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Abstract

Constructing a similarity graph from a set X of data points in R¢ is the first step of
many modern clustering algorithms. However, typical constructions of a similarity
graph have high time complexity, and a quadratic space dependency with respect
to | X'|. We address this limitation and present a new algorithmic framework that
constructs a sparse approximation of the fully connected similarity graph while
preserving its cluster structure. Our presented algorithm is based on the kernel
density estimation problem, and is applicable for arbitrary kernel functions. We
compare our designed algorithm with the well-known implementations from the
scikit-learn library and the FAISS library, and find that our method significantly
outperforms the implementation from both libraries on a variety of datasets.

1 Introduction

Given aset X = {z1,...,7,} C R? of data points and a similarity function k : R x RY — R
for any pair of data points x; and x;, the objective of clustering is to partition these n data points into
clusters such that similar points are in the same cluster. As a fundamental data analysis technique,
clustering has been extensively studied in different disciplines ranging from algorithms and machine
learning, social network analysis, to data science and statistics.

One prominent approach for clustering data points in Euclidean space consists of two simple steps:
the first step is to construct a similarity graph K = (V, E,;w) from X, where every vertex v; of
G corresponds to z; € X, and different vertices v; and v; are connected by an edge with weight
w(v;, v;) if their similarity k(z;, ;) is positive, or higher than some threshold. Secondly, we apply
spectral clustering on G, and its output naturally corresponds to some clustering on X [19]. Because
of its out-performance over traditional clustering algorithms like k-means, this approach has become
one of the most popular modern clustering algorithms.

On the other side, different constructions of similarity graphs have significant impact on the quality
and time complexity of spectral clustering, which is clearly acknowledged and appropriately discussed
by von Luxburg [31]]. Generally speaking, there are two types of similarity graphs:

o the first one is the k-nearest neighbour graph (k-NN graph), in which every vertex v,
connects to v; if v; is among the k-nearest neighbours of v;. A k-NN graph is sparse by
construction, but loses some of the structural information in the dataset since k is usually
small and the added edges are unweighted.

* the second one is the fully connected graph, in which different vertices v; and v; are
connected with weight w(v;,v;) = k(z;, ;). While a fully connected graph maintains
most of the distance information about X, this graph is dense and storing such graphs
requires quadratic memory in n.
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Taking the pros and cons of the two constructions into account, one would naturally ask the question:

Is it possible to directly construct a sparse graph that preserves the cluster structure of a fully
connected similarity graph?

We answer this question affirmatively, and present a fast algorithm that constructs an approximation

of the fully connected similarity graph. Our constructed graph consists of only O(n) edge and
preserves the cluster structure of the fully connected similarity graph.

1.1 Our Result

Given any set X = {1,...,7,} C R?and a kernel function k : R? x R? — R, a fully connected
similarity graph K = (V, E/, w) of X consists of n vertices, and every v; € V corresponds to z; € X;
we set w(v;,v;) = k(x;,x;) for any different v; and v;. We introduce an efficient algorithm that
constructs a sparse graph G directly from X, such that K and G share the same cluster-structure, and
the graph matrices for K and G have approximately the same eigen-gap. This ensures that spectral
clustering from G and K return approximately the same result.

The design of our algorithm is based on a novel reduction from the approximate construction of
similarity graphs to the problem of Kernel Density Estimation (KDE). This reduction shows that any
algorithm for the KDE can be employed to construct a sparse representation of a fully connected
similarity graph, while preserving the cluster-structure of the input data points. This is summarised
as follows:

Theorem 1 (Informal Statement of Theorem . Given a set of data points X = {x1,...,1,} C R?
as input, there is a randomised algorithm that constructs a sparse graph G of X, such that it holds
with probability at least 9/10 that

1. graph G has 5(n) edges,
2. graph G has the same cluster structure as the fully connected similarity graph K of X.

The algorithm uses an approximate KDE algorithm as a black-box, and has running time

O(Txoe(n,n,€)) for € < 1/(6log(n)), where Tkpe(n,n,€) is the running time of solving the
KDE problem for n data points up to a (1 + €)-approximation.

This result builds a novel connection between the KDE and the fast construction of similarity graphs,
and further represents a state-of-the-art algorithm for constructing similarity graphs. For instance,
when employing the fast Gauss transform [10] as the KDE solver, Theorem 1] shows that a sparse
representation of the fully connected similarity graph with the Gaussian kernel can be constructed

in 6(71) time when d is constant. As such, in the case of low dimensions, spectral clustering runs
as fast (up to a poly-logarithmic factor) as the time needed to read the input data points. Moreover,
any improved algorithm for the KDE would result in a faster construction of approximate similarity
graphs.

To demonstrate the significance of this work in practice, we compare the performance of our
algorithm with five competing algorithms from the well-known scikit-learn library [20] and
FAISS library [11]: the algorithm that constructs a fully connected Gaussian kernel graph, and
four algorithms that construct different variants of k-nearest neighbour graphs. We apply spectral
clustering on the six constructed similarity graphs, and compare the quality of the resulting clustering.
For a typical input dataset of 15,000 points in R?, our algorithm runs in 4.7 seconds, in comparison
with between 16.1 — 128.9 seconds for the five competing algorithms from scikit-learn and
FAISS libraries. As shown in Figure[l] all the six algorithms return reasonable output.

We further compare the quality of the six algorithms on the BSDS image segmentation dataset [2],
and our algorithm presents clear improvement over the other five algorithms based on the output’s
average Rand Index. In particular, due to its quadratic memory requirement in the input size, one
would need to reduce the resolution of every image down to 20,000 pixels in order to construct the
fully connected similarity graph with scikit-learn on a typical laptop. In contrast, our algorithm
is able to segment the full-resolution image with over 150,000 pixels. Our experimental result on

'We use O(n) to represent O (n - log®(n)) for some constant c.
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Figure 1: Output of spectral clustering with different similarity graph constructions.

the BSDS dataset is showcased in Figure 2] and demonstrates that, in comparison with SKLEARN
GK, our algorithm identifies a more detailed pattern on the butterfly’s wing. In contrast, none of
the k-nearest neighbour based algorithms from the two libraries is able to identify the wings of the
butterfly.

