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Abstract

We explore the methodology and theory of reward-directed generation via condi-
tional diffusion models. Directed generation aims to generate samples with desired
properties as measured by a reward function, which has broad applications in
generative Al, reinforcement learning, and computational biology. We consider the
common learning scenario where the dataset consists of majorly unlabeled data
and a small set of data with noisy reward labels. Our approach leverages a learned
reward function on the smaller data set as a pseudolabeler to label the unlabelled
data. After pseudo-labelling, a conditional diffusion model (CDM) is trained on the
data and samples are generated by setting a target value a as the condition in CDM.
From a theoretical standpoint, we show that this directed generator can effectively
learn and sample from the reward-conditioned data distribution: 1. our model
is capable of recovering the data’s latent subspace representation. 2. the model
generates samples moving closer to the user-specified target. The improvement in
rewards of samples is influenced by a interplay between the strength of the reward
signal, the distribution shift, and the cost of off-support extrapolation. We provide
empirical results to validate our theory and highlight the relationship between
the strength of extrapolation and the quality of generated samples. Our code is
available at https://github.com/Kaffaljidhmah2/RCGDM.

1 Introduction

Controlling the behavior of generative models towards desired properties is a major problem for
deploying deep learning models for real-world usage. As large and powerful pre-trained generative
models achieve steady improvements over the years, one increasingly important question is how to
adopt generative models to fit the needs of a specific domain and to ensure the generation results
satisfying certain constraints (e.g., safety, fairness, physical constraints) without sabotaging the power
of the original pre-trained model [35, 27, 54, 41].

In this paper, we focus on directing the generation of diffusion models [19, 43], a family of score-
matching generative models that have demonstrated the state-of-the-art performances in various
domains, such as image generation [39, 38, 4] and audio generation, with fascinating potentials
in broader domains, including text modeling [3, 27], reinforcement learning [21, 1, 36, 28] and
protein structure modeling [26]. Diffusion models are trained to predict a clean version of the noised
input, and generate data by sequentially removing noises and trying to find a cleaner version of
the input. The denoising network (a.k.a. score network) s(z,t) approximates the score function
V log pi(z) [45, 46], and controls the behavior of diffusion models. People can incorporate any
control information y as an additional input to s(x, y,t) during the training and inference [38, 54].
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Here we abstract various control goals as a scalar reward y, measuring how well the generated instance
satisfies our desired properties. In this way, the directed generation problem becomes finding plausible
instances with higher rewards and can be tackled via reward-conditioned diffusion models. The
subtlety of this problem lies in that the two goals potentially conflict with each other: diffusion models
are learned to generate instances similar to the training distribution, while maximizing the rewards of
the generation drives the model to deviate from the training distribution. In other words, the model
needs to “interpolate” and “extrapolate” at the same time. A higher value of y provides a stronger
signal that guides the diffusion model towards higher rewards, while the increasing distribution shift
may hurt the generated samples’ quality. In the sequel, we provide theoretical guarantees for the
reward-conditioned diffusion models, aiming to answer the following question:

How to provably estimate the reward-conditioned distribution via diffusion? How to balance the
reward signal and distribution-shift effect, and ensure reward improvement in generated samples?

Our Approach. To answer both questions, we consider a semi-supervised learning setting, where we
are given a small dataset D),1,0) With annotated rewards and a massive unlabeled dataset Dyp1abel. We
estimate the reward function using Dj,pe and then use the estimator for pseudo-labeling on Dypjabel-
Then we train a reward-conditioned diffusion model using the pseudo-labeled data. Our approach is
illustrated in Figure |. In real-world applications, there are other ways to incorporate the knowledge
from the massive dataset Dypjabel, €.2., finetuning from a pre-trained model [35, 54]. We focus on
the pseudo-labeling approach, as it provides a cleaner formulation and exposes the error dependency
on data size and distribution shift. The intuition behind and the message are applicable to other
semi-supervised approaches; see experiments in Section

From a theoretical standpoint, we consider data point x having a latent linear representation. Specifi-
cally, we assume x = Az for some matrix A with orthonormal columns and z being a latent variable.
The latent variable often has a smaller dimension, reflecting the fact that practical data sets often
exhibit intrinsic low-dimensional structures [13, 48, 37]. The representation matrix A should be
learned to promote sample efficiency and generation quality [8]. Our theoretical analysis reveals an
intricate interplay between reward guidance, distribution shift, and implicit representation learning;
see Figure 2 for illustration.

Contributions. Our results are summarized as follows.

(1) We show that the reward-conditioned diffusion model implicitly learns the latent subspace
representation of x. Consequently, the model provably generates high-fidelity data that stay close to
the subspace (Theorem 4.5).

(2) Given a target reward value, we analyze the statistical error of reward-directed generation, mea-
sured by the difference between the target value and the average reward of the generated population.
In the case of a linear reward model, we show that this error includes the suboptimality gap of linear
off-policy bandits with full knowledge of the subspace feature, if taking the target to be the maximum
possible. In addition, the other two components of this error correspond to the distribution shift in
score matching and the cost of off-support extrapolation (Theorem 4.6).

(3) We further extend our theory to nonparametric reward and distribution configurations where
reward prediction and score matching are approximated by general function class, which covers the
wildly adopted ReLU Neural Networks in real-world implementation (Section 4.3 and Appendix I).

(4) We provide numerical experiments under both synthesized setting and more realistic settings
such as text-to-image generation (stable diffusion) and reinforcement learning (decision-diffuser) to
support our theory (Section 5 and Appendix I).

To our best knowledge, our results present the first statistical theory for conditioned diffusion models
and provably reward improvement guarantees for reward-directed generation.

2 Related Work

Guided Diffusions. For image generations, guiding the backward diffusion process towards higher
log probabilities predicted by a classifier (which can be viewed as the reward signal) leads to improved
sample quality, where the classifier can either be separated trained, i.e., classifier-guided [11] or
implicitly specified by the conditioned diffusion models, i.e., classifier-free [18]. Classifier-free
guidance has become a standard technique in the state-of-the-art text-to-image diffusion models
[39, 38, 4]. Other types of guidance are also explored [33, 14]. Similar ideas have been explored in
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Figure 1: Overview of reward-directed generation via conditional diffusion model. We estimate
the reward function from the labeled dataset. Then we compute the estimated reward for each
instance of the unlabeled dataset. Finally, we train a reward-conditioned diffusion model using
the pseudo-labeled data. Using the reward-conditioned diffusion model, we are able to generate
high-reward samples.
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Figure 2: Illustrations of distribution shifts in samples, reward, and encoder-decoder score
network. When performing reward-directed conditional diffusion, (a) the distribution of the generated
data shifts, but still stays close to the feasible data support; (b) the distribution of rewards for the
next generation shifts and the mean reward improves. (c¢) (Adapted from [8]) the score network for
reward-directed conditioned diffusion adopts an Encoder-Decoder structure.

sequence modelling problems. In offline reinforcement learning, Decision Diffuser [1] is a diffusion
model trained on offline trajectories and can be conditioned to generate new trajectories with high
returns, satisfying certain safety constraints, or composing skills. For discrete generations, Diffusion
LM [27] manages to train diffusion models on discrete text space with an additional embedding layer
and a rounding step. The authors further show that gradients of any classifier can be incorporated to
control and guide the text generation.

Theory of Diffusion Models A line of work studies diffusion models from a sampling perspective.
When assuming access to a score function that can accurately approximate the ground truth score
function in L> or L? norm, [9, 25] provide polynomial convergence guarantees of score-based
diffusion models. “Convergence of denoising diffusion models under the manifold hypothesis” by
Valentin De Bortoli further studies diffusion models under the manifold hypothesis. Recently, [8] and
[34] provide an end-to-end analysis of diffusion models. In particular, they develop score estimation
and distribution estimation guarantees using the estimated score function. These results largely
motivate our theory, whereas, we are the first to consider conditional score matching and statistical
analysis of conditional diffusion models.

Connection to Offline Bandit/RL  Our off-policy regret analysis of generated samples is related to
offline bandit/RL theory [30, 29, 6, 12, 22, 32, 5]. In particular, our theory extensively deals with
distribution shift in the offline data set by class restricted divergence measures, which are commonly
adopted in offline RL. Moreover, our regret bound of generated samples consists of an error term
that coincides with off-policy linear bandits. However, our analysis goes far beyond the scope of
bandit/RL.

3 Reward-Directed Generation via Conditional Diffusion Models

In this section, we develop a conditioned diffusion model-based method to generate high-fidelity
samples with desired properties. In real-world applications such as image/text generation and protein
design, one often has access to abundant unlabeled data, but relatively limited number of labeled data.
This motivates us to consider a semi-supervised learning setting.
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Notation: P, denotes ground truth joint distribution of = and its label y, P, is the marginal of .
Any piece of data in Di,pe) follows P, and any data in Dypjapel follows P, P is used to denote
a distribution and p denotes its corresponding density. P(x | y = a) and P(z,y = a) are the
conditionals of P,, Similarly, we also use notation P,5, P(x | J = a) for the joint and conditional of
(x,7), where ¥ is predicted by the learnt reward model. Also, denote a generated distribution using

diffusion by P (density p) followed by the same argument in parentheses as the true distribution it
approximates, e.g. P(z | y = a) is generated as an approximation of P(z | y = a).

3.1 Problem Setup

Suppose we are given an unlabeled data set Dypiabel = {Z; };” , and a labeled data set Dyypel =
{(ziyy:) b .21, Where it is often the case that n; > ny. Assume without loss of generality that Diapel
and Dyn1abel are independent. In both datasets, suppose «x is sampled from an unknown population
distribution P,. In our subsequent analysis, we focus on the case where P, is supported on a latent
subspace, meaning that the raw data = admits a low-dimensional representation (see Assumption 4.1).
We model y as a noisy measurement of a reward function determined by x, given by

y=f"(x)+e for e~N(0,0%) with 1>0>0.

A user can specify a target reward value, i.e., y = a. Then the objective of directed generation
is to sample from the conditional distribution P(z|y = a). Given f*, P, or the low-dimensional
support of P, are unknown, we need to learn these unknowns explicitly and implicitly through
reward-conditioned diffusion.

3.2 Meta Algorithm

Algorithm 1 Reward-Conditioned Generation via Diffusion Model (RCGDM)

1: Input: Datasets Dyunlabel, Plabel, target reward value a, early-stopping time ¢, noise level v.
(Note: in the following psuedo-code, ¢;(x) is the Gaussian density and 7 is the step size of
discrete backward SDE, see §3.3 for elaborations on conditional diffusion)

2: Reward Learning: Estimate the reward function by

feargmin > U(f(x),m), 3.

_7.‘
fe (z4,Y:) €ED1abel

where £ is a loss and F is a function class. _

3: Pseudo labeling: Use the learned function f to evaluate unlabeled data D11 and augment it

with pseudo labeles: D = {(z;,7;) = f(xj) + &1L, for €, e N(0,?%).

