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Abstract

We consider online reinforcement learning (RL) in episodic Markov decision pro-
cesses (MDPs) under the linear g™ -realizability assumption, where it is assumed
that the action-values of all policies can be expressed as linear functions of state-
action features. This class is known to be more general than linear MDPs, where
the transition kernel and the reward function are assumed to be linear functions of
the feature vectors. As our first contribution, we show that the difference between
the two classes is the presence of states in linearly g”-realizable MDPs where
for any policy, all the actions have approximately equal values, and skipping over
these states by following an arbitrarily fixed policy in those states transforms the
problem to a linear MDP. Based on this observation, we derive a novel (com-
putationally inefficient) learning algorithm for linearly g7 -realizable MDPs that
simultaneously learns what states should be skipped over and runs another learn-
ing algorithm on the linear MDP hidden in the problem. The method returns an
g-optimal policy after polylog(H, d)/<* interactions with the MDP, where H is
the time horizon and d is the dimension of the feature vectors, giving the first
polynomial-sample-complexity online RL algorithm for this setting. The results
are proved for the misspecified case, where the sample complexity is shown to
degrade gracefully with the misspecification error.

1 Introduction

We consider reinforcement learning where an agent interacts in an online fashion with an environ-
ment modeled as a Markov decision process: The agent, observing a state, takes an action that
results in a random next state and reward, the latter of which is to be maximized over time. To tackle
large, possibly infinite state spaces, additional structure needs to be introduced to this problem. One
such structure is a “feature-map” that maps state-action pairs to d-dimensional vectors (for some
positive integer d) with the intention that a “good feature-map extracts important information from
the state-action pairs so that learning with this extra information becomes tractable. An example
is the case of linear MDPs [lin“ef all, P0204], where the assumption is that both the transition and
reward functions are linearly factorizable and their left factors are given by the feature-map. In con-
trast, value-based approaches, such as g™ -realizability [Du_ef-all, POTY, Caffimare_ef-all, Z020] aim
to model only the action-values with the features. In this work, we focus on the latter, a strictly more
general setting than that of linear MDPs [Zanefte_ef all, P020, Proposition 4].

There are several sample-efficient algorithms discovering near-optimal policies in linear MDPs un-
der various MDP access models and settings (online access: linefall [Z(020a4]; batch setting: linefall
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Online RL Planning with simulator
MDP class poly(-) sample | poly(-) compute | poly(-) sample | poly(-) compute
Linear MDP Lin_ef all [20204]
g”-realizable MDP | This work [ Open problem | Yin ef all [P007]

Table 1: Comparison of efficiency results for linear MDPs and g -realizable MDPs under online RL and
planing with a simulator. This work establishes that ¢’ -realizable MDPs are also sample efficiently solvable
under online RL. The computational complexity of this problem remains open.

[2021]; reward-free setting: Wagenmaker et al] [2027]). The best known sample-complexity bound
for the online access model is achieved by the computationally inefficient algorithm of Zaneffe ef all
[2020], called ELEANOR, which serves as a starting point of our work.

In this work we consider the setting of linearly g™ -realizable MDPs. As opposed to linear MDPs,
before this work, sample efficient solutions were only known for this case when the MDP is accessed
through a simulator that implements some form of a state-reset function [Caffimore ef all, 2020, [Yirl
ef-all, D022, Weisz_ef all, PZ0027] (Table m). In this work we resolve an open problem by D efall
[20T9], and show that having access to a state-reset is not essential in this setting. To this end, we
present SKIPPYELEANOR (Algorithm [) and a corresponding theorem (Theorem Bl) that shows
that SKIPPYELEANOR, which uses online interactions only, is a provably sample-efficient solution
to this problem. The rest of this paper is organized as follows. In Section @ we introduce the basic
definitions. In Section B we give an insight into the difference between linear g”-realizability and
linear MDPs, which motivates our approach. In Section B we describe our algorithm and the most
important technical tools we discovered for its analysis. Notably, in Section B2 we establish a rich
structure inherent in g™ -realizable MDPs, which acts as the technical foundation to this work, and
may be of independent interest. Finally, Section H gives a summary of the proof of our main result
(Theorem BEl), before concluding with some notes on future work in Section B.

2 Preliminaries

For a linear subspace X of R¥, let Projy denote the orthogonal projection matrix onto X. Throughout
we fix d € N*. For L > 0, let B(L) = {x € R? : ||x||, < L} denote the d-dimensional Euclidean
ball of radius L centered at the origin, where || - ||, denotes the Euclidean norm. Let PD denote the
set of positive definite matrices in R¥?¢. We write a ~, b for a,b,& € Rif |a — b| < . Let I{B}
be the indicator function of a boolean-valued (possibly random) B taking value 1 if B is true and O
if false. Let M;(X) denote the set of probability distributions supported on set X. The rest of our
notation is standard, but described in Appendix @A for completeness.

For the setting of episodic finite horizon RL, with horizon H, a finite-action Markov decision pro-
cess (MDP) describes an environment for sequential decision-making. It is defined by a tuple
(S, [A], P,R) as follows. The state space S is split across stages: S = (S;),c;p) With S = {51}
for some designated initial state s1. Without loss of generality, we assume the (S;), ¢y are disjoint
sets. We define the function stage : S — [H] as stage(s) =t if s € S;. We consider finite action
spaces of size A for some A € N*, and without loss of generality, define the set of actions to be
[A] :={1,...,A}. The transition kernel is P : (U,E[H_” Si) X [A] = M;(S), with the prop-
erty that transitions happen between successive stages, that is, for any ¢ € [H — 1], state s, € S,
and action a € [A], P(s;,a) € Mi(Si+1). The reward kernel is R : S x [A] — M,(]0, 1]).
An agent interacts sequentially with this environment in an episode lasting H steps by taking some
action a € [A] in the current state. The environment responds by transitioning to some next-state
according to P, and giving a reward in [0, 1] according to R.T

We describe an agent interacting with the MDP by a policy mr, which, to each history of interaction
(including states, actions and rewards) assigns a probability distribution over the actions. Policies
where this distribution only depend on the last state in the history are called memoryless, and these
are identified with elements of the set [T = {7 : & — M;([A])}. Using a policy x, starting at some
state s in an MDP induces a probability distribution over histories, which we denote by $, 5. For

Here, the reward and next-state are independent, given the current state and last action. Independence is
nonessential and is assumed only to simplify the presentation.
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any a € [A], Pr.s.q is the distribution over the histories when first action a is used in state s, after
which policy r is followed. E. is the expectation operator corresponding to a distribution P, (e.g.,
Er,s is the expectation with respect to $, ). The state- and action-value functions v’ and g™ are
defined as the expected total reward within the first episode while 7 is used:

H H
vi(s)= E Z R, forseS and ¢"(s,a)= E Z R, forse S, ac][A].
,8,a )

7,8
" u=stage(s) > u=stage(s

Let 7* € II be an optimal policy, satisfying g™ (s, a) = SUP rerr 47 (S, @) = SUP 1t policies 4 (55 @)
for all (s,a) € S x [A]. Let ¢*(s,a) = ¢™ (s,a) and v*(s) = SUp,e(a) 4 (5, a) forall (s, a).

3 From linear ¢”-realizability to linear MDPs

As described in the introduction, we endow our MDP with a feature map ¢ : S X [A] — B(L))
for some L; > 0. For reference, we start with a definition of linear MDPs with a parameter norm
bound L, > 0, formalizing that the transition kernel and the expected rewards are approximately
linear functions of the features:®

Definition 3.1. [«-approximately linear MDP] For any k < 1, an MDP is a k-approximately linear
MDP if (i) there exists 01, ...,0g € B(Ly) such that for any h € [H] and (s,a) € S, X [A],
|]ER~R(s,a) R - (ga(s,a),9h>| < kand (ii) forany f : S — [0,H] and h € [H — 1], there exists
05, € B(L2) such that for all (s,a) € Sy X [A], iESINP(S,a) f(§) - <50(S,a), 9;l>| < k.

A key consequence of the linear MDP assumption is that the inherent Bellman error

sup inf su

po| B R+ max (oS0, 0h)~(e(s.0).00) |,
Oni1 €B(Ly) n€B(L2) (5,a)eS,x[A] | R~R(s,a),5'~P(s,a) a’e[A]

scales with the misspecification «. This property is also referred to as the closedness to the Bellman
operator, and is a crucial component in the analysis of approximation errors for algorithms tackling
linear MDPs.

In this work we consider a weaker linearity assumption where we only assume that the action-value
functions are approximately linear:

Definition 3.2 (¢”-realizability: uniform linear function approximation error of value-functions).
Given an MDP, the uniform value-function approximation error (or misspecification) induced by a
Sfeature map ¢ : S X [A] — B(L)), over a set of parameters in B(L,) is

n=sup max inf sup 1" (s.a) - <so(s, a),e(")>| :

nellhe[H] 0 eB(Ly) (5,a)eS,x[A]

For the MDP and the corresponding feature map, for all h € [H] fix any 0y, : 11 — B(L;) mapping
each memoryless policy n € Il to its “parameter”, such that

q" (s,a) =y (p(s,a),0k(n)) forallm ell, s € Sy, and a € [A] . (1)
The set of all parameters ©y, C B(L,) for a stage h € [H] is given by Oy, = {0, (n) : m € I1}.

Note that 6;, satisfying Eq. (I) always exist [Weisz_ef all, D072, Appendix C]. We focus on the
feasible regime where 7 is polynomially small in the relevant parameters. Specifically, we assume
that 7 is bounded according to Eq. (Zl). The main problem of interest in this work is the following:

Problem 3.3 (informal). For any &, > 0 and any MDP with corresponding uniform value-function
approximation error n, derive an algorithm that, with probability at least 1 —{, will find an e-optimal
policy (i.e., a policy & such that v™ (s1) > v*(s1) — &) by interacting with the MDP online for T steps
with T bounded by a polynomial function of (d, H,s~",log ¢, log Ly,1log L>). That the interaction
with the MDP is online means that it is only possible to observe the features corresponding to the
current state, and to take an action and subsequently observe the resulting reward and next state,
which then becomes the current state. We consider the fixed horizon episodic setting, that is, the next
state is reset to the initial state s\ after every H steps.

2Compared to the definition of [in-efall [Z0Z0A], our definition does not require the existence of a vector-
valued measure to represent the transition kernel. This is a generalization that is compatible with all existing
algorithms for linear MDPs.
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Figure 1: Left: MDP with deterministic transitions and rewards (edges are labeled with action/reward). Right:
The same MDP with the red “low-range” states “skipped” over. ¢(s,:) = (1), ¢(s3,) = (0.5), ¢(:,-) = (0)
otherwise. Both MDPs are g™ -realizable, but only the right MDP is linear.

Algorithms developed for linear MDPs are not directly applicable to Problem B3 when the MDP is
only g™ -realizable: While a linear MDP is also g™ -realizable, a g™ -realizable MDP may be neither
a linear MDP, nor one with a low inherent Bellman error [Zaneffe_efall, D020]. As an illustrative
example, Fig. [, left shows an MDP that is g™ -realizable but not linear. To see this, observe that the
features for both actions in s; are identical, but their transitions and rewards are not. As illustrated in
the figure however, if we skip over the red states (with identical actions) by taking the first action on
them and summing up the rewards received until we reach a black state, we arrive at a linear MDP.
This serves as the main intuition behind our work: the red states have no bearing on action-values,
so they can be skipped, and the resulting MDP is linear.

More generally, we can define the range of any state as the maximum possible difference in action-
value that the choice of action in that state can make:
range(s) = sup max {¢(s,i,j),0) forallhe [H],s € Sy, 2)
9€®stuge(s) i,j€ \:7”
where (5,1, j) = ¢(s,i) — ¢(s, j) is the notation for feature differences. Clearly, the choice of
action in low-range states is not too important, as

v™(s) — q” (s,a) < range(s) +2n for any 7 € [Tand all @ € [A]. 3)
Not only are the action choices in low-range states unimportant for the task of finding a near-optimal
policy for the MDP, these choices can affect transitions and rewards in a nonlinear way. Interestingly,

the existence of low-range states is the reason why g’ -realizable MDPs are not necessarily linear,
as shown by the next result (proved in Appendix O), which follows easily from Lemma E72.

Proposition 3.4. Consider an MDP with uniform value-function approximation error n > 0. If
there are no states s € S with range(s) < a for some a > 0, then the transitions and rewards of the
MDP are linear (Definition B1) with misspecification scaling with n, and parameter norms scaling
inversely with .

Our approach. The above result immediately offers a strategy to learn under the (linear) ¢”-
realizability assumption. Assuming access to an oracle that can determine whether or not range(s) <
a for any state s, the MDP could be “converted” to one that has no low-range states but has near-
identical state and action-value functions of any policy (compared to the original MDP), by skipping
over low-range states (by executing an arbitrary action) until a state with a range at least « is reached.
We will call such a multi-state transition a skippy step and refer to such a policy as a skippy policy.
The reward presented for a skippy step is the cumulative reward over the skipped states. When the
oracle is correct, the new MDP is a linear MDP, allowing techniques such as ELEANOR to efficiently
learn a near-optimal policy. This conversion argument is part of the intuition of our method, but it
is not strictly part of the proof, so we defer the details to Appendix 0. The only missing piece for
solving the general case, Problem B3, is learning an oracle that can suggest when to skip over a state,
and combining it with the learning algorithm for the linear MDP. This general approach leads to our
algorithm, SKIPPYELEANOR, which runs a modified version of ELEANOR with guessed oracles.
During the algorithm, we detect when an incorrect oracle leads to suboptimal results, and refine the
oracle accordingly. The details of the algorithm are explained in the next section.

