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Abstract

Neuro-Symbolic (NeSy) predictive models hold the promise of improved compli-
ance with given constraints, systematic generalization, and interpretability, as they
allow to infer labels that are consistent with some prior knowledge by reasoning
over high-level concepts extracted from sub-symbolic inputs. It was recently shown
that NeSy predictors are affected by reasoning shortcuts: they can attain high accu-
racy but by leveraging concepts with unintended semantics, thus coming short of
their promised advantages. Yet, a systematic characterization of reasoning shortcuts
and of potential mitigation strategies is missing. This work fills this gap by charac-
terizing them as unintended optima of the learning objective and identifying four
key conditions behind their occurrence. Based on this, we derive several natural
mitigation strategies, and analyze their efficacy both theoretically and empirically.
Our analysis shows reasoning shortcuts are difficult to deal with, casting doubts on
the trustworthiness and interpretability of existing NeSy solutions.

1 Introduction

Neuro-Symbolic (NeSy) Al aims at improving the robustness and trustworthiness of neural networks
by integrating them with reasoning capabilities and prior knowledge [1, 2]. We focus on NeSy
predictors [3, 4], neural structured-output classifiers that infer one or more labels by reasoning over
high-level concepts extracted from sub-symbolic inputs, like images or text [5, 6, 7, 8, 9, 10, 11].
They leverage reasoning techniques to encourage — or even guarantee — that their predictions comply
with domain-specific regulations and inference rules. As such, they hold the promise of improved
systematic generalization, modularity, and interpretability, in that learned concepts can be readily
reused in different NeSy tasks, as done for verification [12], and for explaining the model’s inference
process to stakeholders [13, 14, 15]. On paper, this makes NeSy predictors ideal for high-stakes
applications that require both transparency and fine-grained control over the model’s (in- and out-of-
distribution) behavior, such as medical diagnosis [16], robotics [17] and self-driving cars [18].

Much of the promise of these models relies on learned concepts being high quality. The general
consensus is that the prior knowledge constrains learned concepts to behave as expected [19] and
issues with them are often tackled heuristically [20]. It was recently shown that, however, NeSy
predictors can attain high accuracy by leveraging concepts with unintended semantics [21]. Following
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Figure 1: Reasoning shortcuts undermine trustworthiness. An autonomous vehicle has to decide
whether to Y = stop or Y = go based on three binary concepts extracted from an image x, namely
Cy = red light, Cy = green light and C3 = presence of pedestrians (shown in pink). Left:
In Task 1, the prior knowledge K = (pedestrian V red = stop) instructs the vehicle to stop
whenever the light is red or there are pedestrians on the road. The model can perfectly classify an
(even exhaustive) training set by acquiring a reasoning shortcut that classifies pedestrians as red lights.
Right: The learned concepts are then reused to guide an autonomous ambulance with the additional
rule that in emergency situations red lights can be ignored, with potentially dire consequences. Our
work identifies the causes of RSs (Section 4) and several mitigation strategies (Section 5).

Marconato et al. [21], we refer to these as reasoning shortcuts (RSs). RSs are problematic, as concepts
encoding unintended semantics compromise generalization across NeSy tasks, as shown in Fig. 1, as
well as interpretability and verification of NeSy systems [12]. Moreover, the only known mitigation
strategies are based on heuristics [20, 11].

The issue is that RSs — and their root causes — are not well understood, making it difficult to design
effective remedies. In this paper, we fill this gap. We introduce a formal definition of RSs and
theoretically characterize their properties, highlighting how they are a general phenomenon affecting
a variety of state-of-the-art NeSy predictors. Specifically, our results show that RSs can be shared
across many NeSy architectures, and provide a way of counting them for any given learning problem.
They also show that RSs depend on four key factors, namely the structure of the prior knowledge and
of the data, the learning objective, and the architecture of the neural concept extractor. This enables
us to identify several supervised and unsupervised mitigation strategies, which we systematically
analyze both theoretically and empirically. Finally, we experimentally validate our findings by testing
a number of representative NeSy predictors and mitigation strategies on four NeSy data sets.

Contributions. Summarizing, we: (i) Formalize RSs and identify four key root causes. (if) Show that
RSs are a general issue impacting a variety of NeSy predictors. (iii) Identify a number of mitigation
strategies and analyze their effectiveness, or lack thereof. (iv) Empirically show that RSs arise even
when the data set is large and unbiased, and evaluate the efficacy of different mitigation strategies,
highlighting the limits of unsupervised remedies and the lack of a widely applicable recipe.

2 The Family of Neuro-Symbolic Predictors

Notation. Throughout, we indicate scalar constants z in lower-case, random variables X in upper
case, and ordered sets of constants x and random variables X in bold typeface. Also, x;.; denotes the
subset {z;,...,z;}, [n] the set {1,...,n}, and x |= K indicates that x satisfies a logical formula K.

NeSy predictors. A NeSy predictor is a model that infers n labels Y (taking values in ))) by
reasoning over a set of k discrete concepts C (taking values in C) extracted from a sub-symbolic
continous input X (taking values in X'). Reasoning can be implemented in different ways, but overall
its role is to encourage the model’s predictions to comply with given prior knowledge K, in the sense
that predictions y that do not satisfy the knowledge are generally avoided. The prior knowledge K is
assumed to be provided upfront and correct, as formalized in Section 3. Normally, only supervision
on the labels Y is available for training, with the concepts C treated as latent variables.

Example 1. /n MNIST-Addition [7], given a pair of MNIST images [22], say x = (B, B), the

model has to infer the concepts C = (C1, C2) encoding the digit classes, to predict their sumY, in
this case 8. Reasoning drives the model towards complying with constraint K = (Y = C1 + C).