4: Conditional score matching: Minimize over s € S (S constructed as 3.8) on data set D via

T
s€ argﬂslin/ E (2 5)epEa ~N(at)a,h(t)Ip) [IV2r log ¢ (a'|2) — s(2', g, 1) |15] dt. (3.2)
sE to

5: Conditioned generation: Use the estimated score 5(-, a, -) to sample from the backward SDE:

_ T
a,T —kn)| dt +dW, fort € [kn, (k+ 1)y, ke |=].
7

(3.3)

~ 1~
dxys = {QX%:;? (XL

6: Return: Generated population I3(|g7 = a), learned subspace representation V' contained in S.

In order to generate novel samples with both high fidelity and high rewards, we propose Reward-
Conditioned Generation via Diffusion Models (RCGDM); see Algorithm | for details. By using
the labeled data Di,pe1, We approxunately estimate the reward function f* by regression, then we

obtain an estimated reward function f ‘We then use f to augment the unlabeled data D p1a1e1 With
“pseudo labeling" and additive noise, i.c., D = {(z;,y; = f(Lj) + &)}, with & ~ N(0,%) of a
small variance /2. Here, we added noise &; merely for technical reasons in the proof. We denote the
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joint distribution of (x,y) as P,5. Next, we train a conditional diffusion model using the augmented
dataset D. If we specify a target value of the reward, for example letting y = a, we can generate
conditioned samples from the distribution P(z|y = a) by backward diffusion.

Alternative approaches. In Line 4, Algorithm | trains the conditional diffusion model via conditional
score matching. This approach is suitable when we have access to the unlabeled dataset and need
to train a brand-new diffusion model from scratch. Empirically, in order to realize conditional
generation, we can utilize a pre-trained diffusion model and incorporate with reward signals to be
conditioned on. Existing methods falling in to this category include classifier-based guidance [11],
fine-tuning [54], and self-distillation [47]. For theoretical cleanness, we focus on analysing Algorithm

as it shares the same core essence with other alternative methods, which is approximating of the
conditional score V log p;(x+|y).

3.3 Training of Conditional Diffusion Model

In this section, we provide details about the training and sampling of conditioned diffusion in
Algorithm | (Line 4: conditional score matching and Line 5: conditional generation). In Algorithm 1,

conditional diffusion model is learned with D = {(z;,7; = f(x]) + &)L, where (2,7) ~ Py
For simplicity, till the end of this section we use y instead of ¥ to denote the condition variable. The
diffusion model is to approximate the conditional probability P(z | ).

Conditional Score Matching. The working flow of conditional diffusion models is nearly identical
to that of unconditioned diffusion models reviewed in Appendix A. A major difference is we learn
a conditional score V log p:(x|y) instead of the unconditional one. Here p; denotes the marginal
density function at time ¢ of the following forward O-U process,

1 .
dX! = -3 (t)XYdt + /g(t)dW; with XY ~ Py(z|y) and t € (0,77, (3.4

where similarly 7" is a terminal time, (W});>¢ is a Wiener process, and the initial distribution Py (z|y)
is induced by the (x, §)-pair distribution P,5. Note here the noise is only added on « but not on y.
Throughout the paper, we consider g(¢) = 1 for simplicity. We denote by P;(z|y) the distribution of
X/} and let py(z¢|y) be its density and P;(x;,y) be the corresponding joint, shorthanded as P;. A key
step is to estimate the unknown V log p;(x|y) through denoising score matching [46]. A conceptual
way is to minimize the following quadratic loss with S, a concept class.

T
arguiin [ e,y [V g pi(arly) - s(or, 1) 8] dt, (3.5)
se 0

Unfortunately, the loss in (3.5) is intractable since V log p;(¢|y) is unknown. Inspired by Hyvérinen
and Dayan [20] and Vincent [52], we choose a new objective (3.2) and show their equivalence in the
following Proposition. The proof is provided in Appendix

Proposition 3.1 (Score Matching Objective for Implementation). For any ¢ > 0 and score
estimator s, there exists a constant C; independent of s such that

E(mt,y)NPt [HVIngt(mtly) - S(xtagﬁt)H%}

= E(o,)~Pos B oN(a®)zh () 10) [ Ve 10g ¢e(a'|2) — s(a’, y, 1) [13] + C, (3.6)
where V. log ¢y (2 |z) = 71’2%()::)1’ where ¢;(z'|z) is the density of N(«(t)x, h(t)Ip) with

a(t) = exp(—t/2) and h(t) = 1 — exp(—t).

Equation (3.6) allows an efficient implementation, since P, can be approximated by the empirical

data distribution in D and z’ is easy to sample. Integrating (3.6) over time ¢ leads to a practical
conditional score matching object

T
argmin/ E(2,y)~ Py Bar oN(a(t)z,h (1) 1) [||fo log ¢¢(2'|z) — s(2, y,t)||§] dt, (3.7)

seS to

where £y > 0 is an early-stopping time to stabilize the training [44, 50] and E denotes the empirical
distribution.

q
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Constructing a function class S adaptive to data structure is beneficial for learning the conditional
score. In the same spirit of [8], we propose the score network architecture (see Figure 2(c) for an
illustration):

1
S = {sw,(x,y,t) = m(v (Vi y,t) —x): VeRP* e : R x [to, T] — R } (3.8)
with V being any D x d matirx with orthonormal columns and ® a customizable function class. This
design has a linear encoder-decoder structure, catering for the latent subspace structure in data. Also

_T(lt) x is includes as a shortcut connection.

Conditioned Generation. Sampling from the model is realized by running a discretized backward
process with step size n > 0 described as follows:

= 13 —~ — ..
dXp< = {2X}j;]<: + 83Xy, T —kn)| dt +dW, for ¢ € [kn, (k+ 1)n]. (3.3 revisited)
initialized with )?tt =~ N(0,Ip) and W, is a reversed Wiener process. Note that in (3.3), the
unknown conditional score Vp,(x|y) is substituted by 5(x, y, ).

4 Main Theory

In this section, we analyze the conditional generation process specified by Algorithm . We will
focus on the scenario where samples = admit a low-dimensional subspace representation, stated as
the following assumption.

Assumption 4.1 . Data sampling distribution P, is supported on a low-dimensional linear subspace,
i.e., x = Az for an unknown A € RP*4 with orthonormal columns and z € R? is a latent variable.

Note that our setup covers the full-dimensional setting as a special case when d = D. Yet the case
of d < D is much more interesting, as practical datasets are rich in intrinsic geometric structures
[13, 37, 48]. Furthermore, the representation matrix A may encode critical constraints on the
generated data. For example, in protein design, the generated samples need to be similar to natural
proteins and abide rules of biology, otherwise they easily fail to stay stable, leading to substantial
reward decay. In those applications, off-support data may be risky and suffer from a large degradation
of rewards, which we model using a function h as follows.

Assumption 4.2 . The ground truth reward f*(z) = g* () — h*(x L), where g*(z|)) = (0*) Tz

where % = AB* for some 3* € R? and [|6*[| = [|5*||2 = 1 and h* () is non-decreasing in terms
of || ||2 with h*(0) = 0.

Assumption 4.2 adopts a simple linear reward model for ease of presentation. In this case, we estimate
6* by ridge regression, and (3.1) in Algorithm | becomes 6 = argming >_:2 (07 z; — y;)? + A||0]3
for a positive coefficient \. Later in Section 3.3 and Appendix F, we extend our results beyond linear
models to deep ReLU networks.

4.1 Conditional DM Learns Subspace Representation

Recall that Algorithm | has two outputs: generated population ﬁ(@ = a) and learned representation
matrix V. Use notation P, := P(:|§ = a) (generated distribution) and P, := P(-|y = a) (target
distribution) for better clarity in result presentation. To assess the quality of subspace learning, we
utilize two metrics defined as

LZWV,A) =|[VVT —AAT|E and E,_ 5 [|zL]2]. 4.1)

Z(V, A) is defined for matrices V, A, where A is the matrix encoding the ground truth subspace.
Clearly, Z(V, A) measures the difference in the column span of V' and A, which is also known as
the subspace angle. E__ 5 [[|lz||] is defined as the expected /> distance between x and the true
subspace. Theorem 4.5 provides guarantees on this two metrics under following assumptions, proof
and Interpretation of Theorem 4.5 are deferred to Appendix

To ease the presentation, we consider a Gaussian design on z, i.e. the latent 2 is Gaussian as stated in
Assumption 4.4. Since our guarantee on Z(V, A) holds under milder assumption than Gaussian, we
also list the Assumption

A
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Assumption 4.3 . The latent variable z follows distribution P, with density p,, such that there exists
constants B, C, Cy verifying p.(z) < (2r)~(@+D/2C, exp (—Cs|2||3/2) whenever ||z|> > B.
And ground truth score is realizable: Vlogp:(x | §) € S.

Assumption 4.4 . Further assume z ~ N(0, X) with its covariance matrix ¥ satisfying Apinlg <
E j Al’l’laXId for O < AIIlil’l S >\rna.x S 1’

Theorem 4.5 (Subspace Fidelity of Generated Data). Under Assumption 4.1, if Assumption
holds with ¢l < E.p, [zzT] , then with high probability on data,

LAy =6 | L [NMELm)D )

Co ny

with N'(S,1/n;) being the log covering number of function class S as in (3.8). When Assumption
holds, N'(S,1/n1) = O((d® + Dd)log(Ddny)) and thus £(V, A) = O(5L-/PEELD),
Further under Assumption 4.2, it holds that

E, p. llzL]2] (\/tOD—I-\/ /(V,A) - IIB H ) 4.3)

where 5* is groundtruth parameter of linear model.

4.2 Provable Reward Improvement via Conditional Generation

Let y* be a target reward value and P be a generated distribution. Define the suboptimality of P as
SubOpt(P;y*) = y* — E.op[f™(2)],

which measures the gap between the expected reward of x ~ P and the target value y*. In the
language of bandit learning, this gap can also be viewed as a form of off- palzcy regret Given a
target value y* = a, we want to derive guarantees for SubOpt(Pa, y* = a), recall P, = P( |y =a)
denotes the generated distribution. In Theorem 4.6, we show SubOpt(Pa, y* = a) comprises of three
components: off-policy bandit regret which comes from the estimation error of f, on-support and
off-support errors coming from approximating conditional distributions with diffusion.

Theorem 4.6 (Off-policy Regret of Generated Samples). Suppose Assumption 4.1, and

hold. We choose A\ = 1, tg = ((Dd?* + Dzd)/nl)l/6 and v = 1/v/D. With high probability,
running Algorithm | with a target reward value a gives rise to

SubOpt (]Sa; y* =a)

S dlogn
—1 2
< {TH(ER ) -0 ( T ) Brle )] - Bp [ @l + Bph@y)]
————
&4 :on-support diffusion error &3 :off-support diffusion error
&1 :oft-policy bandit regret
4.4

where 3 := n%(XTX + AI) where X is the stack matrix of Dype; and Xp, = Ep, [z2T].

