SEEDS: Exponential SDE Solvers for Fast
High-Quality Sampling from Diffusion Models

Martin Gonzalez* Nelson Fernandez Thuy Tran Elies Gherbi = Hatem Hajri
IRT SystemX Air Liquide IRT SystemX  IRT SystemX  IRT SystemX
& Safran

Nader Masmoudi
New York University

Abstract

A potent class of generative models known as Diffusion Probabilistic Models
(DPMs) has become prominent. A forward diffusion process adds gradually noise
to data, while a model learns to gradually denoise. Sampling from pre-trained
DPMs is obtained by solving differential equations (DE) defined by the learnt
model, a process which has shown to be prohibitively slow. Numerous efforts on
speeding-up this process have consisted on crafting powerful ODE solvers. Despite
being quick, such solvers do not usually reach the optimal quality achieved by
available slow SDE solvers. Our goal is to propose SDE solvers that reach optimal
quality without requiring several hundreds or thousands of NFEs to achieve that
goal. We propose Stochastic Explicit Exponential Derivative-free Solvers (SEEDS),
improving and generalizing Exponential Integrator approaches to the stochastic
case on several frameworks. After carefully analyzing the formulation of exact
solutions of diffusion SDEs, we craft SEEDS to analytically compute the linear part
of such solutions. Inspired by the Exponential Time-Differencing method, SEEDS
use a novel treatment of the stochastic components of solutions, enabling the
analytical computation of their variance, and contains high-order terms allowing
to reach optimal quality sampling ~ 3-5x faster than previous SDE methods.
We validate our approach on several image generation benchmarks, showing that
SEEDS outperform or are competitive with previous SDE solvers. Contrary to
the latter, SEEDS are derivative and training free, and we fully prove strong
convergence guarantees for them. Our code is publicly available in this link.

1 Introduction

Diffusion Probabilistic Models (DPMs) [32, [12]] have emerged as a powerful category of generative
models and have proven to quickly become SOTA for generative tasks such as image, video, audio
generation [8, 24} [13] [3| 4], and more [29} [36]]. These models employ a forward diffusion process
where noise is gradually added to the data, and the model learns to remove the noise progressively.
However, sampling from most pre-trained DPMs is done by simulating the trajectories of associated
differential equations (DE) and has been found to be prohibitively slow [34]. Previous attempts
to accelerate this process have mainly focused on developing efficient ODE solvers. On one hand,
training-based methods speed-up sampling by using auxiliary training such as Progressive Distillation
[31] and Fourier Neural Operators [42], learning the noise schedule, scaling, variance, or trajectories.
On the other hand, training-free methods [16} 22} [15} 40, 23] are slower but are more versatile for
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being employed on different models and achieve higher quality results than current training-based
methods. Although these solvers are fast, they often fall short of achieving the optimal quality attained
by slower SDE solvers [[16]. The latter usually do not present theoretical convergence guarantees and,
while being training-free, they often still require costly parameter optimization to achieve optimal
results which might be difficult to estimate for large datasets.

Our objective is to introduce SDE solvers that can achieve optimal quality without requiring an
excessively large number of function evaluations (NFEs). To accomplish this, we propose Stochastic
Explicit Exponential Derivative-free Solvers (SEEDS). These are off-the-shelf SDE samplers: they
offer promising high-quality sampling without further training or parameter optimization. SEEDS
enhance and generalize existing Exponential Integrator [22} |23, 41]] approaches to the stochastic
case on several practical frameworks and is based on the following 4 building blocks: (1) the
exponential representation of semi-linear SDE exact solutions which isolate linear terms to be
computed analytically; (2) a general change-of-variables recipe to simplify the integrals involved
in the solutions in order to better approximate the deterministic one; (3) a method to analytically
compute the variance of the stochastic one; (4) a method to decompose the obtained stochastic
components in such a way that the resulting sequences of higher-stage numerical approximations
yield Markov chains.

Overall, we make the following contributions: (a) our change-of-variables method allow us to re-
frame the gDDIM solver [41]] as a special case of SEEDS and to craft bespoke solvers for the
EDM-preconditioned DPMs in [16] which attain equivalent sampling quality twice faster than the
previous SOTA sampling method [16]; (b) based on the Stochastic Exponential Time-Differencing
method, we analytically compute of our solver’s stochastic components in terms of the so-called
(p-functions, allowing for efficient implementation; (c) our noise decomposition method (4), which is
the key of success of SEEDS, is both theoretically grounded, experimentally shown to be optimal, and
has no deterministic equivalent; (d) we provide full proofs of strong/weak convergence guarantees
for our SDE solvers which, to our knowledge, has no precedent in the DPM literature. In particular,
although the formula used for the truncated It6-Taylor expansion might seem similar to that of [22],
our convergence theorems leverage the full It6-Taylor expansion of solutions, making our proofs
not incremental and different from [22]; (e) we conduct extensive experiments demonstrating that
SEEDS establishes SOTA results among available solvers on several image generation benchmarks,
or is competitive with existing SDE solvers while being 2-5 times faster than the latter.

Although our solvers theoretically apply to certain non-isotropic DPMs such as Critically-damped
Langevin Dynamics (CLD) [10] (see Prop. #.5]and Rem. .6), we will restrict our presentation to the
isotropic case for which many notations become simpler.

2 Background on Diffusion Probabilistic Models

General Isotropic DE Formulation. The evolution of a data sample x, € R taken from an
unknown data distribution pq.t, into standard Gaussian noise can be defined as a forward diffusion
process {X; }4e[o, 7], With T > 0, which is a solution to a linear SDE:

dl dlo2
dx; = f(Oxidt +g(t)dwr, ()= =2t g(t) = [0‘1’;], 1)

where f(t),g(t) € R?*? are called the drift and diffusion coefficients respectively and w is a d-
dimensional standard Wiener process, and «y, o, € R>Y are differentiable functions with bounded
derivatives. In practice, when specifying the SDE (I), o; acts as a schedule controlling the noise
levels of an input at time ¢, and oy as a time-dependent signal scaling controlling its dynamic range.

By denoting p;(x;) the marginal distribution of x; at time ¢, functions «; and o are designed so that
the end-time distribution of the process process is pr(xr) ~ N (x7|0, 521,) for some & > 0. As (I)
is linear, the transition probability po;(x:|xo) from xg to x; is Gaussian whose mean and variance
can be expressed in terms of oy and 0. For simplicity, we will denote it

Dot (x¢|x0) = N (x5 peXo0, Xt ), pe, B¢ € R

The evolution of the reverse time process of {X; };c[0,r) (Which we will still denote {x; };c[0, 1) for
simplicity) is then driven by a backward differential equation

1402, _
dsc; = [f(t)%¢ — 9°(t)Vx, log p(x¢)]dt + Lg(t)de, (@)
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where dt are negative infinitesimal time-steps and &, is now a Wiener process with variance —dt. In
this article, we will concentrate in the cases ¢ = 0, 1, known in the literature as the Probability Flow
ODE (PFO) and diffusion reverse SDE (RSDE), respectively.

Training. Denoising score-matching is a technique to train a time-dependent model Dg(x;,t)
to approach the score function Vy, log p:(x:) at each time ¢. Intuitively, as Dy approaches the
score, it produces a sample which maximizes the log-likelihood. As such, this model is coined as a
data prediction model. However, in practice DPMs can be more efficiently trained by reparameteriz-
ing Dy into a different model Fy(x;,t) whose objective is to predict the noise to be removed from a
sample at time ¢. This noise prediction model is trained by means of the loss

EtNu[()’T]7x0~pdata’5~N(0,Id) [”6 - FG (,U/tXO + Kt€7 t)Hift_l'Yth_T],

where +; is a time dependent weighting parameter and K; K,' = %;.

3 Accelerating Optimal Quality Solvers for Diffusion SDEs

Once Fj or Dy have been trained, one can effectively solve (2) after replacing the score function by
its corresponding expression involving either one of these models. For instance, taking the noise
prediction model and ¢ = 1, sampling is conducted by simulating trajectories of a SDE of the form

dx; = [A(t)x; + b(t) Fy(x, t)]dt + g(t)dwr, ©)

for some functions A(t), b(t) which are usually not equal to f(t), g%(¢). In what follows, we consider
a time discretization {t;}} going backwards in time starting from ¢ty = 7' to t3; = 0 and to ease
the notation we will always denote ¢t < s for two consecutive time-steps ;41 < ¢;.

The usual representation of the analytic solution x; at time ¢ of (B)) w.r.t. an initial condition x; is:

Xt = X +/ [A(T)x, + b(T) |dr —|—/ g(7)dw;. )

The numerical schemes we propose for approaching the trajectories of (3 based on representation (@)
are grounded in the 4 following principles:

1. The variation-of-parameters formula: representing analytic solutions with linear term ex-
tracted from the integrand;

2. Exponentially weighted integrals: extracting the time-varying linear coefficient attached to
the network from the integrand by means of a specific choice of change of variables which
allows analytic computation of the leading coefficients in the truncated [t6-Taylor expansion
associated to up to any arbitrary order;

3. Modified Gaussian increments: after replicating such change of variables onto the stochastic
integral, analytically computing its variance.

4. Markov-preserving noise decomposition: stochastic integrals need to be dependent on
overlapping time intervals and independent on non-overlapping ones.

Exponential representation of exact solutions of diffusion SDEs. The first key insight of this
work is that, using the variation-of-parameters formula, we can represent the analytic solution x; at
time ¢ of (3)) with respect to an initial condition x as follows:

t t
Xt :‘I)A(t,s)xs—&—/ DA (t, 7)b(T) dT+/ Dt 7)g(T)dw, )

where ®4(t,s) = exp ( jst A(T)dT) is called the transition matrix associated with A(¢). The

separation of the linear and nonlinear components is achieved by this formulation and also appears in
[22,123]!141]]. It differs from black-box SDE solvers as it enables the exact calculation of the linear
portion, thereby removing any approximation errors associated with it. However, the integration of
the nonlinear portion remains complex due to the interaction of the new coefficient ¢ 4 (¢, 7)b(7) and
the intricate neural network, making it challenging to approximate.

2
68063 https://doi.org/10.52202/075280-2978



Exponentially weighted integrals. Due to the regularity conditions usually imposed on the drift
and diffusion coefficients of (I)), one can make several choices of change-of-variables on the integral
components in (@) in order to simplify it. Our second key insight is that there is a specific choice of

change of variables allowing the analytic computation of the It6-Taylor coefficients of with
respect to 7, and based at s that will be used for crafting SEEDS. More specifically, this expansion
reads

n

_y s =9 0 ) + R,
k=0

where the residual R,, consists of deterministic iterated integrals of length greater than n + 1 and all
iterated integrals with at least one stochastic component. As such, we obtain

t n t _ k ~

/ D4 (t, 7)b(T) dr = ZFQ(]C)(XS7 5)/ (I)A(tﬂ')b(ﬂ%(h + Ry, (6)
s k=0 s ’

where R, is easily obtained from R,, and f; ® 4(t, 7)b(7)d7. The third key contribution of our

work is to rewrite, for any k& > 0, the integral fst D4 (t, 7)b(T) (r=s)” s) d7 as an integral of the form

A WL . . . .
J X ‘et (’\T)ﬁ)d/\ since the latter is recursively analytically computed in terms of the ¢-functions

1 k _
o) = ey prsn(t) = / R N Y
0 .

Modified Gaussian increments. In order for making such change of variables to be consistent on

the overall system, one needs to replicate it accordingly in the stochastic integral | 'St D (t,7)g(T)dD,.
As such, our last key contribution is to transform it into an exponentially weighted stochastic integral
with integration endpoints As, A; and apply the Stochastic Exponential Time Differencing (SETD)
method [1]] to compute its variance analytically, as illustrated in below.

Let us test our methodology in two key examples. As we explained in Section[2] sampling from
pre-trained DPMs amounts on choosing a schedule oy, a scaling «;, and a parameterized learnt
approximation of the score function V, log p;(x:). In what follows, we denote by ¢, the inverse of

a chosen change of variables )\; and we denote X := x(tx(\)), Fo(Xn, A) := Fp(x(tA(N)), tA(N)).
The VPSDE case. Letd; := % Bat? + Bmt, where B4, By, > 0and t € [0, 1]. Then, by denoting

op = Vedt —1, oy = e_%d‘, 0t = a0y, Vi, logps(x) ~ 6;1F9(xt,t)7 @)
we obtain the VP SDE framework from [34]] and the following result.

Proposition 3.1. Lett < s. The analytic solution at time t of the RSDE (2) with coefficients (1) and
initial value X4 is

U

At . At
X = %xs — Qat/ e_’\Fg(ﬁA,)\)d)\ — \/iat/ e M@y, At = —log(oy).  (8)
As As

The change of variables of (8] is interesting as it allows to compute analytically the Itd-Taylor
coefficients in (6) by using, for h = Ay — A, the following key result which will be used in Prop.

M V=
A e (T)dx—ath’” eri1(h). ©)

s

. . - A A _
For instance, in the case when k& = 0, it is easy to see that [ * e *d\ = o4(e? — 1) and I e~ dw,
obeys a normal distribution with zero mean, and one can analytically compute its variance:

At 0.2
/ e 2N = L (e —1). (10)
\ 2

s
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The EDM case. Denote o3 the variance of the considered initial dataset and set

1
12

or :=t, 04 1= 1, Vy, logpe(x) >~

o2x to X log(t
ﬁthQ+ /Qd 2F0 /2t 2’ g4() - (D
+ ] te + 04 te 4 04
These parameters correspond to the preconditioned EDM framework introduced in [16, Sec. 5, App.
B.6]. The following result is the basis for constructing our customized SEEDS in this case, and

for which we report experimental results in Table 1| For simplicity, we will write Fy(x¢, t) for the
preconditioned model in (TT)) and we refer to Appendix [B]for details.

Proposition 3.2. Let t < s. The analytic solution at time t of @) with coefficients (I1) and initial
value X is, for £ =1,

At . At
e Ey(&, VA — V(2 + 02) / e @y, (12)

As

t2—|—03 5 2
X, = 2+U§xs+2(t +0d)/>\5

S

t

TaA /t2+a§

2+ 0 AP e t
mxs-km N e "Fp(Xx, A)dA, Ay = —log |arctan wall (13)

Remark 3.3. One can wonder about the generality of such change of variables. Our method is very
general in that one can always make such change of variables with very mild regularity conditions:
for ¢ : [0, T] — R>? integrable, with primitive C(t) > 0, we have c(t) = ¢'°8(¢()) This means we
can write ¢(t) = C(t) = e\, with A, = log(C(t)). In other words, for such ¢, we have

t t . At
/ e(r)dr :/ e\ dr :/ erdA.
s s A

s

where \; := —log { } . In the case when { = 0, it is given by

4 Higher Stage SEEDS for DPMs

In this section we present our SEEDS algorithms by putting together all the ingredients presented in
the previous section. Let ¢ < s. In all what follows, we consider the analytic solution at time ¢ of the
RSDE (@) with coefficients (7), » = A\; — A5 and initial value x,. Plugging (@) with £ = 0 and
into the exact solution (8) allow us to infer the first SEEDS scheme, given by iterations of the form

o PN

Ry = —%, — 26,(e" = 1) Fp(Rn,, M) —GrVe? —le, e~ N(0,1y). (14)
o

The following Theorem gives strong order convergence guarantees for this method, which we call

SEEDS-1, under mild conditions which apply to all our experiments. We stress out that its proof (App.

@ is a non-trivial result, it is fundamentally different in nature from [22] and involves mathematical

tools which have no deterministic counterparts.

Theorem 4.1. Under Assumption|C.1| the numerical solution X, produced by the SEEDS-1 method
(14) converges to the exact solution x; of

dxe = [f(t)xe + g°(1)5; " Fo(xe, )]dt + g(t)dwy, (67" :=1/54) (15)

with coefficients (1) in Mean-Square sense with strong order 1.0: there is a constant C' > 0 such that

\/E [ sup |X¢ —xt|2} < Ch, as h — 0.

0<t<1

Higher stage SEEDS. As announced, by fully exploiting the analytic computations enabled by the
expansion (9) we now turn into crafting our multi-step SEEDS. Usually, SDE solvers are constructed
by using the full Itd6-Taylor expansion of the SDE solutions and usually need a big number of
evaluations of the network Fjy to achieve higher order of convergence. As our main concern is to
present stochastic solvers with a minimal amount of NFE, we choose to truncate such It6-Taylor
expansion so that the neural networks only appear in the deterministic contributions.

q
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Algorithm 1 Iterative procedure Algorithm 2 SEEDS-1(Fy, X4, s, 1)

Input: initial value x7, steps {t; }:2y, model Fp 2z + N(0,1)

Initialize X, < X7 X¢ 2%, — 264 (" — 1) Fo(%s,5) — Gev/e?h — 12
fori=1to M — 1do °
(t,s) < (ti,t¢71), h%)\t—As

%; = SEEDSk(Fy, %s, 5, 1)
end for
Return X;,, < last-step(X¢,, ,,tnm—1,tn)

Algorithm 3 SEEDS-2(Fy, X4, s, t)
s1 (A +5), (24 2%) + N(0,1d) ® N(0,1d)
u D;%)ES — 27, (e% — 1) Fy(xs,s) — A, A =55, Vel — 12!

s

Ry 2%, — 25,(e" — 1)Fa(u,s1) — B, B = 5,(Ve2h —ehzt Vel —127)

Qs

Algorithm 4 SEEDS-3(Fy, X, s,t) with0 < 1y <71y <1

s1 4 tx(As +71h), S22+ tx(As +12h), (zl7 22, z3) — N(O,Id)®3
u; O;%fcé — 255, (€M — 1) Fy(%s,8) — G5, Ve2th — 127

A 75, (Ve?r2h — e2rihzl 4 \/e2rih — 1z2)
Uy — 2R, — 25, (€M — 1) Fp(Xs,s) — 2722 (£ - 1) (Fyp(ui,81) — Fp(%s,8))) — A

1 roh
B — 5’,5(\/6211 _ 627‘2h21 + \/6272}7’ _ 62r1h22 + \/627‘1}7. _ 123)

%i ¢ 2%, — 200 (" — 1) Fy(%e,5) — 22 (% - 1) (Fy(uz, 2) — Fo(%s,58))) — B

Proposition 4.2. Assume that Fyisa C*HL_function with respect to \. Then the truncated Ito6-Taylor
expansion of ) reads, for e ~ N(0,1,),
@

Xt = OTth — 204 Z W o (W) EM (R, M) — 50V — Te+ R, (16)
s k=0

with 13'9(]“) (X, A\) = L’f\ﬁ]g (X, A), with Ly is an infinitesimal operator defined in Appendix
and R, 1 consists on the usual deterministic residue and all iterated integrals of length at greater or
equal to 2 in which there is at least one stochastic component among them.

