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Abstract

Learning cause and effect relations is arguably one of the central challenges found
throughout the data sciences. Formally, determining whether a collection of obser-
vational and interventional distributions can be combined to learn a target causal
relation is known as the problem of generalized identification (or g-identification)
[Lee et al., 2019]. Although g-identification has been well understood and solved
in theory, it turns out to be challenging to apply these results in practice, in partic-
ular when considering the estimation of the target distribution from finite samples.
In this paper, we develop a new, general estimator that exhibits multiply robust-
ness properties for g-identifiable causal functionals. Specifically, we show that any
g-identifiable causal effect can be expressed as a function of generalized multi-
outcome sequential back-door adjustments that are amenable to estimation. We
then construct a corresponding estimator for the g-identification expression that
exhibits robustness properties to bias. We analyze the asymptotic convergence
properties of the estimator. Finally, we illustrate the use of the proposed estimator
in experimental studies. Simulation results corroborate the theory.

1 Introduction

Performing causal inferences is a crucial aspect of scientific research with broad applications ranging
from the social sciences to economics, biology to medicine. It provides a set of principles and tools
to draw causal conclusions from a combination of observations and experiments. Two significant
tasks in the realization of these inferences are causal effect identification and estimation. Causal
effect identification concerns determining the conditions under which one can infer the causal effect
P(Y = y|do(X = x)) (shortly, P(y|do(z))) of the treatment X = x on the outcome Y = y from a
combination of available data distributions and a causal graph depicting the data-generating process
[Pearl, 2000, Bareinboim and Pearl, 2016]. Causal effect estimation aims to develop an estimator
for the identified causal effect expression using a set of finite samples.

Recent advances in the literature on generalized causal effect identification (g-identification) have
developed algorithms that can identify causal effects by using a set of observational and experimental
distributions and a causal graph. The result is an expression of the causal effect as a function of
available observational and experimental distributions [Bareinboim and Pearl, 2012, Lee et al., 2019].
For concreteness, consider some practical scenarios that exemplify g-identification.

Example 1. Many studies have investigated how a training program’s eligibility (X)) affects future
salary (Y) (e.g.,[Glynn and Kashin, 2017]). Actual registration in the program (Z) determines the
salary, and experimental studies have looked into how Z affects Y (e.g., [LaLonde, 1986]). Eligibility
is determined by past average income (W), which is associated with both Z and Y. The causal
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Figure 1: Causal graphs of examples 1 and 2. The nodes representing the treatment and the outcome
are marked in blue and red, respectively.

graph in Fig. 1a shows the data-generating process, with bidirected edges indicating unmeasured
confounders affecting the variables. According to Lee et al. [2019], the causal effect P(y|do(x))
can be identified by combining the experimental distribution on Z (denoted P(-|do(z))) with the
observational distribution P. It’s given as P(y|do(z)) =}, ,, P(y|do(2)) P (z|w, z) P(w). [ |

Example 2. There have been many experimental studies on the effect of an antihypertensive
drug (X;) on blood pressure (W) (e.g., Hansson et al. [1999]) and on the effect of using an
anti-diabetic drug (X2) on cardiovascular disease (Y) (e.g., Ajjan and Grant [2006], Kumar
et al. [2016]). R is a set of mediators. Their relations are depicted in Fig. 1b. Recent stud-
ies report that simultaneously taking antihypertensive and anti-diabetic drugs may be harmful
[Ferrannini and Cushman, 2012]. This motivates the study of the combined causal effect of
both treatments (i.e., P(y|do(z1,22))) by combining the two experimental studies (i.e., from
P(-|do(x1)) and P(:|do(x2))). According to Lee et al. [2019], it turns out that P(y|do(z1,z2)) =

rw Pyl w, do(22)) P(r|22, do(1)) Zmé P(w|r, 24, do(x1))P(x4|do(x1)), which means that
the joint treatment effects can be computed using the two experimental studies on X; and X,. W

On the other hand, causal effect estimation has mainly focused on limited identification scenarios,
relying on stringent assumptions such as the no unmeasured confounder assumption. Beyond these
restrictions, recent progress has been made in developing statistically appealing estimators from
observational data for any identification functional given by the complete identification algorithms
[Jung et al., 2020a,b, 2021b,a, Bhattacharya et al., 2022, Xia et al., 2021]. While these estimators
are capable of estimating any identification expression from observational data, they are not yet suffi-
ciently advanced to estimate g-identification, which involves multiple observations and experiments.

Recently, Jung et al. [2023] generalized existing doubly robust estimators [Mises, 1947, Bickel
et al., 1993, Robins and Rotnitzky, 1995, Bang and Robins, 2005, Robins et al., 2009, van der
Laan and Gruber, 2012, Luedtke et al., 2017, Chernozhukov et al., 2018, Rotnitzky et al., 2021]
to estimate covariate adjustments (e.g., back-door adjustment [Pearl, 1995], sequential back-door
(SBD) adjustment [Pear]l and Robins, 1995] or multi-outcome SBD (mSBD) [Jung et al., 2021b])
in the g-identification setting, where the expression is in the form of covariate adjustment involving
multiple experimental distributions. However, the covariate adjustments only cover a limited por-
tion of all g-identifiability scenarios as in Examples (1,2). On a different thread, Xia et al. [2023]
developed a neural network-based estimation framework capable of taking a combination of observa-
tional/experimental data. Still, the derived estimators do not possess the doubly robustness property.
In other words, there is still a gap between g-identification and causal effect estimation.

In this paper, our goal is to bridge the gap between g-identification and causal effect estimation.
Specifically, this paper presents a framework for estimating identification expressions using multi-
ple sets of samples from both observational and interventional distributions. This framework is a
generalization of the results in Jung et al. [2021b] since our results reduce to theirs when only ob-
servational data is available. Furthermore, our work subsumes the results in Jung et al. [2023] when
the identification functional takes the form of covariate adjustments.

The contributions of our paper are as follows:

1. We show that any causal effects identifiable by g-identification can be expressed as a function of
generalized mSBD adjustments. We provide a systematic procedure for specifying the function.
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2. After developing a doubly robust estimator for generalized mSBD adjustments, we construct
an estimation framework for any g-identifiable causal effects, which enjoys multiply robustness
against model misspecification and bias. Experimental studies corroborate our results.

1.1 Preliminaries

We use bold letters (X) to denote a random vector and X a random value. Each random vector is
represented with a capital letter (X) and its realized value with a small letter (x). Given a set X =

{X1,---, X,,} aligned by an order < such that X; < X fori < j, we denote X' == {X1,---, X;}

and X'/ = {X;,---,X;}. For a discrete vector X, we use 1,(X) to represent the indicator
function such that 1(X) = 1if X = x; 1x(X) = 0 otherwise. We use [n] = {1,--- ,n} a
collection of index. For a discrete vector V, we use P(v) := P(V = v) where P is a distribution.
Weuse Ep [f(V)] =, ce,, f(V)P(v) for a function f, where &v denote the support of V. We

will use v to denote the domain of V. For a sample set D := {V ;) };"; where V ;) denotes the

ith samples we use Ep [f(V)] == (1/n) Y7, f(V(;)). We use ||f||p = Ep[{f(V)}?]. Ifa
function f is a consistent estimator of f having a rate r,,, we will use f f = op(ry). We will

say f is Lo-consistent if || f — f||p = op(1). We willuse f — f = Op(1) 1ff [ is bounded in

probability. Also, f f is said to be bounded in probability at rate r, if f f=0 p(’f’n) We
use the typical graph terminology pa(C)g, ch(C)G7 de(C)g,an(C)g to represent the union of C
with its parents, children, descendants, ancestors in the graph G. We use pre(C; G) to denote the
union of the predecessors of C; € C given a topological order < over a graph G. We use G(C) to
denote the subgraph of G over C. Throughout the paper, we will assume a fixed topological order
< g over V on G. |

Structural Causal Models (SCMs). We use Structural Causal Models (SCMs) as our framework
[Pearl, 2000, Bareinboim et al., 2022]. An SCM M is a quadruple M = (U, V,P(U), F). Uis
a set of exogenous (latent) variables following a joint distribution P(U). V is a set of endogenous
(observable) variables whose values are determined by functions F' = {fy, }v,cv such that V; «
fvi(pa;,u;) where PA; C V and U; C U. Each SCM M induces a distribution P(V) and a
causal graph G = G(M) over V in which there exists a directed edge from every variable in P A;
to V; and dashed-bidirected arrows encode common latent variables (e.g., see Fig. 1a). Performing
an intervention fixing X = x is represented through the do-operator, do(X = x), which encodes
the operation of replacing the original equations of X (i.e., fx (pa,, u.)) by the constant z for all
X € X and induces an interventional distribution P(V|do(x)). [ |

Experimental Distributions and Samples To clarify the connection between the experimental sam-
ples where the randomization is applied to Z C V and the distribution P,(V\z), we introduce the
notation Py z) (V) where 0(Z) denotes that Z is randomized. The distribution P,(z)(V) is a dis-
tribution induced by the SCM in which the original equation Z «+ fz(pa,,u,) for Z € Z is
replaced to the function assigning the value to Z = z at random without depending on other en-
dogenous variables PAz; e.g., Z = 1 and 0 at probability 0.5 for each. We note that P := P,
when observational. For any set A,B,Z C V, the interventional distribution can be represented
as P(A|do(z),B) = P,z)(A|Z = z,B) by the definition of the do-operator and P,z distribu-
tion. We use P,(A[B) = P,z)(A|Z = z,B) to highlight that the distribution is induced from
the randomization and conditioning on Z = z. The experimental samples from randomization o (Z)
induces samples D, (z) following Pg(z)(V). We use D, to denote the subsample of D,z fixing
Z = z, which follows P,(V). [ ]

g-identification. Let Z := {Z;}" | denote a collection of variables where Z, can be an empty set.
Let P = {P,z,)(V), Z; € Z}, a collection of distributions inducing experimental samples from
trials randomizing Z; € Z. A causal effect P(y|do(x)) is said to be g-identifiable from P in a causal
graph G if P(y|do(x)) is uniquely computable from the combination of distributions in I in any
SCM that induces G [Lee et al., 2019, Def. 4]. The complete g-identification algorithm developed
by Lee et al. [2019] identifies the causal effect by decomposing so-called confounded components
(c-component). A c-component is a maximal set of variables where every pair is connected by a
bidirectional path composed of bidirectional edges (V; <+ V;). For example, graphs in Figs. (1a,
Ib) form a single c-component since bidirectional paths connect any pairs of variables. For any
sets C C 'V, the quantity Q[C] := P(c|do(v\c)) is called a c-factor. To identify the causal effect
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P(y|do(x)) from P and G, the g-identification algorithm in [Lee et al., 2019, Algo. 1] (and rewrote
in Algo. 1) rewrites the causal effect as a marginalization over a product of c-factors, P(y|do(x)) =
Zd\yeeD\y Hfil Q[D;], where D = an(Y)g(v\x) and D; are c-components in G(D), and
identifies each Q[D;] from P. [ |

1.2 Problem Statement

This paper aims to develop an estimation framework for the g-identifiable causal effect P(y|do(x))
identified as a function of distributions in P from experimental samples D := { Dz, ~ Pz, (V) €
P}. We impose the following regularity assumptions:

Assumption 1 (Regularity). Forvariables V and distributions P,z € P, the following conditions
hold: (1) All variables in 'V are discrete; (2) Py (z) (v) > ¢,V'v € Dy for some c € (0,1).

We discuss the relaxation of the regularity assumption in Appendix C. This relaxation allows some
subset of variables in V can be a mixture of continuous and discrete random variables. Due to space
constraints, all proofs are provided in Appendix B.

2 Expressing Causal Effects as a Combination of mSBD Adjustments

In this section, we present an algorithm that expresses any g-identifiable causal effects as a combina-
tion of marginalization/multiplication/divisions of adjustment functionals defined in the following.
We begin by formally defining the generalized multi-outcome sequential back-door adjustment (g-
mSBD) functional, which strictly generalizes the mSBD adjustment proposed by Jung et al. [2021b]:

Definition 1 (generalized-mSBD adjustment (g-mSBD)). Let (W, R) be a disjoint pair in V
topologically ordered as (W,R) = {Ro, Wi, ,Rp1, Wi, Ry} by <, where R,; can be
empty. Let W= {W; }1 Land R = {Rj}g.;%) for Vi € [m]. Let C C W. Let Zy C Z be
some set such that VZ € Zo, W NZ = (). Let seq(Z) denote a sequence (z1, - - , Zy,) Where z;

denotes some realization of Z; € Z (same z; could appear multiple times in the sequence). Then,
the g¢-mSBD adjustment is expressed as an operator Ag[|W, C, R;Z, seq, G](w\c, r) defined by

Ao[W, C,R; Zg, seq](w\c, 1) Z H Py, (wi[w ™1 7 N\ z). ()

ceESc i:W;eEW

The g-mSBD adjustment specializes to the mSBD adjustment [Jung et al., 2021b] when Zg = (). The
g-mSBD adjustment can be viewed as a variant of the g-formula [Robins, 1986] involving multiple
distributions. The power of the g-mSBD adjustment lies in its ability to express the c-factor:

Lemma 1 (c-component Identification [Jung et al., 2021b]). Let S denote a c-component in
G; = G(V\Z;) for some Z; € Z. Let R = pa(S)g,\S. Let (S,R) be ordered as
(Ro,S1,--- ,Ry—1,5m) by <g. Let A C S denote a set satisfying A = an(A)g,(s). Let
C = (S\A). Let Zy = {Z;} and seq(Zy) be a sequence of z; repeating m times. Then, the
c-factor Q[A] is g-identifiable as follows:

Q[A] = Ao[S,C,R;Zg = {Z;}, seq](a,r) Z H P, (v;[s7 1 ¥ N\z). 2)

ceSc j:V;€S

We propose an identification algorithm, Algo. 1, which expresses any causal effect as a combination
of marginalizations, multiplications, and divisions of g-mSBD operators. Here are some results used
for the g-mSBD operation. An example of using these results is provided in Appendix A.