Implications and Discussions: (1) Equation (4.4) decomposes the suboptimality gap into two
separate parts of error: error from reward learning (£;) and error coming from diffusion (€, and &s).

(2) It is also worth mentioning that & and &; depend on t; and that by taking t, =
(Dd? + D2d)/n1)1/6 one gets a good trade-off and small & + E&s.

(3) &, suggests diffusion model is essentially doing representation learning, reducing D to smaller
latent dimension d. It can be seen from Tr(E Yp,) <0 (Hﬁ st d) when ngy = Q(+1—).

A min

(3) If we ignore the diffusion errors when n; is large enough, the suboptimatliy gap resembles the
suboptimatliy of off-policy bandit learning in feature subspace [22, Section 3.2], [32, 5]. It shows

7
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the major source of error occurs when moving towards the target distributions and the error behaves
similar to bandit.

(4) On-support diffusion error entangles with distribution shift in complicated ways. We show
Ey = (DistroShift(a) . (d2D + Dzd) 1/6 ny V6. a) ’

where DistroShift(a) quantifies the distribution shift depending on different reward values. In
the special case of the latent covariance matrix ¥ is known, we can quantify the distribution shift as
DistroShift(a) = O(a V d). We observe an interesting phase shift. When a < d, the training data
have a sufficient coverage with respect to the generated distribution P,. Therefore, the on-support
diffusion error has a lenient linear dependence on a. However, when a > d, the data coverage is very
poor and £ becomes quadratic in a, which quickly amplifies.

(5) When generated samples deviate away from the latent space, the reward may substantially degrade
as determined by the nature of h.

To the authors’ best knowledge, this is a first theoretical attempt to understand reward improvement
of conditional diffusion. These results imply a potential connection between diffusion theory and
off-policy bandit learning, which is interesting for more future research. See proofs in Appendix

4.3 Extension to Nonparametric Function Class

Our theoretical analysis, in its full generality, extends to using general nonparametric function
approximation for both the reward and score functions. To keep our paper succinct, we refer
to Appendix I and Theorem for details of our nonparametric theory for reward-conditioned
generation. Informally, the regret of generated samples is bounded by

~

~ — —2
SubOpt(P,;y* =a) =0 <DistroShift(a) . <n2 oy 3(‘”6))) +Eg [ (z1)]

with high probability. Additionally, the nonparamtric generators is able to estimate the representation
2

matrix A up to an error of Z(V,A) = O(n; “*°). Here the score is assumed to be Lipschitz
continuous and « is the smoothness parameter of the reward function, and DistroShift(a) is a
class-restricted distribution shift measure. Our results on nonparametric function approximation
covers the use of deep ReLLU networks as special cases.

5 Numerical Experiments

5.1 Simulation

We first perform the numerical simulation of Algorithm | following the setup in Assumption 4.1,

and 4.4. We choose d = 16, D = 64, g*(z) := 5||z||3, and generate 3* by uniformly sampling
from the unit sphere. The latent variable z is generated from N(0, l4), which is then used to construct
x = Az with some randomly generated orthonormal matrix A. We use the 1-dimensional version of
the UNet [40] to approximate the score function. More details are deferred to Appendix I.

Figure 3 shows the average reward of the generated samples under different target reward values. We
also plot the distribution shift and off-support deviation in terms of the 2-norm distance from the
support. For small target reward values, the generation average reward almost scales linearly with the
target value, which is consistent with the theory as the distribution shift remains small for these target
values. The generation reward begins to decrease as we further increase the target reward value, and
the reason is two fold. Firstly, the off-support deviation of the generated samples becomes large in
this case, which prevents the generation reward from further going up. Secondly, the distribution shift
increases rapidly as we further increase the target value, making the theoretical guarantee no longer
valid. In Figure 4, we show the distribution of the rewards in the generated samples. As we increase
the target reward values, the generation rewards become less concentrated and are shifted to the left
of the target value, which is also due to the distribution shift and off-support deviation.

R
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Figure 4: Shifting reward distribution of the generated population.
5.2 Directed Text-to-Image Generation

Next, we empirically verify our theory through directed text-to-image generation. Instead of training
a diffusion model from scratch, we use Stable Diffusion v1.5 [39], pre-trained on LAION dataset [42].
Stable Diffusion operates on the latent space of its Variational Auto-Encoder and can incorporate
text conditions. We show that by training a reward model we can further guide the Stable Diffusion
model to generate images of desired properties.

Ground-truth Reward Model. We start from an ImageNet [10] pre-trained ResNet-18 [17] model
and replace the final prediction layer with a randomly initialized linear layer of scalar outputs. Then
we use this model as the ground-truth reward model. To investigate the meaning of this randomly-
generated reward model, we generate random samples and manually inspect the images with high
rewards and low rewards. The ground-truth reward model seems to favor colorful and vivid natural
scenes against monochrome and dull images; see Appendix | for sample images.

Labelled Dataset. We use the ground-truth reward model to compute a scalar output for each
instance in the CIFAR-10 [24] training dataset and perturb the output by adding a Gaussian noise
from A/(0,0.01). We use the images and the corresponding outputs as the training dataset.

Reward-network Training. To avoid adding additional input to the diffusion model and tuning
the new parameters, we introduce a new network 11s and approximate p;(y|z:) by N(ug(x:), 02).
For simplicity, we set 02 as a tunable hyperparameter. We share network parameters for different
noise levels ¢, so our pp has no additional input of ¢. We train 119 by minimizing the expected KL
divergence between p; (y|x;) and N(ug(x;), 02):

lly — po(x)113
202

Equivalently, we train the reward model py to predict the noisy reward y from the noisy inputs x;.
Also, notice that the minimizers of the objective do not depend on the choice of 2.

E/E,, [KL((yl21) | N(o(x), 0%))| = BBy, + Constant,

Reward-network-based Directed Diffusion. To perform reward-directed conditional diffusion,

observe that V. log ps(x]y) = V. log ps(z) + V log ps(y|z), and p; (y|z) o< exp ( - %)

Therefore, 1
Vi logpi(yle) = =1/0% - Va5 ly = 1o @)13]-

In our implementation, we compute the gradient by back-propagation through ¢ and incorporate this
gradient guidance into each denoising step of the DDIM sampler [43] following [11] (equation (14)).
We see that 1/0% corresponds to the weights of the gradient with respect to unconditioned score. In
the sequel, we refer to 1/02 as the “guidance level”, and y as the “target value”.

Q
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Quantitative Results. We vary 1/02 in {25, 50, 100, 200,400} and y in {1,2,4,8,16}. For each
combination, we generate 100 images with the text prompt “A nice photo” and calculate the mean
and the standard variation of the predicted rewards and the ground-truth rewards. The results are
plotted in Figure 5. From the plot, we see similar effects of increasing the target value y at different
guidance levels 1/02. A larger target value puts more weight on the guidance signals V19 (), which
successfully drives the generated images towards higher predicted rewards, but suffers more from the
distribution-shift effects between the training distribution and the reward-conditioned distribution,
which renders larger gaps between the predicted rewards and the ground-truth rewards. To optimally
choose a target value, we must trade off between the two counteractive effects.

8 ground truth
prediction
6 baseline

ot o1 101101 101
TTTnT

LHibL

S

Reward

Figure 5: The predicted rewards and the grouclulld&nff;:lth rewards of the generated images. At each
guidance level, increasing the target y successfully directs the generation towards higher predicted
rewards, but also increases the error induced by the distribution shift. The reported baseline is the

expected ground-truth reward for undirected generations.

Qualitative Results. To qualitatively test the effects of the reward conditioning, we generate a set
of images with increasing target values y under different text prompts and investigate the visual
properties of the produced images. We isolate the effect of reward conditioning by fixing all the
randomness during the generation processes, so the generated images have similar semantic layouts.
After hyper-parameter tuning, we find that setting 1/0? = 100 and y € {2,4, 6,8, 10} achieves good
results across different text prompts and random seeds. We pick out typical examples and summarized
the results in Figure 6, which demonstrates that as we increase the target value, the generated images
become more colorful at the expense of degradations of the image qualities.

>

Reward improves as target value increases Quality degrades when overly extrapolated

Figure 6: The effects of the reward-directed diffusion. Increasing the target value directs the
images to be more colorful and vivid at the cost of degradation of the image qualities. Leftmost:
without reward conditioning. Second-to-Last: target value y = 2,4, 6, 8, 10. The guidance level 1/0>
is fixed to 100. The text prompts are "A cat with a glass of water.", "An astronaut on the horseback".

6 Conclusion

In the paper, we study the problem of generating high-reward and high-quality samples using
reward-directed conditional diffusion models, focusing on the semi-supervised setting where massive
unlabeled data and limited labeled data are given. We provide theoretical results for subspace recovery
and reward improvement, demonstrating the trade-off between the strength of the reward target and
the distribution shift. Numerical results support our theory well.
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A Preliminaries

A.1 Diffusion Models
We first provide a brief review of diffusion models and its training/sampling procedure. We consider
diffusion in continuous time [23, 46], where diffusion is described as forward and backward SDEs.

Forward SDE and Score Matching. In the forward process, noise is added to original data
progressively as an Ornstein-Ulhenbeck process for instance:

1
dX; = —ag(t)Xtdt +gt)dW; for g(t) >0, (A.1)

where initial X ~ Pyata and (W;):>o is a standard Wiener process, and g(t) is a nondecreasing
weighting function. In practice, the forward process (A.1) terminates at a sufficiently large 7" > 0
such that the corrupted X is close to the standard Gaussian N(0, Ip). To enable data generation in
future, the score V log p;(+) at ¢ is the key to learn, here p; denotes the marginal density of X;. We
often use an estimated score function 5(-, ¢) trained by minimizing a score matching loss.

Backward SDE for Generation. Diffusion models generate samples through a backward SDE (A.2)
reversing the time in (A.1) [2, 16], i.e.,

1 _
dX7 = 1 59(T = )X +9(T = )Vlog pr—(X7) | dt + Vg(T — )W, (A2)

where W is a reversed Wiener process. In practice, the backward process is initialized with N(0, Ip)
and the unknown conditional score V log p:(-) is replaced by an estimated counterpart 5(-, ¢).

B Limitations

We do not see outstanding limitations in our analysis. The linear subspace assumption initiates
the study of conditional diffusion models on low-dimensional data. We expect to stimulate more
sophisticated analyses under general assumptions such as manifold data.

