7¢—1, a;. The covariance matrix T'; can
be thought of as the uncertainty associated with the prediction ;. If p, is a good prediction of 74,
then the quadratic “prediction error” term in (5) will be close to 0, and we can afford to choose T';
close to zero to minimise the log determinant term. In this situation, (3)) can give a much tighter
constraint than the naive bound ~ to2, especially when ¢ is a pessimistic upper bound on the true
sub-Gaussian parameter. This naive bound follows from the observation that || ®,0" — 7|, = ||€;]|,,
where €, = (€1, . .., €;). Combining the constraint in (5) with our assumption ||@*||2 < B yields our
confidence sequence for 8.

Corollary 5.2 (Martingale Mixture Confidence Sequence). For any adaptive sequence of mixture
distributions Py = N (u,, T), it holds with probability at least 1 — § that for all t > 1 simultaneously,
0" lies in the set

@t:{eeRd

19,0 — r¢ll, < Ry and 6], < B}, ©)

where we define R%/[M,t as the right-hand-side of Eq. .

The boundaries of the constraints in @) are both ellipsoids in R<, which means that each ©; is the
intersection of (the interiors of) two ellipsoids.

6 Martingale Mixture UCB Algorithms

In this section, we describe our CMM-UCB and AMM-UCB algorithms, which are two different
implementations of LinUCB (Algorithm[T)) with our confidence sequence from Corollary[5.2]

6.1 UCB Computation and Optimisation

To run the LinUCB action selection rule with our confidence sequence, we need to be able to maximise
UCBeg, (a) with respect to a. The value of the UCB at the action a is the solution of

UCBe, (a) = max #(a)"0 st ||[®0 71, < Ryny and 6], < B. (7

q
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This is a convex optimisation problem, which can be efficiently solved via convex programming. If
the action sets have finite cardinality, UCBg, (a) can be maximised by solving (7) for each a € A,
and then comparing the solutions. If the action sets are continuous subsets of R4, then exact
maximisation of UCBg, (a) is (in general) infeasible. For example, when the feature map ¢ is linear
in a, UCBg, (+) is the maximum over a set of linear functions, which is a convex function of @ (see
Eq. (3.7) in Sec. 3.2.3 of [Boyd & Vandenberghe (2004)). Since maximisation of a convex function is
(in general) NP-hard, exact maximisation of UCBg, (a) is also (in general) NP-hard. For this reason,
when the action sets are continuous subsets of R% (and ¢ is differentiable), we approximately
maximise UCBeg, (a) via gradient-based local search.

6.2 Convex Martingale Mixture UCB

Our Convex Martingale Mixture UCB (CMM-UCB) algorithm is based on computing using
numerical convex (conic) solvers from the CVXPY library (Diamond & Boyd, 2016; Agrawal et al.,
2018)). Note that is already stated in a conic form, which is favourable for conic solvers (Boyd &
Vandenberghel| 2004). Solving (/) numerically gives the tightest UCBs that can be obtained from
our confidence sequence. To compute the gradient of UCBg, (a) with respect to the action a, we
use recently developed methods for differentiating conic programs at their optimum (Agrawal et al.,
2019), which are implemented in the cvxpylayers library.

6.3 Analytic Martingale Mixture UCB

Our Analytic Martingale Mixture UCB (AMM-UCB) algorithm uses an analytic upper bound on the
solution of (7). The resulting analytic confidence bounds are looser than the numerical confidence
bounds used by CMM-UCB, but are cheaper to evaluate and maximise. Theorem[6.1]states our upper
bound on the solution of (7).

Theorem 6.1 (Analytic UCB). For all o > 0, we have

1

UCBe, (0) = gax {6(a)70} < 6(a) B+ Rarne/0(a)T (87 @+ 1) o0), ®

where /o\(yf = (‘b:‘bt + oz]l)i1 @:rt,

~1
RiMM’t = R%lei +aB? —r/r,+r] 0, (CI);'—CI)t + al) 7.

In App. [C.I] we derive this analytic UCB by partial optimisation of the Lagrangian dual function.
Using strong duality, one can show that the analytic UCB minimised with respect to « is equal to
UCBeg, (a). Due to the closed-form expression of the analytic UCB in , its gradient with respect
to a can be computed using standard automatic differentiation packages.

6.4 Choosing the Mixture Distributions

Both of our algorithms require us to choose mixture distributions P; = N (,, T';). The mixture
distributions play a role similar to the priors used in the PAC-Bayes (Shawe-Taylor & Williamson,
1997; McAllester, 1998 |Guedj, | 2019; |Alquier;, |2021) and luckiness (Grunwald,, 2007}, |2023) frame-
works. Our confidence sequences and regret bounds are valid for any sequence of adaptive mixture
distributions, but (as seen in Eq. (E])) if better/worse mixture distributions are chosen, then our
confidence sequences will get smaller/bigger and our regret guarantees will get tighter/looser.

Here, we describe some sensible choices for the mixture distributions. In order for a sequence of
Gaussian mixture distributions (N (s, T't)|t € N) to be a sequence of adaptive mixture distributions
(as defined in Section[5.1), we require: (a) pt, and T'; can only depend on a1, . .., a¢ and ry,..., 7 _1;
(b) the first t — 1 elements of p, must be equal to p,_;; (c) the upper left ¢ — 1 x ¢ — 1 block of T';
must be T';_1; (d) T'; must be positive (semi-)definite. These conditions are all satisfied if we use a
mean vector p, and covariance matrix 7', of the form

Z(alyal) Z(ab@) Z(alvat)
o= e ma). ..o, = |F ) RO )
klat,a1) k(ag,a2) -+ k(ag,ar)

A
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where m : A — R is a mean function and %k : A x A — R is a positive-definite kernel function. For
the linear bandit problem, it is natural to use a linear mean function m(a) = ¢(a) "8y and a linear
kernel function k(a,a’) = ¢(a) T Sop(a’) (where g is symmetric and positive-definite), since the
resulting mixture distribution assigns non-zero probability only to those vectors of function values
f that could have been generated by a linear reward function. By direct computation, the Gaussian
mixture distribution with this m and &, and with p, and T'; as in @), is P, = N(®:00, 2,29, ).
When 0 = 0 and Xy = 1, we recover what we call the standard mixture distributions P; =
N(0,2,9,)).

Choosing T'; = ®;3¢®/ has the additional benefit that it allows for cheaper computation of the
radius Rymv ¢ In App. [F| we show that one (only) has to compute the inverse and determinant of
a d x d matrix instead of the inverse and determinant of the ¢ x ¢ matrix 1 + T";/ o2, Finally, we
remark that the requirement that (N (., T't)|t € N) is an adaptive sequence of mixture distributions
allows for “more adaptive” choices of , and T';. In App[E.2] we describe and investigate a method
for updating pu, and T'; at each round ¢ based on previously observed actions and rewards.

7 Regret Bounds

In this section, we establish cumulative regret bounds for our CMM-UCB and AMM-UCB algorithms.
First, we state a data-dependent regret bound that illustrates how the radius of the analytic UCB from
Sec. [6.3]influences the regret of both algorithms. Then, we prove a data-independent regret bound
which illustrates the worst-case growth rate of the cumulative regret, with explicit dependence on the
feature vector dimension d and the number of rounds 7". We begin by stating the assumptions (which
are standard) under which our regret bounds hold.

Assumption 7.1 (Sub-Gaussian noise). Let 7#,; denote (the o-algebra generated by)
(a1,71,...,a¢,7¢,ar41). Each noise variable €; is conditionally zero-mean and o-sub-Gaussian,
which means

Ele|He 1] =0, and VYA€ R, Elexp(es)|Hi 1] < exp(A\20?/2).
Assumption 7.2 (Bounded parameter vector). For some B > 0, ||0*|, < B.
Assumption 7.3 (Bounded feature vectors). For some L > 0, ||¢(a)|, < Lforall a € A.

Assumption 7.4 (Bounded expected reward). For some C' > 0, ¢(a) 0% € [-C,C] forall a € A.

We remark that to run our algorithms and evaluate the data-dependent regret bound in Thm. [7.3]
we only need to know (upper bounds on) the sub-Gaussian parameter ¢ and the norm bound B.
Assumption[7.2]and Assumption[7.3|together imply that Assumption[7.4)must hold with C < LB.
We nevertheless state it as a separate assumption because this leaves open the possibility that a better
(than LB) value for C'is known.

7.1 Data-Dependent Regret Bounds

Several authors (Dani et al.l 2008} |Abbasi- Yadkori et al., 2011; Russo & Van Royl 2013)) have shown
that the cumulative regret of a UCB algorithm can be upper bounded by the sum of the widths of
the confidence sets or confidence bounds that it uses. The width of a confidence set ©; at the action
a is the difference between the corresponding UCB and the LCB at a (i.e., maxgco,{¢(a) "0} —
mingeo, {#(a)’ 6}). In App. we show that if ay, as, ..., ar are the actions selected by our
CMM-UCSB algorithm, then

T T
;A(at) < ;9%&@(%)%} — i {¢(ar) "6} (10)

This gives a data-dependent cumulative regret bound for CMM-UCB. AMM-UCB has a similar
data-dependent cumulative regret bound. In App. [D.1] we show that if aq, as, ..., ar are the actions
selected by our AMM-UCB algorithm, then

T T
> A(a) <> AUCBe,_, (a;) — ALCBe,_, (ar), (11)

t=1 t=1

7
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where AUCBg, (a) is the right-hand-side of (8) and ALCBeg, (a) is the equivalent analytic LCB.
Since, the analytic UCB/LCB is an upper/lower bound on the numerical UCB/LCB, the bound in
Equation (TT) also holds for the actions selected by CMM-UCB. By substituting in the expressions
for the analytic UCB/LCBs, we obtain the following data-dependent cumulative regret bound for
CMM-UCB and AMM-UCB.