The concepts are modeled by a conditional distribution py(C | X) parameterized by 6 € ©, typically

implemented with a neural network. The predicted concepts can be viewed as “soft” or “neural”
predicates with a truth value ranging in [0, 1]. As for the reasoning step, the most popular strategies
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involve penalizing the model for producing concepts and/or labels inconsistent with the knowledge
at training time [8, 23, 24] or introducing a reasoning layer that infers labels from the predicted
concepts and also operates at inference time [7, 9, 25, 10]. In either case, end-to-end training requires
to differentiate through the knowledge. Mainstream options include softening the knowledge using
fuzzy logic [26, 6, 27, 11] and casting reasoning in terms of probabilistic logics [28, 7, 10].

To investigate the scope and impact of RSs, we consider three representative NeSy predictors. The
first one is DeepProbLog (DPL) [7], which implements a sound probabilistic-logic reasoning layer
on top of the neural predicates. DPL is a discriminative predictor of the form [21]:

po(y | x:K) =3 cuk(y | ¢) - po(c| %) Q)
where the concept distribution is fully factorized and the label distribution is uniform' over
all label-concept combinations compatible with the knowledge, that is, uk(y | ¢) =

1{c = K[Y/y]} /Z(c; K) where the indicator 1{c = K[Y /y]} guarantees all labels inconsistent
with K have zero probability, and Z(c; K) = >_ 1{c |= K[Y/y]} is a normalizing constant. Infer-
ence amounts to computing a most likely label argmax, py(y | x; K), while learning is carried out
via maximum (log-)likelihood estimation, that is given a training set D = {(x,y)}, maximizing

L(ps, D, K) := 157 X xeyyen l0gpo(y | x:K). )

In general, it is intractable to evaluate Eq. (1) and solve inference exactly. DPL leverages knowledge
compilation [29, 30] to make both steps practical.

Our analysis on DPL can be carried over to other NeSy predictors implementing analogous reasoning
layers [31, 32, 33, 10, 34]. Furthermore, we show that certain RSs affect also alternative NeSy
approaches such as the Semantic Loss (SL) [8] and Logic Tensor Networks (LTNs) [6], two state-
of-the-art penalty-based approaches. Both reward a neural network for predicting labels y consistent
with the knowledge, but SL measures consistency in probabilistic terms, while LTNs use fuzzy logic
to measure a fuzzy degree of knowledge satisfaction. See Appendix A for a full description.

3 Reasoning Shortcuts as Unintended Optima

It was recently shown that NeSy predictors are vulnerable to reasoning shortcuts (RSs), whereby the
model attains high accuracy by leveraging concepts with unintended semantics [21].

Example 2. To build intuition, consider MNIST-Addition and assume the model is trained on
examples of only two sums: + M = 1and W + B = 2. Note that there exist two distinct
maps from images to concepts that perfectly classify such examples: one is the intended solution
(@~ 0, — 1,8 — 2), while the other is (@ — 1,8 — 0,B — 1). The latter is unintended.

what a RS is, we have to first define what non-shortcut solutions are.

The ground-truth data generating process. In order to properly define
In line with work on causal representation learning [35, 36, 37], we do ;

so by specifying the ground-truth data generation process p*(X, Y; K).
Specifically, we assume it takes the form illustrated in Fig. 2. In short, @
we assume there exist k£ unobserved ground-truth concepts G (e.g., in
MNIST-Addition these are the digits O to 9) that determine both the
observations X (the MNIST images) and the labels Y (the sum). We also

allow for extra stylistic factors S, independent from G, that do influence

the observed data (e.g., calligraphic style) but not the labels. The ground- Figure 2: The ground-
truth concepts are discrete and range in G = [my] X - - x [my], whereas  truth data generation pro-
the style s € R? is continuous. The training and test examples (x,y) are cess (in black) and a
then obtained by first sampling g and s and then x ~ p*(X | g,s) and NeSy predictor (in blue).
y ~ p*(Y | g; K). Later on, we will use supp(G) to denote the support

of p*(G). We also assume that the ground-truth process is consistent with the prior knowledge K, in
the sense that invalid examples are never generated: p*(y | g; K) = 0 for all (g, y) that violate K.

What is a reasoning shortcut? By definition, a NeSy predictor pg(Y | X; K) — shown in blue in
Fig. 2 — acquires concepts with the correct semantics if it recovers the ground-truth concepts, i.e.,

po(C|x)=p*(G|x) VxeX 3)

'In practice, the distribution of labels given concepts needs not be uniform [10].
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A model satisfying Eq. (3) easily generalizes to other NeSy prediction tasks that make use of the
same ground-truth concepts G, as pg(C | X) can be reused for solving the new task [21, 38]. It is
also interpretable, in the sense that as long as stakeholders understand the factors G, they can also
interpret concept-based explanations of the inference process that rely on C [39]. Naturally, there
may exist many concept distributions that violate Eq. (3) and that as such do not capture the correct
semantics. However, all those that achieve sub-par log-likelihoods can be ideally avoided simply by
improving learning or supplying more examples. We define RSs as those concept distributions for
which these strategies are not enough.

Definition 1. A reasoning shortcut is a distribution pg(C | X) that achieves maximal log-likelihood
on the training set but does not match the ground-truth concept distribution,

L(pg, D,K) = maxg:co L(pe,D,K) A po(C | X) £ p*(G | X) )

This makes RSs difficult to improve by regular means and also hard to spot based on predictions
alone. Yet, since the concepts do not recover the correct semantics, RSs can compromise systematic
generalization and interpretability. For instance, the shortcut concepts learned in Example 2 would
fail completely at MNIST-Addition tasks involving digits other than 0, 1, and 2 and also at other
arithmetic tasks, like multiplication, involving the same digits, as we show experimentally in Section 6.
An examples of RSs in a high-stakes scenario is shown in Fig. 1.