(a) Original Image (b) SKLEARN GK (c) OUR ALGORITHM

u ‘ H ‘

(d) SKLEARN k-NN (e) FAISS EXACT (f) FAISS HNSW (¢) FAISS IVF

Figure 2: Comparison on the performance of spectral clustering with different similarity graph
constructions. Here, SKLEARN GK is based on the fully connected similarity graph construction,
and (d) — (g) are based on different k-nearest neighbour graph constructions from the two libraries.

1.2 Related Work

There are a number of works on efficient constructions of e-neighbourhood graphs and k-NN graphs.
For instance, Dong et al. [9] presents an algorithm for approximate k-NN graph construction, and
their algorithm is based on local search. Wang et al. [32] presents an LSH-based algorithm for
constructing an approximate k-NN graph, and employs several sampling and hashing techniques to
reduce the computational and parallelisation cost. These two algorithms [9} 32] have shown to work
very well in practice, but lack a theoretical guarantee on the performance.
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Our work also relates to a large and growing number of KDE algorithms. Charikar and Siminelakis [7]
study the KDE problem through LSH, and present a class of unbiased estimators for kernel density in
high dimensions for a variety of commonly used kernels. Their work has been improved through
the sketching technique [24], and a revised description and analysis of the original algorithm [4].
Charikar et al. [6] presents a data structure for the KDE problem, and their result essentially matches
the query time and space complexity for most studied kernels in the literature. In addition, there are
studies on designing efficient KDE algorithms based on interpolation of kernel density estimators [29]],
and coresets [12]].

Our work further relates to efficient constructions of spectral sparsifiers for kernel graphs. Quan-
rud [22]] studies smooth kernel functions, and shows that an explicit (1 4 ¢)-approximate spectral

approximation of the geometric graph with O(n/=2) edges can be computed in O(n/c2) time. Bakshi

et al. [3] proves that, under the strong exponential time hypothesis, constructing an O(1)-approximate

spectral sparsifier with O(n2~?) edges for the Gaussian kernel graph requires €2 (7 - olog(1/7)"*

time, where < 0.01 is a fixed universal constant and 7 is the minimum entry of the kernel matrix.
Compared with their results, we show that, when the similarity graph with the Gaussian kernel
presents a well-defined structure of clusters, an approximate construction of this similarity graph can
be constructed in nearly-linear time.

2 Preliminaries

Let G = (V, E,wg) be an undirected graph with weight function wg : E — Rsq, and n = |V
The degree of any vertex v is defined as degg(v) = >, we(u,v), where we write u ~ v if

{u,v} € E(G). For any S C V, the volume of S is defined by volg(S) = Y _¢ degg(v), and the
conductance of S is defined by
A Jg (S)

P (S) = vole(S)’

where 0g(S) £ > ueswgs We(u,v). Forany k > 2, we call subsets of vertices Ay, ..., Ay a k-way

partition if A; # (@ forany 1 <i <k, A, N A; = () forany i # j, and Ule A; = V. Moreover, we
define the k-way expansion constant by

veS

k) & i Ap).
pa(k) panitior{I}i?,...,Ak 11252(1@%( i)

Note that a lower value of pg (k) ensures the existence of k clusters A1, ..., Ay of low conductance,
i.e, G has at least k clusters.

For any undirected graph G, the adjacency matrix Ag of G is defined by Ag(u,v) = wg(u,v) if
u ~ v, and Ag(u,v) = 0 otherwise. We write D¢ as the diagonal matrix defined by D¢(v,v) =
degg(v), and the normalised Laplacian of G is defined by Ng = I — Dgl/QAngl/2. For any PSD
matrix B € R™*™, we write the eigenvalues of B as A\;(B) < ... < A, (B).

It is well-known that, while computing pg (k) exactly is NP-hard, pg(k) is closely related to A
through the higher-order Cheeger inequality [13]: it holds for any & that

Ae(NG)/2 < po(k) < O(k*)y/Ar(No).
2.1 Fully Connected Similarity Graphs

Weuse X 2 {z1,...x,} torepresent the set of input data points, where every z; € R?. Given X and
some kernel function k : R% x R¢ — R, we use K = (Vk, Ex, wk) to represent the fully connected
similarity graph from X, which is constructed as follows: every v; € Vi corresponds to x; € X, and
any pair of different v; and v; is connected by an edge with weight wk (v;,v;) = k(z;, z;). One of
the most common kernels used for clustering is the Gaussian kernel, which is defined by

2
k(i z;) = exp (—Hxl 02$J||2>

for some bandwidth parameter 0. Other popular kernels include the Laplacian kernel and the
exponential kernel which use ||z; — x;||1 and ||z; — ]| in the exponent respectively.
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2.2 Kernel Density Estimation

Our work is based on algorithms for kernel density estimation (KDE), which is defined as follows.
Given a kernel function k : R? x R? — R with n source points 71, ...,z, € R? and m target

points y1, . .., ym € R% the KDE problem is to compute g1, (41); - - - 91,n) (Ym ), Where

b
Il (W) 2 k(yi, ;) )]
j=a

for 1 < i < m. While a direct computation of the m values gp1 (1), - - - 9(1,n)(Ym ) requires mn
operations, there is substantial research to develop faster algorithms approximating these m quantities.

In this paper we are interested in the algorithms that approximately compute gj;,,)(y;) for all
1 <i < muptoa (1= e)-multiplicative error, and use Tkpe(m, n, €) to denote the asymptotic
complexity of such a KDE algorithm. We also require that Tkpg (1, n, €) is superadditive in m and
n; that is, for m = mj + ms and n = nq + ng, we have

Tkoe(ma, n1, €) + Tkpe(me, ng, €) < Tkpe(m,n, €);

it is known that such property holds for many KDE algorithms (e.g., [} (6} [10])).