Lemma 2 (Marginalization). Ler Aj[W, C, R; Zg, seq](w\c, ) denote the g-mSBD operator in
Def. 1. Let Wy € W\C. Let W,,,, C {Wo, C} denote the vector formed by the following proce-
dure: Starting from W qr = 0, for j = m,--- 1, Wyey = Wy U{W,} if (1) W; € {W,,C}

and (2) 3k € {j,--- ,m} such that R;,--- ,Ry_1 = 0, W hdim CWyu and 2y, = --- =7,

J
and z, = --- = z;. Lt W' := W\W,,4., R =pre(W’; G)NR and C' .= {Wy, CH\W,,. Let
7! C Zq denote the collection of Z; corresponding to the variable in W', and seq’ the correspond-
ing sequence. Then,

Z Ag[W, C,R;Zg,seq](w\c,r) = Ag[W',C',R; Z',seq'|(W'\c',1’). 3)

WQEGWO
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Algorithm 1: GID (x,y,Z, P, G)

Input: x,y,Z = {Z;},P = {P,z,(V), VZ; € Z},G
Output: Expression of P(y|do(x)) w.r.t. distributions in P
1 If 37, € Z such that P(y|do(x)) = P,,(y) for some z; € Dz, then return P, (y).
2 LetV <~ an(Y); P(v) < P(an(Y)); and G < G(an(Y)).
3 LetD = an(Y)G(V\X).
4 Find the C-component of G(D): Dy, - - Dy,,.
s foreach D; € {D;,---Dy,} do

6 foreach Z; € Z do ‘ ‘

7 Find the c-component S in G(V\Z;) such that D; Cs!.

8 Q[S;] = A(ﬂS}@,R}Zj = {ZZ}, seq;]( 't ]) where :R,Z = pa(S ) G(V\Z; )\S //
By Lemma 1 4 4 '

9 Run Q[D;] = suBID(Dj, S}, Q[S}], G(S?)).

10 If Q[D;] # FAIL, then break.

1 end

12 If Q[D,] = FAIL, then return FAIL.

13 end

14 P(y|do(x)) = Zd\yGGD\y Hfil Q[D;]. // Apply Lemmas (2,3,4) if viable

15 return P(y|do(x))

a1 Procedure SUBID(C, T, Q[T], G(T))

a2 Let A .= an(C)G(T) = {A1> AQ, ce 7Ana} such that A; <g -+ <¢g Ana in G(T)
a3 Let Q[A] = Zt\aeGT\A Q[T]. // Apply Lemma 2 if viable

ad If A = C, then return Q[A].

as If A =T, then return FAIL.

wm

.6 else
a7 Let S be the c-component in G(A) such that C C S.
. Zba,-i—leSBHl Q[A] . —i—1
a8 Let Q[S] = [I;i.4,es) Sorcon OA] for B, .= A\A" . // Apply
Lemmas (2,3,4) if viable
a9 return SUBID (C, S, Q[S], G(S))
a0 end

This lemma provides a graphical criterion where Ao[W, C, R; Zy, seq](w\c, ) is given
as a g-mSBD operator.

Lemma 3 (Multiplication) Let A} = [Wz, 0,R;; Zi, seq’](w;,r;) =
H;ril Py (wi j[w! ¥ \z ) fori € {1,2} where seq’ = (= )m;1 Let W := W1 U Wa. Let
R = (R1 UR2)\W. Let (W, R) be ordered by <¢. Let Z := Zl U Zg. Assume the following: (1)
Wi N Wy = 0; and (2) YW; € W,3W,, € W, such that (W R = (W, LR ).
Let seq = (2;) j.w,ew where z; =z for all j. Then,

woESw,

Al x A2 = Ag[W, 0, R;Z, seq](w, ) H s (Wi [ W7~ 1\ z;). €))
j:W,eW

This lemma provides a graphical criterion where a product A} x A3 is given as a g-mSBD operator.
Lemma 4 (Division) Let A} = AO[W“@ R;;Z;,seq](w;,r;) =
HT;1 Pz§ (wi j[w) 7 \z ) for i € {1,2} where seq’ = (z;)j:1 Let W = W;\Wa.
Let R = (R; U W) N pre(W;G). Assume the following: (1) Wo C Wy, and (2)

YW, € W,3W, , € Wy such that (W' R = (Wi Ry ), Zix = Z; and z; 5, = 2;.
Then,
AbJAZ = Ag[W,0,R; Z;,seq'](w,T) H Py (wj W/~ 17 N\zy). ®)
j:W;eW

q
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This lemma provides a graphical criterion where a product A} /A3 is given as a g-mSBD operator.

We have rewritten the identification algorithm proposed by Lee et al. [2019] as Algo. | to express
the g-identifiable causal effect as a combination of marginalizations, multiplications, and divisions
of g-mSBD. It’s worth of noting that the identification algorithm proposed by Lee et al. [2019] and
Algo. 1 are equivalent.

Theorem 1 (Expression of g-Identifiable Causal Effects). Algo. | returns any g-identifiable
causal effects as a function of a set { AL} of g-mSBD adjustment operators in the form

P(yldo(x)) = f({AG}i0), (©)
where the function f(-) applies marginalization, multiplication, or division over g-mSBD operators
in { Ak} as specified by Algo. 1.

For concreteness, we demonstrate the application of Algo. 1 for Figs. (1a,1b), where the effects
P(y|do(x)) are g-identifiable. Detailed and visually friendly demonstrations are described in Ap-
pendix A.

Example 3 (Application of Algo. 1 to Example 1). Note Z = {(), Z}. Line 3-4: D = {Z,Y}
where Dy := {Z} and Dy := {Y'}. Line 5-13: Identify Q[D;] from Z; = () as follow. Note
D; C S° where S° = V where Q[S?] = Ay[S°,0,0;Z° = 0,0](s°,0) = P(v). Run
Q[D;] = suBID(Dy,S% Q[S%],G) and obtain Q[D,] = A} = Ag{{W, Z}, W, X;0,0](z,7) =
> wesy P(z|z,w)P(w). Lemmas (2,3,4) are used in running the sub-procedure. Now, identify
Q[Dg] from Z; = {Z} as follow. Note Dg Q St = {W X, Y}, the c-component in G(V\Z).
Note Q[S!] = Ag[St,0,0; Z' = {Z},seq](s!,0) = P.(w,x y) where seq! = (z, z,2). We run
Q[D3] = suBlD(D,, St, Q[S'], G(S')), and obtain QD,] = A = AplY,0,0;Z, seq](y, 0)
P.(y). Lemma 2 is used in the sub-procedure. Line 14-15: P(y|do(x)) = .ce, AVAS.

Example 4 (Application of Algo. 1 to Example 2). Note Z = {X;,X>}. Line 3-4: D
{R W,Y} where Dy = {R}, Dy := {W}, and D3 = {Y'}. Line 5-13: In G(V\X;), D

= {R} QD] = QI8)] = A = Ao[R, 0, X5;Z" = { X1}, seq'|(r, 22) = P(r|do(z )
Where seq = (x1). In G(V\X1), Dy C S} = {X,,W,Y}. Q[S%] = Ao[S3,0,R;Z
{X1},seq?|(si,r) = Il( 2) Py, (w|z2, 7, ) Py, (y|22,w,7) Where seq® = (xl,xl,xl) Run
QD] = SUBID(DQ,SQ,Q[SI} G(SY) = A3 = Ao[{X2, W}, Xo, R; 7% seq?]|(w,r) =
Z:L”2€6x2 P, (w|r, 2}, )Py, (z}) where seq? = (x1,21). Lemma 2 is used in the sub-procedure.
Since sUBID(Ds3, S3, Q[S3], G(S})) return FAIL, we find the c- component S? = {Y} where
D3 = S?. Note Q[Dg] = Q[S?] = A3 = AlY,0,{R,W};Z3 {Xg} seq ](y, {r, w})
P, (ylw, r) where seq® = (x3). Line 14-15: Applying Lemma 3, A2 = Al x A} =
A[{R, Y}, 0,{X5, WHZY = {X1, Xa},seqP]({r,y}, {$27w3} = Py (rlaa, ) P (gl W)
where seq'® = (21, 15). Then, P(y|do(x1,12)) = ZmueGRWAO

1\3“

H\-/H |

3 Estimating g-Identifiable Causal Effects

In this section, we develop an estimator for P(y|do(x)) using samples D = {D,(z,) ~
Py(z,)(V) € P} obtained from randomized experiments and observations (where Z; = 0). We
use P (z) instead of P, to highlight the distribution D, (z,) € D follows.

We first introduce an estimator for the g-mSBD adjustment that exhibits the doubly robust property.
The nuisance parameters for the g-mSBD adjustment are defined as follows:

Definition 2 (Nuisances for g-mSBD). Nuisances for g-mSBD Ao in Eq ( ) are { M“ ey 11
defined as follows. Let pf' ™ = ™1 = 1\ (W\C). Fori=m—1,--- 1,
i —1: i i+1 —1:7 ;. —1:9
N()H(WzaR Z) =Ep, . [N()H(W riv, RO)W R 10,2011 @)
=1 —=1:1—1
;o==—=1 —1: Po' i WaR Z;, T ]]-I" R;
(W R = o) zi:to) () ®)

—1 —1lu—1 —i —1:1—1 :
Pyz, ) (W , R "|zi41,10) Pz, ) (R(IW , R " 2541,10)

Remark 1 (Simplification of Nuisances). Although the nuisances 7 may seem compli-
cated, they can be simplified in several important special cases.  For example, my =

1y, (Ri)/P[,(z)(RﬂWi,ﬁi_l, z,v0) if Z = {Z} for any Z C 'V where Z is possibly empty.

A
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In general, employing off-the-shelf classification methods for density ratio estimation is feasible,
leveraging the techniques outlined in Section 5.4 of Diaz et al. [2021].

We now introduce a g-mSBD estimator exhibiting the robustness properties using these nui-
sances. This estimator is motivated by the double/debiased machine-learning style estimators [Cher-
nozhukov et al., 2018, 2022]:

Definition 3 (DR-g-mSBD Estimators). Let D, (z,) for Z; € Z denote the experimental sam-
ples from randomizing the variable Z;. Let D,, for z; € Dz, denote the subsamples of Dy (z,

fixing Ro\Z; = ro\z; and Z; = z;. The DR-g-mSBD estimator A for the g-mSBD adjustment
Ao[W,C,R;Zgy :={Z;}",,seq = (z;),](w\c,r) is defined as follows:

1. Randomly partition Dy, into {Dy, ¢}ee(r); i€, Dy, = Uf_ Dy, 4, VZ; € Z and z; € Dg,.

2. For each fold ¢ € [L], let /f“ denote learned ;™! using D, +1\Dz 1,0 fori =m,--- 2;and
} learned 7§ fori = 1, - — 1. Define fiit! == it (W', r, R and 7 = Hi.zl .

3. Estimate A := A({MZ+17Wz}je[m—u,fzem) = (1/L) Yy Ae({pd ™ 7]} e m—1)) where

—1
N N . 2 i1l .
Ap = Ag({u% Wz}ij 1] El E et [ Z{M]+ M%"‘ }} +E521,£ [Mﬂ )]
J

where IEBZM [-] is an empirical average over samples Dy .

We now analyze the doubly robustness property of this estimator.

Proposition 1 (Asymptotic Analysis of g-mSBD Estimators). Assume that the nuisance estimates

MK and 7T/ are L2 consistent; i.e., HMhLl Z+1||Pa(z i+1) OPa(Z +1) (1) 2 — l+2||Po(Zz‘+1) =
(1) and ||y = 7G|l p,

o (Zig1) a(zH_l)( )fori=1,-- — 1, and ”:LLZ - :“OHPU(ZI) =
forie {1,--- ,m}. Then,

OPU(Z7‘,+1) -
0P, ,,(1). Let n; = ‘Dzi

m L
) 1 % )
A== Y Rt 1 3% Oney (7 =il =il (10

where R; is a random variable such that n R converges in distribution to a mean-zero normal
random variable.

This estimator possesses a doubly robustness property since the estimator is bounded in probabil-
. —1/2 o . +1 Jrl

ity at rate n=/2 (for n := min{ny,--- ,n,,}, whenever Op, o (Ziy1) (112} po e = wgll) =
Op(n,, z+1 ) for all 4.

We now construct an estimator for the g-identification expression using the DR-g-mSBD estimator
defined in Def. 3. The resulting estimator is called the MR-gID estimator:

Definition 4 (MR-gID Estimator). The MR-gID estimator 1[} for the identification expression of
the causal effect 19 = f({AK}E ) in Theorem 1 is given as follows: For each Af composing

FUABHS ). tet AR = AF({d %} 7l )} jeimr—1),0e()) denote the DR-g-mSBD estimator with

nuisance estimates {,uk Y, ,7rk , for the true nuisances {uk 0 ,7rk o} Then,
o= fANYL). an

We impose assumptions on the identification expression and its nuisances for further analysis.

Assumption 2 (Analysis of MR-gID ). The identification function f({A*}E_|) in Thm. I and each
nuisances {uﬁel, w};7 o }ie for AF satisfy the following properties:

1. Twice differentiability: f({A*}X_|) is twice continuously Frechet differentiable w.r.t. { AF}E_ |
wrt. {AFHE

7
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2. Boundedness: Vk € K] and VZ; € Z, V 41 f({A)} 1<) )[AF — AK] = Op,,  (A* — A).

3. Lo-Consistency: |uit, — it |l p, @y = olaa(zic+1 (1)

Hﬂ'k,e 7Tk OHP (Zk 1) = OPO'(Z.IL‘C+1)( ) and ||,le%7£

Cit2 2 _
i ,LL;CO ”P o(zk, ) OPa(zf$+1)(1)’

(Zk) = OPa'(Z’f) (1).

Assumption 2 is imposed to limit the error of the MR-gID, which is a linear function of the errors of
each DR-g-mSBD estimator.

Theorem 2 (Asymptotic Analysis of MR-gID). Suppose Assumption 2 holds. Let ny,; == |D |
for Z’C € Z and zk € @Zk Let 1& denote the MR-gID estimator in Def. 4 for the causal effect
Yo = f({AEYE ) in Theorem 1. Then, the error of 1 is given as

K L mF-1
—12 . .
)~ = ZZOPW Y Z}j}j -y (i = 30 e e = o )
k=1 /=1 1i=1

k=11i=1
(12)

We highlight that the MR-gID ) exhibits robustness property since ¢ — 1 for 9o = P(y|do(x))
is bounded at rate n~ /2 (for n = min{ny ;} and P € IP) even when all nuisances {uk p ,ﬂiyg} are

bounded at slower n~/* rate. Furthermore, the MR-gID estimator exhibits multiply robustness, as

the error of the MR-gID is a linear function of the error of DR-g-mSBD, which demonstrates the
doubly robustness property. Formally,

Corollary 2 (Multiply Robustness (Corollary of Thm. 2)). Suppose (1) Assumption 2 holds; (2)
Either ﬂ,iﬁz = 71'2,0 or Mé,e = ,ufc’o forj =i+ 1,--- . mF forall i,0,k; and (3) all nuisances
{ﬂ'z’ 0 u};}l}i) ¢,k are bounded by some constant. Then, the MR-gID 1& (Def. 4) is consistent to ).