4 Algorithm

In this section we present our main results following our plan outlined above. We first give Algo-
rithm [, along with a high-level overview of the algorithm; the details are explained throughout the
section. The parameters of the algorithm are presented in Appendix B.

il
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Algorithm 1 SKIPPYELEANOR

1: Input: accuracy € > 0, failure probability { > 0
2: Initialize m «— 0, m’ < 0,Qy, = Lol forh € [H], 7n° = (s — 1)

. 0 ’ ’
3: while m’ < my,,, do

4: me—m+1l,m «—m+1 > m’ also counts iterations repeated due to Line 4

5: Estimate optimistic problem parameters G, @ by solving Optimization Problem &I0

6: for k € [H] do

7: Let 7% be the policy defined by SKIPPYPOLICY (G, 8, k)

8: Sample n trajectories by executing 7% from s for n episodes

9: Record data (Shmkj, Ahmk], Rhmk])he[H],je[n] and stage-mapping functions (p"*/) ¢
10: Solve Optimization Problem &2 with input (G, 6), > Consistency check

record its value x (maximum discrepancy), and arguments v (direction) and i (stage).
11: Calculate useful component w «— Proj o ;) v > Definition B2
12: if x > discrepancy_threshold then
1

13: 0; — (072 +0;'ww™ Q1) 2 > append Q7 'w to C; according to Eq. (8)
14: mee—m-—1 > redo this iteration
15: continue
16: if average_uncertainty < uncertainty_threshold then
17: return policy =

Algorithm 2 SKIPPYPOLICY

1: Input: G, 8, k
2: Initialize 1 « s1, j « 1, 7% « (s 1), stage mapping p
3: fori=1to Hdo

4: Compute skip probabilities 7; < 74 (S;) and non-skip action a* « 71':7 (S;) from Eq. (8)

5: Sample independently B; ~ Bernoulli(;)

6: if B; =0then A; « 1 > skip (follow 7°) with probability 1 — 7;
7: else

8: p(j)—i,je—j+1

9: if j < k then A; «— a* (PhaseI) else A; < 1 (Phase II)

10: if i = H then

11: p(jY=H+1forj =j,....H

For every stage h € [H], the algorithm keeps a progressively refined estimate of the geometry of
the parameter space ®;, by maintaining an ever shrinking ellipsoid enclosing ®;,. This ellipsoid
is parametrized by an ’inverse covariance matrix’-like quantity Q;, determined by O(d) vectors,
which guarantees maxg, e, ||9h||Q;2 = O(Vd). Looking at the definition of range in Eq. (), it is
clear that the smaller the ellipsoid becomes, the better estimate we can give for the ranges.

Given some data collected so far and (Q)ne[r], SKIPPYELEANOR computes optimistic estimates
of the action-values by calculating an optimistic policy parameter &, as well as a guess G to a near-

optimal design which is used to estimate the range for the states (due to technical reasons, G will
guess a near-optimal design for the transformed parameter space QZIGh).

Data is collected by running stochastic versions of skippy policies on the MDP, where the states
to be skipped over are determined based on the range estimates; when a state is skipped, an action
is selected using a deterministic policy 7° that always chooses the first action in every state. To
ensure that the estimation problem is smooth in terms of G, we use a smoothed version of skippy
policies, where states are skipped randomly, and the probability of skipping is larger for states
with lower ranges, while high-range states are never skipped. Similarly to ELEANOR, we aim to
estimate the action-value function of a state-action pair by adding the estimated one-step reward
to the estimated value-function of the next state. However, unlike ELEANOR, we would like to
do this in the reduced MDP, where the low-range states that are skipped over are removed (and
the corresponding transitions are replaced by skippy steps). Since we do not know these states
in advance, we run exploratory policies that skip over next states starting from any state: namely,

q
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we run SKIPPYPOLICY(G, 8, k) for all k € [H] with a maximum number of unskipped states k
(Phase I), and once this is skip budget is exhausted, all remaining states are skipped over by rolling
out 7 (Phase II), which ensures that we collect enough data at every stage of the MDP to be able
to estimate the one-skippy-step reward of any skipping mechanism. Compared to ELEANOR, this
introduces an additional loop in Line B of SKIPPYELEANOR; see Appendix D for additional details.
For any execution, SKIPPYPOLICY maintains a stage-mapping function p, which, for any stage / of
the trajectory in the reduced MDP gives the stage index in the original MDP. In other words, p(j) is
the stage of the landing state of the j*"* skippy step.

Finally, we check if the data collected is consistent with our estimates G and 6, by calculating the
maximal discrepancy of the estimates of the action-value difference at the last non-skipped state of
7"k = SKIPPYPOLICY(G, , k) and that of the fixed skipping policy #° in different directions in
the parameter space. If the discrepancy is too large for any k, we add the discrepancy-maximizing
direction to Q and throw away the data collected in this (i.e., the m’ hy jteration; this is achieved by
reducing the iteration counter m by 1. On the other hand, if the discrepancy is small enough, we can
guarantee that the gap between the value of 7”7 and v*(s;) scales with how much new information
we collected, thus the algorithm can terminate returning this policy if this term is sufficiently small
(which it eventually has to be).

The following theorem shows that with high probability, SKIPPYELEANOR finds a near-optimal
policy after polynomially many interactions with the MDP. Rhe proof sketch is provided in Section B,
while our method and proof strategy is explained from the perspective of ELEANOR in Appendix 0.

Theorem 4.1. With probability at least 1 — {, SKIPPYELEANOR interacts with the MDP for at most
o (H11d7/82) many steps, before returning a policy r that satisfies v*(s1) < v™(s1) +&.

4.1 Preconditioning: the enclosing ellipsoid

In this section we give the technical details about the effects of using the matrix Qj describing an
enclosing ellipsoid for ®, (see Lemma E3) as preconditioning the features.

Definition 4.2 (Valid preconditioning). Q = (Qn)ne[n] is a valid preconditioning matrix sequence
if forall h € [H]

On = (L1 + Xyec, wT) 2 @)

for some sequence Cj, = (v1,...,vy) of vectors in R? such that for all 1 < i < n,

B 2
SUpgeo, €0, vi)| <1 and H(L£21+ Zj.;l] vjv]T) Vi
2

(ST

> % and ||v||, < L3, 5

where L3 is some fixed polynomial of the problem parameters (d,H,s~',log ™", log L1, log L»).
(see Eq. (B9) for its precise value).

For a valid preconditioning Q and some h € [H]|, let Z(Q, h) be the linear subspace spanned by
those eigenvectors of Q whose corresponding eigenvalues are at least L;z. Let Proj o ) be the
orthogonal projection matrix onto this subspace.

Sometimes it will be convenient to precondition the features and parameters so that the enclosing el-
lipsoid is transformed to a ball of controlled radius (as Lemma B3 will show). To this end, introduce
for all 1 € [H] and (s, a,b) € Sy X [A] x [A] the following:®

QDQ(S,Q) ZQh(,D(S,Cl), (pQ(S,Cl,b) :tha(s,a,b)
02(m) = 0;'0u(m), 02 ={02(r) : mem} ={0;'0 : 60 ©

§" (s,a) = {p(s,a),0,(x)) = <¢Q(s, a),OhQ(ﬂ)> forall 7 € II.

The next lemma (proved in Appendix B) shows that for all 4 € [H], Qj, defines an enclosing ellipsoid
for ®y; that is, ®;, c {0 : ||9||Ql-z < Vdp + 1}

3Note that Q n» h € [H] is invertible by construction.

A
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Lemma4.3. Letd;=4d 10g(1+16L§L§) =O(d). Then, for any valid preconditioning Q and h € [H],
SUPyep, ”9”Q;l2 = SUP(;E@hQ ”9”2 <Vdi+1.

Clearly, every time a new vector is added to Cy,, the enclosing ellipsoid {6 : ||6|| 02 < Vd; + 1}
shrinks (as a positive semidefinite matrix is added to Q;z). The following lemma (also proved in
Appendix B) uses an elliptical potential argument to bound the number of times this can happen.

Lemma 4.4. For any valid preconditioning Q, for all h € [H], the length of sequence Cy, corre-
sponding to Qy, according to Definition is at most d.

Near-optimal design for @g. As Qy, only provides an enclosing ellipsoid for ®;, we introduce
an (unknown) ellipsoid that aligns better with 6}?. For all h € [H], fix a set G}? of policies of size
dy = 4dloglog(d) + 16, together with a probability distribution p;? on G%, such that (G%,p%) is

a near-optimal design for @g (i.e., satisfying Definition ETl). The existence of such a near-optimal
design follows from [Todd, 20T, Part (ii) of Lemma 3.9].

We apply GS to define a cruder version of range that depends only on a small set of policies, and
can therefore be succinctly parametrized to inform SKIPPYPOLICY:
range,(s) = max max (@(s,i,j),0n(7)) forallh € [H],s € Sy . (7
neG@ i.jElAl
range, is easy to estimate, and can be used to bound the range function (proved in Appendix B):
Proposition 4.5. Forall s € S and Q € PDY, range(s) < \jZd rangeg, (s).

4.2 Linearly realizable functions

g™ -realizability (Definition B) implies the linearity of many more functions than the action-value
functions. In this section we characterize an interesting set of such functions, whose (approximate)
linearity plays a crucial role in our algorithm and analysis, as their parameters can be conveniently
estimated by least squares using the features. We rely on functions f : S, — R (for some & € [H])
being small for all states, relative to the states’ rangeQ-value:

Definition 4.6. For any h € [H], f : Sy — R is a-admissible for some a > 0 if for all s € Sy,
|f(s)] < rangeg (s)/a.
The key observation is that expected (admissible) f values are linearly realizable.

Lemma 4.7 (Admissible-realizability). If f : Sy, — Ris a/-admis~sible then it is realizable, that is,
forallt € [h— 1] and n € T, there exists some 6 € R with H9||2 < 4dyL,/a such that for all
(s,a) € 8 x [A],

JEF(Su) x (e(s,a).0) where iy = Sdor/a.

The proof relies on constructing a set of policies that at states s € Sy, take a higher value action as
opposed to a lower one with a certain probability, configured such that the expected action-value
difference of some pairs within the set of policies is (approximately) proportional to f(s). Thus, a
linear combination of the action-values of policies in this set are also (approximately) proportional
to f(s). The statement of the lemma then follows from setting @ to the corresponding linear combi-
nation of the policies’ parameters. The full proof is presented in Appendix G.

Next, we define matrix-valued functions with a special admissibility guarantee even when the under-
lying scalar-valued function does not satisfy any non-trivial admissibility criterion. We introduce a
guess on the near-optimal design parameters that define range,, (Eq. (1)) for some valid precondi-
tioning Q:

Definition 4.8. For h € [2 : H], fix some arbitrary order of the policies in the set GhQ (recall that
this set is the support of the near-optimal design for @g ). Let the parameter of the i" policy in
G}? be 19;1 fori € [dy]. Call a “guess” of.these parameters G = ((A;h)he[ziy] = (ﬁ;)he[z:y],ie[do]
“valid”, if forall h € [2 : H],i € [do], ¥}, € B(Vdy +1). Let the set of valid guesses be G By
Lemma B3, (192);16[2: Hl.ic[do] € G, that is, it is a valid guess, and we call this the “correct” guess.

4Note that while G ]? contains policies, G and its elements (commonly denoted by G) contain policy param-
eter vectors.
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From a guess G = (19;'1),,€[2; H1.ie[d,] We can calculate corresponding guesses of the range,-values:

Groy — . .\ 3k .
rangeQ(s) = krgﬁi);] i,?é?éu <¢Q(s,l,]),ﬁsmge(s)> forallh e [2: H],s €Sy.

Note that for any h€ [2:H] and s €S, rangeg(s) = range () if G is the correct guess for stage h.

Let @p(s) be the unit vector in the direction of the largest feature difference between actions in s
and the zero vector if all feature vectors are the same (see Eq. (Z) for a formal definition). Then,
forany G € G,he [2: H],and f : S, — [-H, H], let

V2dH

&

}f(s) fors €S, .

For such f : S;, — R4 we adopt the notation a™fb for any a,b € R4 to denote the function
s € S — a'f(s)b, and similarly, Tr(f) to denote the function s € S, > Tr(f(s)).

£(s) = Go(5)Go(s)™ min {1, range§ (s)

Let Proj o, n) be the projection matrix onto the linear subspace spanned by those eigenvectors of the
design matrix V(G,?, p}?) (defined in Eq. (£3)) whose corresponding eigenvalues are at least y (for

some y > 0 specified in Appendix B). Intuitively, this is the subspace where @g has a sufficiently
large width. Let Proj, ;) be the projection to the orthogonal complement subspace. For any

v € RY, we write Vi(o.n) and v (g n) for Proj o 5y v and Proj, o p) v, respectively.

We are now ready to state our special admissibility guarantee, which is proved in Appendix G. Let
a = O(g/(d'PH?)) be as in Eq. (I8).

Lemma 4.9. Forany h € [2: H], G € G, any function f constructed as above from some f : S, —
[-H, H], and any v,w € B(1), v-l'l—(Q h)fw is a-admissible. Furthermore, if G = ('%)he[Z:H],ie[do]
(the correct guess), Tr(f) is also a-admissible.