3 Cluster-Preserving Sparsifiers

A graph sparsifier is a sparse representation of an input graph that inherits certain properties of the
original dense graph. The efficient construction of sparsifiers plays an important role in designing a
number of nearly-linear time graph algorithms. However, most algorithms for constructing sparsifiers
rely on the recursive decomposition of an input graph [26], sampling with respect to effective
resistances [[15 23]}, or fast SDP solvers [[14]; all of these need the explicit representation of an input
graph, requiring £2(n?) time and space complexity for a fully connected graph.

Sun and Zanetti [27] study a variant of graph sparsifiers that mainly preserve the cluster structure of
an input graph, and introduce the notion of cluster-preserving sparsifier defined as follows:

Definition 1 (Cluster-preserving sparsifier). Let K = (V, E,wk) be any graph, and {A;}*_, the
k-way partition of K corresponding to pk (k). We call a re-weighted subgraph G = (V, F C E, wg)
a cluster-preserving sparsifier of K if ¢g(A;) = O(k - ¢x(A;)) for 1 <4 < k, and A\11(Ng) =
Q(Ae+1(Nk)).

Notice that graph K has exactly k clusters if (i) K has k disjoint subsets A1, ..., Ay of low conduc-
tance, and (ii) any (k + 1)-way partition of K would include some A C V of high conductance,
which would be implied by a lower bound on Ag1(Nk) due to the higher-order Cheeger inequality.
Together with the well-known eigen-gap heuristic [13}31]] and theoretical analysis on spectral cluster-
ing [[16] [21]], the two properties in Definition [T|ensures that spectral clustering returns approximately
the same output from K and H

Now we present the algorithm in [27]] for constructing a cluster-preserving sparsifier, and we call it
the SZ algorithm for simplicity. Given any input graph K = (V| E, wx ) with weight function w, the
algorithm computes

pu(v) £ min {C’

logn  wk(u,v)
Akt degy(u)

,1}, and pv(u)Amin{C logn M 1},

Ne1 degy(v)’
for every edge e = {u, v}, where C' € R is some constant. Then, the algorithm samples every edge
e = {u, v} with probability

De £ pu(v) + pv(u) - pu(v) : pv(u)a

and sets the weight of every sampled e = {u, v} in G as wg(u, v) = wk(u,v)/pe. By setting F as
the set of the sampled edges, the algorithm returns G = (V| F, wg) as output. It is shown in [27] that,

with high probability, the constructed G has O(n) edges and is a cluster-preserving sparsifier of K.

>The most interesting regime for this definition is k = O(1) and A1 (Nk) = ©(1), and we assume this in
the rest of the paper.

q
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We remark that a cluster-preserving sparsifier is a much weaker notion than a spectral sparsifier, which
approximately preserves all the cut values and the eigenvalues of the graph Laplacian matrices. On
the other side, while a cluster-preserving sparsifier is sufficient for the task of graph clustering, the SZ
algorithm runs in €2(n?) time for a fully connected input graph, since it’s based on the computation
of the vertex degrees as well as the sampling probabilities p,,(v) for every pair of vertices « and v.

4 Algorithm

This section presents our algorithm that directly constructs an approximation of a fully connected
similarity graph from X C R with | X'| = n. As the main theoretical contribution, we demonstrate
that neither the quadratic space complexity for directly constructing a fully connected similarity graph
nor the quadratic time complexity of the SZ algorithm is necessary when approximately constructing
a fully connected similarity graph for the purpose of clustering. The performance of our algorithm is

as follows:

Theorem 2 (Main Result). Given a set of data points X = {x1,...,x,} C R? as input, there is a
randomised algorithm that constructs a sparse graph G of X, such that it holds with probability at
least 9/10 that

1. graph G has 5(n) edges,

2. graph G has the same cluster structure as the fully connected similarity graph K of X;
that is, if K has k well-defined clusters, then it holds that pg(k) = O(k - px(k)) and

Me+1(Ng) = Q(Ag+1(Nk)).

The algorithm uses an approximate KDE algorithm as a black-box, and has running time
O(Tkpe(n,n,e)) fore < 1/(6log(n)).

4.1 Algorithm Description

At a very high level, our designed algorithm applies a KDE algorithm as a black-box, and constructs a
cluster-preserving sparsifier by simultaneous sampling of the edges from a non-explicitly constructed
fully connected graph. To explain our technique, we first claim that, for an arbitrary x;, a random z;
can be sampled with probability k(x;, z;)/ degy (v;) through O(log n) queries to a KDE algorithm.
To see this, notice that we can apply a KDE algorithm to compute the probability that the sampled
neighbour is in some set X; C X, i.e.,

xzax] gX1 (1:1)
S X
2 1 Z degy(vi)  gx(x)

r;€X1
where we use gx (y;) to denote that the KDE is taken with respect to the set of source points X.
Based on this, we recursively split the set of possible neighbours in half and choose between the
two subsets with the correct probability. The sampling procedure is summarised as follows, and is
illustrated in Figure (3] We remark that the method of sampling a random neighbour of a vertex in K
through KDE and binary search also appears in Backurs et al. [3]

1. Set the feasible neighbours to be X = {x1,...,zp}.
2. While | X| > 1:
* Split X into X7 and X, with | X;| = || X|/2] and | X3| = [|X]/2].
» Compute gx (z;) and gx, (x;); set X < X; with probability gx, (z;)/g9x (z;), and
X + X5 with probability 1 — gx, (x;)/gx (x;).
3. Return the remaining element in X as the sampled neighbour.

