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Abstract

We study reinforcement learning in episodic inhomogeneous MDPs with adver-
sarial full-information rewards and the unknown transition kernel. We consider
the linear mixture MDPs whose transition kernel is a linear mixture model and
choose the dynamic regret as the performance measure. Denote by d the dimen-
sion of the feature mapping, H the length of each episode, K the number of
episodes, Pr the non-stationary measure, we propose a novel algorithm that enjoys
an O(Vd2H3K + /H*(K + Pr)(1 + Pr)) dynamic regret under the condition
that Pr is known, which improves previously best-known dynamic regret for ad-
versarial linear mixture MDP and adversarial tabular MDPs. We also establish
an Q(Vd2H3K + \/HK(H + Pr)) lower bound, indicating our algorithm is
optimal in K and Pp. Furthermore, when the non-stationary measure Pr is un-
known, we design an online ensemble algorithm with a meta-base structure, which
is proved to achieve an O(Vd2H3K + \/H*(K + Pr)(1 + Pr) + H252) dy-
namic regret and here St is the expected switching number of the best base-learner.
The result can be optimal under certain regimes.

1 Introduction

Reinforcement Learning (RL) aims to learn a policy that maximizes the cumulative reward through
interacting with the environment, which has achieved tremendous successes in various fields, includ-
ing games [1, 2], robotic control [3, 4], and dialogue generation [5, 6]. In reinforcement learning, the
Markov Decision Process (MDP) [7] is the most widely used model to describe the environment.

Traditional MDPs assume that the reward functions are stochastic and the number of actions and
states is small. However, in many real-world applications, the reward functions may be adversarially
changing and the state and action spaces are large or even infinite. Previous work studies these
two problems separately. To deal with the adversarial reward functions, Even-Dar et al. [8] first
consider learning adversarial MDPs with known transition and full-information reward feedback.

They propose the MDP-E algorithm that enjoys O(v/73T') regret, where 7 is the mixing time and
T is the number of steps. There is a line of subsequent work studying adversarial MDPs [9, 10,
11, 12, 13, 14, 15, 16], which studies various settings depending on whether the transition kernel
is known, and whether the feedback is full-information or bandit. To overcome the large state and
action space issue, a widely used method is linear function approximation, which reparameterizes
the value function as a linear function over some feature mapping that maps the state and action to
a low-dimensional space. Amongst these work, linear MDPs [17, 18, 19, 20, 21, 22, 23] and linear
mixture MDPs [24, 25, 26, 27, 28, 29, 30, 31] are two of the most popular MDP models with linear
function approximation. In particular, He et al. [23] and Zhou et al. [31] attain the minimax optimal

O(Vd?H3K) regret for linear MDPs and linear mixture MDPs with stochastic rewards respectively.

Recent studies try to combine two lines of work to establish the theoretical foundation of adversarial
MDPs with large state and action space. In particular, Cai et al. [32] study adversarial linear mixture
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MDPs and propose the OPPO algorithm that enjoys an O(v/d2 HYK ) regret. He et al. [33] improve

the result to O (Vd?H3K) and show it is (nearly) optimal by presenting a matching lower bound.
However, these studies choose static regret as the performance measure, defined as the performance
difference between the learner’s policy and that of the best-fixed policy in hindsight, namely,

K K
Regret(K) = glgg; Vi (sk,1) — ;1 Vi (sk,1), M)

where V is the value function and II is the set of all stochastic policies. One caveat in (1) is that
the best fixed policy may behave poorly in non-stationary environments. To this end, we introduce
dynamic regret, which benchmarks the learner’s performance with changing policies, defined as

K K
D-Regret(K) =Y " V% (sk1) — 3 Vi (sk.1), @)

k=1 k=1
where {, ..., 7% € Ilis compared policies. Define Pr = Z/f:z d(my, w5 _ ) with a certain distance

measure d(-, -) as the non-stationary measure. A favorable dynamic regret should scale with Pr.

Dynamic regret is a more appropriate measure in non-stationary environments, but it is more chal-
lenging to optimize such that few studies focus on it in the literature. Zhao et al. [34] investigate the
dynamic regret of adversarial tabular MDPs with the known transition kernel and present an algorithm
with optimal dynamic regret. Importantly, their algorithm does not require the non-stationarity
measure Pr as the algorithmic input ahead of time. For the unknown transition setting, Fei et al. [35]
study adversarial tabular MDPs and propose an algorithm with dynamic regret guarantee. Zhong et al.
[36] further extend the algorithm of Fei et al. [35] to accommodate non-stationary transition kernels
with linear function approximation. Both algorithms of Fei et al. [35] and Zhong et al. [36] require
the quantity of Pr as the input. Moreover, their dynamic regret bounds are suboptimal in terms of K
and Pr as demonstrated by the lower bound established by our work (see Theorem 4).

This work investigates the dynamic regret of adversarial linear mixture MDPs, with a focus on
the full-information feedback and the unknown transition. We first propose POWERS-FixShare
algorithm when Py is known, an algorithm combining optimistic policy optimization with a Bernstein
bonus and fixed-share mechanism. We show it enjoys an O(Vd2H3K + \/H*(K + Pr)(1 + Pr))
dynamic regret, where d is the dimension of the feature mapping, H is the length of each episode,
K is the number of episodes, Pr is the non-stationary measure. We also establish a dynamic regret

lower bound of Q(Vd2H3K + \/HK (H + Pr)) . We stress four remarks regarding our results:

(1) Our result can recover the O(v/d2 H3 K ) minimax optimal static regret in He et al. [33].

(2) Our result improves upon the previously best-known O(dH7/4K3/4 + H2K2/3 Pp/3) dynamic
regret for the fixed transition of Zhong et al. [36, Theorem 4.6] in terms of H, K and Pr.

(3) Our result can imply an O(vVH*S?AK + H? V(K + Pr)(1 + Pr)) dynamic regret for ad-
versarial tabular MDPs, strictly improving upon the previously best-known O(vHIS?AK +
H2K?/ 3PT1/ 3) dynamic regret of Fei et al. [35, Theorem 1], in terms of both K and Pr.

(4) As the lower bound suggests, our result is the first optimal regarding the dependence on d, K and
Pr and can be optimal in terms of H under certain regimes (H < d and Pr < d> /H).

Furthermore, we study the case when Pr is unknown and design a novel algorithm equipped
with the dynamic regret guarantee by the meta-base two-layer structure. Our algorithm enjoys
an O(Vd2H3K + \/H*(K + Pr)(1 + Pr) + H2S%) dynamic regret, where St is the expected
switching number of the best base-learner. Though St is a data-dependent quantity, it also reflects
the degree of environmental non-stationarity to some extent. Moreover, under specific regimes, the
magnitude of S7 may be relatively negligible, resulting in our results still being optimal. Indeed,
given that St is a data-dependent quantity, its inclusion in the regret bound is not ideal. Deriving
bounds that rely exclusively on problem-dependent quantities, like Pr, remains an open challenge.
We discuss the technical difficulty of removing St in Section 5 and take this issue for future work.

Finally, we also highlight the main technical challenges and our solutions as follows.

* We first show that the dynamic regret depends on the inverse of the minimal probability over
the action space of our policies, which can be arbitrarily small. To this end, we propose a novel
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algorithm with the fixed-share mechanism [37]. While this mechanism is proved to enjoy favorable
dynamic regret in online convex optimization [38], it suffers an additional term that can be regarded
as the weighted sum of the difference between the occupancy measure of the compared policies
in online MDPs. To overcome the difficulty, we exploit the multiplicative stability to bound this
term, eliminating the need for a restart strategy to handle the environmental non-stationarity as in
previous studies [35, 36] and allows us to attain the dynamic regret optimal in terms of K and Pr.

* We show the dynamic regret of online MDPs can be written as the weighted average of “multi-
armed bandits” problems over all states, where the weight for each state is the unknown and
changing probability of being visited by «{,..., 7% . For the unknown Pr case, we first show
the standard two-layer structure used in non-stationary online learning studies [39, 40, 41] fails to
achieve a favorable dynamic regret guarantee, which characterizes the unique difficulty of online
MDPs. Then, we present an initial attempt to address this issue by a specifically designed two-layer
structure. We prove our algorithm enjoys nice dynamic regret guarantees under certain regimes.

Notations. We denote by A(A) the set of probability distributions on a set A and denote the KL-
divergence by Dk (p||p") = >_,c 4 P(a) log 5,((';)) for any p,p’ € A(A). We define A(A| S, H) =
{rn( | )M, | 7n(- | 2) € A(A),Vs € S,h € [H]} for any set S and H € Z. Further, for
any 7,7/, 7" € A(A|S, H), we define B[ Dy (|| 7)) = Ex[Sor—, Dicr(mh (- | sp) |7 (- | sn))].
For any policy pair 7, 7}, we define ||, — 7}, ||1,00 = maxses||mn(-|s) — 7, (- | s)|l1. For any
a,b,x € R with a < b, let [][, ) denote min{max(z,a), b}. (5() omits the logarithmic factors.

2 Related Work

RL with adversarial rewards. There are many studies on learning adversarial MDPs where the
reward functions are adversarially chosen, yielding fruitful results that can be categorized into three
lines [8, 9, 10, 11, 12, 13, 14, 15, 16]. In particular, the first line of work considers the infinite-horizon
MDPs with uniform mixing assumption. In the known transition and full-information setting, the
seminal work of Even-Dar et al. [8] proposes MDP-E algorithm that achieves the O(v/73T) regret,
where 7 is the mixing time and 7 is the number of steps. Another concurrent work of Yu et al. [9]

achieves 6(T2/ 3) in the same setting. In the known transition and bandit-feedback setting, Neu et al.

