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Abstract

The decision tree is a flexible machine learning model that finds its success in nu-
merous applications. It is usually fitted in a recursively greedy manner using CART.
In this paper, we investigate the convergence rate of CART under a regression
setting. First, we establish an upper bound on the prediction error of CART under
a sufficient impurity decrease (SID) condition [[10]] — our result improves upon the
known result by [10] under a similar assumption. Furthermore, we provide exam-
ples that demonstrate the error bound cannot be further improved by more than
a constant or a logarithmic factor. Second, we introduce a set of easily verifiable
sufficient conditions for the SID condition. Specifically, we demonstrate that the
SID condition can be satisfied in the case of an additive model, provided that the
component functions adhere to a “locally reverse Poincaré inequality". We discuss
several well-known function classes in non-parametric estimation to illustrate the
practical utility of this concept.

1 Introduction

The decision tree [5] is one of the most fundamental and popular methods in the machine learning
toolbox. It utilizes a flowchart-like structure to recursively partition the data and allows users to
derive interpretable decisions. It is usually constructed in a data-dependent greedy manner, with an
algorithm called CART [3]]. Thanks to its computational efficiency and ability to capture nonlinear
structures, decision trees have served as the foundation for various influential algorithms for ensemble
learning, including bagging [6l], random forest [7] and gradient boosting [11]]. These algorithms are
among the best-known nonparametric models for supervised learning with tabular data [[14]].

Despite its remarkable empirical success in various applications, our theoretical understanding
of decision trees remains somewhat limited. The data-dependent splits employed in CART pose
challenges for rigorous theoretical analysis. While some easy-to-analyze variants of CART have been
widely studied [[18l, 14} 3], rigorous theoretical analysis of the original version of CART has been absent
until recently. In particular, a recent line of work [19} 124} |10} [16] has established the consistency and
prediction error bounds for CART and random forest. See Section [I.1|for a comprehensive review of
related literature.

In this paper, we study the decision tree under a nonparametric regression model:

with z; = (xl(-l), ...,xz(-p)) € RP, y; € R; ¢, is the noise with zero-mean, and f*(x) is the signal
function. We consider a random design where {x;}?_, are i.i.d. from some underlying distribution
supported on [0, 17, and {¢;}_, are i.i.d. independent of {z;}?_;. For an estimator f of f*, we use
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the L? prediction error || f—r* ||%2( ,,) 48 @ measure of the estimator f. Consider a regression tree
algorithm that produces a heuristic (not necessarily exact) solution f of

n

min (f(z) — y5)? (2)

fela i

where 7 is the space of binary (i.e. each splitting node has two children) axis-aligned regression

trees with maximum depth d. The statistical performance of the estimator f , therefore, is affected by
the following three factors: (i) Approximation error: how accurately can f* be approximated by a
regression tree in Ty. (ii) Estimation error: the variance of the estimator, which is affected by the
complexity of the function space 7. A larger space 7y (i.e. larger d) can reduce the approximation
error, but it may also increase the estimation error and lead to overfitting. (iii) Optimization error: the

discrepancy between [ and the exact optimal solution of the optimization problem (). Indeed, if f is
the exact optimal solution of (2)) (i.e. optimal regression tree), it can approximate a broad class of
f* [9], and the prediction error can be analyzed via the classical theory of least-squares estimators
[22,113]]. However, since solving (2) to optimality is computationally challenging for large-scale data,
heuristics like CART are typically employed in practice. To understand the statistical performance of
CART, the major difficulty lies in the analysis of the optimization error of CART.

As a greedy algorithm, CART examines only one split in each iteration (see Section [I.3]for details).
Although decision trees are intended to capture multivariate structures across different features,
the greedy nature of CART poses challenges in approximating functions f* that have complex
multivariate structures. For example, consider the two-dimensional "XOR gate" function f*(u) :=
Liuglo,1/2)2} + 1{ue[1/2,1)2} [14], and assume that z; has a uniform distribution on [0, 1]2. Note that
f* itself is a depth-2 decision tree, with (e.g.) the root node split with the first coordinate at 1/2, and
the left and right children split with the second coordinate at 1/2. However, due to the symmetry
structure of f*, when the sample size n is large, the root split of CART is completely fitting to noises

and is likely to generate a split near the boundary [5}[8]]. Consequently, the resulting estimator f fails
to capture the true tree structure encoded in f*. The major difficulty in fitting the XOR gate function
with CART lies in the complicated interaction between the two coordinates.

The discussions above naturally lead to the following two questions about CART:

* What conditions on f* are needed such that CART can approximate f* and yield a consistent
estimator?

o If f* satisfies such conditions, what is the convergence rate of the prediction error of CART?

In this paper, we aim to address these fundamental questions by providing sufficient conditions on f*
such that one can establish convergence rates of CART. These sufficient conditions are quite flexible
to include a broad class of nonparametric models. In the following, we first discuss some related
literature and the basics of CART. In Section |2} we prove a general error bound for CART under a
sufficient impurity decrease (SID) condition [10] of f*. This error bound is an improvement over the
existing results under similar conditions [1Q]. In Section we introduce a sufficient condition for the
SID condition on f*, and use it to show that the SID condition can be satisfied by a broad class of f*.

1.1 Related literature

The inception and analysis of decision trees and CART algorithm can be traced back to the seminal
work of Breiman [5]]. Breiman’s study marked the first significant step towards establishing the
consistency of CART, albeit under stringent assumptions concerning tree construction. The original
formulation of CART, characterized by data-dependent splits, poses challenges when it comes
to rigorous mathematical analysis. To address this issue, subsequent research efforts [[18, 4, 3]
have introduced alternative variants of CART that lend themselves to more tractable theoretical
examinations. For instance, certain studies [12} 4} 3} 2] assume random selection of splitting features
in the tree. Other approaches incorporate random selections of splitting thresholds [12, 2|], while
some restrict splits to occur exclusively at the midpoint of the corresponding cell in the chosen
coordinate [3]]. These simplifications ensure the independence between the splitting rules of the
tree and the training data — the tree depends on the data only via the estimation in each cell. Such
independence simplifies the analysis of the resultant trees. In a similar vein, alternative strategies have
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been proposed, such as the employment of a two-sample approach [23] to compute splitting rules and
cell estimations separately, giving rise to what is known as an “honest tree". This methodology also
ensures independence between various aspects of the tree construction and estimation process.

Since the first consistency result in [15], the strict theoretical analysis of the original CART algorithm
has remained elusive until recent advancements. A significant breakthrough came with the seminal
work of Scornet et al. [19], which demonstrated the consistency of CART under the assumption of an
additive model [[15]] with continuous component functions. It makes a technical contribution on the
decrease of optimization error of CART. This technical argument strongly relies on the additive model.
Subsequent works [[17, [16] further extended the theoretical analysis by providing non-asymptotic
error bounds for CART under a similar additive model. However, the rates derived in [17,[16] is a
slow rate of O((log(n))~!), which seems not easy to be improved under the same assumption [§]].
Although the additive model is a well-studied model in statistical learning, it is not immediately
evident why such a modeling assumption is specifically required for CART to function effectively.

Another line of work [24] [10] adopts more intuitive assumptions on the signal function f* to ensure
the progress of CART. In particular, Chi et al. [10] introduced a sufficient impurity decrease (SID)
condition. In essence, the SID condition posits that for every rectangular region B within the
feature space, there exists an axis-aligned split capable of reducing the population variance of f*
(conditional on B) by a fixed ratio. Note that such a split cannot be directly identified by CART, as
it necessitates knowledge of the population distribution of z;. Instead, CART employs empirical
variance of y;_; to guide its cell splitting decisions. Nonetheless, the SID condition is a strong
assumption on the approximation power of tree splits, which can ensure the consistency of CART
via an empirical process argument [10]. A similar condition has also appeared implicitly in [24]].
Under the SID condition, Chi et al. [10] studied the consistency and convergence rates of CART,
demonstrating a polynomial convergence O(n~7) of the prediction error. A possible limitation of
the SID condition is the difficulty of verification: it necessitates the decreasing condition to hold
true for all rectangles. Although a few examples are provided in [10], the general procedure for
verifying whether a specific f* satisfies this condition remains unclear. Notably, its relationship with
the additive model assumption in [[19}[17] remains to be fully understood.

Lastly, it is worth mentioning that several recent studies [20, |8] have investigated the performance
lower bounds of CART, shedding light on its limitations. Specifically, Tan et al. [20] demonstrated
that even when assuming an additive regression function f*, any single-tree estimator still suffers
from the curse of dimensionality. Consequently, these estimators can only achieve convergence rates
considerably slower than the oracle rates established for additive models [21]. Another study by
Cattaneo et al. [[8] delved into the splitting behavior of CART and provided theoretical support for
empirical observations [5] indicating that CART tends to generate splits near boundaries in cases
where the signal is weak. These lower bounds support the importance of using trees in ensemble
models to reduce the prediction error. Although we focus on analyzing CART for a single tree in this
paper, the result can be adapted to the analysis of ensembles of trees for the fitting of more complex
function classes.

1.2 Contributions

The first contribution of our paper is a refined analysis of CART under the SID condition. Although
the convergence of CART has been studied in [[10]] under SID condition, the analysis of [10] seems not
tight when the noises have light-tails (see discussions in the Appendix [C). We establish an improved
analysis of CART under this setting, and show by examples that our error bound is tight up to log
factors.