For concreteness, we illustrate the application of Thm. 2 for Examples (1, 2). Detailed procedures
are provided in Appendix A.

Example 5 (Application of Thm. 2 to Example 1). Recall that P(y|do(x)) = f ({A A%} -
e, AbAS. The nuisance set for Aj is p3 (X, W) == Ep [1.(Z)|X, W] and O(X W)
1.(X)/P(X|W). Then, the estimator for A} is A* := Al({uie, 71 ¢ YeeL)) defined in Def. 3. The
nuisance set for A3 is ji3 o == Ep, , [1,(Y)]. Then, the estimator for A is A? = AQ({M;K}%[L]).
Then, the estimator is constructed as Def. 4, as f({A', A2}). By Thm. 2, the error of the estimator
2 1/2 L

is Op(ng %) + Op(n:") + (1/L) T0y Op(ld = i llimh -
n, = |D,| where D ~ P and D, ~ P,.

Example 6 (Application of Thm. 2 to Example 2). Recall that P(y|do(z1,z2)) =
FUAG AGPY) = 32, wee n w A0AG> The nuisance set for A3 is i3 o = Ep,  [1,(W)|R, X2] and
T = L.(R)/Py, (R|X3). Then, the estimator for A is A? = AQ({Ng,e,ﬂ'iZ}ge[IJ]). The nui-

13 50,2 . 1. Poxy)(Bloa,an) 1, (W)
sance set for Ag® is ji13 o = Ep,, [1ry(R,Y)|R, W] and my3 o := PU(;z)(R‘azz) P, (xy) (WIR,z2)"

Then, the estimator is A'> = A3 ({ 11330, 5.0 Yee(r))- Then, the estimator is constructed as Def. 4,
as f({A'3, A%}). By Thm. 2, the error of the estimator is Op e (M1 1/2) + Op, x,, (2 1/2) +

L
(1/L) 24:1{OP0<X1>(H,U2J U2,0||H772 ‘ — 3 o||) + Op, <x2)(||.u13 ‘ N13,0||||7T13,£ )b
where ny == |D1| and ng = |Ds| where Dy ~ le and Dy ~ P,,.

), where ng = |D| and

4 Experiments

In this section, we demonstrate the MR-gID estimator from Definition (4) through Examples (1,2)
and Project STAR dataset[Krueger and Whitmore, 2001, Schanzenbach, 2006]. For each example,
the proposed estimator is constructed using a dataset D = {Dz,, Z; € Z} simulated from an
underlying SCM. Our goal is to provide empirical evidence of the fast convergence behavior and
the robustness property of the proposed estimator compared to competing baseline estimators. We
consider two standard baselines in the literature: the ‘regression-based estimator (reg)’ only uses the
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Scenario 1 Scenario 2 Scenario 3 Scenario 4

Model Model Model Model
REG REG . REG REG

Fig. 1a
(Example 1)

Fig.1b D?‘.: ) 08 ™ T - =-= - |
(Example 2) o5 i o o Wi B F ! o

600 800 1000 200 400 600 80 1000 200 400 600 800 1000 20 400 600 800 1000

Figure 2: AAE Plots for Examples (1,2) for Scenarios {1,2,3,4} depicted in the Experimental Setup
section. The z-axis and y-axis are the number of samples and AAE, respectively.

regression nuisance parameters 2 for 2 defined in Def. 2, and the ‘probability weighting-based
estimator (pw)’ only uses the probability weighting parameters 7~ for 7r6”*1 defined in Def. 2,
while our MR-gID uses both in estimating the g-mSBD operators A* composing f({A*}) in Thm. 1.
Details of the regression-based (‘reg’) and the probability weighting-based (‘pw’) estimators are
provided in Appendix A. The details of the simulation are in Appendix (D, E).

4.1 Synthetic Dataset Analysis

Accuracy Measure. We compare the proposed estimator (‘mr’) in Def. 4 to the regression-based es-
timator (‘reg’) and the probability weighting-based estimator (‘pw’). In particular, we use T°(x) for
est € {reg, pw, mr} to denote the g-ID estimators that leverage regression-based (‘reg’), probability
weighting-based (‘pw’), and MR-gID in estimating each operator A" in the identification expression
F({AF}) of the causal effect P(y|do(x)). We assess the quality of the estimators by computing the
average absolute error AAE®™ := @%\ Y xeny [T(x) — P(yldo(x))| where [Dx| is the cardi-
nality of ®x. Nuisance functions are estimated using gradient boosting models called XGBoost
[Chen and Guestrin, 2016]. We ran 100 simulations for each n = {200, 400, 600, 800, 1000} for
n = |Dz| for VZ C Z. We label the box-plot for these AAEs as ‘AAE-plot’.

Experimental Setup. We evaluate the AAE® for Examples (1,2) in four scenarios:

* (Scenario 1) There were no noises in estimating nuisances.

* (Scenario 2) We introduced a converging noise € in estimating the nuisance, decaying at a n=¢
rate (i.e., € ~ Normal(n~%, N ~29)) for a = 1/4 to emphasize the errors induced by the finiteness
of samples. This scenario is inspired by the experimental design discussed in [Kennedy, 2020].

* (Scenario 3) Nuisance {,uml} ¢k, are estimated incorrectly - simulated by training the model
with a random matrix having the same dimension as the input matrix.

* (Scenario 4) Nuisance {7 ,}, . ; are estimated incorrectly as in Scenario 3.
In Scenario 1, we aim to show that all estimators 77, TP¥ T™ are converging to the true causal
quantity P(y|do(x)). In Scenario 2, we aim to show that the MR-gID estimator exhibits fast con-

vergence behavior compared to competing estimators. In Scenario (3,4), our goal is to highlight the
multiply robustness property of the MR-gID estimator.

Q
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(a) Graph (b) Scenario 2 (c) Scenario 3 (d) Scenario 4
Figure 3: A graph and the AAE-plot for Project STAR.

Experimental Results. The AAE plots for all scenarios are presented in Fig. 2. All the estimators
(‘reg’, ‘pw’, ‘mr’) converge in Scenario 1 as the sample size grows. In Scenario 2, where the
estimated nuisances are controlled to be bounded in probability at n~'/* rate, the proposed MR-

gID 1& outperforms the other two estimators by achieving fast convergence. This result corroborates
the robustness property in Thm. 2. In Scenarios (3,4), where the estimated nuisances for {p’}7",

or {wl}z’-zl are wrongly specified, the MR-gID estimator converges while other estimators fail to
converge. This result corroborates the multiply robustness property in Coro. 2.

4.2 Project STAR Dataset

This section provides an overview of the analysis using Project STAR dataset [Krueger and Whit-
more, 2001, Schanzenbach, 2006]. Project STAR investigated the impact of teacher/student ratios on
academic achievement for students in kindergarten through third grade. The dataset D includes class
size (X1), the academic outcome in kindergarten (W) for kindergarten, the academic outcome in sec-
ond grade (R), class size (X3), and the academic outcome for the third grade (Y). We assume that
the SCM M underlying Project STAR dataset D can be depicted in Figure 3a. The target quantity is
E[Y|do(x1,72)] Where Pr, 1,(4y) = Yy, Pos (1) St e, 1y Pra (lhow,7,02) Py (), w).

The detailed procedures are in Appendix E.

Experimental Setup. We generate two datasets D; and D5 from the original dataset D to demon-
strate the gID estimation. D; is a random subsample of D with only {X;, W, R} and follows
Pyx,)(X1, W, R). Do is constructed by resampling from D in a way that the confounding bias
between X; and W, and X; and Y presents, following P, (x,)(X1, W, X2, R,Y’). We conducted
100 simulations by generating new instances of D; and D to create the AAE plot. Estimators were
constructed solely from D; and D5, with D used exclusively to construct the ground-truth estimate.

Experimental Results. We evaluated the AAE®" of estimators T° for est € {reg, pw, mr}. The
AAE plots for scenarios (2,3,4) are in Figs. (3b,3c,3d). Our findings indicate that the MR-gID
estimator 7™ consistently provided reliable estimates for the ground-truth quantity.

5 Conclusions

We present a framework for estimating the causal effect P(y|do(x)) by combining multiple observa-
tional and experimental datasets and a causal graph G. We introduce the generalized multi-outcome
sequential back-door adjustment (g-mSBD) operator (Def. 1) and its operations. We show that any
g-identifiable causal effects can be expressed as a function of the g-mSBD operators as specified
in Algo. | (Thm. 1). We then develop an estimator called DR-g-mSBD (Def. 3) for the g-mSBD
operator and analyze its statistical properties in Prop. 1. Based on the DR-g-mSBD estimator, we
develop the MR-gID estimator (Def. 4) and analyze its statistical properties (Thm. 2 and Coro. 2)
which exhibits fast convergence and multiply-robustness. Our experimental results demonstrate that
the MR-gID estimator is a consistent and robust estimator of P(y|do(x)) against model misspecifi-
cation and slow convergence.
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A Further Details

We restate the notation here. To clarify the relationship between the experimental samples, where
randomization is applied to Z C V, and the distribution P,(V\z), we introduce the notation
Py(z)(V), where o(Z) indicates that Z has been randomized. The distribution P, ) (V) is de-
rived from the Structural Causal Model (SCM), where the original equation Z < fz(pa.,u,) for
Z € 7 is replaced by a function that assigns a value to Z = z randomly, independent of other
endogenous variables. For example, assigning Z = 1 and 0 with a probability of 0.5 each.

It should be noted that when considering observational data, P := P, ). For any sets A, B, and
Z C 'V, the interventional distribution can be represented as P(A|do(z),B) = P,z)(A|Z =
z, B) according to the definition of the do-operator and the P,z distribution. To emphasize that
the distribution is induced from randomization and conditioning on Z = z, we use P,(A|B) =
P,(z)(A|Z = z,B). The experimental samples obtained from randomization o (Z) lead to samples
DU(Z) that follow PU(Z)(V). We denote the subsample of DU(Z), where Z = z is fixed, as D,,
which follows P,(V). R

A.1 Example 3

We provide a detailed illustration of Example 3, demonstrating the application of Lemmas (2,3,4).

Input: x = {z},y = {y}, Z := {0, Z}. The goal is to identify P(y|do(x)) from P which contains
P and P,(z)(V). In the identification, P(V) and P, (V\Z) := P,(z)(V|z) for z € D 7 are used.

Line 3-4: Since V\X = {Z,Y}, D = an(Y)g(zy) = {Z,Y}. Let Dy := {Z} and Dy := {Y'}.
We now run Line 5-13. We first run Dy = {Z} and Z; = (). Then,
1. Line 7: The c-component S1 = V = {W, X, Z, Y} includes D;.
2. Line 8: The c-factor Q[S1] is identified as
Q[S1] = Ao[S1,0,0;:Zy = 0,0](s1,0) = P(w)P(a|w)P(z]z, w) P(ylw,z, ).
3. Line 9: Run Q[D;] = suBID(Dy, S1, Q[S1], G(S})).
(a) Line a.(2-3): A = an(Z)gvy = {W, X, Z}. Then, by Lemma 2,
Q[A]= Y QIS] = AJ[{W, X, 2},0,0;0,0)({w, z, 2},8) = P(w)P(x|w)P(z|z,w).
yESy
(b) Line a.(7-8): Note S = {W, Z} is a c-component in G(A) containing D, = {Z}.
Then,
QA]
Q[S] = ( QIA]) X =7
m,zEZGX,Z ZZG@Z Q[A]

By Lemma 2,

ST QIA] = Ao[W,0,050,0)(w,0) = P(w),

r,2€6x, 7
> QIA] = A{W, X3,0,0;0,0)({w, x},0,0) = P(w)P(x|w).
2€G
By Lemma 4,
Q[A] _ AU[{VVvXa Z},@,@;@,@]({w,x,z},@)

ZZGGZ Q[A] B AO[{WvX}7®7Q);@a@]({w,z},@v@)
= AO[Z7 0, {Wv X}? @,@](2, {w’ CC})
= P(z|w, z).

1A
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By Lemma 3,
Q[S]

Ag[W,0,0,0;0,0](w, D) x AglZ, 0, {W, X };0,0](z, {w, z})
= Ao[{W, Z},0, X;0,0]({w, 2}, z)
= P(w)P(z|lw, z),
because the orderis W <45 X <4 Z.
(c) Line a.9: Run Q[D,] = suBID(D4, S, Q[S], G(8S)).
(d) Line a.(2-3): A = an(D1)gs) = {Z} = Dy. Then, by Lemma 2,
QM= > Q[S]

wew
Ap = A[{W, Z}, W, X;0,0] (2, z)

Z P(w)P(z|w,x).

weSw

We now run Line 5-13. We first run Dy = {Y} and Z; = (. We note that it fails since the
sub-procedure subID(Ds, St, Q[S{], G(S})) fails. Specifically, A = an(Da)g sty = V = Si.
Therefore, by Line a.5, the procedure fails.

We now run Dy with Zy = {Z}.
1. Line 7: The c-component S3 = V\Z = {W, X, Y'}.

2 Line 8 Q[S}] = Ao[S1,0,0,:Z} = {2}, 5eqll(s0) = Po(w)P.(ehw)P.(yl, w),
where seq}(W;) = (z, z, 2).

3. Line 9: We run Q[D5] = suBID(D2, S}, Q[S3], G(S})).
4. Line a.(2-3): A = an(D2)g(sy) = {Y'} = D2. Then, by Lemma 2

QD)= Y Q[S) (A.)
w,xESw, x
= Y AW, X,Y},0,0;Z = {2}, seq}](y; 0) (A2)
w,zESw, x
= AolY,0,0;Zy = {Z},seq3]({y}; 0) (A.3)
= P.(y). (A4)
Let
QD] = Ay = A{W, Z}, W, X;0,0](z, z) (A.5)
QDo) = A = Ao[Y,0,0;Z3 = {Z}, seqs)({y}; 0). (A.6)
By Line 14,
P(yldo(x)) =} QD1]Q[Da] = ) 4545, (A7)
266z 2€6»

A.2 Example 4

We provide a detailed illustration of Example 4, demonstrating the application of Lemmas (2,3,4).