4.3 Least-squares targets and Optimization Problem A1

Recall that SKIPPYELEANOR estimates action-values of states by first adding the estimated one-
step reward and the estimated value-function of the next state in the reduced MDP (where low-range
states are skipped). Due to the linearity of g”-values, these can be used as target variables of a
least-squares estimator to estimate the policy parameters. This estimator is only guaranteed to be
accurate if the right (low-range) states are skipped; otherwise, we will argue in Section B4 that
a discrepancy is detected and it is handled by changing the preconditioning Q. Finally, to ensure
optimism, we select parameter estimates that lead to the largest estimated policy values. The whole
estimation process leads to Optimization Problem ET0, which we define in this section along with
the functions that it uses as least-square targets. Each estimation is for a particular stage 4 and
may use the estimates §; of Optimization Problem EI0 for stages i > h. In this subsection, we
consider the m™ iteration of the optimization called by SKIPPYELEANOR, and consider Q fixed. As
a shorthand, we introduce the following notation for [ € [m], j € [n], k € [H]:

p(lkj) = p™*i (k) as recorded in Line 8 of Algorithm [, and

hj _ olkj 1kj 1kj kj _ plkj hj ok gtk k) olkj 4k
Sok) = Spikixy Apcy = Ay Bty = Rpiki s €07 = €S AT @) = (S0 Apiy) -

We collect the set of (I, k, j) tuples for which the k™ skippy step lands at stage , for t € [H], as
I"(0) ={(Lk,j): L € [m=1],j € [n]. k € [H].p(lkj) =1}
Note in particular that here [ € [m — 1], so I"* only considers data collected prior to iteration m.

To estimate the parameters G and 6, we consider (simulated) trajectories of SKIPPYPOLICY starting
from stage ¢. For simplicity, we suppress the dependence of quantities on G and 6, which will be
brought back later. The skipping probability 1—7, the policy 7" (to be also used in SKIPPYPOLICY),
and corresponding clipped action-value estimates are defined as

~  V2dH
7(s) = min {l,rangeg(s) - } if stage(s) > 1,and 7(sy) = 1;
®)
m*(s;) = arg [ma}x (e(si a),0;), C(si) = clipjg gy (@ (s, ¥ (5:)). 0;) -
aclA
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Let s;—= (s, a4, ¥y ... Sg,ag,rg) € Si X [A] x[0,1] x---x[0, 1] be any ending of a trajectory.
For s;41 —, let I be the (random) index of the first state that is not skipped by SKIPPYPOLICY
with the above 7 (or H + 1, if such an index does not exist). Then the estimated policy value of
SKIPPYPOLICY from stage ¢ is

EI[ u= tru+]l{I<H+1}C(SI)]

the sum of rewards along the skipped states plus the policy-value estimate from stage /. It follows
from Corollary BT below (proved based on Lemma BE9) that if rangeg is an accurate estimate of
range,,, then this quantity decomposes into terms that are linearly expressible using the features.
Therefore, we use such quantities as least-square targets. Indeed, Writing out the expectation, we

can re-express the estimated policy value as the sum of all rewards Z ; ' plus a correction term
E7 (s¢41—) defined as

H
E”(si~) = ZD(s]%)T(sj)l—[(l —7(s;)) where D(s;—) = C(s;) —Zru fori>1. (9)
Jj=i u=i

The next optimization problem aims to find optimistic parameters yielding the largest estimated
action-value function for s;, where 8 is in the confidence ellipsoid of the least-squares estimates 6.

Optimization Problem 4.10 (for iteration m). For input state s, with B defined in Appendix B
(emphasizing the dependence of functions defined above on G and 6 by adding them as subscripts):

arg max Caa(s1) subject to, for all t € [H]
GeG,0,€B(4dyH L,/ ) forte[H)

Yo = A1+ S G0~ < B =X, S (55050 S R
lkjel™ (1) lkjelm(z) u=t

least-squares target

Since our realizability results in Section B2 only apply to functions defined at a given stage (as only
memoryless policies are g™ -realizable), to be able to show that the least-squares targets are linearly
realizable, we first decompose E(s;—) (i € [2 : H]) to directly express the effect of each stage in
the trajectory (backwards): defining E (s;—) = E~ (s;—) — E7 (s;+1—) (for convenience, we use the
notation £~ (sg+1—~) = 0), we easily obtain

E7(si») =X/ E(sj~)  and  E(si=) = 7(s)(D(si>) = E7 (5i41-)). (10)
Next we define matrix-valued functions, whose trace equals E(s;—), that have the same form as f
in Section B2, for which Lemma B9 applies. This is crucial in establishing optimism of Optimiza-

tion Problem BT, as well as learning from instances where we detect that E™ is not realizable in
Optimization Problem BET2. To this end, let

F(si~) = @0 (si)@o(si) "E(si~) and F(si) =Bqo . [F(si,Ai,...,Ry)] fors;€S;.
Let 0 = (B(4dyHL,/a)) denote the base set for the variables 6, in Optimization Problem EI0. As
F is of the same form as f, we can apply Lemma B9 and then Lemma B~ to arrive at the following:

Corollary 4.11. Forany G € G, 0 € ©, v,w € B(1), and foranyt € [H—1],i € [t+1 : H], there
exists some 0,; € R with ||0~n-“2 < 4dyLy/a = 1/VA such that for all (s,a) € S; X [A], where ng
is defined in Lemma B4,

Exo5.a [Vﬁ(g,i)FGé(Si)w] o (tp(s,a),6~”> . (1D
Furthermore, if G is the correct guess, there exists some é;i e RY with Hé;i”z < 4dyL,/a such that
fOl" all (S’ Cl) € St X [ﬂ]’ Eﬂ'(),s,a [EGQ(SL’ BN RH))] = Eﬂ'(),s,a [Tr(Féé(Sl)) ~no <(10(s a), ”>
4.4 Checking consistency

Considering the m™ iteration of SKIPPYELEANOR, we want to verify if the estimated targets of Opti-
mization Problem E-T0 are accurate (and learn if a discrepancy is detected), by using Corollary ETTl
on the targets” decomposition into F-functions. We filter the data collected in the m™ iteration with

the indicator c”fa. = 1{p(mkj) <i} for j € [n], k € [H+1],i € [H + 1], and further constrain

Q
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this by another indicator cii (defined in Appendix B) that requires the data-point’s least-squares
uncertainty term to be sufficiently low, and the prediction non-negative (the contribution of the rest
of the data will be analyzed separately). Next, we define the least-squares solution for estimating
the matrix-valued F, as well as the empirical average prediction and realization of F' on the data
collected in the m™ round. For any i € [2 : H], k € [i — 1] (recall that ® denotes the tensor product):

At - Ik j 1kj .
egézxmi Z <p, ’®FGH(S J L LRYD fort e [i —1]

lkjel™ (1) 12
kio_ 1 Z o kI gRimk )i pki _1 Z ) Fro (ST R (12
Yéa = 5, ki%pk) YGao Gi~ n kit'Ga\oi "o Ry
J€eln] jeln]

In Appendix ETT, it is established via the usual least-squares analysis techniques and covering argu-
ments, that with high probability the norm of the product of the matrix y’gé -F é’é and the projection

matrix Projy o ;) is small (Lemmas EZ and E33). The next optimization problem tests if this is true
in arbitrary directions:

Optimization Problem 4.12 (Consistency check). Input: (G, )

arg max v (ygé - F(’f;ié) v
ke[H-1],iek+1:H],veR:||v|,=1

Lemma ETT shows that the projection w = Projz (o ;) v is close to v, where v is the outcome of
Optimization Problem ET2. Also, Lemmas ET-HEJ 1mply that if the consistency check fails (i.e.,
Line [3 is executed because the value of Optimization Problem BT is large), then w aligns well with
the subspace Proj, (¢ ;) projects to, and therefore Q stays a valid preconditioning after appending w
to the list of values Q is calculated from (Lemma E4). Thus, Q is always a valid preconditioning.

5 Proof overview

The proof of Theorem Bl is presented in Appendix B. It is composed of the following main steps:
First, we bound the number of times the consistency check can fail (i.e., Line [3 is executed) by
Lemma E-4. Combining this with Lemma [ET, an elliptical potential argument bounding the number
of times the average uncertainty can be large (these are the only two ways that the main iteration
can continue) implies a sample-complexity result for SKIPPYELEANOR (Corollary Ef). Having
limited the number of times the consistency check can fail, we derive guarantees regarding the
performance of the policy returned by the algorithm: Via an induction argument (Lemma EH) we
show Corollary E, which shows that with high probability the difference between the optimization

value of Optimization Problem &0, C 5(s1) and v™ " scales with the average uncertainty term
Z,H 1 07" Thus, they are close when SKIPPYELEANOR returns in Line 2. This is complemented
with the optimism property proved in Lemma ETU, stating that the optimization value Cg 5(s1) is

close to v*(s1). Combined, this proves Theorem El.

6 Future work

Since we are not aware of a computationally efficient implementation of SKIPPYELEANOR, it re-
mains an open question whether the problem of learning near-optimal policies from online interac-
tions with a g™ -realizable MDP (Problem B3) is possible if the computational resources as well as
the sample complexity are bounded by a polynomial in the relevant parameters. One approach is to
replace ELEANOR with LSVI-UCB as the underlying algorithm, as the latter, despite having worse
sample complexity, has a computationally efficient implementation [linef all, PO?0R]. The challenge
is to compute the optimal solution for the parameter G in Optimization Problem B-I0. This parame-
ter interacts with the least-squares targets in a highly nonlinear way. We have been unable to derive
a computationally efficient approximation that has an additive instead of a multiplicative approxima-
tion error (additive errors increase linearly in H, while multiplicative errors increase exponentially).
Alternatively, it may be possible to show a computational hardness result for Problem B3 by e.g.,
reducing it to the satisfiability problem. These are left for future work. Our work on the realizability
of auxiliary functions (Section EZ2) may be of independent interest for designing provably efficient
algorithms for related problem settings, e.g., the setting of g”-realizability in batch RL, where the
data collection is not controlled.
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A Notation

As usual, we use R, N, and N* to denote the set of reals, non-negative and positive integers, respec-
tively. For i € N*, let [i] = {1,...,i}; for another positive integer j, let [i : j] = {i,...,j} if
i < j,and [i: j] = {} otherwise. For a,b,x € R, let clip, ;(x) = min{max{x, a}, b} and let [x]
denote the smallest integer i such that i > x. Let 0 be the all-0 vector in R and I the d-dimensional
identity matrix. For a (square) matrix V, let V' denote its Moore-Penrose inverse, and Tr(V) denote
its trace. Let PD (and PSD) denote the set of positive definite (and positive semi-definite, respec-
tively) matrices in R, For some A € PSD let AZ denote the unique matrix B € PSD such that
A =BB. ForV € PD and x € R, let ||x||%, = x" Gx. For matrices A and B, we say that A > B (or
A < B)if B— A (or A — B, respectively) is positive semidefinite. Ker(A) and Im(A) are the kernel
(or null space), and image, respectively, of matrix A. For compatible vectors x, y, let (x, y) be their
inner product: {x,y) = x"y. We write y®A for the tensor product between y and matrix A, and then
(x,y®A) = (x,y) A. Where Q and h are obvious from the context, we write v|| and v, for v|j(g p)
and v, (g.n), respectively. Throughout the paper, we omit commas between quantities in subscripts
or superscript for clarity of presentation, for example, by writing A, for Ap ..

For the big-Oh notation O, we introduce its counterpart O that hides logarithmic factors of the
problem parameters (d, H, e !, {‘1, Ly, Ly).

B Parameters of Algorithm 0

n=0 (d5H6/82) (for precise value see Eq. (E2))
w=7(d+1)+7/3=0(d) (13)
y ' =8d =0(d) (14)
B = (j(Hl'Sd) (for precise value see Eq. (Bf)) (15)
T T2
ot = V2VATH _ 5 sy (16)
\ye
7' = (4doLa /@) (17)

Han%
da

M = B2 log(l + )+1 =é(H3d2)

m’... = mmax + Hd; = O(H>d?)

max

1 ; .
—m _ ~J ; -1 || jmkj
G =~ Y &y min {Z(ﬁwdH) Jemil } forke[H]  (18)
jE[n] m,p(mkj)
(19)
j . ., mk j - mkj 5
=1 {p(mk j) <iand H%(kf)”)r1 < 2(BwdH) ™ and (70, By 2 0} 20)
m,p(mk j)
H
average_uncertainty = Z ('r,i”
k=1
uncertainty_threshold = &/ (dH?*Bw)
£
di threshold = &' Bw + 33—
iscrepancy_thresho 0y Bw PTTE
Assumption on the maximum discrepancy:
a . ~( &
n < T0d; min {s/(dHSw), 1 /\/mfnaan} =0 (déHS) (1)
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C Proof of Proposition 3.4

Proof of Proposition B4, and the MDP conversion argument. First, for (i), we show the linearity
of rewards with 6, ...,60y. For this take any & € [H]. Fix any policy = € IT and let 8;, € B(L;)
be such that for all (s,a) € Sy X [A], g™ (s,a) ~;, {¢(s,a),0) (the existence of such a § follows
from Definition B2). If & = H, Eg ~®(s,a)[R] = ¢"(s,a), so g = Ay satisfies Definition B
For h < H,let f : Sps1 — R be defined as f(s) = v™(s). Fix an arbitrary Q € PDY | e.g.,
Q=(1,...,1I). Since v (s) € [0, H] and range, (s) > range(s)/V2d > a/V2d by Proposition B3,

f is @/(V2dH)-admissible, and therefore by Lemma E-2 we can take 8, € B(4HdoV2dL, /) such
that for all (s,a) € Sy, X [A],

EO™ (She1) |5,0) =gy, (9(s,0),00)
where, as before, 79 = 5don/a. Since

E  (R)=q"(s,a) —E(O™(Sn+1)|s,a),
R ~R(s,a)

letting 0, = 6, — 6}, satisfies (i) of Definition BTl with k = 7 + V2dHno = n + SHV2ddon /.