Our approach for constructing derivative-free 2-stage and 3-stage SEEDS schemes consists on
exploiting the analytic computation of the Ito6-Taylor coefficients in Proposition [4.2] and replace

the Fe(k) (X, A) terms by well-adapted correction terms which do not need any derivative evaluation
and dropping the R, 1 contribution as in the Runge-Kutta approach.

Markov-preserving noise decomposition. We use collocation methods for constructing higher-
stage derivative-free solvers. Although the chosen truncated It6-Taylor expansion produces approxi-
mations for the deterministic integral similar to [22]], adding the corresponding noise contribution
found by the SETD method at each step does not yield Markov chains in general. The reason is that
stochastic integrals on overlapping time intervals need to be dependent, a phenomenon that has no
deterministic counterpart. As such, our last and key element to construct SEEDS consists on a novel
decomposition of stochastic integrals which enforces the Markov property for multi-stage SEEDS.

Algorithms [T]to ] prescribe all SEEDS schemes obtained by this procedure in the VP case. We now
show (see App. [C|for the proofs) that all methods yield Markov chains and are weakly convergent.

Proposition 4.3. The sequences {X:}; induced by the choice of stochastic noise contributions
presented in Algorithms[3|and [ satisfy the Markov property.

Corollary 4.4. Under Assumption|C.2} the numerical solutions X, produced by the SEEDS methods
@) and @) converge to the exact solution x; of (13) with coefficients (7)) in weak sense with global
order 1 in both cases: there is a constant C' > 0 such that, for any continuous bounded function G':

|E[G(5{tM)] - E[G(xtM)” < Ch.

A
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Comparison with existing sampling methods. Let us now examine the connection between
SEEDS and existing sampling techniques used for DPMs, emphasizing the contrasts between them.

The main distinctive feature of SEEDS is that they are off-the-shelf solvers. This means that, not only
they are training-free, contrary to [9], but they do not require any kind of optimization procedure to
achieve their optimal results. This is in contrast to methods such as: gDDIM, which is training-free
but not off-the-shelf as one needs to make preliminary optimization procedures such as simulating
the transition matrix of their method in the CLD case; Heun-Like method from EDM (for all baseline
models and the EDM-optimized models for ImageNet) since they need preliminary optimization
procedures on 4 parameters which actually break the convergence criteria. Moreover, neither gDDIM,
EDM nor the SSCS method in [10] present full proofs of convergence for their solvers. Also, both
DEIS and gDDIM identify their methods with stochastic DDIM theoretically, but the poor results
obtained by their stochastic solvers do not yield to further experimentation in their works. In a
way, SEEDS can be thought as improved and generalized DPM-Solver to SDEs. Nevertheless, such
generalization is not incremental as the tools for proving convergence in our methods involve concepts
which are exclusive to SDEs. We now make rigorous statements of the above discussion.

Proposition 4.5. Consider the SEEDS approximation of (13) with coefficients (7). Then

1. If we set g = 0 in (19), the resulting SEEDS do not yield DPM-Solver.

2. If we parameterize (19)) in terms of the data prediction model Dy, the resulting SEEDS are
not equivalent to their noise prediction counterparts defined in Alg. [1|to

3. The gDDIM solver [41, Th. 1] equals to SEEDS-1 in the data prediction mode, for { = 1.

The first point makes it explicit that SEEDS are not incremental based on DPM-Solver. The second
point in Prop. [4.3]is analog to the result in Appendix B of [23]], where the authors compare DPM-
Solver2 and DPM-Solver++(2S), that is the noise and data prediction approaches, and find that they
do not equate. The last point exhibits gDDIM as a special case of SEEDS-1 for isotropic DPMs.

Remark 4.6. Building solvers from the representation of the exact solution in (3] requires computing
the transition matrix ® 4 (¢, s), which cannot be analytically computed for non-isotropic DPMs such
as CLD [10]. Nevertheless, the SEEDS approach can be applied in this scenario in at least two
different ways. On the one hand, the SSCS method from [10] resides splitting ® 4 (¢, s) into two
separate terms. The first can be analytically computed. The second describes the evolution of a
semi-linear differential equation [10, Eq. 92]. While [10] approximates the latter by the Euler method,
crafting exponential integrators for approximating such DE may yield an acceleration of the SSCS
method. On the other hand, gDDIM [41] proposes an extension of DEIS sampling [40] to CLD by
setting a pre-sampling phase [41, App. C.4] in which they compute an approximation of ® 4 (¢, s) in
order to apply their method, and the latter was shown in Prop. to be a special case of our method.
Unfortunately, the authors did not release pre-trained models in [41], and the latter are not the same
as those in [[10]. Sampling in this scenario may also benefit from our approach.

5 Experiments

We compare SEEDS with several previous methods on discretely and continuously pre-trained DPMs.
We report results of many available sources, such as DDPM [12], Analytic DDPM [2], PNDM [20],
GGF [15], DDIM [33]], gDDIM [41], DEIS [40] and DPM-Solver [22]. Although we do not include
training-based schemes here, we still included GENIE [9], which trains a small additional network
but still solves the correct generative ODE at higher-order. For each experiment, we compute the
FID score for 50K sampled images on multiple runs and report the minimum along different solvers.
Details on model specifications and experiment illustrations are shown in Appendix [F

Practical considerations. For continuously trained models, SEEDS use the EDM discretization
[L6, Eq. 5] with default parameters and does not use the last-step iteration trick, meaning that the
last iteration of SEEDS is trivial. For discretely trained models, SEEDS use the linear step schedule
in the interval [\, A¢, ] interval following [22] Sec. 3.3, 3.4]. All the reported SEEDS results were
obtained using the noise prediction mode. We conducted comparative experiments on SEEDS for
both the data and noise prediction modes and found better results with the latter (see Tab. 3] for
details). EDM solvers [[16, Alg. 2] depend on four parameters controlling the amount of noise to

7
68067 https://doi.org/10.52202/075280-2978


https://openreview.net/pdf?id=4vGwQqviud5

Table 1: Sample quality measured by FID] on pre-trained DPMs. We report the minimum FID
obtained by each model and the NFE at which it was obtained. For CIFAR, CelebA and FFHQ, we
use baseline pre-trained models [34} [16]. For ImageNet, we use the optimized pre-trained model
from [16]]. *discrete-time model, *continuous-time model, frecomputed FID for the non-deep model.

SAMPLING METHOD FID| NFE

CIFAR-10%* VP-UNCOND.

DDIM [33] 395 000 SAMPLING METHOD FID| NFE
ANALYTIC-DDPM [2] 3.84 1000 CELEBA-64* VP-UNCOND.

GENIE [9] 3.64 25 ANALYTIC-DDPM [2] 5.21 1000
ANALYTIC-DDIM [2]] 3.60 200 DDIM [33] 4.78 200
F-PNDM (LINEAR) [20] 3.60 250 DDPM [[12] 3.50 1000
DPM-SoLVER' [22]] 348 44 GDDIM [41]] 3.85 50
F-PNDM (COSINE) [20] 3.26 1000 ANALYTIC-DDIM [2]] 3.13 1000
DDPM [12]] 3.16 1000 3-DEIS [40] 2.95 50
SEEDS-3 (OURS) 3.08 201 F-PNDM (LINEAR) [20]] 2.71 250
CIFAR-10* VP-COND. DPM-SOLVER [22] 2.71 36
DPM-SOLVER' [22]] 3.57 195 SEEDS-3 (OURS) 1.88 90
EDM (Sehurm = 0) [16]] 248 35 FFHQ-64* VP-UNCOND.

SEEDS-3 (OURS) 2.08 129 DPM-SOLVER' [22]] 3.52 90
CIFAR-10* VP-UNCOND. SEEDS-3 (OURS) 3.40 150
DPM-SOLVERT [22]] 2.59 51 EDM (Schurn = 0) [16]] 339 719
GGF [15] 2.59 180 IMAGENET-64 EDM-COND.

GDDIM [41]] 2.56 100 DPM-SOLVER' [22]] 3.01 270
DEIS p3KUTTA [40] 2.55 50 EDM (Schum = 0) [16] 2.22 511
EULER-MARUYAMA [34]] 2.54 1024 SEEDS-3 (OURS) 1.38 270
STOCHASTIC EDM [16] 2.54 1534 EDM (OPTIMIZED) [[16] 1.36 511
SEEDS-3 (OURS) 2.39 165

EDM (OPTIMIZED) [16]] 2.27 511
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— DPM-Solver-1

DPM-Solver-2 5.0
— DPM-Solver-3 .
— SEEDS-1 (Ours)
— SEEDS-2 (Ours) 4.5
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EDM*, 511 NFE
— SEEDS*, 270 NFE

—— DPM-Solver-3
—— SEEDS-3

4.0

3.8
3.6 3.5
3.4
3.0 3.08
324 361
NFE=50 100 150 200 250 300 350 400 NFE=16 32 64 128 256 512 1024 Sepum=0 10 20 30 40
(a) Uncond. CIFAR, VP (b) Uncond. CIFAR, VP (c) Stochasticity on ImageNet-64

Figure 1: (a-b) Comparison of sample quality measured by FID | of SEEDS, DPM-Solver and other methods
for discretely trained DPMs on CIFAR-10 with varying number of function evaluations. (c) Effect of Schum on
SEEDS-3 (at NFE = 270) and EDM method (at NFE = 511) on class-conditional ImageNet-64. tbaseline ADM
model. “EDM preconditioned model.

be injected in a specific sub-interval of the iterative procedure. We consider three scenarios: when
stochasticity is injected along all the iterative procedure, we denote it stochastic EDM, when no
stochasticity is injected we denote it EDM (S¢hurn = 0) and we denote EDM (Optimized) the case
where such parameters were subject to an optimization procedure. To better evaluate sampling quality
along the sample pre-trained DPM, we recalculate DPM-Solver for sampling from the non-deep VP
continuous model on the CIFAR-10 dataset. All implementation details can be found in Appendix [D}

Comparison with previous works. In Table[[|we compare SEEDS with other sampling methods
for pre-trained DPMs, and report the minimum FID obtained and their respective NFE. For each of
the reported pre-trained models in CIFAR-10, CelebA-64 and ImageNet-64, SEEDS outperform all
off-the-shelf methods in terms of quality with relatively low NFEs. For the discrete pre-trained DPM
on CIFAR-10 (VP Uncond.) it is ~ 5x faster than the second best performant solver. Additionally,
SEEDS remain competitive with the optimized EDM sampler. For ImageNet-64, it is nearly as good
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disc=vp, schedule=vp, scaling=vp disc=edm, schedule=vp, scaling=vp disc=edm, schedule=linear, scaling=none

Pixel state

SEEDS-3

Stochastic EDM
Pixel state

Figure 2: Trajectories of 10 pixels (R channel) sampled from SEEDS (1st line) and Stochastic EDM
(2nd line) on the optimized pre-trained model [16] on ImageNet64. Schedule=scaling=vp corresponds
to the VP coefficients in (7) and schedule=linear, scaling=none to the EDM coefficients (TT). We use
the time discretizations disc=vp (linear) and disc=edm given in [16] Tab.1].

as the optimized EDM sampler while being almost twice faster than the latter. Figure([T] (a) compares
the FID score of SEEDS and DPM-Solver with varying NFEs. While DPM-Solver methods stabilize
faster in a very low NFE regime, our methods eventually surpass them. Interestingly, after reaching
their minimum, SEEDS methods tend to become worse at higher NFEs, a fact that is also visible
in Figure[T](b), where we notice that such phenomenon is also present on other SDE methods. We
report in Appendix[F the results of our SEEDS methods in the low NFE regime and connect their
behavior with their proven convergence rate.

Combining SEEDS with other methods. While being an off-the-shelf method, SEEDS can be
combined with the Churn-like method used in EDM incurring into SDE solvers with an additional
source of stochasticity. As done in [16]], we evaluate the effect of this second kind of stochasticity,
measured by a parameter denoted Scpym. Figure |I| (c) shows that SEEDS and EDM show similar
behavior, although SEEDS-3 is twice faster, more sensitive to S¢num, and quickly achieves compara-
ble performance to EDM. This indicates that SEEDS could possibly outperform EDM after a proper
parameter optimization that will be left for future works. Nevertheless, we highlight the fact that
obtaining such optimal parameters is costly and might scale poorly.

Stiffness reduction with SEEDS. In Fig. [2] we illustrate the impact of different choices of
discretization steps, noise schedule and dynamic scaling on SEEDS and stochastic EDM. We see that
choosing the EDM discretization over the linear one has the effect of flattening the pixel trajectories
at latest stages of the simulation procedure. Also, choosing the parameters (IT)) over those in (7)) has
the effect of greatly changing the distribution variances as the trajectories evolve. Notice that all the
SEEDS trajectories seem perceptually more stable than those from EDM. It would be interesting to
relate this to the stiffness of the semi-linear DE describing these trajectories, and to the magnitude of
the parameters involved in the noise injection for EDM solver amplifying this phenomenon.

Ablation studies. As said earlier, our principled use of the Chasles rule to enforce independence
only on non-overlapping paths for SEEDS-2/3 ensures that the set of resulting iterations of our solvers
satisfy the Markov property, is new and is the central key of success of SEEDS. To highlight this,
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FID FID
- SEEDS-2-Correct 400 - SEEDS-3-Correct
SEEDS-2-Naive-1 SEEDS-3-Naive-1

- SEEDS-2-Naive-2 - SEEDS-3-Naive-2
o - SEEDS-2-Naive-3 - SEEDS-3-Naive-3
360 - SEEDS-2-Naive-4 390 - SEEDS-3-Naive-4

270 240

180 160

90 80 90.80

2.43
2.08 2.19

NFE=8 30 60 90 120 150 NFE=36 60 90 120 150
(a) 2-stage SDE methods (b) 3-stage SDE methods

Figure 3: Quality (measured by FID at increasing NFEs) comparison of SEEDS-2/3 with the
enumerated ablation versions of it on CIFAR-10 in the (baseline) VP conditional framework.

we conduct an ablation study on how 4 different combinations of the noise components A and B in
Algorithms [3|and f have an impact on the sampling quality of SEEDS.

For simplicity, we explain this for SEEDS-2 (Alg. [3). Set (2!, 22, 2%) three independent standard

Gaussian random variables. Denote A = &, v'e" — 12! for the noise contribution in the u term. We
have the following choices for the noise contribution B in X;:

» SEEDS-2-Correct: our noise combination B = ; (\/th —ehz!l +/eh — 122)

SEEDS-2-Naive-1: one noise per stage B = &, (\/e2h — el +\eh — 1) 22

SEEDS-2-Naive-2: one noise per step B = 7 <\/€2h —eh 4+ Vel — 1) 21

SEEDS-2-Naive-3: one noise per integral evaluation B = 5 (\/ e2h — ehz3 4 \/eh — 122>

SEEDS-2-Naive-4: noises in inverse position B = &, (\/ e2h — ehz? mzl).

Figure 3] experimentally shows that all naive combinations of noises for SEEDS-2 and SEEDS-3 lead
to FID/NFE curves with different behavior and a sharp drop of performance both in quality and speed
in all of them, a phenomenon having no deterministic parallel.

6 Conclusions

Our focus is on addressing the challenge of training-free sampling from DPMs without compromising
sampling quality. To achieve this, we introduce SEEDS, an off-the-shelf solution for solving diffusion
SDEs. SEEDS capitalize on the semi-linearity of diffusion SDEs by approximating a simplified
formulation of their exact solutions. Inspired by numerical methods for stochastic exponential
integrators, we propose three SEEDS schemes with proven convergence order. They transform
the integrals involved in the exact solution into exponentially weighted integrals, and estimate the
deterministic one while analytically computing the variance of the stochastic integral. We extend our
approach to handle other isotropic DPMs, and evaluate its performance on various benchmark tests.
Our experiments demonstrate that SEEDS can generate images of optimal quality, outperforming
existing SDE solvers while being 3 ~ 5x faster. Limitations and broader impact. While SEEDS
prioritize optimal quality sampling, they may require substantial computational resources and energy
consumption, making them less suitable for scenarios where speed is the primary concern. In such
cases, alternative ODE methods may be more appropriate. Additionally, as with other generative
models, DPMs can be employed to create misleading or harmful content, and our proposed solver
could inadvertently amplify the negative impact of generative Al for malicious purposes.
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A Discussion

Why do SEEDS exhibit high FID scores in the low NFE regime? In Appendix [F.4] we provide
all tables with FID values at increasing NFEs corresponding to Fig. [T} Notice that SEEDS exhibit
high FID scores in the low NFE regime. Let us discuss some theoretical facts that might explain this
phenomenon. In [38] Theorem 1.], there is a formal explanation on why ODE samplers outperform
SDE samplers in the small NFE regime and fall short in the large NFE regime. In particular, it is
theoretically shown that, at large step sizes, it is the discretization error that dominates sampling
errors while, at small step sizes, it is the approximation error that dominates it. One can infer that in
the large NFE regime, SDE methods (with proven convergence orders) will outperform ODE methods
in terms of sampling quality. It would be interesting to see if combining SEEDS with the new ideas
in [38]] might improve SEEDS in the low NFE regime.

Additionally, SDE solvers and ODE solvers may have different sample quality, even if the score
models are optimal. Indeed, as proven in [21, Appendix B.], even if the score model has been trained
to the optimal score function, the distributions between SDEs and ODE:s are still different. This is
because the distribution at time 7" in the forward process is always not exactly a standard normal
distribution as in the reverse SDE/ODE process, and thus the distributions at time 0 are different.