Imput: x = {z1,22}, y = {y}, Z = {X;1,X>}. The goal is to identify P(y|do(x1,x2)) from
P = {P,x,)(V), Py(x,)(V)}. Specifically, two distributions P,, (V\X1) and P,,(V\X3) will
be used in the identification task.

Line 3-4: D = aﬂ(Y)G(R’W)y) = {R, VV,Y} Let D, := {R}, D, = {W} and D3 = {Y}

17
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Line 5-13: Consider D; = {R} and Z; := {X;}. Note S} := {R} = D is a c-component in
G(V\X1). Therefore, Q[D1] = Q[S1], where

QD] = A} = Ao[R, 0, X2; 71 == {Xl},seq}](r, x2) = Py, (r]x2), (A.8)

where seq] = (z1).

Line 5-13: We now consider D3 = {Y'}. Note that Q[Ds] is not identifiable from P,, (V\X;).
To witness, consider the c-component S} := {W, X»,Y} in G(V\X1). Then, the sub-procedure
subID(D3, Si, Q[Si], G(S3)) fails because failure condition in line a.5 is triggered. Specifically,
an(Y)g(st) = Si-

Therefore, we consider D3 = {Y'} with Z3 := z5. Note S2 := {Y} = Dj is a c-component in
G(V\X2). Therefore, Q[D3] = Q[S%] which is given by line 8:

Q[D3] = AO [K wa {Ra W}’ Zg = {XZ}v Squ = (:CQ)](yv {T’, w}) (A.9)
= P, (y|r,w). (A.10)

Line 5-13: Consider Do = {W} and Z; = X;. Note that Q[D3] is not identifiable from
P,,(V\X5). To witness, consider the c-component S3 := {X;, W} in G(V\X3). Then, the
sub-procedure subID(Ds, S3, Q[S3], G(S2)) fails because failure condition in line a.5 is triggered.
Specifically, an(W)g s3) = S.

Therefore, we consider Dy = {W} with Z; = X;.

1. Note S1 = { X5, W, Y} is a c-component in G(V\ X7 ) containing D5. Then,

Q[S%] = AO[{X25VV7Y}507R7 Z% = {Xl}aseq% = (3317351;371)]({372’“)’9}77“) (All)
= le (I'Q)le (’LU|T, xQ)PfL’l (y|$27 w7 7"). (A12)

2. Run Q[Ds] = SUBID(Ds, S}, Q[S}], G(S1)).

3. Line a.(2-3): A = an(W)gsy) = {W} = D». Then,

QD= > Q[sy (A.13)
y,22€6y, x,
= > A{X2, WY}, 0, R Z3, seqy] ({w2, w, y},7) (A.14)
¥,22€6y,x,
= AO[{X27W}aX2,R; Z%> Seq% = (.Tl,.%'l)](w,T) (Als)
= > Pu,(22) Py, (wlr,ab). (A.16)
.7)'2€X2

Also, by Lemma 3,

Q[D1]Q[Ds] (A.17)
= A’ (A.18)

= AO[R,(Z),Xg;Z% ={X1}, seqﬂ(r7 x2) X AglY, 0, {R, W};Z% = {Xs}, squ](y, {r,w})
(A.19)
= A{R, Y}, 0,{X2, W}z == {X1, X5},5eq"® = (21, 22), G)({r, y}, {22, w}) (A.20)
= Py, (r|m2) Py, (y|r, w). (A.21)

Finally,
P(yldo(z1,22)) = Y AjAg®. (A22)
rwES R w
1R
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A.3 Example 5

A.3.1 Specification of Nuisances

Recall that the topological order of the variable is W <o X <¢ Z <¢g Y. Also, P(y|do(x)) =
> .ce, AbAG where

Af = Ag{W, Z}, W, X50,0)(z,2) = > Plzla,w)P(w) (A.23)
wWES W
Af = AglY,0,0;{Z}, (2)](y,0) = P.(y) = Po(z)(yl2)- (A.24)
That is,
P(yldo(x)) = (A}, A) = > AJAZ. (A.25)
2€6»

By leveraging the definition of the nuisance in Def. 2, the nuisance composing A is {13, 71 o}
which are defined as follow:

pio(X, W) :=Ep [L.(2)|X, W],
T o(X, W) = Lo(X)/P(X|W).

The nuisance composing Ag is {43 o} which is p3 o == Ep, [1,(Y)].

A.3.2 Construction of Estimators

We apply the procedure in Def. 3 to construct estimators A' and A2 for A} and A2. We choose

L = 2. We first construct A* for the fixed {2, 2} € D x. We note that A} for £ € {1,2} is given
as follow: For a fixed z, z,

A% = ]EDz ["Tl} (Xv W){]lz(Z) - IUE,E(X’ W)} + ,L"%,Z(xv W)] ) (A'26)
and
L
Al =1/L Z A}, (A.27)
=1

where 7!, 1u® are nuisances estimated using D\ Dy. Specifically, i3 ,(X, W) is obtained by using
the XGBoost [Chen and Guestrin, 2016] regression model which regresses 1,(Z) onto the {X, W}
using D\Dy. p2 ,(z,W) is evaluated from Dy after fixing a column for X to z. In similar, 7! as
follow: we first model P(X|W) by regressing X onto W from the data D\ D, using the XGBoost

[Chen and Guestrin, 2016]. Then, we evaluate 71 o(X, W) by plugging in the trained P(X |W).

We now construct A2 for the fixed z and y. We first take the subsamples D, from the experimental
samples D7) € D, where D, is the sample where Z = z. Then, we compute the following:

A? = 2 =Ep. [1,(Y))]. (A.28)
Then, following Def. 4, the MR-gID is constructed as follow:
fAY A% = Y ATA. (A.29)
2ED z
10
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A4 Example 6

A.4.1 Specification of Nuisances

Recall that the topological order of the variable is X1 <g X3 <g R <¢ W < Y. Also,

Af = Ao[{Xo, W} {Xo}, Ry Z% = { X1}, seq” = (21, 21)](w, 1) (A.30)
= > P (wlr,zh) Py, (ah) (A31)
r5€6x,
AP = Ag{R, Y}, 0,{Xo, W} Z" = {X1, X5}, seq"® = (x4, 22)]({r, v}, {z2,w}) (A32)
= Py, (r|22) Py, (y|r, w). (A.33)
Then,
P(yldo(1,x2)) = Y AFAG. (A.34)

rweES R w

The nuisance composing AZ is {43 , 73 o} which are defined as follow:

15 (R, X2) = Ep, [1u(W)|R, X5], (A.35)
730(R, X2) = 1,(R)/ Py, (R|X2). (A.36)

The nuisance composing A§? is {13 o, 73 o } which are defined as follow:

1i50(R, W) i=Ep,, [1,4(R,Y)|R,W] (A37)
=Ep, ) [Lry(RY)|R, W, 2] (A.38)
= ]].r(R)EP(T(X2> []ly(Y)|R, VV,.’L’Q] , (A.39)

and

Pyx))(R|z2,71) 1., (W)

Tl 0(Xa, W) = '
13,0( 2, W) Py(x,)(Rlz2) Prix,)(W|R,z2)

(A.40)

A.4.2 Construction of Estimators

We apply the procedure in Def. 3 to construct estimators A? and A'3 for A2 and A}. We choose
L = 2. We first construct A2 for the fixed {w,r,21}. We note that A2 := (1/L) Y+, A2 for
¢ € {1,2} where A? is given as follow:

A% = EDzl,e [W%,Z(Rv XQ){]lw(W) - :L"%,Z(Ra X2)} + ﬂ%,l(rv XQ)] ) (A41)

where D, is a subsample of D, (x,) fixing X; = z1, and w%’e, u%l are nuisances trained using
Dy, \Dy, ¢ We note that 13 ,(R, X3) is constructed by regressing 1,,(W) onto {R, X5}. Also,
w%l(R, X>) is constructed by regressing R onto Xs.

We now construct A3 := (1/L) Zngl AJ3 for £ € {1,2} where A}? is given as follow:

AP =Ep,, [y (X W) Loy (RY) — iy R + By [0y o(Rw)}], (A42)
where D,, is a subsample of DU(XI) fixing X; = =z, and Eml is a subsample of D, fixing
Xy = x2. Ty 4, 445 ¢ are nuisances trained using Dy, \ Dy, ¢ and Dy, \ Do, 4.

A.5 Details on Regression-based (REG) and Probability Weighting-based (PW) estimators.

In this section, we provide details on two alternative g-ID estimators used in Sec. 4: T™¢ =
f({ARreel K 1) (‘regression-based estimators’) where A¥™°¢ denotes the regression-based estima-

20
https://doi.org/10.52202/075280-2015 46465



tor for the g-mSBD operator, and TP* = f({A*P¥}X_ 1) (‘probability weighting-based estimators)
where A*¢ denotes the probability weighting-based estimator for the g-mSBD operator.

A.5.1 Regression-based Estimator

The regression-based g-mSBD estimator is defined as follows:

Definition A.1 (Regression-based g-mSBD Estimator). Let D, z,) for Z; € Z denote the exper-
imental samples from randomizing the variable Z,. Let Ez,; for z; € Dz, denote the subsamples
of Dy (z,) fixing Ro\Z; = ro\z; and Z; = z;. A regression-based estimator A for the g-mSBD
adjustment Ao[W, C,R;Z¢ := {Z;}", seq := (z;)"](W\c, ) is given as follows:

1. Randomly partition Dy, into {Dy, ¢}ser); 1€, D, = U Dy, 4, VZ; € Zand z; € Dz,.

2. For each fold ¢ € [L], let ™" denote learned ;™" using D,,,,\D,,,, ¢ fori = m,---,2.
Define /i)™ = pi™ (W, ri,ﬁhfl).
3. Bstimate A = A*2({) ™"} jepmy.eerny) = (1/D) Sy ATE{ny ™ Yjepmon)) where
ATeg . A4 j+1 . -
AP = AP Yiem) = Ep, , [1] - (A43)
The error of the regression-based estimator is given as follows:
Proposition A.1 (Error Analysis of the regression-based g-mSBD estimator). Suppose ||u7 —
M(2)||Pa(zl) = OPy(z) (1). Then,
Areg —1/2 1 & 2 2
A — Ay = Op, (00 ) + £ DO, (1 = i) (A44)
(=1
Proof of Proposition A.1. We note that
Ao =Ep, ., [f1521,70] (A.45)
by the analysis in Lemma S.2. Therefore, by Lemma S.7,
aAreg . ~2
AZ — A= EDZLZ_PU(ZﬂlroJl [MO] (A.46)
)
+ Eﬁzllfpv(zﬂ\mwzl [/.le B MO} (A47)
+Ep, 4, [Af — Aglro,z1] - (A.48)
By the central limit theorem,
Eq. (A46) = Op, , , (n] /%), (A.49)

where n1 ¢ = | Dy, 4|.
By [Kennedy et al., 2020, Lemma 2] and the given assumption that || — M(Q)HP(,(ZI) =o0p,,, (1),
Eq. (A47) = Op, . (1/n}/%). (A.50)
Finally, by applying Cauchy-Schwarz inequality,
Eq. (A.48) = OPo(zl) (”/1? — fgll)- (A51)

21
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Finally,

L
N 1 N
A% —Ag =1 > (A7 - A) (A.52)
=1
L
1 - ~ ~
= =3 (Ora (0720 4 O, g (1 — E1)) (AS3)
=1
L
= O, (07V2) 4 =50, (I — 121 (A.54)
= YPo(zy) L Po(zy) e = Holl)- )
=1

O

A.5.2 Probability-weighting based Estimator
In this section, we define and analyze the probability weighting-based g-mSBD estimator. The
probability-weighting-based estimator is defined as follows:

Definition A.2 (Probability-weighting-based g-mSBD Estimator). Let D, (z,) for Z; € Z denote

the experimental samples from randomizing the variable Z,. Let ﬁzi for z;, € ©z, denote the
subsamples of D, z,) fixing Ro\Z; = ro\z; and Z; = z;. A probability weighting-based estimator

APY for the g-mSBD adjustment Ayg[W, C, R; Zo == {Z;}™,, seq = (2z;)™,](W\c, ) is given as
follows:
1. Randomly partition D,, into {Ezi’g}ge[L]; ie, D, = UZLZIEZM, VZ; € Z and z, € Dyz,.
2. For each fold ¢ € [L], let ) denote learned 7§, using D,,\Dy, ¢ fori = m — 1,---,1. Let
—m—1 ., m—1 __;
7T€ ! = Hi:l Ty
3. Estimate AP = AP ({x}}jcpm_11.0e1z)) = (1/L) gy A ({7)} jem—1)) Where
A = AV} jemo)) = Ep, [T Ly o (W\C)]. (A.55)

Lemma S.1 (Representation of the g-mSBD operator using Probability Weighting). The g-
mSBD adjustment Ag in Def. | can be represented as

Ay =Ep,,  [70 " Lare(W\C)|2Zm, 0] . (A.56)
Proof of Lemma S.1. It suffices to show that, fork=m —1,--- |1,
EP ey (7615 2k 11, 10] = Epr, ., (76 2k, 7o) - (A.57)

If this holds, Lemma S.1 can be shown as follows:

AO = EPU(Zl) [ﬂg|z1’r0]
= IEPﬂ(lz) [ﬁéﬂg‘z% I'o]
= IEP(,(zm) [ﬁ()nilﬂ(r)mrl |Zm7 1‘0}

=Ep, [ﬁ$7lﬂw\c(w\c)\zm, 1‘0] .

(ZTn)

Eq. (A.57) holds as follows:

EPC’(ZA-,+1) [Wéﬁg+2 ‘Zk-‘rla 1‘0]

—k Kk
o (2p41) [77]8“0+1 |Zk+17 rO]

=Ep,,,, [Fo it 2k, o] -

:EP

This completes the proof.