The second contribution of this paper is the decoding of the mystery of the SID condition. We discuss
a sufficient condition under which the SID condition holds true. In particular, we introduce a class
of univariate functions that satisfy an locally reverse Poincaré inequality, and show that additive
functions with each univariate component being in this class satisfy the SID condition. This builds a
connection between the two types of assumptions in the literature: additive model and SID condition.
We discuss a few examples that how the locally reverse Poincaré inequality can be verified.
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1.3 Basics of CART

We review the methodology of CART to build the tree. The primary objective of decision trees is to
find optimal partitions of feature space that produce a minimal variance of response variables. CART
constructs the tree and minimizes the variance using a top-down greedy approach. It starts with a root
node that represents the whole feature space R? — this can be viewed as an initial tree with depth 0.
At each iteration, CART splits all the leave nodes in the current tree into a left child and a right child;
the depth of the tree increases by 1, and the number of leave nodes in the tree doubles. At each leave
node, it takes an axis-aligned splits with maximum variance (impurity) decrease. Let £ be the set of
all intervals (which can be open, closed, or open on one side and closed on another side). Define the
set of rectangles in [0, 1]? as:

A::{ﬁEj‘EjGE Vel 3)
j=1

For each A € A, define Z4 := {i € [n] | x; € A}. For a leave node that represents a rectangle
A € A, the impurity decrease of a split in feature j € [p] with threshold b € R is given by:

~ 1 1 1
A(A,5,b) = I Z (yi —9z.)% = o Z (yi — ﬂIAL)2 0 Z (yi — gIAR)Q “

i€T A ’iEIAL iEIAR
where yr 1= ﬁ > ez yi forany Z C [n], and

A = Ar(5,b) == An{v € [0,1]” | v; < b},

5
AR:AR(j,b) ::Aﬁ{ve [0,1]p|1}]‘ >b} ( )

To split on A, CART takes j and b that maximize the impurity decrease, i.e.,
J,b e argmax A(A, 7, b) (6)

j€lpl,b€[0,1]

This splitting procedure is repeated until the tree has grown to a given maximum depth d.

1.4 Notations

For a,b > 0, we write a = O(b) if there exists a universal constant C' > 0 such that a < Cb; we
write b = €)(a) if @ = O(b), and write a = ©(b) if both a = O(b) and a = €)(b) are true. For values

n,p,bn,p that may depend on n and p, we write a,, , = O(by, ) if a,,p, = O(byp log” (np)) for
some fixed constant v > 0.

2 Error bound of CART under SID property

We study the prediction error bound of CART for the regression problem (T). We focus on a random
design as in the following assumption.

Assumption 2.1 (i) (Random design) Suppose {x;}_, are i.i.d. random variables with a distribution
w supported on [0, 1]P. Suppose i has a density px (w.r.t. Lebesgue measure) on [0, 1|P satisfying
0<8<px(u)<0<ooforalluel0,1]? for some constants § < 1 and 6 > 1.

(ii) (Error distribution) Suppose {e;}_, are ii.d. zero-mean bounded random variables with
le;| < m < oo for some m > 0. Suppose {¢;}I'_, are independent to {z;}7_,.

(iii) (Bounded signal function) Suppose sup,¢jo 170 | f*(w)| < M < oo for some constant M.

In Assumption (1), it is assumed that the features x; are supported on [0, 1]? for convenience.
The same results (different by at most a constant) can be proved if we replace [0, 1]” with an
arbitrary bounded rectangle. The second assumption (Assumption [2.1] (ii)) requires the error terms
{€;}_, to be i.i.d. bounded — this is the key difference of our paper and the assumptions made
in [10]]. In particular, [10] made a milder assumption on the error terms that allows them to have
heavy tails. Their result, however, when specifying to the case of bounded noises, is not tight (see
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discussions in Appendix [C| for a comparison). Note that for convenience we have assumed that
€; is bounded. If instead, we assume the noises are sub-Gaussian, similar conclusions can also be
proved via a truncation argument (the bound may be different by a log factor). The third assumption
(Assumption [2.1] (ii1)) is a standard assumption for nonparametric regression models [22, [13]).

Under the random design setting in Assumption we are ready to introduce the sufficient impurity
decrease condition on the underlying function f*. Let X be a random variable in R? that has the
same distribution as x; and is independent to {1, ...,x, }. Forany A € A, j € [p] and b € R, define:
A(A,4,b) :=P(X € A)Var(f*(X)|X € A) —P(X € Ap)Var(f*(X)|X € Ap)

—P(X € Ag)Var(f*(X)|X € AR)

where Ay, and Ap are defined in (§), and Var(f*(X)|X € A) means the conditional variance defined
as

@)

Var(F* (X)|X € 4) = E( (£ (X) ~E(f (X)X € 4))°|x € 4) ®)

It is not hard to see the similarity between A(A, j,b) and A(A, j, b) (defined in (@), where the former
can be viewed as a population variant of the latter. Intuitively, for a split with feature j and threshold
b, A(A, j,b) measures variance decrease of f* after this split. The SID condition below assumes that
there is a split with a large variance decrease.

Assumption 2.2 (Sufficient Impurity Decrease) There exists a constant X € (0, 1] such that for all
Ac A
sup A(A,5,b) > A-P(X € A)Var(f*(X)|X € A) ©)
j€[p],beER

Note that Assumption is a condition depending on both the function f* and the underlying
distribution X ~ p. Briefly speaking, the SID condition requires that the best split must decrease
the population variance by a constant factor (note that A is required to be bounded away from 0).
Intuitively, the condition (9) can be satisfied if f* has a significant “trend" along some axis in A, but
may be hard to be satisfied if f* is relatively “flat" in A. Since Assumption [2.2]requires () being
satisfied for all cells A € A, it essentially requires that f* is not “too flat" on any local rectangle A.
In Section[3] we develop a technical argument to translate this intuition into a rigorous statement, and
use it to check Assumption [2.2]for a wide class of functions.

With Assumptions [2.1|and [2.2)at hand, we are ready to present the main result in this section. For any
function g : R? — R, let ||g]|2(,,) denote the L?-norm of g with respect to the measure /.

Theorem 2.3 Suppose Assumptions.and. 2\ hold true. Let f(d)( ) be the tree estimated by CART
2d

with depth d. Suppose n is large enough such that 224 v log(72p" (:H) [3) < 3/4. Then there

exists a universal constant C > 0 such that with probablllty at least 1 — 9, it holds that for any o > 0,

A \d29(dlog(np) + log(1/5))
HJ?(d) £ ||L ) < 2Var(f*(X)) - (1 - m) ¢ an

where U := M + m. In particular, taking o = 1/d and d = [logy(n)/(1 — logy(1 — N))], it holds

. log®(n)1 +1 log(1/6
179 = 41220y < Crw og”(n) og(npz¢(A)og(n) og(1/9) (11

U? (10

where ¢p(N) := f_ﬂ%((lf_)‘/\)), and C y is a constant that only depends on X and U.

The error bound in consists of two terms. The first term corresponds to the bias of the approx-
imating f* using CART. It decreases geometrically as d increases, which is suggested by the SID
condition. The second term is O(2¢d log(np)/n), which corresponds to the estimation variance of
CART. Here the term 2 represents the model complexity — a fully-grown depth d tree has 27 leaves.
The proof of Theorem [2.3]is presented in Appendix [A] It is based on a careful technical argument
that controls the difference between the population impurity decrease A(A, 7, b) and the empirical
impurity decrease K(A, J,b). In particular, our analysis is different from that of [10]. Note that [10]
makes a different assumption on the error distribution, and their technical argument is not sufficient
for the proof of Theorem [2.3] Particularly, the error bound in (TT)) is an improvement of the results
proved in Theorem 1 of [10]—see Section [C|for a detailed comparison.
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Note that the convergence rate in (TT)) has a crucial dependence on the coefficient \. For a large value
of )\, the exponent ¢ () is also larger, leading to a faster convergence rate in (I1)). On the other end,
if A is small, as A — 0, we have ¢(\) — 0, and the convergence rate in (TT)) can be arbitrarily slow.
Nonetheless, as long as the SID condition is satisfied with A bounded away from 0, @) shows a
polynomial rate, which is better than the logarithmic rate in [17, [16] without the SID condition.

To explore the tightness of the error bounds in Theorem [2.3] we consider a simple example with f*
being a univariate linear function.

Example 2.1 (Univariate linear function) Suppose p = 1, and x; are i.i.d. from the uniform
distribution on [0, 1]. Suppose f* is a univariate linear function: f*(t) = t. Then the SID condition
(Assumption is satisfied with coefficient A = 3/4. As a result, it holds ¢(\) = 2/3, and the error

bound in the RHS of (TT) is O(n=%/3).

Proof. For any interval A = [¢, r], we have

MX(U@WHUWXﬁXGA%:ATG_g;TYdt:@ij 1)

Take b := (¢ + r)/2, then we have

sty = [ ) e [ e [ 1)

1 1 1 3 (1)
=—(r=0>3=—0b-0>—=(r-0b3=—=(r—1)>
=0 = 5= =5 =)= o (r—0)
Combining (I2) and (I3) we know that Assumption[2.2]is satisfied with A = 3/4. O

As shown by Example when f* is a univariate linear function and {z;}?_; are from a uniform
distribution, the error bound in (TT]) reduces to O(n~2/3). This rate matches the lower bound for any
partition-based estimator (see e.g. [13] Chapter 4), E|hence showing that the upper bound in (TT)
cannot be improved (by more than a log factor) via any refined analysis. To verify the rate O(n_z/ 3),
we conduct a simulation shown by Figure[I] In particular, Figure[I] presents the log-log plot of the
prediction error of CART versus different sample sizes, where the depth d is taken as stated above
(TT). A reference line of slope —2/3 is also shown. It can be seen that the slope of the line for CART

is also roughly —2/3, which is consistent with the rate 6(71_2/ 3) derived in Example

s —+— CART
—6.5 —--- reference line

—-7.04

—7.54

log(]|f — £*]|2)

—8.0 1

—8.54

70 75 80 85 90 95 100 105
log(n)

Figure 1: Prediction error of CART versus sample size n for a univariate linear model.

’There is a subtle difference between the lower bound in [13] Chapter 4 and the upper bound in Theorem
The lower bound in [13] requires that the splitting points of the partition are independent of the training data,
while for CART this condition is not satisfied.

A
https://doi.org/10.52202/075280-2517 57759



3 Function classes satisfying SID condition

In this section, we introduce a class of sufficient conditions that facilitate the easy verification of
the SID condition for a broad range of functions. Specifically, we focus on the case when f* has an

additive structure:

frw) = fi(w) + f3(u2) + - + f5 (up) (14)
where f’s are univariate functions. Note that additive model has also been assumed in prior works
such as [19. 117, 116] for the study of CART. If we only assume that each component function [

has bounded total variation, then only a slow rate O(log ™" (n)) is known [17]. In the following, we
discuss a few sufficient conditions concerning the component functions f; under which f* satisfies
the SID condition, consequently guaranteeing a faster convergence rate as 1nd1cated by Theorem[2.3]

First, we introduce a key class of univariate functions that satisfy a special integral inequality.