Finally, [38] 5] show that the overall generalization error divides into discretisation and approximation
errors, indicating the theoretical role of the sampling error as a contribution to a DPM’s performance.
This is also consistent with the suggestion in [16, Section 5], stating that more diverse datasets
continue to benefit from stochastic sampling rather than deterministic sampling.

Do SEEDS maintain good performances for higher resolution image generation? As training-
free and optimization-free SDE solvers, SEEDS naturally maintain good performances in higher
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resolution images in the realm of unguided image generation (unconditional and conditional). For
unconditional generation using Latent Diffusion Model, SEEDS are able to generate good quality
images already at 100 NFEs. Now, for guided image generation, higher-stage SEEDS will, as
expected, see their performance sharply drop as the guidance scale grows for the same reasons
DPM-solver do (see [23] for details). Yet, SEEDS-1 still maintains high quality sampling in this
scenario. In Appendix Fig. exhibits a 5122 image generated with SEEDS-1 at 90 NFEs on
Stable Diffusion with default guidance scale.

Do SEEDS exhibit other distinguishing features beyond generation optimal quality? As SDE
solvers, SEEDS have a distinctive (although indirect) capability in the realm of adversarial robustness
compared to DPM-Solver:

1. For more than 2 years, the leader-board of RobustBench/has been dominated by Diffusion-
based data augmentation techniques on top of Adversarial Training. The current SOTA
[28137] uses EDM-preconditioned DPMs and need to generate as many as SOM images to
achieve SOTA robustness results. For ImageNet-64, [37]] use the EDM pretrained model and
optimization-based stochastic EDM sampler for data augmentation, leading to a 5% robust
accuracy improvement compared to doing so for the baseline ADM pretrained model. Since
SEEDS reach same FID quality as EDM, but twice faster, we believe it will have a positive
impact in this domain, making diffusion- based data augmentation schemes more affordable
with limited computational capacity.

2. The work [27] uses DPM-based adversarial purification as a test-time adversarial defense.
The idea is to use off-the-shelf DPMs to annihilate the adversarial content in inputs in
test-time before feeding it to a pretrained classifier. In [27, Table 6], one can see that SDE
solvers show substantial robustness capabilities compared to ODE solvers.

We’d like to stress out that, although indirect, such capabilities are on the side of the sampling
methods rather than on the side of intrinsic robustness properties of score-based learning method.
More broadly, robustness properties of ML models determined as neural differential equations (DPMs
being in this scope) has been studied in [39} [11]].

How do SEEDS compare to Stochastic Runge-Kutta methods? Contrary to the ODE case,
there are many stochastic Runge-Kutta approaches, usually tailored for SDEs of a specific form.
Nonetheless, a common way of distinguishing solvers with same strong order is to assign them couples
(pd, ps), where p; is the (stochastic) strong convergence order and p, is the resulting (deterministic)
order determined if setting g = 0 in the considered SDE i.e. when they are deterministic. For
instance, [30, Tab. 6.2] determines solvers with orders (1,1.0) and (2,1.0) respectively and [30, Tab.
6.3] determines solvers SRA1 and SRA3 with orders (2,1.5) and (3,1.5) respectively. Many of these
solvers’ speed was already tested in [[15, Table 3] on CIFAR-10 (VP). Experimentally, SEEDS-1
shows to be 6.83x faster than the baseline Euler-Maruyama scheme.

To our knowledge, the only available strong order SERKs method for SDEs with in-homogeneous
diffusion coefficients are the exponential Euler-Maruyama (EEM) method [18]] and the stochastic
RK Lawson (SRKL) schemes [[7]. In short, the SRKL schemes only compute analytically the linear
coefficient and use the Integrating Factor (IF) method to approximate the integrals in the representation
of the exact solution given by the variation-of-parameters formula. This way, by a special change
of variables (see [[7, Alg. 1]), one can create exponential integrator versions of many SDE methods.
We implemented our own version of the SRKL schemes, which we denote SRKL-1/2/3, to take into
account that o, « are not constant and used the Integrating Factor method to approximate the integrals
in the representation of the exact solution given by the variation-of-parameters formula and under the
VP A-change-of-variables. Interestingly, the SRKL schemes stabilize at increasing NFEs but at much
higher FID values than their SETD counterparts.

In Table [Z] below, we draw a comparison of SEEDS with current Stochastic RKL methods (on the
A temporal parameter space) on CIFAR-10 for the discretely trained DPM in the VP unconditional
regime.

Is the proven convergence order of each of the SEEDS methods optimal? The proposed
convergence orders for each SEEDS-1/2/3 is optimal: this is a consequence of the general result
from [6] about maximum convergence rates for SDE schemes with uncorrelated Gaussian increments.
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Table 2: Comparison of SEEDS with adapted Stochastic RKL methods on CIFAR-10 in the VP
unconditional discrete framework.

METHOD \ NFE 10 20 50 100 BEST KNOWN
SRKL-1()) 332.52 282.96 3342 8.62 -
SEEDS-1 303.48 153.21 2270 7.97 (500NFE)3.13
SRKL-2()) 47520 469.64 134.82 7.74 -
SEEDS-2 476.90 226.70 7.17 3.23  (90NFE) 3.21
SRKL-3()) 462.24 376.15 8.36 7.46 -
SEEDS-3 483.00 428.60 43.30 3.41 (201 NFE)3.08

The underlying idea, fully detailed in Appendix [E] is that any solver with strong order > 1.5 has to
account for double stochastic integrals in the non-truncated It6-Taylor expansion, ultimately forcing
any SRK-like solver to use correlated random variables (see [30, Tab. 6.3] and [17] more generally).
SEEDS avoid this additional complexity but an interesting future avenue would be to extend SEEDS
to the higher strong order case (and not in the IF approach but the SETD approach) as long as it
doesn’t incur into an explosion of needed NFEs per step to craft such solvers. Another interesting
path would be to craft weak second order SERK methods for DPMs (the work [[19]] addressed this
only for homogeneous semi-linear SDEs with constant linear coefficients).

B Detailed Derivation of the SEEDS Design Space

In Sections [2and 3| we proposed a simplified presentation of the design space of diffusion models
and of the ingredients that constitute our proposed SEEDS methodology. In this section, we further
develop our presentation in a technical manner, making explicit the formalization of our design
choices.

B.1 The Isotropic General SDE framework

In Section 2] we presented a parametric family of differential equations (2)) driving the generative
process for DPMs, based on time-reversing the forward noising diffusion process (I)). While doing
so, we presented two parameters - the noise schedule o; and the scaling « - for which the effects on
DPMs have been widely studied in [[16].

As the shape of the trajectories of (I)) and () (for £ = 0,1) are defined by «; and o}, we start by
writing down, for the scaling x; = a;X;, the scaled generalization of the proposed SDEs in [16} Eq.
103] which unifies in a single framework the forward and reverse trajectories:

dxti = %xti - afdtatvx} logp(ﬁti; o¢) £ afétatvxti logp(ifi; O’t):l dt + ooy 2?dwti.
t t
(17)
Following [[16]], the previous VP, VE, iDDPM, DDIM and EDM frameworks all are unified as different
choices of oy, 04, among other choices presented in [16, Tab. 1] and we will use this as a basis for all
the proofs contained in this Appendix. In particular, forward time means taking x; for which the
score vanishes in this context. Now set x; = X, .

The formulation in (2)) involves a family of backwards differential equations controlled by a parameter
¢ € [0,1] which all yield reverse-time processes for (I), a fact that can be obtained by studying the

Fokker-Planck equation for marginals p(X;"; o) of (T7).

When ¢ = 1, (2) the obtained SDE is known as the reverse SDE (RSDE) and, when ¢ = 0, we obtain
an ODE that is known as the Probability Flow ODE (PFO):

dx; = %xt — 26104V, log p(Xs; 04) | dt. (18)

Qi
Now, finding a minimum for the loss function in [16, Eq. 51] is formulated as a convex optimization
problem. As such, for the ideal model D(xy; 0:) = arg minp £(D;x¢, 0¢), the score function with

1A
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scaled input is expressed as

" D(X;;00) — X
i

This ideal model is usually subtracted by a raw network F' in the form of a time-dependent precondi-
tioning:

D(x¢;0¢) := c1(t)xt + co(t) F(es(t)xe; ca(t)), c(t)eRe, i=1,...,4.
As such, we can express the score function as two parameterizations involving D or F' as follows:

Vs logp(Riio1) = DFiio) =% _ () DX+ o) Ple®Xial) o)

OétO'? thO't2

Let us now denote Dé’t := Dy(Xy; o) for a pre-trained network approximating the ideal denoiser

and let D , := Fyp(cs(t)Xy; ca(t)) be the corresponding raw pre-trained network. Substituting the
score function in the RSDE and the PFO with each of these models yields four different differential
equations with a neural network as one of their components. These are given, for ¢ = 1, 2, by

dx;, = [A'(t)x¢ + B'(t)Dj |dt + g(t)day, (20)
dx, = [A™(t)x, + B"(t)Dj,]dt. 21)
When Dé7t (resp. Dat) is employed to replace the score function in (I7) using (I9), the resulting
SDE (20) will be called data (resp. noise) prediction neural SDE. Proceeding analogously for the

PFO (I8} yield two ODEs (21)) which will be called data (resp. noise) prediction neural PFO. The
general form of the A* and B® coefficients determining each of these DEs is as follows:

Ay =2 422t BY(t) = 20,2 (DP NRSDE)
Qg o Ot

A2 = 2 12701 — (1)) B(t) = —2a; 2 es(t) (NP NRSDE)
Qi O Ot

By =242 B3 (t) = —a, 2t (DP NPFO)
o o Ot

ANE) = Zf + %(1 — (b)) Bi(t) = —atZ—ch(t) (NP NPFO)

Remark B.1. At first glance, it would seem misleading to differentiate four DEs as these essentially
correspond to different choices of v, oy, ¢1(t), . .., c4(t). But the reason why we do so is that, after
applying the variation of constants formula, each of these DEs will yield a different representation
of their exact solutions (see (22) and (23) below). As we will see below, constructing exponential
integrators heavily depends on such representation and will show to lead to four different modes of
SEEDS solvers, each one showing different behavior and performance for sampling from pre-trained
DPMs. As such, we will articulate this difference already at the DE formulation.

For t < s, the variation of constants formulae for NSDEs allows to represent the exact solutions of

@0) as
x; = P(t, 8)xs —|—/ '(t,7)B"(1) Dy AT +/ O (t, 7)g(T)dwy, i=1,2 (22)
and those for NPFOs (Z1) as
¢
x; = ®(t, s)x, + / ®'(t,7)B'(7) Dy Fdr, i=3,4 (23)
where .
D 4i(t,s) = exp (/ Ai(T)dT) (24)
is called the transition matrix associated with A?(¢) and is defined as the solution to

S Balt9) = AWBa(t), (o) = I

17
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When A’(t) is constant and Bi(t) = 1, there is a well-established literature on exponential ODE
and SDE solvers with explicit stiff order conditions and prescribed by different forms of Butcher
tableaux. When A%(¢) is not constant, for the expression in (24) to make sense in the usual sense (in
terms of exponential series expansion) instead of having to make use of time-ordered exponentials/
Magnus expansions, the f(t) := A*(t) coefficients must satisfy [f(*)(¢), f!) (s)] = 0. This condition
is trivially satisfied here as the A’(t) considered here are d-dimensional diagonal matrices.

Notice that, if A* # A7 for some i # j, their associated transition matrices will not be equal. In
particular, if Al #+ A2, then the variances of the stochastic integrals in are different for: = 1
and ¢ = 2. This is the first step in explaining the statement in Rem. [B.1] and we refer the reader to
the proof of Proposition [d.5] where we put into evidence its validity.

B.2 Re-framing and Generalizing Previous Exponential Solvers

B.2.1 The VP case
Let oy := fot(BdT — Bm)dr = %BdtQ + Bmt, where B4 > B, > 0. Set

dlog o d[o? - 14 1
fty = L8 gy —a /U eEm T am et

Recall that in the VP case, and the noise prediction mode, [22] construct exponential solvers on the
base of the following ODE

dx; = {f(t)xt + g;;t) 60(Xt§t):| de, te|[T,0], (25)
t

where 7; := a;0. The ODE identifies with that in [[16] for the VP case for which the authors
identify the preconditioning

) =1, eolt) = —o1, cslt) = 0;—&-1 ex(t) = (M = D)o (oy) = (M — 1)t.

As such, we obtain the following coefficients for the NP NPFO:

ay . Qi
ANty =—, B(t)= U(t,s) = —
R
and
N Dy(Xs;0¢) — X t)—1)x t)F(c3(t)Xye; calt
Ve logp(ion = DO “% | () V% + e OF 0% )
QO 0y
_ —oFy(xe, (M = 1)1)
oztatz '
B.2.2 Proof of Proposition 3.1]
First of all, denote Fy(x;, (M — 1)t) = €g(x¢,t). We have
dlog oy 9 _o (dloga; dlogoy _odXt O 2
1) a0 TW=2 |y dt TH

This way, one can directly relate \; with the signal-to-noise ratio SNR(t) = a2 /52, also being used
in [22]. As such, SNR(t) is strictly monotonically decreasing in time. Thus, the analytic solution to
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() yields
T) t torr)dr
X, = eld f(rydry —|—/ (f fryar S AT) ee(xT,7)> dT—l—/ (efff(’) 7g(T)) do(T)

S

- a—xSJrat/s g )e (Xr, )d7+at/stg(7)d@(7)

Qg -Gy ar
t o 2 t
oo 202 dA; g(m) . _
= st at/s oo, dr (XT,T)dT—FOét/S - do (1)
t = t
@ a7 dAs
= Yxmna [ T et narta [ 40 )dw<>

t dA,
= %xs—Qat/eA €g(Xr,T dT—\fOét/
Qs s dr

By using the change of variables to A(t), our equation now reads

At
X, = % —20475/ e~ eg(x,\, A)dA — \[Ozt/ e_)‘dc‘_)(/\). (26)
Finally, notice that oy = |/ T—=5x; +e,% and 0y = /=, Te m, so that (26) is equivalent to
Xy, = O X, 20‘&/ e~ Gg(X)\, A)dA — \fcw\f/ e*’\da_.v()\).
Qx, s As
This finishes the proof.

B.2.3 Proof of Proposition4.2]

Recall that the functions ¢y, are the integrals

! 5k
gpkH(t):/ (=0t d5
0
1

which satisfy ¢, (0) = ;. The truncated It6-Taylor expansion of €y with respect to A reads

~ i~ A— g
69(X)\7>\) = Z %A(k)(x ,)\s) +Rn+1,
k=0 ’

~(k

where here €, E denotes the L¥ operators defined in (58)) applied to €5. On the one hand, since

S /\/\’ e M\ = Z—i(eh — 1), we obtain by iteratively integrating by parts

A "~k A A= AR
/ e e (Rn, NN = Ze§>(§AS,AS)/ e AN+ R
\ !

s s

— n
Ot ~(k
= Z € ) (Xoas M) op i1 (R) + Roya.
t k=0

On the other hand, we have s > t,h = A\, — A\; > 0. Note that since the stochastic integrals
f/\/\t e~*dw(\) are measurable with respect to (@(\)—@(As),0 < A < \;—\,), they are independent
on disjoint time intervals by the independence of increments property of Brownian motion. Thus the
random variable € := €, ; in our algorithms are independent on disjoint time intervals. We then write

At At
/ e Mo\ = /\/(0, / e”dA)
As A

s

1
= —\/ —2xs —e=2Me, €~ N(0,1y)

1 oy
= —1le, e~N(0,I
V2 (0.L.).
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In conclusion, the truncated It6-Taylor expansion of the analytic expression

A At
X, = %xs - 20@/ e ep(Xn, \)dA — \/iat/ e M@(A) 27
aS XS )\s
simplifies to
a = =
x, = CTtXS — 25, Z h’f"'l(karl(h)'e\(gk) (Xn.yAs) — 6t\/62h—_16 + Rnt2, €~N(0,1y).

k=0

This finishes the proof.

B.2.4 Generalization to the remaining data prediction and deterministic modes

Propositions 3.1]and 2] consist on the first steps for crafting SEEDS solvers in the VP case associated
to the noise prediction neural RSDE (NP NRSDE). Generalizing the above procedure for crafting
SEEDS for the 4 modes associated to (22) and (23)) yields the following sets of coefficients

& | 0 oy

Aty = —+2 B(t) = —2a;— (DP NRSDE)
o O Ot
A2 =2 B(t) = 2046, (NP NRSDE)
Qg
Ay =24 % B3(t) = —a, 2t (DP NPFO)
Qg Ot Ot
Ay =2 BA(t) = auoy (NP NPFO)
Qi
We readily obtain
= 2
B2(t,5) = ¥4t 5) = L, D(l,s) = =L, B'(1,s) = AL,
(o) =@'(ts) = 55 @=L @)= T
Then, by setting the simpler change of variables \; := — log(o;), we obtain

T

t t 1 t At
/ o4 (t, 7)B(1)dr = ozt/ —a,0.dr = at/ o.dr = —at/ e A = —gy(eh — 1).
s s s A

s

By recursion we obtain

n—1

t
/ O (t, 1) B (1) Fprdr = ¢ Y W¥ o1 (R)FyY + O(h™H).
§ k=0

In the same way, we obtain

t t . t .
g _]- T —Ur
/ <I>3’(t,'r)B3(T)dT:0tat/ oz.,.J—dT = atat/ ;‘QdT
S s s 0'.,.