Theorem 7.5. Suppose that assumptions hold. For any adaptive sequence of mixture
distributions P, = N(p,, T), any § € (0,1), any a > 0 and all T > 1, with probability at least
1 — 6, the cumulative regret of both CMM-UCB and AMM-UCB is bounded by

T
Apr < Z 2RAMM, t—1 \/<Z5(at)T (PP + odl)f1 P(ay).
=1

A proof is given in App. [D.1] This regret bound tells us that if we choose an adaptive sequence of
mixture distributions P, = N (u,, T¢), such that the radii Ran ¢ are small, then we can expect to
have small cumulative regret.

7.2 Data-Independent Regret Bounds

We now state a data-independent cumulative regret bound for the special case when the adaptive
sequence of mixture distributions is P; = N'(0,c®;®, ), and o = o2 /c. These mixture distributions
are scaled versions of the standard mixture distributions described in Sec.

Theorem 7.6. Suppose that assumptions hold. If for any ¢ > 0, the sequence of mixture
distributions is P, = N(O, c<I>t<I>;'—), then for all T > 1, with probability at least 1 — 6, the cumulative
regret of both CMM-UCB and AMM-UCB (with o = 2 /c) is bounded by

2 cL?T B2 1 cl?T
Al:T S \/ﬁmax {C,O’\/dln <1+02d>+c+2ln6} \/dTlH <1+0'2d>

< O(dVTIn(T)).

Proof sketch. Choosing P, = N(0,c®;®]) and o = 02 /c means that the two quadratic terms in
RQAMM,t cancel out. We then find a data-independent upper bound for the log det term. Following

Abbasi-Yadkori et al.| (2011), the sum of the norms \/gb(at)T((I);';l(I)t,l + al)~1¢(as) is upper

bounded using an elliptical potential lemma. The result is the data-independent regret bound in the
statement of the theorem. O

In App. we give a proof of this special case. In addition, we also treat a more general case
when the sequence of mixture distributions is P; = N (®:0y,02®;®," ) and « is any positive number.
Using Eq. with g, = ®,0p and T'; = U%@tfbj, one can interpret g as a guess for 8™ and og as
a guess for the distance between the reward vector 7, and the prediction ;0.

Focusing on the dependence on d and 7', this regret bound (and the more general one in App.

is at most O(dv/Tn(T)), which matches OFUL and is minimax optimal up to the In(7) factor. If
(upper bounds on) o2, B, L and C' are known, then we can evaluate this cumulative regret bound
before running the algorithm.

8 Experiments

In all our experiments, we set 6 = 0.01. When using our analytic UCBs (Thm. [6.1)), we always choose
a = o2, Unless stated otherwise, we use the standard mixture distributions P, = N'(0, ®,®,").
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Figure 2: Average confidence bound width for different data set sizes T" and feature dimensions d.

8.1 Upper and Lower Confidence Bounds

Compared Methods. We evaluate the following upper/lower confidence bounds: (a) CMM-UCB:
our numerical UCBs/LCBs from Sect. [6.2} (b) AMM-UCB: our analytic UCBs/LCBs from Thm. [6.1}
(c) OFUL: the UCBs/LCBs used by the OFUL algorithm (Abbasi-Yadkori et al., [2011); (d) Bayes:
a Bayesian credible interval constructed from the Bayesian posterior for linear regression with a
Gaussian prior and likelihood (see App. [E.T|for details).

Experimental Setup. We conduct experiments on randomly generated linear functions of the form
f(z) = ¢(x) 0", with inputs = € R4¥ and 8* € RY, the latter drawn from a standard Gaussian
distribution and if necessary scaled down to ||@*||, < 10 =: B. For the feature map ¢ : R%* — R,
we use Random Fourier Features (cf. Algorithm 1 of (Rahimi & Recht,|2007)). We investigate the
properties of upper and lower confidence bounds constructed from random data sets {(x¢, y¢) }7—,
where y; = é(x¢) 0% + ¢, ¢, ~ N(0,0%) and o = 0.1.

UCB/LCB Tightness. Fig.|1{shows the data {(z;,y:)}._; and the UCBs/LCBs of CMM-UCB,
AMM-UCB and OFUL for a randomly generated linear function with dx = 1 and d = 20.
In this example, the confidence bounds of CMM-UCB are slightly tighter than those of AMM-
UCB, which are considerably tighter than those of OFUL. Next, we investigate the tightness
of the confidence bounds for functions with higher dimensional inputs (dx = 10), a range of
data set sizes (T € {1, 2,5, 10, 20, 50, 100, 200, 500, 1000}) and a range feature vector dimensions
(d € {1,2,5,10,20,50,100}). For each T and d, we sample a random feature map ¢ and weight
vector @ of appropriate size. Then, we sample random training data {(z¢, y;) }_, and random test
points {x}}1%Y, where z;, and x} are drawn uniformly from the d-dimensional unit hypercube.
Finally, we use the training data to construct confidence bounds with each method and calculate the
average width (UCB minus LCB) at the test points. Fig.[2]shows the average width of the CMM-UCB,
AMM-UCB and OFUL confidence bounds with: d = 10 and varying T (left), and 7" = 100 and
varying d (right). We observe the same pattern at every d and 7: CMM-UCB produces the tightest
confidence bounds followed by AMM-UCB and then OFUL.

Effect of the Mixture Distributions. Fig.[]in App.[E.T|shows the confidence bounds of CMM-
UCB and a Bayesian credible interval for different choices of the mixture distributions/prior P;. For
a well-specified prior, either uninformative or informative, the Bayesian credible interval is slightly
tighter than the confidence bounds of CMM-UCB. For a misspecified prior, the confidence bounds of
CMM-UCB become looser whereas the Bayesian credible interval becomes wrong (not containing
the ground-truth function). Here, misspecification refers solely to Bayesian prior misspecification. In
Figs.[5]and [6]in App.[E.2]we show that adaptive choices of the mixture distributions P; can lead to
smaller confidence bounds and smaller cumulative regret in linear bandit problems.

8.2 Linear Bandits

Compared Methods. We compare: (a) CMM-UCB: cf. Sec. (b) AMM-UCB: cf. Sec. (c)
OFUL: the OFUL algorithm (Abbasi-Yadkori et al.,[201 1)), with regularisation parameter A = o = o2
(d) IDS: the frequentist Information Directed Sampling (IDS) algorithm (Kirschner & Krausel [2018)),
specifically the DIDS-F version; (e) Freq-TS: Thompson Sampling with posterior covariance inflation
(Agrawal & Goyal, 2013), which we call Frequentist Thompson Sampling.

Q
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Table 1: Average test accuracy and maximum test accuracy of our UCB algorithms and OFUL, IDS
and Freq-TS in the SVM hyperparameter tuning problems after 7' = 500 rounds (100 repetitions).

Raisin Maternal Banknotes
Mean Acc Max Acc Mean Acc Max Acc Mean Acc Max Acc

CMM-UCB (Ours) 0.818 £0.018 0.893 £0.019 0.744 +0.020 0.829 +0.023  0.954 £ 0.005 1.000 + 0.000
AMM-UCB (Ours) 0.800 £0.017 0.892 £0.020 0.736 +0.020 0.829 £ 0.023 0.948 £0.005 1.000 = 0.000

OFUL 0.764 £0.019 0.891 £0.019 0.722 £0.019 0.827 £0.022 0.929 £+ 0.006 1.000 £ 0.000
IDS 0.706 £ 0.048 0.891 £0.020 0.714 £0.019 0.827 £0.024 0.926 &+ 0.007 1.000 + 0.000
Freq-TS 0.527 £0.022 0.884 £0.019 0.616 £0.018 0.823 £0.022 0.808 £+ 0.012  1.000 £ 0.000
Raisin Maternal Banknotes
0.9 0.80 1.00

0.75 0.95 4

>0'8_ 0704 0.90 4

g 0.7 0.65 1 //N. 0851

g / — cMm-ucB 0_60_' 0801

E 061 /’ — AMM-UCB 0.75 4

—— OFUL 0-55" 0.704
DS

0.50 4
Freg-TS 0.65

=4
o
-

0.45 1 0.60

Figure 3: The smoothed per-round expected reward (test accuracy) of our UCB algorithms compared
with OFUL, IDS and Freq-TS in the SVM hyperparameter tuning experiments on three datasets.
Shown is the mean reward over 100 runs of each experiment, after Gaussian kernel smoothing.

Experimental Setup. We investigate whether our tighter upper confidence bounds translate to
better UCB algorithms. We use each linear bandit algorithm to optimise the hyperparameters of
a kernel Support Vector Machine (SVM) for three classification data sets from the UCI Machine
Learning Repository (Dua & Graffl, 2017): Raisin (Cinar et al.}2020), Maternal (Ahmed et al.| 2020),
and Banknotes. The expected reward function f*(a) is the average test set accuracy of a kernel SVM
trained using an ARD RBF kernel with hyperparameters a = (C, ), with C the regularisation and ~y
the length-scales. The observed reward r, is the validation set accuracy at a;. The feature map ¢ is a
neural network layer with 20 outputs and random weights. We choose o = (.05 for the sub-Gaussian
parameter and B = 10, i.e. we assume that f*(a) ~ ¢(a) " 8" for some ||6*||2 < 10.

Results. Fig. 3] compares the average test accuracy (expected reward) obtained by each bandit
algorithm for each data set and at each round ¢t = 1,...,500. Our CMM-UCB and AMM-UCB
methods outperform all other methods. From the reward curves of CMM-UCB, AMM-UCB and
OFUL, we observe that CMM-UCB outperforms AMM-UCB, which outperforms OFUL. Therefore,
we can conclude that our tighter confidence bounds (compared to OFUL’s) lead to UCB algorithms
with improved performance.