To show (ii), take any f : S — [0,H] and h € [H — 1]. As before, f is @/(V2dH)-admissible,
therefore Lemma B immediately provides 6}, satisfying the required conditions.

Therefore, the MDP is shown to be linear with misspecification n + V2d Hng, and parameter bound
Ly(4HdoV2d/a + 1). m]

Sketch of the g™ -to-linear MDP conversion argument. We elaborate on the conversion to linear
MDP mechanism presented in Section B. As the basis of this argument is that an idealistic range-
determining oracle is present, we note that this argument only serves as intuition and is otherwise
tangential to our proof. Instead of a direct approach of learning this oracle, our proof argues that
learning about this oracle happens whenever there is a need (performance shortfall) for it. A formal
reduction to linear MDPs given this oracle however is fairly straightforward but cumbersome, with
the caveat that the linear MDP will end up with dH (instead of d) dimensional features. One would
proceed by copying the features of each state s in stage & into the 2™ chunk of size d of this vector
of size dH (the rest of the vector remains zero). A similar transformation is applied to all 6, (7).
Then, H copies are made of each high-enough-range state, with all possible stages (but keeping the
feature vectors). These will be the states of the new MDP we construct. When a transition from state
s leads to skipped states, the linear MDP returns with the copy of the first non-skipped state that has
a stage counter of stage(s) + 1, so that in this linear MDP the stage numbers are consecutive (as
required by our definitions). g™ -realizability of this modified MDP is easy to show, and (as it has no
low-range states) Proposition B4 can be used to show that the modified MDP is linear. To account
for the fact that this new MDP may finish an episode in fewer than H steps due to the skips, we add
a special, zero-reward, self-transitioning state called “episode-over”. To ensure that the MDP stays
linear, we extend the feature vectors of each state by a scalar 1, and a scalar indicator of being in
this state, with all original features of the “episode-over” state defined to be zero. It is easy to see
that this construction leads to a linear MDP with the desired action-value functions.

D Intuition behind our method and proof strategy from the perspective of
ELEANOR [Zanette ef all, 202(]

The starting point of our method is the ELEANOR algorithm, which is designed for linear MDPs.
Similarly to SKIPPYELEANOR, ELEANOR solves an optimistic optimization problem inside a loop.
The optimization problem computes optimistic estimates 6; of the parameters of the MDP simultane-
ously for all r € [H], and in each iteration of the loop, more data is collected according to the policy
that is optimal for the MDP defined by the estimated parameters. Initial estimates §; are computed
via solving least-squares problems whose covariates are the features corresponding to state-action
pairs (S;, A;) from all the data collected so far, while the corresponding least-squares targets are
computed as the sum of the immediate reward R, and the estimated value for S;,;, computed from
0:41. 0, is then optimistically chosen as the solution of the optimization problem, in the neighbor-
hood (confidence ellipsoid) of ;, the solution to this least-squares problem. It is shown that this

1R
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optimistic choice of estimates results in an optimistic estimate of the value of v* of the initial state,
and the regret is upper bounded in terms of the sum of elliptic potentials of the covariates.

This argument appears in our analysis too, with minor modifications due to our PAC-like setting
(instead of aiming to bound the regret), leading to our final-iteration condition of Line [f in Algo-
rithm @M. Our Optimization Problem BEIU is similar to ELEANOR’s, and the parameters 8, and o,
have the same meaning. A key difference between the optimization problems of ELEANOR and
SKIPPYELEANOR are how the least-squares targets are determined. For ELEANOR, it is the sum of
the immediate reward R, and its estimated value for S, ); with this target, only one on-policy rollout
is required for each episode in order to get the least-squares parameter estimate for all H stages. In
contrast, our least-squares targets are formed as the sum of R, +. . .+ R;;; and the estimated value for
S;+i+1, where i, the number of stages “skipped”, depends on the guess G. The guess G is selected
only in Optimization Problem BT, and we do not know its value at the time of data collection, so we
cannot know which stages will have to be skipped for each rollout. Therefore, (i) we need access to
the rewards of the current policy at any stage (similarly to ELEANOR), and hence we run the current
policy to any stage (including the last one); and (ii) perform rollouts with the fixed policy 7° (from
any stage) to be able to estimate the reward R, +. . . + R;4; collected while skipping over i stages (for
any i). To ensure this happens for every stage, we start Phase II from every stage k, resulting in the
additional for loop in Line B of Algorithm [ compared to ELEANOR. Finally, the randomization in
Phase I is applied to make the optimization problem smooth, as described in Section B.

One could analyze this algorithm similarly to the analysis of ELEANOR if it were not for the fact that
the least-squares targets we just introduced are not realizable in general. We can, however, prove
the realizability of certain components of the matrix-valued version of these targets, ' (Lemma E9
and Corollary BETT). This enables us to detect when the realizability of our least-squares targets
fail, measure the direction (component) of the largest error, and learn from that. This is the job of
Optimization Problem ET2: F gié corresponds to the matrix-valued empirical measurements of F,

while the y’gé are the average predictions of the same quantities. If the targets are realizable, which

happens if we manage to skip the right number of stages), these matrices are very close; if not, the
direction of their largest discrepancy tells us something about L (Q, i), and allows us to learn.

Optimism ties all this together: either there is no shortfall between predicted and measured g-values
(and we are done) or we grow the elliptical potential of X (the two cases present in the analysis of
ELEANOR, Zaneffe ef-all [2020]), or we grow the elliptical potential of Q (the new case due to the
lack of realizability guarantees).

E Proof of Theorem &1

In this section we present the proof of Theorem El. Recall that some quantities are defined in
Appendix B.

E.1 Checking consistency

We introduce some lemmas to establish the required guarantees of the consistency checker. Their
proofs, which rely on the usual least squares analysis techniques and covering arguments, are pre-
sented in Appendix H.

Lemma E.1. Let (k,i,v) be the outcome of Optimization Problem any time during the execu-
tion of SKIPPYELEANOR, and let w = Proj ¢ ;) v as in the algorithm. Then,

T (. ki pki T (. ki pki 2
w (yéé_FGé)W zv (yéé_FGé)v_ pTTEm
Lemma E.2. There is an event &, that happens with probability at least 1 — {, such that under &y,
during the execution of SKIPPYELEANOR, when the beginning of any iteration (Line B) is executed,
foranyt € [H=1],i € [t+1: H], foranyG € G, 6 € ©, andv,w € B(1), forall (s,a) € S; x [A],

T T Ati = &
% s,a) 0. — B Fas(S;)|w| < s,a)||ly-1 B+ ——,
I (‘P( ) Go e Gg( 1)) ”‘P( )”xmltﬁ dH’w

where o denotes o (g ;).
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The next lemma uses the average least-squares predictions’ (capped) uncertainty term & (defined
in Eq. (I¥)), where the average is taken over predictions from the state-action pair where Phase I of
SKIPPYPOLICY(, -, k) ends.

Lemma E.3. There is an event &, with probability at least 1 — £, such that under & N &y, during
the execution of SKIPPYELEANOR, when Optimization Problem is solved (Line I0), for (G, 6)
as recorded in LineBforallk € [H—-1],i € [k+1: H], andv,w € B(1),

T (ki pki —m €
V| (yég_—Fég_)w‘ S(rkﬁ+3m

where o denotes @ (g ;).

Together, these lemmas can be used to show that the vector w derived from Line [ in SKIPPYE-
LEANOR is sufficiently aligned with both Z(Q,-) and the subspace Proj, ) projects to, which
leads to the following important result:

Lemma E.4. Under the & N &y, if Line 3 is executed any time during the execution of SKIP-
PYELEANOR (i.e., when the consistency check fails), then the resulting Q continues to be a valid
preconditioning.

From now on, our lemmas assume the high-probability events of Lemmas E™ and E3 hold, and
therefore Q is a valid preconditioning at any time during the execution by Lemma E-.

E.2 Sample complexity bounds

We bound the number of iterations of m that SKIPPYELEANOR can execute. The proof of the
following lemma is presented in Appendix I:

Lemma E.5. Throughout the execution of SKIPPYELEANOR, m < m;4y.

Note that throughout the execution of SKIPPYELEANOR, m’ < my,,.. As m’ —m equals the number
of times Line [[3 is executed, i.e., the sum of sequence lengths corresponding to Q, by Lemma B4,
Corollary E.6. Under & N &;, SKIPPYELEANOR returns with a policy before exiting the while
loop of Line B, and as each iteration executes Hn trajectories in Line B, the number of interactions
of SKIPPYELEANOR with the MDP is bounded by O (H''d | £?).

E.3 Performance guarantee

We next consider the m" iteration of SKIPPYELEANOR under the assumption that the consistency
check passes, that is, Line [[8 is executed. We intend to guarantee the performance of 77 in terms

of Zfi | 0%, given that the optimization value x satisfies x < 77" Sw +3 75 (which follows from the

execution reaching Line [A). Next we introduce variants of c{(i and 5‘,’{1. (Eq. (Z0)) which act, instead
of the data collected during the execution of the algorithm, on a trajectory (Sp, An, Rp)nejm] and
corresponding stage mapping p obtained by an independent run of SKIPPYPOLICY, which will be
clear from the context: ¢; = 1 {p(k) < i}, and

cri=1 {p(k) <7 and ”(p(Sp(k)’Ap(k))”Xy:.lp(k) < 2(,3a)dH)_1 and <(,0(Sp(k),Ap(k)),9_p(k)> > 0} .

Remark E.7. In our analysis we rely on the obvious fact that the laws of the trajectories of
SKIPPYPOLICY(G, 0, k) and SKIPPYPOLICY (G, 8, k + 1) are the same until stage p(k + 1) (as
the policies are the same until then), for any parameters G and . This includes S p(k+1) but not
Apk+1y if p(k + 1) < H, and includes the whole trajectory ending with Ry otherwise.

We prove the following using induction on k = H, ..., 1 in Appendix [:

Lemma E.8. There is an event E3 with probability at least 1 — 3, such that under &1 N Ey N Es,
during the execution of SKIPPYELEANOR, whenever Line [A is executed, for (G, 0) as recorded in
Line B of the current iteration, for k € [H],

H H
B _ _ &
ck .= E CeunCqg(Spw) < B § Ru+2§ ,:"ﬁwdH+4(H—k+1)E. (22)
s st u=p (k) i=k
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As 81 = sy is fixed and 7(s1) = 1, we get the following corollary, which shows that the value C 4

of the solution (G, §) of Optimization Problem E-I0 can be used as a lower bound on the value of
the policy 7" up to the uncertainty and some & terms:

Corollary E.9. Under & NE; NE3, the value of Optimization Problem with the solution (G, 0)
satisfies

H H H
Cé(;(sl)zC_’IS E ZRM+225’,1"deH2+48=v”MH(s1)+ZZé',i",8wdH2+48.
=1

amH ,S1

u= i= i=1

E.4 Optimism of Optimization Problem &.10

The following establishes the optimistic property, that is, that the value of Optimization Problem ET0
competes with v*(s1). The proof relies on the fact that the correct guess G and a good choice of 4
are feasible for the optimization problem, combined with the fact that this & induces a policy 7 =
SKIPPYPOLICY(G, 6, H) that takes action-value maximizing actions according to a very accurate
approximation of action-values almost everywhere. In fact, it only skips states whose range is at
most £/H. The proof is presented in Appendix K.

Lemma E.10. There is an event E4 with probability at least 1 — £, such that under &1 N Ey N Ey,
throughout the execution of SKIPPYELEANOR, the value of Optimization Problem is at least
v*(s1) - 2e.