0;0r O

At
= atat/ M = —at(e_h —1).
As

Next,
t t 2
/ O2(t, 7)B*(7)dr = ozt/ o odr = —25,(e — 1),

T

and finally, as already shown in Propositions [3.1]and .2}

t t —9 .-r t d)\q—
/él(t,T)Bl(T)dT:afat/ ng = afozt/ —2d—ez)‘fd7’

2 T

At
= Ufat/ ePd\ = —ay(e7
A

s

20
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Now, since ¢g2(t) = 2a?5,0;, the stochastic integrals f: ®i(t,7)g(7)d@,, for i = 1,2, have zero
mean and variances:

/ (@ )P (e = oo / L

oraz

gQ(T)dT = 53(1 - 672h)

t t
[@enri@ar = at [faooar= gt 1)
We deduce from this the SEEDS-1 schemes in all four modes as given by iterates:

~ O 0

X=X (e —1)Dy(Xs, 5) + 5,/ 1 — e~2he € ~ N(0,1,) (28)

~ Qg ~
X, = —txs — 26t(eh —1)eg(Xs,8) — Vet —1le e ~ N(0,1y) (29)
o
_ 5y - T N
X = —Xs—ou(e”" —1)Dy(Xs,$) (30)
as
~ Qg ~
Xy = —X,— 5" —1)eg(Xs, ). (1)
Qs
Notice that the iterates (30) and (3T) are exactly the iterates of the first stage solvers in [22] and [23]]
with Fy(x¢; (M — 1)t) = €p(x¢,t). The iterates (29) coincide with the SEEDS-1 method presented
in (T4) and (28) consist on our SEEDS-1 method in the data prediction mode, which we will use in

the following section.

B.2.5 Proof of Proposition 4.5]

We will write in bold the statement to be proven.

If we set g = 0 in (19), the resulting SEEDS solvers do not yield DPM-Solver. Indeed, if we set
g = 01in (I3), then the method does not contain a noise contribution and we readily see that it
cannot be equal to (3T)). As the latter has been shown to be DPM-Solver-1, the conclusion follows.

If we parameterize (13)) in terms of the data prediction model Dy, the resulting SEEDS solvers
are not equivalent to their noise prediction counterparts defined in Alg. [T|to[d}

One can check that the SEEDS solver are not the same between the noise and data prediction modes
by simply noticing that the noise contributions in (28) and (29) do not equate.

The gDDIM solver [41] Theorem 1, for / = 1, is equal to SEEDS-1 in the data prediction mode.

As shown in (29), our proposed method SEEDS-1 in the data prediction mode for the VP case has
iterates of the form

X U‘;at %, — ay(e72 — 1)Dp(Rs, 8) + 6¢\/1 — e 2he, (32)
o020

where ¢ ~ N(0,14), 5, = a0y and h = log E. As our notation and that of [41, Theorem 1]
Ot
overlap, we will use blue color when referring to their notation.

On the one hand, gDDIM constructs iterates over a representation of the exact solution of the
following family of neural differential equations:

1 /\2 2
du, = {f(t)utJr s %ee(ut;w} dt + Ag(t)dar, (33)

where o decreases from g = 1 to ar = 0, and with coefficients

._ldlogat B _dlogat
Flt) = 5 om0 g(e) = - B0,

In particular, they choose an approximation, for 7 € [t — At, t], given by

eo(ur,7)  1—op [or 1 o
= ~ — t),t) — —/—u(t)).
sofunr) = ) 20 [ (), - (- [2u()

21
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The gDDIM iterates, for A = 1 = /, are then written as follows:

u(t — At) = atozm u(t) + [— Oétozm V1—ap +1/1—a_ar — 02] eg(u(t),t) + oye,
¢ ¢

(34)

where € ~ N (0,1;) and

op = (1 - a;-ar) {1 - <1 Iatc;tm> (OétcitA)] >

Now set (s,t) < (t,t — At). Then

= a-ao |- (122) (%)
u(t) = ¢zqg+bﬁmﬁ¢z¢la4mmg@+%6

Next, we identify oy = /o, and 6 = /1 — ay. Then the variance of the noise in @) is

b= (@) (@] ) @)

= G2(1—e?h).
Hence, by denoting X; = u(t), the gDDIM iterate (34) reads, for e ~ N(0,1,):
% = Yz, [\/af -6} (1—e?h) — atas} €0(Xs,8) + /02 (1 — e 2)e
As Qg

_ %i + [00Ve ™ — a0, eq oy 5) +00V/T— e 2he
= ﬂis + 0y {Jt _ U‘"} €0(Xs,8) + 5.1 — e—2he. 6)

Os gt

On the other hand, the data and noise prediction models in our case are related by the following
equation:

- X - Xs -
Dy(Xs,8) = cl(s)a— + ca(8)€p(Xs, 8) = — — 05€0(Xs, 5).

S

o : .
As such, and as h = \; — A\ = log —, one can rewrite (32)) in terms of €, as follows:
Ot

% = L% —ay(e — 1)Dp(%y,5) +50V/1— e 2he

o2a,
2 2 =
g, Qg g. X ~ _
= ; Xs — O —;—1 = —0.€9(Xs,8)| + V1 — e 2he
oo o2 o
2 2 2
(oae ™ Qi g ~ g ~ _
= == L- Xs+ap | =5 — 1) 0.€9(Xs,5) + 70V 1 — e 2he
ooy  ag \ 02 o2
(e 75

2
= —X,+0; ((T; - ) ?ee(is,s) + a4V 1 —e2he
t

Q ~
= %, 40, (Jt - 05) €9(Xs,8) + V1 — e 2he,

Og O¢
which coincides with the gDDIM iterate in Equation (36).
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B.2.6 The VE, DDIM and iDDPM cases

Following [[16, Eq. 217], here a; = 1 and ¢;(¢) = 1 and so the only possibilities incurring into
semi-linear differential equations are

Al(t) =22t BY(t) = 22t (DP SDE)
O Ot

A3(t) = ? B3(t) = -2t (DP PFO)
t Ot

We obtain, again with the choice A\; = —log(o}) and setting h = \; — A, the following:

1 _ T 3 _ Gt
¢ (tvs)_;gv o (tas)_;sv
t At 1
/ ®'(t,7)B' (r)dr = —af/ e dd = (e 1)
s As
t At
/ ®3(t,7)B3(r)dr = —at/ erdr=e" - 1.
S >\s

Next,

t t . toar

1 2
/ (@'(t, 7)) g*(r)dr = Uf/ — 0227 dr = af/ Trdr = 0P (e~ 1),
s s Or Or s O

T

We readily see that these cases are identical to the VP case with a; = 1. In particular, the obtained
SEEDS-1 iterates are

2
X = AR, — (e —1)Dy(Re;05) + 0p\/1 — e e,
US
~ Ot ~ —h ~
Xe = —Xs— (7" =1)Dp(Xs;05).
Os
Now denote s1 = tx(As+1h), for0 < r < 1, where t) = e~ . There are two families of single-step
one-parameter two-stage exponential ODE schemes:

X = %;{S — (67}1 -1 {<1 — 217"> Dy(Xs;05) + ;De(gl;dsl)}
X = Z—Zis —(e7" —1)Dy(X4;05) + % (e‘hh— ! + 1) [Do(X1;05,) — Dg(Xs505)],
with same supporting value
% = 2%, — (e — 1)Dy(Xy;04).

Os
In the same vein we define a single-step two stage exponential SDE scheme:

2

~ 5. ~
X = 1y, — (672rh — 1)D9(Xs; O's) + O, mel

o2 7"
- o2 _ 1 - 1 -
X, = Lx — (e 2h—l) {(1_%") Dg(xs;os)—ngg(xl;asl)

—5Xs
05

40 {\/ e=2h —e=2rhe; 4 \fe—2rh _ 162:| )

B.2.7 The EDM case

In the EDM-preconditioned case [16, App. B.6], we set o; := ¢ and oy := 1. We denote 04 := 0data
the variance of the considered initial dataset and we set

2
o _ tog B 1 1
Cl(t) = m, Cz(t) = W, Cg(t) = W, C4(t) = 1 log(t),

71
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so we obtain the following coefficients:

At :%
44 = % < 2 j—gad>
A3y =

Bl(t) = f%
—20
2 o d
B = \/t2+cr§
1
Bi(t) = ——2

N

(DP NRSDE)

(NP NRSDE)

(DP NPFO)

(NP NPFO)

In particular, the data prediction neural SDE/PFO are identical to those in the VE case with oy = ¢.

So let us concentrate on the noise prediction regime, leading us to prove Proposition

B.2.8 Proof of Proposition3.2]

In the Noise Prediction case, we have

t2 + o2 t2 4+ 02
s = g Y=g
d d

so we readily compute:

/t ®2(t, 7)B*(r)dr

—20d

¢
1
= t2—|—02/ : dr,
i ( d) s 7.2_|_0-§ /7_2_|_0_(21
t
o4 -1
\/t2+02/ . dr.
e VPl o]

Let us consider two different changes of variables:

t t
At := —log | arctan | — and A = —log | ———
' g< <Ud)> ! g(ad\/tQ—l—ag

that will be used for the (NP NPFO) and (NP NRSDE), respectively. For the former case, we have

/ (1, ) B (r)dr

S

GiAtd)\t =2 - —

Therefore, we can deduce that

/S " (t:7) B (1)dr

For the latter case, we have

1

Uddt
o3+ 12

1+ 4

9a

—0yg

_ / 2402
s 7'2"'0 \/7'2—|—0d
At
— s —9d
= t —l—ad/ T2+J
At
= \/t2+0'§/ e A
As
t h
= /t? + o%arctan (e" —1).
o4

t
oa\/t? + 05 —tog———=

2+ o2

e MdN, = —

03 (2 + 03)

03 oqd
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‘We then obtain

t t 42 2
t“+o —204
®2(t;7)B%(r)dr = / d . dr
_/S (&) B () s T2+l T2+l

t
2(t2+a§)/ e A

2t+\/t2 2
= 7+Ud(eh—1).

0d

The stochastic integral fst ®2(t,7)g(7)d@, in noise prediction case is a Gaussian random variable
with zero mean and whose variance can be computed by It6 isometry as

[ e = @2 [

. 72+ 03]

s 1
(t2+02)2/ ——dr?
¢ t [7'2"'03]2
1 1

— (2 2ne [

(#"+0a) < 52+U§+t2+02)
(2 + o35 — )

(s2+02)

Putting everything together, we obtain the analytic solution at time ¢ of (2) with coefficients and
initial value x, for the (NP NRSDE):

X + 2(t? —|—ad)/

As

At At

e M Ep(Rn, NdA — V2(¢2 +ag)/ e Ndwy,  (38)

As

t2+crd
52 + o2

Xt =

where )\; := —log { } For the (NP NPFO), it is given by

d\/t +o

2+ 02 M a e t
Xt =\ 3 n Jé Xs 4+ /2 + 03 /}\ e M Ep(Xy, N)dX, A i= —log [arctan |:0'd:|:| . (39

This finishes the proof.

Remark B.2. From the above proof, we immediately deduce the SEEDS-1 iterates in the EDM-
preconditioned noise prediction case. These are given, for the (NP NPFO) and (NP NRSDE)
respectively, by

~ t2+07 X
%, = \/327 Xs + marctan( ) (" —1)eg(Xs, 5), (40)

_ t2 _ t2 t2 2 2—t2
% = Dty (VEHTE G g, |EEIDE )
s2+o02 o4 (s2+03)

where € ~ N (0,1y).

B.2.9 The SEEDS algorithms in the EDM Noise Prediction case

In the same way we presented the SEEDS algorithms [3|and ] for the VP case, the change-of-variables
optimized for the EDM framework in Proposition [3.2]induces algorithms 5| for SEEDS-2 and [6] for
SEEDS-3 respectively, under the Noise Prediction regime. This is the version of SEEDS that we use
to achieve same performance as EDM solver but with twice less NFEs than the latter for ImageNet-64
(see Table[I]and Fig. [T](c) in the main part of this article).
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Algorithm 5 SEEDS-2 (EDM NP)

Input: initial value x7, steps {ti}f\io, data prediction model Dy, r = 1/2

Initialize X, < X1
fori=1to M — 1do

(t,S) < (ti,ti71), (21,22) — N(O,Id)®2
_ -t 94
)\(t) < —log 0@\/@) tA()\) — T —> 04 < Odata
o‘de
h At —Xsy Asy < As+1hy 51 ta(Asy)
~ 02 X W/s2+fr2
69(x3, ) |:D9(a 708)_ g2_*_(1(72078] . soq d7
p 2 as
21,2 _ 624 02) (52 — g2
Xy éi”d S+2 V;1+ d(e’l‘h —1)ep (Xs, 8) + %Zl
S O'd
o2 _ 21 02) (5242
Ry e SR, 2T 1)eg (R o) + | TR (e 427
+ (s1+03)
end for

Return X;,, < last-step(X¢,, ,tnm—1,tnm)

Algorithm 6 SEEDS-3 (EDM NP)

Input: initial value x7, steps {t; }Z 0, data prediction model Dy, r1 = 1/3,72 =2/3

Initialize X, < X1
fori=1to M — 1do

(t,8) « (ti, tic1), (2%, 2%,2%) « N(0,1d)®3
_ ___t 94
)‘(t) < log Udm) [2) ()‘) <~ 0(16172A 1’ 0d < Odata
h <+ )\t - )\57 >\sl — >\s + T1h7 >\sg — >\s + 7"2h/, S1 < t)\()\sl), S2 t)\(>\32)
- 2 x 2402
€ (Xs, 8) [Dg (a ;Us) - s2+dg§ 078;] LY %,
/ 02 - 52 2 82—32
Xs, Séigd X, 422 jf— d(e”h —1)eg (Xs,5) + (1t (s —sq) 1+(’5’g)+<03) D ,1
52 Uz 5275:2 ~
A\ JEETEEE @ +22), P e (R 51) — €0 (X, )
S O'd
2 02 ~ 82 02 ron
3{52 — SQiUgXS 232\/;2"' d(e'r2h_1)69 (sts)"_%”iw (972‘;7}:1_1) P+ A
2.4 2 ~
B+ %( r2hgl penhs? 4 2%) Py ¢ ep (Rag, 52) — €0 (Xs, )
0' ~ 2 (7'2 3
%o R 4 YR (e (R0 + 2O (L 1) by B
end for

Return X¢,, < last-step(X¢,, ,,trm—1,tn)

C Convergence Proofs

In this Section, we give detailed proofs of Theorem [4.1] Proposition 4.3 and Corollary [4.4] stated
in the main part of this paper. Let us start recalling its framework. We start by considering the NP
NRSDE (T3) with VP coefficients:

dXt

Denote ¢ the inverse of \; :=

ft)x: +

[dlog oy

2

s+ T ey 0] ar gl

(42)

20%20.-150'15

€o(x¢, t)} dt + g(t)daw,

d[o?]
dt

Ot

X + QOété'tG@ (Xt7 t):l dt —+ oy d(:)t.

dt

—log(o) (which is a strictly decreasing function of ¢) and denote

Xy 1= x(tA(N), éa(Xa, A) := €a(x(tr(N)), tA(N)). We consider a time discretization {t;}/2 ]
going backwards in time starting from ¢y = 7" to 3,41 = 0 and to ease the notation we will always

https://doi.org/10.52202/075280-2978
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denote t < s for two consecutive time-steps ¢; < t;,_;. The analytic solution at time ¢ of the RSDE
() with coefficients (7)) and initial value x; reads

At
x; = %xs—zat/ e_’\ég(ﬁ,\,)\)d/\—\/ﬁat/
A

At
e Md@(N). (43)
Qg s

s

Given an initial condition X;, = xr, the SEEDS-1 iterates read, for h; = Ay, — Ar,_, = A\t — A,

% = 2%, — 25,(" — 1)eg(Rs, 5) — 50V — e e~ N(0,1y).

Qs

Assumption C.1.

1. The function €y(x, t) is continuous (and hence bounded) on [0, T'], Lipschitz with respect to
x and there is a constant C' such that, for ¢, s € [0, T] with t < s, we have

lea(x,t) —eo(y, 1) < Lijx—y|? (44)
leo(x, t)> vV [g(t)]? < La(1+ [x]?) (45)
leo(x,t) —ea(x,5)° < La(1+ |x[*)|t —s? (46)

2. h =maxi<i<m |hi| ~ O(1/M), where h; = A\, — A\, _,.

Let CL(R?, R) denote the family of / times continuously differentiable real-valued functions on R¢

whose partial derivatives of order < [ have polynomial growth and let Clkg’l (I x R% R) be the space
of functions g(-, -) such that, for all (¢,z) € I x R%, g(-,x) € C*(I,R) and g(t,-) € CL(R%,R).

Assumption C.2. In addition to Assumption [C.I] assume that all the components of €y belong to
CH* (R4 x [0,1],R).

Before going into the proofs, we give some context that lead us to necessitate such assumptions.

C.1 Preliminaries
For an interval I = [to, T, let x = (x(t)) the solution of the following SDE
dx(t) = f(x(), t)dt + g(t)dw(?), (47)

where g(t) = G(t) - Id,4 is considered here as a diagonal matrix with identical diagonal entries §(t).
Suppose that f, g are continuous, and satisfy a linear growth and Lipschitz condition so that the
conditions of the Existence and Uniqueness Theorem are fulfilled for the SDE 7).

Let I, = {to,...,tar} be a time discretization of I with step sizes h,, = t,41 — t, forn =
0,...,M —1andlet h = maxogn<nm hy. A time discrete approximation scheme X = (X, ), will
be defined as a sequence X = x(tp) and

§n+1:¢(§nahnaln)7 n:0,...,M—1,

where I, is independent of X, with I,, = w(t,+1 — t,,) Wiener increments drawn from the nor-
mal distributions with zero mean and variance h,, and which are independent of Xy, ...,X,, and
Io, ..., 1.

A scheme X converges in the strong (resp. weak) sense, with global order p > 0, to the solution x of
the SDE if there is a constant C' > 0, independent of h and ¢ > 0, such that, for each h €0, ¢],
we have

(Ellx(T)—%p[*)/? < ChP,  (resp JE[G(x(T))] - E[G(Rn)]| < Ch? VG € 3PV (R, R).