9 Conclusion

In this paper, we developed a novel tail bound for adaptive martingale mixtures and showed that it can
be used to construct tighter confidence sequences for linear bandits. We proved that our CMM-UCB
and AMM-UCB algorithms match the worst-case cumulative regret of OFUL, and we found that our
tighter confidence sequences allowed CMM-UCB and AMM-UCB to achieve greater average and
maximum reward in several hyperparameter tuning problems.

A limitation of our algorithms is that they assume a linear expected reward function, which may not
always be a realistic assumption for real-world bandit problems. Our general-purpose tail bound
in Thm. already allows one to derive confidence sequences for non-linear reward functions by
simply choosing Z;(f:) = (f: — f*(a¢))et, where f* is the non-linear reward function. In the case
where f* lies in a reproducing kernel Hilbert space, the corresponding UCB is still the solution of
a convex program. The main challenge in this setting is that the regret bound must now depend on
quantities like the effective dimension or the maximum information gain of the kernel, since the
dimension d of the feature vectors is d = oo for interesting kernels.

We believe that further investigation into the degree to which adaptive mixture distributions can lead
to improved performance and regret bounds (see App. [E.2) is another exciting topic for future work.
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A Proof of the General-Purpose Tail Bound for Adaptive Martingale
Mixtures

A.1 Verifying Martingale Properties

First, we recall the definition of (M, (f,, A)|t € N) in Eq. (3). We are given a filtration (H;[t € N),
a sequence of adapted random functions (Z; : R — R|¢ € N), and a sequence of predictable random
variables (M|t € N).

A filtration is an increasing sequence of o-algebras Hy C Hi; C Hsy---. Each o-algebra H;
represents the information available at time ¢. (Z; : R — R|t € N) being a sequence of adapted (to
the filtration (#.|t € N)) functions means that, when conditioned on H;, Z; is no longer random.
(A\t]t € N) being a sequence of predictable random variables means that, when conditioned on H;_1,
A¢ is no longer random.

For a sequence of real numbers (f; : t € N), we define

M, Ae) = exp (Z AeZ(fie) — (i, Ak)) ;
k=1

where 14 (ft, A¢) is the conditional cumulant generating function

Vi (fr, M) = In (E [exp(Ae Ze(f2)[Hi-1]) -

Lemma A.1. For any sequence of real numbers ( f|t € N), (My(f,, A¢)|t € N) is a martingale and
E[M:(f,, A+)] = 1forallt € N.

Proof. Fort =1, we have

E[M:(f1, M) Ho] = E[exp(M Z1(f1) — 11(f1, A1))|Ho]
= E [exp(A1Z1(f1))[Ho] / exp(¢1(f1, A1)

= exp(Y1(f1, 1))/ exp(P1(f1, A1)
=1.

Using the tower rule of conditional expectation, we also have

E[M1(f1,A1)] = E[E[M1(f, A1) Ho]] = 1.

Now, we verify the martingale property. For any ¢ > 2, we have

E[Mi(fi, Ae)|He1] = E

t
exp (Z AeZi(fi) — wk(fk7>\k)> ‘Ht—l
k=1

= exp <Z Mo Zi(fi) — Vn(fr, Ak:)) B fexp (AeZe(fe) — e(fe, M) [He—1]

k=1

= exp <z_: MeZy (fx) — Yr(fr, Ak))

=1
=M1 (fr_1:Ae—1)-

Using the tower rule again, we have for any ¢ > 2

E[M(f;, At)] = E[E[M(Fy, Ae)[He-1]] = E[Me—1(f 1, Ae—1)]-

Therefore, we have

]E[Mt(fta)\t)] = E[Mtfl(ftflvAtfl)] == E[Ml(fp)\l)] =1
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Lemma A.2. For any adaptive sequence of mixture distributions (Pt € N),
(Eg,~p, [Mi(f;, A)]|t € N) is a martingale and E[Eg, . p,[Mi(f;, A¢)]] = 1 forallt € N.

Proof. For any t > 1, since M;(f,, A:) is non-negative and P; is H;_1-measurable, Tonelli’s
theorem implies

E [Ef,~p [Mi(f1, A)[Heo1] = Eg, p, [E[M(F M) Heoa]]

The requirement that the distributions Py, P,, ... have coinciding marginals, i.e. [ P,(f,)df; =
P,_1(f,_1), means that for all t > 2

Ep~p [Mia(fo1, A1) = Egp,  wp  [Meo1(Froq, A1)

Using these two results, and the fact that (M (f,, A¢)|[t € N) is a martingale for any sequence
(ft|t € N), we now verify that the martingale mixture (E¢, ~p, [M;(f;, A¢)]|t € N) is a martingale
with expected value 1. For ¢t = 1, we have

E [Ef,~p, [Mi(f1,A\)][Ho] = Eg, ~p, [E[M1(f1, A1) Hol]
= IEf1~1:'1 [1]
=1.

Using the tower rule as before, this also means that E [Ez ~p, [M1(f1,A1)]] = 1. Forany t > 2,
we have

E (g, ~p [Mi(F 1, A Heoa] = Eg, o, [EDM (£, A) [Hi-1]]
=Ef,mr, [Mio1(Fiy A1)
= ]E.ft—INPt—l [Mt*l('ftfl’ Atil)] ’

Using the tower rule one more time, we have for any ¢ > 2

E[Es,~p [Mi(fy, M)l = E[E[Es ~p [Mi(fy, M) Hial] = E[Eyp, ~p,y [Mio1 (15 Ae-)]]-

Therefore, we have

E[Es,~p, [Mi(f1, A)]] = E[Eg, ~p [Mi(f1, M)]] = 1.

A.2 Proof of Theorem 3.1]

To prove Thm. [5.1] we use Ville’s inequality for non-negative supermartingales (Villel [1939), which
can be thought of as a time-uniform version of Markov’s inequality. Instead of the martingale property
E[M;|Hi—1] = M;_1, a supermartingale satisfies E[M;|H;—1] < M;_1, which means that any
martingale is also a supermartingale. Therefore, Ville’s inequality for non-negative supermartingales
also holds for the non-negative martingale in Lemma[A.2]

Lemma A.3 (Ville’s inequality for non-negative supermartingales (Ville,[1939)). Let (M;|t € N) be
a non-negative supermartingale with respect to the filtration (H;|t € N), which satisfies My = 1.
For any 6 € (0, 1], it holds with probability at least 1 — §:

Proof of Thm. We choose an arbitrary § € (0,1]. From Lemma [A.2] for any adaptive se-
quence of mixture distributions (Pt € N), (E¢,~p,[M(f;, A¢)]|t € N) is a martingale and

E[Ef,~p,[M:(f;, Ar)]] = 1. In addition, (Eg,~p,[M:(f;, A¢)]|t € N) is clearly non-negative.
Therefore, using Lemmal[A.3] with probability at least 1 — §

Vt>1, Eg,p,[M(fi,Ae)] < 1/0.

Taking the logarithm of both sides yields the statement of Thm. O
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B Closed-Form Gaussian Integration

Here, we calculate the integral in the inequality (see beginning of Sec.[5.2):

| =

t 0_2
o [exp {; Ae(fi = &(ak) T 07)(ri — $ar) T07) = X (fi = ¢(ak)T0*)2H =
(12)

First, we rearrange the integrand into a more convenient form. For every k, using r, = ¢(az) ' 0" +ex,
we have

(lar) 0" —ri)* = (fr — 1) = € — (fr — dlar) 0" — &)’
=t — (fr — lar) " 0°)% +2(fx — d(ar) 0 e, — €
=2(fr — ¢lax) ' 0°)(rr — lar) " 07) — (fr — dlax) ' 07)°.

Therefore, we have that

Mol — 6(00)T0°) i — 6(01)0%) — G N (fe — 0lan) T0°)?

= %(d’(ak)TQ* —rg)? — %(fk — )+ %(Ak — * A0 (fr — dlar) " 07)*.

Equation (T2)) can now be re-written as

t

Ak T o 2 Ak 9 1 212 T p*\2 1

all 0" — )% — 25 (fy — “ (O — 02A2) (fr — ) <=
o [exp{; 5 (0(ax) )" = 5 (e =) 4 5k = ") (fie = dlar) 07)" ¢ | < <

(13)
In the special case where \; = 1/02, we have A, — 02\ = 0, which means that (A, — 02 A2)(fx —
#(ay) " 0*)? disappears. In addition, (\y/2)(é(ar) " @* — r1)? does not depend on fy, so it can be
moved outside the integral.
B.1 General )\;
Let A, be the t x ¢ diagonal matrix with diagonal elements A1, Ao, ..., A;. Starting from (13)), taking
the logarithm of both sides, rearranging terms and then writing everything in matrix notation, we
arrive at
(<I>t9* — T't)At((I)to* — ’l"t) S 2111(1/5) (14)
1 1 . x
o, B fow (<50 r0 AN~ )+ 57— 00T (8- 0?4 (7, - 20)) |
FioN(py, T 2 2

The expected value inside the logarithm can be re-written as

(Fo— ) T Fe— ) — 5 (Fe =) AL =7 (19)

\/(27T)t1det(Tt) / o (_

+

= N

(.ft - q’ta*)T (At - 02At2) (.ft - (I)te*))dft‘

We will calculate the integral by “completing the square”, i.e. rewriting the exponent in the form
—1(f, —b)TA(f, — b) + ¢, to recover the integral of a Gaussian density function. For a symmetric
matrix A, we have

1

1 1
_§(ft - b)TA(.ft —-b)+c= —if;rAft +bTAft — §bTAb+c.
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We also have

1 _ 1 _ _ 1 _
*§(ft *Ht)TTt 1(ft — ) = *if:Tt lft +HtTTt 1-ft - §N:Tt 1/%

1 1 1
*g(ft —r) A (=) = *if:Atft i Afy - §T:At7’t
1 . w1 *
3 (£ = ®0) T (A= ®A7) (F, — 2,07) = 5 f/ (A~ 0°A) £, — 0" T @[ (A~ 0*A7) f,

1
+56" ) (A~ o®AT) 36",
We now equate coefficients to find A, b and c. We find that A is
A= T;l + UzAf.
Note that A is symmetric. We find that b is
b A=p] T 7] A — 07T 0] (A — 02A2)
= Ab=T; 'p, + Ayry — (A — 0°A]) ©,0"
— b= (T +0°A2) " (T, 'y + Ay — (Ay — 0°A2) 3,67).