4 Properties of Reasoning Shortcuts

Counting deterministic RSs. We begin by assessing how many RSs exist in an idealized setting in
which the ground-truth generative process is simple, we have access to the true risk, and the concepts
C have been specified correctly, that is, C = G, and then proceed to work out what this entails.
Specifically, we work with these assumptions:

A1l. The distribution p*(X | G, S) is induced by amap f : (g,s) — x, i.e., p*(X | G,S) = §{X =
f(g,s)}, where f is invertible, and smooth over s.

A2. The distribution p*(Y | G;K) is induced by a map Sk : g — y. This is what happens in
MNIST-Addition, as there exists a unique value y that is the sum of any two digits (g1, g2).

Our analysis builds on a link between the NeSy predictor py(Y | X; K) and the concept extractor
po(C | X), which depend on X, and their analogues py(Y | G;K) and pp(C | G) that depend
directly on the ground-truth concepts G. This link is formalized by the following lemma:

Lemma 1. It holds that: (i) The true risk of pg can be upper bounded as follows:

E(x.y)~p (X, v:K) 108 po (¥ | % K)] < Egpia) (— KLp* (Y | g;K) [ po(Y | g;K)] = H]p* (Y | g;K)])  (5)

where KL is the Kullback-Leibler divergence and H is the Shannon entropy. Moreover, under A1 and
A2, pp(Y | X;K) is an optimum of the LHS of Eq. (5) if and only if pg(Y | G; K) is an optimum of the
RHS. (ii) Under A1, there exists a bijection between the deterministic concept distributions py(C | X)
that are constant over the support of p(X | g), for each g € supp(G), and the deterministic
distributions of the form py(C | G).

All proofs can be found in Appendix B. Lemma 1 implies that the deterministic concept distributions
pe(C | X) of NeSy predictors pg(Y | X;K) that maximize the LHS of Eq. (5), including those
that are RSs, correspond one-to-one to the deterministic distributions py(C | G) yielding label
distributions py (Y | G; K) that maximize the RHS of Eq. (5). Hence, we can count the number of
deterministic RSs by counting the deterministic distributions py(C | G):

Theorem 2. Let A be the set of mappings « : g +— c¢ induced by all possible deterministic
distributions py(C | G), i.e., each pg(C | G) = 1{C = a(G)} for exactly one o € A. Under Al
and A2, the number of deterministic optima pg(C | G) of Eq. (5) is:

S aea L Agcunie (B0 )(®) = (@) | (©)

Intuitively, this sum counts the deterministic concept distributions py(C | X) — embodied here by the
maps « — that output concepts predicting a correct label for each example in the training set. The
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Table 1: Impact of different mitigation strategies on the number of deterministic optima: R is
reconstruction, C supervision on C, MTL multi-task learning, and DIS disentanglement. All strategies
reduce the number of «’s in Eq. (6), sometimes substantially, but require different amounts of effort
to be put in place. Actual counts for our data sets are reported in Appendix C.2.

MITIGATION REQUIRES CONSTRAINT ON ASSUMPTIONS RESULT
None - Necsupp(@) ((Bc 0 @) (g) = Bk(g)) Al, A2 Theorem 2
MTL Tasks ecsupn(Q) {e[T ((BKU) oa)(g) = Brn (8)) Al, A2 Proposition 4
c Sup.on C A cscappia) Nier (ci(g) = gi) Al Proposition 5
R - Neg ' coupp(C)-gre’ (a(g) (g')) Al, A3 Proposition 6

ground-truth distribution p* (G | X) is one such distribution, so the count is always at least one, but
there may be more, and all of these are RSs. Eq. (6) gives us their exact number. This formalizes the
intuition of Marconato et al. [21] that, as long as the prior knowledge K admits the correct label y to
be inferred from more than one concept vector c, there is room for RSs. So far, we have assumed
Eq. (2) is computed as in DPL. However, RSs are chiefly a property of the prior knowledge, and as
such also affect NeSy predictors employing different reasoning procedures or different relaxations of
the knowledge. We show this formally in Appendix A. Deterministic RS are also important because —
in certain cases — they define a basis for all reasoning shortcuts:

Proposition 3. For probabilistic logic approaches (including DPL and SL): (i) All convex combina-
tions of two or more deterministic optima pg(C | X) of the likelihood are also (non-deterministic)
optima. However, not all convex combinations can be expressed in DPL and SL. (ii) Under A1 and
A2, all optima of the likelihood can be expressed as a convex combination of deterministic optima.
(iii) If A2 does not hold, there may exist non-deterministic optima that are not convex combinations
of deterministic ones. These may be the only optima.

Combining Proposition 3 (i) with Theorem 2 gives us a lower bound for the number of non-
deterministic RSs, in the sense that if there are at least two deterministic RS, then there exist
infinitely many non-deterministic ones. An important consequence is that, if we can somehow control
what deterministic RSs affect the model, then we may be able to implicitly lower the number of
non-deterministic RSs as well. However, Proposition 3 implies that there may exist non-deterministic
RSs that are unrelated to the deterministic ones and that as such cannot be controlled this way.