Definition 3.1 (Locally Reverse Poincaré Class) For a univariate differentiable function g on an
interval QQ C R, we say it belongs to the Locally Reverse Poincaré (LRP) class on QQ with parameter
7 if for any subinterval [a,b] C Q,

7_2 . b
/ g Olar) <t [ g0 - wl de (1s)

We use the notation LRP(Q, T) to denote the class of all such functions.

It is worth noting that for any given univariate differentiable function g and a fixed interval [a, b],
there exists a constant 7 such that the reverse of inequality (I3)) holds true, as established by the
Poincaré inequality. The condition requires a uniform constant 7 > 0 such that the reverse
of the Poincaré inequality holds true. Note that the LHS of (I3) is equivalent to the square of the
total variation of ¢ on [a, b], and the RHS is a constant multiple of the conditional variance of g on
[a, b] (under the uniform distribution). Intuitively, this condition can be satisfied when the function ¢
exhibits a clear “trend" within any interval [a, b] rather than being fuzzy fluctuations. We give a few
examples below.

Example 3.1 (Strongly increasing function) Let g be a strictly increasing function on [0, 1] with
ca >g'(t) > ¢ > 0forallt €[0,1]. Then g € LRP(]0,1],2v3ca/c1).

Example [3.1] provides a direct generalization of the simple linear function showcased in Example [2.1]
Note that this example was also discussed in [10]. In Examplen since ¢’ (t) is consistently bounded
away from zero, verifying the inequality [T5] becomes straightforward. Below we present a more
nuanced example where ¢’(¢) may equal zero at certain point ¢ € [0, 1].

Example 3.2 (Smooth and strongly convex function) Let g be a L-smooth and o-strongly-convex
Sfunction on [0, 1] for some L > o > 0, i.e.,

(=9 < gt) —g(s) — g ()t — ) <
forallt,s € [0,1]. Then g € LRP([0,1],110(L/0)).

(t—s)° (16)

w\h

Note that for a smooth and strongly convex function g, the gradient ¢’ (¢) can be zero at some ¢ € [0, 1].
But the strong convexity condition guarantees that there is at most one point ¢ where ¢’ (t) = 0, and
the inequality (T3)) can still be satisfied. Additional details can be found in Appendix [B]

Example 3.3 (Polynomial with degree 1) There exists a constant C,. that only depends on r such that
for any univariate polynomial g of degree at mostr, g € LRP(R, C,.).

Although the set of polynomials (with a degree at most r) appears to be complicated, it is a finite-
dimensional linear space. Therefore the differentiation is a bounded linear operator between finite
dimensional normed linear spaces. As a result, the conclusion of Example [3.3|can be proved via a
variable transformation argument. See Appendix [B|for details.

Examples[3.1-[3.3]demonstrate that the LRP condition can be readily verified for various well-known
function classes, but the relationship between the LRP class and the SID condition remains unclear.
Below we present the first main result in this section, which establishes a connection between the
LRP class and the SID condition under the additive model.
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Proposition 3.1 Suppose Assumption[2.1|holds true, and f* has an additive structure as in (14). If
fi € LRP([0,1],7) forall k € [p], then Assumptionis satisfied with \ = 460/ (pT20).

As shown by Proposition[3.1] for the additive model (I4), when the basic conditions in Assumption[2.1]
are satisfied, the SID condition holds true for f* as long as each component function is in an LRP
class. Particularly, the SID condition is satisfied for component functions from Examples [3.1]-[3.3]
Note that the coefficient A in Proposition is proportional to 1/p, which implies that it can be
very small when p is large. In particular, with this A = ©(1/p) (with 8, 0 and 7 being constants), by
Theorem the prediction error bound in the RHS of is O(n—¢/?) for some constant ¢ > 0
Since the exponent is dependent on p, the curse of dimensionality becomes evident. This seems to
indicate that the analysis of Proposition [3.1|could potentially be refined. However, given the negative
results demonstrated by [20) 8], it is likely that for tree-based estimators, even with the additive
model, the curse of dimensionality cannot be circumvented.

Proposition [3.1]requires each component of the additive function to lie in an LRP class. Actually, this
condition can be further relaxed as in the following proposition.

Proposition 3.2 Suppose Assumption [2.1| holds true, and [* has an additive structure as in (T4).
Given integer v > 1 and constants o > 0,8 > 1. Suppose for each k € [p] there exist 0 =

) <t < o<t <t = 1win ¢ — 19 > afr and f; € LRP(t;-1,1],8)

for all j € [r]. Then Assumption is satisfied with parameter X = 0/(pf7?) where 72 =
max {2%9’ %}max{9b’2, 32 + 3%}

By Proposition[3.2] an additive function f* satisfies the SID condition if each component function is
a piecewise function, with each piece belonging to an LRP class. Notably, continuity at the joining
points of consecutive pieces is not necessary. However, for technical reasons, it is required that each
piece has a length that is not excessively small, as determined by the parameter .. See Appendix
for the proofs of Proposition [3.T]and [3.2]

4 Proof sketch of Theorem 2.3

We provide a sketch of the proof of Theorem Forp > 1and d > 1, define
P
Apai={ TT15us) € A| #05 € [p] | 165, 5] # [0, 1)} < d} an
j=1

That is, each rectangle in A, 4 has at most d dimensions that are not the full interval [0, 1]. When
p > d, A, 4 contains all the rectangles in [0, 1], i.e. A, 4 = A. However, when d is much smaller
than p (in a high-dimensional setting), .A;, 4 contains much fewer rectangles than .A. Note that for a
decision tree with depth d, each leaf node represents a rectangle in A, .

The proof of Theorem[2.3]builds upon a few technical lemmas which provide uniform bounds between
the empirical and populational quantities. These results may hold their own significance in the study
of other partition-based algorithms. For ¢ € (0, 1), define values

t(8) =t1(6,n,d) == %log(2pd(n +1)%4/8)

fe? d 2d
£2(6) = 2 (8, n, d) = 29; d . log(p (nn+ 1)24/5) (18)

#5) = #(6,n,d) == #,(6,n,d) V E2(8,n, d)

where 6 is the constant in Assumption (i). Note that we have #(§) < O(w). We
have the following uniform bounds on empirical and populational mean on every rectangle in A, 4.

Lemma 4.1 Suppose Assumption[2.1|holds true. Suppose t2(5/12) < 3/4. Then with probability at

least 1 — 0, it holds
< 20U+/%(6/12) (19)

sup v/P(X € A)[E(S(X)|X € 4) — g,
AcA, q

3The lower bound is based on general additive models which may not satisfy the SID condition. When the

SID condition is satisfied, the lower bound may be better.
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For a tree-based estimator in practice, the prediction at each leaf node is usually given by the sample
average of y; for all the samples ¢ routed to that leaf, i.e., the value 44 for a leaf with rectangle
A. Therefore, Lemma provides a uniform bound on the error if we replace the prediction at
each leaf by the populational conditional mean E(f*(X)|X € A). It is worth noting that the gap
between §4 and E(f*(X)|X € A) is rescaled by the quantity \/P(X € A). Intuitively, when the
rectangle A is small and hence P(X € A) is small, few points are routed to the rectangle A. As a
result, the corresponding gap between 34 and E(f*(X)|X € A) can be large — which leads to a large
discrepancy of the estimate and the signal locally in this cell A. However, in another perspective,
since the cell A is small, a large discrepancy in A only makes a small contribution to the overall
error || fl&) — f* H%Q( x)- Therefore, the factor \/IP(X € A) in the LHS of is a proper balance of
these two aspects. This is the key technical argument that differs from the analysis in [10]]. It helps
establish the tighter bounds in Theorem [2.3]

Lemma 4.2 Suppose Assumption h()lds true. Given a constant o > 0. Given any § € (0,1),
suppose t2(8/36) < 3/4. Then with probability at least 1 — 6, it holds

A(A,5,b) < 1+ a)A(A,4,b) + (1 +1/a) - C'U?#(6/36) YA€ Apg 1, jE[p), bER
A(A,,0) < (14 a)A(A,5,b) + (1+1/a) - C'U%1(6/36) VA€ Apg1, jEp, beR
for some universal constant C' > 0.

Lemma[4.2]establishes upper bounds on the discrepancy between empirical and populational impurity
decrease. It builds an avenue to translate the SID condition into an empirical counterpart, which is
further used to derive the decrease of objective value.

With Lemmas [.T|and #.2] at hand, we are ready to wrap up the proof of Theorem [2.3] First, we have
178 — P2 < 20 = f(k)”%z(X) + 2 f®) - ﬂk)||2L2(X) = 2J1(k) +2J2(k)  (20)

where f(k) is a tree with the same splitting rule as ]?(k) but leaf predictions replaced by the populational
means (in that leaf). The term J5(k) can be bounded as

klog(np) + log(1/9)

* n — 2
Ta(k) = Y P(X € A)(B(f* (X)X € A, X]) — 4z, )" < CU*2"
te L)
where £*) is the set of leaves of f(k’) at depth k; A; is the corresponding rectangle for a leaf ¢; and C
is a universal constant. The last inequality in (ZI) is by Lemma The term J; (k) can be written as
Ji(k) = ) P(X € A& - Var(f*(X)|X € Ay, &)
teL(k)

Making use of Lemma.2]and by some algebra (see Appendix [A]for details), a recursive inequality
can be established:

) CU?(klog(np) +log(1/9))

Ak+1) < (1- #)Q)Jl(k) +2

1+«
The proof of Theorem [2.3]is complete by telescoping the inequality above, and combining the upper
bounds for J; (k) and Jo (k) with (20).

5 Conclusion and discussions

We have proved an error bound on the prediction error of CART for a regression problem when f*
satisfies the SID condition. This error bound cannot be improved by more than a log factor. We have
also discussed a few sufficient conditions under which we can show that an additive model satisfies
the SID condition.