Finally, we find that c is

1 1 1 1
c= ibTAb — il,l,;rT;l[,l,t — §T3At'f’t + 50*T¢): (At — O'QA?) <I>t0*

1 _

=3 (T 'y + Ayre — (Ay — 02A7) (I)te*)T (T;' + A7) ! (T 'y + Ay — (Ay — 02A7) ©,07)
1 1 1

— o T = ol Aere + 59”@; (A — 02A?) ©,0"

Now, we can rewrite and calculate the integral in (T3] as

exp(c)y/(2m)t det(A™1)

el [ (_;(ft —b)TA(f, - b)) df, =

(2m)t det(T';) (2m)t det(T';)
det(A™h)
= (N ey
Substituting this into (14)), we obtain the constraint
" N det(A™!
(P,0" — rt)TAt(q)tG —r:) < —2In | exp(c) deE(Tt)) +2In(1/9)

= —2c¢+In(det(AT})) + 21n(1/9)
=— (T7 'py + Ayry — (A — 0°AF) ¢>t¢9*)T (T, '+ U2A§)‘1 (T py + Ay — (Ay — 02A7) ©,0%)
F Ty + ] Ay — 0" 0] (Ay — 02A2) 9,6 + In (det(1 + 0>A2T})) + 21n(1/8)

Note that 8* appears on both the left-hand-side and right-hand-side of this inequality. However,
when A; — GQAf is the zero matrix (e.g. when \; = 1/0?), all the 8"-dependent terms on the
right-hand-side disappear.

B.2 The Special Case \; = 1/0?

Starting from , choosing \; = 1/02, taking the logarithm of both sides and then rearranging
terms, we arrive at

1
|®:0" — TtH; < —20%In <f NNI(E[J/ - {exp <_W(ft —r) " (f, — rﬁ)}) +20%1In(1/6).
(16)

17
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For any ¢ x ¢ covariance matrix T, let Z(T") denote the normalising constant of a Gaussian distribution

with covariance T, so
Z(T) =/ (2m)t det(T).

For any ¢-dimensional vectors @ and , and any ¢ X ¢ covariance matrix T, let p(x|u, T) denote
the density function of a Gaussian distribution with mean p and covariance 7', evaluated at x. This

means that ) )
Tn—1
- = - - .
()exp( 2(:B ) T (x u))

We will use the product of Gaussians trick from (Petersen et al.,|2008) (Section 8.1.8, Equation 371),
which states

p(x|p, T) =

Py, Ba)p(e|py, Ba) = p(pa|pg, B1 + o )p(x|pee, Be), (17)
where B -
l'l’c = (21_1 +22_1) (E;1H1+22_1H2)7 Ec: (21_1_'_22—1) )
We have that
1 . , ,
E Xp(—52Ue T -r = E Z(o°1 ry,0°1
N (o ) { Y ( 207 Je =) (e t))] FoeN G T (2" Dp(filre,o"1)]

= 2(0*1) [ pfdpeTop(Frea®1)af,

= Z(0°1) /R p(p|re, Ty + > Dp(F4 g, Te)d S,
= 2(021)]9(!%‘7'16;1—,15 + 02]1)
det(021) 1 . Y
S lEer e T G TR R T

Substituting this into (I6)), the constraint becomes

x 2 _ det(o21) 1
196" —74]l5 < 0 (p, — 74) (T4 + 0°1) 1(Ht_7't)_2(721n< det(T, + o21) +20°In 5

N—

AN T 1
= (p; — rt)T (IL + 02t> (; —7¢) + o Indet (]l + cr2t> +20%1n (5> .
C Computing Upper Confidence Bounds

First, we state and prove some useful lemmas.
Lemma C.1. Forany a > 0

(©0—7,) (©,0—7¢)+a8 0—R3\,—aB® = (0-84,)" (& @, +al) (0—0a,)— Riys
where RIQ\/[MJ is the squared radius quantity from Cor. and
O = (B D+ al) " ®]r,,
Rines = R +aB” — v/ ri+ 1] &y (8]0 +al) @/ r,.
Proof. For any symmetric matrix A, we have
(0—b)TAO—b)+c=0"A0—2b" AO+b" Ab+c.
We also have

(©0-7¢) T (20—7;)+00 " 0—RY\,—aB* =07 (®] &, + al) 627 &,0+r] ri—RYp ,—aB>.

1R
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We can now find A, b and ¢ by equating coefficients. We find that
A=93d, +al,

which is a symmetric matrix. We have
b'A=1r]0,
— Ab=0/r,

— b= (/D +al) B =0,

Finally, we have
c= _R12\/1M,t —aB*+7r/r,—b" Ab
= —RIQ\/H\/L,5 —aB?+r/r,—r] 0, (CIJCI)t + 0411)71 o/ 7,
= _RQAMM,t'
Therefore, we have shown that
(©0—7,) (®,0—7¢)+a8 0—R,—aB? = (0-0,,)" (&, @, +al) (0—8,,)— Ry
O

Lemma C.2. For any symmetric, positive-definite matrix A € R4*, any vectors a,b € R?, any
R >0, and anyn < 0,

1
—a'A'a—nR2.

T T oy P2\l — T
ng%%{a 0+n((0—b)'AB—-b)—R*)} =a'b P

Proof. Let
f0)=a"0+n((6—-b)" A6 —b)—R?)
The gradient and Hessian of f are

0

82
99/ @) =a+2A@0-b), - 5f(6)=2A.

Since A is positive-definite and n < 0, % £(8) is negative-definite for all @ € R?. Therefore, any
solution 8 of % (6) = 0 must be a maximiser of f(@). There is a unique solution, which is
1
0°=b— —A'a.
2n

The maximum is )
f(@)=a"b— ZnaTA_la — nR2.

O
Lemma C.3. For any symmetric, positive-definite matrix A € R%*?, any vectors a,b € R%, and
any R > 0,
1
min {aTb ——a'"A'a— nRQ} =a'b+RVaTA la.
n<0 4n
Proof. Let
1
gn)=a"b— —a'A'a—nR%
4n
10
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The first and second derivatives of g are
d [ 2 d? [
— =—a A - R — =——a A "a.
a g(n) 7 ® a S e 9(n) 5% a
Since A is positive-definite, % g(n) is positive for all n < 0. Therefore, any negative solution 7* of

ddT, g(n) = 0 must be a minimiser of g(n). There is a unique (negative) solution, which is
1
n* = ~35Y aTA'a.

The minimum is

g )=a"b+RVaTA 'a.

O
C.1 Analytic UCBs
Here, we prove Theorem [6.1] which states that for all o > 0:
max {#(a)70} < $(a) 0t + Raniwz \/¢(G)T (@] @ + 04]1)_1 ¢(a), (18)
where O = (B @, + Oz]l)_l /7,

R%AMM,t = Rl%/IM,t +aB® - TtTTt + T;F(I)t (‘I’th)t + Oz]l)il q);rt.

O, is the confidence set at time ¢ in our confidence sequence from Cor. [3;2] and Rypv,¢ is the radius
from Cor. [5.2]and Eq. (5). As well as proving this statement, we will also show that if ©; has an
interior point, then when the right-hand-side of (I8) is optimised with respect to o > 0, the inequality
in (I8) becomes an equality, i.e.

max {¢(a) "0} = min {¢(a)*5w + Ranna\/0(a)T (@] @ +a1) " ¢(a>} .9

0co,

Proof of Thm. We use weak Lagrangian duality to prove the upper bound and strong Lagrangian
duality to prove the second part. The convex optimisation problem maxgce, {¢(a)T0} can be stated
as

max $(a)T0 st (20 —1,) (20 —7) <R}y, and 676 < B> (20)
o

Rewriting both constraints in the form f(8) < 0, we can see that the Lagrangian for this problem is
L(@, 7’]17’]72) = QS(a)Ta —|— ’]71 ((<I>t0 — ’l"t)T((I)te - ’I"t) - R%/[M,t) + 772 (QTH - B2) .

71 and 7y are called the Lagrange multipliers. The Lagrange dual function (or just dual function) is

9(7)1»772) gle?‘R)‘g{ ( 17717772}

By weak duality, for any 71,72 < 0, the dual function is an upper bound on the solution of the primal
problem in (20), i.e. for any 7,72 <0

max {¢(a) 10} < g(n,m2)- @1

Alternatively, can be verified by starting from the inequality ¢(a) '8 < L(6, 7, n2) for all
0 € ©;,,m < 0, and 2 < 0. The challenge is to set the Lagrange multipliers such that the
dual function has a closed-form expression while being as close as possible to its minimum value
min,, <o {9(n1,n2)}. We will now show that for any o > 0, min, < {g(7, an)} has a closed-
form solution, which is the right-hand-side of (I8)). The Lagrangian, evaluated with the Lagrange
multipliers n and an, is

L(O,m,0m) = 6(a) 0+ 1 (@0~ 7)T (2,0 1) + 2070 — Ry, — aB?) .