Next we generalise this idea and show that, instead of sampling a neighbour of one vertex at a time, a
KDE algorithm allows us to sample neighbours of every vertex in the graph “simultaneously”. Our
designed sampling procedure is formalised in Algorithm|[I]

Finally, to construct a cluster-preserving sparsifier, we apply Algorithmto sample O(logn) neigh-
bours for every vertex v;, and set the weight of every sampled edge v; ~ v; as
k(x;,x;

Mar 2;) @)
(i, j)

we(vi,vj) =

A
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Figure 3: The procedure of sampling a neighbour v; of v; with probability k(x;, x;)/ degy(v;). Our
algorithm performs a binary search to find the sampled neighbour. At each step, the value of two
kernel density estimates are used to determine where the sample lies. Notice that the algorithm
doesn’t compute any edge weights directly until the last step.

Algorithm 1 SAMPLE

1: Input: set S of {y;} 10:
set X of {z;} 11:
2: Qutput: 12:
E = {(yi, x;) for some i and j} 13:

3: if | X| = 1 then
4:  return S x X 14:
5: else 15:
6: Xlz{xj_]<‘X|/2} 16:
7: XQZ{SCijZ‘Xl/Q} 17:
8:  Compute gx, (y;) for all ¢ with a KDE al- 18:
gorithm 19:

9:  Compute gx, (y;) for all i with a KDE al-
gorithm

Sl == 52 = @
for y; € S do
r ~ Unif[0, 1]
if r < 9x, (yl)/(gX1 (yl) + ng(yz))
then
S1 =51 U{yi}
else
Sy = Sy U {y7}
end if
end for

return SAMPLE(S1, X1)USAMPLE(S2, X3)

20: end if

~

where p(4,5) = p;(j) + Pj(i) — Pi(4) - Pj(4) is an estimate of the sampling probability of edge

v; ~ vj, and

Pi(j) £ min {GC -logn -

k(xi,x]—) }
—1
9p.n) ()

for some constant C' € R™; see Algorithmfor the formal description.

4.2 Algorithm Analysis

Now we analyse Algorithm [2] and sketch the proof
of Theorem [2| We first analyse the running time of
Algorithm 2 Since it involves O(logn) executions
of Algorithm I]in total, it is sufficient to examine the
running time of Algorithm 1]

We visualise the recursion of Algorithm [T] with re-
spect to S and X in Figure ] Notice that, although
the number of nodes doubles at each level of the
recursion tree, the total number of samples S and
data points X remain constant for each level of the

tree: it holds for any ¢ that U?;l Si; = So and

7
67609
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Figure 4: The recursion tree for Algorithm i}
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Algorithm 2 FASTSIMILARITYGRAPH

1: Input: data point set X = {x1,...,2,} 8: for (v;,v;) € E do
2: Qutput: similarity graph G 9:  p;(j) = min {L k(g 5) g[l n] xl , }
3 BE=0,L=06C"log(n)/A1 100 pj(i) =min {L - k(z;, x;)/ (25),1}
& for £ € 11, L] do i) = )+ 530 — Bi) B0
5. E=EUSAMPLE(X, X) 7 P
: ’ 12: Set wg(vs,vy) = k(xs, ;) /p(4, j)
6: end for )
. 13: end for
7: Compute gy ) (@;) for each ¢ with a KDE 0 L0 o graph G = (X, E, w)
algorithm T

Uf;l Xi; = Xo. Since the running time of the KDE algorithm is superadditive, the combined
running time of all nodes at level 7 of the tree is

2 2 2
T, = ZTKDE(|Si,j|7 |Xi;l €) < Tkoe Z |Si,j|az | X5l € | = Tkoe(n,n,e).
j=1 j=1 j=1

Hence, the total running time of Algorithm [2{is O(Tkpg(n, 7, €)) as the tree has log,(n) levels.
Moreover, when applying the Fast Gauss Transform (FGT) [10] as the KDE algorithm, the total

running time of Algorithmis O(n) whend = O(1).

Finally, we prove that the output of Algorithm [2]is a cluster preserving sparsifier of a fully connected
similarity graph, and has O(n) edges. Notice that, comparing with the sampling probabilities p,,(v)
and p, (u) used in the SZ algorithm, Algorithm [2| samples each edge through O(logn) recursive
executions of a KDE algorithm, each of which introduces a (1 + €)-multiplicative error. We carefully
examine these (1 + ¢)-multiplicative errors and prove that the actual sampling probability p(, j)
used in A1g0r1thml1s an O(1)-approximation of p. for every e = {v;,v;}. As such the output of
Algorithm [2]is a cluster-preserving sparsifier of a fully connected similarity graph, and satisfies the
two properties of Theorem 2] The total number of edges in G follows from the sampling scheme. We
refer the reader to Appendix [A]for the complete proof of Theorem 2]

5 Experiments

In this section, we empirically evaluate the performance of spectral clustering with our new algorithm
for constructing similarity graphs. We compare our algorithm with the algorithms for similarity
graph construction provided by the scikit-1learn library [20] and the FAISS library [11]] which are
commonly used machine learning libraries for Python. In the remainder of this section, we compare
the following six spectral clustering methods.

1. SKLEARN GK: spectral clustering with the fully connected Gaussian kernel similarity
graph constructed with the scikit-learn library.

2. SKLEARN k-NN: spectral clustering with the k-nearest neighbour similarity graph con-
structed with the scikit-learn library.

3. FAISS EXACT: spectral clustering with the exact k-nearest neighbour graph constructed
with the FAISS library.

4. FAISS HNSW: spectral clustering with the approximate k-nearest neighbour graph con-
structed with the “Hierarchical Navigable Small World” method [[18]].

5. FAISS IVF: spectral clustering with the approximate k-nearest neighbour graph constructed
with the “Invertex File Index” method [3].

6. OUR ALGORITHM: spectral clustering with the Gaussian kernel similarity graph constructed
by Algorithm

We implement Algorithm[2)in C++, using the implementation of the Fast Gauss Transform provided by

Yang et al. [33], and use the Python SciPy [30] and stag [[L7] libraries for eigenvector computation
and graph operations respectively. The scikit-learn and FAISS libraries are well-optimised

R
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and use C, C++, and FORTRAN for efficient implementation of core algorithms. We first employ
classical synthetic clustering datasets to clearly compare how the running time of different algorithms
is affected by the number of data points. This experiment highlights the nearly-linear time complexity
of our algorithm. Next we demonstrate the applicability of our new algorithm for image segmentation
on the Berkeley Image Segmentation Dataset (BSDS) [2].