Notice that if (E[|x(T) — Xa|%])"/? = O(hP) then for every function f satisfying a Lipschitz
condition, we have |E[f(x(T))] — E[f(Xar)]| = O(hP). Nevertheless, this is not enough to infer the
optimal weak order of convergence of such method.
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Strong convergence is concerned with the precision of the path, while the weak convergence is with
the precision of the moments. As, for DPMs, the center of attention is the evolution of the probability
densities rather than that of the noising process of single data samples, weak convergence is enough to
guarantee the well-conditioning of our numerical schemes. Moreover, when the diffusion coefficient
vanishes, then both strong and weak convergence (with the choice G = id) reduce to the usual
deterministic convergence criterion for ODEs.

Let us now state some useful results that will be used later on.

Assumption C.3. All moments of the initial value X exist, f is continuous, satisfy a linear growth
and globally Lipschitz condition.

In particular, since [ is a closed finite interval in R, f(-, ) and g are bounded by some constant.

Theorem C.4 ([25]). In addition to[C.3} suppose that
Efx() %l < ChP
(E[lx(t) == [’)? < Chr
with ps > 1/2 and py > pa + 1/2. Then X is of strong global order p = ps — 1/2.

Assumption C.5. All moments of the initial value X exist, f is continuous, satisfy a linear growth

and Lipschitz condition with all their components belonging to 6?1’2(” +1)(I x R R) and g €
CPHU(I,R).

Theorem C.6 ([25]). In addition to[C.5] suppose that

1. for large enough r € N, the moments E[|X,,|?"] exist and are uniformingly bounded with

respectto M andn =0,..., M

2. forall G € Cf}(pﬂ)(Rd,R), if Xn = x(t), then for some K € C% (R R), we have
[E[G(x(tn+1))] = E[G(Rnt1)]| < K (Xn)h"T.

Then X is of weak global order p.

Lemma C.7. Suppose that Xy has moments of all orders and that, for h < 1,
[E[®(Xn, hn, In) —Xn]| < K1+ |Xu|)h
DRy hy In) — K| < X (14 %) 22
where X,, has moments of all orders. Then Condition I in Theorem|[C.0|is fulfilled.

C.2 Convergence of SEEDS-1
In this section we will prove that that SEEDS-1 as described above is of global strong order 1.0.

C.2.1 Strong Ito-Taylor approximation

Then the truncated It6-Taylor expansion of the analytic solution x; of the VP NP NRSDE starting
from x; is given, for e ~ N(0, 1), by

At e
xX; = %xs — 204,5/ e_AEQ(ﬁ,\, A)dA — \/50475/ e Mdwy,
Qg As As
= &xs — 25t(eh —1ep(xs,8) — devVe*h —le+ Ry
s
= %xs —25,(e" — 1)eg(xs, 5) — 7,/ €2 — 1e + O(h),
Qs

7R
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where the symbol O(hP) represent terms u such that [|u|| < |K(xs)|h?, for K € C%(R? R) and
small i > 0. The SEEDS-1 scheme corresponds to such truncated It6-Taylor expansion containing
only the time and Wiener integrals of multiplicity one. As such, since G;g(t) = 0 and assuming
Lipschitz and linear growth conditions on €y as in Assumption|C.I] x, can be interpreted as an order
1.0 strong Itd-Taylor approximation [17, Theorem 10.6.3] of the solution to (@2).

C.2.2 Continuous approximation of SEEDS-1
Let oy := %BdtQ + Bmt» where ﬁd = /Bmax - ﬁmin =19.9, /Bm = Bmin = 0.1. We have

- ~ 1
o =\Vedt —1, o = 0 —
ol +1
so, in particular, as 7' = 1, we have &y, = &y = %(ﬁmdx Brmin) + Bmin = l(ﬁmdx-i-ﬁmin) ~ 10.05
and ay,,,, = &g = 0. We deduce oy, = a1 ~ e~ R, aty, = ap = 1. Next, oy, = 01 =
Vvel0-05 —1 > landoy,, , =o0g = 0. Assuch, \;, = —log(o1) := —Lo < 0 and \; R +00.
M+1

As such, we will set ¢y = tas+1 + € the end time so that \;,, = Ly is finite. This imphes that for
A€ [—Lo,+oof, 0 < e lo <t <1 <eMuand, for T = Ny, — Mg € = e < e Now

set, for A € [—Lg, +00],
— 1 ~ P— 1
TV 14e 2N A=W 4+ et2A°

Then, as A increases, &) increases starting from 0 < & Ay < 1 and &) )\—> 1 while at the same
—+0o0

time &), decreases starting from 0 < a,\t < land &y, — 0. Assuch, we can rewrite the exact

A—+oo
solution ([@3) as

At
Xy, = ZA A e ép(Xn, N — \fa,\t/ e Md@(N). (48)

As s As

Notice that % is bounded for all ¢, s by
s

and 0 < & < 1forall A € [—Lg, +o0].
Recall that the SEEDS-1 is defined recursively as

Ot _ /
L Yt 2Jt ( hi 1)60(yt1 17t1, 1) Ot; ezhi - 162'

ti—1

and, for simplicity, we will denote y, for the iterates (@8).

yt() — XT)yti —

Define a continuous approximation of SEEDS-1 as follows. For h=t— s, we write § = [s/ iL]iL
where [x] denotes the largest integer lesser or equal to x and [ 4; is the indicator function associated
to a set A. We define the step function:

v =) Iy Aoy Y,
k>0
and the continuous approximation

Ao R At
y(t) == o y(to) — 2at/ e e (F(N), N)dA — \/iat/ e Mwy.
A

Gt to Atg

Proposition C.8. There are two constants Cy, Cy independent of h such that, for all t € [0,T], we
have

Bl s wor| < o

to<t<tm

E[ly(t)-30)F°] < cun®
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Proof. Recall the standard inequality (a + b+ ¢)? < 3(a® + b2 + ¢?) for a, b, ¢ € R. Then

At
/ e Mwy
A

to

2
+ 204?

2 2

+ 40%2

At N
/A e 2 ég(F(N), A\)dA

to

g 3 ‘yto
[e%

Using the fact that o, < 1, we have, by writing T = Aty — i, and taking the expectation:

B| s O]

Lto<t<tmr

[ 2 A 2 A 2

Qt 2 HE SOOI 2 YA
< 3|2 E[|yt0|}+4E e A eg(F(N), NdA| | + 22K e Adwy

Qg Ao Ao

(1o 12 . e . 2 At
< 3= E[|yto|2}+4T1E/ le 2 |eg(F(N), A)| dA +2a§n«:/ le™2dA

|| %o Ao Atg

i a 2 Y A 2 At
< 3|9 ]E[|yt0|2}+4T/ e‘A|2E[€9(§(/\),/\) ]def/ =22\

|| %o At At

[ 2
< 3K |E \ytﬂ 44 / Uee( (), X) ]dH(e?w—w_Q]

Ao
< 3K [\ytoﬂ +4TL2/ (1+E |l })dA+(62T—1)]
At
< 3K E[\ytoﬂ +4TL2T+e2T—1+4TL2/ IE{|§()\)|2] A
Aig
2 o A 2
< ( [|yt0| } L AT LT 4+ 2T — )+3K4TL2/ E[|§(A)| }dA
At
A~ 2 A Okt
< 3K (IE [|x(t0)|2]+4T2L2+e2T—1)+12KTL2/ IE[ sup |y(r)2} ax,
Ny Losr<a

where we used the linearity of expectation, Holder’s inequality, Doob’s martingale inequality, Itd

Lo|2/52.1). As we

isometry, the linear growth condition of €y, and we set K = max ( el e

Qg
know that E {|x(t0) |2} < 00, we apply Gronwall’s inequality in the last line to obtain
E [ sup |y(t)2] < Oy, Cy:=3K [E [\X(to)ﬂ AT Ly + 2T — 1} 12KTL:
Lot
Second, we have, for s = t;, u = t;41 and ¢ € [tx(u), tr ()],

Qi

At .
y(t) - §(t) = < - 1) yo - 20, / Aep(yas M)A,
As

Qs

so that, using Holder’s inequality, we get

e A2 €e(YAs»>\s)|2dA] :

At <
/ e |€9(yAS,)\s)|2dAH :
As

2 oy S At
y@) =y®OF < 3}|—= =1 lys[" +4h

As

Now using Itd isometry we obtain:

‘QE [lysl*] +4nE

s

E[ly(t) -0 < sljﬁ

N
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Now, using the bound E {max |yt|2} < (1, the fact that €4 is bounded and the same arguments as

above, we get

] , N
~ @ ~
B[y -50F] < 3||5 -1 cramie | [ |e9<yA5,As>|2dAH
s As
o , N
< 3 5—1 01+4KhL2/ (1+ Cyp)dA
s As
o ,
< 3 a—t—l Cy +4Kh*Ly(1+ Cy)
Finally, as we have
h_Os _y1-of

(&4 = =

3
Ot 045\/1—04752

V1-a? . 2 .
and 1 < N e 1, we obtain | 2t — 1’ ~ |e" —1|? ~ O(h?). Now, by denoting |e — 1|2 <

K5h?, we conclude that

E[ly(t) - 5(0)F] < Ca?,
with Cy := 3K5C; + 4K Ly (1 + C4). This finishes the proof. O

C.2.3 Proof of Theorem 4.1]

Let’s now take a look at the approximation given y;, = X¢,. We have

Ae X .
Vi — Xy = Qat/ {e_’\é\g(fb\, A)— e_’\é}y(y)\7 )\)} dA.
A

to

Using the inequality oy < 1, the Lipschitz property of €y, Assumption (C.I)), and Holder’s inequality
we deduce the bound:
2

Ar ) X
yeoxl < 2ja) [ [ePaGn N - e tam ] ax
A

to
A~ Y’
< 87 /
A

to

2

e (R, A) — e e (Fr, M| A

Taking the expectation yields

E|: sup |YS Xs|2:|

to<s<t

At
\/)\

to

< 8TE

~ . 12
e Ne(Rn, A) — e 6 (i, A)’ dA] .

Now, for the first integral, by writing:
e ep(Xn, A) — € €(Tx, A)
= e RN — e G Rn A) 4+ e N E(Ra, A) — e (R, N)
+e € (Rn, A) — e V€ (yas A) + e NG (ya, A) — e (T, A)
(e — e Nep(Ra, \) + e (a,@, ) — & (%, &))

e (€% ) —Elyas ) + @lya D) — @5 V)

21
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we can state the following inequalities:

N

N

<

= [/

to

s ~ 12
eiAgg(ﬁ)\, )\) - 67)\%\9(?)\, )\)‘ d)\]

At .
3/ e — e PPE [\29@, A)ﬂ d\+ 3E
A

to
At R
/ |67)\|2
A

to

At N .12
/ Bk ]a,(ﬁm) feg(ik,x)] dA]
A

to

+3E

N N o L2
&3 A) = @ (yas ) + & (yr A) — @ (Fa V)| dA]

At N
3/ e — e PE [[€(%3, V] d + 3K LB
A

to

At .
/ (1+ [ )] — A>|2dA]

“0

+3E

At . R R R R R o 2
/ le™? ‘ge(i,\,)\) —€(yr,A) +€(yr,A) — 69(}%/\)‘ dA}
>\t0
. ) A

le 2 — 112(1 + EB[I%A)?])dA + 3KL3h2E/ (1 + |%a]?)dA

At
3Ly /
A A

to to

At
+3KL1/ E [\ﬁx —YrxFYya— S’\)\|2} dA.
A

to

Thus, we obtain

“ .12
E e (%, A) — e 60T, )\)‘ dA

/At
A

to

3LyKT|e" —1)2(1+ C4) + 3Lsh*K (1 + C1)T

At
+3KL1/ E {|§A L yat YA — mﬂ A
)“0

< 3LoKT)e" —12(1 4 C1) + 3Lsh*K(1 + C)T

At
+6KL1/ E [|§>\ —val? + Iy —§/\|2} dA
A

to

N

N

3LyKT|e" —12(1 + Cy) + 3Lsh?K (1 + C))T

A At’
+6K L, TCyh? + 6KL1/ E [|%x — y,l?] dX
A

to

3LyKT|e" —12(1+ Cy) + 3L3h*K (1 + C))T

N

At
| E[ sup |§<r>—y<r>|2] ax

Ag Lo

N

3KT(1+ Cy)[Lale” — 1| + L3h?| + 6 K L1 TCyh?

+6K L, //\/\t E [ sup |X(r) — y(r)Q} dA.

W Losr<a

29
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Putting everything together yields

E { sup |ys xs|2}

to<s<t

< S8TBKT(1+ Cy)[Lole" —1|? + Lsh] + 6K Ly TCyh?]

At
+8T6K L, / ]E{ sup |§(r)y(7’)2} dA
Aty Ao<T<A

< 24KT?(14 C))[Lale — 1% + Lsh?] + 48K L T%C,h?

Ae
+48TK L, / ]E[ sup Ii(r)—.Y(r)Q} dA.

Ay Lho<r<a

Now, by denoting |e" — 1|? < K5h?, we apply the continuous version of the Gronwall Lemma to
obtain:

E [ sup |y _Xt|2:| < Coh?,

to<s<t
where R ) )
Co = [24KT2(1 + C1)[LoKo + Ls] + 48K T2 L, Cy)e*8TK L1
Finally, using Lyapunov’s inequality we obtain, for C' = 1/Cp

1/2

Ellyr —xz] < (Ellyr —xr[)"* < Ch.

In other words, for C' as stated above, we have the following inequality

\/]E{ sup |x: — x¢|?| < Ch, as h — 0.

to<t<tnm

Remark C.9. From the above, it is easy to induce that the following order for the one step error
Ellx(t1) = y1°] = O(h?).

Now, since G;¢(t) = 0 in this case (additive noise), it is easy to see from the truncated Itd-Taylor
expansion of x that |E[x(t1) — y,]| = O(h?). As such, we apply Theorem [C.4]to conclude that
SEEDS-1 has strong convergence of global order 1.0.

C.2.4 Discrete-time approximation

By Theorem[d.1] we know that SEEDS-1, being of strong order 1.0, it is immediately also of weak
order 1. Nonetheless, let’s give a discrete approach of this statement that we will use for the proofs of
convergence for the remaining solvers as stated in Corollary 4.4] Define the discrete time process:

A,

ag, _ e
Vi, < XT,¥t, — ¢ Vi, — 20ti(eh’ —De(ye,_, ti-1) — \@ati/ e *dw(s).
At g

ti—1

We will prove that E[|y:,, —x; MH is of order h as h — 0. Note that (y¢, ); has the same distribution
2

as (X, ); described in Algorithm I since the stochastic integrals ( / ;‘ b e_sda)(s)) are independent
ti—1 i

and each f/\/\tzl e~ *dw(s) is distributed as %%\/@2}” —lewithh; = A\, =Xy, ,, €~ N(0,1,).
We have:

At
Ot v N\~
Yt — Xt; = = (Yti—l - Xti—l) + 2ati / € A(E(X)\’ )‘) - E(yti—l ) ti—l))d)"

ti—1 At

1

For simplicity, in what follows C' will denote a constant not dependent on the subdivision of [0, T')
that may change from one line to the next by systematically denoting the maximum value of the
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different constants appearing in the line before. Using the inequality «; < 1, the Lipschitz property
of ¢, we deduce the bound:

Qg

|ytiixti| < ‘ytq,—lixti,—l|+c

ti—1

At At
/ e MRy — ¥, |dA +/ e Mta(A) = ti_1|dA] .
Ae, A

i—1 ti—1

Notice that

Moo Moo oo
/ e |X)\ — Yt |d)‘ < / e |X>\ — Xt |d>‘ +/ e |th‘—1 - yti—1|d>‘
/\ti—l Ati—l /\ti—l
e,
< [ R i A+ Ol i
A

1—1

and recall that X, = Xy, (,,). Using the fact that ¢, is increasing and Lemma|[C.11} we have:
At At
IE[/ MRy —xe, AN <C [ et = fald\ < CRA2.
Aty Aty

Introduce U; = E[|y:, — x4, |]. Since f/\)" e Mta(A) — ti_q|dX < Ch?:
ti—1
Qi 2
U; < < + C’h> Ui—1+ Ch”.

Let a; = ——— + Ch and b; = Ch®. By applying Lemma , we have: Uy < ApUp +

ti—1

224:1 A by with Ay = Hﬁil ap and Ag pr = Ay Ak = Hik+1 a;. Note that Uy = 0 since
Yt, = X7 and so:

M-1
Unr < Ch? sup a;)".
M= kz:(:)(gigpM )
Using our hypothesis, we can bound:
M-1 M-1
5 . (exp(Ch) + Ch)/h —1
sup a;)" < exp(Ch) + Ch)" =
;)(@SPM ) kzzo( p(Ch) ) (exp(Ch) + Ch) — 1

The quantity on the right is of order C'/h. Indeed, as h goes to 0, exp(Ch) + Ch — 1 is equivalent
to 2Ch and (exp(Ch) + Ch)*/" converges to a constant. This gives the bound Uy; < Ch, when
h — 0 and by using Proposition [C.8)and Theorem|[C.6] we conclude that SEEDS-1 is convergent of
weak order 1.

C.2.5 Useful Lemmas

Lemma C.10. (Continuous Gronwall Lemma) Let I = [a,b] denote a compact interval of the
real line with a < b. Let «, B, u be continuous real-valued functions defined on I. Assume 3 is
non-negative, o is non-decreasing and u satisfies the integral inequality

u(t) < aft) Jr/ B(s)u(s)ds, vVt el
Then

u(t) < alt) exp < / t B(s) ds) . wtel

Lemma C.11. Assume the following forward SDE is satisfied dX; = F(t, X;)dt + G(t)dWy,t €
[0,T), where T > 0, F(t,z) is Lipschitz with respect to (t,x), G is continuous and Xy is an
integrable random variable. Then, there exists C' > 0 such that for all s <t € [0,T] witht — s < 1,

E[|X, — X,|] < CVi—s.