77
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Equipped with Lemma S.1, we analyze the error of the probability-weighting-based estimator as
follow:

Proposition A.2 (Error Analysis of the probability weighting-based g-mSBD estimator). Sup-
pose |[{m77 — 7ToTo]’HPa(zz) 0P, z,,(1). Then,

L
— 1 =m _ —m
A — A9 = Op, (0 ") + 1Y Op, o, (177 =73 )- (A.58)
=1

Proof of Proposition A.2. By Lemma S.7 and Assumption 1,

A A =Ep5, , py i [T T (W\C)] (A.59)
+ED, oo me (@™ = 75") Lw\ e (W\C)] (A.60)
T EP, 51 my (@™ — 70" Lur e (W\C)] . (A.61)

By the central limit theorem,

Eq. (A.59) = Op, (117, (A.62)

By [Kennedy et al., 2020, Lemma 2] and the given assumption,

Eq. (A.60) = Op, (117, (A.63)

Finally, by applying Cauchy-Schwarz inequality,
Eq. (A.61) = Op, 4, (I{7" =75 - (A.64)
This completes the proof. O

B Proofs

B.1 Proof of Lemma 1

Lemma 1 (c-component Identification [Jung et al., 2021b]). Let S denote a c-component in
G; = G(V\Z;) for some Z; € Z. Let R = pa(S)g,\S. Let (S,R) be ordered as
(Ro,S1,--- ,Ry—1,5m) by <g. Let A C S denote a set satisfying A = an(A)g,(s). Let
C = (S\A). Let Zy = {Z;} and seq(Zy) be a sequence of z; repeating m times. Then, the
c-factor Q[A] is g-identifiable as follows:

QA] = Ag[S,C.R; Zo = {Z;},seq)(a,r) = > [ Pulvs@ "7 N\z). ()

ceSc j: V €S

Proof of Lemma 1. Let Cy = pre(A; G(S)) N C. Let C; := C\Cy. We first note that, by [Jung
etal., 2021b, Lemma 1],

S I Pa(uls v N\z). (B.1)

coGc, j:V;EAUCH
Therefore, it suffices to show that
Eq. (B.1) = Ag[S,R;Z¢ == {Z;},seq](s\c,1). (B.2)

1
46468 https://doi.org/10.52202/075280-2015



It holds as follows:
Ao[S,R; Zg = {Z;},seq|(s\c,r) = > [] Pulvj[&" 7 "\zy) (B.3)

ceSc V;€ES

= > Y I PwF ¥ N B4

coESc, c1€6c, V;€8

= > I Pl ¥ N\z) (B.5)

COEGCO VjES\Cl

Z H Py, (Uj |§j_17fj_1\zi) (B.6)
coESc, V;EAUC,
= Eq. (B.1). (B.7)

We note that the third equation holds since the all P, (v;[s? ', 7~ *\z;) will be marginalized out
if V; € C;. The fourth equation holds since S := A U Cy U Cy, which implies that S\C; =
AUC,. 0

B.2 Proof of Lemma 2

Lemma 2 (Marginalization). Ler Aj|[W, C, R; Zg, seq](w\c, ) denote the g-mSBD operator in
Def. 1. Let Wy C W\C. Let W,,,, C {Wy, C} denote the vector formed by the following proce-
dure: Starting from Wy, = 0, for j = m, -+ |1, Wyay = W U{W;} if (1) W; € {W,,C}
and (2) Ik € {j,--+ ,m} such that Ry, Ry_y = 0, W' " C Wipap, and Zyy = -+ = Z;
andz, = --- = z;. Lt W' := W\W,,,, R" = pre(W’; G) "R and C' .= {W, C}\ W, Let
7! C Zq denote the collection of Z; corresponding to the variable in W', and seq’ the correspond-
ing sequence. Then,

Z Ao[W, C,R; Zg, seq](w\c,r) = Ag[W',C" R; Z', seq’|(w'\c', 1’). (3)

woES W,

Proof of Lemma 2. Let W§,,. .= {Wj, C}\ W,,,. We note that

> A[W,C,R;Z,seq)(w\c,r) (B.8)
woESw,
= > [T Pe (w7 "\z)) (B.9)
WO,COGGWL%CO J:W,;eEW
= > ST T Pa(wilw = 7Nz Py, (wy, - w91 N\zg) [ P (wel w1 7 \20)
wr(f;arGWﬁa,- w‘“MGWmar i=k+1 =1
(B.10)
j—1
= > Pu({wy, - wi \Wanae W TN z) [ Pay (w1, 77 \20) (B.11)
/€S =1
= > [T P (ww v\ (B.12)
€S WjEW\ Wy
= Ag[W',C",R"; 7/, seq](w'\c’,1'). (B.13)
O
B.3 Proof of Lemma 3
Lemma 3 (Multiplication). Ler Aj = Ao[Wi, 0, R;; Zs, seq’](wy, ;) =

H;";l Pz;g (wi’j|W{71,f§;1\z§)fori € {1,2} where seq’ = (23)77”:1 Let W := W1 UWa. Let

24
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R = (R1 UR2)\W. Let (W, R) be ordered by <¢. Let Z := Z1 U Zs. Assume the following: (1)
W1 N Way = 0; and (2) YW; € W,IW,, € W, such that (W R = (W, LR,

Let seq = (z;) j.w,cW where Zj = zkfor all j. Then,

Af x A% = Ag[W, 0, R; Z, seq](w, 1) H 2, (Wi [ W7~ T\ z;). 4)
JW;eEW
Proof of Lemma 3.
AO [W7 Q)a Rv Za Seqi (W7 I') (B14)
I P (wsw? = 7 gy (B.15)
JW,eEW
B 11 Py (w kW] F T \g)) x 11 Py (wo k[W5 ' F5 1 \2))
k:Wl,kewl stWiy x=W; k:Wz,kEWz stWa =W,
(B.16)
ml m2
= [ Par (wr w177 1\2g) x [ Pz (way[w5 7 75 1\25) (B.17)
j=1 j=1
= A} x A2 (B.18)
O

B.4 Proof of Lemma 4

Lemma 4 (Division) Let A} = Ao[Wi, 0, Ry; Zs, seq’|(wy, r3) =
H;"Zl PZ;(wi’j|W ,T \z ) for i € {1,2} where seq’ = (zé)}”zl Let W = W{\Wj.
Let R = (R; U W2) N pre(W;G). Assume the following: (1) Wo C Wy, and (2)
YW, € W,3Wy 1, € Wy such that (W R = (Wi Ry ). Zig = Z; and 2, = 2.
Then,

ALJAZ = Ag]W, 0, R; Z1, seq'](w, 1) H Py, (w;[w/ =1 ¥ N\z;). )
jW;eW
Proof of Lemma 4.
[T/, Po (w9~ F 1 \z))
AyjAE = 17 (B.19)
II= Pz (wa w5 \z )

wﬁ’f—l,ﬁ’f—l\z;) (B.20)

= ] Pa(wlw 0w, W \w, i ). (B.21)
k:Wkewl\Wz

We note that Wlk_l NW = Wj_l for some W; € W st W; = lek. Also, (Wi \W)UR; =

W2 @] Rl. Therefore, Uk:WkEWl\Wg{Wlk 1\W R1 } = (Rl @] WQ) N pre(W,G)
Therefore,
A48 = I Pa(wislwi* ' nw, Wt \w, i ) (B.22)
k"WkEW1\W2
H o (we|[W L EL (B.23)
L:WeeW
= Ag[W,0,R; Zy, seq'|(w, r). (B.24)
O
75
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B.5 Proof of Theorem 1

Theorem 1 (Expression of g-Identifiable Causal Effects). Algo. | returns any g-identifiable
causal effects as a function of a set { AL} of g-mSBD adjustment operators in the form

P(yldo(x)) = fF({A5}i), (©)

where the function f(-) applies marginalization, multiplication, or division over g-mSBD operators
in { Ak} as specified by Algo. 1.

Proof of Theorem 1. Throughout the proof, we refer to the algorithm developed in [Lee et al., 2019,
Algo. 1] as the “standard gID” algorithm, in comparison to our gID algorithm presented in Algo. 1.
It is established that the standard gID algorithm is sound, as stated in [Lee et al., 2019, Theorem 2].
This means that if the algorithm returns an identification expression, it must be correct. Furthermore,
the standard gID algorithm is proven to be complete [Lee et al., 2019, Theorem 3]. In other words,
the causal effect P(y|do(x)) is identifiable from IP and the causal graph G if and only if the standard
gID algorithm does not return FAIL.

In our proof, we will show the soundness and completeness of Algo. | based on the foundation
provided by the standard gID algorithm.

Algo. 1 is sound — If Algo. | returns an expression f({AK}X ), then it holds that f({A§}E ) =
P(y|do(x)). The soundness of Algo. | is derived from the soundness of Tian’s c-factor operation,
as demonstrated in [Tian and Pearl, 2003, Lemmas (3,4)] and Lemma 1.

We will now show that Algo. | is complete. Suppose there exists an input (x,y,Z, P, G) for which
the standard gID algorithm does not return FAIL while Algo. | does return FAIL. This implies the
existence of D; such that Q[D;] is not identifiable from all Q[S] where Dj is a c-component in
G(D), and S; is the c-component in G(V\Z;) that contains D). ThlS observatlon is a consequence
of the soundness and completeness of the SUBID procedure, as established in [Huang and Valtorta,
2006, Theorem 1].

It should be noted that @[D;] is not identifiable from S’ for all {i : Z; € Z} only when there exists
a c-component T; in G(S J) that serves as an ancestral set of D; and includes D ;. However, in such
a scenario, the standard gID algorithm fails due to lines 12 and 13 of the algorithm. This contradicts
the initial assumption that the standard gID algorithm does not return FAIL. Consequently, Algo. |
returns FAIL whenever the standard gID algorithm does so. The completeness of the standard gID

algorithm implies that Algo. 1 is complete in the g-identification task.

The fact that f(-) is a function involving marginalization, multiplications, and divisions of g-mSBD
(generalized modified single back-door) operators is a consequence of applying Lemmas (2, 3, 4)
within the algorithm. These lemmas establish the properties and operations of the g-mSBD operators,
which are then utilized in the construction of f(-) in Algo. 1.

O

B.6 Proof of Proposition 1

We first restate the g-mSBD adjustment, its nuisances, and the g-mSBD estimator here:

Definition 1 (generalized-mSBD adjustment (g-mSBD)). Let (W, R) be a disjoint pair in V
topologically ordered as (W,R) = {Ro, Wi, Rp1, Wi, Rin} by <, where R,; can be
empty. Let W = {W,;}'-} and R := {R;}'_} for Vi € [m]. Let C C W. Let Zy C Z be
some set such that VZ € Zy,WNZ= (/). Let seq(Zo) denote a sequence (z1, - - - , Z,,) Where z;

denotes some realization of Z; € Z, (same z; could appear multiple times in the sequence). Then,
the g-mSBD adjustment is expressed as an operator Ao[W, C, R; Z, seq, G] (w\c, r) defined by

Ap[W, C,R;Zy, seq](w\c, 1) Z H Py, (wi[w' =1 v N\ z). @)

ceESc W, eW

7A
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Definition 2 (Nuisances for g-mSBD). Nuisances for g-mSBD Ao in Eq. (1) are {pit, md}m 11

defined as follows. Let '™ = pm+1 = La\e(W\C). Fori=m—1,---,1,
; i it+1 — iy e =i
+1(W R ) = EPU(Z%+1) |:,LL0+2(W 7ri+17R )|W 3R ;10,2441 (7)
=1 —=1:1—1
Po’(Zi)(W R |Zi’r0) Il-l‘y(RZ)

(W, R = (®)

=1 —1:11—1 =1 —1:1—1 :
Pyz, ) (W R "|zi41,10) Pz, ) (RJIW , R ,2541,10)

Definition 3 (DR-g-mSBD Estimators). Let D, (z,) for Z; € Z denote the experimental sam-
ples from randomizing the variable Z;. Let D,, for z; € Dz, denote the subsamples of Dy (z,

fixing Ro\Z; = ro\z; and Z; = z;. The DR-g-mSBD estimator A for the g-mSBD adjustment
Ao[W,C,R;Z = {Z;}",,seq = (z;),](w\c, ) is defined as follows:

1. Randomly partition D,, into {Ezi’g}ge[u; ie, D, =UL D, ,, VZ; € Zandz; € Dz,.

2. For each fold ¢ € [L], let WH denote learned ;™" using D,,, \Dy,.,
i learned 7§ fori =1, - — 1. Define /f“ = uffl(Wz, rhﬁm

ngI'i— ,2; and
) and 7, —H 7rZ

3. Estimate A == A({u] "', 7] }jepmory.eerr) = (1/L) gy Ae({ul ™, 7} jem—1)) where
m—1

N ) ~ i1 . . +2 +1 ~
Ap = A({) T Y jeim—1)) = Z ED,, 1 [M{lﬂ — }} +Ep, , [17], ©

j=1

where Eﬁzj p [-] is an empirical average over samples D, ;.

We analyze the bias of the g-mSBD estimator using the following results:

Lemma S.2 (Representation of g-mSBD). The g-mSBD adjustment Ag in Def. | can be repre-
sented as

m—1

Z Poziyy) ) [modiie™? — et Hzigr, 7o +Ep, /15|21, 0] (B.25)

i =11i—1 =1:1—1

where [i '(W R ) = pé‘“(Wi, ri, R~ )and7 = H§'=1 7/ as defined in Def. 3.

Proof of Lemma S.2. Throughout the proof, we will use w’\ ¢’ as some realization of W\ C. Recall
that 1\ (W'\c’) = 1 when w’\c’ = w'c and zero otherwise. We first recall that

Z H ]lw\c(wl\c/)Po(Zi)(wHWiilafiil,Zi)a (B26)
wEeECSw W, EW
by the definition of the experimental distribution Py (z,).

Foralli=1,--- ,m—1,

AN AN —t+1 —=1: ; —i —1:
Ep, 0 [WO(W RO{agPWTT L R — gt (WL R )}|Zz’+171‘0} (B.27)
1 i et =l ) [ — PR pp—" p— ¥
:EPG(ZHN [WZ)(W R ){EPO'(Zi+1) [ +2(W R )‘W R 7Zi+1’r0] _/’LOJFI(W R )}|Zi+1ar0}
(B.28)
2 TPy B NP R ey e 1 P p— p—" ¥}
2 Epr,,, [Fo(W Rl (WL RY) = i (W Rz, mo) (B.29)
=0, (B.30)

where the equation = L holds by the total law of expectation, and 2 holds by the definition of u“‘l

27
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It suffices to show that

71 _
Er, e, [BW )z r0] = Ao = 3 LareW\) T] Poa (w7~ 0 2)
w/ EDw Jj=1
(B.31)
To prove the equation, we show that, forall k =m,m — 1,--- ,2,
MS(kal’ﬁlzkfl) _ Z w\c \C HPJ(Z w IW 17ﬁ1:k717wk:j—17fk:j—1 I'O;zj)
—k: mEGWk " J k
(B.32)
This equation holds when k& = m, because
m ——m—1 —1l:m—1 —1lm—1
ug (W R ) =Ep,, [ wic(W w'\c )| 7R r07zm} (B.33)
——m—1 —=1l:m—1
= Y Lue(W\) Pz, (), W' R \T0,Zm).  (B.34)
u”lneG
Fork=m—1,
'ugb 1(Wm727ﬁ1:m72) (B35)
cm xR -1 1 2, ==—=m—2 —1 2
=Ep, 5 [uo W™ e RWI TR zm_l,ro} (B.36)
= Y e\ ] Py jW’"*‘j*l,fm*:ﬂ,W’"‘?ﬁ”‘%zj,ro>
eril:nleewmfl:m j:m 1
(B.37)

Based on this observation, we make the following induction hypothesis: Suppose, for a fixed k& €
{2, ,m}, the following holds:

induction - k:+1 1 _
W R o > Lave(W\&) [[ Pocz,)(w |W R TTHEHI g x).