20
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Using Lemma|[C.T] the Lagrangian can be rewritten as
L(8.n.am) = $(a)T0 +1 (0 = 0a.)T (2] ; + 1) (0= Bat) — Rinnner)
Using Lemma|C.2] the dual function evaluated at ) and o) is
9(n.am) = max {6(a) 70+ (6 ~ ) (2] @, +01) (6~ Bus) ~ Riane) }
= 6(0) Bt = 3-0(0) (@7 @1+ 01) 6(e) ~ nRRunne
Using Lemma[C.3] we have

N 1 _
i (o, )} = iy {600) Ba = 1-0(0)” (@7 0+ 1) 60) — nhane

=¢(a)'0 at+RAMMt\/¢ (@) @ +al) !

¢(a).

This concludes the proof of Theorem [6.1] To prove (I9), we use strong duality. Clearly
ming o min,<g {g(n, an)} = ming, »,<o0 {g(1n1,72)}, so if we optimise the upper bound in
with respect to «, then we will recover the minimum of the dual function. If strong duality holds, then
the minimum of the dual function is equal to maxgce, {¢(a)' 0}. Since maxgco, {¢(a) 0} isa
convex optimisation problem, we can use Slater’s condition to obtain a sufficient condition for strong
duality to hold. In particular, if ©, has an interior point, then strong duality holds, which means

glgae)i{(]ﬁ(a)Tg} = min r;]ain {g(n,am)}

a>0

:min{¢() 0at+RAMMt\/¢ (@] @y +al) lqb(a)}'

O

One can follow the same steps, with a few minor modifications, to prove a similar statement for lower
confidence bounds. For all o« > 0

grengn {(;S T@} > ¢(a Teat — Ravu t\/Qb (I) ‘I)t—i-a]l) 1¢(a).

If ©; has an interior point, then

min {¢(a)’ 6} = max {¢(a) Bot — Rann t\/¢ (@] @4 +al) ! d)(a)} .

6cO,

C.2 OFUL vs AMM-UCB (and CMM-UCB)

We will now show that for any value of the parameter o, we can choose a sequence of Gaussian
mixture distributions, such that the confidence bounds of AMM-UCB (and therefore also CMM-UCB)
are always tighter than the confidence bounds of OFUL (Abbasi-Yadkori et al.,[2011).

To do this, we will use the following lemma.
Lemma C.4. Forany~y > 0, v € Rt and M € R**, we have
-1

LYo val + 1) v.

-1
viv—v' M (MTM-i—’yIL) MTv=0v" (
v

Proof. We start with the identity

M (MTM + 711) - (MMT + 711) M.

21
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—1
By post-multiplying both sides with (M M —1—7]1) and pre-multiplying both sides with
—1
(MMT + 711) , we obtain
T —1 T —1
(MM +711) M:M(M M+7]l) . 22)

Now, using (22)), we have
-1

-1
vT'v—'vTM<MTM+’y]l) MT’U:’UT’U—’UT<MMT+’V]1) MM v
-1
:vTv—vT<MMT+7]l) (MMT—FW]l—vIL)v
-1
:vTU—vTv—I—’va(MMT—&—'y]l) v

-1
=o' <1MMT+IL> v.
vy

O
With v = r, and M = ®,, we obtain
rlry—r] o (<I>:<I>t + 71)71 o/ r, =1/ (}y(I)tq);r + ]l) - Ty
We will also use the fact that, due to the Weinstein—Aronszajn identity, for any v > 0
det(y®] ®; 4 1) = det(y®,®,] + 1). (23)

For any o > 0 (in (Abbasi-Yadkori et al.,2011), what we call « is called A), the OFUL UCB states
that

1

6(a) 760" < 6(a) Buy + Rowur\/6(a)T (8] B +al) " p(a),

1
where RopuL: = a\/ln (det <<I>;'—<I>t + ]l)) +21In(1/4) + VaB.
o

For any o > 0 and any 4 € (0, 1], this statement holds with probability at least 1 — ¢ forall¢ > 0
and all ¢ € A. By comparison, our AMM-UCB holds uniformly over all ¢ > 0, all a € A and all
a > 0 (i.e. we could optimise the AMM-UCB with respect to « in a data-dependent manner, which
would yield our CMM-UCB).

Notice that for any history aq,71,as2,72,... and any o > 0, the OFUL UCB is the same as our
AMM-UCB, except that our AMM radius quantity Ran,: is replaced with Ropur,.. The same
is true for the LCBs of OFUL and AMM-UCB (with the same Rorut,:), so we will only focus on
the UCBs. We will now show that for any history ay, 71, as,72,... and any o > 0, we can chose
a sequence of Gaussian mixture distributions such that Ranm,: < Rorur,:. This means that the
UCBs of our CMM-UCB and AMM-UCB algorithms are never worse than the OFUL UCB.

Without loss of generality, suppose we choose o = o2 /¢, for some ¢ > 0. With this choice, the
OFUL radius is

¢ B
RoruL: =0 (\/ln (det (;%T«bt + 1)) +21n(1/6) + \/E> .
For any o > 0 and a Gaussian mixture distribution P, = N (g, T;), the squared AMM-UCB radius
is

Ry = Rig +aB” — vl + 70, (0] 0 +al) " 0] 7,

T\ T 1
= (py — rt)T (IL + a;) (; —7¢) +0%In (det (IL + g;)) +20?1n <5>

-1
+aB? —r]r +r] 0, (<I>;F<I>t + a]l) o/ ry.

77
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For AMM-UCB, we will use o = o2 /c and the scaled standard mixture distributions P, =
N(0,c®;®, ) for each t. With these choices, and using Lemmaand (23)), the squared AMM-UCB
radius is

1 2 -1
Ry =17 (500 +1) ro—rlri+r] o, (@j@t + Uc]l) o r,  (24)
2 C T 2 1 J2B2
+o?In (det (—<I>t<I>t + 1)) +20%In () +
o? ) c
1 B?
- (ln (det (507 @ +1)) +21n <5> + ) .
o c
Using the basic inequality v/a + b < \/a + /b for a, b > 0, we have

Ranv = o—\/ln (det (é@tﬂbt + 11)) +2In (;) 4 B{

<o <\/ln (det (%@j@t ¥ 11)) +2In (;) n i)

= RoruL,:-

Therefore, the confidence bounds of AMM-UCB, with a = 02/c and P; N(0,cd,;®]),
are never looser than the confidence bounds of OFUL with an arbitrary « o?/c. Since
In (det (5@ ®, + 1)) + 2In (3) and B?/c are strictly positive, there is actually a strict inequality.
This means that the AMM-UCB (and CMM-UCB) confidence bounds are always strictly tighter than
the OFUL confidence bounds.

Note that P, = N(0, c®;®,) is not necessarily the best choice for the mixture distribution. With a
better choice of the mixture distribution, e.g. a mixture distribution that is chosen using some prior
knowledge about the expected reward function and/or refined using previously observed rewards,
Ranm,+ will be smaller and the gap between AMM-UCB and OFUL will be greater.

D Cumulative Regret Bounds

In this section, we prove the cumulative regret bounds stated in Section [/} We prove the data-
dependent regret bound in Thm. We also prove the data-independent regret bound in Thm.
and another data-independent regret bound, which holds for more general choices of the mixture
distributions and the o parameter.

For convenience, we use some more compact notation in this section. For a symmetric positive
semi-definite matrix A and vector x, let

x| 4 == VaT Ax.

Before presenting the proof of the main results, we state some useful lemmas.

Lemma D.1 (Donsker-Varadhan Change of Measure (Donsker & Varadhan, [1976)). For any set
X, any measurable function h : X — R and any probability distribution P € P(X) (i.e. any
distribution on X), such that B, p[eh(w)] < 00, we have

sp {8 @) - Dat@ip)} =1 & [#0]) (5)

QeP(x) \z~Q T~

By rearranging (23)), we have

inf { E [h(z)] +DKL(Q||P)} - —ln( E [e—h@)D . (26)

QeP(X) |z~Q z~P

A
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Lemma D.2 (Determinant-Trace Inequality (Abbasi-Yadkori et al.l 2011)). If assumption holds
(i.e. ||¢(a)ll, < L), then for any ~y > 0

In (det (v®/ ®¢ + 1)) < dln (1 +~tL?/d). (27)

The Determinant-Trace Inequality in Lemma 10 of (Abbasi-Yadkori et al,[2011) is stated in the form

det (cpjcpt + }y]l) < (1/y+tL?/d)%. (28)

Since det (y®, ®; + 1) = det (@, @, + (1/7)1) /det ((1/7)1), the statement in follows
from (28).

Lemma D.3. Forany o > 0 and any oo > 0, define £y = (5@ &, + 1)~ We have
0

2
(B ) = 02d — (%) < o%d.
90

Proof. Since X, is positive-definite, its trace is positive. Now

-1
1 1 1
T 2 T T
tr(®] &%) = o*tr <U2<I>t D, (02<I>t Q; + p> ]l) >

—-1 -1
1 1 1 1 1 1 1
2 T T T
= o°tr <(02(I)t (I)t + O'g]l> (02(1)15 (I)t + O'g]l> - 0?) (O’Q(I)t (I)t + O'g]l> )

2
5 o
=0%d — 5tr(T
o o (%)

< od.