5 Analysis of Mitigation Strategies

The key factors underlying the occurrence of deterministic RSs appear explicitly in Eq. (6). These are:
(9) the knowledge K, (ii) the structure of supp(G), (iii) the objective function £ used for training (via
Lemma 1), and (iv) the architecture of the concept extractor pg(C | X), embodied in the Theorem by
po(C | G). This gives us a starting point for identifying possible mitigation strategies and analyzing
their impact on the number of deterministic RSs. Our main results are summarized in Table 1.

5.1 Knowledge-based Mitigation

The prior knowledge K is the main factor behind RSs and also a prime target for mitigation. The
most direct way of eliminating unintended concepts is to edit K directly, for instance by eliciting
additional constraints from a domain expert. However, depending on the application, this may not be
feasible: experts may not be available, or it may be impossible to constrain K without also eliminating
concepts with the intended semantics.

A more practical alternative is to employ Multi-Task Learning (MTL). The idea is to train a NeSy
predictor over T tasks sharing the same ground-truth concepts G but differing prior knowledge K*),
for t € [T]. E.g., one could learn a model to predict both the sum and product of MNIST digits, as in
our experiments (Section 6). Intuitively, by constraining the concepts to work well across tasks, MTL
leaves less room for unintended semantics. The following result confirms this intuition:

Proposition 4. Consider T NeSy prediction tasks with knowledge K1), for t € [T and data sets

DW, all sharing the same p*(G). Under Al and A2, any deterministic optimum py(C | G) of the
MTL loss (i.e., the average of per-task losses) is a deterministic optimum of a single task with prior

q
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knowledge |\, K®). The number of deterministic optima amounts to:
T
S nea 1 Agcsmnicy At (ko 0 @) (&) = Boo () } ™

This means that, essentially, MTL behaves like a logical conjunction: any concept extractor pp(C | G)
incompatible with the knowledge of any task ¢ is not optimal. This strategy can be very effective, and
indeed it performs very well in our experiments, but it necessitates gathering or designing a set of
correlated learning tasks, which may be impractical in some situations.

5.2 Data-based Mitigation

Another key factor is the support of p*(G): if the support is not full, the conjunction in Eq. (6) be-
comes looser, and the number of s satisfying it increases. This is what happens in MNIST-Even0Odd
(Example 2): here, RSs arise precisely because the training set only includes a subset of combinations
of digits, leaving ample room for acquiring unintended concepts.

We stress, however, that RSs can also occur if the data set is exhaustive, as in the next example.

Example 3 (XOR task). Consider a task with three binary ground-truth concepts G = (G1, G2, G3)
in which the label Y is the parity of these bits, that is K = (Y = G1 @ G2 © G3). Each label
Y € {0,1} can be inferred from four possible concept vectors g, meaning that knowing y is not
sufficient to identify the g it was generated from. In this case, it is impossible to pin down the
ground-truth distribution p*(C | G; K) even if all possible combinations of inputs x are observed.

One way of avoiding RSs is to explicitly guide the model towards satisfying the condition in Eq. (3)
by supplying supervision for a subset of concepts C; C C, with I C [k], and then augmenting the
log-likelihood with a cross-entropy loss over the concepts of the form ., log po(C; = g; | x).
Here, training examples (X, g;,y) come with annotations for the concepts indexed by I. The impact
of this strategy on the number of deterministic RSs is given by the following result:

Proposition 5. Assume that concept supervision is available for all g in S C supp(G). Under Al,
the number of deterministic optima pg(C | G) minimizing the cross-entropy over the concepts is:

Yaeal{Ages Nier aile) = 5: ®)

This strategy is very powerful: if I = [k], S = supp(G), and the support is complete, there exists
only one map « that is consistent with the condition in Eq. (8) and it is the identity. Naturally, this
comes at the cost of obtaining dense annotations for all examples, which is often impractical.

5.3 Objective-based Mitigation

A natural alternative is to augment the log-likelihood with an unsupervised penalty designed to
improve concept quality. We focus on reconstruction penalties like those used in auto-encoders
[40,41, 42, 43, 44], which encourage the model to capture all information necessary to reconstruct the
input x. To see why these might be useful, consider Example 2. Here, the model learns a RS mapping
both B and B to the digit 1: this RS hinders reconstruction of the input images, and therefore could
be avoided by introducing a reconstruction penalty.

In order to implement this, we introduce additional latent variables Z that capture the style S of the
input X and modify the concept extractor to output both C and Z, that is: pg(c,z | x) = pe(c |
x) - pg(z | x). The auto-encoder reconstruction penalty is then given by:

R(%) = ~E(ca)py(eaix) [log pu(x | €,2)] ©)

where, py (x | ¢, z) is the decoder network. We need to introduce an additional assumption A3: the en-
coder and the decoder separate content from style, thatis, pg(C, Z | G, S) := Exp+ (x|G,8)P0(C, Z |
x) factorizes as pg(C | G)pg(Z | S) and py(G,S | C,Z) := Exvp,(xjc,2)P" (G, Z | x) as
Py (G | C)py (S | Z). In this case, we have the following result:

Proposition 6. Under A1 and A3, the number of deterministic distributions pg(C | G) that minimize
the reconstruction penality in Eq. (9) is:

ZaGA ]]‘{/\g,g’esupp(G):g;ég’ a(g) # a(g/)} (10)

A
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XOR MNIST-Addition Table 2: Q1: Disentanglement (DIS) can be very

ppL s 1N peL  s.  ur~n  powerful to lower the frequency of RSs on XOR and

- 100% 100% 100% 96.7% 82.9% 100% MNIST-Addition data sets (the lower the better). Re-
pis 0% 0% 0% 0% 0% 0%  gylts are averaged over 30 optimal runs.