[10] propose MDP-EXP3 algorithm that attains O(TQ/ 3) regret. The second line of work considers
the episodic loop-free MDPs. Neu et al. [ 11] first study this problem under the known transition setting
and propose algorithms that achieve O(v/T') and O(+/T/«) for full-information and bandit-feedback
respectively, where « is the lower bound of the probability of all states under any policy. Zimin
and Neu [12] propose O-REPS algorithm that enjoys O(+/T) regret in both full-information and
bandit-feedback setting without any additional assumption. Rosenberg and Mansour [13] and Jin
et al. [14] further consider the harder unknown transition and bandit-feedback setting. The last line
of work studies the episodic Stochastic Shortest Path (SSP) setting [15, 16]. In this paper, we focus
on episodic MDPs with the unknown transition and full-information setting.

RL with linear function approximation. To design RL algorithms in large state and action space
scenarios, recent works focus on solving MDPs with linear function approximation. In general, these
works can be divided into three lines based on the specific assumption of the underlying MDP. The
first line of work considers the low Bellman-rank assumption [42, 43, 44, 45], which assumes the
Bellman error matrix has a low-rank factorization. The second line of work is based on the linear
MDP assumption [17, 18, 19, 20, 21, 22, 23], where both the transition kernel and reward functions
can be parameterized as linear functions of given state-action feature mappings ¢ : S x A — RY,
The last line of work studies the linear mixture MDP [24, 25, 26, 28, 29, 30, 31], where the transition
kernel can be parameterized as a linear function of a feature mapping ¢ : S x A x S — R< but
without the linear reward functions assumption. Amongst these works, He et al. [23] and Zhou
et al. [31] attain the minimax optimal O(v/d2 H3 K) regret for both episodic linear MDPs and linear
mixture MDPs respectively. However, all the above studies consider the stochastic reward setting. In
this paper, we study the episodic linear mixture MDP setting but with adversarial reward functions.

Non-stationary RL. Another related line of research is online non-stationary MDPs. In contrast
to adversarial MDPs where the reward functions are generated in an adversarial manner, online
non-stationary MDPs consider the setting where the reward functions are generated stochastically
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according to some distributions that may vary over time. Jaksch et al. [46] study the piecewise
stationary setting where the transitions and rewards are allowed to change certain times and propose
UCRL2 with restart technique to deal with the non-stationarity. Later, Ortner et al. [47] consider
the generalized setting where the changes are allowed to take place every step. However, the above
studies need prior knowledge about the magnitude of non-stationary. To address this issue, Cheung
et al. [48] propose the Bandit-over-RL algorithm to remove this requirement. A recent breakthrough
by Wei and Luo [49] introduces a black-box method that can convert any algorithm satisfying specific
conditions and enjoying optimal static regret in stationary environments into another with optimal
dynamic regret in non-stationary environments, without requiring prior knowledge about the degree
of non-stationarity. However, this approach does not apply to the adversarial setting. Specifically,
their reduction requires the base algorithm to satisfy a certain property enjoyed by typical UCB-type
algorithms. When a new instance of the base algorithm surpasses the optimistic estimator, it can be
inferred that the environment has changed, prompting a restart of the algorithm to disregard prior
information. However, this approach of constructing an optimistic estimator by a UCB-type algorithm
can only be applied to a stochastic setting. In the adversarial setting, where no model assumptions
are made and comparators can be arbitrary, this approach encounters significant difficulties.

Dynamic Regret. Dynamic regret of RL with adversarial rewards is only recently studied in the
literature [34, 35, 36]. Zhao et al. [34] investigate the dynamic regret of adversarial tabular MDPs
with the known transition kernel and present an algorithm with optimal dynamic regret. Importantly,
their algorithm does not require the non-stationarity measure Pr as the algorithmic input ahead of
time. For the unknown transition setting, Fei et al. [35] study adversarial tabular MDPs and propose
an algorithm with dynamic regret guarantees. Zhong et al. [36] further extend the algorithm of Fei
et al. [35] to accommodate non-stationary transition kernels with linear function approximation. Both
algorithms [35, 36] require the quantity of Pr as the input. Moreover, their dynamic regret bounds
are suboptimal in K and Pr as shown by the lower bound established in our work. In this work, we
first design an optimal algorithm in terms of K and Pr when Pr is known. Further, we develop the
first algorithm to handle the unknown Pr issue in adversarial MDPs with unknown transition.

3 Problem Setup

We focus on episodic inhomogeneous MDPs with full-information reward functions and the unknown
transition kernel. Denote by M = {S, A, H, {7k n } ke|k],he[H]> {Pr } e[} an episodic inhomoge-
neous MDP, where S is the state space, A is the action space, K is the number of episodes, H is
the horizon, 745, : S x A — [0,1] is the reward function, Pp,(- | -,) : S x A x § — [0, 1] is the
transition kernel. We assume the rewards are deterministic without loss of generality and extending
our results to stochastic rewards is straightforward. Let S = |S| and A = |A|.

The learner interacts with the MDP through K episodes without knowledge of transition kernel
{Pn}nerm)- In each episode k, the environment chooses the reward function {74 x}nes) and
decides the initial state sy, 1, where the reward function may be chosen in an adversarial manner and
depend on the history of the past (k — 1) episodes. Simultaneously, the learner decides a policy
Tk = {7k,n }ne(m) Where each 7., : & — A(A) is a function that maps a state s to a distribution
over action space .A. In the h stage in episode k, the learner observes current state sy j,, chooses
an action ag p, ~ Tk b (- | S5 ), and transits to the next state si p+1 ~ Pp(- | Sk,h, ak,p). Then the
learner obtains the reward 7, p, (S n, ax,p) and observes the reward function 7y, j, as we consider the
full-information setting. At stage H 4 1, the learner observes the final state sj 741 but does not take
any action, and the episode k terminates. Denote by 7' = K H the total steps throughout K episodes.

Linear Mixture MDPs. In this work, we focus on a special class of MDPs called linear mixture
MDPs, a setting initiated by Ayoub et al. [24] and further studied in the subsequent work [32, 31, 33].
In this setup, the transition kernel can be parameterized as a linear function of a feature mapping
¢:S x AxS — R? The formal definition of linear mixture MDPs is as follows.

Definition 1 (Linear Mixture MDPs). An MDP M = {S, A, H,{7x n }ke|K],he[H]> 1Pr}ne[m)} 1S
called an inhomogeneous, episode B-bounded linear mixture MDP, if there exist a known feature
mapping ¢(s’ | s,a) : S x A x § — R? and an unknown vector 0; € R with ||0; |2 < B,
Vh € [H] such that (i) Py (s' | s,a) = ¢(s | s,a) T 05 forall (s,a,s') € S x Ax Sand h € [H], (i)
dv(s,a)ll2 2 > yes @(s'|s,a)V(s)]l2 < 1forany (s,a) €S x Aand function V : § — [0, 1].
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Algorithm 1 POWERS-FixShare

Input: step size 7, exploration parameter - and regularization parameter \.

1: Initialize {mo 5 (-|s)}f_,, s € S as uniform distribution, and set {Qo. (-, -)} 1L | as zero function.
2: fork=1,2,--- ,K do

3:  Receive the initial state sy 1.

4: forh=1,2,---,Hdo

5 Forall h € [H], s € S, updates policy by

Ten (- 18) < To_1 (- | 5) exp (Qu—1,n(s, ) Ten ([ ) = (1= mp(- | 5) +7(- | 5).

Take the action following a5, ~ 7 (- | sk,5) and transit to the next state g p+1.
Obtain reward 7y, p,(Sk 1, ak,p) and observe the reward function 7 (-, ).
end for
9:  Initialize Vi, g+1(-) as a zero function.
10 forh=H,H—-1,---,1do

A

11: Set Qi,n () < [ren(s ) 4+ Oy Ovie iy (5°)) + BkHEk h ¢Vk naa (5 H ] [0,H—h+1]"
12: Set Vin(+) < Eamyn(- 19 LQk.,h('v )l
13: Set the estimated variance I:Vk;7th7h+1} (Sk,hy ak,p) asin (11), bonus Ej, 5, as in (21).
14: Ok,h < \/max {IYQ/d7 [vk,th7h+1] (Sk’h,a;@h) + E]“h,}.
a a __ T
15: Zk-‘th A Zk,h + O-k,%1¢vk,h+l (Sk,ha ak,h) ¢Vk,h+1 (Sk;}“ ak,h) .
16: brt1,n < bpn + 5;Zi¢vk wir (S @k n) Vit (8541
17: Ek+1 b Zk htove, (Sk,h> Qk,h) vz s (Sk, h7ak,h)T-
18: bk+1 h bk h+ (ka bt (S k) Vid g (8541)-
19: 9k+1 h Ekﬂ hbk+1 b O i1 h Ek+1 hbk+1 h
20:  end for
21: end for

Dynamic Regret. For any policy 7 = {7, },cn) and any (k, h,s,a) € [K] x [H] x § x A, we
define the action-value function Qg’ », and value function V7, as
Sp = s:| .