For each experiment, we set k¥ = 10 for the approximate nearest neighbour algorithms. For the
synthetic datasets, we set the o value of the Gaussian kernel used by SKLEARN GK and OUR
ALGORITHM to be 0.1, and for the BSDS experiment we set 0 = 0.2. This choice follows the
heuristic suggested by von Luxburg [31] to choose o to approximate the distance from a point to
its kth nearest neighbour. All experiments are performed on an HP ZBook laptop with an 11th Gen
Intel(R) Core(TM) i7-11800H @ 2.30GHz processor and 32 GB RAM. The code to reproduce our
results is available at https://github.com/pmacg/kde-similarity-graph.

5.1 Synthetic Dataset

In this experiment we use the scikit-learn library to generate 15,000 data points in R? from a
variety of classical synthetic clustering datasets. The data is generated with the make_circles,
make_moons, and make_blobs methods of the scikit-learn library with a noise parameter of
0.05. The linear transformation {{0.6, —0.6},{—0.4,0.8}} is applied to the blobs data to create
asymmetric clusters. As shown in Figure[I] all of the algorithms return approximately the same
clustering, but our algorithm runs much faster than the ones from scikit-learn and FAISS.

We further compare the speedup of our algorithm against the five competitors on the two_moons
dataset with an increasing number of data points, and our result is reported in Figure[5] Notice that
the running time of the scikit-learn and FAISS algorithms scales roughly quadratically with the
size of the input, while the running time of our algorithm is nearly linear. Furthermore, we note that
on a laptop with 32 GB RAM, the SKLEARN GK algorithm could not scale beyond 20,000 data
points due to its quadratic memory requirement, while our new algorithm can cluster 1,000,000 data
points in 240 seconds under the same memory constraint.

80
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Figure 5: Comparison of the running time of spectral clustering on the two moons dataset. In every
case, all algorithms return the correct clusters.

5.2 BSDS Image Segmentation Dataset

Finally we study the application of spectral clustering for image segmentation on the BSDS dataset.
The dataset contains 500 images with several ground-truth segmentations for each image. Given an
input image, we consider each pixel to be a point (7, g, b, z,y)T € R> where r, g, b are the red, green,
blue pixel values and z, y are the coordinates of the pixel in the image. Then, we construct a similarity
graph based on these points, and apply spectral clustering, for which we set the number of clusters
to be the median number of clusters in the provided ground truth segmentations. Our experimental
result is reported in Table[I] where the “Downsampled” version is employed to reduce the resolution
of the image to 20,000 pixels in order to run the SKLEARN GK and the “Full Resolution” one is to
apply the original image of over 150,000 pixels as input. This set of experiments demonstrates our
algorithm produces better clustering results with repsect to the average Rand Index [23].

Q
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Table 1: The average Rand Index of the output from the six algorithms. Due to the quadratic space
complexity constraint, the SKLEARN GK cannot be applied to the full resolution image.

Algorithm Downsampled  Full Resolution
SKLEARN GK 0.681 -
SKLEARN k-NN 0.675 0.682
FAISS EXACT 0.675 0.680
FAISS HNSW 0.679 0.677
FAISS IVF 0.675 0.680
OUR ALGORITHM 0.680 0.702

6 Conclusion

In this paper we develop a new technique that constructs a similarity graph, and show that an
approximation algorithm for the KDE can be employed to construct a similarity graph with proven
approximation guarantee. Applying the publicly available implementations of the KDE as a black-
box, our algorithm outperforms five competing ones from the well-known scikit-learn and FAISS
libraries for the classical datasets of low dimensions. We believe that our work will motivate more
research on faster algorithms for the KDE in higher dimensions and their efficient implementation, as
well as more efficient constructions of similarity graphs.
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A Proof of Theorem 2|

This section presents the complete proof of Theorem@ Lety; 1,...,y; be random variables which
are equal to the indices of the L points sampled for ;. Recall that by the SZ algorithm, the “ideal”
sampling probability for z; from z; is

pi(i)  min {C log(n) ki, ;) 1} |

Aeg1  degy(v;)’

We denote the actual sampling probability that z; is sampled from x; under Algorithm [2] to be
pi(j) £Pz; € {yin, .- viL}]-
Finally, for each added edge, Algorithm [2|also computes an estimate of p;(z;) which we denote

PN log(n) k(zi, z;) }
Pi(4) = min < 6C - . 10
U) { Aot 9p,m(Ts)

Similar with the definition of p. in Section [3] we define

* p(i,5) = pi(j) +p; (i) — pi(4) - p; (i),
* p(i,5) = pi(j) + p;(i) — pi(4) - p;(7), and
* p(i,§) = pi(j) + D (@) — pi(4) - P (0).

Notice that, following the convention of [27]], we use p;(j) to refer to the probability that a given edge
is sampled from the vertex z; and p(i, j) is the probability that the given edge {v;, v;} is sampled at
all by the algorithm. We use the same convention for p;(j) and p;(5).

We first prove a sequence of lemmas showing that these probabilities are all within a constant factor
of each other.