—k+1im

w €6wk+1:m J=kt1

(B.38)
Then, the induction hypothesis holds for £ — 1 as follows:

k—1 —=1:k—1

s (W' R ) (B.39)
. =k =1k—1 k=1 =1k-1
—Er, g, [# W R )W R 0w (B.40)
o k=1 =Llk—1 —kij—1 _p.i_ k-1 =1:k—1
- Z Lu\e(W'\c") H Pyz,(wij|[W" "R cw T ER 1,zj,r0)Po(Zk)(w§c|W R ,Zk, T0)
W ES im J=k+l
(B.41)
m .
= Y LaeW\) H Pz, ([ W R W R ) (BA)
Vk:m'GGWk;m
Also, we already checked that the induction hypothesis holds for & = m. Therefore, the hypothesis
holds forall k =2,--- ,m
k-1 =1:k—1 —1 =lh—1 —kij—1 _p.i_
s (W' R )= Z T\ (W'\c") HPO'(Z ) j|W R W FRITL g ).
w’kMEGWk:m Jj=k

(B.43)
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Then,

—2:7—1 _o9.;
pg(Wi,Ry) = > Lue(W\) HPa(z (W)W, Ry, w7 T3 g1,
ZmEGWZm J=2
(B.44)
g
peWir) = > Tge(W\C) HPa(zJ HWLw T T ) (B.43)
WQ:MGGWQ:WZ
Then,
Ep, 4, [16(W1,r1)|21,10] (B.46)

2: 1 _
= > Lae(W\) HPU(Z) W T B )Py gy (w21, Te)  (BAT)

WmGGW’nl j=2
= ) Laew\d) H Pz, (wi[w” T 2) (B.48)
W"’LEGWT’L
= Ap. (B.49)
O
Lemma S.3 (Bias Analysis of g-mSBD Estimators (1)). Let A be the quantity defined as
Z sz [T = i Y i 0] +Bpy g, [APl2ro] . (B.50)

Fori=2,--- ,m,
Ep, iz, 7 {6 — p '} Zigr, o] + Ep, s, [T HYa ™ — w'zs, v (B.51)

= ]EPamH) [ﬁi_l{%ﬂ — T - 776}|Zz‘+171°0] +Epr, 2, [ﬁi_l{ﬂéﬂ — 'Yz, ro] .

Proof of Lemma S.3. We first rewrite Eq. (B.51) as follows:

Eq. (B.51) =Ep,, , [T{a5" — 1"} zit1, vo] (B.52)
TEp, g, [T (7 = gt Yz, ol (B.53)
+]EPa<zf,>[ " I{MH #i}\znro]- (B.54)
Also,
Eq. (B.53)

I e R B e ==t —=1:1—1 i =t —=1:1—1
= Ep, g, [ WL R WLRTT < i (WL R 2o

=1 —1:—1
i i1 =Li-1, Poz) (W R T|Z,v0) i =11 g e Lol
= EPG(Zi+1) |jT 1(W R ) = =1 —lii—1 {M +1(W R ) - MO+1(W R )}|Zi+1>r0
U(Zz+1)(w R ‘ziJrlarO)
—1:1—1
—i— O'Z (W R |Zi7r0) ]lrf Rz I3 i
Pozin |7 ' = i1 —i;(l —)l:i—l {1 = pg™ Yz, o
PU(ZL+1)(W R ‘Zi+17r0) PU(Zri+1)(Ri|W 7R ,I‘(),Zi+1)
N e ) P p——;
= IEP(?(Zi+1) |:7T (W R ) O(W ’R ){:u’ +1(W 7R ) - M0+1(W 7R )}lzi+17r0:| .
(B.55)
70
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Therefore,
Eq. (B.52) 4+ Eq. (B.53)
= Eq (B.52) + Eq. (B.55)
fig™* — Wt} 2440, 0] + Eq. (B.55)

o<z7+1> [7'{

Pocaroyy ARG — 12041, 70] + Eq. (B.55)

Ep, 2, ) [T (it — 1Y i, r0] +Ep,,,, [T R ST P

Ep, e, [T ue™ = 0w = mo} 2, xo] - (B.56)

Finally,
Eq. (B.51) = Eq. (B.56) + Eq. (B.54).

O
Lemma S.4 (Bias Analysis of g-mSBD Estimators (2)). Let A be the quantity defined as
Z U(ZM) [T 2 = " Hzig1,vo] + Ep, o [3%]21,70] - (B.57)
Then, fork =3,--- ,m—1,
m—1
A— Ay = Z Er, . ., 7 gt — P w" — 75} 21, To] +Ep,, , [7 E=L(EL Y gy rg)]
r==k

+ Z Py(z, +1> {#wz i+1}|zi+1,r0} +EPG(21) [ﬂz - [/%|Z1,I'0] .

Proof of Lemma S.4. The equation holds for k = m — 1. It can be shown as follows:

A— A
m—1

Epoz [T — Y Zigr, o] + Ep, s, (1> — i§|z1, ro]
i=1

=Ep, (Zm+l) [7m{lum+2 m+1}|zm+1,r0] +Ep, 0, [ﬁm_l{ﬂmﬂ - ,um}|zm,r0] (B.58)

Z Ep (Zz+1) {:L"Prz i+1}‘zi+17r0] + EPa(zl) [/12 - [L(2)|zla I‘o] : (B.59)
Then,
Eq. (B.58)
Lemma S.3 —m—1( m 1 - _
i EPU(Z,”Jrl) [ﬂ-m 1{:u0 - Mm+1}{ﬂ_m - 7r6”}‘zm+1, rO] + Epo(zm) [ﬂ—m 1{M6n - Mm 1}‘Zma rO] :
(B.60)
Therefore,
A— A
m—2
=Eq. BOO)+ Y Ep, ., [P — i Y zigr,xo) + Ep, ) [0° — i3la1,70] . (B61)
i=1

N
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For any fixed k + 1 € {m —1,--- ,4}, suppose the following holds:

A— A
m—1
> Er [T uh — 0 Hm T = w5 70, w0] (B.62)
r=k+1
+Ep, g, [T {ig"? = 1"}z, xo] (B.63)
+ Z ]E (2, +1) 7'(‘2 MZ+2 i+1}|zi+17 rO] (B64)
+EPa(z1> (122 = i3]z, 0] - (B.65)

We note that this holds when & = m — 2, as shown in Eq. (B.61). We will now show that it will hold
for k, too. First,

Eq. (B.63) + Eq. (B.64) (B.66)
k-1
Ep, g, [T BLE2 R g ] + ZEP(f(zHl) ({2 — Y |z, 1o]
i=1
=Er, g, [T {57 = 1" Harsr,vo] + Ep, g, 7702 = 0 Y zg, v
k—2
+ ZEPU(Z7‘+1) [ﬁz{ﬂl+2 - N’Z+1}|Zi+17 rO] )
i=1
Lemma S.3

Epa(zk+l) [ﬁkil{ﬂg—i_l - /LkJrl}{Trk _ Wg}‘zk-t,-l, rO] + EPa(zk) [ k— l{uk+1 #k}|zk, 1”0]
k—2
+ Z EPG(ZHI) [ﬁ{ﬂi“ - Mi+1}|zz‘+1, I‘o] . (B.67)

i=1
Therefore,
A— A

= Eq. (B.62) + Eq. (B.63) + Eq. (B.64) + Eq. (B.65)
Eq. (B.62) + Eq. (B.67) + Eq. (B.65)

m

Z EPa(z,,,H) [fr—y{%ﬂ _ Mr+1}{7rr _ ﬂ5}|zr+1,r0} +EPg(zk+1) [ k— 1{’uk+1 ukl}{ﬂk _ ﬂ§}|zk+1,ro}
r=k+1

+Ep, e 7 g™ — 1* Y zk, o]

+ Z Po(z;q1) 7T {MH—Q i+1}|zi+1’r0]

+ Eq. (B.65)

Therefore, the equation holds for k, too. This completes the proof. O

Lemma S. 5 (Bias Analys1s of g-mSBD Estimators (3)).
Ep, (Zs) [ {:U‘O H }|Z2,I‘0] Ep, (Z1) [Hz /LO‘Zl’rO] EPG(ZQ) [{ﬂ% - :u2}{7rl - 71'6}|Z2,I‘0} :

21
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Proof of Lemma S.5. Note that

EPa<z1) [Vz(WhRO) - ﬂ%(wl,Roﬂzbl‘o]
Pyz,)(W1,Rolz1,10) )
=E 1?(W1,Ro) — fid (W1, R, 7
Po(zy) |:p (Zz)(WlaRO‘Z%ro) 1" (W1, Ro) — j1i5(W1,Ro)} |22, 10
z,) (W1, Ryg|z1,10) I, (Ry) ) ) ]
=E Wi, Ry) — (Wi, Ry)} 2o, r
Fez) [P (Zz)(WlaRo\ZQ;I‘O)Pa(zz)(R1|Wo,Z271‘o){M( 1 Ra) = (Wi, Ra)J 22,0

=Ep, 4, [76(W1, X0){t* (W1, X1) — 15 (W1, X1)}z2, 70] -
Therefore,
EP, 2, [ Hiig _M2}|Z2’r0] —Ep, 4, [ﬂg _/1(2)|Z171‘0}
Po(zy) (7' {ug — u?}2z2,v0] — Ep, Z1) (1> — j1§]z1, To]
[ 1{u — 1i*}z2,10] — Ep, ) [m5403 — 47} |22, 0]

(Z2
Po(z,) —H }{77' - 770}|Z27r0] .
O
Lemma S.6 (Bias Analysis of g-mSBD Estimators). Let A be the quantity defined as
m—1
A = Z E o (Z; +1) l{ﬂi+2 — ,ui+1}|Z1;+1, I‘Q] + Epa(zl) [ﬂ2|Z1,I‘0] y (B68)

where T, ' are arbitrary nuisances for true nuisances 7l and i}, defined in Def. 2. Let Aq denote
the g-mSBD in Def. I. Then,

m—1

A—Ag="2 0p, , (I7" =gl = ug ™) (B.69)

r=1

Proof of Lemma S.6. By Lemmas (S.3,5.4,5.5).

We also use the following results which are used by Kennedy et al. [2020].

Lemma S.7 (Decomposition). Let D ~ P denote a finite sample set following a distribution P. Let
h(V';n) denote an arbitrary random function taking 1 as a nuisance. For any 1, 1o,

p [R(Vin)] = Ep [A(V;no)] (B.70)
=Ep_p [A(V;n0)] + Ep—p [M(V;1) = K(V;n0)] + Ep [R(Vi0) — h(Vim0)] - (B.71)

Proof of Lemma S.7.

p [A(Vin)] = Ep [A(V;no)] (B.72)
=Ep_p [M(Vino)] + Ep [R(V3n) — h(V;n0)] (B.73)
= Ep_p [A(Vino)] + Ep—p [A(Vin) = h(Vino)| + Ep [A(Vin) — A(Vim0)] . (B.74)

O

Lemma S.8 (Continuous Mapping Theorem for Lo (P)). Let X,,, X denote a random sequence
defined on a metric space S. Suppose a function g : S — S’ (where S’ is another metric space) is
bounded and continuous almost everywhere. Then,

Lz_(>P) Ly(P)

X, X = g(X,) % g(X). (B.75)

2
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Proof of Lemma S.8. We first note that X,, LQ—(>P) X implies X, % X. Then, by continuous

mapping theorem, g(X,,) = g(X). Then,

T [l9(,) =9 (OI* = Jim_ [ 19(X,) = g(OP dlPL= [ tim l9(X,) - a(X) d[P) =0,

(B.76)

where the equation = holds by the dominated convergence theorem, which is applicable since
9(X,,), g(X) are bounded functions (from the given condition) and X,, % X. O

Proposntlon 1 (Asymptotic Analysis of g-mSBD Estlmators) Assume that the nuisance estimates

s and T are Lo-consistent; i.e., || i — /,48+1||P0<Zi+1) = 0P,(z,,.) (1), ||ait? — l+2||Pg(Zi+1) =
OPo(zH_l)(l) and H7TZ - 7r(ZJHPa(zi+1) = OPa(zi+1)(1)f0r7; =1,---,m—1 and ”1“’@ - NOHF’a(zl) =

0P, (z,,(1). Let n; = ‘Ezi ’fori € {1, ---,m}. Then,

m L m-—1
1 1 7 7
A=A =Y Rit 7> % Org,, (g™ = 5" llm; = wll) (10)
=1 (=1 i=1
1/2

where R; is a random variable such that n;
random variable.

R; converges in distribution to a mean-zero normal

Proof of Proposition 1. We start the proof by noting that
1 L
A-Ao=+ Z{Az — Ao}, (B.77)

where Ay is defined in Def. 3. This proof focuses on analyzing Ay — A.

Also, we recall that DZ ¢ for all z; follows the distribution P (V|r07 ;). Throughout the proof,
we will denote

PJ(Zi+1)|Z7;+1,I‘o (V) = PO'(Zi+1)(V|Zi+1) r0)~ (B'78)

Then, each Ae — Ay in Eq. (B.77) is given as follow:
Ag— Ao

m—1

[Folfio"” —mo™"}] +Ep, (5] (B.79)

o(Z1)]z1,rg

= ]:Ei
z; DZ'H»l’£7P0(2i+1)‘zi+lvr0
1=

i+2 i+1 i+2 i+l
+ i=1 Eﬁziﬂv@_PU(ZHMzHlvro [ Z{MZ _Nz }_WO{'UZ 6 }]
i=
- S22
T BB, —Poayyier g P2~ i) (B.80)
m—1 ‘ )
+ Z IEpa(z it1) [WK{IU'HQ M2+1} T‘—O{Ml+2 ;1,10+1}|Z¢+1,I'0} +EP0‘(Z]) [ﬂ? - [1,(2)|Z1,I‘0] :
i=1
(B.81)
Define
— ~2
(1175 - EEZLZ_ o(Z1)lz1,r0 [MO] (B.82)
andfori=1,--- ,m—1,
TR i+2 i+1
g+1’e o EDZ'H»LZ_P"'(Z'H»l)‘ZqH»l="0 [ O{/J Ho }] ’ (B'83)

23
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By the central limit theorem, we note that R, for ¢ = 1,---,m is a random variable such that

nt
/ R, converges in distribution to a mean-zero normal random variable. Therefore,

Eq. (B.79) = ZRZ ' (B.84)

i=1
also behaves the same.