Vien(s [E Tint (Shr, anr)

The Bellman equation is given by QF ,, = ri,n + PrV{, 1, and V)7 () = Eqr, (- ) [QF 4 (5, a)]
with V|7 = 0. For simplicity, for any function V' : & — R, we define the operator

H
Qkn(s,a) = [Z Tkon (Sh/yapt) | Sh=8,an = a

h’/=h

[th](sa a) = ]ES’NIP’h(- | s,a)v(sl)a [V}LV](57 a) = [th2](sa a) - ([th](sv a))2' 3

As stated in Section 1, dynamic regret is a more appropriate measure compared with static regret for
the adversarial environments, which is defined in (2) and we rewrite it below for clarity:

K K
D-Regret(K) =Y " V% (sk1) — 3 V% (sk.1), 4)

where 7{, ..., 7% is any sequence of compared policies. We define 7§ = 7{ to simplify the notation.
. . . _ K H c c
The non-stationarity measure is defined as Pr = >, > 75 175 — T 1 1,00

4 Optimal Dynamic Regret with Known P

We present our proposed algorithm in Algorithm 1. Similar to previous studies, the algorithm consists
of (i) policy improvement phase, and (ii) policy evaluation phase. We introduce the details below. In
Sections 4.1, we first consider the case when the transition is known to highlight the challenges even
under the ideal setting. Then, we extend the results to the unknown transition setting in Section 4.2.

q
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4.1 Policy Improvement Phase
In the policy improvement phase, the algorithm updates 7, based on 7, using the proximal policy
optimization (PPO) method [50]. Specifically, at episode k, we define the following linear function:

H

> QR T [ sn) = mre1n(- | sn)) ‘ 51 = Sm] ,

h=1

kal(ﬂ-) = Vl:,-lfil(shl) + Eﬂ'k—l

which is the first-order Taylor approximation of V, , 4 (sk,1) around 7_1. Then, we update 7, by

Z Dxr (ma (- | su)llme—1,n(: | Sh))] ; %)

1
T, = argmax Lg_q1(m)— —E. _,
n h=1

TEA(A| S, H)

where 77 > 0 is the stepsize and the KL-divergence encourages 7, to be close to 731 so that L1 ()
is a good approximation of V,g‘_L1 (sk,1). The update rule in (5) takes the following closed form,

Ten(-]8) < me—1n(-]8) - exp (77 . QZ’i’ll’h(s, ~)),Vh €[H],s€S. 6)
We show the update rule in (6) ensures the following guarantee and the proof is in Appendix C.1.

Lemma 1. The update rule in (6) ensures the following dynamic regret guarantee:

KH? 1& - -
D-Regret(K) < ! 5ty 3 En [DKL (x¢||7) — D, (w,§||7rk+1)] . %)
k=1

Note that the expectation in the last term in (7) is taken over 7y which may change over episode
k. For static regret, i.e., 7{ = ... = 7% = 7", we can control this term by a standard telescoping
argument, which is not viable for dynamic regret analysis. Fei et al. [35] propose a restart strategy to
handle this term. Specifically, they restart the algorithm every certain number of steps and decompose
the above expectation into Ere[-] = Erg [] + Erg g, [-] where ko < k is the episode in which
restart takes place most recently before episode k. For the first expectation Eﬂ;o [-], they apply a

customized telescoping argument to each period as the expectation is taken over the fixed policy. The
second expectation ]Eﬂi—ﬂi [-] involves the difference 7§ — ﬂzo and can be bounded by Pr. However,
0

as we will show in Theorem 4, their regret bound is suboptimal in terms of K and Pr.

We introduce our approach below. Let us first consider taking expectations over any fixed pol-
icy m. Denote by 0 the minimal probability over any action at any state for policies 71, ..., Tk,
ie, d = mingex)mi(a | s),YVa € A,s € S, the last term in (7) can be upper bounded by
Zszl E.[Dky (7§||7k) — Dxr, (75 | 7k+1)] < Hlog A+ Prlog %, showing that we need to control
the minimal value of § to obtain a favorable dynamic regret bound. To this end, we slightly modify
the update rule in (6) and add a uniform distribution 7*(- | s) = 41, Vs € S. That is, the policy 7"
chooses each action with equal probability at any state. Thus, the update rule in (6) is modified as:

Ten (| 8) o mr1n (| 8) exp(n - Qi1 (5,)) men (- [ 8) = (L= )i (- | 8) +97 (- [5) ®)

for any s € S,h € [H]|, where v > 0 is the exploration parameter. This update is called the
fixed-share mechanism in online learning literature [37]. While the fixed-share mechanism is standard
to obtain dynamic regret in modern online learning [38], several important new challenges arise in
online MDPs due to taking expectations over the policy sequence of changing policies 7{, ..., 75%.
In particular, we prove that performing (8) ensures the following dynamic regret.

Lemma 2. Set w1 as uniform distribution on A for any state s € S. The update rule in (8) ensures

nKH? 1 1 )
I—v

A
+ - <PT10g + K H log
n Y
Z Th_1.p(a| sy)log ! men(a| sk)log ! )
_ h — h B S
Rk Ty (@] sn) ol Thop1,n(a | sn)

D-Regret(K) <

The proof can be found in Appendix C.2. In the dynamic regret analysis in online learning, the last
term in (9) is usually canceled out through telescoping since we do not need to take expectations [38].

A
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However, this is not the case in online MDPs. Since the expectation is taken over the policy sequence
of changing policies 7{, ..., m%, this term cannot be canceled out, which requires a more refined

analysis. To address this issue, we decompose one step of the expectation in (9) as follows.'

c 1 c 1 c 1
Ere | E Tr—1,nlog —— | — Ere E Tk,n log +Ere_re | E Tg—1,nlog ——| .
T h Tk,

7T/
acA acA k+1,h acA

With this decomposition, the first term can be canceled out through telescoping, yet it remains to
control the second term — the weighted difference between the state-action occupancy measures of
policy 7f; and 7§,_, with weight —7f_, , (a | sp)log ). , (a | s5) for state-action (s, a). To control
it, we need to (i) ensure the weight is upper bounded by some universal constant, and (ii) bound the
unweighted difference between the state-action occupancy measures, which are new challenges that
arose in online MDPs compared with standard online learning.

For the first challenge, note that the weight —7§_, , (a | sp) log 7}, ,(a | sp) can be large or even
infinite since 7, , is the policy before uniform exploration and 7, , (a | sp,) can be arbitrarily small.
Fortunately, 7, is obtained by one-step descent from mj_; 5, which is the policy after uniform

exploration and can be lower bounded. We provide the following multiplicative stability lemma for
the one-step update, which shows w}c’ 5, 1s not far from 7,1 5, and thus is also lower bounded.

Lemma 3 (Multiplicative Stability). For any distributions p € A(A) with p(a) > 0, forall a € A,
and any function Q : S x A — [0, H), it holds for p' € A(A) with p'(a) x p(a) - exp(n - Q(s,a))
andn < 1/H that p'(a) € [p(a)/4,4p(a)], for all a € A.

For the second challenge, we show the unweighted difference between the state-action occupancy
measures can be bounded by the path length of policies. In particular, we have the following lemma.

Lemma 4. For any policy sequence 7§, ..., %, it holds that
K H K H h
> (Br ~Erg,) [Z Lsn) |1 = ] <Yl Tl = HPp
k=1 h=1 k=1h=1i=1

Remark 1. We note that a similar argument is also used in Fei et al. [35, Appendix B.2.2]. How-
ever, they prove this lemma by imposing an additional smooth visitation measures assumption [35,
Assumption 1], which is not required in our analysis.

The proofs for Lemmas 3 and 4 can be found in Appendices C.3 and C.4 respectively. Combining
Lemmas 2, 3 and 4, we can prove the guarantee for update rule (8). The proof is in Appendix C.5.

Theorem 1. Set my as uniform distribution on A for any state s € S. The update rule in (8) ensures
nKH3 1
1—v/)"
*

Remark 2. Considering the static regret where 7§ = ... = 7% = 7%, we can recover the

O(\/H*K log A) static regret in Cai et al. [32] under the stationary scenario by setting v = 0,
that is, without uniform exploration. However, when v = 0, the dynamic regret is not bounded as
there lacks an upper bound for — log v, showing the necessity of the fixed-share mechanism.

D-Regret(K) <

1 4A
—|—5 (HlogA—i— (1—|—H)log7PT—|—KHlog

4.2 Policy Evaluation Phase

Sections 4.1 focus on the simplified scenario where the transition is known. In this subsection, we
further consider the unknown transition setting such that it is necessary to evaluate the policy 7y
based on the (k — 1) historical trajectories. To see how the model estimation error enters the dynamic
regret, we decompose the dynamic regret in the following lemma.

Lemma 5 (Fei et al. [35, Lemma 1]). Define the model prediction error as vy p, = Tk n +Pr Vi n+1 —
Qp:.h, the dynamic regret D-Regret(K) = Zle Vik(sp) — Zszl Vi (sk,1) can be written as

ZEﬁg {(Qrk,n(shs ), T n (| sn) = Thon (| sn))] + Mi.u + Z (B [th,n(shy an)] = th,n(sk,hs ann)),
kb

koh
where Mg g = Zle ZhH:1 My, 1, is a martingale that satisfies My, j, < 4H, Vk € [k], h € [H].

'With a slight abuse of notations, we omit (- | s5,) for simplicity.
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Remark 3. Lemma 5 is independent of the structure of MDPs. The first term in Lemma 5 is the
dynamic regret over the estimated action-value function Q)i 5, which can be upper bounded by
Theorem 5. The second term is a martingale, which can be bounded by Azuma-Hoeffding inequality.
The third term is the model estimation error, which is the main focus of this section. Note the model
prediction error ¢, 1, (s, ap,) can be large for the state-action pairs that are less visited or even unseen.
The general approach is incorporating the bonus function into the estimated ()-function such that
ten(sh,ap) < 0forall s € S,a € A (e, Ere [tk,n(Shyar)] < 0) and we only need to control
—t, 1 (Sk,hy @k, 1), Which is the model estimation error at the visited state-action pair (sx. 5, Gk.1).