Proof of Theorem BZll. We combine Lemma ET0 with Corollary EM, Corollary Ef, and the fact
that the condition of Line 4 is satisfied when SKIPPYELEANOR returns with a policy, to get that
under &; N E; N E3 N Ey, that is, with probability at least 1 — 6, SKIPPYELEANOR interacts with

the MDP for at most O (H''d” /&?) many steps, before returning with the policy 7 that satisfies

H
v¥(s1) € Csg(s1) +2e < p (s1) +226’Z’,deH2 +6e < v (s1) + 8¢,
i=1

where the final inequality follows from the fact that when SKIPPYELEANOR returns in Line [,
Zle " < g/(BwdH?). By scaling the parameters, this finishes the proof of Theorem B, |

F Deferred definitions and proofs for Section 4.1

Proof of Lemma B3. For any 6 € ®}?, it holds that 6 = QZIHA for some 4 € ©,. Since ||é“2 < Lo,
and writing Qy, as in Definition B2,

1603 =07 (L321+ Syee, vwT) 8 < LPL2+|Chl < 1+ dy,
where we used Definition B2 and Lemma B4. Finally, we conclude that ||6]|, < Vd; + 1. O

Definition F.1. (Gg, p,?) is a near-optimal design for @f’, if for any 0 € @g,

(v,6)=0 forallv € Ker(V(GZ, p?)), and 23)
2
191, o oy < 24 (24)
T
where V(GP,p2) = D" pR(m(02(m) (67 (m) . (25)
7r€G}(12
An important corollary of the above definition is that if M = Projlm(v (G2.p2)) then
h Fh

1
V(G2,p2)"2V(G2, p@)s Mv = Mv, and (6, Mv) = (8, v) due to Eq. (3), and so
1
67y =6"V(G2,p2)"*V(G2,p2)3v  forall 6 € ©2 and v € RY. (26)

1A

https://doi.org/10.52202/075280-2583 59187



Proof of Proposition 3. Take any h € [H], s € Sy, and Q € PD¥. Take i,j € [A] such that
range(s) = supgcg, (¢(s,i,]),0). Then,

.. .. 2
range(s)2 = sup (go(s,l,]),9)2 = sup <¢Q(s,z,]),9>
0€0;, 002

A

2
< sup ||6|? Neo(s,i, j) o o
0665? V(G P! leots.i.J ”V(Gh i)

<2dgo(s,i, )T D pE @O OL () |po(s.i )
neGhQ

=2dg(s.i. )T Y p2(m) (O (1) O (m)T | (s, )
ﬂEGhQ

<2d max (e(s.1, j)T,Hh(n)>2 < 2drangeQ(s)2,

neGy

where the first inequality uses Eq. (Zf) and the Cauchy-Schwarz inequality, and the second inequality

follows by substituting the definition of V(G}?, pg) and using Eq. (£4). Finally, the first inequality
in the last line holds as we replace the weighted sum from the previous line with the maximum

operator. We therefore get that range(s) < V2d range (s), finishing the proof. m}
Proof of Lemma 4. Take any h € [H] and the sequence C, corresponding to Q. Assume that this
sequence is of length /, and let X ; = ngl + Z;zl vjv; fori € [I]. By the second part of Eq. (8),

1 2

i I
Z:Zmin 1,2 L£21+Zvjv; Vv SZZmin{l,Hvill;hl_ 1} )
j i=1 .

2
Applying the elliptical potential lemma (Lemma L),

1 2 2
Tr(Zh 0) + lL3 lL3
1<2) min{l,|v;||% <4dlog| ————— 3| =4dlog|1 + .
; { ”V‘”thu} g(ddet(zh,o)l/d g L*d

where £, 0 = L3I by definition. Using that log(1 +x) < vx for x > 0, we have [ < 4d|IL3L/d,
which implies [ < 16dL§L%. Substituting this into the previous bound yields
16dL3L%) L3
l§4dlog(l+w = 4dlog (1 +16L41%) = dy o
Ld

G Deferred proofs for Section 8.2

For any vector v € R, we define v = v/||v||, as the unit vector in the direction of v if v # 0 and

0 = 0 otherwise. For any h € [2 : H], s € S}, the normalized version of the largest preconditioned
feature difference is denoted by

@o(s) =¢o(s,i,j) where (i, j) = arg max||(pQ(s, z",j’)”2 . 27

i, jelA]

Proof of Lemma B2. Fix h € [H], a-admissible f : S, = R, 7 € [h—1], and m € I1. Our aim is to

construct policies 7y, 7, € Il for k € [do], such that for all (s,a) € S; X [A], Xke[ap] (g7 (s, a) —
g™ (s, a)) is approximately proportional to the desired E .o f(Sn). Let Gg 1> ng, ... denote the
policies in Gg underlying the near-optimal design of @Q, and for any s € Sy, denote by ord(s) €

17
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[do] the index of the policy maximizing the range of the action-value function in state s, that is,

Gf?,ord(s) = arg max, ;o max; e[z (g™ (s,71) — q™ (s, J)); to simplify notation, we define G (s) =
Q
Gh’ord(s). For s € S), let

arg max; ;) 4% (s.0) = §9¥ (s, 7)) if f(5) 20
arg min; ;c(q 4% (5,0) — 49 (s, j) otherwise.

(a*(s).a7(s)) = {
By Eq. () and Definition B have that
40 (s.a*(5)) = 499 (s.a7(s))| = range (s) 2 @l f(s)| 2 0.

Since g% (s,a*(s)) = ¢SO (5,a7(s)) =2, G°) (5,a*(5)) = GE©) (5,a7(s)), if a| f(5)| > 47, we
have

qé(s) (S,(l+(S)) _ qG(A) (s,a_(S)) > af(s) - 27’] > %f(s) >0 if f(S) >0
. . (28)
g% (s,a*(s)) = g% (s,a=(s)) < af(s)+2n < %f(s) <0 otherwise.

Let us define f’ : S, — R as
af(s)/2 :
, if | f(s)| = 4n
f'(s) ={

qG6) (s,a*(5))-qS ) (s.a=(s))
0 otherwise.

By Eq. (Z8), there can be no division by zero in the above definition, and 0 < f”(s) < 1.

Now we are ready to define ;. and 7, . Both policies follow 7 up to stage & — 1, when they switch

to GhQ > €xcept if at stage h a state s € Sy, is such that G}? « has the maximal action-value function
range. In this case 7} selects a*(s) with probability f’(s) and a™(s) with probability 1 — f’(s),

while 7, always selects a™ (s). Formally, for k € [do], we define for s € S

n(s) if stage(s) < h;
mp(s) = a*(s) wp. f'(s), and a(s) w.p. 1 — f’(s) if stage(s) = h and ord(s) = k;
ng (s), otherwise,

where w.p. stands for with probability. Similarly,

n(s) if stage(s) < h;
ni(s) =17 a (s)wp. 1 if stage(s) =hand ord(s) = k;
Gg (9 otherwise.

Note that 7 € ITand 7, € I1, as desired. Since for all k € [dy], the policies follow Gy, i for s € Sy
for ¢’ > h, therefore for all k € [dy],

V% (s) = v (s) = thgk (s) foralls € Sy, and (29)
g7 (s,a) = q™(s,a) = qG'?,k (s,a) forall (s,a) € S, x [A]. (30)
Also, for any s € S with stage(s) < h and any a € [A],
it — 47 — i _ v
> (@ —gnsa)= B 3T (v - )

keldo] “ keldy]
- E (Vm:rrd(sh) (Sp) - p ord(s,) (Sh))
m,s,a
= B (%) (Shaa* (S0)F(S) + 455 (Shea™(Sw) (1= £(Sw)

~ g (S, (Sw)))

(#7650 (4% (S a* (51)) = 4 (S1,a7 (50

E
7,8,
= E

.S,

T,

a

Half (Sl = 4my 5/ (Sn) ~2y 5 B F(Sh).

a

1R
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where the first line is due to both ¢™ and g™« following 7 on states with stage less than &, the
second line follows from the fact that for any s € Sy, 7 (s) = 7, (s) for any k # ord(s); combining
this with Eq. (29) leads to all k¥ # ord(s) terms of the sum to cancel. The third line follows from
expanding the definition of the policies and Eq. (B0).

Letd = %Zke[do] (Ht(ﬂZ) - Hz(ﬂ;)). Since ||6; ()|l < L, by definition, we have ||§||2 <4dyLy/a.
By Definition B, for all (s,a) € §; X [A],

a ~ + _ @
<()0(S9 a)’ 59> z2d0r] Z q”k (S, a) - qﬂk (S, a) z27] - E f(Sh)9
n,s,a

keldo] 2
and hence
(¢(s,a),0) ~4(ap+1)n/a ”@uf(sh) :
Since 4(do + 1)n/a < no = S5don/a as dy > 4 by definition, this completes the proof. O

Proof of Lemma B9. Take any s € Sy,. For the correct guess, rangeg(s) = range (). Then, using

— 2
that ||(,0Q(-)||2 < 1, Tr(f(s)) < rangeq(s) ‘@H
For the first claim, take any G = (1@2)h€[2: Hl.ie[dy] € G. Let ¢’ be the unnormalized version of

@o(s) of Eq. (ID), that is, ¢’ = @o(s,i,j) for the same i, j as in Eq. (E2) (i.e., with the largest
£>-norm). Then, using that G € G,

rangeQ(s) m[sz] max <¢Q(s i), ﬁk> < 1¢'ll» max Hﬁﬂb < ll¢ll, Vdi + 1

, proving the second claim of the lemma (as y < 1).

Using that above in combination with | f(s)| < H, v,w € B(1), Hc,EQ(s)”2 < 1, we obtain

\/_H

|V|| f(s)w| < |<‘PQ(S) V||> <‘PQ(S) w>|rangeQ(s)

< [|@o )yl lle’lla Ve +1 \/_H |

As the eigenvalues of V(Gh , pg) =

2
il

HGGQ Py (71) (OQ (7)) (HQ (JT)) corresponding to the subspace

in which (,DT‘ lies are by definition at least y, we can write

2
(rangeq () = max (¢, 02(m))" 2 ¢ V(G p0¢" = 0] VG2 o060 = 67
7TEG

Combining with the previous result, we get that
\/_

rangeg (s) > ‘/_HQOIIH \/_\/—H2

finishing the proof. o

—_—|v V| TE(s)w| = cy|v|| f(s)w|,

H Deferred proofs for Appendix E1

The definitions (Eqgs. () and ([II])) immediately give rise to the following facts:

D(si—) € [ Zru,

—H,H] and 7(-) € [0, 1], implying

E7(s;—) € |- Z ru, H

E(s;i—) € [-27(s;)H,27(s;)H] C [-2H,2H] .

Furthermore, since either 7(s;) = 0 or ||<,Z7Q(s,-)n2 =1 (as HgEQ(s[)” = 0 implies that range, (ss;) and
hence 7(s;) are both zero), we have

(31
C [-H, H], implying

Tr(F(si—=)) = E(si—=), (32)
which was used to establish the last part of Corollary ETTI.

10
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Proof of Lemma EZ1. We drop the subscripts (G, ). Let (19 Yhe[2:H],ic[do] =G eG. Letz=v-w

be the projection of v to the subspace orthogonal to Z(Q, i), denoted by Z(Q, i)*. In other words,
z=Projz g+ v. Let M = yki — Fki By the symmetry of M,

vIMy=z2"M(v+w)+w Mw.

It is enough to prove therefore that

.
e >z M(v+w).
As ||v]l, < 1 and ||[v + w||, < 2, and using the definitions and Eq. (B1), for any input (s;—),

|2TF(si=) (v +w)| = [z, §o(s:)) (v +w. Go(s:)) E(si)]

) 2
< 4Ht(s)) (2. @o(si))| < 4rangeg(si)@ (2. @0 (51))]

2dH?

= 4|<Z’ @Q(&'))’ hrr11<a)f ]<(,0Q(S a,b),d \/_
- 2 \/ﬁH
_ , o VI

< 4[[Proiz g.0- g0 ), ¢l max 93], =

< 4|[Projz .o ¢'l, Vi +1

where ¢’ is the unnormalized version of @¢ (s;) of Eq. (£2), that is, ¢” = ¢o(s;, a, b) for the same
a, b as in Eq. () (i.e., with the largest £,-norm).

As Projz g+ ¢ = Projzg.n:(¢o(s,a) — ¢o(s,b)) = Projz g+ Qi(p(s,a) — ¢(s,b)) for
some s € Sj,a,b € [A], and by definition Projz o+ Qi =< L7, ”Pron(Q’i)L go’||2
L;z le(s,a) — (s, b)|l, < 2L3‘2L1, SO

V2dH?
8 s

V2dH?
|z F(si=)(v +w)| < 8L3?Li+/di + 1 , (33)
&
and hence
o \V2dH?
|eTE* (v + w)| < 8L2L1d) + 1 — . (34)

To bound |zT kigy + w)| note that by the definition y*’

) 1 )
T ki _ 1 J mkj  3p(mkj),i
z'y (v+w)—an <90p(k)0 >
j€lnl]
where g =x! Z tpik] ( TF(Sik"', ) ..,chj)(v + w)) fort e [i—1]
Ikjelm (1)
Therefore

T, ki ti
|Z Y (V+W)| Ste[i l]rsI}ES, ae[A] <<,D(S a) 0 >

Fixanyt € [i - 1],5s € §;,a € [A]. By repeated application of the Cauchy-Schwarz inequality, the
fact that X,,,; > A/, the triangle inequality, and using Eq. (B3),

Xti 1k j Lk j Lk j
(e(s, @), ) < llgts, @)l | D0 @t (TFEM, . RED 4 w)
Lkjel™ (r)

X
_ _ V2dH? ;
<llp(s, @)l 4™ 81511V 7 2 [,
€ Lk jel™ (1) mt
V2dH?
< SLL2 V2 dy + 1 ZOREDY j¢ﬁkf||
€ Lk jerm (1) X

V2dH?
< 8LPL2A7V2dy + 1 VmmaxnHd
&

20
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where we use that [I"*(7)| < mnH, m < mp,x by Lemma E3, and that

112 —
Ik ~1 dkj kT -
[ ] = > TGN Ty < T X X = VA
Lkjelm (1) m Lkjelm (1)
Combining with Eq. (B4), with an appropriate choice of L3, we obtain
V2dH?

|S"M(v + w)| < 8L32Lid; + 1 (1 + LA mmaand) < (35)

£ dH?w
as desired. O

Proof of Lemma EZ2. Choose 8

12doHL m’, o H
B<2+ 2H\/2dH(do +1)log % +2log mT +dlog (A +mpnHL2(d),  (36)

satisfying 8 = O(H>/2d) as given in Eq. (I3), and define
E . 2
f= ———— (mm {8/(dH w), 1//m] nH} - 770) .
SV2d(H +1)3L, e
Note that subtracting no keeps & positive, and of the same order, by our assumption that 7 is small
enough: 779 < % min {s/(dew), 1/\/mrlnaan}, which follows from Eq. ().