In words, this shows that indeed optimizing for reconstruction facilitates disambiguating between
different concepts, i.e., different ground-truth concepts cannot be mapped to the same concept.
However, minimizing the reconstruction can be non-trivial in practice, especially for complex inputs.

5.4 Architecture-based Mitigation

One last factor is the architecture of the concept extractor pg(C | X), as it implicitly controls the
number of candidate deterministic maps .4 and therefore the sum in Theorem 2. If the architecture
is unrestricted, pg(C | X) can in principle map any ground-truth concept g that generated x to any
concept c, thus the cardinality of A increases exponentially with k.

A powerful strategy for reducing the size of A is disentanglement. A model is disentangled if and
only if pp(C | G) factorizes as [[ ;¢ o (C; | G;) [45, 36]. In this case, the maps « also factorize
into per-concept maps «; : [m;] — [m;], dramatically reducing the cardinality of A, as shown by
our first experiment. In applications where the & concepts are naturally independent from one another,
e.g., digits in MNIST-Addition, one can implement disentanglement by predicting each concept
using the same neural network, although more general techniques exist [46, 47].

5.5 Other Heuristics based on Entropy Regularization

Besides these mitigation strategies, we investigate empirically the effect of the Shannon entropy

loss, defined as 1 — % Zle Hn, [po(c;)], which was shown to increase concept quality in DPL [20].
Here, pp(C) is the marginal distribution over the concepts, and H,,, is the normalized Shannon
entropy over m; possible values for the distribution. Notice that this term goes to zero only when
each distribution pp (C;) is uniform, which may conflict with the real objective of the NeSy prediction
(especially when only few concepts are observed). Other similar heuristics that are suited for reducing
over-confidence in label predictions are based on label smoothing [48], energy-based models [49],
annealing [50], and many others [51, 52, 53]. In principle, when applied at the concept level, they
help reduce the over-confidence in concepts that is typical in deterministic RSs. While they could
also be beneficial to mildly reduce the number of RSs, we take the Shannon entropy regularization as
a representative of this family for our experiments.

6 Case Studies

In this section, we evaluate the impact of RSs in synthetic and real-world NeSy prediction tasks and
how the mitigation strategies discussed in Section 5 fare in practice. More details about the models
and data are reported in Appendix C. The code is available at github.com/reasoning-shortcuts.

Q1: More data does not prevent RSs but disentanglement helps. We start by evaluating the
robustness of DPL, SL, and LTN to RSs in two settings where the data set is exhaustive. In X0R
(cf. Example 3), the goal is to predict the parity of three binary concepts g € {0, 1} given prior
knowledge K = (y = g1 @ g2 @ g3). The predictor receives the ground-truth concepts g as input and
has to learn a distribution py(C | G). In MNIST-Addition (cf. Example 1) the goal is to correctly
predict the sum of two MNIST digits, e.g., x = (7 ) and y = 3. In both tasks, the training set
contains examples of all possible combinations of concepts, i.e., supp(G) = G.

Since the tasks are relatively simple, we can afford to study models that achieve near-optimal
likelihood, for which Definition 1 approximately applies. To this end, for each NeSy architecture, we
train several models using different seeds and stop as soon as we obtain 30 models with likelihood
> 0.95. Then, we measure the percentage of models that have acquired a RS. We do the same also for
models modified to ensure they are disentangled (DIS in the Table), see Appendix C for details. The
results, reported in Table 2, clearly show that RSs affect all methods if disentanglement is not in place.
This confirms that, without implicit architectural biases, optimizing for label accuracy alone is not
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Table 3: Q2: Impact MNIST-EvenOdd DPL SL LTN

of mitigation strategies. L (Y) 1 (C) 1Y) F1(C) oD O
We report the Fl-score 85.14+4.6 0.1+0.1 99.3+0.2 0.2+0.1 98.1+£0.2 0.3+0.1

on the labels (Y) and R 79.8+1.0 0.1+£0.0 99.5+02 01+0.0 763+1.1 0.0+0.0
H 98.1+£01 01401 994+0.1 01+0.0 81.9+05 53.9+0.7

concepts (C) All tested C 84.94+0.1 0.1+0.1 99.3+04 21.54+6.2 98.1+0.2 0.2+0.1
. R+H 75.4+£04 02401 99.6+01 01£00 97.9+23 38.1+16.7

methods incorporate DIS R+C 84.0+£22 1.94+44 993402 61.5+7.8 981402 0.2+£0.1
and are averaged over 10 H+C 91.9+3.5 88.0+£6.3 99.4+0.2 41.5+82 982402 98.6+0.1
R+H+C 95.4+0.4 96.2+0.2 99.5+02 47.2+9.8 98.1+£0.3 98.5+0.2

runs. Top: NeSy meth-
ods combined with R,

S O MNIST-AddMul DPL SL LTN

C,Hon MNIST-EvenOdd.

’ . (YY) Fy (C) (YY) F1 (C) Fi (Y) F1 (C)

Bottom: evaluation on ADD 68.14+6.7 00+0.0 99.5+02 00401 67.4+0.1 0.040.0
: MuLT 100.0 0.0 37.6+0.2 100.0+0.0 76.1+11.7 98.1+0.5 78.1+0.4

single tasks vs MTL on MULTIOP 100.0 0.0 99.8+0.1 100.0+0.0 99.8+0.1 98.3+0.2 98.3+0.2

MNIST-AddMul.

sufficient to rule out RSs, even when the data is exhaustive. However, when forcing disentanglement,
the percentage of models affected by RSs drops to zero for all data sets and methods, indicating that
mitigation strategies that go beyond the standard learning setup — and specifically, disentanglement —
can be extremely effective.