When applied to linear mixture MDPs, the key idea is learning the unknown parameter 07 of the linear
mixture MDP and using the learned parameter 6y, 5, to build an optimistic estimator Q » (-, -) such
that the model prediction error is non-positive, which is more or less standard. From the definition of
linear mixture MDP, for the learned value function V;, 1,(-), we have [P, Vi, n11](s,a) = (3, o(s' |
5,0)Viny1(5'),05) = (dv; . (5, @), 07 ). Inspired by recent advances in policy evaluation for linear
mixture MDPs [31], we adopt the weighted ridge regression to estimate the parameter 0}, that is, we

construct the estimator 6}, ;, by solving the following weighted ridge regression problem:
= . k—1 2,
O,n = arg min Zj_l (Vs (85,05 @50) 5 0) = Vingr (sj,n41)]” /375 + Al613-
. -

Here, 6j2.h is the upper confidence bound of the variance [V, V; p41](sjn,a;jn), and we set it

as Og,p = \/max{HQ/d, (Vi nVieht1) (Skns akn) + Exp}, where [Vi p Vieny1](Skons ar.n) is a
scalar-valued empirical estimate for the variance of the value function Vj 41 under the tran-
sition probability Pp,(- | si,ax), and FEy p, is the bonus term to guarantee that the true variance

[Vk,hvk,h-i-l] (Skﬁ, akﬁ) is upper bounded by WMVk,hH] (Sk,h, akﬁ) + Ekﬁ with high probability.
Then, the confidence set Cy, , is constructed as follows:

é\k}7h ={0] Hii/ﬁw - ak,h)”z < Bk} (10)

where X, ;, is a covariance matrix based on the observed data, and 3y, is a radius of the confidence

set. Given Cj , we estimate the ()-function following the principle of “optimism in the face of
uncertainty” [51] and set it as Qi n (-, ) = [re,n(-, ) + maxo g, (0, 0V i (5 N0, =h41)-

It remains to estimate the variance [V, Vi p+1](Sk ns ak,p). By the definition of linear mixture

MDPs, we have [V4Vint1](sk,n, arn) = (bvz,  (Skn,akn): 05) = (Ovi s (Sks arn), 03)]1%.

Therefore, we estimate [Vk, n Vi h+1] (Sk,hs ak,n) by the expression below

~ -~ 2
[<¢v,3‘h+1 (Sk,luak,h,)aok,h>][07H2] — [{Dvinis (Sk,haak-,h)aek,h>][0,H]a (11)
where 0, = arg mingegs 352 (D2, (85, a50),6) = V241 (85,041)]2 + A6][3. The details

are summarized in Lines 10-20 of Algorithm 1 and we provide the following guarantee.
Theorem 2. Set the parameters as in Lemma 8, with probability at least 1 — §, we have

K K H
Z (Vm (Slf) - VkT,rllc (Slf)) = Mg nH— Zzbk,h(sk,h,ak,h) <O (\/dH4K + d2H3K) )

k=1 k=1 h=1

The proof is given in Appendix C.6. Theorem 2 shows the model estimation error can be bounded.
Combining Theorems 1, 2 and Lemma 5, we present the dynamic regret bound in the next section.

4.3 Regret Guarantee: Upper and Lower Bounds

In this section, we provide the regret bound for our algorithm and present a lower bound of the
dynamic regret for any algorithm for adversarial linear mixture MDPs with the unknown transition.

Theorem 3. Set n = min{+/(Pr + log A)/K,1}/H, v = 1/(KH) and B}, as in Lemma 8, then
with probability at least 1 — ¢, it holds

D-Regret(K) < (5(\/dH4K Y PHK + /HY K + Pr)(1 + PT)), (12)

where Pr = Zszl ZhH:1 |75 5 — Th_q n 1,00 is the path length of the compared policies.

R
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Remark 4 (recovering static regret). Since static regret is a special case with 7y = 7*, Vk, our result
can recover the optimal O (v d? H3K) static regret when H < d, same as the result in He et al. [33].

Remark 5 (improving linear mixture case). Our result improves upon the previously best-known

(5(dH TARB/I4 L H2K2/3 PRt/ 3) dynamic regret for adversarial linear mixture MDPs of Zhong
et al. [36, Theorem 4.6] in terms of the dependence on H, K and Pr.

Remark 6 (improving tabular case). For the adversarial tabular MDPs, our result implies an
O(VH*S?AK + H?\/(K + Pr)(1 + Pr)) dynamic regret. This improves upon the best-known
O(VHS?AK + H2K?/3Pp'/3) result of Fei et al. [35, Theorem 1]. The details are in Appendix B.

We finally establish the lower bound of this problem. The proof can be found in Appendix C.8.
Theorem 4. Suppose B > 2,d > 4, H > 3, K > (d — 1)?>H/2, for any algorithm and any constant
T € [0,2K H), there exists an episodic B-bounded adversarial linear mixture MDP and compared
policies 7§, ..., w5 such that Pr < T, and D-Regret(K) > Q(Vd2H3K + \/JHK(H +T)).

When H < d, the upper bound is O(Vd>H3K + VHA(K + Pr)(1 + Pr)). Combining it with
Theorem 4, we discuss the optimality of our result. We consider the following three regimes.

* Small Pr: when 0 < Pr < d?/H, the upper bound (12) can be simplified as (5(\/ d’?H3K), and
the lower bound is O(vd? H3K), hence our result is optimal in terms of d, H and K.

* Moderate Pr: when d?/H < Pr < K, the upper bound (12) can be simplified as (”)v(\/‘ d?H3K +
HYK(1+ Pr)), and it is minimax optimal in d, K and Py but looses a factor of H 3.

 Large Pr: when Pr > K, any algorithm suffers at most O(H K') dynamic regret, while the lower
bound is (K +/H). So our result is minimax optimal in K but looses a factor of v/ H.

5 Towards Optimal Dynamic Regret with Unknown P

This section further considers the case when the non-stationarity measure Pr is unknown. By
Theorem 1, we need to tune the step size 1 optimally to balance the number of episodes K and Pr
to achieve a favorable dynamic regret. To address the difficulty of not knowing P ahead of time,
we develop an online ensemble method to handle this uncertainty, in which a two-layer meta-base
structure is maintained. While the methodology can be standard in recent non-stationary online
learning [52, 39, 40, 41], new challenges arise in online MDPs. We introduce the details below.

By the performance difference lemma in Cai et al. [32, Lemma 3.2] (as restate in Lemma 13), we can
rewrite the dynamic regret as

K

K
>V ) - )] = Yoy
k=1

k=1

H
>~ Q1 (sns ). 50) = e sh>>] :

h=1

where the expectation is taken over the randomness of the state trajectory sampled according to 7.
The dynamic regret of online MDPs can be written as the weighted average of some “multi-armed
bandits” problems over all states, where the weight for each state is the unknown and changing
probability of being visited by 77, ..., 7% . As the optimal step size depends on the unknown non-
stationarity measure Pr as shown in Section 4, a natural idea is to the two-layer structure to learn the
optimal step size as in recent online convex optimization literature [52, 39, 40, 41].

The general idea is constructing a step size pool H = {91, ...,ny} to discretize the value range of
the optimal step size; and then maintaining multiple base-learners 51, . . ., By, each of which works
with a specific step size 7;. Finally, a meta-algorithm is used to track the best base-learner and yield
the final policy. Then, the dynamic regret can be decomposed as follows (omit (- | s ) for simplicity):

K K H
> B #3503 (0frka - ).
k=1 k=1

h=1
Since the above decomposition holds for any index i € [N], we can always choose the base-learner
with optimal step size to analyze and the first term is easy to control. The challenge is to control the

H

Tk c 7
§ , <Qk,ha Te,h — 7Tk,h>

h=1

Q
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second term, which is the regret of the meta-algorithm. Different from the standard “Prediction with
Expert Advice” problem, it involves an additional expectation over the randomness of states sampled
according to 7j,. This poses a grand challenge compared to conventional online convex optimization
where the expectation is not required. Although we can bound this term by Pr again, optimal tuning
of the meta-algorithm is hindered as Pr is unknown. Consequently, we opt to upper bound it by the
worst-case dynamic regret [53], that is, benchmarking the performance with the best choice of each
round, which in turn introduces the dependence on the switching number of the best base-learner.

We introduce our approach as follows. We maintain multiple base-learners, each of which works
with a specific step size 7;. All base-learners update their policies according to the same action-value
function Q_1,,(sn, -) of the combined policy 7j_1, that is, the base-learner 55; updates policy by
Ton(18) oy (| 8) exp(miQr-1,4(5,7)), M (- | 8) = (L= )m, (-] 8) +y7(- | 5), (13)
Then, the meta-algorithm chooses the base-learner by measuring the quality of each base-learner. In
our approach, we choose the best base-learner at the last episode, that is,

.
Yk—1,h

T (| 8) = w1 8) with iy ,(s) = argmax;c [y (Qu-1,4(s,), T 1 n(-|5)).  (14)
The details are summarized in Algorithm 2 of Appendix A and the guarantee is as follows.