Lemma 1. For any point x;, the probability that a given sampled neighbour y; ; is equal to j is given
by
k(xiv Ly ) <
2 degy (v;)

Proof. Let X = {&1,...,x,} be the input data points for Algorithm[2] and [n] = {1,...n} be the
indices of the input data points. Furthermore, let [a,b] = {a, ..., b} be the set of indices between
a and b. Then, in each recursive call to Algorithm we are given a range of indices [a, b] as input
and assign y;; to one half of it: either [a, |b/2]] or [[b/a| + 1,b]. By Algorithm |1} we have that the
probability of assigning y; ; to [a, [b/2]] is

Plyis € [a, |b/2]] | yis € [a,b]] = W

By the performance guarantee of the KDE algorithm, we have that gi, 4)(2i) € (1 & €) degy, 4 (vi),

where we define
b

degp, (i) Z k(xi, x;).

j=a
This gives
1 — €\ degpg,|p/2))(vi) L+ €\ degpq,|p/2))(vi)
- <P % Xa i Xa < . E
(1 + ) dega (o)~ et € Kioorz it € Ko <\ 70 ) g0 "0y @

Next, notice that we can write for a sequence of intervals a1, b;] C [ag,b2] C ... C [1,n] that

Plyig =71 = Plyiq = jlyig € [a1,b1]] X Pyiq € [a1,b1]|yi € [az, ba]]
X ... X Plyi € [ak, bi]lyi € [1,n]],

1R
67615 https://doi.org/10.52202/075280-2956



where each term corresponds to one level of recursion of Algorithm [I]and there are at most [log,(n)]
terms. Then, by (3)) and the fact that the denominator and numerator of adjacent terms cancel out, we

have rlog, ()]
1—c¢ 82 k($i71'j) <]P)[y‘l:j]<
1+e€ degy (v;) = " -

since degy; ;1 (vi) = k(z;, z;) and degpy ,,j(vi) = degy (v;).

1+e¢ [og, ()] k(xi,x;)
lL—e degy (vi)

For the lower bound, we have that

[loga (n)]

1 _ 2

(1 + 6) > (1—26)°82M1 > 1 _ 310g,(n)e > 1/2,
€

where the final inequality follows by the condition of € that e < 1/(61ogy(n)).

For the upper bound, we similarly have

[logy(n)]

1

(1 . ) < (14391501 < exp (3[logy(n)]e) < €/ < 2,
— €

where the first inequality follows since € < 1/(61ogy(n)). O
The next lemma shows that the probability of sampling each edge {v;, v,} is approximately equal to
the “ideal” sampling probability p; (7).

Lemma 2. For every i and j # i, we have

9

10 PiU) < Bii) <12 pi(3)-

Proof. Let Y = {yi1,...,y:,} be the neighbours of z; sampled by Algorithm [2| where L =
6C log(n)/Ak+1. Then,

L s L Ly T
IP[jeY]zl—g(l—P[yi,leDZl— (1_;(;;;((;3)) Zl_eXp<_L'2Iii(qu(v3)>

The proof proceeds by case distinction.

Case 1: p;(j) < 9/10. In this case, we have
Plj eY]>1—exp(—6pi(5)/2) = pi(j)-

Case 2: p;(j) > 9/10. In this case, we have

which completes the proof on the lower bound of p;(j).

For the upper bound, we have

L
Vel 1 Vel 1 1 o
]P)[]EY} Sl_ (1_ k(JCZ7JUJ)> S k(l‘“l'j) L=12O Og(n) . k(x“x]),
degy (vi) degy (vi) Moy degy(vi)
from which the statement follows. O

An immediate corollary of Lemma 2]is as follows.
Corollary 1. For all different i, j € [n], it holds that

9 . .
m p(i,5) < pli,5) <12-p(i, )

and

.. .. 36 ..
-p(i,§) < pli,j) < 5 -p(i,4).

~| o>
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Proof. For the upper bound of the first statement, we can assume that p; () < 1/12and p;(i) < 1/12,
since otherwise we have p(4, j) < 1 < 12-p(i, j) and the statement holds trivially. Then, by Lemmal[2]
we have

p(i,5) = pi(j) +p; (@) — pi(4) - p; (9)
< 12p;(j) + 12p; (i) — 12pi(4) - 12p; (i)
<12(pi(4) +py (@) — pi(F) - p; (9))
=12 p(l,j)
and
p(i,§) = pi(j) +p; (@) — pi(4) - p; (3)
> 5 nili) + 15 1a0) — 15 ) - 1P )

> 1% (:(3) +p; (1) — pi ()3 (3))

9 .
—-Ia-p(uy)

For the second statement, notice that

pi(j) = min . ,
Pi(y) { Ak41 g (@i
. 1 Clog(n) k(i J)
> . 1
Innl{1'+5 Ai1 degy(vi)’
1 ~min{C10g(n) k(i,7) 1}

Ak+1 . degK(Uz‘) ’

6Clog(n)  k(i,j)
1}

v

> = .p
> - pi(J),

since g1 ) () is a (1 & £) approximation of degy (v;) and ¢ < 1/6. Similarly,

P 6 ., _ 36 ‘

i(J) < ‘pig) £ = i)
pij) < 7= pil) < & - pill)
Then, for the upper bound of the second statement, we can assume that p;(j) < 5/36 and p; (i) <
5/36, since otherwise p(i,j) < 1 < (36/5) - p(i, j) and the statement holds trivially. This implies
that

PUi, ) = pi(d) + B; (i) — Pi(j) - b (4)
36 .. 36 . 36 . 36

< Epi(]) + Epjm - Elh‘(]) : gpj(i)
< T (i) +p3(0) ~ i) - ps(0)
36 .
- g 'p(’L?j)
and
§i.3) 2 omil) + 2p5(0) — opild) - 2p (i)
> 2 () + pi(0) — i) 13 (0)
6 .
= ? 'p(Zaj)a
which completes the proof. O
15

67617 https://doi.org/10.52202/075280-2956



We are now ready to prove Theorem [2] It is important to note that, although some of the proofs
below are parallel to that of [27]], our analysis needs to carefully take into account the approximation
ratios introduced by the approximate KDE algorithm, which makes our analysis more involved. The
following concentration inequalities will be used in our proof.