4
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Proof. We take s = 0 and apply the triangular inequality:
X~ %ol < | 1P, X.) — F(O, Xo))ldu + | / G| + 170, Xo)].
Setting u(t) = E[| X; — Xo|] and taking the expectation, we deduce:
u(t) < Kg +E[F(0, Xo)[] + E[(/Ot Glu)dW,)2]* + K/t u(s)ds,

where K is a positive constant. Note that E[( fot (u)dW, )%z = fo G2(s)ds]2 by the Itd isometry
property which is less than C'v/# since G is continuous. Thus, we have proved that:

u(t) < a(t)+ K t u(s)ds,

0

where a(t) = % + tE[|F(0, Xo)|] + C/t is non-decreasing. By Lemma u(t) <
a(t) exp(Kt) < a(t) exp(KT). Since a(t) < Cv/t for t € [0, 1], the lemma holds. O

Lemma C.12. (Discrete Gronwall Lemma) Consider a real number sequence (uy,),, such that
Upt1 < AppilUn + bn—i—lyn >0
where (ay,) and (by,)y, are two given sequences such that by, is positive. Then

n
Un S AnUO + Z Ak,nblm
k=1

where A, = [[1_, ar and Ay, = An /A = H;L:k+1 @

C.3 Proof of Proposition 4.3

Let us prove this statement for SEEDS-2. On the one hand, we have

Qs

Aoy
u = aslig — 205, (e% — 1) Fy(%s,s) — B, B! = \[20451 / e Mdw.
A

Now B! depends on the Brownian movement (w Aoy — WA, ) L\ >y BY the Markov property, this
o1 ZAs

is independent of (wy, ), <».- Since X, is a function of (wy, ), <., we deduce that B* has to be
independent of all (X,,),>s. By Itd Isometry, we obtain

B =g,,Velh — 12, 2~ N(0,1,).
On the other hand, the update x; is

At
X; = %is - QUt(e —1)Fy(uy, s1) — B, B = \/iat/ e Mdwy.
s A

s

Hence, the Wiener process W = {wy : A € [As, \¢]} is predetermined on the interval [A4, s, ]. Then,
by using independent increments property of Wiener process W, we can deduce, for 0 < A; < A, <
)\t, that

Wx,, — WA

. and wy, —w,, areindependent.

S1 S1

Then, by the above Brownian independence property, the random variables B and B! are

* Independent on non-overlapping time intervals

35
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* Dependent on overlapping intervals.

By the Chasles rule, we then decompose

Asq At
BY = \[20%/ e Mwy + \/iozt/ e Mdwy

As Asy
and, as

Asy Bl

Y
e "dwy = ,
/AS V2a,

we obtain

Bl At
BO = \/iat \/ET +/ e_)‘dw,\ .
S1 A

.
Then we have

Asy At
B = \/§at/ e*’\deJr\/iat/ e Mdwy
A A

s s

1 1
= V2a;—=0, V2P ) — 12 £ V20—,V €20 As) — 122
v2 V2

= wog Vel — 128 4 apop/e2h — 122
= 6'15 (051 V eh — 121 + V €2h — 1Z2>

Ot
= T (ekt_)‘sl Veh — 120 +\/e2h — 1z2)
= Gy (e% Vel — 128 +\/e2h — 1z2)
= 0 (\/62h —ehzt + \/62h - 122) ,

which completes the proof.
The proof for SEEDS-3 is straightforward from the proof for SEEDS-2.

C.4 Proof of Corollary[d.4]

C.4.1 Convergence of SEEDS-2:

Let {y, }; be the discrete stochastic process defined as follows:

. At At;
Vio < X7, Yt <& —— Yt — 2at1/ e “e(u;, s;)du — \@ati/ e *d@(s),
At;

ti—1 Aty

i—1

with s; < t) ()\ti—l + %) and

As,

) hy %
U; < aaSZ Ytio1 — 20’37‘, <67 - 1) e(yti—l’t’i—l) - \/iasz: / G*SdQ(S%

ti—1 Aty

Then {y¢, }; has the same distribution as {X;, }; in Algorithm[3] We can compute the difference:

Qg

Y, — X, = (yti—l - Xti—l) + T =T+ 1
Ay
and:
)\ti
r, = —2ati/ e " [e(ug, 8;) — €(xs,, 8;)] du
>‘ti—1
At
r, = —2ati/ e " [e(xs,, 5i) — €Xy,u)] du
A

ti—1

A
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Similarly to the case k = 1, E[|T2]] < Ch?. Note that E[|T'1|] < ChA; with A; = E[Ju; — x,
Introduce: U; = E[|y:, — X¢,|]. We will bound A; by a function of U;_;. For this, recall:

.

As,; As
Qs, s P
U; = K Yt — 2a5i/ e )\e(ytifnti*l)d)‘ - \/iaSz‘ / e )\dw()‘)7
Qt; Aty Ati_y
and write the difference:
s, At
Uj — Xs; = %(yti—l - Xti—l) + 2ati / e_u(€<xuﬂ u) - ee(yti—17)\ti—1>)d)\'
ti—1 A

By the triangular inequality:
‘€(§u7 u) - E(yti—l ) )\ti—l)| < C(|Xt>\(u) - th‘,—1‘ + |Xt7t—1 - yti—l| + ‘tk(u) - ti—1|)a
and so: E[|€(Xy,u) — €(yi,_,, A, )] < C(Vh +U;_1 + h). Finally:

Qs

A; < Ui—1+Ch <\/E+Ui71+h) <Ui—1 +Ch (\/ﬁ-i— Uz;l)y

ti—1

and E[|T|] < Ch®/2? + C(h + h?)U;_,. This gives the bound:
Ui < Ch2 + (—4 4+ Ch+ Ch2)U;_;.

ti—1

Now using Theorem [C.6] the proof can now be finished following as in proof in Section[C.2.4]

C.4.2 Convergence of SEEDS-3:

Continuing with the same notations as before, we will prove by analogy that:

Ui < Ch? 4+ (-2 4 Ch+ Ch? + CR3)U;_,, (49)

Oty
so that, by Theorem |[C.6] we obtain the desired result.
Let y;, = X¢,. We have:

At
Qi RSN
Yt; = - Ytiy — 2ati/ € e<yti71’ti—1)d)‘
Qt;_y At, 1

20y, [ .
_ / e M = N, )(€(ugs, 52:) — €(y,_,,ti—1))d\ + Noise,
hire e
and 7y, = (j“ Ty, — 204, f/\)‘” e *€(Xx, \)d\ + Noise, where Noise is the same in both
ti-1 ti—1
equations. From the proof for £ = 1, it suffices to bound:
1M
I'=- e (A = Aty ) (€(uai, 52i) — €(Yr,_y tim1))dA,

1
in the L' norm. By the Lipschitz property of e:

EHF” < Ch(EHu21 — Ly, ] + Euxtwl — Lsy, ” + ]EHyti—l — Tty |]) + Ch?
< Ch(EH’U,QZ — Ty, ] + \/E—l— Ui—l) + Ch?.

Now, let us bound E[|us; — zs,,|] and for this, write

Aoy

Qs,, 20

Ui = — Y, — 205y, / e "e(yt; s tim1)dA
Qg Aty 1

Aoz U _1,52i—1) — ) ti_
—204321./ A= A,y iz S2im1) = Wiy bimn) gy g
At r1h;

i—1

7
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and

i

Ao,
g, Sy .
Ty, = —2tmy, | — 2%%/ e €(Xx, \)d\ + Noise,
t

ti—
i—1 i—1

where Noise is the same in both equations. So

Aso
Q.. s2i o~
Ui — Xsy; = ﬁ(yti—l - xti—l) - 2a527’, A e A(e(yti—latifl) - G(X)\, )‘))d)‘
i—1 t

i—1
)\521;
—2a,, / e M\ = A, )Dd),
Ati_q
where D = du?hhsz%;ih:(yti_l )
property of €, we obtain:

. From the convergence proof of SEEDS-1, and the Lipschitz

EHUQZ‘ — 1‘321” <Uj_1+ChU;—1 + Ch? + ChEHu%_l — Yti1 |]
Again, by the triangular inequality:
E[lu%*l - yti—l” < EHuQi*l - w52i—1|] + C\/E—’— Ui*h
and since

aS%_l )‘52171 N~
U2i—1 = Ty = (yti—l - Itq,—l) - 20582@'—1 € (E(XM /\) - e(yti—uti—l)d/\v

Ay Ati_q

we have, as before,
E[|u2i_1 — :ESMH S Ui—l + ChUi_l + Ch2

Combining the previous inequalities leads to (#9). This finishes the proof of Corollary §.4]

D Implementation Details

The SEEDS solvers used in our experiments are exactly the variants we described in Algorithms
[21 Bl @ in the main part of the paper. In particular, SEEDS-2 and SEEDS-3 solvers are completely
determined by one-parameter families of deterministic exponential integrators from [14]] of order 2
and 3 respectively and prescribed by the following Butcher tableaux:

0 00 0 0
AERE eloee % 0
(1 _ i) o1 o 3 | 3P13 7 55,%23 5,23
2e2) ¥ 2 ¥ ‘ p1 — %%72 0 %902

In all experiments we fix the parameter co = 0.5 for SEEDS-2 and ¢y = % for SEEDS-3. We point
out that the Butcher tableau here associated to SEEDS-3 is the result of a weakening of the stiff order
conditions so it might suffer from order reduction in the deterministic case. We also point out that a
full theory of stiff order conditions for stochastic exponential Runge-Kutta methods for semi-linear
DEs with a time-varying linear coefficient have not been yet developed to the authors knowledge. As
such, this is only an analogy whose purpose is to clarify how our solvers relate to well-known solvers
from the literature, but such Butcher tableaux do not rigorously reflect their convergence order.

D.1 Stabilization of the exponential terms

In the proposed algorithms, one subtle detail is to re-arrange all equations in order for them to make
use only of the expm1(h) function which computes ¢ — 1 with great numerical stability, specially

2R
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for small values of h. We have for values r1 = 1/3, ro = 2/3, the following identity

e2hi —ehiz; ++/ehi —1v; = ehi —1 (\/ eliz; + vi>

= expml(h;) ((expml (ZZ) + 1) Z; + ’Ui)
= expml(h;) <expm1 (2) + 1) z; + v/ expml(h;)v;.
Now by using
p2(ra—r)hi  _ 2(3-%)hi _ 25hi _ ,rohi

)

we now compute

A /62T2hi _ e’l“ghizil + eTth _ 1212

Vierzhi — 1 (\/6’”2’“41 + z?)

\/m (e% zll + zf)
= expmi(roh;)((expml(rih;) + 1)z} + 22)
= er2hi \/67"2}“7—12’3

= expmi(roh;)(expml(roh;) 4+ 1)z} .

Finally, we obtain
62hi _ 62T2hi Zzl + eQT‘th _ 67‘2}1,’, 212 + erghi _ 1273

= expml(roh;)((expml(rah;) + 1),22L + (expmi(rih;) + 1)212 + zf’)

D.2 Noise schedules parameterizations

The inverses of A(t) are given in the (VP) linear and cosine schedules respectively by

2log(e 2 +1)

by =
tk( ) \/B?nin + 2(ﬁmax - ﬂmin) 10g(€_2>‘ + 1) + Bmin ’
2(1+s) 1 _ox TS
ta(\) ——— arccos (exp( -3 log(e™2* + 1) + log cos (2<1+S))>> — .

In EDM Noise Prediction case, the inverses of A(t), as given in , with respect to the NPFO and
NRSDE are respectively given by

gd

S .
oZe—2X 1

ta(A\) = ogtan(e™) and ty(\) =

D.3 EDM discretization
We follow Karras et al. [16] to implement the EDM discretization timesteps {t; } as t; = o~ 1(0;)

such that, for p > 0,

1 i 1 1 P
OicM = O‘Ifmx + m Un"Jlin — Urﬁax and ON = 0.

20
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From the definition, we note that 09 = omax and op7—1 = Opmin, Where omin and opax denote the
minimum and maximum noise magnitude, respectively. We also keep default value p = 7 as in [16].
However, we figured out that when using EDM discretization with linear schedule, the noise schedule
improvement in iDDPM pre-trained models [26] would result in two consecutive time steps of the

same value, i.e. t; = t;; for some index j = 1,..., M — 1 and large steps (M > 61). Thus, for

el

—h—-1
SEEDS-3 and DPM-Solver-3 [22]], the usage of the function @5 (h) = — 7z (see Appendix

for more details) will cause zero division error where h = /\tj 1 /\tj = 0. Therefore, in our
implementation, we ignore the noise schedule improvement of iDDPM [26] models when using
solvers of order three.

D.4 Final sampling step

The sampling phase in DPMs using SEEDS follows the RSDE, which requires gradual computing
through discretization time steps {ti}f‘io and the latter goes from ¢ty = T to tpy = 0. In our
implementation, to avoid the logarithm of zero error at the last step, i.e. log o¢,, = log(0), we stop
the sampling phase at step (M — 1). Hence, the NFE used in a run will be given as

NFE = k x (M — 1),

where k represents the order of the solver. We also do not use the “denoising” trick, i.e., ignoring the
random noise at the last step and leave it to further research.

E Reminders on Stochastic Exponential Integrators

Let us consider a SDE of the form
dx(t) = [a(t)x(t) + c(t) f(x(¢), t)]dt + g(t)dw(t), (50)

where a,c: [0,7] — Rand g : [0,7] — R¥*<, In other words we concentrate to high-dimensional
semi-linear non autonomous SDEs with additive noise. The objective of this section is to construct
explicit stochastic exponential derivative-free methods for the above equation following the Runge-
Kutta (RK) approach. These methods ideally should fulfill the following properties:

1. If f = 0, then (50) can be solved exactly;

2. If g = 0, then a SEEDS method for ([3_0]) identifies with an exponential RK (ERK) method;

3. If a = 0, then a SEEDS method for (50) identifies with a stochastic RK (SRK) method and

if moreover g = 0 then it identifies with a classical RK ODE method.

Before tackling the aimed SEEDS problem let us rapidly recall elementary constructions of RK, ERK,
weak and strong SRK methods. We will not deal with time-adaptive methods here.

E.1 Derivative-free exponential ODE schemes

E.1.1 Runge-Kutta approach

Derivative-free schemes are obtained by comparing the 1t6-Taylor expansion of the above paragraph
with expressions of x(¢) in terms of its intermediate evaluations between s and ¢t = s + h and the
Taylor expansions of such evaluations. As a simple example, in the ODE regime

dx(t) = f(x(t), t)dt. (51)

As such, analytic solutions to the above equations are of the form
t
x(t) = x5+ [ fx(r). 7

an
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Now, Taylor expansion gives, up to order 2:

2

x(t) x(s) + hx'(s) + %x”(s) +O(r?)

() hF(e(5), 8) + o (¢ () F(x(5), ) + DL (x(5), ) + O(?)
= x(s) + A (x(s),5) o (Fx(s), 9)f(x(5), ) + D (x(s), ) + O(F).

A straightforward recursion yields a Taylor expansion

x(t) = )+ Z Lk i / / Ly f ,7)dr L
where we denote the generalized infinitesimal operator of the solution x of (5I)) by

Lt(.) - at(.) + f(X(t), t) ) ax(')'

Derivative-free methods seek to get rid of the derivatives in L; by computing Taylor expansions of f
at well-chosen points. In the explicit one-step case, this amounts of defining

R(t) =R(s) +h Y _ B(XR(s),5,h
k=1

where the ® function does not contain derivatives of f. The general high order case is given by
well-tuned coefficients in the following scheme

R(t) = R(s)+hY oif(xis+cih)
i=1
X; = Q(S)Jtha,;,jf(xj,ercjh).
j=1

By denoting @ = [a1 ... ), ¢ = [e1 ... ¢y]T and A = (a; ;), these can be represented by a Butcher

tableau of the form
cl| A

(07

In the following sections we will present extended version of this tableau for representing more
involved numerical schemes. As such, the Euler, midpoint, Heun and general second order explicit
methods are respectively:

010 0 0 0 0] 0 0 0 0 0
; 1/21/2 0 1] 1 0 c2 c2 0
0 1 12 1/2 ‘17% i

E.1.2 Exponential Runge-Kutta approach
‘We now concentrate on a non-autonomous semi-linear ODE of the form
dx(t) = [f(t)x(t) + g(x(¢), 1)]dt, (52)

where f(t) = f(t) - 1dg and g(x(t),t) = g(x(t),t) - Id4 are diagonal time-dependent matrices with
identical diagonal coefficients. In particular, we have [f(*)(t), f") (s)] = 0, a property we will need
to facilitate exponential matrix multiplications. As f(s) is a d-dimensional diagonal matrix, the
fundamental matrix for (32)), usually given by the Peano-Baker series, simplifies in this case to the

form
. [e%s) 1 t n
O(t;5) := ejsf(r)drzzgm</5 f(T)dT) ;

41
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which satisfies ®'(¢; s) = f(¢t)®(¢; s) and ®(s;s) = 1. Then the exact solution for (32) is given, via
the variation of constants formula, by

x(t) = ®(t;8) (x(s) +/ @1(T;s)g(x(7),7')d7') = O(t; 8)x(s) —|—/ O(t;7)g(x(7), 7)dT.

In light of this integral form, one can formalize a general class of

exponential n-stage RK methods

X

Yi(h, fs)x +Zaw h, fs)g(x;, s+ c;h)

j=1

X(t) = A/O h fS Z h fs XZ,S-I-Cih),

where 7o, 7;, ai;, b; are functions of the step-size h, fand f,(r fo s + 7)dr. There are two
possible approaches to create exponential integrators, namely the exponential time-differencing
(ETD) approach that uses the variation of constants formula and makes use of the ¢ functions, and
the Lawson approach, also know as integrating factor (IF), which makes a change of variables on the
above SDE thus avoiding the use of the ¢ functions but computing exponential factors step-wise.

The Lawson and the ETD approaches for Exponential Euler schemes

There are two choices one can make when computing first order approximations of

x(t) = @(t;s)x(s)—F/ O(t;7)g(x(7), 7)dT.

First, by interpolating ¢g(x(7), 7) as g(x(s), s) we obtain
x(t) = Ot s)x(s) + g(x(s), s)/ O(t;7)dr.