Theorem 5. Set v = 1/(KH), step size pool H = {n; = (2'/H)\/(log A)/K | i € [N]} with
N=13 log(@)j Algorithm 2 ensures

D-Regret(K) < O(VAH'K + #HK + VHAE + Pr)(1+ Pr) + H283,),

where Pp = Zszl Zle |7 ), — 71 w100 is the path length of the compared policies, St =

Zszl ZhH:1 Ere 1[ig 5, (sn) # 151 1, (sn)] is the expected switching number of best base-learner.

Combining it with Theorem 3, we discuss the optimality of our result. We consider two regimes.

* Small S7: when S7 < max{dvVHK, H\/(K + Pr)(1+ Pr)}, the term St can be subsumed by
other terms. In this case, the upper bound in Theorem 5 is entirely the same as that in Theorem 3.
This implies we maintain the same guarantees without Pr as algorithmic input.

» Large St: when St > max{d\/HK, H\/(K + Pr)(1 4 Pr)}, our result looses a factor of H.St
compared with the result in Theorem 3 for the known Pr setting.

By the above discussion, our result can be optimal in terms of K and Pr under certain regimes
when Pr is unknown. In comparison, the regret bounds achieved via the restart mechanism [35, 36]
remain sub-optimal across all regimes even Pr is known. Note that we introduce the notation Sz in
the regret analysis, which also reflects the degree of environmental non-stationarity to some extent.
Consider the following two examples: (i) in the stationary environment, St could be relatively small
as the best base-learner would seldom change, and (ii) in the piecewise-stationary environment, S
would align with the frequency of environmental changes. Indeed, given that St is a data-dependent
quantity, its inclusion in the regret analysis is not ideal. Deriving bounds that rely exclusively on
problem-dependent quantities, like Pr, remains a significant open challenge.

6 Conclusion and Future Work

In this work, we study the dynamic regret of adversarial linear mixture MDPs with the unknown
transition. For the case when Pr is known, we propose a novel policy optimization algorithm that
incorporates a fixed-share mechanism without the need for restarts. We show it enjoys a dynamic
regret of O(\/ d?H3K + \/H*(K + Pr)(1 + Pr)), strictly improving the previously best-known
result of Zhong et al. [36] for the same setting and Fei et al. [35] when specialized to tabular MDPs.
We also establish an Q(vVd2H3K + \/HK(H + Pr)) lower bound, indicating that our algorithm
is optimal regarding d, K and Pr and can be optimal in terms of ' under certain regimes. Moreover,
we explore the more complex scenario where Pr is unknown. We show this setting presents unique
challenges that distinguish online MDPs from conventional online convex optimization. We introduce
a novel two-layer algorithm and show its dynamic regret guarantee is attractive under certain regimes.

There are several important future works to investigate. First, how to remove the dependence on the
switching number S is an important open question. Moreover, we focus on the full-information
feedback in this work, it remains an open problem to extend the results to the bandit feedback.
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A Algorithm with Unknown Pr

In this part, we present the POWERS-FixShare-OnE algorithm in Algorithm 2 for the case when
Pyr is unknown. The algorithm is based on the POWERS-FixShare algorithm and we further
employ an online ensemble structure to eliminate the algorithmic dependence on Pr. In Line 5, each
base-learner updates her policy with a specific step size 7; and the meta-learner selects the best policy
among the base-learners in Line 6. In the policy evaluation phase (Line 11 - 21), we use the same
estimator as in Algorithm 1 to estimate the parameter ¢; and construct the confidence set.

Algorithm 2 POWERS-FixShare-OnE
Input: step size pool H, exploration parameter v and regularization parameter \.
1: Initialize {7 ,(- | s)}Z,, Vi € [N], s € S as uniform distribution on A, {po.n(s)};_,,Ys € S
as uniform distribution on N and set {Qo (-, )}, as zero function.
2: fork=1,2,--- K do
3 Receive the initial state sy, ;.
4. forh=1,2,---,Hdo
5 For all h € [H], s € S, each base-learner B;, Vi € [IN] updates policy by

7Tlic:/h(' | s) o 71'/2_1,h(‘ | s) exp (1:Qr—1,n(s, '))aﬂ'ii,h(' |s)=(1- 7)77127,/}1(' | s) +7“(- | 5).

6: Set mn (- | 5) = ﬂ-llckhl "(-] s) with i1 n(s) = arg max;e(nj (Qr-1,1(5,), T 1 5 15)).
7: Take the action following ay n ~ 7 n(- | Sk,») and transit to the next state sy 1.

8: Obtain reward ry, 1, (S, h, ak,») and observe the reward function 7 5 (-, -).

9: end for

10:  Initialize Vi g41(+) as a zero function.
11: forh=H,H—-1,---,1do

12: Set Qk,h('v ) — [rk,h('7 ) + <6k,h) ¢Vk,h+1( ) + ﬁk”zk h ¢Vk h+1 ) || } [0,H—h+1]"
13: Set Vk}h(') — anwk)h(. | ) [_Qlc,h('a )]
14: Set the estimated variance [Vk’th’hH} (Sk.h, Gk,n) as in (11), bonus Ey, 5, as in (21).
15: Ok, < \/max {.H?/d7 [Vk’hvk’;hq] (sk7h7ak7h) + Ek,h}-
16: Skt — ik,h + 5;;i¢vk,h+1 (Sk,hy k,h) OV sy (Skohs ak,h)T-
17: brt1,n < br,n + 5k_i¢vk,h+1 (Skyh> @ieyn) Vi1 (5541)-
T
18: Ek+1 h— Zk htdve, (Sk,hs Qk.h) dvz, . (Sk,hs Qk,B) -
19: bk+1h Fbkh+¢v2 (Sk hy Ok, h) Vk ht1 (Sh+l)
20: 9k+1 h Ek+1 hbk+1 b Ok Zkﬂ hbk+1 h-
21:  end for
22: end for

B Recovering Tabular Case

In this part, we show the result of our algorithm when specialized to the tabular case. Note in the
linear case, we adopt the weighted ridge regression to estimate the parameter 6}, that is, we construct

the estimator @k n by solving the following weighted ridge regression problem:
2,
O = arg g}llnz (v, ner (S5m0 a50) ) = Ving (s5.n41)]” /575 + Al6]3.
€

In the tabular case, we simply set 7, = 1, and compute ¢y, , ., by taking the sample mean of
{Vi,nt1(85,n41) }jep—1)- That is, we set it as

(]S Nk Sj h7a’] h? ) V ( /)
Vi h+1 3] hs @y, h N \ 4,h+1\S ),
e k(Sj,n> @jn) +
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of each (s, a), where Ny, counts the number of times each tuple (s, a, s) or (s, a) has been visited up
to episode k. Then, we construct the estimator 6y, 5, by solving the linear regression problem:

2
O = arg HEHZ DV, (83,05 @5,0) 4 0) = Vi (s5,041)] " + All6]3-
6eR

Then, the confidence set 5k n is constructed as follows:

Chn = {01 IZ5(6 = Bin)llz < B}

The remaining part of the algorithm is the same as the linear case. The following theorem shows the
result of our algorithm in the tabular case.

Theorem 6. Set v = 1/(KH), step size pool H = {n; = (2!/H)\/(log A)/K | i € [N]} with
N=|3 log(@” and B = H/Slog(dK H/¢), with probability at least 1 — 6, it holds

D-Regret(K) < @(\/H‘*S?AK +HNK + Pr)(1 + PT)),

where Pr = Zle Zthl 751 = Th—1.nll1,00 is the path length of the compared policy sequence.

Proof. By Lemma 5, we decompose the dynamic regret as follows.

K H
D-Regret(K) < Ere [(Qun(8h, ), T n (- | 80) = Tn(- | 50))] + M
k=1h=1
K H
YD (Bt [tk (50 an)] = thn (k.5 @)
k=1 h=1

Note that the policy evaluation phase is the same as the one in Fei et al. [35, Algorithm 3], by the
estimator bound in Fei et al. [35, Lemmas 7 and 9], we have

K H K H

Eﬂ- [Lk h(sh,ah Z —Llk,h Sk Jhy Ak, h) < O(\/H452AT10g2(SAKH/6))
k=1h=1 k=1h=1
15)
The remaining proof is the same as the proof of Theorem 3 in Appendix C.7. |
C Proofs
In this section, we provide the proof of the results in this paper.
C.1 Proof of Lemma 1
Proof. By the definition of dynamic regret, we have
D-Regret(K)
K I K
= D Vii(sma) = > Vi (sn)
k=1 k=1
K H
= 33 B [(@FCon o mEa 1) = mhnl L 1)) [ 51 = sa]
k=1h=1
K H
nKH? c c
< I+ 30D B | Dice (7 L sw)limen(: | sn)) = Dict (7 (| sw)llmisn(: | 51))

k=1h=1

where the equality holds by the performance difference lemma in Lemma 13 and the inequality holds
by the one-step descent guarantee in Lemma 14. This finishes the proof.