C Omitted Proof in Section

C.1 Proof of Proposition
Proof. For any t > 0, it hold that V, log p:(x¢ | y) = V., log pr(x¢, y) since the gradient is taken
w.r.t. z; only. Then plugging in this equation and expanding the norm square on the LHS gives
E(eryymp, (Ve 10gpe(@e,y) = s(2e, 9, O3] = Ea, yy~p, [5(@e 9,0)|3
— 2(Vy, log py(24,y), s(2,y,1))] + C.
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Then it suffices to prove

Ez,yy~p, [(Va, 10g0e(21,9), (26, 4, )] = Ea gy Poy Baron(a@eny 1) [(Var o (@ | ), 5(2", y,1))]
Using integration by parts to rewrite the inner product we have

B, p)~p [(Va, logpe(ze,y), (2, y, 1)) = /pt(xt,y)(th log pi(z1,y), s(x¢,y, t))dzydy
= /<vl‘tpt($ta y)7 s(xta Y, t)>d$tdy

= —/Pt(iﬂmy) div(s(z,y,t))dxdy,

where denote by ¢;(z|x) the density of N(«(t)x, h(t)Ip) with a(t) = exp(—t/2) and h(t) =
1 — exp(—t), then

- / pu(ee, y) div(s(ze, v, ) dzydy = —Eg gy, / ou(a’ | 2) div(s(a’, y, 1))da’

~Epery [(Tutnle’ | 2),s(a' 5. 0)d

= E(o,y)~Poy BorN(a()z,nt)1) (Varde(2' | x),s(2,y,1))] .
O

D Omitted Proofs in Section

Additional Notations: We follow the notations in the main paper along with some additional ones.
Use PP (2) to denote the low-dimensional distribution on z corrupted by diffusion noise. Formally,

PP (2) = [ ¢:(2']2)p=(2)dz with ¢4 (+|) being the density of N(a(t)z, h(t)14). PEP (| f(Az) =
a) the corresponding conditional distribution on f(Az) = a at to, with shorthand as PEP(a). Also
give P,(z | f(Az) = a) a shorthand as PP (a). In our theorems, O hides constant factors and

higher order terms in n; ' and n; ' and, O further hides logarithmic terms and can also hide factors
ind.

D.1 Parametric Conditional Score Matching Error

Theorems presented in Section 4 are established upon the conditional score estimation error, which
has been studied in [8] for general distributions, but in Lemma we provide a new one specific
to our setting where the true score is linear in input (x;,y) due to the Gaussian design. Despite
the linearity of score in Gaussian case, we emphasize matching score in (3.2) is not simply linear
regression as S consists of an encoder-decoder structure for estimating matrix A to reduce dimension
(see §H for S construction and more proof details).

In the following lemma, we first present a general result for the case where the true score is within
S, which is constructed as a parametric function class. Then the score matching error is bounded in
terms of A/(S, 1/ny), the log covering number of S, recall n; is the size of Dypjapel- Instantiating
this general result, we derive score matching error for Gaussian case by upper bounding A(S,1/n1)
in this special case.

Lemma D.1. Under Assumption 4.1, if Vlogp;(z | y) € S, where

1
S = {SV,w(xvi%t) = 7

ﬁ(1/-¢(VT:c7y,t) —xz): VeRP* e :R™ x [ty, T] — R? }

((3.8) revisited)

with W parametric. Then for § > 0, with probability 1 — 4, the square score matching error is bounded
S T— <1 NS 1) (VD) log % ) e,

to ni

1 T R
T— 1 /t E (oo py~r, [IV10g pe(aely) — S(ae, v, 0)]13] dt < €3, (D.1)
0
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recall P; comes from P,5 by noising x at ¢ in the forward process. Under Assumption 4.4 and given

fz) = 0Tz and j = ]?(1') +&,€& ~ N(0,12), the score function V log p;(x | 4) to approximate is
linear in  and 7. When approximated by S with W linear, N'(S,1/n1) = O((d? + Dd) log(Ddn)).

Proof. Proof is in §H. O

To provide fidelity and reward guarantees of P,: the generated distribution of x given condition
7 = a, we will need the following lemma. It provides a subspace recovery guarantee between V (score
matching output) and A(ground truth), as well as a distance measure between distributions P, and

P,, given score matching error €g; s .

Note P, and P, are over z, which admits an underlying low-dimensional structure x = Az. Thus we
measure distance between P, and P, by defining

Definition D.2. TV (P,) := drv (Ptf;D(z | f(A2) = a), (UTVT)#ﬁa) with notations:

e dpy(-,-) is the TV distance between two distribution.

* f3P denotes a push-forward measure, i.e., for any measurable , (f;P)(Q2) = P(f~*(Q))

(VT)#ﬁa pushes generated ]3a forward to the low dimensional subspace using learned
subspace matrix V. U is an orthonormal matrix of dimension d.

PEP(z ] f(Az) = a) is close to (A1) P,, with to taking account for the early stopping in
backward process.

We note that there is a distribution shift between the training and the generated data, which has a
profound impact on the generative performance. We quantify the influence of distribution shift by the
following class restricted divergence measure.

Definition D.3. Distribution shift between two arbitrary distributions P; and P, restricted under
function class £ is defined as

T(Pr1,Ps; L) = supyep Epop, [[(2)]/Egpnp,[l(2)]  with arbitrary two distributions Py, Ps.

Definition is well perceived in bandit and RL literature [30, 29, 6, 12].

Lemma D.4. Given the square score matching error (D.1) upper bounded by €2, 7> and when P,

satisfying Assumption 4.3 with coly < E.p, [22"], it guarantees on for z ~ P, and Z(V, A) :=
[VVT — AAT|2 that

(Ip —VV )z ~N(0,A), A <ctolp, (D.2)
~ tO
Z(V,A)=0 <00 : eﬁiff> : (D.3)

In addition,

TV(P,) =0

S \/T(P(a:,yza),ny;S) ceairs | (D.4)

with S = {T%to ftf By, 2|V 1og pe(ay | y) — s(ze, y,t)||3dE = s € S}. TV (P,) and T(P(z,7 =
a), Py; S) are defined in Definition D.2 and

Proof. Proof is in §E.2. O
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D.2 Proof of Theorem

Proof. Proof of Z(V, A). By Lemma 3 of [8], we have
to o
LV, A) =0 — €5
( ) ) <CO 6dsz>

when the latent z satisfying Assumption 4.3 and colg < E.p, [22"]. Therefore, by (D.1), we have
with high probability that

N(S,1/n1)(D V d2)
n

L(V,A)=0
When Assumption 4.4 holds, plugging in ¢y = Apmin and N'(S,1/n1) = O((d? + Dd) log(Ddn;)),

it gives
~ 1 D v d?)d?+ (D Vv d?)Dd
L(V,A) =0 w VEE+ DY T
1

)\min

3
where O hides logarithmic terms. When D > d?, which is often the case in practical applications,
we have

1 Dd? + D2d
)\min ni

L(V,A)=0

Proof of E__ 5 [|[z1[|2]. By the definition of z thatz; = (Ip — AAT)z,

E, 5z 2] =E, p [I(Ip — AAT)z]l2] \/ETNP (I — AAT)x|3].
Score matching returns V' as an approximation of A, then
I(Ip — AATYello < ||(Zp — VYV )llo + |(VVT — AAT )al],,
[l(Ip — AAT)al3] < 2E, 5 [I(Ip — VVT)el3] +2E, 5, [I(VVT — AAT)e[3),
where by (D.2) in Lemma we have
(Ip —VV )z ~N(0,A), A < ctyl

for some constant ¢ > 0. Thus

xNP

5 I = VVTz|5] = Tr(A) < ctoD. (D.5)
On the other hand,
[(VVT — AA )zl < [VVT = AATIE, Izl < [IVVT — AAT %123,

where |[VVT — AAT||% has an upper bound as in (D.3) and E. .5 [Hx”%]) is bounded in Lemma
by
E, 5 [lzl3] =0 (ctoD + M(a)-(1+ TV(ﬁa)) .

with M(a) = O (“B e+ d)

Therefore, to combine things together, we have

E, p,[lz"]2] < \/2EINﬁG[II(ID —VVD)alls] +2E, 5 [[(VVT = AAT)z|3]

< VtoD +2/Z(V, A)-\JE, 5 [[]3]

0 ( 10D + /Z(V, A) - \/M(a)) :

O hides multiplicative constant and /Z(V, A)to D, \/ Z(V, AYM (a)TV (P,), which are terms with
higher power of nl_l than the leading term. O

1R
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Remark of Theorem 4.5. 1. Guarantee (4.2) applies to general distributions with light tail as
assumed in Assumption

2. Guarantee (4.3) guarantees high fidelity of generated data in terms of staying in the subspace when
we have access to a large unlabeled dataset.

3. Guarantee (4.3) shows that E__ 5 [[|2||2] scales up when ¢, goes up, which aligns with the
dynamic in backward process that samples are concentrating to the learned subspace as ¢y goes to 0.

_1
Taking to — 0, E, 5 [[|lz||] has the decay in O(n, *). However, taking to — 0 is not ideal for the
sake of high reward of x, we take the best trade-off of ¢ later in Theorem

D.3 Proof of Theorem

Proof of Theorem and that of some results in "Implications and Discussions" following the
theorem in main paper are provided in this section. This section breaks down into three parts:
Suboptimality Decomposition, Bounding £, Relating to Offline Bandits, Bounding & and the
Distribution Shift in Diffusion.

~

D.3.1 SubOpt(P,;y* = a) Decomposition

Proof. Recall notations P, := P(:|jj = a) (generated distribution) and P, := P(-|§ = a) (target
distribution) and f*(z) = g*(z) — h*(z1). E, _p [f*(2)] can be decomposed into 3 terms:

E, 5, [f"@)] 2Eonr, [f*@)] = [, 5, 1f* @) = Ear, [ (@)

>Eop, [F@)) = Banr, [|F@) = £7@)]] = [E,ep, [ @) = Eanr £ @)

~

2By, [F(@)] ~ Banr, [|f2) - ")
&1
~[Banra [ @) ~ B, o, l9" ()]~ By, 0" (2],

Ea Es

where E,.p, [f(z)] = E4~qla] and we use x = x|, f*(x) = g*(x) when x ~ P,. Therefore

~

Sub0pt(Pa;y* =a) =a—E, 5 [f*(z)]
< Euop, H(é\— 9*)%“ +

Eonr,[g"(2))] = E, p, 9" (2))]

&1 )

+E, 5 W)
—_———
&3

O

&1 comes from regression: prediction/generalization error onto P,, which is independent from any
error of distribution estimation that occurs in diffusion. £ and £3 do not measure regression-predicted

f, thus they are independent from the prediction error in ffor pseudo-labeling. £ measures the
disparity between P, and P, on the subspace support and &5 measures the off-subspace component
in generated P, .