Lemma 3 (Bernstein’s Inequality [8]). Let X1, ..., X, be independent random variables such that
| Xi| < M foranyic{1,...,n}. Lee X = 3" | X;, and R="";" | E [X?|. Then, it holds that
t2
PIIX -E[X]| >t <2 —_— .
1% - BIX)1 2 6 < 20 (- 57377 )

Lemma 4 (Matrix Chernoff Bound [28])). Consider a finite sequence {X;} of independent, random,
PSD martrices of dimension d that satisfy || X;|| < R. Let fimin = Amin(E[Y; Xi]) and pmax =
Amax(E [>°; Xi]). Then, it holds that
_5 Hmin/R
e
<d|——
<a(=5)

[ min <ZX> )/—’LIIIIII

o Pmax /R
[ max (ZX> 1 + 6)“111&){] S d ((1_’_5)1+5)

foré €[0,1), and

forré > 0.

Proof of Theorem[2] We first show that the degrees of all the vertices in the similarity graph K are
preserved with high probability in the sparsifier G. For any vertex v;, let y; 1, . .., y;, 1, be the indices
of the neighbours of v; sampled by Algorithm

For every pair of indices ¢ # j, and for every 1 < [ < L, we define the random variable Z; ;; to be
the weight of the sampled edge if j is the neighbour sampled from ¢ at iteration [, and 0 otherwise:

k(ziag) oo -
Zi 2 wep Hve=J
e 0 otherwise.

Then, fixing an arbitrary vertex z;, we can write

dege(v;) Z Z Zija+ Zjil-

=1 i#j
We have

L
E [degg(v;)] Z Z Zi il +E[Zj ]

I=1 jAi

>3 [Pl = e Pl = ]
= Bl ) (i, j)
By Lemmas|[T]and 2]and Corollary [T} we have

xL x;) (L-k(xi,x5) | L-k(xi,z;)
] > Ly i at'
E [degg(vi)] ; (i,5) ( 2 degy (v;) - 2degk(v))

- Z 3’}((3)) i) + p;())

Z 5k( xz,x] 5degK(vi)
- 12 )

i#]

1A
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where the last inequality follows by the fact that p(4, j) < (36/5) - p(4,7) < (36/5) - (pi(J) + p;(4)).
Similarly, we have

k(xl,x]) 2Lk(33“33]) 2Lk‘($“$])
Eldegslo) < 255, S T T e

= 50 2B 4,5 4y 0)
J#i ’

J#i
where the inequality follows by the fact that

PG = 2 p(00) = 2 - i) + 030) = i) 3 (0) 2 5 - (i) + 3 0)

In order to prove a concentration bound on this degree estimate, we would like to apply the Bernstein
inequality for which we need to bound

L
R=Y"N"E[2,,] +E[23,)]

1=1 j#i

L
o k(m,m;)? 4 k(g 35)?
=3 Y Pl =il S + Pl = S
=1 j#i Pt J
12 . k(IEi,Ij)2 3 .
< — s (iy) + ;2
Z p(l,])2 (p (j) p]( ))
J#i
k(zi, ;)2
<) og
oy p(i, )
98 k‘(Ii,l‘j)Q
< A Sl R VA
N ; 3 pi(h)

— Z 98 k(z, x;) - degy (vi) - Akya
3 Clog(n)

A
_ 98- degy(vi)? - Ak+1
B 3. Clog(n) ’

where the third inequality follows by the fact that

pi(d)-

~N o

a6
pli,j) 2 = -p(i.j) 2
Then, by applying Bernstein’s inequality we have for any constant C that

3 degy (vi)?/(2 - C3)
98 degy (vi)? Apr1 + 7 degy (vi)?Apy1
3C'log(n) 6CCy-log(n)

C - log(n) )
(196/3) - C3 + (7/3) - Ca) Avems

1
P |degio(vs) ~ Bldego(v)]] > - degKm)} < 2exp

< 2o (-
—o(1/n),

where we use the fact that
g < Th(zi,x;)  Tdegk(vi) - Aps1
i,5,0 = . - .
6pi(4) 6C - log(n)

Therefore, by taking C' to be sufficiently large and by the union bound, it holds with high probability
that the degree of all the nodes in G are preserved up to a constant factor. For the remainder of the

17
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proof, we assume that this is the case. Note in particular that this implies volg(S) = O (volk(S)) for
any subset S C V.

Next, we prove it holds for G that ¢¢(S;) = O (k- ¢k (S;)) for any 1 < ¢ < k, where S, ..., Sk
form an optimal clustering in K.

By the definition of Z; ; ;, it holds for any 1 < ¢ < k that

L
E[0c(S:)] =E Z Z Z Zapi + Zyal

a€s; bgS; 1=1

<Y Y ) ) + mla)

a€S; bgS;
=0 (5K(S¢))

where the last line follows by Corollary [T} By Markov’s inequality and the union bound, with constant
probability it holds for all i = 1, ..., k that

06(S;) = O(k - 9k (S:))-
Therefore, it holds with constant probability that

pa(k) < max ¢g(S;) = fgiaSXkO(k - ¢k(Si)) = O(k - pk (k).

1<i<k

Finally, we prove that A;+1(Ng) = 2(Ag+1(Nk)). Let N be the projection of N on its top n — k
eigenspaces, and notice that N can be written

i=k+1
. ~—1/2 .
where f1, ..., f, are the eigenvectors of Nk. Let N / be the square root of the pseudoinverse of
Nk.

We prove that the top n — k eigenvalues of Nk are preserved, which implies that A;;1(Ng) =
O(Ak+1(Nk)). To prove this, for each data point z; and sample 1 < [ < L, we define a random
matrix X; ; € R™*" by

——1/2 ——1/2
Xii = we(vi,vj) - Ng " "bbIN s
where j = y; 1, be £ Xv; — Xuv, 18 the edge indicator vector, and ,,, € R™ is defined by

(a) 2 Vs Ha=i
v (@) = OBk lvi .
X 0 otherwise.