1A
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C.2 Proof of Lemma 2
Proof. Note the update rule is

Ten (| 8) o< o1 (- s) exp(n - Q71 (s,)), e (- | 8) = (L= )7k (- [ 8) + 7" (- | 5)
By Lemma 14, for any s;, € S, h € [H], k € [K], we have

(@it (sny )y T ([ sn) — mn (- | sn))

nH? 1 c c
< M+ 2 (D (rEaC Lnlment |50) = Dra. (sl sl [s0) )
nH2 < 1 1 >
+ wf, (a]sp)log ———— —7f , (a] sp) log ——F—— ), (16)
57 3 (whalal ) B aTon) ~ k(@] 30)lo8 s

acA
where the equality holds by the definition of KL divergence. We decompose the last term as follows:

1 1
T <7r;;,h<a s log ————— — ¢, (a | sn)log )

ey Trn(a ] sn) Tp1n(@] sn)
= <7r;ih(a|8h>log1 ~ -1 h(alsh)log,1> a7
ey Tin(a| sn) ' (@] sn)

1 1
_|_ m a SL 10 Y T als 10 o (als) )
E : < i-1n(@]sn) & 7h(a|sh) n(a] s)log Thet1, h(a|3h)>

acA

For the first term, we have

1 1
E c log — log ———
(ﬂ-k,h(a‘ | Sh) og Wk,h(a | Sh) Trk: 1 h(a’ | Sh) Og ((l | s )>

acA
, . ; Ty n(a | sn)
= > | (minlalsn) = mi_ynlal sn))log ———— + 1 p(a | sp) log ——=——— ).
vy ( Thn(a| sn) Tkn(a | sn)

By the update rule, we have 1 < 1/m p(a|sp) < A/yand mp ,(a|sn)/mrn(al sn) < 1/(1—7).
Therefore, we have

> ((katal o) i sa(a s0) o <|>>

+ 71 p(a|sy)log
) k 1,h( | ) Wk,h(a|5h)

ﬂk)h(a | Sh

(18)

A
<7 n(Isn) = m_q (- [ s0)[l1 - log ; + log 1

Then, the dynamic regret is bounded as follows:

D-Regret(K)

H
S Ea [(@F (0 )51 s) = a1 sn)) | 51 = s

k=1h=1
K H
nKH? 1
< + - Exg |mhn(alsn)log ——r——s —m p(a] sn)log o——r"rv
2 U ;;; ’ Thn(a | sn) Thp1n(@ ] sn)
K H
nKH? 1 . . A 1
<t DY B |l I sn) = mial L sn)], - log = + log
2 gl 1-7
k=1h=1
+ Ere Mi—vn(a | sn)log ——r——s —m p(a | sn)log ——r——v
1;1 };1 " lach ( e Ten (@] sn) ol Thy1n(@ ] sn)

17
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KH? 1 A
§77 +<PT10g+KHlog1
n Y

=)

2

K H 1 1

+ Ene (o [sn)log e~ alal ) o s ) .
gg z%( wlalsn) R (@] sn)

where the first inequality holds by (16), the second inequality is due to (17) and (18), and the last
inequality holds by the definition of Pr = S 1 ST 75 1 — Th_1.nll1,00- It ends the proof. M

C.3 Proof of Lemma 3

Proof. Lemma 3 is a simplified version of Chen et al. [54, Lemma 17] and we prove it in our notations
below for self-containedness. It is easy to verify that the update rule p’(a) « p(a) - exp(n - Q(s, a))
is equivalent to the update

p" = argmaxn(p’, Q(s,-)) + Dk (p'||p)-
P EA(A)

Thus, by the KKT condition, we have for some A and p(a) > 0, such that
1. p(a)

Q(s,a) — —log
o=y pla)

The above equations give the closed-form solution p’(a) = p(a) exp(n(Q(s, a) + A + p(a))). First,
we prove that for all a € A we have p(a) = 0. Indeed, when p(a) # 0, by p(a)p’(a) = 0, we have
p'(a) = p(a) exp(n(Q(s,a) + A + p(a))) = 0, which contradicts with p(a) > 0.

Then, we now separately discuss two cases.

+ A+ p(a) =0, and p(a)p’(a) = 0,Va € A.

Case 1: minge 4 Q(s,a) # max,c4 Q(s,a). In this case, we first show that min,c 4 —Q(s,a) <
A < max,c4 —Q(s,a). We prove it by contradiction: If A > max,ec 4 —Q(s, a), then we have

Zp' Zp a)exp(n(Q(s,a) + X+ p(a Zp
acA acA acA

contradicting with p’ € A(A). A similar argument holds for the case A < minge 4(—Q(s,1)).
Thus, we have A € [mingea(—Q(s,a)), maxaea(—Q(s,a))]. Then, we have |Q(s,a) + X +
p(a)] < maxgen Q(s,a) — minge 4 Q(s,a) < H. By the condition on nH < 1, we have p’(a) €

[exp(=1)p(a), exp(1)p(a)] € [1/(4p(a)), 4p(a)].
Case 2: mingec 4 Q(s,a) = maxgea Q(s,a). In this case, it is clear that A = —Q(s, @) must hold
for all a € A to make p and p’ both discussions. Thus p’(a) = p(a) for all a € A.

Combining the above two cases finishes the proof. ]

C.4 Proof of Lemma 4

To prove Lemma 4, we first introduce the following two lemmas. Denote by P;"(s' | s) =
> acaPu(s"| s,a)mp(a | s) the transition kernel of the MDP in step / under policy 7, and re-
call that |7 — 7'||1,00 = maxses||7(- | s) — 7'(- | s)||. The first lemma shows the difference between
the state distribution of two policies can be bounded by the path length of the policies.

Lemma 6 (Zhao et al. [34, Lemma 7]). For any state distribution d, policy pair © and 7', and
transition kernel P, we have

a5 (-, 5) = dBRE (- 9)|[, < lmn — Ly o0 VA € [H].

Proof. Consider the case when d is a delta function on s. The difference in the next distributions is

[B7" (- 8) = PR 9)]l, = D D B(s" | s,a)(mnla ] s) = ma(al 9))]

s’€S acA

<> > P Is,a)lmalals) = m(als)lh

s’€SacA

1R
https://doi.org/10.52202/075280-2650 60702



<> Im(als) —7'(a|s)| < llmn = mhllco-
acA

Linearity of expectation leads to the result for arbitrary distributions. This finishes the proof. |

The second lemma shows the difference between the state distribution of the policy starting from the
different initial distributions can be bounded by the difference between the initial distributions.

Lemma 7 (Zhao et al. [34, Lemma 8]). For any two initial distributions d and d', transition kernel P
and policy w, we have

Jaefe e

< ld =, vh € [H).
Proof. Note the relationship that d(s") = 3 s d(s)P7",,, we have
BT — d'PT |, = Z‘Zd BT (s' | 5) — /()BT (5' | 5)
<ZZ|d PR (s | s) — d' (s)PR (s | 5)]
- ZZ d(s) = d'(5) | P (5' | )
=Z|ds L0 DA

—Zld )| =lld—dl, .
This finishes the proof. |

Now, we are ready to prove Lemma 4.

Proof of Lemma 4. For any policy 7 and 7’ and any initial state s;, denote by dj, the distribution of
the MDP in step / under policy 7, and d), the distribution of the MDP in step / under policy 7}, that
is dp(sp) =Ex[1(sp) | s1] and d}, (sp) = Ex/[L(sp) | s1]. We have

d — dy |, = lldn—1P}" — diy 1 P}+ |
= Hdh’lpzh - d;zflpzh‘h + Hd%flPZh’ - d%quh 1
< ldn-r = dhs ||y + fln = 7l o

< 2l =il

i€[h]

where the second inequality holds by Lemmas 6 and 7 and the last inequality holds by a recursive
calculation. Thus, we have

K K H h
Z(E —Enp 1) [Zﬂ sh) | s1 = sk, 1] SZZZ”WEJ_WE—M‘”LOO:HPT-

k=1 k=1h=1i=1
This finishes the proof. n

C.5 Proof of Theorem 1

Proof. By Lemma 2, we have

KH? 1 4A 1
D-Regret(K) < U + - <PT log — + K H log ) (19)
n gl lL=n
| K A ) .
+23S Bag 3 (il sn) o s — nf o on) o o
n;; ' (gct(k o nlalsn) o Thon(@ ] sn)

10
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Then, the last term can be bounded as follows:

K H
ZZEWE Z Th_1,n(@| sh)log; Ten(a| sh)log;
k=1h=1 acA n(alsn) Teyrn(alsn)
K H
1 1
< Erg e 1ha|5h)10g7 men(a|sn)log ——F——
;E( kll; Thon(@ ] sn) (%4 Tey1n(alsn)
K H
+ Ere e Th-1n(a | sn)log ———
K H
1
< IEre i p(a] sp)log ——| + Eoe_ e ¢ al sh)logi
' ;4 b T p(alsn) ;}; BTk ;4 o nla] sn)

<H10gA+log—ZZ re—mg_, [L(sn) | 1= sk,1]
k=1h=1

4A

< Hlog A+ log —HPr, (20)
Y

where the second inequality holds by the telescoping sum and the third inequality holds because

T}, = 71,5 is the uniform distribution and 7, (a [ s) > 75 by the multiplicative stability lemma in
Lemma 3 and the last inequality holds by Lemma 4.
=)

Combining (19) and (20), we have
which finishes the proof. ]

KH3 1 4A
D-Regret(K) < U 5 <H10gA+(1+H)logPT+KHlog1
77 Y

C.6 Proof of Theorem 2

To prove Theorem 2, we first introduce the following key lemma omitted in the main paper due to the
space limit, which shows the guarantee of the confidence set.

Lemma 8 (Zhou et al. [31, Lemma 5]). Let é\k,h be defined in (10) and set Bk as
Br = 8\/dlog(1 + k/\) log (4k2H/3) + 4V/dlog (4k*H/8) + VAB.
Then, with probability at least 1 — 30, we have that simultaneously for all h € [H] and k € K],
v e {0lISR0 -l < B}

where Ey, 5, is defined as follows:

min {H27 QHBk Hig’}/2¢vk,h+l (sk,hv ak,h)H2} + min{ aﬁk HE}c h ¢V

k,h+1

Wk,th,hH] (sk,hsar,h) — ViV ht1] (Sk.h, Gron) ‘ < Eyn,

(Sk,h7ak,h)H2}

with

Br = 8d+/log(1 + k/X) log (4k2 H/5) + 4V/dlog (4k*H /) + VAB,
B = 8y/dH*log (1 + kH/(dX)) log (4k2H /) + 4H?log (4k*H/8) + VAB.  (21)

We denote by £ the event when the result of Lemma 8 holds, we have Pr(£) > 1 — 34.