Now two choices remain. Either f; ®(t; 7)dr is computed exactly or we again interpolate ®(¢; 7) as
®(t; s). Taking for simplicity f = A to be constant and by denoting h = ¢ — s, the first case yields
the ETD Euler method

X(t) = ®(t;s)X(s) + (S, t,5)9(X(s), s)
eM'R(s) + hip1 (AR)g(X(s), )
X(s) + he1(Ah)[g(X(s), s) — x(s)],
and the second yields the IF Euler (also called Lawson-Euler) method
X(t) = ®(t;9)X(s) + hP(t;$)g(X(s),s)
e(X(s) + hg(X(s), ))-

Now, consider a solution
h
x(t) = ®(t;s)x(s) + / O(h;T)g(x(s+7),s + 7)dT.
0

Exponential methods then aim to approximate the term g(x(s + 7),s + 7) by its interpolation
polynomial in certain non-confluent quadrature nodes cy, . . ., c,.

The ETD approach

In this case, the variation of constants formula yields

"s+ch stch "s+ch
x(s+ch) = el a(T)dTX(S) +/ el a(r)drf(X(T)a 7)dr.

ch
— elo"atstnydr x(t) + / el a(sH)dr £ (x (s + 7), s + 7)dT.
0

Vil
https://doi.org/10.52202/075280-2978 68102



Now, as before, the Taylor expansion of f yields
q ijl -
fx(s+7),s+7) = Z(j_l),f“’ )(x(s), 5)

= !

(T—m)"" o st ) s 47 )dr
+/O (g—1)! FO(x(s + 1), +m)dn.

Recall that the ¢ functions are given in an integral form as follows

1 5k
gOk+1(t)=/ 6(176)t7d5’
1

which satisfy 5. (0) = z;. Now denote

1 ¢ t Tj_l
. — Sfa(rydr 77 .

pi(t,a) = tj/o e (jfl)!dT’ > 1.
L™ Lo

@1(}17@) = 7/ ef.,. G«(T) T’dT — / e fe a(r) ’r‘de
h Jo 0

The exact solution at s + ch now reads
q
Koke) = e HENR(s) + 3 ek gy (eh ) SO x(6), )

ch T _
+/ oS5 a(s+r)dr (/ 7(T ) ' f(q)(X(s +71),5+ Tl)ds> dry.
0 0 (q - 1)~

Using the left endpoint rule yields
h
x(t) _ efoh,a(s+r)drx(8) +f(x(s),8)/ efTha(s-&-v-)drdT_’_O(hQ)
0

= eJo TR (8) + hipy (hy @) f(x(5), 5) + O(h2).
Second order examples:

The condition by (2)ca = pa(z) implies by = a(2z)/co and we obtain
X = ex(s) + choy(chA) f(x(s), s)
x(t) e"x(s) + h <g01(hA) — 14,02(hA)) f(x(s),s) + %(pﬂhA)f(ﬁ, s+ch). (53)

A second method is obtained by weakening the above condition to b2 (0)ce = 2(0) = 1/2 giving

X = eMx(s) 4 chpi(chA) f(x(s),s)
1

x(t) = eh’Ax(s) + hp1(hA) (1 — 20) f(x(s),s) + %gpﬂhA)f(i, s+ ch). (54)

In some cases this method can suffer from order reduction and not reach order 2 of convergence.
Moreover, setting ¢ = 1/2 gives the exponential midpoint method:

X = eMx(s) 4 chpi(chA) f(x(s),s)
x(t) = eMx(s)+ ho1(hA)f(X, s+ ch). (55)
The above order 1 and 2 exponential methods are represented by the following exponential Butcher
tableaux
0
C2 | C201,2 C2 | (21,2 C2 | C291,2
71 | 01— e 2 ‘ ( - i) Q1 3=l |0 ®1

Vi%e
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We check that when formally setting A = 0 then the first two methods are identical and give the
generic 2nd order RK method, the choice ¢ = 1 gives the Heun method and the choice ¢ = 1/2 gives
the midpoint method.

Fourth order methods

It can be shown that ERK methods need at least 5 stages to achieve order 4. By setting formally
A = 0 these methods do not have a non-exponential counterpart to our knowledge.

5-stage sequential We have a fourth-order ERK scheme given by

0
% 2@1 2
5 2@1 3~ ¥23 ¥2,3
1 P14 — 2024 P24 P24
% %301,5 —2a52—a54 G52 Q52 P25 — 52
| 01— 3w + 43 0 0 —pa+4ps 4dps—8ps

with
a52 = C5P25 — P34+ C§S02,4 — C5(3,5-
This can also be represented by Rosenbrock-like Butcher tableau

0

% l<,01,2

5 | 3¥1,3 ¥2,;3

} ®1 Y2 ©2
2

%90175 as2 Qa52 i@z,s — 45,2
Y1 0 0 dpz — a2 4y — 83

with
(52 = 52,5 — C3ip3,3 + C3pa — P3.
This traduces into (recall that D; = f(x;, s + ¢;h) — f(x(s), s))

x(t) = ( ) + h(p1(RA))F(x(s), s) + h(4ps(hA) — p2(hA)) Dy
+h(4p2(hA) — 8p3(hA))Ds
Xo = x(8) 4+ cohpi(cahA)F(x(s),s)
x3 = x(8)+ hczpr(cshA)F(x(s),s) + hpa(cshA)Dsy
x(s) + ho1(RA)F (x(s), s) + hpa(hA) (D2 + Ds)
x5 = X(s)+ hp1(hA)F(x(s),s) + has2(hA)(Da + D3) + h(c2pa(cshA) — as2(hA))Dy

Insplred by this, we deduce the following fourth order Algorithm [7]specialized for DPMs in the VP
noise prediction regime.

X4

E.2 Derivative-free exponential SDE schemes

Let x; be the path at the continuous limit »~ — 0, and {?t}ig/’ be the discretized numerical path,
computed by a numerical scheme S with M = 1/h steps of length & > 0. Then, S has

1. strong order of convergence 7y if there is K > 0 such that

E[‘th\/f - §15M |] < Kh’yv (56)
2. weak order of convergence {3 if there is K > 0 and a function class /C such that
|E[¢(XtM)] - E[¢(§tM)]| < Khﬂv V(b() € K. (57

Strong convergence is concerned with the precision of the path, while the weak convergence is
with the precision of the moments. As, for diffusion models, the center of attention is the evolution
of the probability densities rather than that of the noising process of single data samples, weak
convergence is enough to guarantee the well-conditioning of our numerical schemes. Moreover,
when the diffusion coefficient vanishes, then both strong and weak convergence (with the choice
¢ = id) reduce to the usual deterministic convergence criterion for ODEs.

a4
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Algorithm 7 DPM-Solver-4

1: def DPM-Solver-4(69,itpl,ti_l,ti,r =0.5):
2: hl‘ — )\t )\t

3: 89 <t ()\t + rh; ) S3 <ty ()\ti—l + rhi)

4: 544ty ( ) , S5ty (Ati—l + rhi)

5: kl “— GQ(thil,tz 1)

6: kQ < O:;j )thi71 — 0'52( rh _ 1)’{11

7: k3 < (ij’ iti71 — 0'53( — 1)k1 — 053 (467h 2) kz,SQ kl}
8kt 1%, — oy, (h — Dky — oy, ( ) leo(ks, 53) + eo(ka, 52) — 2k1]
9: A=o, (e — 1)k — 4055 (ehT_l — 1) [k1 + €g(ka, s2) + €9 (K3, $3)]

rh 1

10: B =0y, (57— 1) ler + deg(a, 53) + deg(Ks, 53) = €o(Ka 1)
h_ erh_ _
11: C =os, (e 1+4(h2 L=sh _ 1) [—k1 — eg(ka, s2) — €g(ks, s3) + €9(Kka, $4)]
122 ks 5%, , —A-B-C
ti—1

h
13: D = Ut(eh — 1k — oy (% — 1) [469(’65,85) —eg(ka, s4) — 3k1]
h
14: E =0, (4c _hﬁ_h - 2) [k1 + €o(ka, s4) — 2€0(ks, s5)]
15: iti — a?t }Niti71 —D—-F

16:  Return xy,

E.2.1 Strong and Weak Stochastic Runge-Kutta approach

In all what follows w is considered a d-dimensional Wiener process (with identity diffusion matrix).
Consider the following SDE
dx(t) = f(x(t), )dt + g(t)dew(t),

where g(t) = g(t) - Id, is considered here as a diagonal matrix with identical diagonal entries §(t).
Given an initial value independent of w, the integral form of x(¢) is given by

x(t) / F(x(7), 7)dr + / " g(r)dw(r).

The idea underlying stochastic numerical schemes is very similar to the one used in the deterministic
approach, that is to take expansions of the terms inside the integrals based at the integral’s initial value
and replace the obtained derivatives that appear by interpolated approximations. A key difference
here is that as we have to consider It6-Taylor expansions, the infinitesimal operators are different
but most importantly most of the stochastic iterated integrals will need to be approximated in an
appropriate sense, whenever that is possible. We will develop this expansion up to triple integrals.

E.2.2 Truncated It6-Taylor expansions

Applying 1t6 formula to h = f or g yields

h(x(t),t) = h(X(S)78)+/ g(7) - Oxh(x(7), 7)dw(7)

+ /a (@h(x(T),T) + f(x(7),7) - Oxh(x(T),T) + g ;T) aizh(X(T),T>) dr.

This allows us to define two differential operators L, G as

2
L = 0+ f(x(t),t) 0x + 2 Q(t)ﬂi (58)

Gy = gt) O (59)

ViR
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In particular L;g(t) = 9;g(t) and G;g(t) = 0. With this notation, we have

hx(),t) = h(x(s),s)+ / Loh(x(r), 7)dr + / Guh(x(r), 7)dw(r)

so our solution reads

x) = x()+ [ fxtr)man + [ gtmastn)
= xo)+ [ t <f<x<t>,t> + 7 Lt i+ [ th(xvzm)dw(m)) ar,

—|—/ (g(t) + /T1 Lig(ms)dme + /T Gtg(TQ)dw(T2)> dw(r)
= x(s) + f(x(s), s)h + g(t)(w(t) — w(s)) + Ri.
Now Gig(m2) = 0 and

g(s) + /T1 Lig(r2)dme = g(s / Org(To)dme = g(s) + g(11) — g(s) = g(m1).

So we have

[ (54 [ pigtiars+ [ Gugtriautr) ) dotm) = o(6)w) - wl9),
and now our solution reads

x(t) = x(s) + f(x(s), s)h + g(s)(w(t) — w(s)) + R,

where

R = /: /Sﬁ Ltf(X(Tz),TQ)dTQdTl-l-/st /STI G f (x(1), 72)dw(T2)dr .
Now we have
Fx(0).1)
= Luf(x(s)s) + / 0(x(7),7) - DL f (), 7)do(r)

g*(x(7),7)
2

9L f(x (x(7),7) - OxLe f(x(7),7) +

= L. f(x(s),s)+ / J(x( d7‘+/ GiLy f(x(7), 7)dw(T),

and
Gif(x(t),t)
— Gif(x(s).5) + / (7). 7) - G (x(7), 7)) +
8, f (x (x(7),7) - DG f(x(7), 7) + gz(x(;) )asztf( (T),T)> ar

— Guf(x(s),s) + /Lthf dT+/G2

Now, if we denote dw®(7) = d7, dw'(7) = dw(7) and

I(i)*/ w' I(za)*/ / dw’(r9)dw'(m) 1,5 €{0,1},
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applying the same procedure to R; leads to

Ry
= /st /STl L f(x(72), 72)dm2dm + /st /:1 G f(x(72), 2)dw(72)dT1
= /St /ST1 {Ltf(x(t),t) + /:2 L} f(x(73), 73)d73 + /:2 GtLtf(X(Ts),Tz)dw(T?a)] drom
w [ [ e+ [T e mar+ [ 6t mtetr)] dutrmian

= L f(x(t), // drdr + Gy f(x // dw(rs)dm
” // / LEf(x(73),75) dT&dTQdTl—'—// / GiLy f(x(73), 73)dw(73)dm2dT

+ /S/S /S LGy f (x(73), 73)dr3dw(72)dm

| t [ ). matmiurin

= Lif(x(s),8) 0,0y + Ge f(x(5),8)L0,1) + L7 f(x(s), $)10,0,0) + Gt Lt f(x(5),5)1(0,0,1)
+ LG f(x(s), ) (0,1,0) + G7 f (x(s), 8)I(1,1,0) + Ra,
and with Ry consisting on quadruple integrals. As such, our solution now reads
x(t) = x(s)+ F(x(s), 8)h+ g(s)(w(t) — w(s)) + Lef (x(s), $)L(0,0) + Gef (x(s), 8) 0,1)
+L7 f(x(5), 5)L(0,0,0) + G Lt f(x(5), 5)I(0,0,1)
+ LG f(x(s),8)1(0,1,0) + GF f(%(5), ) [(1,1,0) + Ra.

Now, in the SDE regime, one cannot get rid of the iterated Itd integral and so stochastic RK methods
cannot be derived as simple extensions of their deterministic counterparts. In order to continue we
now take into account the fact that the diffusion SDE has additive and diagonal noise. In this case,
both the Itd and the Stratonovich SDE coincide.

Iterated integrals

3

Now, for simplicity, set t = 0. We then have I(g) = h, I(g,0) = fo Jo ! dredr = B T = 2.
Now notice that

I(l) = whNN(O h)
: h
Iy = Z2n —/ / dw(ms dTl_nh—{I;oﬁz;z;%’ ej~N<O,n>.
i=0 j

Additionally, @y, and 2, satisfy E[w?] = h,

h 2
E[(wrh — 2,)%] = E (/0 wa(7)> :%h?’

E lAh/othW(T) /Oh TdT‘| = %hQ

1
E[22] = E[(wnh — 24)? — h2W} + 2habn 2] = §h3.

=E

E[wp, 2]

E.2.3 Integral approximations

Weak Approximations

a7
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When crafting weak stochastic approximations to SDEs one may replace multiple It6 integrals by

other random variables satisfying the corresponding moment conditions. We will denote I, the
approximation of I, for o a multi-index following [17, Corollary 5.12.1]. Of course, the deterministic
integrals /(o ... o) need not to be approximated.

First order approximations

The random variable 1, (1) must satisfy for some constant K:
Bl + [E[(L)*)| + [E[(L))® = h]| < Kh®

Two possible choices for I (1) are either I (1) ~ N(0,h) or I (1) is a two-pointed distributed discrete

random variable with ]
P|fa) = VA = 3.

Second order approximations

The random variable ] (1) must satisfy for some constant K:

B[] + [E[(10))?]| + [E[(F0))°]] + [E[({1))* = h]| + [E[((1))* — 3h%]| < Kh*.
Two possible choices for I (1) are either I (1) ~ N(0, h) or I (1) is a three-pointed distributed random
variable with 5

) 1
Plioy=+V3h] =, Pllg=0=3.

The rest follows from the above calculations:

. 1 . ,

I(O,l) = §hl(1), 120,1.
Third order approximations

One can choose I(1) ~ N(0,h), Ig.1y ~ N (0, $h?) satisfying Ell1)l01)] = L1h2.

Then, one can deduce the following:

Ia00) = To,10) = l001) = éth(l)
j(0,1,1) = f(1,0,1) = f(l,LO) = éh(j(zl) —h).
Thus, we can write the solution weak approximation as
x(t) = x(s)+ Fx(s). )+ 9(s) )+ Lif (x(s),9) e + Ry
4G F (). ) o)+ LEF(x(). )% 4 GuLof(x(s). )20
+ LGy f (x(s), s)éth(l) + G2 f(x(s), s)éh(fa) —h). (60)

An example of such a pair (I, (1) I (0,1)) = (n, 2,) can be easily obtained as follows

i vVh 0 u iid.
{2:] = [h\/ﬁ M}[U;}’ ur,up ~ N(0,1).
Indeed, for such a pair we have

2 2V3
(2 ]im ] <[4 F)

In light of the above expression, the truncated Taylor expansions we refer in the main part of the
paper consists on the consideration of only the coefficients in L¥. The only noise noise contribution

we will consider corresponds to g(s)I (1)-

oo T,

4R
https://doi.org/10.52202/075280-2978 68108



F Experiment Details

We evaluate the Fréchet inception distance (FID) after generating 50K samples with each solver,
and compare with the statistics of real-data. In our experiments we make use of the code from [[16]
for continuously trained models as well as their reference FID statsE] and that of [22] for discretely
trained models.

All the experiments of SEEDS for continuous-time models are parameterized within the EDM
framework with the discretization of type EDM, linear schedule, and scaling none as described on
[L6] in noise prediction mode unless explicitly stated. We use the SEEDS-3 method that has 3 NFEs
per step and fixed step-size and report FID scores at NFEs divisible by 3.

We leverage the explicit Langevin-like “churn” trick using in [[16] to add or remove noise in the
sampling phase. Specifically, [[16] uses 4 hyper-parameters Schum, Smin, Smax and Shoise in Which
Schurm controls the overall amount of stochasticity added before giving the input to the SEEDS-3
method when the noise level (or time step in EDM configuration) ¢; is contained in the noise interval
[Smins Smax]- It means that the EDM proposed sampler is stochastic under some conditions of those
hyper-parameters and deterministic otherwise, while our method is completely stochastic. In our
experiments, we set Scpym = 0 except for ImageNet-64 EDM optimized model. We noticed that using
the additional stochasticity indeed helps to improve the image quality as in Fig. (1| (c). Moreover,
setting Sheise slightly above 1 might correct the errors in earlier steps more effectively as indicated in
[16]

F.1 Pre-trained model specifications

For producing the CIFAR-10 time-continuous results in Table|l| we use the VP DDPM++ continuous
architecture. These models are publicly available in conditional’| and unconditionalf| versions and
were directly derived from [34] under the Apache 2.0 license. On the unconditional mode (Figure
[[] (a-b)), we first generate the FID curves of 3 types of DPM-Solver (with orders 1, 2 and 3) using
the updates from their official implementatiorﬂ in noise prediction mode. Taking profit of the tuning
advancements proposed by [16], we used a linear noise schedule with 53 = 19.1 and By, = 0.1 that
slightly differs from the original parameters from [34] but were proven beneficial. We set the end
time of sampling ¢ to le-4 as recommended by [22, Appendix D.2]. The values of all benchmark
models for Figure[I] (b) were taken directly from tables provided by [22]].