Q2: Disentanglement is not enough under selection bias. Next, we look at two (non-exhaustive)
data sets where RS occur due to selection bias. Label and concept quality is measured using the Fi-
score on the macro average measured on the test set. From here onward, all models are disentangled
by construction, and despite this are affected by RSs, as shown below.

We start by evaluating MNIST-Even0dd, a variant of MNIST-Addition (inspired by [21]) where only
16 possible pairs of digits out of 100 are given for training: 8 comprise only even digits and 8 only
odd digits. As shown in [21], this setup allows to exchange the semantics of the even and odd digits
while ensuring all sums are correct (because, e.g., ki + E = 12 = K + ). As commonly done in
NeSy, hyperparameters were chosen to optimize for label prediction performance on a validation set,
cf. Appendix C. The impact of reconstruction (R), concept supervision (C), and Shannon entropy loss
(H) on all architectures are reported in Table 3. Roughly speaking, a concept F; below 95% typically
indicates a RSs, as shown by the concept confusion matrices in Appendix C.5. The main take away is
that no strategy alone can effectively mitigate RSs for any of the methods. Additionally, for DPL and
LTN, these also tend to interfere with label supervision, yielding degraded prediction performance.
The SL is not affected by this, likely because it is the only method using a separate neural layer to
predict the labels. Combining multiple strategies does improve concept quality on average, depending
on the method. In particular, H 4+ C and R + H + C help LTN identify good concepts, and similarly
for DPL, although concept quality is slightly less stable. For the SL only concept supervision is
relatively effective, but the other strategies are not, probably due to the extra flexibility granted by the
top neural layer compared to DPL and LTN.

Next, we evaluate the impact of multi-task learning on an arithmetic task, denoted MNIST-AddMul.
Here, the model observes inputs x € {(H,H), (E, H), (l B)} and has to predict both their sum
and their product, either separately (no MTL) or jointly (MTL). The results in Table 3 show that, as in
Example 2, all methods are dramatically affected by RSs when MTL is not in place. DPL and LTN
also yield sub-par F}-scores on the labels for the addition task. For SL and LTN, we also observe
that, despite high concept F for the multiplication task, the digit B is never predicted correctly.
This is clearly visible in the confusion matrices in Appendix C.5. However, solving addition and
multiplication jointly via MTL ensures all methods acquire very high quality concepts.

Q3: Reasoning Shortcuts are pervasive in real-world tasks. Finally, we look at RSs occurring in
BDD-0IA [54], an autonomous vehicle prediction task. The goal is to predict multiple possible actions
Y = (move_forward, stop, turn_left, turn_right) from frames x of real driving scenes. Each
scene is described by 21 binary concepts C and the knowledge K ensures the predictions are consistent
with safety constraints (e.g., stop = —move_forward) and guarantees concepts are predicted
consistently with one another (e.g., road_clear < —obstacle). Since this is a high-stakes task,
we solve it with DPL, as it is the only approach out of the ones we consider that guarantees hard
compliance with the knowledge [7]. See Appendix C for the full experimental setup.

Table 4 lists the results for DPL paired with different mitigation strategies. In order to get a sense of
the model’s ability to acquire good concepts, we also include two baselines: CBM-AUC introduced by
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Table 4: Q3. Left: Means and std. deviations over 10 runs for DPL paired with different mitigations.
Right: Confusion matrices on the training set for DPL alone (fop) and paired with mitigation
strategies (bottom) for {move_forward,stop,turn_left,turn_right} concept vectors.

10

DPL+C +H 68.3 £0.3 61.7+0.1

FORWARD STOP LEFT RIGHT
BDD-0IA 08
Fl-mean (Y)  Fl-mean(C) =2

CBM-AUC  70.8+0.1  62.1+0.1 a N
C-only 64.8 +£ 0.2 60.3 £0.1
DPL 71.4+0.1 39.4+6.2
DPL+H 72.1+0.1 48.1 £0.3 o
DPL+C 68.2 + 0.2 60.5 + 0.1

DPL+C+H

Sawada and Nakamura [55] for this task, which learns jointly the concepts together with unsupervised
ones, and processes both of them with a linear layer to obtain the labels; C-only, in which the
concept extractor is trained with full concept supervision and frozen, and DPL is only used to perform
inference. This avoids any interference between label and concept supervision. The F}-scores are
computed over the test set and averaged over all 4 labels and all 21 concepts. On the right, we
also report the concept confusion matrices (CMs) for the training set: each row corresponds to a
ground-truth concept vector g, and each column to a predicted concept vector c.

Overall, the results show that, unless supplied with concept supervision, DPL optimizes for label
accuracy (F(Y)) by leveraging low quality concepts (£7(C)). This occurs even when it is paired
with a Shannon entropy penalty H. This is especially evident in the CMs, which show that, for
certain labels, all ground-truth concepts g are mapped a single c, not unlike what happens in our first
experiment for entangled models. Conversely, the concept quality of DPL substantially improves
when concept supervision is available, at the cost of a slight degradation in prediction accuracy. The
CMs back up this observation as the learned concepts tend to align much closer to the diagonal.
Only for the turn_left label concept supervision fails to prevent collapse. This occurs because
annotations for the corresponding concepts are poor: for a large set of examples, the concepts
necessary to predict turn_left = 1 are annotated as negatives, complicating learning. In practice,
this means that all variants of DPL predict those concepts as negative, hindering concept quality.