We start with a covering argument for the set of functions of the form vﬁF oW for different choices

of G, 8, v, and w. By [Vershynin, 2018, Corollary 4.2.13], there is a set C¢ € B(1) with [C¢| <
(3/€)? such that for all x € B(1) there exists a y € Cg with |x —y|l, < & Therefore, there

is a set €% C (xhe[z:H],ke[do] B +1 1)) x (xhe[z:H] B(4d0HL2/a)) x B(1) x B(1) with
|C§| < (12dgHL, [ (a&))4H (dotD) sych that for any G = (92);16[2:1.1]7{5[510] €G,0eB,andv,w €
B(1), there exists a y € C%, such that if we let G = (5i)h€[2;H],ie[d0] = (Y (h=1)do+i)he[2:H],ie[do]>

q = _(gh)he[z:H] = (Y(H-1)dy+h)he[2H]> ad @ = Y(H_1)(do+1)+1s D = Y(H-1)(dp+1)+2> then G € G,
feB®,a,be B(l),and

la-vl, <& and [b-wl, <&, and
9 - 1§*i||2 < ¢ and ||6, - 5;,”2 <&forallhe[2: Hie[d].
As aresult, forall s € S\ Sy, |rangeg(s) - rangeg(s)l < 2L ¢, and therefore |745,(s) — 756(s)| <

2V2dHL ¢/e. Furthermore, |Dgag(s, ..., ru) — Dgg(s,...,rg)| £ L1€. Combining these with
the facts that in either case, 7(-) € [0,1], D(:) € [-H,H], and E—(-) € [-H, H] (Eq. (ET)), and
using the definition of E and £~ ,we have that for any i € [H + 1] and inputs,

|Egg(si—) — Egg(si—)] < AN2dH* L[ + Li€ + |E&5(si01) = Eg5(si01)]

H
= 4V2AH Lo+ Lig+ ) |Egq(s;=) = Egg(s;-)]

j=i+l
< (H+1)5V2dH*L ¢ /e,

where the first inequality sums over the contributions of 7, D, and E~, and the second applies
induction. By combining this bound with the bounds on |[v — a||, and ||w - b||,, and that E(-) €
[-2H,2H] (Eq. (BD)) implying that F(-) € [-2H,2H], for all s € S \ S}, we have that

v Fag(s)w —a| Fggb|(s) < 6HE + (H + 1)5SV2dH L& /e
< 5V2d(H + 1)L &/e = min{e/(dH?w), 1 ]m/pxnH} — 00

Take any m’ € [m],,,] (this includes the entire execution of SKIPPYELEANOR). and let the quan-
tities of Section B3 (such as F) be calculated with the value of Q at the beginning iteration m’

(37
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(Line B). Take any 7 € [H — 1],i € [t + 1 : H]. Take any y € C and assign values to a, b, G,and
based on y as above. For any lkj € I"'(¢), observe that given all the history of SKIPPYELEANOR
interacting with the MDP up to (and including) Sik" ,Aik", the trajectory Sii{,Aif{, .. .,RZ” is
an independent rollout with policy #°, with its law given by P .0 g1ki 4iki- The random vari-
able aﬂFGg(Sékj ey chj )b has range [-2H,2H] and expectation (conditioned on this history)
Eno’stlkj’Aikj aﬂFGg(Si)b. Let 6;; be 6;; from Corollary BT, satisfying ”911'”2 < 1/vAand Eq. (D)

for ay, b, G, and  instead of v, w, G, and 6:

OE aﬂFGé(Si)b S <<p(s, a),én) i (38)

Take the sequence A formed of gofkj (for lkj € I™(¢), in the order that these random variables are
observed), and the sequence X formed of v”FGG,—(ka", e, R;_];J)w (for lkj € I'"(t), in the same

order), and the sequence A formed of E o ok ki vHFGé(S,')w - <¢£kj,én-> (for lkj € T™(¢), in

the same order, for any v, w, G, and @ as in the statement of this lemma). Then the sequences A, X,

and A satisfy the conditions of Lemma M4 with a subgaussianity parameter o = 2H. Due to this

lemma, with probability at least 1 — ¢/ (m,’natzng ), for any choice of v, w, G, and 8 (as above),

16 = Blly, < VA|diall, + 1A VIFT (D) +2HJ210g

5o oyl Ikj T Ik j Ikj
where G = X! Z eIV Feg(SH. R w
Ik jelm (1)

(m;mH%cg

det X,
) o

A union bound over all m” € [m/,], t,i,and y € C; guarantees with probability at least 1 — £,

the above holds for all choice of these variables, any time beginning of any iteration (Line B) is
executed. Note that we need the union bound over m because the value of Q underlying the targets
of least-squares estimations can potentially change between iterations.

To finish the proof, under this high-probability event, take any m, t,i,G,and 6 as in the statement
of this lemma, and choose y € C; as before, to satisfy Eq. (B4). Combined with Eq. (BR), this
immediately implies that the sequence A formed of quantities with absolute value

E v Fgs(Sow- <¢Pikj, én>

lkj ,lkj
71.0’St J ’At J

(40)
<

E V||FG(;(Si)W—a||FGg(Si)b

n(’,S,lkf,Altkf

< min{e/(dH*w), 1 /N mjpuxnH} = 19 + 10

_ lk v
+ |a\|FGé(Si)b - <<P, ’,Qn>

satisfies ||Allo < min{e/(dH?*w), 1/~\[m}xnH}. Take any (s,a) € S, x [A], and let §,; and §,; be
as above (in Eq. (B9)) for v, w, G, and . Note that

V-|I|—90(S7 a)Tégg_w = <‘)0(S’ a)véli> s

77
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By the triangle inequality, using Cauchy-Schwarz, and Eqs. (B9) and (E0),

vy (cp(s, a) by, ~ E aFGG(Si)) W'

< |<¢(S?a)7 éti - éti>| +

B Ras(sow - ((ets.a0.0)

VIT (0] Minax 2| C|
X 12H,|2log — +1o

< llp(s, )iyt | VAbuill, + ==
max

det th + &
g\ dH2w

12doHL ' H?
< llp(s, @)llx-1 |2 +2Hy [2dH (dy + 1) log —=2 4 2 log "M% 1 Jlog (A + mppnHL2/d) | + ——
mi aé dH?w
&
< llp(s.@)llzy B+ =

(41)
where in the fourth line we used that [I”(1)| < mf,nH, |CE| < (12doH L,/ (ag))4H (do+1) " and

d
we used the inequality of arithmetic and geometric means to bound det X,,,; < (é Tr Xm,) <

and
(Tr/ll+|I'"(t)|L1 )

- |
Proof of Lemma [EZ3. Choose n to satisfy
dH*w)? 184H? 2m . H?
= {64%H2 (Zd log +log mm+ﬂ . (42)
& &€ ¢

This leads to n = O(d°H®/&?).

Similarly to the proof of Lemma EZ2, we start with a covering argument. This time, as G and § are
fixed, we only consider v and w, to cover VWFt(,j )w and vHFt(,j w. Let &= m. There is a set
C}, c B(1) x B(1) with |Cgr| < (3/£")*4 such that for all v, w € B(1), there exists an (a, b) € C%,
with ||[v —all, < ¢’ (and therefore ||V|| - a||||2 < &), and ||lw — b||, < &’. Take such a choice of
(a,b) forany (v,w). As E(-) € [-2H, 2H] by Eq. (BT), and || (-)||, < 1, Fori € [2 : H] and any

input,
&

2dH?’
and therefore for any s € S\ S, |vﬂF(s)w - aﬂF(s)b| < &/(2dH?). For j € [n] let

)vﬂF(siﬁ)w - aﬂF(siﬁ)b| < 6HE =

mki _ . mk j mkjy _ i mk j
Fj = ]E ’,FGH_(Si ""’RH ) = E _FGQ'(Si )
7IO Smk_] Amk_] 7T0 Smkj mkj
>p(k) > p(k) >p(k) T p(k)

By the triangle inequality, forany k € [H — 1],i € [k+1: H],
T( ki _ pki
i (o8, - £5) W|

1 : T rolmk g 1 o . .
J T mki’ pp(mkj).i k T pk mk j mkj
- E iV (gop(k) Héé —Fj’)w + - E iV (Fj’— ca(S; s Ry ))w
Jj€ln] Jj€ln]

IN

IN

! j H mkj € & ! T (ki mkj mkj
- i lle H B B+ + + = €0 (F- = Fgq(S; e Ry ))b s
n j;l] i [|7p(k) X, e dH>w  dH?w  |n j;l] i J

(43)
where the second inequality uses Lemma EZ and applies the triangle inequality twice again. Ob-

serve that for all j € [n], given all the history of SKIPPYELEANOR interacting with the MDP

1
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mk j Amkj

ok Ay (Which also includes the value of cii fori € [H + 1]), the tra-

up to (and including) S

jectory Sm(llig 1 ”EI;(; RIREEY RZ’” is an independent rollout with policy 7°, with its law given by
P 0_gmki A Therefore, for any fixed (a,b) € C%,, ¢ '. T (ij’ - Fég(S;"kj, e ,Rij)) b are
p(k) > "p(k)

1ndependent zero-mean random variables with range [-4H,4H]. Applying Hoeffding’s inequality
with a union bound over m’, k, i, a, and b, with probability at least 1 — £, for any of the m” € [m],,]
times the beginning of the iteration (Line B) is executed (this includes the entire execution of SKIP-
PYELEANOR),

2 H2|CE,

1 it (ki mk j mk j 8H
D cla (P4 = Foa(S™. . Ry b < m\ler—

Jj€ln]
_8H 18dH3 2mpax H?
2dlog +log Trmats o &
\/ﬁ P ’ dH?w
where we used Eq. (B2). To finish, note that unless C‘,’;i = I')"(];J) H < 2(BwdH)™!, so we
m p( nkj)

can continue from Eq. (E3) by bounding the average feature-norm by & as

T (ki ki €
(yf;a FA-)W‘<O'kﬁ+3dH2w. m]

Proof of Lemma EZ4. Recall that (k,i,v) are the arguments and x the value of Optimization Prob-
lem BET2. Throughout the proof we write Q to refer to its value just before Line [[3 is executed. We
write e for (o ;y, and e, fore, (o ;). Let M = y Fk’ Therefore, v My = x > 5" fw+3 -5

and by Lemma ETI, w™Mw > O'Mﬂﬂ)"‘dez

dH?’

Line 3 changes Q; by appending Q‘ w to the sequence C; of vectors from which Q is calculated
according to Eq. (#). Eq. (B) lists the conditions on the new sequence C; that need to be satisfied for
Q to stay a valid preconditioning. Consider the third condition, i.e. ||Q w“2 < L3. Observe that

Ql Proj; 0. = L I and ||v]|, = 1, therefore ||Ql w”2 = ||Ql Projz 0.i) v||2 < Ls.

Now consider the second condition. To prove that it holds, we need to show that HQI-Q[._IWH2 =

lwll, = % Let x = ||w||£1. Since v was the argument of the optimization problem, and using
Lemma E],
20 T™Mw < v My < wMw + —— < w Mw(1 +1/2)
dH?w
Therefore, ||w|| % We immediately get that
Lol 2
”QiQi 1WH2 2 3’

satisfying the second condition.

It remains to prove that the first condition also holds. First, noting that M is symmetric, we can
decompose wMw as

w Mw = W?‘—MW + wﬂMwl +w Mw, .

Applying Lemma E33 on the first two terms,

w'Mw <257'8+6 +w Mw, .

dH 2

Due to w > 3 and w'Mw > 57" Bw + 2-%5 and the above, w, # 0. Let w’ = w, /|lw||,. Since v
was the argument of the optimization problem, have that vTMv > w’TMw’. Putting this together,

woll?2wiMw, =w " Mw’ <v My < w Mw + < O'k,B+7d +w Mw, ,
2w

P
dH?w

24
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Since vIMy > 57"Bw + 3—25, wIMw, > (w - 7/3) (c-r,;",a +3

a0’ ) > 0 and therefore dividing

_&
dH?w
the above by w{Mw ,

7/3

2P g

N TE

1 7/3

2> for ¢ =

hwolly = 5= fore=7—=7
2 1
[will, < 1~ Toc & lwla<t.