One possible limitation of this work is that: it seems that the SID coefficients X derived in Section 3]
are not tight. Since )\ appeared in the exponent of the rate in Theorem a tighter estimate of
A leads to an improved convergence rate in (II). We leave it as a future work for a more precise
analysis of the SID condition.
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A Proof of Theorem

A.1 Notations

We first define some notations in the context of the model (ID Forp > 1and d > 1, define

Apa = { TTlsus) € A| #45 € o] 165, ,] # 0,1]} < d} @)

Jj=1

That is, each rectangle in A, 4 has at most d dimensions that are not the full interval [0, 1]. Note that for a
decision tree with depth d, each leave node represents a rectangle in A, 4. Furthermore, for § € (0, 1), define
values

£1(8) = £.(6,n,d) i= % log(2p™(n + 1)21/6)

Pe? d 2d
t2(6) = 120, n, d) := 292 d . log(p (”; 1)™/9) (22)

t(8) =8, n,d) :== t1(8,n,d) V t2(6,n,d)
where @ is the constant in Assumption (7). Note that we have £(6) < O(dlog(np/d)/n).

For two values a,b > 0, we write a < b if there is a universal constant C' > 0 such that a < Cb. We write
a <, bif there is a constant C)- that only depends on r such that a < C.-b.

A.2 Technical lemmas

Now we can introduce the major technical results to establish the error bound.

Lemma A.1 Suppose Assumption|2.1| holds true. Suppose t2(6/12) < 3/4. Then with probability at least
1 — 6, it holds
sup P(X € A))E(f*(xnx €A) - gIA' < 20U/1(6/12) 23)

A€A, 4

The proof of Lemma[A-1]is presented in Section[A4] Note that Lemma[A-T]provides a uniform bound on the
gap between the populational mean E(f*(X)|X € A) and the sample mean gz ,. This is used to derive the
geometric decrease of the bias, using the SID assumption.

Lemma A.2 Suppose Assumptionholds true. Given any 6 € (0,1), suppose t2(6/4) < 3/4. Then with
probability at least 1 — ¢ it holds

sup
AE.Ap’d

VE(X € A) — /Zal/n \ < 5\/(6/4) (24)

The proof of Lemma[A.2]is presented in Section[A-3] Lemma[A-2]provides a uniform deviation gap between the
square root of probability and sample frequency over all sets in .4, 4. Note that this uniform bound is stronger
than a result without a square root (which can be obtained easily via Hoeffding’s inequality and a union bound),
and is useful to prove the final error bound in Theorem@

For any rectangle A € A, j € [p] and b € R, define

AL(A,j,b) = P(Xe AL)(E(f*(X)\X € A) —E(f" (X)X ¢ AL))2
An(A,3,b) = P(X € AR)(E(S (X)IX € 4) ~B(f" (X)|X € Ar))’
Re(agt) = Pl —g,y
Bu(agt) = Pl g,y

We have the following identity regarding the impurity decrease of each split.

Lemma A.3 For any rectangle A € A, j € [p] and b € R, it holds
A(Aajv b) = AL(A7j7 b) + AR(A7j7 b)

~ i ~ i ~ ] (25)
A(4,5,0) = AL(A,j,b) + Ar(4, ,b)

11
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Proof. We just present the proof of the second equality. The proof of the first equality can be proved similarly.

Note that
~ ) 1 _ 1 _
AAG) == D (i —5za)’ = — > (i —7ma,)’ — Z —9z4,,)’
i€T4 €4, zeIAR
1 (26)
- Z [ —914)" = (yi — QIAL)2] +o > [(yi —9z,)° — (v — ?IAR)2]
’LEIAL 7;EIAR

For the first term, we have

1 _ _
- [(yi —2,4)° = (yi — 12, )2]
iEIAL
1 _ _ _ _ _ _ _
= [(yi —914)° = (Wi = 924)* = 2(yi — Uz)(Wzs — U4, ) — (24 — Y14, )2] 27)
€T,

Similarly, we have

=S [ - ) - - 92,7 = Ba(4g.0) (3)
zEIAR
The proof is complete by combining 26), 27) and (28). O

Lemma A.4 Suppose Assumption |2.]| n 1| holds true. Given a constant o > 0. Given any § € (0,1), suppose
t2(8/36) < 3/4. Then with probability at least 1 — 8, it holds

A(A, ,b) < (1+ a)A(A,4,b) + (1 + 1/a) - 5000U%1(5/36) VA€ Apar,jEp, bER  (29)
and
A(A,7,b) < (1+a)A(A, 5,b) + (1 + 1/a) - 5000U%1(5/36) VA€ Apar,jcp, beR  (30)
Proof. For A € Ap a1, j € [p] and a € R, by Lemma[A.3|we have
f(AJG b) = fL(A’J} b) + éR(A,J} b) 3D
A(A,5,0) = AL(A,j,b) + Ar(A, j,b)

Define the events £; and &s:

& = { sup \/X—EA‘E X)X € A) —yz,

A€A,,

Ey = sup
A€A, 4

Then by Lemmas|A.1|and |A.2] we have P(£;) > 1 — 6/3 fori = 1,2, so we have P(N7_,&;) > 1 — 4. Below
we prove (29) and (30) COIldlthIled on the events £ and &s.

Note that

VALA,ja) = VEX € AL)[E(f (X)X € 4) — B(f (X)X € Av)|

< VP(X € A) ’IE FHX)|X € A) —yIA’-s—\/]P’XeAL)‘gZA—gIAL

< 20U +/%(5/36) }

VE(X € A) — /[Zal/n ’ < 5\/5(5/12)}

(32)
+ VP(X € AL)|pza, — E(F (X)X € Au)
=Ji+J2+J3
To bound J7, we have
Ji < \/W‘]E X)X € A) —yIA‘ < 20U \/7(5/36) (33)
where the second inequality is by event £;. Similarly, to bound J3, we have
m‘yzAL —E(f*(X)|X € Ap) ‘ < 20U/7(5/36) (34)
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To bound J2, note that

J2 < ‘\/P(X €AL) - \ |IAL‘/n’ |gza — gIAL|+ |IAL‘/n' |?71A _gIAL|

(35
<5VH(0/12) - 2U +\[|Zap|/n - [§za — Tza, |
where the second inequality made use of the event £2. Combining (32) — (33), we have
VAL(A,j,b) <40U+/t(5/36) + 10U~/t(6/12) + |IAL|/n~\QIAfg71AL\
< 50UNE(6/36) +\/|Zapl/n - 19za — Y14, |
which implies (by Young’s inequality)
. - Ta,l, - _
Ar(A,j,a) < (1+1/a)-2500U°%(6/36) 4 (1 + a)%w% —Gz4, |? (36)
By a similar argument, we have
) - Tagl, - _
Ar(A.j.a) < (1+1/a) - 25000%1(6/36) + (1 + o) P22 i, — gz, 2 a7
Summing up (36) and (37), and by (ZT), we have
A(A,j,a) < (1+1/a)-5000U0%E(5/36) + (1 + a)A(A, §,a)
This completes the proof of 29). The proof of (30) is by a similar argument.
O

Lemmaprovides upper bounds between A(A, j,b) and A(A, J,b), which serves as a link to translate the
population impurity decrease to sample impurity decrease. With all these technical lemmas at hand, we are ready
to present the proof Theorem [2.3] as shown in the next subsection.

A.3  Completing the proof of Theorem 2.3]

Define events

51::{ sup \/X7€A’IE \XGAfyIA’<2OU\/W}

A€A, 4
& = {A(A,j, a) < (1+ a)A(A, j,a) + (1 +1/a) - 5000U%E(5/72) YA€ Apa, j € [pl, a € R}

&5 = {ﬁ (A,j,a) < (14 a)A(A,j,a) + (1 + 1/a) - 5000U%E(8/72) YA E Apa_1, j € [p], a € R}

Then by Lemmas[A-T]and[A.4] and note that from the statement of T heoremn t2(8/72) < 3/4, so we have
P(&1) >1—6/2and P(E2 UE3) > 1 — §/2, which 1mphes P(US_, &) > 1 — 4. In the following, we prove
(T0) using a deterministic argument conditioned on U;_, &;.

For any k € [d] and any leave node ¢ of f(’“) (recall that f(’“) is the decision tree by CART with depth k), let
A,Ek> be the corresponding cube, that is, for any z € RP, z € Agk) if and only if z is routed to ¢ in f(k). Let
L% be the set of all leave nodes of f(k>. Then we have

@)= > Uz o Lpeat®, (38)
tectk '
Define a function _
FP@ = 3 E(f )X e AP ar) 1, At (39)
tec(k)

where X7 is the set of iid random variables {x1, ..., T }, and X is a random variable having the same distribution

as x1 but independent of X7*. In other words, f(k) is a tree with the same splitting structure as f(k) and replaces
the prediction value of each leave node as the populational conditional mean of f*(-).

First, using Cauchy-Schwarz inequality, we have
IF® = 2o < 218" = T2 + 205 = FPNG2x) o= 200(k) +202(k)  (40)
To bound J1 (d), we derive recursive inequalities between Ji (k) and J1(k + 1) forall 0 < k < d — 1. Note that
Jk) =B ((f7(X) = [V 0y |ar)

D P(X € AAT) - Var(f5 (X)X € Ay, A7)
teL(k)

(41

1R
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For each t € £ let t1, and ¢ be the two children of ¢, then we have
P(X € A¢]X]") - Var(f*(X)|X € Ay, A7)
=P(X € A |X]") - Var(f*(X)|X € A:,, XT") 42)
+P(X € A |XT) - Var(f* (X )\XGAthl)—i—A(Ah]t,bt)

where . N
(Jt, be) € argmax A(A¢, j,b)
j€[p],bER
Let us define
(je, be) € argmax A(Aq, 7,b)
JE[p],bER
Then we have

A7 1 N A7 T
A(Ag, ge,be) > 1+aA(At,jt,bg) — (5000/)Ut(6/72)
> B (Ae i i) — (5000/)UH(5/72) 43)
1 . 2+O{ 2
> A(As, ji, br) — ————5000U#(5/72
= (1+Oé)2 ( ty Jt t) a(1+ ) ( / )

where the first inequality is by event &3, the second inequality is by the definition of ( Jt, Bt), and the third
inequality is because of event £>. By Assumption 22} we have
A(At,jt,bt) = sup A(At,j, b) > A ]P(X S At|X1 )Var( ( )|X € At,Xl ) (44)
JE[p],bER
Combining (@2)), @3) and @), we have
P(X € Ay |X") - Var(f*(X)|X € Ay, , X)) + P(X € A |XT) - Var(f"(X)| X € Aipp, XT)
24+«

m5000U2 £(6/72)

§(1—(1+%)2)P(X€At|2(1) Var(f*(X)|X € Ae, A7) +

Summing up the inequality above for all t € £*), we have

A 2+«
N<(l——— ok, 2T % 9
Ji(k + )_( (1+a)2)J1(k)+ a(it )5000U *1(6/72)
Using the inequality above recursively for k = 0,1, ....,d — 1, we have
d
A d 2+« - o1
<(1- 2 2ta S 9
1) < ( (1+a)2) BO)+ i PO T6/72) )
k=1 45)
A d * d 2+«
<\1=-F7= X od . 2T 7 9
—( (1+a)2) Var(f*(X)) + ot )5000U 2§(6/72)

To bound J2(d), we have
2
B(d) = 3 PX € A0 (B((X)IX € A0, XT) — 5z, )
teL(d) (46)
< 24 400U%#(5/24)
where the inequality made use of event ;.