Lemma D.4. For any o > 0 and any g > 0, the matrix 3; = (#cb;'—(pt + ﬁ]l)_1 satisfies
0

tr(X;) <

Sl ~

Proof. Let {v;}&_, denote the eigenvalues of ® ®,. Since ®] ®; is positive semi-definite, its
eigenvalues are real and non-negative. From the definition of eigenvalues, one can verify that the

. 2 . .
eigenvalues of X, are {#2/02}?:1. Using this, we have
i 0

d 2 d 2

o o d
tr(X,;) = _ < _
r(3) Z%_|_02/0(2) _202/08 o2

i=1 i=1
O

Lemma D.5. Let €; denote the vector containing the first t noise variables (so ry = ®,0™ + €;). For
any o > 0, we have

* * _ 2
(<I>t0 — rt)T(q)t@ — ’l"t> — ”':’l"t + ”';rq)t(q);rq)t +Oé]l) I(I);r’l“t < Hq);retH({);r@t—b—a]l)*l

-
+ 2a ||9*||(<I>;F<I>t+oz]l)*1 H(I)t 6tH(<I>;r<I>,,+odl)*1 :

24
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Proof. Using r; = ®,0" + €;, we have
(<I>t9* — rt)T(fI)tH* — ’l"t) = e;ret,

and
—r) e[ 0D D+ al) T D)y = —(0,0" + &) (D:0" + ;)
+ (20" + €) "0 (D] B, 4+ 1) 1D (2,0 + )
— 620D e, — 0" DD+ 0" D] DD D, +l) D] D,0"
+260° ] Dy (D] Dy + al) 1D € + €] By(B] D, + al) D] €
<€/ e —20"" D€, +20° D] (D] D, +al) D] g
+ €] By (P D+ al) 1D/ €
= —€ € — 200" (D] Dy + al) ' € + € Dy(B] By + al) D] €.

Using the Cauchy-Schwarz inequality, we have

* 1 — *
0" (D, @ +al) "0/ & < |0 (@7 4+a1)-1 ||‘I)tT€fH(q>jq>t+a1)—l‘

Therefore

* T — *
—200" (D] Dy +al) 0/ €, < 20107 g, ar) H@Ietu(@mtm),“

and

* * _ 2
(®0* — 7)) (B0 — 7)) — 1) v + 7, OB Dy +al) 1B r; <€ € — €] € + ||(I>;r€t||(<1>;r<1>t+a]1)*1

T
+ 20 ||9*||(<1>j<1>t+a1)—1 @, €t||(q>jq>t+a1)*1

2
= ||‘I)tT€tH(<1>,T<p,,+a1)fl + 20 ||9*||(<I>,T<I>t+oz1)*1 Hq)tTetH(é,T@,,mnw :
[

Theorem D.6 (Self-Normalised Bound for Vector-Valued Martingales (Theorem 1 of (Abbasi- Yadkori
etal.2011))). Let (H:|t > 0) be a filtration. Let (e;|t > 1) be a real-valued stochastic process such
that €, is H;-measurable and €, is conditionally o-sub-Gaussian for some o > 0. Let (¢(a;)|t > 1)
be an R%-valued stochastic process such that ¢(ay) is H;_1-measurable. For any § € (0, 1] and any
« > 0, with probability at least 1 —

2 1
w20, [0 el yre, 0 1 <02 <det (a@:@t + 1)) 202 In(1/0).

Lemma D.7. For any symmetric positive semi-definite matrix A with largest eigenvalue Ymax, we
have

2 2
2l a < Ymax [ -

Proof. Let {v;}&, and {v;}{_, be the eigenvalues and eigenvectors of A. Since {v;}L ; form a
basis, there are constants {c; }¢_; such that x = E?:l ¢;v;. We have

d d d
2 2
HwHA = Z Ciij;rA’Uj = Z ’ijiCj’UZT’Uj < Ymax Z Cicjv;l—vj = Ymax ||£L'H2
i=1,j=1 i=1,j=1 i=1,j=1
O
Lemma D.8. Forall x > 0,
1
min(1l,z) < ) In(1 + z).

75
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Proof. Since In(1 + z)/1n(2) is monotonically increasing in x, we only need to prove that z <
In(1 + z)/In(2) for all x € [0, 1]. For any positive constant a, the function a In(1 + ) is concave
on the domain [0, 1]. Therefore, if < aln(l 4 ) at the end points © = 0 and z = 1, then
x < aln(l + z) for every z € [0,1]. Atz = 0, we have aln(1 + x) = 0 for any a, which means
we can choose the smallest ¢ such that 1 < aIn(1 + 1). By rearranging this inequality, we obtain
a>1/1n(2). O

D.1 Data-Dependent Regret Bound

First, we show that the cumulative regret of both of our algorithms can be upper bounded by the sum
of the widths of the UCB/LCBs that they use. Let

UCBe, (a) :{)Ié%x{gb(a)TO}, and LCBe,(a) = mmin {¢(a)'0}.

In words, UCBg, (a) and LCBeg, (a) are the upper and lower confidence bounds used by CMM-UCB
(evaluated at a). Similarly, let

AUCBg, (a) = ¢(a)T§a7t + Ramm ¢ ||¢(Q)H(q>j¢>t+a1)—1 5
ALCBe, (a) = ¢(a) "8ar — Raniws (@)l (o7 @,+a1)-1 -

AUCBg, (a) and ALCBg, () are the analytic upper and lower confidence bounds used by AMM-
UCB. Lemma [D.9|shows that the cumulative regret of CMM-UCB and AMM-UCB can be upper
bounded by the sum of the widths (UCB minus LCB) of the confidence bounds that they use.

Lemma D.9. Suppose the actions a1, as, ... are selected by the CMM-UCB algorithm. For any
adaptive sequence of mixture distributions Py = N (u,, T:) and any § € (0, 1], with probability at
least 1 — 0

T
VT > 1, ZA ar) < Z UCBe, , (a;) — LCBe,_, (ay). (29)

Suppose the actions a1, aq, . .. are selected by the AMM-UCB algorithm. For any adaptive sequence
of mixture distributions P, = N (p,, T') and any 6 € (0, 1], with probability at least 1 — &

T T
Va>0,T>1, Y Aa) <) AUCBe,_,(ar) — ALCBe,_, (ar). (30)

t=1 t=1

Proof. Using Cor. [5.2] (i.e. the fact that ©1, O, ... is a confidence sequence), for any adaptive
sequence of mixture distributions P, = A (u,, T;) and any 6 € (0, 1], with probability at least 1 — §

Vac At>1,  LCBe,_,(a) < ¢(a)'8* < UCBe,_, (a).
Using Thm. [6.1] this implies
VYa>0,a€ At>1 ALCBe,  (a) < ¢(a)'8* < AUCBg, ,(a).

Let ay, az, ... be the actions selected by CMM-UCB, i.e. a; = argmax,¢ 4, {UCBe,_, (a) }. Then,
with probability at least 1 — §, we have

T

ZA(at) =

t=1

$ay) " 0" — p(ar) ' 0"

] =

o~
I
—

[M]=

UCB@t71 (af) - LCB@t—l (a’t)

~
Il
—

[M]=

UCBe,_, (ar) — LCBe,_, (at).

~
Il
—
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Now, let ay, as, ... be the actions selected by AMM-UCB, i.e. a; = argmax,¢ 4, {AUCBe,_, (a)}.
Then, with probability at least 1 — §, we have

T

ZA (a) =Y ¢a;) 0" — p(ay) " 6"

t=1

Mﬂ

AUCBe,_, (a;) — ALCBe,_, (a)

t=1

M=

S AUCB@Fl(at) - ALCB@Fl(at).

-
Il
—

O

Since Va > 0,a € Aandt > 1, AUCBg,_,(a) > UCBeg,_,(a) and ALCBg,_,(a) <
LCBe,_,(a), implies that also holds when a1, ag, . .. are the actions selected by CMM-
UCB.

Proof of Theorem[7.3] We start by using Lemma|[D.9] Suppose a1, as, ... are the actions selected by
CMM-UCB or AMM-UCB. For any adaptive sequence of mixture distributions P; = A (u,, T;) and
any 0 € (0, 1], with probability at least 1 — ¢

T T
Va>0,T>1, Y Aa)< Z AUCBe, _, (a;) — ALCBe, _, (ay).
Using the definitions of AUCBg, , (a;) and ALCBeg, , (a;), we have

T T
Yo > 0,7 > 1, ZA(at) < ZQRAMM,t—l ||¢(at)H(<I>;El<I>t,1+a]l)_l
=1 =1

D.2 Data-Independent Regret Bound

To establish data-independent regret bounds, we first prove data-independent upper bounds on the
radius Ranm,; and the norms ||¢(a;) ||(<I>T_1<I>t71+a]l)*1' Then, we take the data-dependent regret

bound in Lemma[D.9]and substitute in these bounds on the radius and the norms.

D.2.1 Bounding the Radius

Lemma D.10. If, for any c > 0, the sequence of mixture distributions is P; = N'(0,c®;®,") and
a = 0?/c, then

+ 20?In(1/9). (31)

tL2 2B2
Ry < 0%dIn <1 + < >

o2d

Proof. In Equation (12_71]) we already saw that for this choice of a and the mixture distributions, we

have )

2
+ 202In(1/9).

Ry = 02 In (det (%@jcpt + 1)) +

To obtain a data-independent upper bound on the radius, all that remains is to upper bound
In (det (-5 ®/ ®, + 1)) by a data-independent quantity. Using Lemma we have

In (det (507 @, + 1)) < din (1 + if;) .

ctL2> o’B?
+

Therefore

+20%In(1/6).

Riny < 0%dln (1 + 5

27
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Lemma D.11. £, for any 6y € R? and any oo > 0, the sequence of mixture distributions is
Py = N(®,00,020,®,), then for any § € (0,1] and any o > 0, with probability at least 1 — 6, for
allt > 1

tJSLQ

o2d
+ o%dln (1 +tL?/(ad)) + 2v/a ||0* |, /o2dn (1 + tL2/(ad)) + 202In(1/9).