We now analyze the second term. Define
_ L2 .2
Rl =ED, by m L~ Fi6] (B.85)
andfori=1,2,--- ,m—1,
[modig™? — ity = mo g™ — oY - (B.86)

By [Kennedy et al., 2020, Lemma 2] and the continuous mapping theorem in Lemma S.8,

R? =[Ex
i+1, DZ¢+1~‘3_P0(Z1:+1>\21'+1,1”0

R?,z = OP(,(Zl) (l \/led) , (B.87)
andfori=1,--- ,m—1,
Ry = On <|||| T {t? — l“j%{w“ 1+1}||||> B.58)
Under the given assumption, fori =1,2,--- ,m,
Ry =op,, (1), (B.89)
and
Eq. (B80)= > op,, (1). (B.90)
Define
Riy=R{,+R., (B.91)

Then, R; , is also a random variable such that nz/ezRi,g converges in distribution to a mean-zero
normal random variable, by Slutsky’s theorem.

We now analyze the third term. By Lemma S.6, the third term can be analyzed as follow:

m—1
Eq.(B81) =Y OPyiz,, ) (g™ = p& N — 7)) - (B.92)
=1
Therefore,
Ay — Ay = Eq. (B.79) + Eq (B.80) + Eq. (B.81) (B.93)
= ZRM + Z OP,z,, (g = g™ llmg = moll) - (B.94)

4
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Define R; := (1/L) Zle i, We note that R; is a random variable such that n; 2R, converges
in distribution to a mean-zero normal random variable. Then,

L
N 1 ~
A—Ag= 7 ;{Az — Ao} (B.95)
L m-—1
= iR - Z Z (I et = w1 - (B.96)
- T T Poz; 1) 71'5 7TO Hy .
i=1 1 i—1
O

B.7 Proof of Theorem 2
We first restate the definition of the MR-gID estimator, the theorem, and its corresponding assump-
tions.

Definition 4 (MR-gID Estimator). The MR-gID estimator ’(/AJ for the identification expression of
the causal effect 19 = f({AK}E ) in Theorem 1 is given as follows: For each Af composing

FUABHS ). tet AR = AF({ud ! 7l )} jeimr—1),0e()) denote the DR-g-mSBD estimator with

j : i1
nuisance estimates {,uk y ,7rk7é} for the true nuisances {/i; , 7, o} Then,

b= FHAHD). (1)
Assumption 2 (Analysis of MR-gID). The identification function f({A*}E_|) in Thm. I and each

nuisances {u;f;, W,i o} for AF satisfy the following properties:

1. Twice differentiability: f({A*}X_|) is twice continuously Frechet differentiable w.r.t. { AF}E_|
wrt. {ARFHE

2. Boundedness: Vi € K] andVZ; € Z, V 41 f({A)} 1<) )[AF — AK] = Op,,  (A* — Af).
3. Ly-Consistency: |ui!, — o | e, @t = OPozr, ) (1), it = o e, @ = OPU(Z§+1)(].)y

||7Tkl 7Tk (]”P ozk, ) = OP”(Z§+1)( ) and ||Ukl Uk ()HP o(zh) - OPa(Z;f)(l)-

Theorem 2 (Asymptotic Analysis of MR-gID). Suppose Assumption 2 holds. Let ny; == |D,x|
for Z¥ € 7 and z¥ € Dyi. Let 1& denote the MR-gID estimator in Def. 4 for the causal effect
Yo = f({AEYE ) in Theorem 1. Then, the error of U is given as

K mk 1 K mk—1
R _1/9 .
b—p=> OP, ., (1, 2+ I > > E (Zk (ke = o Mimhe = mioll)-
k=1i=1 ‘ k=1¢=1 i=1

(12)

Proof of Theorem 2. We first define the following notation. For a map g(x), we will use
Va.g(xo)[h] = limi0(g(zo + th) — g(xo))/t. We first note that by the definition of Fréchet
Derivative-based Taylor expansion [Blanchard and Briining, 2015, Def. 34.1] and the given assump-
tion (“Twice differentiability’), the error 7,/; — 1) can be represented as follow:

P — = vaf {ADME)[AY — AF] + o(AF — Af), (B.97)
k=1
where, by Prop. 1,
mF L mF-1
N —1/2 i i i )
AF—AF=3"0p 0 (00 + Z > Or, g (i = i, = miol)- (B.98)
=1 =1 =1
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Therefore, by the big O in probability calculus [Van der Vaart, 2000, Chap. 2],

mF L mF-1

k —1/2 1 1 i
o4 = aF) =0 | Y 0r o (0} + 133 Op, (it = ke = kol
1=1 =1 =1 +1

(B.99)

mF 1 mF—1

—1/2 . .
=2 0P, )+ £ D0 D0 or g (i = i e = 7o)

=1 Z:l =1

(B.100)

By applying the given assumption (‘Boundedness’), we have the following:

Var fUADIAY — Af =30, (113)
i=1 ‘
1 L mF-1
F T3 On e i = ik — ol 10D
/=1 =1
Therefore,
— = ZvAk ({ADHE)[A" — AF] + o(AF — AF) (B.102)
K m* 1 K L mF—1
—1/2 A %
= Z OP, . ( ,w/ )+ I ZZ Z Opa<z§)(||uk4}1 — o Mmhe = o)
k=1 i=1 k=1¢=1 i=1
(B.103)
K mF 1 K L mb—1
—-1/2 i % % 9
+ Z OPU(Z;C>( ,W/ )+ 7 ZZ Z OPU(Zi;)(HMkJrgl - /‘k—"—olH”Wk,Z — Troll)
k=1 i=1 k=1¢=1 i=1
(B.104)
K m* 1 K L mF—1
~1/2 i i ‘ j
=YD 0p L )+ 23007 7 Or L (i = wis Mg = mio)-
k=1 i=1 k=14=1 i=1
(B.105)
O

B.8 Proof of Corollary 2

Corollary 2 (Multiply Robustness (Corollary of Thm. 2)). Suppose (1) Assumption 2 holds; (2)
Either ﬂ-llir,f = Tl';‘;:’o or uijé = ‘LL?C7O forj =i+ 1,--- ,mF for al{ 1,0, k; and (3) all nuisances
{71'2’ o M;:;}z‘, ¢,k are bounded by some constant. Then, the MR-gID 1) (Def. 4) is consistent to .

Proof of Corollary 2. We first note that f is a continuous function under the twice differentiability
condition in Assumption 2. Suppose each AF is a consistent estimator of AE under given conditions.
Then, by the continuous mapping theorem, f({A*} ) is consistent to Py(y) = f({AE}E ).
Therefore, it suffices to show that each AF is a consistent estimator of A’g.

A
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We first recall that A% := (1/L) Y1, A% by Def. 4. By applying Lemma S.7, A¥ — Ak can be
rewritten as follow:

Al — Ay
m—1
=) Ep [*i B2 — Y+ By 72 B.106
Z Dok, o= Poab, sk, w0 Tholleo — Hifo }| + Dot ~Pozyiek ro (Aol ( )
12 i+2 i+1
+Z]EDk —Paiar 1)|ZZ+1rO[ke{/~L _Nk/}_ﬂko{/‘ko_,uko ]
~2 -~
+ Eﬁzk Pt L~ 0] (B.107)
1,0 1/1%1-%0
m—1
+ Y EBp (T — i — Fholinls — wilo Hro, 28
— (Zi41)
1=
+Ep, o, [k = i olro, 70 (B.108)

We first note that all term in Eq. (B.106) converges in the mean-zero normal distribution and is
bounded in probability at n;_ll/ i ;. rate. Therefore,

mk:

Eq. (B.106) = > Op, oy (1 10 (B.109)

i=1

We now analyze the second term. We note that, by [Kennedy et al., 2020, Lemma 2],

2 2 1
Ep S T T S [ ke{MH - Nke } - 7Tk O{N?o - M?o } (B.110)
Zit1 Zi Dz
— ||7Tk @{/ﬁjf - M?@l - Wk O{/U'?LOQ - N?ol}‘” B.111)
o(Z§ ) /nlJrl’e’k ’ ’
We note that |7}, {7 — miy'} — Thofith's — milo HI is bounded by some constant by the

. Tate. By the same analysis,

given condition. Therefore, it is bounded in probability at 7, +1/ 0,

Eﬁzlf ~Poaoieno [“k,é — Mk,o} is bounded in probability at 1/, /m1 ¢ ,-rates. Therefore,
mk
Eq. (B.107) =Y 0p . (n;,13). (B.112)
i=1 ¢

Finally, under the given assumption, the third term can be analyzed by Lemma S.6 and is zero:

mF—1
Ba. (3108 = 3" Or (il =i llimke — mholl) =0, B.113)
=1
Therefore,
m mk
Af — Ay = Eq. (B.106) + Eq. (B.107) + Eq. (B.108) = > > Op, i, (n;}fL (B.114)
i=1 i=1 ‘

7
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and, finally,

A 1 N
A=Ay =2 (Al - 40} (B.115)
r=1
1 L mF
—1/2
=7 ZZOPMZI,«)(TW,Q ) (B.116)
=1 i=1 ‘
mk
=3 0p, 4, (0" (B.117)
i=1
B OPa(zk)(l)’ (B118)
i=1 ‘
where the last equation holds since Op(n~*) = op(1) when o > 0. 0

C Discussion

C.1 Relaxation of Discreteness Assumption

In this paper, we made the strong assumption that all variables are discrete. However, this assump-
tion does not hold in general. In this section, we relax the assumption to a certain degree while
ensuring that the proposed estimators and corresponding error analysis remain applicable without
sacrificing generality.

First, we define a set of variables, denoted as disc, which must be discrete in order to apply the
proposed estimators and leverage the error analyses presented in the paper.

Definition 4 (Discreteness set disc). For some given inputs (x,y, Z, P, G), suppose
F{AG}Yi=) = 6ID(x,y, Z,P, G), (C.1)
where each AF is specified as
Al = Ag[WF, CF RF: ZF seq®|(w*\c¥, rp), (C2)
for W* RF C V and Z* C Z. Then, the discreteness set disc({A§}5_,) is defined as follow:
K
disc({Af}Ho,) = [J{(WHC*) UR* UZ"}. (C.3)
k=1

For Example 1, the discreteness set is given as

disc({A}, A3}) = (2. X)U(Y,2) = {Z,X,Y} = V\{IW}. (C4)
For Example 2, the discreteness set is given as
disc({A4%, A3} = (W, R, X1) U(R,Y, Xo, W, X1) = {X1, X0, RW, Y} =V (C5)

Equipped with the discreteness set, we relax the assumption as follows:

Assumption 1.1 (Relaxed Regularity). For variables V and the Radon-Nikodym derivative py(z)
of Py(z) for Z € Z, the following conditions hold:

1. All variables in disc({Ak}) are discrete;
2. po(z) (V) > ¢, ¥v € Dy for some c € (0,1).
We note that the proposed estimator is well-defined and corresponding error analyses Theorem 2

and Corollary 2 hold true under the relaxed assumption:

2R
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Lemma S.9 (Well-defined MR-gID Estimator under Relaxed Regularity). The MR-gID estima-
tor in Definition 4 is pathwise-differentiable under Assumption 1.1 and Assumption 2.

Proof of Lemma S.9. Fork =1,--- | K, define

Zk — Z ]EPU(Z?+1 [7Tk {Mz+2 z+1}|zl+1,r0} +Ep . (zh) [ﬂi|z’f,r§] . (C6)

To establish the pathwise-differentiability of the MR-gID estimator f ({Ak} K_,) as defined in Def-
inition 4, it is sufficient to ensure the pathwise-differentiability of individual Zk Under Assump-
tion 1.1, ;" R | whk\ck (W"\Ck) is well-defined since (W*\C*) € disc({AK}E ) are dis-
crete. Also, each 1.« (RF) in each 7 are well-defined since R} € disc({AF}E ) are discrete. Fi-
nally, the conditional expectation E P, ) [-|zF, k] is well-defined since ZF € disc({A§}E ) are

discrete. Also, under the positivity condition stated in Assumption 1.1, A" in Eq. (C.6) is pathwise-
differentiable. By combining this with Assumption 2, we conclude that the MR-gID estimator is
pathwise-differentiable. O

C.2 Sequential Doubly Robustness: 2™~ ! robustness versus m-robustness

In this section, we discuss the practical properties of the proposed doubly robust g-mSBD estimator
in Def. 3. We recall that the estimator is doubly robust by the analysis in Lemma S.6 as follows:

Lemma S.6 (Bias Analysis of g-mSBD Estimators). Let A be the quantity defined as

Z ooy TR = 1 Y21, w0] + Ep, ) [#7]21,70] (B.68)

where T, it are arbitrary nuisances for true nuisances w and i defined in Def. 2. Let Aq denote
the g-mSBD in Def. . Then,

m—1

A-A=Y Opq , (I7" =mgllla " = ug™) - (B.69)

r=1

The term in Eq. (B.69) exhibits doubly robustness, becoming zero when either 7" = 7§y or " ™1 =
,uSH hold for all » = 1,2,...,m — 1. This phenomenon is referred to as the sequential doubly
robustness [Luedtke et al., 2017], or 2"~ robustness in the sense that there are 21 ways to make
Eq. (B.69) zero [Vansteelandt et al., 2007, Rotnitzky et al., 2017].