D.3.2 Bounding &; Relating to Offline Bandits

For all z; € Diapel, yi = [*(x;) + €; = g(x;) + €;. Thus, trained on Dyape the prediction model fis
essentially approximating g. By estimating 6* with ridge regression on Dj,pe1, We have f(z) = 0"
with

X

f=(XTX+A)" XT(X0" +7), (D.6)

where X T = (21, -+, 24, ,Zny) and ) = (€1, -+ , €, 4 €ny)-

10
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Lemma D.5. Under Assumption and and given ¢; ~ N(0,02), define Vy := X " X + A,
Y= n%VA and ¥Xp, :=FE;p, xzz | the covariance matrix (uncentered) of P,, and take A = 1, then

with high probability
= O (Vdlogn
& < \Te(S5'Sp,) - O (vVdlogna) (D.7)
V12
Proof. Proof is in §E.3. O
Lemma D.6. Under Assumption 4.1, and 4.4, when A = 1, P, has a shift from the empirical
marginal of x in dataset by
2
T(S;!8p,) <O (“ + d) . (D.8)
18*]Is

when ny = Q(max{ﬁ, ﬁ})
Proof. Proofis in §E.4. O

D.3.3 Bounding & and the Distribution Shift in Diffusion

Lemma D.7. Under Assumption 4.1, 4.2 and 4.4, when ty = ((Dd* + D?d)/ nl)l/ 0
— 1
~ P(x,y=a), Py S Dd? 4+ D?d\ ®
6 _ & W( =0 Pd) (DELDAYE
Amin n
Proof. Proofis in §E.5. O

Note that 7 (P(z,y = a), P,3; S) depends on a and measures the distribution shift between the
desired distribution P(z,y = a) and the data distribution P,5;. To understand this distribution’s
dependency on a, it what follows we give 7 (P (2,7 = a), P,7; S) a shorthand as DistroShift?(a)
and give it an upper bound in one special case of the problem.

Distribution Shift In the special case of covariance X of z is known and |A — V|3 =
O (|AAT —VVT|2), we showcase a bound on the distribution shift in £, as promised in the

discussion following Theorem 4.6. We have
Ep . [l(x,y;s
DistroShift2(a) = P’”’:“[ ( yA )],
Ep,,[l(z, y;5)]
where {(x,y; 8) = T%to ftf B, 15| Var log ¢y (a'|x) — §(2', y, t)||3dt. By Proposition 3.1, it suffices
to bound

T _~
EPw,@:a [‘];50 ||V10gpt(-ra y) - S(l‘,y,t)H%dﬂ
Ep,, ([, [V logpi(z,y) — 3z, y, t)|3dt)

We expand the difference ||V log p;(z,y) — 8(z,y,t)||3 by

DistroShiftQ(a) =

~ 2 -
V10871 9) = 39 )18 < 3505 1A = VIBUAT 47208 [+ |V BL(A = V)]
2 2 T -2 2 2 2
< gy 14— VIBIB(A Tz +020) 3 + 14 = VI3l
2 2 2 2

where we recall By is defined in (H.2) and in the last inequality, we use (a + b)? < 2a? + 2b%. In the
case of covariance matrix X is known, i.e., B, is known, we also consider matrix V" directly matches
A without rotation. Then by [8, Lemma 3 and 17], we have [|[A — V|3 = O (|[AAT —VVT|}) =

20
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O (to/coEp,,[€(x,y;5)]). To this end, we only need to find Ep, __, [||lz[|3]. Since we consider
on-support x, which can be represented as z = Az, we have ||z||2 = ||z||2. Thus, we only need to
find the conditional distribution of z|j = a. Fortunately, we know (z, §) is jointly Gaussian, with
mean 0 and covariance

5 Y3
{@zﬁﬁﬁwJ

Consequently, the conditional distribution of z|y = a is still Gaussian, with mean Eﬁa / (ﬁkr Z,@ +1v2)

and covariance ¥ — X337 Z/(@ %8 + v%). Hence, we have

B 18 = s (@759 - A7) + 1) = 0 V).

We integrate over ¢ for the numerator in DistroShift(a) to obtain Ep, ., U}f IV log p(z,y) —

S(z,y,t)|3dt = O ((a2 vV d) %Eng [l(x,y; §)]) Note the cancellation between the numerator and

denominator, we conclude

1
DistroShift(a) = O ((a Vv ﬁ)) .
Co
As d is a natural upper bound of v/d and viewing ¢, as a constant, we have DistroShift(a) =
O (a V d) as desired.

E Supporting lemmas and proofs

E.1 Supporting lemmas

Lemma E.1. The estimated subspace V satisfies

VU - Allp =0 (d

3
2

4%A0 (E.1)

for some orthogonal matrix U € R*4,

Proof. Proof is in §E.6. O

Lemma E.2. Suppose P; and P, are two distributions over R and m is a function defined on R¢,
then |Ex~p, [m(2)] — E.~p,[m(2)]|can be bounded in terms of drv (Py, P), specifically when Py
and P, are Gaussians and m(z) = ||z]|3:

Eop, (1213 = O (Bamp, 2311 + ary (P, P2))) ©2)
When P; and P, are Gaussians and m(z) = ||z]|a:
Eenllale] ~ Euvrl2la]l = O ( (YEnri 18]+ VEvn[1213]) -arv(pr. ).
(E.3)
Proof. Proof is in §E.7. O

2
Lemma E.3. We compute E_._ 2 o) [12]2], Eov o 0 [1213. E, _p, (12113, _ gy, 5, [I211)
in this Lemma.

2 @223 2 S (>T D 9 -1 ~
E.peo(ol2]2] = — =" a? + trace(S — B (5 SB+v ) 3Ty). (B4
(1812 + )
Let M(a) := EZNPLD(a)[HZHg], which has an upper bound M (a) = O (ﬁ + d).
E..proll2ll3] < M(a) + tod. (E.5)
B, 5, [I213] < O (ctoD + M(a)- (1 + TV (R)). (E6)
Proof. Proof is in §E.8. O
21
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E.2 Proof of Lemma

Proof. The first two assertions (D.2) and (D.3) are consequences of [8, Theorem 3, item 1 and 3]. To
show (D.4), we first have the conditional score matching error under distribution shift being

T(P(x,y = a), Poy; S) - EZiffv

where T (P(x,J = a), Pyy3;S) accounts for the distribution shift as in the parametric case
(Lemma ). Then we apply [8, Theorem 3, item 2] to conclude

TV(ﬁa) =0 \/T(P(T”y — 2 Fagid) C€dif f

€o

The proof is complete. O

E.3 Proof of Lemma

Proof. Given
&1 =Ep

then things to prove are

(0" = 0)| < Ep, ally1 - 16" = Bl

EﬁaHx”V)\—l = trace(V)\_lZlg&); (E.7)

16" = Bllvs, < O (Vdlognz) (E8)

where the second inequality is to be proven with high probability w.r.t the randomness in Dj,p;. For
(E7,Ep, ||$HV>\—1 < \/EﬁaxTVglx = \/Eﬁa trace(Vy 'zzT) = \/trace(VglE};a:mT).

For (E.8), what’s new to prove compared to a classic bandit derivation is its d dependency instead of

D, due to the linear subspace structure in . From the closed form solution of 5 we have
0—60" =ViX Ty — AV lor (E.9)
Therefore, R
16" = Bllvy < IX " nlly—r + MO [l 1, (E.10)

where )\||9*HV;1 < V642 < VX and
-1
”XTUH%/;I =n'X (XTX+\p) X'n

=0 XX (XXT +\,,) .
Let ZT = (21, ,2i,""* ,2n,) st. Az, = x;, then it holds that X = ZAT, and XX T =
ZATAZT = ZZ7 | thus

IX Tl =0T XX (XXT + ML)
— 0" 227 (227 +AL,)
—0'Z2(Z7Z+ ) 2Ty
= ||ZT77||(ZTZ+/\Id)_1'

With probability 1 — 4, [|z;||> < d + \/dlog (222) := L?,Vi € [ns]. Then Theorem 1 in “Improved

algorithms for linear stochastic bandits” (by Yasin Abbasi-Yadkori, David Pal, and Csaba Szepesvari)
gives rise to

1Z 70l 27 z4a1y)-1 < V2108(2/8) + dlog(1 +n2L?/(Ad))

with probability 1 — §/2. Combine things together and plugging in A = 1, L? = d + |/dlog (222),
we have with high probability

167 =8|y, = O <\/dlog (n2 log(ng))> o <\/dlogn2 + ;dlog(logn2)> -0 (\/m) .

O

77
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E.4 Proof of Lemma

Proof. Recall the definition of ) xand X p, that
a 1 A
Sy=—X"X+ =1Ip,
n2 n2
EPQ = EJ)NPa [xxT} )
where X are stack matrix of data supported on A and P, is also supported on A, A is the subspace

encoded by matrix A. The following lemma shows it is equivalent to measure trace@;lE p,)onA
subspace.

Lemma E.4. For any P.S.D. matrices X1, X5 € R%%% and A € RP*9 such that AT A = I;, we have
Tr (Mp + AT AT) LA, AT) = T ((/\Id ry)! 22) .

The lemma above allows us to abuse notations 3. » and X p, in the following way while keeping the

same trace(ixlEpa) value:
& 1 A
Sa=—2"7Z+ 1y,

n2 n2

EP@ = EZNPLD(a) [ZZT] 5
where Z T = (21, , 2, , Zn,) s:t. Az; = z; and recall notataion PLP (a) = P, (z \ f(Az))

Given z ~ N(u, ), as a proof artifact, let f(x) =0Tz +6,¢~ N(0, v?) where we will let v — 0
in the end, then let 3 = A6 € R?, (z, f(Az)) has a joint distribution

~ u 2 ]
cDN(F) [ o) (=10
Then we have the conditional distribution z | f(Az) = q following
- SUPSU ~1
P, (z | f(Az) = a) =N (u +35 (BTEﬁ + ,,2) (a — Eﬂu,r) (E.12)

with T := 3 — EB(BN'—EB\—%VQ)ABNFZ.

When ¢ = 0, we compute trace(iglEpa) as

2AT
~ -~ b by a
trace(X) ' Sp,) = trace E;l(Afﬂzf + trace (E;T)
B3 +?)
3TyS-1v3 33T
PRI N a b by
= trace 67)‘52(12 + trace (2;12> — trace (E;lA?)
(1313 +v2) 18113 +v2
1/233Ty1/2y1/253—151/2
= trace > Bﬂ? > 22’\2 2
(1812 +2)
2L, - 1812 -
. N e )
(1812, +v)
By the Lemma 3 in [7], it holds that
1 1 1
YeYIvr — s <O — ). E.13
|| A dHQ— (m) ( )

71
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Therefore,

. 14 L .
— Aminn2 2
trace(ZAlzpa)S —— - Qa +O<d <1+)>
18113, VAmin2

Then, what left is to bound ||§||g = ||§HA2AT > 0%l asaT — ||§f 0*|| gx.aT by triangle inequality.
On one hand,

107 azaT = 118 [|- (E.14)
On the other hand,

10— 6" anar =0 (18- 0"1l5,)

16 — 6*||v,
=0 —r
< vz

_ dlog(ny)
= o
with high probability. Thus when nz = Q(; ﬁfnz )
=
~ 1 N
1Bl > 51815
Therefore
14+ — 1 2
NV AminN2 Amin72 a
trace(Z 'Yp )< 0O -a +d< ) =(’)<+d>. (E.15)
||ﬂ*|| V >\min77/2 ||ﬁ*||E
when ny = Q(max{—, 5%z })- =

E.5 Proof of lemma
Proof. Recall the definition of g(x) that

g(z) =0T AA 2,
note that g(z) = * 'z when z is supported on .A. Thus,

Epvr,l9(0)] - E, 5, l9(2))

—|Bonp, 6772 -E, 5, [e*TAATx]’
< [Bonp,[0° 2] ~E, 5 (0" VV 2 ]‘ B l0TVV T —E, 5 07T AA 4],
where
er=|E, 5 [0°7 (VVT - 4A4T) x]’
<E,.p [(J(VVT —A4T) 2]

<IVVT - 44T | \JE, 5 [l]3].