Rinmy < 0d + — ||0* 8o|)2 + o%dln (1 + > + aB? + 402In(1/5)

Proof. In App. (see Equation , we saw that the squared radius R%/[M,t can be written as

Ring = —20°In ( E [exp (—Q}‘Q(ft —r) (f, — rt))D + 202 1n(1/6).

Fo~N(D,00,020,0])
(32)
Using the substitution ®,0 = f,, (32) is equivalent to

Ringy = —20°In ( E ) [eXp < 212 (®,0 — 1) " (9,0 — m)D +20%1n(1/5). (33)
1

QNN(O(),O'S

Using the Donsker-Varadhan change of measure inequality (specifically (26))), the first term on the
right-hand-side of (33) is equal to

Qeig(fRd) {e% [(©:0 — )" (®:0 — ;)] + 202 Dk (Q|N (8o, 031))} .

If we evaluate this at any specific distribution @), we obtain an upper bound on the infimum over Q.

We choose Q = N(0", %), where &y = (£ ®; ®; + 2> 1)~'. Combining everything so far, we
0

have

Ry < , N(I% . [(©:0 — )" (@0 — 7;)] + 202 D, (N (0", 5,)||N (80, 031)) + 202 In(1/6)
2

* * g
= (20" — 1)) (20" — 1) + tr(D] B, 3) + —tr(2)

0

det(2;h)

2
—o2d+ 2 |jo" -0 2+021n<
72 16"~ 6ol det((1/o3)1)

) + 202 1n(1/6). (34)

Using Lemma[D.3] we have
tr(®, ®,%;) < od.

Using Lemma[D.4] we have
2

—tr(%y) < o?d.
70

Using Lemma[D.2] we have

det(=;h) o - o3tL?
In({——)=In(det|{ o, ¢, +1 <dln {1 .
! (det((l/U(Z))]l) B 2T ™ + e G o2d

The bound on R12\/[M7t in (34) becomes

odtL?
02d >—|—2021n(1/5).

2
RMM IS ((I>t9 —rt)T(tst*—rt)—&-% ||0* — 90||§+0’2d+0'2dhl (1 +
0

This means that
* * 2 2 2 O'gtLQ 2
RAMMt (<I>t0 —’I"t) (‘I)tB —T‘t) ||0 90H2+0' d+o“dln 1+ o2d + 20 ln(l/é)

+aB? - Tt T+ T, @, (‘I)T‘I)t + 04]1) q)tTTt~ (35)

7R
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Finally, using Lemma [D.5] then Theorem and Lemma and then Lemma [D.2] for any
0 € (0,1] and any « > 0, with probability at least 1 — 4, for all ¢ > 0 simultaneously

* * -1
((I>t6 — ’l“t)T((I)ta — Tt) — T:Tt + ’I“;F(I)t ((I);rq)t + 04]1) (I);th

2
= Hq)tTetH(@;rCI)t«kodl)*l +2a ||0*||(<I>Z<I>t+a]l)*1 H(I)tTetH(é,T@Jra]l)fl

<o%ln (det (;(I);F(I)t + 11>> + 202 In(1/8) + 2/ |67, cr\/ln (det (;@T@t + ]1)) +21In(1/6)

2

2
< o?%dIn <det <1 + tLd>) +20%1In(1/6) + 2\/a||0*20\/d1n <det <1 + tLd>) +21In(1/9).
a

(07

Substituting this into (35)), we have

tagLQ
o2d

+0%dn (1 +tL*/(ad)) + 2/ ||0*||, v/o2dn (1 + tL2/(ad)) + 202In(1/5).

2
Riny < 0?d+ % |6* — OOHS + o?dln (1 + > + aB? + 40%In(1/6)
0

O

D.2.2 Bounding the Sum of Norms

We use the following upper bound on the sum of the squared norms.
Lemma D.12 (Lemma 11 of (Abbasi-Yadkori et al.,[2011)). For any o > 0, we have

g 1 TL?
Zmin (17 Hd)(at)”?‘I):,l@t_l-‘-a]l)_l) S mdh’l (1 + Oéd) .

t=1

In Lemma 11 of (Abbasi-Yadkori et al., [2011), 1/1n(2) ~ 1.44 is replaced with 2. We achieve an
improved constant by using Lemma [D.8[instead of the looser bound min(1,z) < 2In(1 + z), for
x > 0.

D.2.3 Regret Bounds

We are now ready to prove our data-independent regret bounds.

Proof of Theorem Following the same steps as in the proof of Lemma|D.9] we can also obtain
the following data-dependent bound on the per-round regret for actions selected by CMM-UCB or
AMM-UCB. For the mixture distributions P, = N (04, c®;®," ), « = 02 /c and any § € (0, 1], with
probability at least 1 — 9

vt > 1, A(ar) < 2Ramm -1 ||¢(at)“(®371@t71+§1)—1 : (36)
From Assumption 7.4{(¢(a) " 8* € [~C, C]), we have another bound on the per-round regret
Aay) < 20. 37)

The combination of (36)) and (37) yields
Afar) < min(2C,2Rasna 1 10000) gy g, 4oty

< 2max(C, RAMM,t*I) min(1, H(b(at) ||(<I>;[1<I>t,1+ﬁ]1)*1 ).

Starting with the Cauchy-Schwarz inequality, we have

T T
D A(ar) < 4| T Alay)? (38)
t=1 t=1

T
. 2
< Tz4max (sz R2AMM,t—1) min (17 ||¢(at)||(¢:71¢t71+%1)71)~

t=1

70
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We will now use the upper bound on R?\MM,tq from Lemma Let UiMM,tq denote this upper
bound (i.e. the right-hand-side of (31))). We have

T
> Aa) < 4| T3 dmax (€2, Uy, ) min (L I6G@)fyr 4, o201

t=1 t=1

T
< 2max (C, Uannr—1) | T min (1, llb(ar) ||f¢;_1¢t71+¢1),1)

t=1

Finally, using the bound on the sum of norms in Lemma[D.12} we have

T _ 2 2 2
ZA(at) < Lmax <C,U\/dln (1—1— c(Tzl)L> + b +2In (1)> \/dTln (1 + CTQL >
pt In(2) o2d c 0 o3d

O

Now, we state and prove a cumulative regret bound that holds for more general choices of the mixture
distributions and the parameter «.

Theorem D.13. Suppose that assumptianshold. If, for any 6y € R? and any oy > 0, the
sequence of mixture distributions is Py = N (®:0¢,02®,®/), then for any § € (0,1/2] and any
a > 0, with probability at least 1 — 26, for all T > 1 simultaneously, the cumulative regret of
CMM-UCB and AMM-UCB is bounded by

2 LT
Arp < ———max {C, Uapm,z—1} /dT In (1+ad> = O(dVTIn(T)),

VIn2
where
2 2 % . 2 2 (T - 1)‘7(2)L2 2 2
UAMM,T—l <o“d+ P ||9 — 90”2 + o“dln <1 + O'Qd) + aB“ + 40 ln(1/5) 39
0
T—1)L? T—1)L2
+ o?dln (1 + (ad)) + 2y |07, \/azdln (1 + (04d)> + 202In(1/9).

Proof. Following the proof of Theorem[7.6] we obtain (with high probability)

T T
. 2
> Ala) < 4| T3 dmax (€2 Ryt ) min (1160 Ifor 0, ran)1 )
t=1 t=1

This time, we use the bound on the radius from Lemma Let Uanvm,7—1 denote this bound on
the radius (i.e. the square root of the right-hand-side of (39)). Also, note that this bound on the radius
holds with probability at 1 — §. Since Uanmn,7—1 is monotonically increasing with 7', we have

T T
ZA(at) < 2max (C,Uavm,r-1) TZmin (1, ||¢(at)|‘?<1>f,1<1>t_1+a1)*1)'

t=1 t=1

Finally, we use Lemma [D.12]to obtain

T 2 L2T
Alay) < max {C, U, _ dl'ln | 1+——).
; ( t) \/m { AMM,T 1} < d )

We used two inequalities that each hold with probability at least 1 — d. By a union bound argument,
the cumulative regret bound holds with probability at least 1 — 24. O
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E Additional Experiments

In this section, we present the results of some additional experiments in which we investigate the
effect of the mixture distributions (or priors) on our upper and lower confidence bounds.

E.1 The Effect of The Mixture Distributions

We investigate how our CMM-UCB upper and lower confidence bounds behave when we provide an
uninformative but well-specified mixture distribution/prior, an informative and well-specified mixture
distribution/prior, and a misspecified mixture distribution/prior. Here misspecification refers to prior
misspecification in a Bayesian sense. For reference, we compare the behaviour of our upper and
lower confidence bounds with the upper and lower limits of a Bayesian credible interval.