Now to prove that the first condition also holds,

%W@WPWWMHWWMMﬁWWMH
€0;

002 002 002
/ 1
<Vdi+14/1———+ sup ||0 w
1 l+c HEGPQ I “V(Gg,pgﬁ l J‘”V(G/,Q,P;?)
i

/ 1 [
< Vd1+1 1—m+ ZdWI(')/I)WJ_
/ 1 / 1 1
S\/d1+l l—r+\/2d’y:\/d1+1 1—r+§,
C C

where in the second line we used Lemma B3 to bound sup,_go [|0||,, and for the second term we

used Eq. (Z8) with Cauchy-Schwarz. In the third line we used Eq. (24), and the definition of Proj, .
Finally in the last line we use that w, is perpendicular to a; fori < d’ (by definition) and that 4; < y

fori > d’. It is left to prove that Vd; + 14/1 — ﬁ < % This holds if ¢ > 1/(4(d; + 1) — 1), which
is satisfied as ¢ = 1/(3(d; + 1)), due to w = 7(d; + 1) + 7/3 (Eq. (I3)). o

I Deferred proofs for Appendix EZ2

Proof of Lemma [EX3. The features ¢£IZ£) are observed by SKIPPYELEANOR in the order of increas-

ing [, within that increasing k, and within that, increasing j. Each time the next tp;lzi) is observed,
we sum the elliptic potential as follows.
Fori € [m],r € [H],u € [n],t € [H], let the set of indices observed before ga;r(':) whose Phase 11
(rollout phase) starts at some stage ¢ be:
I"(t)y={le[il,ke[H],je[n] : IHn+kn+j <iHn+rn+uandp(lkj) =1t}
Let a version of this where only the whole iteration i’s data is included be
J()={l=ike[H]jen] :p(lkj)=1}
Let T
) _ Ikj Ikj
lkjeliru(t)

Observe that X;;, defined in Optimization Problem B0, is the version of this that only updates at
the start of each iteration i, that is,

Xir = Xi1 (1) .
The total elliptic potential, observed by the end of iteration m is, writing k = p(iru) on the left hand
side:
. 2 . 1k
]l{k<H+l}m1n{l,||<p§:“ Xim(k)_l}= Z Z mm{l,)(p, j|x >(t>]} )
i€[m],re[H],ue(n] ie[ml,te[H] lkjei (1) tkj

Applying the elliptical potential lemma (Lemma L) A times for ¢ € [H], this can be bounded as

) Han%
Z min 1,‘

te[H],ie[m] lkjeJi(t) d/l

(plkj‘z }<2dH10g 1+
d Xy )7 ) T

75
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On the other hand, by Lemma L7, then switching to an £;-bound, then observing that by definition,
2. 0, sums the same quantities but caps them by some threshold,

2 1 12
lk] : lkj
Z Z mln{ ‘sz‘(l)l} = Z i 1’5 Z ’(’0’ ‘XT'
te[H1,ie[m] lkjeJi(t) / te[H],ie[m] lkjei(r) "
Lk j
>
> Z minq 1, = Z Z H ||X
i€[m] te [H]lkje)i(t)
2
lkj
>
> Z ming 1, — Z Z H ”X
ie[m] te[H] lkjeJi(r)
2
— i
> Z min§ 1, —— " SHn n Z Oy
ie[m] ke[H]

Whenever an iteration finishes without returning in Line I, 3y (5 07" > €/(dH 2Bw). Therefore,

2
an )
2dH log (1+ ) Z minj 1, —[n Z o
ke[H]
1 & 2
> mins 1, —n|——
i;ﬂj ' { 20" (dHZ/s’w) }
> Z min {1, Hd/B*} = mHd|B?,
ie[m]
Therefore, even for the iteration that returns in Line [,
) Han%
m< B log|1+ 71 +1 =mpax - ]

J Deferred proofs for Appendix E3

Proof of Lemma EZ8. For notational simplicity we drop the subscripts (G, 8). We first use the usual
high-probability bounds on the least squares predictor and Hoeffding’s inequality on the empirical
mean quantities, to prove that with probability at least 1 — 3, during the execution of SKIPPYE-
LEANOR whenever Line I8 is executed, for all k € [H],

H
~ ~ N - &€
B CenaCSpw) < B D) RutCennE” (Spwps. .. Rir) + 207 BuwdH +4— .
MR 5 MR s u=p (k)

(44)
The proof of this is presented as Lemma [Tl.

Next, to prove the statement for k € [H], assume by induction that Eq. (I2) holds fori € [k+1 : H].

Observe that SKIPPYPOLICY performs a rollout with policy 7 for the rest of the episode starting
from stage p(k) + 1, thatis, 1 = Ap(y+1 = -++ = Ag. Therefore, the law of the random vari-
ables Sp(x)+15 - - - » Ru, given (Sp k), Ap(k)) is fully determined by the dynamics of the MDP, and is
independent of the values of p(k + 1), ..., p(H). Therefore,

E G, HnC(Spian) = B Crat,H11D(Sp(ks1),---» RE) + Z Ry
ﬂmk,Sl ﬂmk,S[ u:p(k+])

(45)
= E CruaE7Spiwyets-- - Ru) + Z R,

k
st u=p(k+1)

7A
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where we use Eq. (H), and that 77X (SKIPPYPOLICY) is in phase II after stage p(k), but defines the
the mapping p(-) independently of whether the policy is in phase I or phase II, in such a way that
forany H > j > p(k),

-1

P [pk+1)=j|p(k),Spwr Apn] = P |78 || (A=) P, Spwy Ap
ﬂmk,Sl 7TMk,Sl =

J'=p(k)+1
Combining Eq. (B5) with Eq. (E4),
p(k+1)—1 e
E Crut1C(Spy) < E Z Ry + Cr1,H1C(Sp(re1y) + 207" BwdH +4— .
ﬂmk,Sl mk,sl M:p(k) H

By Remark EZ2, Epmk g, 5k+1,H+1C(Sp(k+1)) = Epmk+ g 5k+1,H+1C(Sp(k+1)) = Ck+l Therefore,
combining with the inductive hypothesis,

p(k+1)—1
E GaaCSpw) S E Y. Ry+CM 4267 BwdH +4—
ﬂmk,S] 71-mk’sI u:p(k) H
p(k+1)-1 H H <
< E D R+t E Ru+22&,§"ﬁwdH+4(H—k+1)ﬁ
S up (k) TS (1) i=k
H H c
= E Z Ru +2Z&,§”ﬁwdﬂ+4(f1—k+ Do
78 u=p (k) i=k
where the last equation uses Remark E7 again, finishing the induction. m]

Lemma J.1. Adopt the notation of Lemma EZ8. With probability at least 1 —3(, during the execution
of SKIPPYELEANOR, whenever Line [[8 is executed, for all k € [H],

H
~ ~ N _ &
E unC(Spu) < E > Ru+GennE (Spyets- - Rir) + 207" PuodH + 4

mKkK mKkKk
TS TR, S u=p (k)

Proof. We refer as @ to the value of the argument of Optimization Problem BT recorded in Line B.

For k € [H], recall the definition of 6',?’ (Eq. (I¥)), along with the fact that unless c~,’< e = 0,
”cpﬁ%”xl < 2(BwdH)~', we get a useful bound on the average norm of the features under
m,p(mkj)

consideration:

1 . .

J mk j ~
n Z Cr H+1 "Dp(k)HX—l <o (46)
jeln] m,p(mkj)

If Line [d is executed, the consistency check passed, and therefore forall k € [H—1],i € [k+1 : H],
L _ e
Tr (yk’ - Fk‘) < oypud +3 47)
For t € [H] let the least-squares predictor of rewards sums under the policy 7° be

H

StH+1 _ 31 Ikj Ikj

g =X Y WY RS
Lkjel™ (1) u=t

For k € [H] and j € [n] let us introduce the shorthand

H
mkj _ mk j
ORI W

k—

u=p(mkj)

27
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and similarly when the trajectory is clear from context: Ry_, = Zu _p(k) Ru- Fork € [H] let

. 1 i
k _ —  omkj mkj mk j
B == 3 el (E7 St R + R
Jj€ln]
A 1 ;
k _ mk j
"= n Z Ck H+]C(Sp(k))
Jj€ln]
1 .
kH+ _ & J mkj  xp(mkj),H+1
YT, Z k. H+1 <“’p<k>’9 - >
j€ln]
1 . .
k,H+1 _ J mk j
z = Z RS
Jj€ln]

Forte [H—1],i € [t+1: H], along with §"1+! let
Xti - lkj lkj lkj - lkj lkj lkj
g = x ! Z oM Tr(F(S™, .. R = X, Z oM ESM, LRI,
Tkjelm (1) Tkjel™ (1)

where the second equality is by Eq. (B2). Observe that for any v € R?, Tr(vT8")) = (v,'").
Therefore, for k € [H],

H+1 H+1
. X 1 . ki . .
kH+l+Z Tr(ykl)_ Z Z C] <¢;’zk§,0P(Wlk1) > - Z Ci,ml <¢;n(k;, Z Qp(mk]),l>

i=k+1 ]E[n] i=k+1 jeln] i=p(mkj)+1

For any ¢ € [H], by the definitions,

H+1 H H
i - Ik Ik lkj kj
LRI RHJ>+ZRZ”)
u=t

i=t+1 Lkjel™ (1) i=t+1
_ v-1 lkj - olkj lkj mk j
_th Z Py (E (St+15"~3 )+ R
lkjel™ (1)

Plugging this into the previous calculation,

kH 1 ki i ki 4
oy Z Tr(y™) = - Z Ci,fm <‘10;rzk1)76p(mkj)>

i=k+1 je[n]
1 : o -
>~ 3 e (O Ooomi)
Jj€ln]
1 : L _ R
j mk j
T Z Ck.H+1||? p(k)HX : [18p () _‘9p<mkj)”xmyp(mkj)
j plmky)
(48)
z - Z Cr.H+1 <90p(k)’ gp(mk1)> -0y BH
JE[n
J A —
z - Z Cr,t+1 P[0, 1] < p(k)’ep(mkj)> - 0y'BH
JE[n]
1 . e "
= Z cf{’HHC(S::k;) -0}'BH=C"-0}'BH,
j€lnl]

where the first inequality uses Cauchy-Schwarz. The second inequality bounds the average of the

first norm by Eq. (B6), and the bound on the second norm (for any j) is by definition of Optimization
Problem EI0. The third inequality relies on the fact that ¢’ CHAL = = 0 if the clipped inner product is
negative, and the final equality is due to the definition of C along with the fact that A;';i{ =n* (S% ),

as this is the last state in the trajectory where SKIPPYPOLICY takes the inner-product maximizing
action (") before rolling out with Y.

7R
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By Egs. (I7) and (B2), we have that

H+1
A 1 i kj kj kj
Zk,H+1 + Z Tr(Fkl) — ; Z ci,H+1 Z E(Slm J,...,RZ J) +RZ1_>J
i€[k+1:H) Jj€ln] i=p(mk j)+1 (49)
1 ) i i ki R
_ J - gmkj mxj mkI) = X
- - S el (E (SUT R + R ) -F
Jjeln]

Combining Egs. (BR) and (£9),
Ok _ Bk < M BH + (yk,H+1 _Zk,H+1) + Z Te(yki — FF)
ie[k+1:H]

k,H+1 k.H+1 _ E

IA

E crka+1Ri——2 Cr.H+1 Rk

7r'”k,S1

Ty

',’("/3H+(

&

+ 07 BwdH +3—

) 0y Bw i
(50
where the sum (last term) is bounded by Eq. (1), and we apply a triangle inequality on the second
term. To continue bounding this term, we apply Hoeffding’s inequality on the independent random
variables ¢’ Ry (for j € [n]) that have range [0, H], along with a union bound over the

k,H+1
iteration m” € [m},,,] and k € [H], to get that with probability at least 1 — ¢,

HMk,Sl

kan| o H 10(1:{2’711'11;1;(1‘1S £
\Vn e dH?w

E cikH+1Rk— -2 (51

ﬂmk,sl

The remaining term |y***' — B ; cx m+1Rk—| is bounded using the realizability of g™ (Defi-
nition B2) as follows. Take any ¢ € [H]. By definition there exists 6 € @tQ C B(L,), such that

forall s € S, and a € [A], g™ (s,a) ~, (¢(s.a), 7). Take the sequence A formed of o (for
lkj € I (1), in the order that these random variables are observed), and the sequence X formed of

R™kI (for lkj € I"(¢), in the same order), and the sequence A formed of q”(J (Sikj, Aikj)—<¢pikj, 6;‘>

k—
(for lkj € I"™(t), in the same order). Then the sequences A, X, and A satisfy the conditions of
Lemma M4 with a subgaussianity parameter o = H. Due to this lemma, applied with a union
bound over m’ € [m],,] and ¢ € [H], with probability at least 1 — ¢,

“éz,H+1 _ gt*“th < \anet*nz + Al VI (O] +H\/210g (m{nsz) +1og (detsz)

24

7

H det X,
< 2+H\/210g mm;x +10g( e/ldmt) <8,

by Eq. (BEIl). Therefore by Cauchy-Schwarz and Eq. (8),

1 . L
j mk j
< n Z Cr,H+1 (H‘pp(k)“Xl .
jeln] m.p(mkj)

k,H+1 Sp(mkj),H+1 *

amk g
_ _ e
ST B+n So-,’fﬂ+m.
Combining this with Eqs. (80) and (&),
e
dH>w

Ck — E* <1567 BwdH + 3% +2 (52)

We introduce the following notation for j € [n], k € [H+1],i € [H+1]:
_j N kj - kj 7
cii =1 {p(mk]) < iand Hgogzkﬁnxq " > 2(BwdH)™" and <gogzkj),0p(mkj)> > O}
m,p(mkj

N . . mkj o
&o=1 {p(mk]) <iand <gop(kj),0p(mkj)> < 0} ,

70
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such that for all j,

;a = th + ckt + Ckl (53)
Continuing from Eq. (82), as Eﬂ(si—>)+2 ;7w = 0by Eq. (B), and if &/ Co = =1 then C(SIT(I;{) =
0, we have that
mk j — o omkj mk j mk j _
1 Z](ck et ) (COID = (E7 Syt RE) + R )| < 156 BuodHA3 42—
]E n
As (even if 5{(’H+1 =) C(Si)) < H,
1_
— Z k H+1C(Sp(k)) < HO';;"/(Z(ﬂ(A)dH) ) = E IBU)dH,
/G[n]
which combined with the previous inequality and Eq. (83) yields
1 mk j - omkj mk j mk j — & &
;,;‘,] L (COD = (B (S5 e R + RS ) ) < 267 BwodH + 37 42—
Observe that the random variables ck Hal (C(S;"(’,i{) - (E_‘(S;"(ij)'ﬂ, s Rzkj) + kaf)) are inde-

pendent (for j € [n]) with range [- 2H H] (Eq. (). By Hoeffding’s inequality, with probability
at least 1 — ¢, for all iteration m’ € [m/ ,.] (this includes the entire execution of SKIPPYELEANOR)
and k € [H],

IIldX ]

E it (C(Spi) = (E7(Sprysts- - Ru) + Riss))

amk g

1 mk j - omkj mk j mkj
- 3l (C(Sp(k))—(E (Snh R )+R,H))

Jjeln]
4H log meaxH <_¢
- \/_ ~ dHw

Combining with the previous bound, under the intersection of the high-probability events referred
to above, which by a union bound has a probability of at least 1 — 3¢, we have that for all k € [H],

H
~ ~ N _ &€
E GunCSpw) < E D) Ru+GunE” (Spwyets- . Ru) +2570' BwdH +4= . O
7.l-mk,s1 ﬂmk,Sl u:p(k) H

K Deferred proofs for Appendix E.4

Proof of Lemma EIQl. Let m be the current iteration. Unlike in previous lemmas, here we in-
troduce (G, 0) that does not refer to the outcome of Optimization Problem E-T0. Instead, let
G = (ﬂZ)he[Z:H],ie[do] € G be the correct guess. For h = H,...,1, 8} is defined in sequence
along with the behavior of a policy 7 on stage A.