Use notation PXP (a) = P(z | f(Az) =a), PLP(a) = P, (z | f(Az) =a)

Eomp, 07 2] —E, 5 [0 VV 2 }‘

=|E

ZNP(ZL?(AZ):G)[Q* A =K, yrvy,B, [Q*TVUZ]’

<[ ppp @0 A2 — B, ey, 5, [Q*TVUZ]‘ +

]EZNPLD(G) [G*TAZ] —EZNPLD [9 Az]
to

€2

24
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here
e2 = [a(to)Eenpin@l0"T A2] + h(t0)Eunnoin 0" At = Buprno)[0*T A2
< (1= alte)) [Bewprog 0”47
<to-Eooproq)lllzlly)-
Then what is left to bound is

* 1 * T
E.orir@l0” A2~ E, gy, 510 VUz]‘
*T *T *T *T
< B ppo (@07 TVUL — B,y 5,10 VUz]( Eeopzo@l0” VU2 — B, ppoo 07T A2
€3 [¥)
Then for term e3, by Lemma , we get

&3 < [Eevppoillzla] — E, gy, 7, [I2112]]

= 0(TV(R) - (\fBerrgooI21B) + /B, 101B1) )

2l < B, g, [l=]l2]

where we use ]Ez~(UTVT)#15a

For e4, we have

es =B, pro0” (VU - A)z]‘
to
= a(to) [Eepl8” (VU - A)2)
< ||VU - A”F : IEZNPLD(a)[HZ”Z]'
Therefore, by combining things together, we have
& <ert+exteztey

SlIVVT—AATIIF' E, p,lzll3] + (VU = AllF + to) - VM(a)

+0 (TV(R) - (V@) + od + [, I413]) )

By Lemma and Lemma , we have

TV(ﬁa) =0 \/T(P(x,y —2). P30 CEdiff ] s

)\min
Edsz>
)-

VU = Alle = O(d? |[VVT - AATHF

[VVT —AAT|p _o<

And by Lemma
B, 5, [I213] = O (ctoD + M(a)- (1 + TV(P)).

Therefore. leading term in &; is

£ =0 ((TV(ﬁa) +to) M(a)) .
By plugging in score matching error €7, ,, = o (%, / %ID“), we have

= | |T(P@i=0a),Py:8) (Dd?+ D2\ 1
TV(B,) =0 i Fagi S L
( ) \/ >\min ni \/t>0
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When ¢y = ((Dd? + D?d)/ny) 1/6, it admits the best trade off in &5 and &; is bounded by

~ o= . 2 2\ &
E& =0 (\/T(P(xayA CL),,ny,S) ) <Dd ;*D d) ~a) .
min 1

E.6 Proof of Lemma
Proof. From Lemma 17 in [8], we have
|U-VTA|p=0(IVVT — AAT| ).

Then it suffices to bound
VU~ Al% — [T~ VT A%

)

where
VU — Al|} = 2d — trace (UTV'A+ ATVU)
U~ VTA|% =d+trace (ATVVTA) —trace (U VIA+ ATVU).
Thus
IVU = A7 — U = VT A|%| = |d — trace (ATVV T A)| = |trace (AAT(VVT — AAT))

b

which is because trace (ATVVTA) is calcualted as
trace (ATVVTA) = trace (AATVVT)
= trace (AATAAT) + trace (AAT(VV—r - AAT))
= d + trace (AAT(VVT —AAT)).
Then we will bound |trace (AAT (VV'T — AAT))| by [VVT — AAT||p,
|trace (AAT(VVT — AAT))| < trace (AAT) trace (|[VV' — AAT|)
< d - trace (‘VVT — AAT|)

<d-\2d|VVT - aAT|2.
Thus, [[VU — A||p = O (d%«/l(V, A)) . O

E.7 Proof of Lemma

Proof. When Py and Py are Gaussian, m(z) = ||z
Bz p, [m(2)] — Eznp, [m(2)]]

= ’/m(z) (P1(2) — p2(2)) dz

<

/ 12112 (p1.(2) — pa(2)) d=
[[z]l2<R

4 / 1212p1 (2)dz + / 212p2(2)d=
[z]l2>R llzll2>R

< R*drv(Py, P2) +/
Iz]l2>R

121201 (2)dz + / 212p2(2)d=.

lzll2>R

Since P1 and P, are Gaussains, [, . [|2[3p1(2)dz and [, . [2]|3p2(2)dz are bounded by
some constant C; when R? > Cy max{E.p, [||2]|3], E.~p,||z]|3]} as suggested by Lemma 16 in

[8].

7A
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Therefore,

E.p [[|2]3] < Eonp,[l213] + Co max{Ep, [||2]13], Er, (|| 23]} - dvv (P, P2) 4 2C:
< E.op,[213] + Co(Bonp, [[1213] + EBenp,[l12[[3]) - drv (Pr, Po) + 2C.
Then
E.p, (23] = O (Banp, [I2]3] + Eonp,[ll213] - dvv (Pr, P2))
since drv (Py, Py) decays with 4.

Similarly, when m(z) = ||z|2

[Eznpi [m(2)] = Eonp,[m(2)]|

_ ‘ [ &m0 -

<

[ el ae) = pa(a)) s
lzll2<R

w0 ezt [ el
lzll2>R lzll2>R

< Ragy(Py, Py) + / l2l1Zpa (2)dz + / 2112p2(2)dz,
[[z]l2>R [|z]|l2>R

where [, . ll2l3p1(2)dz and [, . . [|z[|3p2(2)dz are bounded by some constant Cy when
R? > Comax{E,p |[||z]13], E.~p,[||2]|3]} as suggested by Lemma 16 in [8].

Therefore,

[Eonp, [l|2]l2] = Eznpy[ll2l2]| < \/02 max{Ep, [||z[3], Ep, [[|2[13]} - dvv (Pr, P2) +2C,

< (VOB n 12181 + /G I418]) - arv(Pa, P2 + 261

= 0 ((VEenlIFlB] + Bn IR - arv(pi. ).

E.8 Proof of Lemma

Proof. Recall from ( ) that
PLP(a) = P.(2 | f(Az) = a) = N (u(a),T)

with u(a) == 23 (ﬁrz§+ u2)71 aT:=% %3 (ﬁ“rzéJr y2)71 3Ty

E.peo( [I213] = n(@) T u(a) + trace(T)

2Ty273 _
= A5222ﬂ2a2 + trace(X — EE (BTEBnL 1/2) ' BTE)
1BII% + v
=: M(a)
SN
a)=0 p EQﬁQ a® + trace(X)

(1512)
=0 (fz + d) ,
S

27
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and by Lemma
~ 1,
18l < 515" ]1=-
0.2
Thus .. pio ) [12]3] = M(a), M(a) = O (s + ).
Thus after adding diffusion noise at ¢y, we have for a(t) = e=*/? and h(t) =1 — et

E.nPEP(a) [11213] = Eom P20 () EsnN(ato) zoh(to)-1e) L2113
=E,,~proa) [@2(to)]|z0]3 + d - h(to)]
= a?(to) - E.poprn(a) [[20/13] +d - h(to)

TR pro) [[20l3] + (1 —e7%) - d.

Thus EZNPtI(’)D(a) [HZH%] < M(a) + tod.

=e

By orthogonal decomposition we have

E, 5, [I213] <E, g, [IIp = VVal] +E, 5 [IVV ]3]

=E, 5, [IUp = VV)all}] +E, 5 [IUTV |3],

z~ P

where E__ 5 [[|(Ip — V'V ")z|3] is bounded by (D.5) and the distribution of U "V "z, which is

(UTVT)4P,, is close to PLP(a) up to TV (P,), which is defined in Definition D.2. Then by
Lemma , we have

5 10TV 23] = 0 (E.ppo [I215] (1 + TV(RY)).

ThusE, 5 [|z]3] = © <ct0D + (M(a) +tod) - (1 + TV(ﬁa)).

O
E.9 Proof of Lemma
Proof. Firstly, one can verify the following two equations by direct calculation:
(Mp + A, AT = % (Ip — AN g+ 1) 712 AT)
(Mt 507 = 5 (T = (Ma+5)7'8).
Then we have
(Mp + A A7) 1AY,AT :% (Ip — AMg+%1) '8 A7) AS, AT
:i (AToAT — A+ 31) 15, 3,47)
Therefore,
Tr (Mp + AT AT) 14D, AT) = (A (AT, AT — ANy + %)~ 12122AT))
(i o — Mg+ 351)” 12122)>
1
()\ (Is— (Mag+%1)~ ) )22>
—Tr ( (Mg +31) ) ,
which has finished the proof. O
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F Theory in Nonparametric Setting

Built upon the insights from Section 4, we provide analysis to the nonparametric reward and general
data sampling setting. We generalize Assumption to the following.

Assumption F.1 . The ground truth reward f* is decomposed as
fr(@) =g*(z)) = b (zL),

where g* () is a-Holder continuous for o > 1 and h* (2 ) is nondecreasing in terms of ||z L ||
with h*(0) = 0. Moreover, g* has a bounded Holder norm, i.e., ||g* ||z~ < 1.

Holder continuity is widely studied in nonparametric statistics literature [15, 49]. h* here penalizes
off-support extrapolation.

Under Assumption F. |, we use nonparametric regression for estimating f*. Specifically, we specialize
(3.1) in Algorithm | to

~ 1 &
fo € argmin o— > (fo(zi) — y:)?,
foeF 21 ;
where F = NN(L, M, J, K, k) is chosen to be a class of neural networks. Hyperparameters in F
will be chosen properly in Theorem

Our theory also considers generic sampling distributions on z. Since z lies in a low-dimensional
subspace, this translates to a sampling distribution assumption on latent variable z.