Notice that

—1/2, =—1/2 =—=—1/2 s ~—=—1/2
YOS Xi= > wg(vi,v;) - Ny / bebI Nk / = Nk / NeNk !

i=1 =1 sampled edges e={v;,v; }

N/G = Z wG(viwj) 'bebg
sampled edges e={v;,v; }
is the Laplacian matrix of G normalised with respect to the degrees of the nodes in K. We prove that,
with high probability, the top n — k eigenvectors of N/G and N are approximately the same. Then,
we show the same for N and N which implies that A1 (Ng) = Q(Ars1(Nk)).

1R
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We begin by looking at the first moment of >, Zle X 1, and have that

i k(i) 172, mg-1/2
)\min (E ZZXZ,I]> = >\min ZZ Z ]P yzl ((Z )j) ' NK / bengK /
i=1 [=1 i=1 =1 {j;éz ) J
e={v;i,v;
o [ 800 ) et N R
i=1 Ve ’

e={v;,v;}

5 ——1/2 5
>\m1n (12 NKNK )

where the last inequality follows by the fact that

P < 5 pl00) < - (i) + i),

Similarly,

n n L

4 k(x,my) —=-1/2, ,_——1/2

- <E [zzx,,lb:xm > Y =i en)
i=1 I=1 i=11=1  j#i )

e={vi,v;}

CTE 7 ey p—
< )\max Z 12- pz : (:EZ Jx)J) ':N’K1/2bebg1\IK1/2
i=1 j#i
e={v;,v;}

< Amax (28 N NKN;”Q) = 28,

where the last inequality follows by the fact that

. 6 3 )
pli,g) = = p(i7) = = - (pild) + ;5 (0))-
Additionally, for any ¢ and j = y;; and e = {v;, v, }, we have that

——1/2-——1/2
| X5 1|l < we(vs, v5) - BTNk / Ny / be
_ k) ey,
p(i, )
< k(xi,x]—) ].

. N X be 2
- pi, ) /\k+1H |

7 Akt1 1 1 1
< + . +
3C log(n) (degi(m) + degKl(vj)) Akg1 \degg(vi) — degy(vy)
7
< —.
~ 3Clog(n)

Now, we apply the matrix Chernoff bound and have that

1/2 12C-log(n)
[ max (ZZXzZ) >42‘| <ﬂ<(1+1/2)3/2> :O(l/nc)

=1 [=1

for some constant c. The other side of the matrix Chernoff bound gives us that

n L
P [)\min (Z > X“> < 5/24

i=1 [=1

< 0(1/n°).

10
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Combining these, with probability 1 — O(1/n°) it holds for any non-zero z € R™ in the space
spanned by fiy1,..., f, that

—=—1/2 s ==—1/2
™ NN
Tk TR T e (5/24,42).
xTx
. ~—1/2 o
By setting y = N 'z, we can rewrite this as
™, ™, ™, T
st =Y Vo VY ¢ (5/94,49).
yNY Ny yTNky YTy yTNky

Since dim(span{ fi+1,. .., fn}) = n — k, we have shown that there exist n — k orthogonal vectors

whose Rayleigh quotient with respect to N;, is Q(Ag+1(Nk)). By the Courant-Fischer Theorem, we
have Ay 1(Ng) = Q(A\rp1(Nk)).

It only remains to show that A\, (Ng) = Q(A\rs1(Ng)), which implies that \zy1(Ng) =
Q(Ae+1(Nk)). By the definition of N, we have that Ng = D(_;l/QDlK/QN/GDlK/zDglm. Therefore,
forany x € R" and y = D:</2Dgl/2x, it holds that

TNgz _ yTN;;y _q (yTN/Gy>

zTx xTx yTy

where the final guarantee follows from the fact that the degrees in G are preserved up to a constant
factor. The conclusion of the theorem follows by the Courant-Fischer Theorem.

Finally, we bound the running time of Algorithm [2| which is dominated by the recursive calls to
Algorithm|[I] We note that, although the number of nodes doubles at each level of the recursion tree
(visualised in Figured)), the total number of samples .S and data points X remain constant for each
level of the tree. Then, since the running time of the KDE algorithm is superadditive, the total running
time of the KDE algorithms at level ¢ of the tree is

2i
T; = Tuoe(|Si i 1Xi 0, €)
j=1
o o
< Toe | Y1514l 1Xijl e | = Tkoe(IS], X, ).
j=1 j=1

Since there are O(log(n)) levels of the tree, the total running time of Algorithm [1] is

O(Tkpe(|S],]X],€)). This completes the proof. O

B Additional Experimental Results

In this section, we include in Figures [ and [7] some additional examples of the performance of the six
spectral clustering algorithms on the BSDS image segmentation dataset. Due to its quadratic memory
requirement, the SKLEARN GK algorithm cannot be used on the full-resolution image. Therefore,
we present its results on each image downsampled to 20,000 pixels. For every other algorithm, we
show the results on the full-resolution image. In every case, we find that our algorithm is able to
identify more refined detail of the image when compared with the alternative algorithms.
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(d) SKLEARN k-NN (e) FAISS EXACT (f) FAISS HNSW (g) FAISS IVF

(k) SKLEARN k-NN (I) FAISS EXACT (m) FAISS HNSW (n) FAISS IVF

(0) Original Image (p) SKLEARN GK (q) OUR ALGORITHM
(r) SKLEARN k-NN (s) FAISS EXACT (t) FAISS HNSW (u) FAISS IVF

Figure 6: More examples on the performance of the spectral clustering algorithms for image segmen-
tation.
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(a) Original Image (b) SKLEARN GK (c) OUR ALGORITHM

(d) SKLEARN k-NN (e) FAISS EXACT (f) FAISS HNSW (g) FAISS IVF

(h) Original Image (i) SKLEARN GK (j) OUR ALGORITHM

(k) SKLEARN Ek-NN (1) FAISS ExAcCT (m) FAISS HNSW (n) FAISS IVF

Figure 7: More examples on the performance of the spectral clustering algorithms for image segmen-
tation.
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