While the proposed doubly robust g-mSBD estimator defined in Definition 3 exhibits doubly robust-
ness, as shown in Proposition 1, it does not satisfy 2"~ ! robustness. This is due to the dependencies
between p and pj for s € {r +1,--- ,m}. Specifically, if .} is misspecified for some s > r, it
renders the case 1, = pufy impossible. Consequently, instead of having 2 ~! possibilities, there are
only m ways to make Eq. (B.69) equal to zero. For each r = 1,--. ;m — 1, this requires either
my = 7 or puy = pg for s > r. This condition is referred to as m-robustness. In summary, the dou-
bly robust g-mSBD estimator achieves m-robustness instead of 2! robustness. We acknowledge
that an interesting open direction is to explore ways to enhance the doubly robust g-mSBD estimator
to attain 2™~ ! robustness, building upon the findings presented in Luedtke et al. [2017].

D Details of Experiments

As described in Sec. 4, we used thel XGBoQSt [Chen and Guestrin, 2016] as a
model for estimating nuisances 7, {u'}",, {7}, . We implemented the model
using Python. In modeling nuisance using the XGBoost, we used the command

20
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xgboost.XGBClassifier (eval_metric=’logloss’)' to use the XGBoost with the default pa-
rameter settings. In estimating the weight, we set the weight ¢ = 10 whenever the estimated weight
is over 10 [Crump et al., 2009]. For Example 1, the dimension of W is set as |[IW| = 10. We chose
L = 2. All variables are set to be binary. We compute the effect of P(Y = 1|do(x)).

D.1 Designs of Simulations

In this section, we present the structural causal models (SCMs) utilized for generating the dataset.
Furthermore, we include a segment of the code employed to generate the dataset.

D.1.1 Example 1

We define the following structural causal models for Example 1:

Uw,Uwz,Uyy,Uxy ~ normal(O, 1),

W = fw(UWZ,UWY7UW)7
X = fx(W,Uxy),

Z = fZ(VV;XvUWZ)a
Y = fy(Z,UWY;UXY)v
where
for Uiz Uy = : J
w wz,VYwy) -— _1+eXp(UW7UWZ+UWY) ’
1
W, U = )
Ix( xv) _1+eXp(c}W+UXY)J
1
W, X, U =
fzW, X, Uwz) _1+exp(UWZ.CEW+4X—2+UWZ)J

1
Z,Uwy,Uxy) == 7
(2, Uwy,Uxy) |1+ exp(4Z — 2+ 0.5Uwy — UXY)J

where the coefficient vector cx, cz are such that their ith element is O if 7 is an even number and 1
otherwise.

D.1.2 Example 2

We define the following structural causal models for Example 2:

Ux,.x::Ux, w,Uxy r, Uxy w, Ux,,y ~ normal(0, 1),
X1 = fx,(Ux, ,x,)»
Xo = fx,(Ux, ,x,)s
R = fr(Ux, r, X1, X2),
W= fw(Ux,w,Ux,w, X1, R),
Y = fy(Ux,y, X2, R, W),

"Detailed parametrization of parameters including learning rates, maximum depth of the trees, etc.
are explained in https://xgboost.readthedocs.io/en/stable/python/python_api.html#xgboost.
XGBClassifier.

an
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(a) An SCM M for Project b) G(Myy 2s) (©) G(My,)

STAR

Figure E.4: Example causal graphs for Section E. Nodes representing the treatment and outcome are
marked in blue and red, respectively.

where
Fx (Uxy x,) = ; J
X1 \VX1,Xa) — _1 + exp(QUXI,Xz - 1) ’
1
U = ’
sz( X1,X2) |1+ exp(?)UXl,Xz + 1)J
1
U ’X 7X — )
fr(Uxy,r, X1, X2) L1+ exp(Ux1,r(2X2 — 1) +2X0 +3Xs + Uxir — 4)J
1
U 7U 7X 7R = 7
fW( X,W Xo,W 1 ) _1 + eXp(UXlw (2X1 — 1) + (4R - 2) + UX%WJ
1
U X9, R, W) = |
fr( X2,V 425 2L ) _1+eXp(0.5UX27y(2R7 1) —2Xo +2W + Ux, v Q)J

E Project STAR: Estimating Joint Effects of Class Sizes to Academic
Outcomes

We applied the proposed estimators to the Project STAR dataset [Krueger and Whitmore, 2001,
Schanzenbach, 2006]. Project STAR is an experimental study investigating teacher/student ratios’
impact on academic achievement for kindergarten through third-grade students. In the study, stu-
dents were randomly assigned to three different class sizes: small-size classes, regular classes,
and large-size classes. The objective was to evaluate how class size affects academic outcomes
[Schanzenbach, 2006]. In our analysis, we used the dataset introduced in the online complement of
Stock et al. [2003].

Project STAR Dataset. We denote the Project STAR dataset as D. The dataset D includes the
following information: class size for kindergarten (X ), the academic outcome in kindergarten (17),
the academic outcome in second grade (R), class size for third grade (X53), the academic outcome in
the third grade (Y'), free lunch receiving for kindergarten (C), gender (Cs), ethnicity (C3) and free
lunch receiving for the third grade (Cy). We will use C; := (C,C5) and Cq == (C3, Cy).

Assumption on Dataset. We assume that the SCM M generating the variables
(X1,W,R, X5,Y,Cy,Cs) induces a causal graph depicted in Figure E.4a. Here, we mark
C4, C; as gray to denote that these variables will be considered latent; i.e., these variables will not
be used in the data analysis.

Project STAR dataset D is a longitudinal experimental study randomizing X; and X»5; i.e.,
the dataset is induced by the submodel M, ,, for z;,20 € Dx, x,, represented in
Fig. E4b.  The samples for variables {Xi, W} follow a distribution P,(x,)(X1,W,R) =
Py(x,,x,)(X1,W,R), and the samples for variables {Xi,W, R, X5,Y} follow a distribution
Py (x,, XQ)(Xl, W,R,X5,Y). To demonstrate, we will describe how to generate the sample fol-
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lowing a distribution P, (x,)(X1, W, R, X2,Y) by creating unmeasured confounding bias between
X1 and W, and X and Y, which is depicted by Fig. E.4c.

Creation of Datasets from Marginal Experiments. In this empirical study, we create two
datasets from this dataset: D1 and D>. The dataset D; is a random subsample of D only including
{X1,W}. Then, D; follows P,(x,)(X1, W, R).

To construct the dataset D, following the marginal experimental distribution
PU(XQ)(Xl,W, R, X5,Y), the confounding bias between X; and W and X; and Y should
be introduced. To do so, we follow a standard procedure for introducing confounding bias from
experimental studies used in Hill [2011], Louizos et al. [2017], Zhang and Bareinboim [2019],
Gentzel et al. [2021].

A setting for the standard procedure is the following. For any arbitrary random variable X, Y, Z, W
suchthat X — Y, Z — Y, and there are no arrows into X, the dataset D := {(X(i), Yy, Z(i),W(i) :
i =1,---,n} is given. In D, Z is not a confounding variable since Z 1 X. The goal is to
generate a new dataset D’ = {(X(;,Y{;),Z(j) : j = 1,--- ,n'} where Z serves as a confounding
variable between X and Y. The procedure named IntroduceConfounding(X,Y’; Z, D) is given
as follows: Initialize D’ = {}. Fori =1, -- ,n, do the followings:

1. Generate the Bernoulli Random By;y with parameter P (X ;)| Z(;)).

2. If B(z’) =1, include (X(z)v }/(,L-), Z(i)> W(,L)) in D',
Finally, we exclude Z is removed from D’. By doing so, we introduce unmeasured confounding
bias between X and Y in D'; i.e., D’ = IntroduceConfounding(X,Y; Z, D).

To generate the dataset Do ~ Pyx,)(X1,W,R, X5,Y) from D ~
Py (x1,%0) (X1,W,R,X5,Y,C;,C5), we have to introduce the unmeasured confounding bias
between X and W, and X; and Y. We do this by D}, = IntroduceConfounding(X;, W; Cy, D).
Then, D} is a variable containing (X1, W, R, X5, Cs,Y) and there is a confounding bias between
X1 and W. Then, we set Dy = IntroduceConfounding(X;,Y’; Cq, DS). Then, D is a variable
containing (X1, W, R, X5,Y") and there is a confounding bias between X; and Y, and X; and .
A causal graph Fig. E.4c depicted the dependencies in Do.

Goal. In this empirical study, we aim to study the joint effect of the class size for kindergarten (X )
and the third grade (X5) on the third grade’s academic outcome (Y); i.e., E[Y|do(z1,x2)]. Since
D is a longitudinal experimental dataset following Pyyna(x,,x,)(C; X1, W, X2,Y"), the ground-truth
E [Y|do(x1, z2)] is estimated as Ep [Y 14, 4, (X1, X2)] /Ep [1s, . (X1, X2)].

Causal Effect Identification. We identify P(y|do(z1,x2)) through Algo. 1.

1. Line 3: Set D = cm(Y)G(V\{Xl,XQ}) = {Y, R, W}
2. Line 4: Set D, := {R}, Dy = {W}, D3 = {Y'}.
Each Q[D4] = Q[W], Q[D2] = Q[R], Q[D3] = Q[Y] are identified as follows: For Q[D1],
1. Line 7: For Dy, Z; := {X1}, 21 == {7}, S = {W}.
2. Line 8: Set Q[S}] = A¢[S1,0,R};Z1 = {X1},seql = (z1)](w, z1) where R} == 0.
3. Line a.4: Since S} = Dy, we set
QD:] = Q[S1]
=AY
= Ao[W,0,0; 21 = { X1}, seq; = (21)](w,0)
= Po(xy) (wlr) = Po, (w).

For Q[Ds] = Q[R],

Vil
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1. Line 7: For Do, Zy == {X1}, 2o := {71}, Si == {R}.
2. Line 8: Set Q[S1] = Ao[S3,0,RL; Z) = { X1}, seql = (z1)](r,z1) where R} := {W}.
3. Line a.4: Since S} = Do, we set
Q[D2] = Q[S;)]
= Al
= AO[S%’ (Z)’ {W}7 Zé = {Xl}’ Seq% = (acl)](w,r)
= Py(xy)(rlr,x1) = Py, (r|w).
For QD3] = Q[Y],
1. Line 7: For D3, Z3 := {X»}, z3 == {22}, ST := {V, X3, W}.
2. Line 8: Set Q[S?] = A4o[S%,0,R%;Z? = {X2},seq? = (22)](y,r) where R? = {W};
ie.,
Q[S1] = A[{X1, W, Y}, 0, {R}; ZT = {Xo}, seq] = (z2)]((z1,w,y),7)
= Py (x,)(ylw1, w, v, 20) Py x,y (21, w|x2).
3. Line a.2: Set A == an(D3)¢g(s2) = {Y'}.
4. Line a.3: Q[A] = Ao[{YV}, {X1, W}, {R};Z3 = { X2}, seq? = (z2)](y, 7).
5. Line a.4: Since A = D5, we set

Q[D2] = Q[A]
=AY
= A{Y 1 A{X1, WHARK Z] = { X2}, seq] = (22)](y,7) (E.)

= Z PU(Xz)(y|x/17w7TaIQ)PU(Xz)(xllvw‘zQ)'

T weED X, W
Then, by Line 14,
P(yldo(z1,22)) = Y QIWIQIRIQ[Y]

rWEDR, W
_ W AR AY
= 3 AyaRal

rwWEDR W

By Lemma 3,
AR = AV AF
= A{R,W},0,0:Z; = {X1},seqy = (w1,21))((w,7),0)
= Pyx(w,r]x1) = Py, (w, 7).
Therefore,

P(yldo(ay,x2)) = Y AVATAY

rwWEDR, W

= Y AYRAY

rwED R, W

= > () AVHAY,

r€EO®pr WEDw

where the last equation holds since A} is not a function of . By Lemma 2

AOR, = Z A}J/VR = AO[Ra(Z)a@; {Xl}a (xl)}(n@) - PU(X1)(T|x1) - Pﬂﬁl(r)'

WED w

Vi%e
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Scenario 1 Scenario 2 Scenario 3 Scenario 4
Model Model ° Model Model

Fig. E.3a o8 03 B & 03 s
(Project STAR) | on 02 02 o0 |

Figure E.5: AAE Plot for Project STAR dataset analysis for Scenarios {1,2,3,4}.

Therefore,

P(yldo(z1,22)) = Y (Y AYHAY

reE®r WEDw

> Al AY.

redpr

Causal Effect Estimation. Here, we only describe the nuisance for A} in Eq. (E.1), since esti-
mating A(If/ = Py, (r) is trivial. We define the nuisance as follows: For the fixed 23 € Dx,,

po(X1, W, R) == Ep,, [Y[X1,W1,C], (E2)
1,(R)
RIX1, W)= ——————. E.3
Then, AY in Eq. (E.1) can be expressed as follows:
Eq. (E.1) (E4)
1,(R)

=K Y —— E.
Pm2 |: WO(R|X1,W):|7OI" ( 5)
=Ep,, [10(X1, W,7)], or, (E.6)
_ LRy (X0 W R) - po(X, W) ET)

Pry WO(R|X17W) Hol{A1, W, oA, VW, . .

We then construct the regression-based, probability weighting-based, and MR-gID (MR)
Tree TPY T™ using the following procedure.

1. For each fixed x5 € D x, and a sample set D, fori € {1, 2}, randomly split the sample
as Dy, s and Dy, ..

2. Use Dg,; to train the model for learning nuisances in Eq. (E.2) and Eq. (E.3). Let
(X1, W, R) and w(R| X1, W) denote the learnt models. We use the XGBoost [Chen and
Guestrin, 2016] to learn the model.

3. Then, each estimator is defined as follows:

Tree = ]EDwQ,e [/,L(X]_, VV, ’f')] (ES)
v _ LB
™ :=Ep,, . |:7T(R|X1, ) Y} (E.9)

L.(R)

™ =E —— Y — (X1, W, R E
DmQ‘e |:7T(R|X1,W){ lu( 1, ) )} + D

[1( Xy, W)} (E.10)

x9,e

Experimental Results As described in the Experimental Setup section (Sec. 4), we evaluated the
AAE® of estimators T°" for est € {reg, pw, mr} in Scenarios {1, 2, 3, 4}. The AAE plots for all

a4
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cases can be seen in Fig. E.5. In this particular scenario, the sample size was not varied since the
sample itself was externally given.

In Case 2, we introduced variation by adjusting the size of the converging noise €, which follows a
normal distribution Normal(n~%,n~2%) for n € {200,400, 600, 800, 1000}. It was observed that
the MR-gID estimator 7™ outperformed the other two estimators by achieving fast convergence, as
demonstrated in Theorem 2. For Scenarios {3, 4}, the DML estimator 7™ exhibited doubly robust
properties, as illustrated in Corollary 2.
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