Using ([@3) and {8), and recalling (@0), we have

Hf(k) _ f*||2LZ(X) < 2(1 — ﬁ)dvar(f*(X)) 4 odt+L,

+ 291 400U(6/24)

24«
2+a 2%(dlog(np) + log(1/6)) o (47
a(l+a) n

S Var(f (X)) - (1= M(1 + )Py 4 2108 0) los(1/0))

This completes the proof of (T0). To prove (TI), by taking « = 1/d and d = [log,(n)/(1 — log,(1 — A))], we

S Var(f7(X)) - (1= 3/ (1+a)*)" +

have
(1—7(1;\01)2) =(1-)) (1+$(1—(1+a)—2)) .
= (1= (1 e —A 2({611%1;1 ) SRR
14
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Note that for s = log,(n)/(1 — logy(1 — X)) we have (1 — \)® = 2°/n, hence by taking d = [log,(n)/(1 —
log,(1 — A))], we have

d
(1=n?< L <op T rmmuy = 9y~ ¢0), (49)
n
Combining (@#7), @8) and (@9) and note that Var(f* (X)) < M < U, we have
17 = £ 2200 Saw n ™™ (d? log(np) + dlog(1/6))
Sawn”?™ (log? (n) log(np) + log(n) log(1/4))
this completes the proof of (TT).

A.4 Proof of LemmalA.]l

The main idea of proving Lemma@is to find a proper finite net of the set A, 4, control the gap on this net,
and finally prove the result for all A € A,, 4 based on the approximation gap of the net. We need a few auxiliary
results. Let S := {0,1/n,2/n,...,(n — 1)/n, 1}, and define

P
{H Liuj]l € Ap.a

Forany A = [[¥_, [, u;] € Ap,a, define

li,uj € Sforall j € [p]}

p

A" =TT

Jj=1

where ¢} := max{s € S| s < {;},and v} ;= min{s € S|s > u]} Roughly speaking, A’ is the smallest

box with all edges in S that contains A. For any A = [ _ 145,14 € Ap.q with @iy — £; > 2/n forall j € [p],
define

B(A) =4\ [] [Zj + (1/n) - 1z, 20y » U — (1/n) - 1{aj¢1}]-

j=1
and define B, 4 to be the set of all such sets, that is

Bpa = {B(K)

P
A= H[Zj,ﬁj] € .Zp,d with @ 71€~j > 2/7’1,}
j=1

The following lemma can be easily verified from the definitions of .Zp,d and By 4.

Lemma A.5 (1) Forany A € Ay, 4, there exists B € By 4 such that A \ACB.
(2)P(X € B) < 20d/n forall B € By 4.
(3) The cardinality

Bp,al < [Ap,al < (B)(n+1)** < p(n+1)*
Finally, for any ¢ > 0, we define

Apalt) = {A € Apa | B(X € A) <1}, and Bpalt) = {4 € Ay | P(X € 2) <t}

Lemma A.6 Suppose Assumption 21| holds true. Let 21, ..., zn be i.i.d. bounded random variables with
|z1] <V < oo almost surely. Assume that for each i € [n], z; is independent of {x;} i, but may be dependent
on ;. Given any § € (0, 1), with probability at least 1 — 0, it holds

1 ‘1 . _
_ max —_— | Zil{z,eay —E(z1l{z,ea )‘ < 2Vt ()
AcA, g\A, 4(E1(8) /P(X € A) ”lzzl PoimEA) {m€4)

where U = M + m.
Proof. For each fixed A € A, 4\ Ap.a(f1(6)), note that

‘E((m{wlem - E(zll{meA}))k)‘ <@V)'P(X € A) VE>2

15
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5o by Lemma|D.1|with t = 2V \/P(X € A)\/1:1(6), 7> = (2V)*P(X € A) and b = 2V, we have

1 1< _
v (m!n 2 limen) - E(a1limen)| > Wl(‘”)
\/—
. 2exp< 4<4V]P’(X6At1 \ 2VVE(X € A

4V2P(X € A)

D)

= 2exp (—%fl (5)) = 5/(pd(” + 1)2d)

where (i) is because P(X € A) > £, (8) (since A € Ap.a \ Ap.a(f1(6))). As a result, we have

P max . zilys, 2115 ‘ > 2Vt (5
(AeAp W\ Ay, a(71L(6)) \/X76A Z tmica) ~ Bl ea) ©

1 1 _
< > P (lzzumem (a1l eay)| > zvm>
A€y a\Ap,a(1(5)) P(X e 4)iniH
< | Apa\ Apaf1(8))] - 6/(p (n +1)**) < 6

where the last inequality makes use of Lemma[A3](3).
0

Lemma A.7 Let D be a finite collection of measurable subsets of [0, 1]" satisfying P(X € D) < & for all
D € D (for some constant & € (0,1)). Given any § € (0,1), if

w(@,8) = (@) v w <3/4

then with probability at least 1 — § it holds
< wia
max { o Z 1, eD}} < w(a,0)
Proof. For any fixed D € D, denote o« = P(X € D), then by Lemma for any t € (0,3/4], we have

P(% é liz,eny > t) < exp (% (“Og(t/a) (1 =)o (11—;2)»

exp (—n (tlog(t/a) + (1 — t) log(1 — 1)))
exp (—n (tlog(t/a) + (1 — t)(—t — t2)))
exp (—n (t (log (t/a) —1) +° )

exp (—nt (log(t/a) — 1))

where the third inequality makes use of Lemmaand the assumption ¢ < 3/4. Take ¢t = w(@, ), and note
that

IAN A

IN

log(w(@, d)/a) — 1 > log(w(a, d)/a) — 1 > log(e’) —1>1
we have

P <i ; Loreny > w(a,5)> < exp (—nw(a, 8)) < §/|D|

where the last inequality is because of the definition of w(&, ¢). Taking the union bound we have

P(glg%{n;hz eD}} > w(a, 5)) <ID[-4/|D| =46

d

Corollary A.8 Under Assumptionand given § € (0, 1), suppose t2(8) < 3/4, then with probability at least
1 — 6, it holds
1w _
— <
Brgg,})fd {n ;l{ziEB}} < t2(5)

1A
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Proof. Apply Lemmawith D = B, 4 and & = 20d/n, and note that | B, 4| < (n + 1)2%p? (by Lemma-
(3)) and the definition ¢2(d) = 2922‘1 \% log(p! (n+1)*1/3) a

n

Lemma A.9 Suppose Assumption @ holds true. Let z1, ..., 2n be i.i.d. bounded random variables with
|Z] <V < oo almost surely. Assume that for each i € [n], z; is independent of {x;} ji, but may be dependent
on z;. Given any 6 € (0, 1), suppose t2(0/2) < 3/4, then with probability at least 1 — 6, it holds

sup

‘ Zil{z,cay —
AEA,, d\Ap a(@6/2) VP(X € A) Z

Proof. Define events &1 and &s:

& = {Brggxd{ Zl{z eB}} §t2(5/2)}

£ = max 25" silgeen ~ Bl en)| < VVAG)2
{Aeﬁp,d\ﬁp,dmwz)) VEP(X € A) Z Heset) ~Blotliee) 072

Then by Lemmal[A.6|and Corollary[A.8] we have P(£1) > 1 — §/2 and P(€2) > 1 — /2, hence P(E1 N &) >
1 — 4. Below we prove that when &1 and &2 hold true, inequality (30) holds true.

Note that for any A € Ap.a\ Ap,a(£(5/2)),

E(z1lgea)| <5VVEG2).  60)

\/ﬂ‘ Zzll{z ey~ Blerlmeny)|

n
- \/ﬁ‘ Zzll{z el Z“l{“e*"}

(5D
+\/X7€A’ Zz’bl{ﬂc €A’} — (Z11{$1€A'})‘
e i) — Bertonca)|
B E ) (211421 eary) = E(211{z,c43)
=T+ 15+ T3
To bound 77, we have
T = ‘ zllz/’_i( I)
LT /B(X e a) Z {zican\4) BXCA) Z {zi€A\4)
(52
% _ -
< v { 1, } L 5(5/2) < VEa(5/)2
= /P(X € A) BeB,. Z {meB) \/IP’(XGA) 202 202
where the second inequality makes use of Lemma[AZ3|(1), and the third inequality is by &;.
To bound 75, note that
(X € A')
(53)

P(X € AY) =
< -~ - 7
SV B(x e 2VA/t1(6/2)
where the inequality is by event & and because A’ € A, 4 and P(X € A') > P(X € A) > £(6/2) > £1(6/2).
Note that B
204 5,(5/2) < P(X € A) (54)

n =

P(X € A'\ A) <

where the first inequality is by Lemma- (2) the second inequality is by the definition of £2(5/2) in [22); the
third inequality is because A € A, 4 \ Ap.a(t(6/2)). As a result of (33) and (54), we have

T, < \/P(X < A];(\)‘?);AH;(X €4) 2V /11 (5/2) < 2V2V /11 (6/2) (55)

17
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To bound T3, note that
1 Vv /
——— |E(21144, ca < ——PXeA\A
WGA)I (a1l gareanay)| < = \ 4)
VVP(X € AP\ A) < V4/20d/n < V/12(6/2)

The proof is complete by combining inequalities (3T)), (32), (33) and (36), and note that

2V\/12(6/2) + 2vV2V /1. (5/2) < 5V/1(6/2).