For h = H, ..., 1, assuming that this process already defined Onet,...,0H (in Eq. (B9)), let  be
the policy that, for any ¢ > h and s € S;, takes action on s as ﬂ*(l;é(s) with probability 744 (s), and
action 1 with probability 1 — 74 5(s) (7 is defined in Eq. (8)). Simultaneously, using the second part
of Corollary BT, define 8),; € B(4doL, /) fori € [h+ 1 : H] to satisfy forall s € Sy, a € [A]:

E Tr(Fgg(Si) ~p (@(s,a),0ni) .

n9.s,a

We also define gh’H_H € B(L,) to satisfy for all s € Sy, a € [A]:

H
E Ry ~y (¢(s,0),0nm41) -

70.s5,a =

N
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By Eq. (B2),

H H
E ) Ti(FgaS)+ ) Ru= B EZ,(Speteeeo Ri)+ ) Ru iy (¢(5.0),01) .
754 e[h+1:H | u=h T.s.a u=h

(54)
where we define

b= >, On. (55)
ie[h+1:H+1]

We first show that (G, ) is feasible for Optimization Problem EI0. Clearly, ||67hH2 < 4dyHL,/a.
Foranyi e [h+1: H],let

A - lkj lkj lkj
i =Xy, D, @ Tr(Faa(Sis - Ry,
lkjel™ (h)

and let

H
A _ vl Lk j lkj
9h,H+1 = th Z ‘Ph Z Ru .
lkjel™ (h) u=h

Then, § of Optimization Problem B0 satisfies for all 4 € [H], by Eq. (B2),

= Y Ou.
ielh+1:H+1]

To show that (G, ) is feasible, it thus suffices to show for all h € [H],i € [h+1 : H + 1], that
6ni = bnilly, , < B-

Fixany 2 € [H] andi € [h+ 1 : H + 1]. Take the sequence A formed of goikj (for lkj € I (h),
in the order that these random variables are observed). For i < H + 1 take the sequence X formed

of Tr(FGH—(kaj, cee RZ‘i)) (for lkj € I"™(h), in the same order), and the sequence A formed of
Eno’slﬂkj’A[hkj Tr(FGé(Sl-)) - <<p€lkj,§hi> (for lkj € I"(h), in the same order). Fori = H + 1, the
sequence X is formed of Zquh Rikj, and A is formed of q”O(Silkj,Ailkj) - <goilkj, éhi>. Then the
sequences A, X, and A satisfy the conditions of Lemma M4 with a subgaussianity parameter o = H.
Due to this lemma, applied with a union bound over m’ € [m/,,.], t, and i, with probability at least

1=,

e
18 = Bl < VA[nill, + 1A VI D] +H\/210g(mm?H )+1og(detxmf)

24
rmax H? det X,
S2+H\/2logmm? +log( e/ldmt)gﬂ,

by Eq. (&I).

Next, we show that the resulting policy x is near-optimal. Assume by inductionon & = H,...,1,
that forallt € [h+1: H],all s € S; and a € [A],

v¥(s) = v*(s) — (H—-t+1)(e/H +2H*n) and (56)
<90(S’a),0_t> z(H—t+1)Hl70 qﬂ(s’ Cl) . (57)

To prove the above for t = h as well, take any s € Sy, a € [A]. Introduce the random variable P that,
for a trajectory following P ; ,, takes as its value the index of the first Bernoulli draw of 1 (starting
from index /4 + 1), when the Bernoullis have means 74;(S;) for j € [2+1 : H], and takes the value
H + 1 if all of these Bernoullis have outcome 0. Write E0 ¢ , p[-] forE o s , Ep[ | Sp+1,. .., Ru].
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Then,

H H

E Egé(sh+1,...,RH)+ZRu= E Dég(SP,---’RH)+ZRu

70,s,a = aY,s.a,P i=h
P-1

= E ZRM+]1{P<H+1}CGQ(SP)

0
n'.s,a,P u=h

where we use Eq. (8). Combining with Eq. (84),

P-1
(e(5.0).01) ~Hp, E Z R,+1{P <H+1}Csy(Sp)

aV,s,a,P u=h
P-1
= B Ry+1{P<H+1yclipg ) ((Sp. 7%, (Sp)). Br)

70 s,a,P w=h
P-1
~ T +
Sw-nim B Zh Ru+1{P < H+1}q"(Sp, 7%, (Sp)),

where we used the inductive assumption along with the fact that action-values are bounded in [0, H].
Observe also that

pP-1
bg _ n +
o= B Z];Ru +1{P < H+1}q™(Sp.7% 5(Sp))
=

and therefore
(¢(s,a),0n) ~(H-n+1yHny 47 (5,0,
proving Eq. (E2) of the inductive assumption for 7 = h.
To show Eq. (Bf) for t = h, by Eq. (8&2) for r = & and the inductive assumption for ¢ > h,

(9(5,0),01) =2y, 4" (5,0) 2 ¢*(s,a) = (H = h)(/H + 2Hp) .
Either 7 chooses the action a’ maximizing the inner product above, for which

q"(s,a’) > max, q*(s,a) = (H—h)(/H+2H"n0) =2H’n0 2 v*(s) = (H = h+1)(/H +2H’np),
ae

or it chooses action 1. This can only happen with non-zero probability if 74;(s) < 1, in which

case we have by definition that rangeg(s) = rangeg(s) < ﬁ Combining with Eq. (B) and

Proposition B3, range(s) < % and therefore, using Eq. () for r = h + 1, in this case
q™(s,1) > ¢*(s, 1) = (H — h)(¢/H + 2H*no)
> v*(s) — % —2n—(H - h)(e/H+2H*10) > v*(s) — (H — h+ 1)(g/H + 2H10) .

Therefore for any choice of action a’ of policy 7 in state s, g™ (s,a’) > v*(s) — (H - h+1)(¢/H +
2H’n). Therefore

v¥(s) = v*(s) — (H - h+1)(e/H +2H"n0) ,
finishing the induction.

‘We thus conclude that
V¥ (s1) = v*(s1) —e—2Hn,.

Combined with Eq. (B4) of the inductive assumption, the value of Optimization Problem E-IU can
be bounded as

Cap(sy) = clip[O’H] <<p(s1,7r(s1)),9_1> > Hzno +v7(s1) = v*(s1) - 2¢,

by assumption on 77 being relatively small (Eq. (2T)). m}
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L Deferred lemmas

Lemma L.1 (Elliptical potential, Lemma 19.4 from Lattimore and Szepesvari [Z02(]). Let V €
R4 be positive definite and ay . . ., a, € R? be a sequence of vectors with ||a;||, < L < oo for all
t€[n], Vi =Vo+ X< asa;. Then,

2 T L?
> min {1, a1, } < 2log (detv”) < 2dlog (rvo—”l) .
P -1 det Vy d det(Vp)1/d

Lemma L.2. Let V € R be a symmetric positive definite matrix and (ai)ie[n] be a sequence of
n d-dimensional real vectors. Let V; =V + Zje[i] aja;'.—. Then,

1
2 : 2
2, lailly o 2 min g 1.2 > llally -

i€[n] i€[n]

Proof. If ¥;c(, aial <V, then V; < 2V, and therefore
1
2 Nailly = 30 Nlaill3y - = 5 llailly-1 -
ie[n] ! ieln]

Otherwise, X;c(n) a,-aiTV‘l has an eigenvalue that is at least 1. As all the other eigenvalues are
non-negative (as V is symmetric positive definite), we have that

D@l =T Y aal v |21 .
]

i€ln i€[n]

M Estimation error blow-up guarantees

We borrow Assumption M and Theorem M2 from Lattimore and Szepesvari [2020] and refer the
reader to the book for the corresponding proof.

Assumption M.1 (Prerequisites for Theorem M2). Let 2 > 0. For k € N*, let Ay be random
variables taking values in R%. For some 05 € RY, let Xi = (Ax, 04) + 1 for all k € N*. Here, ni is
a conditionally 1-subgaussian random variable (“noise”), ie. it satisfies:

2
foralla e Randrt > 1, Elexp(ang) | Fr-1] < exp (%) a.s.,

where Fi_1 is such that A1, Xy, ..., A1, Xx_1, A are Fi_1-measurable.

Theorem M.2 (Lattimore and Szepesvari [2020], Theorem 20.5). Let ¢ € (0,1). Under Assump-
tion M1, with probability at least 1 — {, it holds that for all k € N,

105 - ]l oy < VANl + \/210g (é) +log (M)

4

where for k € N,

k
V(1) = A+ Z AgAT

s=1
k
A -1
Ok = Vi)™ ) XA,
s=1
We generalize this theorem to handle non-zero-mean noise with parametrized subgaussianity. To

handle non-zero-mean noise, we use [[Zaneffe_ef all, 2020, Lemma 8]. We state the lemma here and
refer the reader to Zaneffe_ef-all [Z020] for the proof:
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Lemma M.3 (Zaneffe_ef all [2020], Lemma 8). For n € N*, let {A;}i=1,...n be any sequence of
vectors in R¢ and {A;}i=1.... n, be any sequence of scalars such that |A;| < & € R with & > 0. For
any A > 0and V(1) = ¥, A;AT + Al we have:

n 2

Z A,

i=1

< n§2
V!
Lemma M4, Let { € (0,1),1 >0, 0 >0, and & > 0. For k € N*, let A be random variables
taking values in R%. For some 0, € R4, let X; = (Ax,04) + ni for all k € N*. Here, ni is a
conditionally o-subgaussian random variable, ie. it satisfies:

a’o?
foralla e Randrt > 1, Elexp(ang) | Fr-1] < exp( > ) a.s.,

where Fr_y is such that Ay, X1, ..., Ax_1, Xx_1, A are Fx_i-measurable. With probability at least
1 = ¢, it holds that for any sequence {A;}i=1,... such that |A;| < &, forall k € N,

b s

A4
where for k € N,
Xk = )?k +Ak

k
V(1) = Al + Z AgAT

s=1

k
Ok = Vi)™ ) XAy
s=1

Proof. Let X; = (Xx —Ax)/ok, Ay = Aok, A = /o2, and 6, = 64, Vi) =21+ Zle ALALT,
and é;( = V,;(/l’)‘1 f:l X{A;. By assumption, X;, A;, A" and 6 then satisfy Assumption M.
Therefore by applying Theorem M, with probability at least 1 — £, it holds that for all £k € N,

. 1 det V; ()
||9k - 6’*”‘,](/(/1,) <V 164l + \/210g (Z) + log (T) .

Under this high-probability event, since V, (1") = Vi (1)/ o2, substituting into the previous display

yields
A, 1 det Vi (4
16% = 6xlly, 2y < VA NOl> + 0'\/210g (2) +log (4—5()) : (58)
Take any sequence {A;};=1,... such that |A;| < & and apply the triangle inequality:
16k = Oully, 2y < 105 = Oully, 1y + 165 = Oelly, ) - (59)

so it remains to bound Hé,’( - ék”Vk(/l)‘

k k
Hé;C - ék“Vk(/l) = Vlé (/ll)_l Z X:A: - Vk (/l)_l Z XsAs

s=1 s=1 Vi ()
k k
= Ve Y (X = AD A= Vi)™ ) XA,
s=1 s=1 Vi () (60)
k k
= Ve Y A =] Ay
s=1 V() Mls=1 Vie()~!
< Vké,
where the final inequality uses Lemma M. The proof is finished by plugging in the bounds of
Egs. (B8) and (B0) into the triangle inequality of Eq. (BY). O
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