Assumption F.2 . The latent variable z follows distribution P, with density p,, such that there exists
constants B, C, Cy verifying p,(2) < (2m)~(@+1/2C, exp (—Cs|2||3/2) whenever ||z|> > B.
Andcoly 2 E.p, [zz—w

Assumption says P, has a light tail, which is standard in high-dimensional statistics [51, 53].
Assumption also encodes distributions with a compact support. Furthermore, we assume that
the curated data (x,7) induces Lipschitz conditional scores. Motivated by Chen et al. [8], we
show that the linear subspace structure in x leads to a similar conditional score decomposition
Vlog pi(z|y) = s(z,7,t) + s1(x,¥,t), where 5 is the on-support score and s is the orthogonal
score. The decomposition for conditional score is as (H.1), which applies to both parametric and
non-parametric cases. The following assumption is imposed on s.

Assumption F.3 . The on-support conditional score function s (x, ¥/, t) is Lipschitz with respect to
x,y for any ¢ € (0,77, i.e., there exists a constant Cl;p,, such that for any z, y and 2,7/, it holds

sy (2, 7,t) = s («", 7, t)ll2 < Cuipllz — 2"[|2 + Cipl7 — 7' 2-

Lipschitz score is commonly adopted in existing works [9, 25]. Yet Assumption F.3 only requires the
Lipschitz continuity of the on-support score, which matches the weak regularity conditions in Lee
et al. [25], Chen et al. [8]. We then choose the score network architecture similar to that in the linear
reward setting, except we replace m by a nonlinear network. Recall the linear encoder and decoder
estimate the representation matrix A.

We consider feedforward networks with ReLU activation functions as concept classes F and S
for nonparametric regression and conditional score matching. Generalization to different network
architectures poses no real difficulty. Given an input x, neural networks compute

fNN(J?):WLO'(...O'(Wl.I?-i-bl)...)—FbL, (F.1)
where W; and b; are weight matrices and intercepts, respectively. We then define a class of neural
networks as

NN(L, M, J, K, k) = {f : f in the form of (F.1) with L layers and width bounded by M,

L
sup || f(@) |2 < K, max{[[billoc [|Willoo} < s fori=1,...,L, and Y ([Willo + |Ibillo) < J}-

i=1

70
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For the conditional score network, we will additionally impose some Lipschitz continuity requirement,
ie., ||f(z) — f(¥)ll2 < cipllz — yl|2 for some Lipschitz coefficient cijp.

Recall the distribution shift defined in Definition that
T(Pr, Po; £) = supjep Eonp, [[(2)]/Eunp, [1(2)]

for arbitrary two distributions P;, P> and function class £. Similar to the parametric case, use notation
P, := P(:]y =a) and P, := P(:|y = a). Then we can bound Sub0Opt(P,;y* = a) in Theorem

in terms of non-parametric regression error, score matching error and distribution shifts in both
regression and score matching.

Theorem F.4. Suppose Assumption 4.1, F.1, .2 and I3 hold. Let 8(n) = 418196 "properly chosen

logn

F and S, with high probability, running Algorithm | with a target reward value a and stopping at
1

_2-28(ny) _d+4a\ 3 - _2-28(ny) _d+4
to = (”1 7+ Dn, (”6) givesrise to Z(V, A) < O (1 (nl ¢+ Dny d*“)) and

co

~

Sub0pt(P,;y* = a)

— ~ a—3(ng)
< VTPl = 0, P F)- 6 (= 4 Djua)

&
Plz. 7 = PSS . _ 2-25(ny) Cata\ 5
+ \/T( (0.9 =0) BegiS) oo 4+ /@) 'O<<n1 T 4+ Dn,y M))
Co
&
+Ex~13a[h*(xl)],
N————™——
&3

where M (a) :=E, _p()[||z]|3] and

T
Fim {1 @)~ f@)P  f e F), s:{Tit / EWHVIogpt(xty)—s(xny,t)n%dt:ses},
0 Jto

&3 penalizes the component in ﬁa that is off the truth subspace. The function classes F and S are
chosen as F = NN(Lf, ]\4f7 Jf7 Kf7 Hf) with

__d_ —_d_
Ly =O(logns), My =0 (n2 a2 (logng)d/2> ,Jp=0 (n2 dt2e (logng)d/2+1>

Ky =1, rp = O (y/logns)
and S = NN(L57 Msa Jsa KS7 '%S) Wlth

_gd+2 _d+2
d+6 d+6

L;=0(logny +d), My =0 (dd/2n1 (lognl)d/Q) , Js=0 (dd/2n1 (lognl)d/2+1>

K, = O (dlog(dny)), rs = O (\/dlog(nld)) :

Moreover, S is also Lipschitz with respect to (x,y) and the Lipschitz coefficient is ¢, =

O (10dChip ).

o1
Remark. The proof is provided in Appendix . Here we correct a typo on n; *“** in main
paper Section 4.3. Quantities 7 (P(z|y = a), Pp; F) and T (P(z,y = a), Py3;S) depend on a

characterizing the distribution shift. The §(n) terms account for the unbounded domain of =, which
is negligible when n is large. In the main paper, we omit §(n) in the regret bound.

N
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G Onmitted Proofs in Section

G.1 Conditional Score Decomposition and Score Matching Error

Lemma G.1. Under Assumption 4.1, and 1.3, with high probability

1 T
/ 180, 1) — Vlogpu ()12 dt < i (n1)
Tt /),

_2-28(ny) _d+4

with Eiiff(nl) =0 (t10 <n1 e+ Dny d%)) for §(ny) = 7(“%;%"1.

Proof. [8, Theorem 1] is easily adapted here to prove Lemma with the input dimension d + 1
and the Lipschitzness in Assumption F.3. Network size of S is implied by [8, Theorem 1] with
1

€ =n, “*° accounting for the additional dimension of reward 7 and then the score matching error

follows. O

G.2 Proof of Theorem

Additional Notations: Similar as before, use P (z) to denote the low-dimensional distribution
on z corrupted by diffusion noise. Formally, pf” (2) = [ ¢+(2'|2)p.(2)dz with ¢;(-|2) being the

density of N(«u(t)z, h(t)1q). PEP(z | f(Az) = a) the corresponding conditional distribution on
F(Az) = aat to, with shorthand as PLP (a). Also give P, (2 | f(Az) = a) a shorthand as P=P (a).

~

G.2.1 SubOpt(P,;y* = a) Decomposition

By the same argument as in § , we have

~

£(@) = @] + [Bom o7 @) ~ B, g 5" o)
&1 Ea

+E, 5[0 (z1)]
—_——
E3

Suprt(ﬁa;y* =a) <E,.p, [

G.2.2 &;: Nonparamtric Regression Induced Error

Nonparametric Regression Error of f Since P, has a light tail due to Assumption F.2, by union
bound and [8, Lemma 16], we have

Cld2_d/2+1

d—2 _ 2
202F(d/2+1)R exp( CQR /2)7

P(3 z; with ||z;]|]2 > Rfori=1,...,n2) <n
where C1, Cy are constants and I'(-) is the Gamma function. Choosing R = O(/dlogd +log %)
ensures P(3 x; with ||z;]]2 > Rfori =1,...,n2) < J. Ontheevent £ = {||z;|2 < Rforall i =

1,...,n2}, denoting §(ny) = 410810812 e have

log na
~9 ~ _2(a=6(n3))
£ Fle =0 (ny )

by [31, Theorem 7] with a new covering number of S, when n is sufficiently large. The corresponding
network architecture follows from Theorem 2 in “Nonparametric Regression on Low-Dimensional
Manifolds using Deep ReLU Networks : Function Approximation and Statistical Recovery”.

We remark that linear subspace is a special case of low Minkowski dimension. Moreover, §(ns) is
asymptotically negligible and accounts for the truncation radius R of ;s (see also [8, Theorem 2 and

3]). The covering number of S is O (dd/zn’g (lognz)%/? + Dd) as appear in [8, Proof of Theorem

21
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2]. Therefore

(@)~ o |
< \JT(P@li = a), P F) - 1 - I
—T(Plelg = a).Pi7)- 0 (1 % 4 Da).

G.2.3 &;: Diffusion Induced On-support Error

Suppose Ly score matching error is efliff(nl), ie.

1

T
T 1o /to E, #{Valogpi(x, f) = salz, f,1)[I3dt < e3p(n1),

We revoke Definition measuring the distance between ﬁa to P, that
TV(P,) == drv ( Dz | f(Az) = a), (UTVT)#ﬁa) .

Lemma applies to nonparametric setting, so we have

(Ip —VV 1z ~N(0,A), A <ctolp, (G.1)
VA =02 ). G2)

In addition,
TV(B) = B ¢ﬂpma2@3@a.%ﬁmﬂ. 63

&y will be bounded by

& = |Eenp,[9"(2)] - E, 3, [97(z)]

<

Epnr, |9 (AAT2)] =B, _p, g (VV T2)]| +

T

E, pls"(VV'z) - g"(AAT )],

T

where for ‘Ezwﬁa [g*(VV Tx) — g*(AAT3)]|,

E, plg"(VVTz)—- 9*(AAT$)]‘ <E, g lIVVTa—AATa|o] < [VVT-AAT|FE, p [lz]2]-
(G.4)
(Pa)-

For the other term

Eonp,[9"(AAT2)] =B, 5 [(VV T 2)]],

x

Eonp,[g"(AAT2)] — E ~B, [g*(VVTm)]‘

x

S| Eenpy (@) [97(A2)] —E,__ ), 5, 97(V2)]

+ |Eznp(@)97(42)] = Eonp, (a)lg7(A2)]

Since any z ~ P, (a) can be represented by a(to)z + /h(to)u, where z ~ P(a),u ~ N(0, I), then
Bk, (@97 (A2)]
= E.p(a),u~N(o, 1) 9" (a(t) Az + \/7Au
S E.op(a)[97(a(to)A2))] + v/ hlto)Eun(o, 1) [l Aull2]
< E. p)]g"(A2))] + (1 — a(to))E.p() [l Azll2] + v/ A(to)Euno i) [ Aull2],

2
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thus

E.pa)]g"(42)] — E.npy, (a) [g*(AZ)]’ <to-E.p(allll2] +d,
where we further use 1 — a(tg) = 1 — e~%0/2 < /2, h(ty) < 1.