7 Related Work

Shortcuts in ML. State-of-the-art ML predictors often achieve high performance by exploiting
spurious correlations — or “shortcuts” — in the training data [56]. Well known examples include
watermarks [57], background pixels [58, 59], and textual meta-data in X-ray scans [16]. Like RSs,
regular shortcuts can compromise the classifier’s reliability and out-of-distribution generalization
and are hard to identify based on accuracy alone. Proposed solutions include dense annotations [60],
out-of-domain data [61], and interaction with annotators [62]. Shortcuts are often the result of
confounding resulting from, e.g., selective sampling. RSs may also arise due to confounding, as is
the case in MNIST-Addition (cf. Example 1), however — as discussed in Section 5, data is not the
only factor underlying RSs. For instance, in X0R (cf. Example 3) RSs arise despite exhaustive data.

Reasoning shortcuts. The issue of RSs has so far been mostly neglected in the NeSy literature,
and few remedies have been introduced but never theoretically motivated. Stammer et al. [63] have
investigated shortcuts affecting NeSy architectures, but consider only input-level shortcuts that occur
even if concepts are high-quality and fix by injecting additional knowledge in the model. In contrast,
we focus on RSs that impact the quality of learned concepts. Marconato et al. [21] introduce the
concept of RSs in the context of NeSy but for continual learning, and proposes a combination of
concept supervision and concept-level rehearsal to address them, without delving into a theoretical
justification. Li et al. [11] propose a minimax objective that ensures the concepts learned by the
model satisfy K. Like the entropy regularizer [20] we addressed in Section 5, this strategy ends
up spreading probability across all concepts that satisfy the knowledge, including those that have
unintended semantics. As such, it does not directly address RSs.

Neuro-symbolic integration. While RSs affect a number of NeSy predictors, NeSy encompasses a
heterogeneous family of architectures integrating learning and reasoning [1, 2]. We conjecture that
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RSs do transfer to all NeSy approaches that do not specifically address the factors we identified, but
an in-depth analysis of RSs in NeSy is beyond the scope of this paper. In a concurrent work, Wang
et al. [64] derive the sample complexity of NeSy predictors when no RSs are in place. It is unclear
how these bounds may change when RSs are present.

Relation to disentanglement. Recovering the latent variables G has been the center of several
works in representation learning [65, 35, 66]. Among these, achieving identifiability of the latent
components has been studied in non-linear independent component analysis [67, 68, 69] and recently
in Causal Representation Learning [46, 70, 71, 72]. In this respect, several overlaps exist with the
natural mitigation strategies that we investigated: (i) multi-task learning has been shown to increase
disentanglement [73] and provably leads to identifiability [74, 75], and (ii) latent variables supervision
also largely increases the amount of disentanglement [76, 77, 47]. Our work is the witness that
the intersection with disentanglement literature is beneficial for learning the intended concepts in
NeSy and, vice-versa, that knowledge-guided learning can be a new way of acquiring identifiable
representations, by avoiding RSs.

8 Conclusion

In this work, we provide the first in-depth analysis of RS affecting NeSy predictors. Our analysis
highlights four key causes of RS and suggests several mitigation strategies, which we analyze both
theoretically and empirically. Our experiments indicate that RSs do naturally appear in both synthetic
and real-world NeSy prediction tasks, and that the effectiveness of mitigation strategies is model and
task dependent, and that a general recipe for avoiding RSs is currently missing.

We foresee that reasoning shortcuts extend beyond the current scope of NeSy predictors with known
prior knowledge. This includes approaches that learn jointly both the concepts and the knowledge,
like ROAP [78] and DSL [79], as well as fully neural models, like CBMs [80] and their variants
[39, 81], which are also likely to be affected by RSs when concept supervision is limited. We plan to
investigate further this direction in the near future.

Ultimately, this work aims at jumpstarting research on the analysis and mitigation of RSs, with the
hope of leading to more trustworthy and explainable NeSy architectures.

Broader impact. Our work brings the subtle but critical issue of RSs to the spotlight, and highlights
benefits and limitations of a variety of mitigation strategies, but it is otherwise fundamental research
that has no direct societal impact.
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A Other NeSy Predictors

In this appendix, we outline the NeSy prediction approaches used in our experiments and then show
that they share deterministic RSs as DPL.

The semantic loss (SL) [8] is a penalty term that encourages a neural network to place all probability
mass on predictions that are consistent with prior knowledge K. In our setting, the SL is applied to a
predictor pg(Y | C) placed on top of a concept extractor pg(C | X) and it can be written as:

SL(p97 (X7Y>7 K) = _1Og Ec ]1{(C>y) ': K}pg(c ‘ X) (11)

Like DPL, the SL relies on knowledge compilation to efficiently implement Eq. (11). Importantly,
if the distribution pg(c | x) allocates mass only to concepts c that satisfy the knowledge given y,
these are optimal solutions, in the sense that the SL is exactly zero. We will make use of this fact in
Appendix A.1.

During training, the SL is combined with any regular supervised loss ¢, for instance the cross-entropy,
leading to the overall training loss:

ﬁ Z(x7y)e'D e(p% (Xv y)) + /”LSL(p(% (Xa y)v K) (12)

with ¢ > 0 a hyperparameter. During inference, the SL plays no role: the predicted label is obtained
by simply taking the most likely configuration through a forward pass over the network.

Logic tensor networks (LTNs) [6] are another state-of-the-art NeSy architecture that combines
elements of reasoning- and penalty-based approaches. The core idea behind LTNs, and of all other
NeSy predictors based of fuzzy logic [82], is to relax the prior knowledge K into a real-valued function
T K] quantifying how close a prediction is to satisfying K. LTNs perform this transformation using
product real logic [6]. Tn our context, this function takes the form 7 K] : [0, 1]* x [0, 1]* — [0, 1],
and it takes as input the probabilities of the various concepts C and labels Y and outputs a degree of
satisfaction.