In our FFHQ-64 experiments, we employ the unconditional VP pretrainecﬂ model provided by [16].

For the CelebA-64 experiments, we use the pre-trained VP unconditional model whose checkpoinﬂ
is provided by [33]]. We use the Type-1 discretization proposed in [22]] to ensure compatibility of our
method with the prescribed trained steps of such model.

For ImageNet-64, we both use the baseline and the optimized pre-trained models given in [[16]. We
note that the baseline is trained on the iDDPM class of model [26], which actually uses different
preconditioning and thus the change of variables compared to the optimized model. The Figure T]
(c) was obtained using the EDM-preconditioned checkpoinﬂ The added noise settings of SEEDS-3
solver were not subject to a grid-search optimization procedure. The chosen hyper-parameters
were Schurn = 11, Snoise = 1.003, Smin = 0.05, and S,,.x = 15 but we are confident that this
configuration can be optimized to further improve our results.

"https://nvlabs-fi-cdn.nvidia.com/edm/fid-refs/
*https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/
baseline-cifar10-32x32-cond-vp.pkl
“https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/
baseline-cifar10-32x32-uncond-vp.pkl
>https://github.com/LuChengTHU/dpm-solver
*https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/
baseline-ffhqg-64x64-uncond-vp.pkl
'https://drive.google.com/file/d/1R_H-fJYXSH79wfSKs9D- fuKQVan5L-GR/view?usp=
sharing
*https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/edm-imagenet-64x64-cond-adm.pkl
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https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/baseline-cifar10-32x32-uncond-vp.pkl
https://github.com/LuChengTHU/dpm-solver
https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/baseline-ffhq-64x64-uncond-vp.pkl
https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/baseline/baseline-ffhq-64x64-uncond-vp.pkl
https://drive.google.com/file/d/1R_H-fJYXSH79wfSKs9D-fuKQVan5L-GR/view?usp=sharing
https://drive.google.com/file/d/1R_H-fJYXSH79wfSKs9D-fuKQVan5L-GR/view?usp=sharing
https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/edm-imagenet-64x64-cond-adm.pkl

F.2 Noise vs. Data Prediction approaches

In Appendix B of [23]], the authors compare DPM-Solver2 and DPM-Solver++(2S), which amounts
on comparing in our framework the difference between the obtained exponential integrators for the
PFO in the noise and data prediction regimes to detect exactly a coefficient on the non-linear term
that is absent in the noise prediction regime. The term they find corresponds exactly to the difference
between applying the variation of constants formula before (instead of after) replacing the score
function with the desired neural network. In Tab. [3] we report both data and noise prediction SEEDS-3.
At low NFEs the DP approach gives better results but stabilizes in high NFEs at a FID score that is
worse than the one the NP approach reaches.

Table 3: Comparison between noise prediction Fy ; and data prediction Dy ; modes of SEEDS-3 on
CIFAR-10 (VP uncond. cont.).

METHOD \ NFE 9 30 60 90 150 165 180

SEEDS-3 DATA PREDICTION 60.75 2242 1247 295 251 254 255
SEEDS-3 NOISE PREDICTION  471.29 288.20 33.92 3.76 240 2.39 247

F.3 Low vs. High stage Solvers

Similar to DPM-Solver [22], the FID scores in Tab. [ and [5|show that at low NFEs, higher stage
methods performs more poorly while at higher NFEs, DPM-Solver-3 and SEEDS-3 are better than
their counterparts with 1 and 2 stages.

Table 4: FID comparison between SEEDS (Ours) and DPM-Solver for low NFEs on CIFAR-10 VP
uncond. discrete. We recomputed the DPM-Solver score using the "non-deep" model while [22]
reports results for the "deep" architecture. The symbol * is used when using 1 NFE more and * when
using 1 NFE less because the given NFE cannot be divided by 2 or 3. This corresponds to FigurelT]

(a).
METHOD \ NFE 10 12 15 20 30 40 50 100
DPM-SOLVER-1 2290 17.73 13.36 9.78 6.87 5.77 517  4.22
DPM-SOLVER-2 12.22 6.52 *4.55 - 3.75 3.68 3.64  3.60
DPM-SOLVER-3  166.92 9.72 5.32 *3.83 3.66 - *3.61 T'3.58
SEEDS-1 303.48 239.79  279.84  192.68  84.78 45.26  28.18  8.24
SEEDS-2 481.09 473.48 *430.98  305.88 223.01 51.41  11.10  3.19
SEEDS-3 T483.04 482.19  479.63 *462.61 280.48 124744 *62.62 13.53

Table 5: FID comparison between SEEDS (Ours) and DPM-Solver for high NFEs on CIFAR-10 VP
uncond. discrete. We recomputed the DPM-Solver score using the "non-deep" model while [22]
reports results for the "deep" architecture. The symbol * is used when using 1 NFE more because the
given NFE cannot be divided by 2 or 3. This corresponds to Figure|l|(a).

METHOD \ NFE 150 200 300 510

DPM-SOLVER-3 3.59 *3.58 - 3.58

SEEDS-1 - 4.07 3.40 -

SEEDS-3 3.12 *3.08 3.14 3.24
a0
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Table 6: FID comparison between SEEDS-3 (Ours) and other solvers on CIFAR-10 VP unconditional
discrete. The symbol * is used when using 1 NFE more and ' when using 1 NFE less because the
given NFE cannot be divided by 2 or 3. This corresponds to Figure|l|(b).

METHOD \ NFE 10 12 15 20 50 200 1000
EULER-MARUYAMA 278.67 246.29 197.63 137.34 32.63 4.03 3.16
ANALYTIC DDPM 35.03 27.69 20.82 15.35 7.34 4.11 3.84
ANALYTIC DDIM 14.74 11.68 9.16 7.20 4.28 3.60 3.86
DDIM 13.58 11.02 8.92 6.94 4.73 4.07 3.95
DPM-SOLVER-3 16.92 9.72 5.32 *3.83  *3.61 *3.58 -
SEEDS-3 1483.04 482.19 479.63 *462.61 *62.62 *3.08 -

F.4 Deterministic vs. Stochastic Solvers

Deterministic solvers as DPM-Solver [22] are fast and well-adapted to applications in which speed is
the most concern. As shown in [22], Table 4 and [5] DPM-Solver converges to a local minimum at
early steps and cannot be improved in large NFEs. Moreover, preconditioned deterministic solver
in EDM gives optimal quality on unconditional CIFAR-10 [16} Fig. 5 (b)]. However, for more
complicated datasets as ImageNet64, the stochasticity indeed helps improve the samples quality [[16]
Fig. 5 (c)]. We can consider the random noise as a corrector that approaches a better local or even
global minimum. At S¢pym = 0, our SEEDS-3 with stochasticity gives lower FID score than EDM
deterministic Heun (see Fig. [T](c)). SEEDS-3 also reaches the best quality prior to the number steps
needed in Euler Maruyama and other solvers as in Table[6] Table[7]completes the analysis in Table
for CIFAR-10 showing FID scores for varying NFEs and multiple versions of the EDM solver,
depending on the chosen optimization hyper-parameters. Tables [§|to[I0] complete the findings in
Table|l|for the remaining used pretrained models. In particular, we report the exact FID values of
SEEDS in the low NFE regime.

Table 7: FID comparison of different solvers on CIFAR-10-uncond-vp-continuous. The symbol * is
used when using 1 NFE more and T when using 1 NFE less because the given NFE cannot be divided
by 2 or 3. This corresponds to Figure[I](b). All values for EDM are retrieved from the Latex source
file SdePlotNfe.tex in the arXiv version of [[16].

METHOD \ NFE 30 48 63 126 165 180 511
GOTTAGOFAST - 82.42 - - 275 244 -
EDM (Scuury = 0) *3.10 12.99 2.94 *2.98 - - 2.93
EDM (Stvintmax + Snoise = 1) *3.44 12.89 2.77 2.72 - - 2.69
EDM (Sxoise = 1) *3.99 13.13 2.90 2.60 - - 2.55
EDM (Stum,mvax = [0, 00]) *3.43 12.87 2.71 2.52 - - 2.54
EDM (OPTIMIZED) *3.77 13.08 2.84 2.47 - - 2.27
DPM-SOLVER (NON-DEEP) 2.95 2.90 2.89 - - - -
SEEDS (Scuury = 0) *288.20  90.25 33.91 245 239 247 -

F.5 Run-time Comparison

As a sanity check, we provide a run-time comparison table for our experiments on different datasets
(see Tab. @ One can see that the run-time is linear with respect to the NFE also for SEEDS, as the
main advantage of the SETD method is to analytically compute the stochastic components in our
solver, making their computation cost negligible. Some mild improvements about repetitive terms
allowed our implementation of SEEDS to be slightly more effective than EDM and even DPM-Solver
at same NFE.
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Table 8: FID comparison of different solvers on CelebA 64x64 discrete. The symbol * is used when
using 1 NFE more and T when using 1 NFE less because the given NFE cannot be divided by 2 or 3.

METHOD \ NFE 9 12 15 21 51 60 90 102 200
E-M *310.22 227.16 207.97 T120.44 129.25 - - - 3.90
AN.-DDPM *28.99 2527 21.80 f18.14 f11.23 - - - 651
AN.-DDIM *15.62  13.90 12.29  T10.45  16.13 - - - 3.46
DDIM *10.85 9.99 7.78 t6.64 1523 - - - 478
DPM-SOLVER 6.92 4.20 3.05 2.82 2.72 - - - -

SEEDS 460.87 374.48 301.66 261.87 3.84 6.58 1.88 1.97 -

Table 9: SEEDS-3 on CIFAR-10-cond-vp-continuous (using the baseline model in [[16]).

METHOD \ NFE 15 21 30 60 9 120 129 150 165 180
SEEDS 239.2 167.5 131.1 25.06 3.19 2.17 2.08 2.15 2.16 2.19

F.6 Hardware configuration

During the experiments, we used three Linux-based servers with 60GB memory each and 4 GPUs
NVIDIA V100 32GB, 4 GPUs NVIDIA V100 16GB, and 2 GPUs NVIDIA V100 32GB, respectively.
Table[12] shows the detail of the configuration utilized for each experiment. We noted that when using
the 4 GPUs configuration, the FID results were slightly lower (around 2%), even after using a stacked
fixed random seed. We run the experiments multiple times and reported the minimum FID value each
time.

F.7 Licences
Pre-trained models:

* CIFAR-10 models by [34]]: Apache V2.0 license

» FFHQ-64 model by [16]: Creative Commons Attribution-NonCommercial-ShareAlike 4.0
International License.

CelebA-64 model by [33]]: Apache V2.0 license
* ImageNet-64 model by [16]: Apache V2.0 license
* Inception-v3 model by [35]]: Apache V2.0 license

F.8 Supporting samples

In this subsection, we report the image grids supporting our claims in section 3}
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Table 10: Tailored SEEDS-3 for the EDM-preconditioned pretrained model [16] on ImageNet 64x64.

METHOD \ NFE 12 15 21 51 102 201 270
SEEDS 209.12  197.79 153.72 63.75 16.35 1.56 1.38

Table 11: Run-time comparison (second/batch + std) on a single NVIDIA V100 of EDM, DPM-
Solver and SEEDS. Discretely-trained models are run with the implementation based on the code
from [22]]. Continuously-trained models are run using the code from [16]].

METHOD \ NFE 9 21 51 90
CIFAR-10 32x32 CONTINUOUS (BATCH SIZE = 128)

EDM 2.096(£0.003) 4.891(40.004) 11.592(%0.019) 21.213(£0.009)
DPM-SOLVER 2.099(£0.002) 4.871(4+0.004) 11.841(%0.014) 20.888(£0.020)
SEEDS 2.086(£0.002) 4.867(4+0.003) 11.817(£0.006) 20.896(£0.028)
FFHQ 64 <64 CONTINUOUS (BATCH SIZE = 128)

EDM 4.361(£0.005) 10.179(£0.005) 24.738(£0.018) 44.145(£0.016)
DPM-SOLVER 4.344(£0.005) 10.148(+0.009) 24.637(£0.007) 43.526(£0.029)
SEEDS 4.353(£0.003) 10.157(£0.004) 24.661(£0.011) 43.537(£0.013)
IMAGENET 64 <64 CONTINUOUS (BATCH SIZE = 128)

EDM 7.525(£0.007) 17.579(%0.004) 42.696(£0.010) 76.175(£0.024)
DPM-SOLVER 7.535(£0.048) 17.556(+0.009) 42.629(£0.018) 75.222(£0.026)
SEEDS 7.429(£0.006) 17.572(+0.013) 42.654(£0.014) 75.245(£0.034)

CIFAR-10 32x32 DISCRETE (BATCH SIZE = 128)
DPM-SOLVER 0.272(£0.004) 0.529(£0.007) 1.324(£0.007) 2.632(£0.004)
SEEDS 0.261(£0.002) 0.523(£0.002) 1.299(£0.003) 2.598(£0.003)

CELEBA 64 x64 DISCRETE (BATCH SIZE = 128)
DPM-SOLVER 0.936(£0.004) 1.812(£0.003) 4.558(£0.008) 9.108(£0.008)
SEEDS 0.912(£0.002) 1.808(%+0.004) 4.526(40.002) 9.033(£0.004)

LSUN-BEDROOM 256 %256 DISCRETE (BATCH SIZE = 32)
DPM-SOLVER 5.566(+0.019) 11.124(+0.018) 27.815(£0.031)  55.648(+0.021)

SEEDS 5.498(+0.008) 11.001(£0.022) 27.503(x£0.029) 54.842(£0.020)
LDM-CELEBAHQ 256 X256 (BATCH SIZE = 64)

DPM-SOLVER 8.648(£0.013) 17.492(£0.013) 39.569(£0.015) 68.205(£0.017)
SEEDS 8.652(£0.005) 17.469(£0.010) 39.524(£0.010) 68.240(£0.026)

STABLE DIFFUSION 512x512 (BATCH SIZE = 16)
DPM-SOLVER 19.598(40.070) 40.679(4+0.107) 92.914(4+0.079) 163.902(+0.116)
SEEDS 19.656(£0.106) 40.781(+0.136) 93.409(£0.123) 161.451(4+0.518)

Table 12: Details of GPUs utilized during the experiments.

EXPERIMENT MODEL NUMBER GPU Si1ZE

CIFAR-10 CONTINUOUS NVIDIA V100 4 16 GB

CIFAR-10 DISCRETE NvIDIA V100 2 32 GB

FFHQ64 NviIDIA V100 4 16 GB

CELEBAG64 NvIDIA A100 2 16 GB

IMAGENET64 NvIDIA V100 4 32 GB
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NFE=9 NFE=21 NFE=30 NFE=90 NFE=129 NFE=165

Figure 4: Samples on CIFAR-10 from low to high NFEs by SEEDS-3 in Noise Prediction (NP)
and Data Prediction (DP) modes, using conditional VP continuous baseline model [16].

NFE=9 NFE=21 NFE=30 NFE=90 NFE=129 NFE=165

Figure 5: Samples on CIFAR-10 from low to high NFEs by SEEDS-3 in Noise Prediction (NP)
and Data Prediction (DP) modes, using unconditional VP continuous baseline model [16].

sS4
https://doi.org/10.52202/075280-2978 68114



SEEDS-3

DPM-Solver-3

NFE=9 NFE=21 NFE=30 NFE=60 NFE=90 NFE=150

Figure 6: Samples on CelebA-64 from low to high NFEs by SEEDS-3 and DPM-Solver-3, using
pre-trained model from [33]).

NFE=9 NFE=21 NFE=30 NFE=60 NFE=90 NFE=150

Figure 7: Samples on FFHQ-64 from low to high NFEs by SEEDS-3 in Noise Prediction (NP)
and Data Prediction (DP) modes, using unconditional VP continuous baseline model [16].
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NFE=30 NFE=60 NFE=90 NFE=150 NFE=210 NFE=270

Figure 8: Samples on ImageNet-64 from low to high NFEs in Noise Prediction (NP) and Data
Prediction (DP) modes, using conditional EDM optimized model [16].

NFE=30 NFE=60 NFE=90 NFE=150 NFE=210 NFE=270

Figure 9: Samples on ImageNet-64 from low to high NFEs in Noise Prediction (NP) and Data
Prediction (DP) modes, using conditional EDM baseline model [16].

SA
https://doi.org/10.52202/075280-2978 68116



|
s
— s ™!

V<
L2

_ q‘;;"“(”

f

(SO
Y XK
G lw_

i Sy
— e
i

EW
J . |

-
-
"4

Figure 10: Example of samples on CelebA-64 generated by SEEDS-3 in 90 NFEs, using pre-trained
model from [33]].

(a) DPM-Solver-3 at 44 NFE. (b) SEEDS-3 at 201 NFE.

Figure 11: Visual sample quality comparison between DPM-Solver-3 and SEEDS-3 using their
optimal settings and unconditional CIFAR-10 discrete model [34].
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(a) DPM-Solver-3 at 80 NFE. (b) EDM at 80 NFE. (c) SEEDS-3 at 150 NFE.

Figure 12: Visual sample quality comparison between DPM-Solver-3, EDM and SEEDS-3 using
their optimal settings and unconditional VP FFHQ-64 continuous model [16].

(a) DPM-Solver-3 at 30 NFE. (b) EDM at 90 NFE. (c) SEEDS-3 at 150 NFE.

Figure 13: Visual sample quality comparison between DPM-Solver-3, EDM and SEEDS-3 using
their optimal settings and conditional VP CIFAR-10 baseline continuous model [16]].
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Figure 14: Example of samples on LSUN-Bedroom-256 by SEEDS-3 in 201 NFEs, using pre-trained
model from [8§].
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Figure 15: StableDiffusion-512 x 512 by SEEDS-1 with prompt “High quality photo of an astronaut
riding a horse in space” and NFE = 90.
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