As for |E.p, (a)lg" (42)] — (VT g p.lg"(V2)]],

Ez~]P’t0 [ (AZ)] Z,\,(UT‘/T)#I’S@ [g*(VUz)]’
Ezw]P’tO(a) [g*(VUZ)] - EZN(UTVT) [ (VUZ)]‘

where

E. p, (@]9 (A2)] = E.np, (09" (VUZ)]|,

Eznbiy (@97 (A2)] = Bz, (a) [9*(VUZ>]‘ <A=VU|F - Eznp, @ ll=ll2];

and

Eotyy 8" (VU] =B, gryr), 5, l8" (VU] S TV(P) - " |
Combining things up, we have
E <|VVT — AAT||F B, _p, [lzll2] + 1A = VUF - Eoniyy (o) ll12]l2]
tto - Bap(a[l2ll2] + d+ TV(Pa) - |9 oc-
Similar to parametric case, Let M (a) := E, _p(4)[[|2]/3], then
Bk, @ l2l5] < M(a) + tod,

expect for in nonparametric case, we can not compute M (a) out as it is not Gaussian. But still, with
higher-order terms in nfl hided, we have

£2= 0 (TV(P) - lg"]l +toM(a))

_ 5 W<P<x,@= a), Pog: S)

% caigg(m) - lg” 1o + toM(a)

H Parametric Conditional Score Estimation: Proof of Lemma

Proof. We first derive a decomposition of the conditional score function similar to [8]. We have

pla) = [ piolop.(2)d:
~ [ mtalomlullp (0
=0 [[esp (e~ 0418 ) exp (13 (07 =) (o1
9 Coxp (=gl - 44Tl

e (~gagiaTe - a21E ) exe (5 (072 =0)°) (e

where equality (i) follows from the fact AATz 1 (Ip — AAT)z and C is the normalizing constant
of Gaussian densities. Taking logarithm and then derivative with respect to « on p;(x, y), we obtain

Ve logpi(z, y)
2
alt) A [ zexp (—#(t)HAT.T — a(t)z”%) exp (—% 07z —y) )pz(z)dz 1

= - — —=Z.

MO Jexp (— sl ATe — a@)z18) exp (- & (072 = 9)° ) pa(2)dz PO

23
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Note that the first term in the right-hand side above only depends on Az and y. Therefore, we can
compactly write V,, log p;:(x, y) as

1
vm Ingt(mvy) = 7AU(ATJ},y7t) -

0] T, (H.1)

h(t)
where mapping w represents
2
t) [ zexp (—#(t)HATa: - a(t)zH%) exp (—0—13 07z —y) )pz(z)dz
Jexp (— gt llATe — a(t)z1) exp (= & (072 — 9)*) pa ()

We observe that (H.1) motivates our choice of the neural network architecture S in (3.8). In particular,
1) attempts to estimate v and matrix V' attempts to estimate A.

In the Gaussian design case (Assumption 4.4), we instantiate p,(z) to the Gaussian density
(27|2[)~%2 exp (—22"E712). Some algebra on the Gaussian integral gives rise to

_ o)
Va Ingt(x»y) - h(t) ABt:ut(x y) ( )( AAT):E - h( )AAT
a(t) ( ) 1
=GB (o47e + 500) - (12

where we have denoted
h(t h(t -t
pe(z,y) = a(t) ATz + %y@ and B; = ( ()1 + ( )HQT +h(t)X™ ) .

Score Estimation Error Recall that we estimate the conditional score function via minimizing the
denoising score matching loss in Proposition 3.1. To ease the presentation, we denote

T
U, y;s) = / Eo (2| Vs log ér(a ) — s(a, g, D)2
to

T -t

as the loss function for a pair of clean data (x, y) and a conditional score function s. Further, we
denote the population loss as

L(s) = Eqy[0(2,y; 5)];
whose empirical counterpart is denoted as £(s) = E St Ui, yis 8).

To bound the score estimation error, we begin with an oracle inequality. Denote £™"¢(s) as a
truncated loss function defined as

L (s) = E[l(x,y; 5)L{]|z]2 < R, |y| < R}],

where R > 0 is a truncation radius chosen as O(\/d logd + log K + log ¢ ). Here K is a uniform
upper bound of s(z,y,t)1{||z|2 < R,|y] < R} fors € S, ie., sup,cs ||s(z,y, t)1{||lz]]s <
R, |y| < R}||2 < K. To this end, we have

L) =LE) - LE) + LB
= L(3) - L(3)+ inf L(s)
’

7

LL(3) - L(3)
E( ) £trun0( )+Ltrunc( ) Etrunc(s)
sup Etrunc(s) _ Ltrunc(s) +Sup£(5) _ Etrunc($)7

S

<

IN

(4) (B)

where equality (¢) holds since S contains the ground truth score function. We bound term (A) by a
PAC-learning concentration argument. Using the same argument in [8, Theorem 2, term (A)], we
have

1
sup """ (z,y;8) = O <t0(T

2 2
seS —to)(K +R)>'

4
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Applying the standard metric entropy and symmetrization technique, we can show

)

(4) =0 5%(8)+<K2+R2) log 2

tQ(T — to) 2711

where R is the empirical Rademacher complexity of S. Unfamiliar readers can refer to Theorem 3.3
in “Foundations of Machine Learning”, second edition for details. The remaining step is to bound the
Rademacher complexity by Dudley’s entropy integral. Indeed, we have

A( ) ¢ 4e 12 [Kvm N )d
R(S <1n —_—+ — VN (S, e | - €.
A/ N1 ni Je || |2
1

‘We emphasize that the log covering number considers x, y in the truncated region. Taking € = o
gives rise to

K2—|—R2 N(S, 1/n1 log5
to —to

(A) =0 (

Here K is instance dependent and majorly depends on d. In the Gaussian design case, we can verify

that K is O(v/d). To this end, we deduce (4) = O ( dQN('Sl/m)log‘;) . In practice, d is often

ni

much smaller than D (see for example [37], where ImageNet has intrinsic dimension no more than
43 in contrast to image resolution of 224 x 224 x 3). In this way, we can upper bound d? by D, yet
d? is often a tighter upper bound.

For term (B), we invoke the same upper bound in [8, Theorem 2, term (B)] to obtain

1
B)=0—F7—=).
( ) <7’th0(T—t0))
which is negligible compared to (A). Therefore, summing up (A) and (B), we deduce

, 1\//\f(:s,l/nl)(cp\/D)log}S
Cdiff = .

ni

Gaussian Design  We only need to find the covering number under the Gaussian design case. Using
(11.2), we can construct a covering from coverings on matrices V and ¥ ~1. Suppose Vi, V, are
two matrices with ||V} — Va2 < 1y for some 77 > 0. Meanwhile, let 7!, X5 ! be two covariance
matrices with ||X7! — 5 !(|2 < 7. Then we bound

sup Hsvl,zfl(sayat) - szyzgl(xayvt)HQ
llzll2<R,|y|<R
1
< h(t sup |:H‘/11/JZ’1(V1T:L‘7y7t) - %¢E’l(%Txayat)"2
h(t) alla<r.lvl<R ' '

+ ||V11/}§] (‘/QT'Ia Y, t) - Vﬂz[}E;l (‘/2T$7 Y, t)”g +||‘/11/)§];1 (V2T$, Y, t) - ‘/21/}2;1 (‘/QT'Ia Y, t)||2i|
(&)

(2Rnv +2v*Ryy) |

‘ -

<

>

(t)

where for bounding (#), we invoke the identity ||(I + A)~! — (I + B)!||2 < ||B — A||2. Further
taking supremum over ¢ € [to, 7] leads to

1 _
sup ||5V1A2;1(s,y,t) - SVQ’EEI(.T,y,t)HQ < ™ (2Rnv + 2v % Ray)
lzll2<R,|y|<R ' 0
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for any t € [to, T]. Therefore, the inequality above suggests that coverings on V and ¥~ ! form a
covering on S. The covering numbers of V and ¥~! can be directly obtained by a volume ratio
argument; we have

2v/d
NV, v, |- |l2) < Ddlog (1 + f) and N(EZ7Y s, - ]l2) < d?log (1 +
\%

2V/d
)\minnE ’
Thus, the log covering number of S is

NS m. I ll2) = N(Vitony /2R, || - [l2) + N (27 torns /2R, || - ||2)

dD
< (Dd + d*)1 1
< (Dd+d~) 0g< + toAmmn>’

where we have plugged v? = 1/D into the last inequality. Setting 7 = 1/n; and substituting into
€7i 75 yield the desired result.

We remark that the analysis here does not try to optimize the error bounds, but aims to provide a
provable guarantee for conditional score estimation using finite samples. We foresee that sharper
analysis via Bernstein-type concentration may result in a better dependence on n;. Nonetheless, the
optimal dependence should not beat a 1/n4 -rate. O

I Additional Experimental Results

I.1 Simulation

We generate the latent sample z from standard normal distribution z ~ N(0, l4) and set z = Az for a
randomly generated orthonormal matrix A € RP*?, The dimensions are set to be d = 16, D = 64.
The reward function is set to be f(z) = (6*) T2 + 5|lzL||3, where 6* is defined by AB*. We
generate 3* by uniformly sampling from the unit sphere.

When estimating 6, we set A = 1.0. The score matching network is based on the UNet imple-
mentation from https://github.com/lucidrains/denoising-diffusion-pytorch, where
we modified the class embedding so it accepts continuous input. The predictor is trained using 8192
samples and the score function is trained using 65536 samples. When training the score function,
we choose Adam as the optimizer with learning rate 8 x 10~°. We train the score function for 10
epochs, each epoch doing a full iteration over the whole training dataset with batch size 32.

For evaluation, the statistics is computed using 2048 samples generated from the diffusion model.
The curve in the figures is computed by averaging over 5 runs.

1.2 Directed Text-to-Image Generation

Samples of high rewards and low rewards from the ground-truth reward model. In Section 5.2,
the ground-truth reward model is built by replacing the final prediction layer of the ImageNet pre-
trained ResNet-18 model with a randomly initialized linear layer of scalar outputs. To investigate the
meaning of this randomly-generated reward model, we generate images using Stable Diffusion and
filter out images with rewards > 0.4 (positive samples) and rewards < —0.4 (negative samples) and
pick two typical images for each; see Figure 7. We note that in real-world use cases, the ground-truth
rewards are often measured and annotated by human labors according to the demands.

Training Details. In our implementation, as the Stable Diffusion model operates on the latent space
of its VAE, we build a 3-layer ConvNet with residual connections and batch normalizations on top of
the VAE latent space. We train the network using Adam optimizer with learning rate 0.001 for 100
epochs.

I.3 Decision-Diffuser [1]

We replicate the results in Decision Diffuser [1] under (Med-Expert, Hopper) setting. In Decision
Diffuser, the RL trajectory and the final reward are jointly modeled with a conditioned diffusion
model. The policy is given by first performing reward-directed conditional diffusion to sample a

A
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(a) A positive sample (b) A positive sample (c) A negative sample (d) A negative sample

Figure 7: Random samples with high rewards and low rewards.

trajectory of high reward and then extracting action sequences from the trajectory using a trained
inverse dynamics model. We plot the mean and standard deviation of the total returns (averaged
across 10 independent episodes) v.s. the target rewards in Figure &. The theoretical maximum of the
reward is 400. Therefore, trajectories with rewards greater than 400 are never seen during training.
We observe that when we increase the target reward beyond 320, the actual total reward decreases.
According to our theory, as we increase the reward guidance signal, the condition effect becomes
stronger but the distribution-shift effect also becomes stronger.

1201
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---- CQL

60 QL
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20+
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Figure 8: Total Reward v.s. Target Reward for Decision Diffuser (Med-Expert, Hopper) setting.
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