For a fair comparison with CMM-UCB, we attempt to construct a Bayesian credible interval that
holds with high probability for all rounds ¢ > 0. However, whilst the CMM-UCB confidence
set holds with high probability over the random draw of the data ay,71, as,r2,. .., the Bayesian
credible interval holds with high probability over the random draw of 8™ from a prior (for fixed data
ai,r1,a2,72,... )

For the Bayesian credible interval, we use a Gaussian prior and assume 8% ~ N (py, X). We assume
a Gaussian likelihood function, i.e. rewards are of the form r; = ¢(a;) ' 0 + ¢;, where ¢; ~ N(0, 02).
The Bayesian posterior for 6" is another Gaussian N (u,, ;), where

—1
_ 1 1 _
p=3 (201u0+02q>jrt>, s, = <02q>jq>t+201> :

Using Bayes’ rule, at any round ¢, we have 8* ~ A (u,, 3;). Therefore
(e = 0) "2 (ke — 07) ~ XP(d),

where x2(d) is a chi-squared distribution with d degrees of freedom. Let Q4(-) be the quantile
function of the chi-squared distribution with d degrees of freedom. With probability at least 1 — &
(over the random draw of 8" from N (p,, 3;))

(e = 0") "2 (e — 07) < Qa(1 = 6y). (40)

Using a union bound argument, if §; = ﬁ, then l@b holds with probability at least 1 — 4,

for all ¢ > 0. Therefore, if 0" ~ N (g, Xo), then with high probability the following credible sets
contain 6" for all ¢ > 0 simultaneously:

@t:{OERd

(1 — )55 (1 — 0°) < Qu (1 - (tff)ﬁ) }

The upper limit of the credible interval for this credible set (and the one we use in Figure[d) is

69
esélgt {¢(G)T0} = ¢(a)Tl~‘t + \/Qd (1 - W) ¢(G)T2t¢(a)-

We compute confidence bounds/credible intervals for a randomly generated linear function of the
form f(x) = ¢(z) " 0", with inputs x € R and 6* € R??, the latter drawn from a standard Gaussian
distribution and if necessary scaled down to ||@*||, < 10 =: B. For the feature map ¢, we use
Random Fourier Features. We generate random data {(x, yx) }5_,, where yr. = ¢(zx) " 0" + ny,
e ~ N(0,0?) and o = 0.1 (so the Gaussian likelihood is well-specified).

21
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Figure 4: The upper and lower confidence bounds of our CMM-UCB method (left) and Bayesian
posterior credible intervals (right) with different choices of the prior. The top row uses the prior f, ~
N(0,8;®,) for CMM-UCB and 8" ~ N(0, 1)) for Bayes. The middle row uses an informative
prior: f, ~ N (®:0*,0.1®,®/ ) for CMM-UCB and 6* ~ N/ (6*,0.11)) for Bayes. The bottom row
uses a misspecified prior: f, ~ N(—®;0*,0.1®,®, ) for CMM-UCB and 8" ~ N'(—0*,0.11)) for
Bayes.

Figure {] shows the CMM-UCB upper and lower confidence bounds (left) and the Bayesian credible
intervals (right) with different choices of the prior. We use roughly equivalent priors for both methods.
If the Bayesian credible interval uses the prior 8* ~ N (g, 2¢), then CMM-UCB uses the induced
distribution over the function values ®;0, i.e. f, ~ N (®; 1y, ®: 0@/ ).

In the top and middle rows of Figure[d] where the prior is well-specified, we observe that the CMM-
UCB upper and lower confidence bounds are slightly looser than the Bayesian credible intervals.
In the bottom row of Figure[d when the prior is misspecified, the CMM-UCB interval gets looser
whereas the Bayesian credible interval becomes wrong. In summary, the Bayesian credible interval
appears to be slightly tighter when the prior is well-specified and at least somewhat informative, but
CMM-UCSB is robust to “misspecified” mixture distributions.

2
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E.2 Benefits of Adaptive Mixture Distributions

In this section, we investigate a method for refining p, and T'; based on previously observed actions
and rewards. Recall that pu, and T'; must be chosen such that: (a) p, and T'; can only depend on
ai,...,azand ry,...,r._1; (b) the first £ — 1 elements of p, must be equal to p,_;; (c) the upper
leftt — 1 x t — 1 block of T'; must be T';_1; (d) T'; must be positive (semi-)definite.

As in Sec. [6.4] m and k are any fixed mean and kernel functions. Each new row and column of T'; is
set using an adaptive kernel function k;_;. For 8 > 0, define

ki(a,a) = k(a,a') — ki(a) (K, + B1) " ke(d),

where k;(a) = [k(a,a1),...,k(a,a;)]" and K; is the kernel matrix whose (i, j)" element is
k(a;, aj). For T, we choose

ko(ai,ar)  ki(ar,a2) -+ ke—1(ar,ar)
kl(a2aal) k1(02,a2) kt71(02,at)
T, = . . . . . 41

kt—l(ataal) kt—l(at;a2) kt—l(ataat)

The " column and 7™ row of this matrix depend only on only a1, 71, ..., a;. Our motivation for this
kernel function is: (a) generalising the usual Bayesian Gaussian process (GP) posterior covariance,
one can show that if the kernel function k is positive definite, then T'; is positive semi-definite; (b) k;
is the Bayesian GP posterior covariance function (with a Gaussian likelihood with variance /3). Each
new element of p, is set by evaluating an adaptive mean function m;_; at the latest action a;. Define

m¢(a) == m(a) — k:t(a)T (K + 6]1)_1 (my — 7).

For p,, we choose
py = [mo(a1),mi(az), ..., me_1(ar)] " 42)

The i element, m;_1(a;), depends on only ay,71, . .., a;, so this is a valid choice for p,. Note that
m; is the Bayesian GP posterior mean function (again with a Gaussian likelihood with variance /3).

We now compare the standard “non-adaptive” mixture distributions (with g, and T'; as in (9)) and an
adaptive sequence of Gaussian mixture distributions (with p, as in (@) and T'; as in @)). With both
sequences of mixture distributions, we use m(a) = 0 and k(a,a’) = ¢(a) " ¢(a’). For the adaptive
sequence of mixture distributions, we set 8 = 402,

| —— Non-Adaptive
—— Adaptive

Figure 5: The upper and lower confidence bounds of CMM-UCB with the standard (non-adaptive)
sequence of Gaussian mixture distributions (purple) and the adaptive sequence of Gaussian mixture
distributions (red).

Figure |5|shows upper and lower confidence bounds for a randomly generated linear function f(z) =
qS(w)TO*, where z € R, 8* € R, and ¢ is a random Fourier feature map. In this example, the
adaptive sequence of mixture distributions leads to tighter upper and lower confidence bounds.
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Figure 6: The radius Ranw,¢ (left) and test accuracy (right) with the standard sequence of Gaussian
mixture distributions (blue) and the adaptive sequence of Gaussian mixture distributions (orange).
On the left, we plot the mean value of the radius Ranv,: over 10 runs and show the mean + one
standard deviation in the shaded regions. On the right, we plot the mean reward over 10 runs and
after Gaussian kernel smoothing.

Figure @ shows the radius Ran,: (left) and test accuracy (right) for AMM-UCB in the SVM
hyperparameter tuning problem with the Raisin data set (described in Sec. [8.2). We observe that
AMM-UCB with the adaptive mixture distributions achieves slightly higher test accuracy.

In Sec. [D.2.1} we saw that for a standard sequence of mixture distributions, Ranm,7 could be

upper bounded by a data-independent quantity of order O(y/dIn(T")). In Figure@ Ranm, does
appear to grow roughly logarithmically with 7" when the mixture distributions are the standard choice.
However, v, appears to be bounded by a constant when the mixture distributions are adaptive.
If, when using adaptive mixture distributions, we could prove a data-independent bound on Ranmv, T

of order (’)(\/E), then we would be able to improve our data-independent cumulative regret bounds
to O(d+/TIn(T)) (rather than O(d+/Tn(T))). This would be within a +/In(T) factor of the lower
bound Q(dvVT).

F Efficient Radius Computation

If we compute the squared radius R12\/1M,t using the expression in , then we have to compute the
inverse and determinant of the ¢ x ¢ matrix 1 + T;/02. We will now show that for any mixture

distribution of the form P, = N (g, ®;Z0®, ), where X is symmetric and positive-definite, we can
re-write the expression for Rl%/IM,t such that we instead need to compute the inverse and determinant

of ad x d matrix. When P, = N (u,, ®;Z¢®; ), the squared radius R%/{M,t is equal to

&, 20, \ O, 5d]
R%AM’t = (p, — 1) (IL + tggt> (; — 7¢)+0%In (det <]l + tagt)>+202 In(1/9).

By using the Weinstein—Aronszajn identity, and then doing some algebra, we have

O, 3,0 > 2T, xnl/?
det (1 + ”;t> = det (1 + 200 ) = det(Bo/0?) det (B @ + 0?24 )
g g

Using Lemmawith y=0%v=p, —r;and M = ¢t23/2, we have
1 —1
(=) (1 @208 ) ) = Gt ) (=)
—1
() RS (28] 0,27 4 0%) By (- r)
—1
= (=) =) = (g — ) TS (257 (@] 0,4 227) ) 870 (1, — 1)
-1
= (1 = 74) " (1 = 74) = (g —74) " @ ((I)tT(I)t +0°%; 1) O (g —10).
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The resulting expression for R3y,; , is rather cumbersome, but the upshot is that we now (only) need
to compute the inverse and determinant of the d x d matrix ®; ®; + 02X !, Since, we compute
R31, at each round ¢, we can update the inverse of ® ®; + 02X, incrementally using the

Sherman-Morrison formula (Sherman & Morrison, |1950). The determinant of <I>;r D, + 0225 I can
be updated incrementally using the relation

det (] @; + 0?25") = det(®,_ @11 + 0?25 ") (1 + plar) (211 + 0?25 ) " p(ar)),

which can be found in Eq. (6) in Lemma 11 of (Abbasi-Yadkori et al.,[2011). Additionally, recall
that (see Eq. ) when P, = N(0,c®,®/ ) and a = o2 /c for any ¢ > 0, the radius Ranm,¢ of our
analytic confidence bounds simplifies to

22

B
R = 02In (det ((%@j@t n 11)) + 7 ;

+ 20?In(1/9).

Note that the inverse (®; ®; + (02/c)1)~" still appears in the expression for AUCBeg, (a) and in
the incremental determinant update rule.
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