Then we present the following lemma that shows the value function difference can be decomposed
into two parts, one is a martingale sequence and the other is the estimation error.

Lemma9. Forall k € [K], h € [H), it holds that

H
Vk,h(sk,h) - VkT,rZ(Sk,h) = Z (Mk,h’,l + My pr 2 — L w (Sk,h’a ak,h’))a
h'=h

20
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with
Miht = Eamy(-| s [Qie,n (8,05 @) — Q1Y (Sk,hy@)] — (Qk,n(Skhy akn) — QY (Sk,hs aken))s

M2 = [Pr(Vihs1 = Vi b o)1 Skns ain) = (Vient1 (Sk,p+1) = Vi1 (Sk,n1))-

Proof. By the definition Vi, 1 (sk,n) = Eamry (| s.0) [Qk,n(5k,1, @)], We have

Vieh(8k,n) = V3T 5 (Sk,n)

=Eamy(- | sin) [Qrn(Skns @) — QRY (Sk,hs a)]

= Eamrm(- | sin) (@b (Sk.0,a) — QRY (skh> @) = (Qun(Skns ain) — QR (Skhs Gk n))
+ (Qrn(Sk,hy aroyn) — Qk o (Skns @)

=Eamy(- | sin) [ Qe (Skh>a) — QR (skhs @) = (Qon (ks i) — Qi (Skons akn))
+ [Pr(Ve,ht1 = Vi by 1)1 (Skns @rn) = ten(Sk,ns aiegn)

= Bari (- se) [Qron (55,05 @) = Q7 (58,05 @)] — (Qrn(Sk.1y arn) — Q% (Sk.1y k)

Mg n1

+ [Pr(Viept1 = Vi )1 (Sk,hs akn) — (Vieohs1 (Sk,hg1) — VkT,rZH(Sk,hH))

My h,2
+ (Viht1 (Skyng1) — ka’;bﬂ(sk,h“)) — Lo, (Sk,hy Qi h)
where the third equality holds by the fact Qy », = 7%, +Pr Vi h+1—tk,n and Q’,;’“h =Tkh +IP’hV,:’;L+1.
|

Summing up the above equation from h to H recursively finishes the proof.

Note Mj, 5,1 is the noise from the stochastic policy and My, 5, - is the noise from the state transition,
Let My p, = My 1 + My 2, Vk € [K], h € [H], we define two following high probability events:

K H K H
glz{we D0 > Miw <4y H3K log }52 {ZZMM2<\/8H3K10§5}-

k=1h/=h k=1h=1
According to the Azuma-Hoeffding inequality, we have Pr(&;) > 1 — § and Pr(&2) > 1 — 4.
Then, we show the model prediction error ¢4, ;, can be upper and lower bounded both.

Lemma 10. Define prediction error vy p, = Tk.n + Pr Vi h41 — Qk,n, on the event E, it holds that

—264|| 25, 1/2¢Vk i (5)ly S tenle,) <0,V € [K],h € [H].

Proof. First, we prove the left-hand side inequality. By the definition of ¢4 ;,, we have

- Lk,h(sa a)
= Qrn(s,a) — (Te,n + PrViny1)(s, a)

< 1 (8,0) + (O dvi i (5,0 >+5kHZ 20V (s MWy = Tre +PrVignr1)(s, a)
= <§k,h Oy OVi s (5,0 >+5kHZ 1/2¢Vk (80 H2
< 2BkHZ 1/2¢Vk i (8,0 H27

where the first inequality holds by the configuration of @}, 5, in Algorithm 1, the second equality
holds by the definition of linear mixture MDP such that [PV}, 1 41](s, a) = (dv, ., (s,a),0}) and
the last inequality holds by the configuration of confidence set in Lemma 8.

Next, we prove the right-hand side inequality. By the definition of ¢, ;,, we have

ke n(s,a)
= (Tin + PuVing1)(s,a) — Qr,n(s, a)

< (re,p +PrVins1)(s,a) — [Tk,h(é’, a)+ <é\k,ha OVienss (5,0)) + Bk”gjﬁl/%vk,hﬂ(& G)HZ} OH—ht1]

21
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— max {<§th — 05 Vi (5:0)) = Bel|Z s 2V (5. @) gs (e + BiViensn)(s,0) — (H — b+ 1)}
<0,

where the first inequality holds by the configuration of Q) 5, in Algorithm 1, the second equality
holds by the definition of linear mixture MDP such that [P, Vi 441](s, a) = (¢v, .., (5,a),0;) and
the last inequality holds by the configuration of confidence set in Lemma 8. ]

Next, we show the prediction error can be bounded by the cumulative estimate variance.

Lemma 11. Define prediction error vy, = T.n + PrVi h41 — Qk,n on the event £, it holds that

K H
D tkn(Skm ann) < 28K > 67 ,V/2Hdlog(1+ K/N).

k=1h=1

Proof. By Lemma 10 and the definition of ¢, p, = 75,5 + Pr Vi hy1 — Qk,n, We have

K H
= tkn(skn, axn)

k=1h=1

H
Zlen{ﬁkHE 320V nis (S @) || HY
h=1

IN

M EM»
M=

2§k5k,h min {Hi;;zm(bv,c,hﬂ (Sk,hs Ok,h) [Tk ||27 1}

=~
Il
—
>
Il

1
K H K H
§2B\K ZZ&,QM Zme{HZ_l/QqSVMH (skh,akh)/akh’z,l}
k=1h=1 k=1h=1
K H
< 2Bk ZZ WV 2Hdlog(1+ K/\)
k=1h=1

where the second inequality holds by 2@ Ok,h = VdH/v/d = H, the third inequality is by Cauchy-
Schwarz inequality and the last inequality holds by the elliptical potential lemma in Lemma 16. W

Define the event

H
VthH sk af) <3(HK + H? 1og(1/5))}

by the law of total variance in Lemma 15, we have Pr(€3) > 1 — §. Then, we have the following
lemma which bounds the estimated variance of the value function.

Lemma 12 (He et al. [33, Lemma 6.5]). On the events £ N E1 N Eo N Es, it holds that
Z <2HK/d+ 1T9H?K + 165d* H* log” (4K*H/58) log® (1 + KH*/))
+2062d> H® log® (AK2H/5) log® (1 + K/)).
Now, we are ready to prove Theorem 2.

Proof of Theorem 2. On the events £ N E; N E; N &, for any h € [H], it holds that
K K
> Vin(skn) = > Vit (skn)
k=1 k=1

77
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K H
< Z Z(Mk,h,l + My n2 — tie,h(Sk,hs Q)
k=1 h=1

< 4y/H3K log(H/8) + 2B

< O(VdH'K + ?H?K),

7h\/2Hdlog(1 + K/))

where the first equality holds by Lemma 9, the second inequality holds by Lemma 11, and the last
inequality holds by Lemma 12. This finishes the proof. ]

C.7 Proof of Theorem 3

Proof. By Lemma 5, we can rewrite the dynamic regret as follows.

K
D-Regret(K Z Vk t(sk,1) Z Vit (8k,1)

=
H

H
> B [(Qrn(sny ) 71 (- | 50) = Toon (- | 5n))]

I
NER

k=1h=1
K H
+ Z Z e [tk n(Shy an)] = e n(Skony ak,n)) + M i (22)
k=1h=1
By Lemma 10, we have ¢y, ,(s,a) < Oforany k € [K],h € [H],s € S,a € A. Thus, we have
K H
YD Englunnlsn,an)] <0. (23)
k=1h=1
By Theorem 2, we have
K H N
SN (tknsknrarn) + Mg < O(VdHAK + d>H3K). (24)
k=1h=1

It remains to bound the first term. Note our algorithm is indeed updated based on the estimated
action-value function Q, 5. By Theorem 1, set v = 1/K H and note that log(1/(1—~)) < ~/(1—7)
for all v > 0. Then, we have

K H
DD Ere[(@un(sny ) i | sn) = Tl | s)]

k=1h=1
3
< nKH

1 A
+E (HlogA+(1+H)log7PT+2>

It is clear that the optimal step size is n* = \/(Pr + log A)/(K HZ). Note our step size is set as
n = min{+/(Pr +log A)/K,1}/H to ensure n < 1/H. We consider the following two cases:

Case 1: * < 1/H. In this case, our step size is set as = \/(Pr + log A) /(K H?). We have
nKH?

41 (HlogA+ (14 H)log éPT +2> < O(v/KH*(1+ Pr)).
n Y

Case 2: n* > 1/H. Inthis case, our step size is set as 7 = 1/H. Therefore, we have

nKH?
2

1 _
+ = (H log A+ (1 + H)log éPT + 2) < O(H*Py),
U gl

71
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where the equality holds by Pr > K in this case. Combining these two cases, we have

Erg[(Qun(sh, ) T n (- | sn) = Tin(- | sn))] < O(VHYK + Pr)(1+ Pr)).  (25)

Combining (22), (23), (24) and (25), we obtain

D-Regret(K) < O (\/dH4K + RHK + HYE + Pr)(1 + PT)) .