T =
(56)

IA

Now we are ready to wrap up the proof of Lemma[A-T]

Completing the proof of Lemma[A.]]

Define events &1 and Es:

" ‘* Lzjeay — X6A|<5\/W
{AGAp d\Ap a(E(5/8)) \/XieA Z
1 1 )
62 . oy 7‘7 yil T4 —E yllx A ‘SE)U t(58
{AeAp a\Ap a(t(6/8)) IP X e A n Z: {z;€A} ( {216 }) m

Then by Lemma with z; = y; and z; = 1 respectively, we know that P(&;) > 1 —¢§/4foralli=1,2. So
we know P(N? S > 1 — 4. Below we prove that inequality (23)) is true when NZ_;&; hold.

Define a := 100£(5/8). Then it holds

sup /B XGA( X)X € A) —yIA‘<2U\f—20U\/ 4/8) (57)

A€A, 4(a)

On the other hand, for any A € A, 4 \ Ap.a(a), by event £1, we have

1
721{16A}>]P’(X6A—5\/t6/8\/IP’X€A) FP(X €4 (58)
where the second inequality is because P(X € A) > a = 100£(d/8). Therefore we know > | 11z, ca3 > 0,
and we can write
. _ E(Wil{zeay) =20 Yilizea
E(f*(X)|X € A) — gz, = 1 it

1
“PX A ( (Y1l{e,eay) — Zyll{z eA})

Z 11/11{35 €A}
B e P(XeA
+2111{x€A}PX€A Z{ JEAY — )
:= Hy(A) + H2(A)
By event &, and note that a > #(§/8), we have

sup VP(X € A)|H1(A)| < 5U+\/t(6/8) (60)

A€A, g\ Ap a(a)

(59

By event &1, and note that a > £(§/8), we have

sup VP(X € A)|Hz(A)| < 5U\/#(6/8) 61)

A€A, g\ Ay a(a)

Combining (39), and (61)), we have
sup VP XGA)IE |X€A)—y1A.<10U\/ (6/8)

AeAp,d\Ap.d( )

Combining the inequality above with (57) we have

sup /P(X € A)IIE(f*(X)|X €A - ngA( < 20U\/7(5/8) < 20U\/7(5/12)

A€A, 4

1R
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A.5 Proof of Lemmal[A.2]

Define a := #(6/4) and b := a + id. Define events &; and &s:

&= { max Zl{x eay < (e’b) v log(2(n + 1)2dpd/6)}

AeAp a) n

1
£ = sup [P(X € 4) Lseay| < 5V/E6/4)
{AeAp,d\Ap,dm) VP(X € 4) Z

Then by Lemmas[A.7]and[A.9] we know that P(€1) > 1 — §/2 and ]P’(é’g) >1-6/2,50P(E&NE)>1—0.
Below we prove (24) when £ N &2 holds.

For A € Ap.a, if P(X € A) < a, then P(A') < a + 2% = b. So we have
Zl{z cA} < SUP Zl{z eary < sup Zl{w €A}
AeAp d<a) poala) T AcA, PO

log(2(n + 1)%%) ©2)
n

< (625(5/4) + 262§d/n) v
< (2 4+ 1)E(6/4) < 25E(5/4)
where the third inequality is by event £ and the definition of b; the fourth inequality is because
7(65/4) > 1(5/4) > %log(de(n £ 1)22/6) and K(8/4) > 12(5/4) > 2¢%8d/n .

As a result, we have

1 n
sup P(XeA)—, |- 1{z;ca
A€A, q(a) n ; trcd)
(63)
1 ¢ =
< sup max{ VP(X €A), | =Y liseay p <5VEHI/4)
A€Ap d(a) gt
where the second inequality made use of (62)).
On the other hand,
sup P(X € A) ! Zn: 1
TAl S {zi€A}
A€A, a\Ap,a(a) =
‘]P) X € A) T Zlel l{zzeA}’ (64)

= sup

A€Ap a\Ap,a(a) \/]P’(X € A) + 4/ % Z?:l 1{:CiEA}

1 1 — _
< s e [P e ) = e | < 5VEE/D
A€A, \Ap a(a) /P(X € A) n ;

where the last inequality is by event &,.

Combining (63) and (64) the proof is complete.

B Proofs in Section

For any interval E € £ and any univariate function g on [0, 1], let V;(E) be the total variation of g on E. For
the additive model (T4) and a rectangle A = []/_, E; € A, define V- (4) = 3°7_, Vi (Ej). Recall that X

is a random variable with the same distribution as z;, and X ) is the 7-th coordinate of X.

B.1 Technical lemmas

Lemma B.1 For any rectangle A C [0,1]?, any j € [p] and any b € R, it holds
A(4,3,5) = (B (X)L xean)) — B(F (X)X € AP(X € An))’

where AL = AL(j, b) and AR = AR(j, b)

P(X € A)
P(X € AL)P(X € AR)

10
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Proof. We use the notations v := E(f*(X)|X € A), v :=E(f"(X)|X € Ar) andvg := E(f"(X)|X €
AR). First, note that

E((f*(X) = )1(xeary) = E((f(X) —ve +ve —v)’Iixea,))
=K ((f*(X) — I/L)Ql{XeAL}) —+ (l/L — Z/)Q]P)(X € AL)
Similarly, we have
E ((f(X) =) Lixean)) = E((f"(X) = vr)"Lxeany) + (vr —v)°P(X € AR)  (66)
Summing up (63) and (66) we have
(ve —v)’P(X € AL) + (vr — v)’P(X € AR)
=E((f"(X) = v)’1ixeay) —E((f(X) —ve)Iixeayy) —E((F(X) —vr)*lixeany) (67
=A(4,75,b)
Note that

(65)

(1~ v/*P(X € Ap) = (E(F"(X)Igxea,)) —vP(X € A1) (B(X € Ap))™!

(VP (X € A) — E(f*(X)Lixeny;) — vP(X € AL))Q(IP(X € AL))!

2 (68)
vP(X € Ag) — (f*(X)l{XeAR})> (P(X € Ap))™"
( ) ( (X € AR))
P(X € Ap)
Combining (67) and (68) we have
A(A,4,b) = (vr - ’/)2% +(vr —v)’P(X € AR) = (v - V)ZP(X g(?(RéP,fl)L()e &

P(X € A)
P(X € AL)P(X € Ar)

= (E(7" (X1 xeany) — vB(X € Ap))
O

Lemma B.2 Suppose Assumption holds true, and f* has the additive structure in (I4). Then for any
A =TI, us] C[0,1]7, it holds

AT > mvﬂ X)X € 4)

s

jelprber a6 — ¢ )V (16, 4)
where q( )( t) :=P(X® <tz € A).

Proof. For a fixed A = [[7_,[{;,u;] C [0,1]”, without loss of generality, assume E(f*(X)|X € A) = 0.
Note that for any 5 € [p],

S5\ a9 )1~ a8 () VAT, 3) dVy: (15, 5)

i \/qm a9 (s)) dVy=([¢5, s])

where s the integration variable. Because q<7 )( )=P(X € Ar(4,s))/P(X € A), using Lemmaand recall
that we have assumed E(f*(X)|X € A) = 0, we have

/ e 9)( R (9)VAT5,5) Vi (65, 5))

max A(A,5,b (69)

m/ X)l{xeAR(J s)})‘ de;([Zﬂﬁs])
) ﬁ/ X)exen x| 4V7; (6.

m‘/ E(f"(X)xeaylixt=s) dfi (s )‘

- N
- IP’(X €A ’E f X)(fJ X7 f] (EJ))I{XGA})‘
B S 0

P(X € A) ’E(f (X)f7 (X ﬂ{XeA})’

20
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where the last equality makes use of the assumption that E(f*(X)|X € A) = 0. Combining the inequality
above with (69), we have

| ()85 <X<J'>>1{X€A}>]

“VRxEd ) 125 \a D)1~ 4§ (5)) dVy: (15, 5)

max VA(A, j,b)

As a result, we have

p

- E(f*<X>f;<X<J‘>>1{XeA}>]
max A(A,4,b)

el > rrem 20 (5)(1 = 0 (s)) Vi (1. 9)

By the additive structure (I4) we have

(70)

P

>

j=1

Combining (70) and (71), the proof is complete. O

E(f*(X)fj*(X(”)l{XGA})) > E((f" (X)) 1xeay) = B(X € AVar(f (X)X € 4) ()

Lemma B.3 Suppose Assumption holds true, and f* has the additive structure in (14). If for any A =
[15_.[6),u;] € [0,1]” and any k € [p] it holds

U 2 2
(k) g < T 2
([ Ve 00— @ avi @)’ < T mt [0 —wla o
Then Assumption is satisfied with A = 0/ (pr>0).

Proof. Given A = []¥_,[¢;,u;] C [0,1]", without loss of generality, assume E(f*(X)|X € A) = 0. Let
px (+) be the density of X on [0, 1]P. Then we have

Var(f (N)IX € 4) = 5o |, <f*(z>>2px(z>dzzﬁ RGN

where the second inequality made use of Assumption (7). Denote ¢; := e z
>-5_1 ¢j, then we have

/A(f*(z))Q dz :/;1(C"’_if;(zj)_Cj)2d21d22"'dzp
:/c ST

g 7 fi(t)dt and ¢ :=

(XeA
2 6 —4/ (i ¢ a

Combining the inequality above with (73) we have

Var(f*(X)|X € A) >

Q>|\ (S

P 1 uj .
20T /[ (7 (1) = )" dt (74)

j=1

We use H7 to denote the LHS of (72), then (72) implies

/uj ) = o dt > — H? (75)
uj = Jo, ! -2

As aresult of (74) and (73), we have

Q:o

Var(f*(X)|X € A) > = Z H} (76)

21
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By Lemma|[B:2| we have
P(X € A)Var(f*(X)|X € A)?

A(A,j,b) >

jlnax  AlA.50) (0, He)?
. 7§1H2 X € AV XeA
> Gt T € AV ()1X € 4)
> Y _p(x e Ayvar(fT (X)X € A)
pOT2

where the second inequality is by (76)), and the last inequality made use of the Cauchy-Schwarz inequality.
|

B.2  Proof of Proposition [3.1]
Forany A = [¥_, [¢;,u;] C [0,1]” and any k € [p] it holds
Uk 2
/Z Va0 - a0 0) v (1) <
k
/4 1nf/ [fo(t) —w|® dt

Uk 7£;€ weR

([ 1yl

k

N

where the first inequality is by Cauchy-Schwarz inequality, and the second is because f;; € LRP([0,1],7).
Using Lemma|[B3] the proof of complete.