This finishes the proof. |

C.8 Proof of Theorem 4

Proof. At a high level, we prove this lower bound by noting that optimizing the dynamic regret of
linear mixture MDPs is harder than (i) optimizing the static regret of linear mixture MDPs with the
unknown transition kernel, (ii) optimizing the dynamic regret of linear mixture MDPs with the known
transition kernel, both. Thus, we can consider the lower bound of these two problems separately
and combine them to obtain the lower bound of the dynamic regret of linear mixture MDPs with the
unknown transition kernel. We present the details below.

First, we consider the lower bound of optimizing the static regret of adversarial linear mixture MDPs
with the unknown transition kernel. From lower bound in He et al. [33, Theorem 5.3], we have the
following lower bound in this case since the dynamic regret is no smaller than the static regret.

D-Regret(K) > Q(VA2H3K). (26)

Then, we consider the lower bound of optimizing the dynamic regret of adversarial linear mix-
ture MDPs with the known transition kernel. We note that Zimin and Neu [12] show the lower
bound of the static regret for adversarial episodic loop-free SSP with known transition kernel is
O(H\/Klog (SA)), we utilize this lower bound to establish our lower bound as the episodic loop-
free SSP is a special case of linear mixture MDPs with d = S? A. We consider two cases:

Case 1: I' < 2H. Inthis case, we can directly utilize the established lower bound of static regret as
a natural lower bound of dynamic regret,

D-Regret(K) > Q(H+/ K log (SA)). (27)

Case 2: I’ > 2H. Without loss of generality, we assume L = [I"/2H| divides K and split the
whole episodes into L pieces equally. Next, we construct a special policy sequence such that the
policy sequence is fixed within each piece and only changes in the split point. Since the sequence
changes at most L — 1 < I'/2H times and the path length of the policy sequence at each change
point is at most 2H, the total path length in K episodes does not exceed I'. As a result, we have

D-Regret(K) > LH+/K/Llog (SA) = Hy/KLlog (SA) > Q(y/KHT log (SA)). (28)

Combining (27) and (28), we have the following lower bound for the dynamic regret of adversarial
linear mixture MDPs with the known transition kernel,

D-Regret(K) > Q(max{H /K log (SA),/KHT log (SA)}) > Q(v/KH(H +TI')log(SA)),
(29)
where the last inequality holds by max{a, b} > (a + b)/2.

Combining two lower bounds (26) and (29), we have the lower bound of the dynamic regret of
adversarial linear mixture MDPs with the unknown transition kernel,

D-Regret(K) > max{Vd?H3K,\/KH(H +7T) log(SA)})
> Q(Va2H3K + /KH(H +T)log(SA)).
This finishes the proof. |
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C.9 Proof of Theorem 5

Proof. By Lemma 5, we can rewrite the dynamic regret as follows.

K
D-Regret(K Z Vk t(5k,1) Z Vit (sk,1)

K H
=3 Erc[(Qrnlsn ), (-1 s0) = man(- | 5n))]
k=1 h=1
K H
)Y Ergltrn(sn an)] = thn(skns arn) + Mo u.
k=1h=1
By Lemma 10, we have ¢y, ,(s,a) < 0 forany k € [K],h € [H],s € S,a € A. Thus, we have

K H
ZZE Lkh s;“ah)] < 0.

k=1h=1
By Theorem 2, we have
K H B
SN (—wn(sknaen) + Mi.n < O(VdHAK + 2 H3K).
k=1h=1
It remains to bound the first term. We decompose this term as follows.
K H
>3 B [(QCons ) 71 s0) = T sn)]

1

=
Il
—

-

1

-
M=

]ETrg |:<Q;€r7kh(8h7 ')77T72,h(' | Sh) — 7r27h(. | 5h)>:|

b
Il
-
>
Il

1

base-regret

K H
30D By [{QR (sny ) T L) = e[ 5a))] - GO)

k=1h=1

meta-regret

Upper bound of base regret. From Theorem 1, we have

where the decomposition holds for any base-learner ¢ € IN. Next, we bound the two terms separately.
JCHS 1 A
1 -|-(HlogA—i—(1—|—H)1ogPT—i—KHlog1
gl

=)
i -7

Set v = 1/K H and note that log(1/(1 —~)) < /(1 — ~) for all v > 0. Then, we have
n KH?
2

< ml;H + 21 (log A+ Prlog(KHA)).
7
Itis clear that the optimal learning rate n* = /4(log A + Prlog(K HA))/(K H2). By the definition
Pr =30 S I g, — 76y pllcos it holds that 0 < Pr < 2K H. Therefore, the range of the
optimal learning rate is
4log A 4log A+ 8K Hlog(KHA)
i = L i g <[ Lo A L SEH og(KHA)
From the construction of the step size pool H = {n; = (2!/H)\/(log A)/K | i € [N]} with
N=1|3 log(@)], we know that the step size therein is monotonically increasing, in particular

4log A
KH?’

base-regret <

1
base-regret < +—(HlogA+ (1+ H)Prlog(KHA) + 2)
m

1
m = and ny = T
In the following, we consider two cases:
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Case 1: n* € [1,nn]. Inthis case, we ensure there exists i* € N such that n;« < n* < 2n;~. Note
the decomposition in (30) holds for any base-learner. Therefore, we choose the base-learner whose
step size is 7;= and have

ni*KH?’ 2H
base-regret < s +

- (log A+ Prlog(KHA))
D KH®  4H

< + — (log A+ Prlog(KHA))
n

- 2
=3/ KH*(log A+ Prlog(KHA)),
where the second inequality holds by the condition that 7;« < n* < 27n;« and the last equality holds
by substituting n* = \/4(log A + Prlog(KHA))/(KH?).

Case 2: n* > ny. In this case, we know that 4(log A + Prlog(KHA)) > K. Therefore, we
choose the base-learner whose step size is 77y and have

KH® 2H
INDE 4 o (log A Priog(KHA))
N

base-regret <

KH?
==+ 2H? (log A+ Prlog(KHA))

< 4H?* (log A+ Prlog(KHA)),
where the last inequality holds by the condition that 4(log A + Prlog(KHA)) > K.
Summing over the two upper bounds yields
base-regret < 3v/KH* (log A+ Prlog(KHA)) + 4H? (log A + Prlog(K HA))
< 4\/H*(K +1log A + Prlog(KHA))(log A+ Prlog(K HA))
= O(V/H*(K + Pr)(1+ Pr)), (31)
where the inequality holds by /a + v/b < \/m ,Va,b > 0.

Upper bound of meta regret. For meta-regret, we have

K H
meta-regret = Z ZEW [(Qk,h(sm ')77T127h(' | Sh) - 7Tk,h(' | Sh))]
k=1h=1
K H _ _ _
= 3> Eag [(€'(sn) = Dhon(sn), Qun(sns ) - i (- | sn))]
k=1h=1
K H . ‘ )
< Z ZE”E {(elk»h(sh) — pi,h(sh), Qr,n(5h; ") 'Wi,h(‘ | Sh)ﬁ
k=1h=1
K H . .
< Z Z]Eﬂg {(e%h(sh) — e =th(sp), Qrn(Shy ) - T p(- | Sh)ﬁ
k=1h=1
K H . .
SHY S B [llen(sn) — efirn(s)]
k=1h=1

where the first inequality holds by the definition that i}, ;, = arg max;c(n1(Qx.n(sh; ), T 1, (- | 1)),
the second inequality holds due to pj, ;, (sn) = e't-1.1 (s,), and the last equality holds by the definition
St = Lhey S B 1 (5n) # -1 n(on)]
Combining (31) and (32), by v/a + Vb < \/2(a + b),Ya,b > 0, we have

D-Regret(K) < O(VAH'K + @HK +/ HA(K + Pr)(1+ Pr) + H253.).
This finishes the proof. |
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D Supporting Lemmas

In this section, we introduce the supporting lemmas used in the proofs.

First, we introduce the performance difference lemma which connects the difference between two
policies to the difference between their expected total rewards through the Q-function.

Lemma 13 (Cai et al. [32, Lemma 3.2]). For any policies w,7' € A(A|S, H), it holds that

H
V;Zfi(sm) = Vi (sk,1) = Enr Z@Z,;L(Sh, Vs, (- | sn) — mh(- | sn)) ‘ 51 = 8k,1] -
h=1

Then, we introduce the following lemmas which show the “one-step descent” guarantee.

Lemma 14 (Cai et al. [32, Lemma 3.3]). For any distributions p*,p € A(A), state s € S, and

function Q : S x A — [0, H], it holds for p’ € A(A) with p'(-) < p(-) - exp(n - Q(s, -)) that
(Q(s,),0"(-) = p()) <nH*/2+ 07" (Dxcr, (0" ()llp(+)) = D, (0 ()P (1)) -

Next, we introduce the law of total variance, which bounds the variance of the value function.
Lemma 15 (Jin et al. [55, Lemma C.5]). With probability at least 1 — 0, it holds that

K H

[thh’i‘l} (sk,ak) <3 (HK + Hlog ;) .

k=1h=1

Finally, we introduce the elliptical potential lemma, which is a key lemma in online linear regression.

Lemma 16 (Abbasi-Yadkori et al. [S1, Lemma 11]). Let {Xt}fi 1 be a sequence in R4 space,
Vo = Ml and define V, = V + 22:1 x;x; . If |x;|l, < L,Vi € Z, then for each t € Z,

t

. d\ +tL?
E . _ < - .
i=1 mm{l’ HXZHVi—ll} < 2dlog ( X )
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