B.3 Proof of Proposition[3.2]

Forany A = [[¥_, [¢;,u;] C [0,1]” and any k € [p], we prove that

vk 2 2r r? 93%,32 Y
([ Va0 =) avie ) < mae {57, 23O ED i [ g7
)

Then the conclusion follows Lemma [B3]
For fixed A and k € [p], to simplify the notation, we denote g := f5, a := £, b := ug, q(t) := qA ( ) for all
t € [0, ux],and t; := t;k) forj = 0,1, ...,7. Then (77) can be written as

b

2 2
/ Va(t) (1 —q(t)) dVy([a,t]) ) < 2r max z 4;}max{9€ _’3(12+ﬂ } inf [ (g(t)—w)?dt (78)

weR

For any s € (0,1), define Ag(s) := lim—,4 g(t) — limy—,,— g(¢). Let 5/, € [r] suchthatt; _; < a <t
and t;n_q < b < t;»,and define 7’ = j"” — j' + 1, and

zZo = a, z1 = tj/,ZQ = tjl+1, ey Bpl 1 = tj//717 Zpt = b.

Then we have

b 2
(/] Va®i=a@®) avi((a.))
Z/ Va(t)(1 —q(t) |g |dt+z_v q(z;)( q(z;) AQZJ) (79)

<2r2/ Va®a = q)lg'(t \dt) +2r—12 2))|Ag(z))?

We have the following 4 claims bounding the terms in the last line of the display above.

Claim B4 For j € {1,r'}, it holds

/ Va1~ a®)lg' ()]t < 6(95 in /Zj1<g<t>—w>2dt

) weR

77
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Proof of Claim We just prove the claim for j = 1. The proof for j = r’ follows a similar argument. To
prove the claim for j = 1, we discuss two cases.

(Case 1) g(21) < 1/2. Then we have \/q(t)(1 — q(t)) < \/q(z1)(1 — q(z1)), hence

([ vaoa=a@na ol )’ <o -aen( 1o ola)

2 z1

inf (g(t) —w)* dt (80)

21 —a weR J

< q(z1)(1 —q(=1))
< 08 g /21(9(1&) — w)?dt
~ 0(b—a)wer J,
where the second inequality is because g € LRP((a, z1), 8); and the last inequality makes use of the fact
a(21) < 0(z1 — a)/(0(b — a)).
(Case 2) q(z1) > 1/2. Then we have

0(b — a) 8(b - a)

_a> _
ama= 20

q(z1) 2

81

As aresult,

(/ Va®)(1 = q(t))lg' ()] dt)2

IN

21 2 21
1o < s it [ - a
03> . ¢

: m weR /:1 (9(t) — w)2 dt

where the first inequality is by Cauchy-Schwarz inequality; the second inequality is because g €
LRP((a,z1),8); the third inequality is by (8I).

Combining (Caes 1) and (Case 2), the proof of Claim@is complete.

Claim B.5 For j € {1,7' — 1}, it holds

)1 = a8y < max {1, Z}EEA war [ (g(0) ) ar

weR 0

Proof of Claim We just prove the claim for j = 1. The proof for j = ' — 1 follows a similar argument. To
prove the claim for j = 1, we discuss two cases.

(Case 1) [Ag(z1)| > 4max{[7" |¢'(t)| dt, [7* |¢'(t)| dt}. Then by Lemmawe have

inf [ (g(t) — w) dt > min {21 — 20,20 — 21} - L2IED)S

z2

weR J 16 (82)
Note that
min {z1 — 20,22 — 21} > min{gq(gl) , %(b — a)} > min{%, %}(b —a) (83)
So by (82) and (83) we have
|[Ag(z1)]? < max{gq(azl) , 2} b1—6a &2% /2:2 (g(t) —w)? dt
As aresult,

q(z1)(1 — q(z1))|Ag(21)]?

max {g(l —q(=z1)), £(I(Zl)(1 - Q(Zl))}

IN

inf (g(t) —w)? dt

b— a wer 20

IN

0 ry 16 . z2 9
max {E, E} inf (g(t) —w)” dt

b — a weR 20
where the second inequality is by Cauchy-Schwarz inequality.

(Case 2) [Ag(z1)| < 4max{ 7" |¢'(t) dt, [7* |¢'(t)| dt}. Then we have

o)1~ a() By < g1 - aCe)max{ [ lg@lar [Clgora e

1
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By the same argument in (80), we have

saen)t=a(e) ([ 01ar)” < Pt [ a0 - war 5)
On the other hand,
a0 —ae)) ([ o) < ([ dwra)
< Bt [0 - wars By (a0 - wya "

T 22— 21 weRr [ a(b—a) wer J

where the second inequality is because g € LRP((z1, 22), 3); the last inequality is because z2 — 21 > a/r >

(a/7)(b— a). By (84), (B2) and (B6), we have

q(z1)(1 — q(21))|Ag(21))? < max{élg, r inf / dt

b—awelR

Combining (Case 1) and (Case 2), the proof of Claim [B.3]is complete.

Claim B.6 For2 < j <’ — 1, it holds
zj 2 r 2 ) zj
([ vama=awig@lae) <" int [ (g - war
zZj—1 Zj—1

Proof of Claim @ Note that
2

(/ Vat)(1 = q(t))lg'(t Idt)
25—

zj 2 Zi
<X / 1g/®) dt)2 e a— RRCORIGRE

P - 4(ZJ — ijl) weR [,
2

T3 . = 2
< mia it [ (o) —wya

where the first inequality is by Cauchy-Schwarz inequality; the second inequality is because g &€
LRP((zj-1, z;),8); the last inequality is by the assumption that t; — t;_1 > «/r.

O

Claim B.7 For2 < j <’ — 2, it holds

2z (1= q(z) | Ag(e) < T4} 4 / T gt) —w)? at

(% weR J,

Proof of Claim[B-7} We discuss two cases.
(Case 1) |Ag(z;)| > 4max{f:jj_l lg’(t)] dt , fzzjﬂl |g'(t)| dt}. Then by Lemmawe have

. i+l 2 : (Ag(zj))Q «@ (Ag(z'j))2
> Ly . N O > —
1101éf]R . (9(t) —w)* dt > min{z; — zj_1, 2541 — 25} 16 " 16
As a result,

a1 = a1 < () - a(e)) int [ (gl0) - w) a

4r . Zj+1 2
< — inf t) — dt
<Gt [ew-w)

24
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(Case 2) |Ag(z;)] < 4max{fz7 ()] dt fzJ“ |g’(t)| dt}. Then we have
q(z)(1 = a(z))|Ag(z))[*

<aa(z)1 =g ma{ [ g0l [T g1
max{ [ i@l [ gl

(g(t) —w)?dt, — B in /%Hl(g(t) —w)® dt}

2 zj
j—1 weR Jo Zj+1 — Zj weR J,

2 zj Zj41
< 7 e { m%/ (9(t) — w)? dt, ixé%/ " (gt) — w)? dt)

IN

A
s
"
—=
&
|
&
|
=
Lanr)

where the second inequality is by Cauchy-Schwarz inequality; the third inequality is because g €
LRP((2j-1,2;),B) and g € LRP((2j,2+1), B).

Combining (Case 1) and (Case 2), and note that b — a < 1, the proof of Claimis complete.

Completing the proof of Proposition [3.2]

By () and note that " < r, we have

(/ ”mdm[a,mf
<2TZ ([* vawa =iy o)’ +2ff a(25)(1 — a(z)) g ()P

Zj—1

87

By Claims @and@ we have

— (/i Va®)(1 = q(t))lg' (t)] dt)2

%5

max{ 952 ﬁ} TZ inf (g(t) —w)*dt (88)

0(b—a)’ 4o J —wer J,

max 0 T}ﬁ inf (()—w)th

0’ 4t b—a wer
By Claims[B-3]and[B.7] we have

Z )(1 = a(=))|Ag(z))[*

IN

IN

40 4 41
max{ ’"}ma"{_ﬁa }gfé% / » (g(t) — w)? dt )

IA

0
max {% r ma;){{ﬁ 4 2 eré% (g(t) —w)?dt
max{843?,32} . b

inf (()—w)Zdt

6 r
0’ 4o b—a wGR

:max{
By (87, (88) and (89) we have
/ Va(t)(1 —q(t)) dVy([a,t]) )

X 2 2 b
7 4r }ma {gi _3az+ﬁ }wek/ (g(t) —w)* dt

Hence (78) is true, and the proof of Proposition[3.2]is complete.

< 2r max

75
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B.4 Proof of Example[3.1]

Given [ b] C [0, 1], without loss of generality, assume [ ® g(t) = 0 (because the infimum in w is achieved at
w= f g(t)). Let to € [a, b] be the point with g(to) = 0. Smceg (t) > ¢1 > 0, we have

b b 62
[y aez [t a =5 0w

to to

Similarly,
to to 2
[ ey [Cato-0)dt=F - o)

As a result, we have

b 1 : 2¢3 ;b—a\3 &
24> 4 R _a)3) > 24 _ S N3
[0z G(o-w+w-of) 2 2 (50 = He-a ©0)
On the other hand, since |g’ ()| < c2, we have
b 2
(t/"lg'@)ldi) < (b —a)’ o1

Combining (90) and (OT), we have
1262

(/ g wlar)’ < i/ (gl0))* a

B.5 Proof of Example[3.3]

It suffices to prove that there exists a constant C'. such that for any univariate polynomial with a degree at most 7

and for any a < b,
b 2 C b
’ T 2
([1gwia) <52 [Cawra ©2)

We first prove the conclusion when @ = 0 and b = 1. Let P(r) be the set of all univariate polynomials with
degree at most r. Note that P(r) is a finite-dimensional linear space, and the differential operator ® : g +— ¢’ is
a linear mapping on P(r). As a result, there exists C, such that

/01 g/ ()] dt < ﬁ/ l9()]

forall g € P(r).
For general a < b, given g € P(r), define h(s) := g(a + (b — a)s), then h € P(r). So we have

/0 I (s)| ds < ﬁ/o Ih(s)| ds ©93)

[ weias=0-a [ a+o-a9a= o (04
/|h |d3*/ lgla+ (b—a)s |ds— /|g )| dt (95)

Combining (93), (94) and [@3), we know that

([wora) < (Y [Nona) <% [op a

where the last step is by Cauchy-Schwarz inequality.

Note that

and

B.6 Proof of Example[3.2]

It suffices to prove that for any a, b € [0, 1] with a < b, it holds

/lg |dt<”°L/”/| (1)) dt 96)

Once (96) is proved, the conclusion is true via Jensen’s inequality.

7A
https://doi.org/10.52202/075280-2517 57779



Below we prove (96). Denote C = L/10. For given a,b € [0, 1], without loss of generality, we assume the
median of g on [a, b] is 0, i.e., ff L{gy>0ydt = f: 1{gty<oydt = (b—a)/2 (otherwise translate by a constant).
We discuss two different cases. We denote m := minse(q,5{|9'(t)|} and M := max;c(a,p){]g’(¢)]}-
(Case 1) m > C(b — a). Since g is L-smooth on [0, 1], we have

M<m+L(b-a)
Hence we have

M

<1+ <1+L/C ©7)

where the second inequality is by the assumption of (Case 1). Since minse(q,5{|g’(t)|} = m > 0, without loss
of generality, we assume that g'(¢) > 0 for all ¢ € [a, b]. Denote to = (a + b)/2. By our assumption that the
median of g on [a, b] is 0, we know that g(to) = 0. Since g is convex, for any ¢ € [a, o], we have

ate) — g(t) > 2= (g(to) — g(a))

L(b—a)

which implies g(t) < fg:é (9(a) — g(t0)) < 0. As zoresucit, we have
[ to01a 2 lgte) - gla 22 = 5 R = O, o
On the other hand, ’
/b ' (®)] dt < M(b— a) 99)
Combining (98) and (99) we have ’

b M [t b b
o-a [ lg@las 2 Mgl a<saz/o) [Clola=ss [ g0 a
where the second inequality made use of (©7).
(Case 2) m < C(b — a). Then by the L-smoothness of g we have
M < (C+L)b—a)

so we have .

/ lg'(t)] dt < M (b—a) < (C+ L)(b—a) (100)
Define interval [t1,t2] := {t € [a,b] | g(t) < 0}. By our assumption that the median of g on [0, 1] is 0, we
have t> — t1 = (b — a)/2. Denote to = argmin, ¢/, ; g(t). Define function f on [t1, t2]:

to) - (t —t1)/(to—t1) te€lta,t
g

Then 0 > f(t) > g(t) forall t € [t1,t2] (because g is convex). Note that

: f(t)dt = lg(to)(to —t)+ %g(to)(h —t) = %g(to)(tz —t) = %/ ’ g(to) dt 101)

t1 2 t1
As a result,
to to to to to
/ lg(0)] dt > / ()] dt = / fwydi= [ £6) — glto) dt > / o(t) — glto) dt (102)
t1 t1 t1 t1 t1

where the first and last inequalities are because 0 > f(t) > g(t) for all ¢ € [t1, t2]; the second equality is by
(T0T)). Note that for any ¢ € [¢1, t2],
o o
9(t) = g(to) > g (to) (t = to) + 5 (t = t0)” > S (t = to)’ (103)
where the first inequality is because g is o-strongly-convex, and the second is because g is the minimizer of g

on [t1, t2]. By (I02) and (T03), we have
to o [t2 o (ta—t1)/2 o o
tdt>= [ (t—t)?dt>2- - Pdt=—(ta—t1)’ = ——(b—a)’
Jtenaez § [ Ce ez [T a = e -0y = 50— 0)
Since g is convex on [a, b], the median of g on [a, b] is 0, and [t1, t2] = {¢ € [a,b] | g(t) < 0}, it is not hard to
check that
o

b to
[lalaz2 [lawlaz ge- o (104)
ty

a

Combining (T00) and (T04) we have
b 1 96(C+L) [° 110(L/o) [°
'tdt<—«7/ tdt<7/ t)| dt
[1golaes g 2 [igo)ae < L [Pig

where the last inequality made use of C' = L/10.

The proof is complete by combining the discussions in (Case 1) and (Case 2).
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C Comparison of Theorem 2.3/ and Theorem 1 of [10]

We first restate Theorem 1 of [10]] in the setting of fitting a single tree (note that [[10] discussed random forest).

Proposition C.1 (Theorem 1 of [10]) Suppose Assumptions and hold true. Let ]/‘\(d)() be the tree
estimated by CART with depth d. Fixed constants as > 1,0 < n < 1/8 0 < ¢ < 1/4and 6 > 0 with
2n < § < 1/4. Then there exists constant C' > 0 such that for all n and d satisfying 1 < d < clogy(n), it
holds

E(IFY = £ 72g0) S C(n 7"+ (1 =0z M) +070) (105)
In particular, the RHS of (T03) is lower bounded by
Q(n—n +n—5+c +nclog2(1—k)) (106)

Note that (T06) follows (T03) by the fact 1 < d < clog,(n) and a2 > 1. In the original Assumptions of
Theorem 1 in [10], it was assumed that the noises can be heavy-tailed, which is a weaker assumption than
Assumption 2.1} However, the parameter controlling the tails of the noises did not explicitly enter the error
bound (T03), and it seems that their proof techniques cannot improve the error bound even under the assumption
that noises are bounded. In addition, the dependence on p was not explicitly stated in the bound (I03), which
seems to be hidden in the constant C'.

To compare our error bound with the error bound in (T06), since the Hﬂd) — 132 () is bounded almost surely,
it is not hard to transform the high-probability bound in (TI)) to an bound in expectation, and we have

E([F = £ l1720) < O~ *™ log(np) log®(n)) (107)
Below we discuss two different cases.
e (Case 1) A > 1/2. Then it holds

_ —logy(1—X)  —logy(1/2) _
¢(A) = 1 —log,(1— ) = log,(1/2) 1/2 (1o

So our convergence rate in (T07) is O(n~ /2 log(np) log?(n)), but the rate in (T08) is

Q(n™ "4+ n 70 4 ploB207NY > (1) > Q(n ) (109)
* (Case 2) 0 < A < 1/2. Then it holds
1 —logy(1—A) < 1—log,(1/2) =2 (110)
and hence ¢(\) > —log,(1 — \)/2. So our rate in (T07) is O(n'°52*=*/2 1og(np) log?(n)), but
the rate in (T06) is
Q(n_" + no0te + nc10g2(1—,\)) > Q(nclogQ(l—/\)) > Q(nilo@u—x)) (111)

D Auxiliary results

Lemma D.1 (Bernstein’s inequality) Let Zi,....,Zy, be iid. random variables satisfying |E((Z1 —
E(Z1)")| < (1/2)k!Y*b"2 for some constants v, b > 0 and for all k > 2. Then for any t > 0,

P (‘iéz ~E(Z)| > t) < 2exp (f%(i—z A %))

Lemma D.2 (Binomial tail bound) Let Z1, ..., Zy be i.i.d. random variables with P(Z; = 1) = « and
P(Z; =0) =1 — o Then forany t € (0,1),

P (ii}z > t) < exp (—n {“Og (é) +({1—t)log (%)D

LemmaD.3 Foranyt € (0,3/4), log(1 —t) > —t — t*.

Proof. Fort € (0,3/4),

g t? 3
=2 "~ >0
kZZS 2 6(1—t)

[N

lo (1—t)+t+t2—ﬁ—§:ﬁ>i—
& T2 &k T2
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Lemma D.4 Suppose Z is a random variable satisfying E(ekz) < Ao /2 forall A € R, where o > Oisa
constant; then

E(|1Z)") < 90" k!
Proof. By Chernoff inequality it holds P(|Z| > t) < 2exp(—t*/(20?)) for all t > 0. As a result,
B2/ (k")) < B/ = [ eB(21/0 > 1) de
0
oo t2 (o] 5
< 2 exp (t — —) dt = 2+v/e exp(—(t —1)°/2) dt
0 2 0
< 2\/6/ exp(—t*/2) dt = 2v/2me <9

a

Lemma D.5 For any integer k > 2 it holds 1%2 — ﬁ < ﬁ
Proof. For any k > 2 it holds

2+ 1)(kE+1) 1 1 1 1

Sl B/ S Mt AP - )< - =

T (1+2k)(1+k)_(1+4)(1+2)<2
Multiplying 2/(k + 1)? in the display above, we have
2k+1 < 4
k2(k+1)2 = (k+1)3

The proof is complete by noting that % = 1%2 - ﬁ |

Lemma D.6 Let [a,b] be a sub-interval of [0,1], and ¢ € (a,b). Let h be a function on [a,b] such that
h is differentiable on (a,c) and (c,b), but can be discontinuous at c¢. Denote Ah(c) := lim¢—c4 h(t) —
lim¢—c— h(t). Suppose

c b
Ah(c)>4max{/ |n' ()| dt, / |h’(t)|dt} (112)
Then it holds

inf b(h(t) —w)?dt > min{c—a,b— c}(Ah(c))?/16

weR J,

Proof. We assume that h is not continuous at ¢, since otherwise, the conclusion holds true trivially. We
use the notation h(c+) := lims—cq h(¢) and h(c—) := lim;—.— h(t). Without loss of generality, assume
h(ct+) > h(c—).

For w > (1/2)(h(c+) 4+ h(c—)), it holds w — h(c—) > (1/2)Ah(c). By ([I2), we know that for any
t € (a,c),

h(0) ~ (e < [ W] dr < {ahe)

Hence for all ¢ € (a, ),

w— h(t) = w — h(c—) + h(c—) — h(t) > %Ah(c) - iAh(c) - iAh(c)
As aresult,
b c
/ (h(t) —w)* dt > / (h(t) —w)? dt > (¢ — a)(Ah(c))?/16 (113)
For w < (1/2)(h(c+) + h(c—)), similarly, we can prove
/b(h(t) —w)?dt > (b—¢)(Ah(c)?/16 (114)

The proof is complete by combining (T13) and (I14).
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