Crucially, fuzzy logics are designed such that, if all probability mass is allocated to configurations
(c,y) that do satisfy the logic, then the degree of satisfaction is exactly 1, i.e., maximal. We will
leverage this fact in Appendix A.1.

During training, LTNs guide the concept extractor pg(C | X) towards predicting concepts that
satisfy the prior knowledge K by penalizing it proportionally to how far away their predictions are
from satisfying K given the ground-truth label y, that is, 1 — 7[K](p(C | x), 1{Y = y}). During
inference, LTNs first predict the most likely concepts ¢ = argmax, pp(c | x) using a forward pass
through the network, and then predict a label y that maximally satisfies the knowledge given ¢, again
according to T[K].

A.1 Deterministic Optima are Shared

The bulk of our theoretical analysis focuses on DPL because it offers a clear probabilistic framework,
however in the following we show that deterministic optima do transfer to other NeSy predictors
approaches. Specifically, under A2, DPL, SL, and LTN all admit the same deterministic optima
(det-opts).

To see this, let Cy, be the set of concepts vectors ¢ from which the label y can be inferred, that is,
Cy ={ceC : p*(y | c) > 0}. Now, take a deterministic RS py(C | X) for DPL, i.e., a concept
distribution that satisfies Definition 1 when the likelihood is computed as in Eq. (2). By determinism,
this distribution can be equivalently written as a function mapping inputs x to concept vectors
¢(x) € C, thatis, pg(C | X = x) = 1{C = ¢(x)}. At the same time, by optimality and A2 we have
that, for every (x,y) € D, the NeSy predictor pg(Y | X;K) =>"_ uk(Y | ¢) - po(c | X) allocates
all probability mass to the correct label y. As a consequence, ¢(x) € Cy, for every (x,y) € D.

Consider a NeSy predictor that first predicts concepts using pg(C | X) and then labels using a
reasoning layer based on fuzzy logic, such that a prediction y € Y is chosen so that it minimial
distance from satisfaction w.r.t. K, and the distance from satisfaction is also used as a training
objective. Since ¢ € Cy for every (x,y) € D, by definition of T-norms, the label with minimal
distance from satisfaction will necessarily be y: all other labels cannot be inferred from the knowledge,
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so they have larger distance from satisfaction. Hence, training loss will be minimal for this predictor
as well, meaning that pg(C | X) is a deterministic RS for it too.

Next, consider a NeSy penalty-based predictor where predictions are obtained by first inferring
concepts using MAP over the concept extractor, that is, ¢ = argmax, pg(c | X), and then performing
a forward pass over a neural prediction layer py (Y | C). By construction, the penalty will be minimal
whenever (y, ¢(x)) = K. We already established that this is the case for all (x,y) € D, meaning
that pg(C | X) is a deterministic RS for penalty-based predictors too.

B Proofs

In the proofs, we suppress K from the notation for readability.

B.1 Proof of Lemma 1: Upper Bound of the Log-Likelihood
Proof plan. The proof of the first point of our claim is split in three parts:

1. We show that in expectation the log-likelihood in Eq. (2) is upper bounded by a term containing
the KL divergence for pp(Y | G).

2. We prove that, under A1, any optimum of Eq. (2) minimizes also the KL. In this step, we make
use of Information Theory [83] to connect the two.

3. We show that assuming A1 and A2 the optima ps(Y | G) for the KL are given only by optima
pe(Y | X) for Eq. (2).

We proceed to prove the second point by leveraging the fact that pg(C | G) is given by marginalizing
pe(C | X) over the generating distribution p*(X | G, S).

Point (7). (1) We upper bound the log-likelihood in Eq. (1) as follows:

ﬁ(pg, D) = ngp(G)Eswp(S)Exwp* (X\g,s)Epr* (Ylg) [IOgPO (y | X)] (13)
= Egrp(@)Exmpr (X|g) Ey~p (y1g) (108 o (¥ | X)) (14)
< Egp(@) Eymp (vig) (108 Exnpr (x| [P0 (¥ | X)]) (15)
= Egp(@)Eympr(vig) (l0gpo(y | 8)) (16)

pe(y | g) *
= Egpc)Eynp(vlg) (log ey log p*(y | g)) (17
=Egp(a)(— KL[p*(y | &)llpe(y | )] — Hlp*(y | &)]) (18)

In the second line, we introduced the distribution p* (x | g) := Egps)[p*(x | g, )], in the third line
we applied Jensen’s inequality, and in the fifth line we added and subtracted p*(y | g). This proves
our claim.

(2) We proceed showing that for a deterministic p*(X | G, S) every optimum py(Y | X) for the
log-likelihood leads to an optimum py(Y | G) for the RHS of Eq. (29). We can rewrite the joint
distribution as:

P(%,y) = Egpa)Esmps)[P* (x| 8,8)0" (v | 8)] 19)
= Egp@) [P (¥ | 8) Esnp(s) [P* (x| &,8)]] (20)
= Egp(e) [P* (v | 2)p* (x| &)] 21
=Egpe) [P (v | 8)0" (g | x)p(x)/p(8)] (22)
=Egp (e [p*(y | 8)lp(x) (23)
=p"(y | x)p(x) (24)
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where p*(y | X) = Eg p+(g)x)[P" (¥ | g)] and p*(G | x) is the posterior underlying the data
generative process. Hence, the log-likelihood in Eq. (1) can be equivalently written as:

IE(x,y)~p(X,Y) [1ng9(y ‘ X)] = ]EXNP(X)]Epr*(Y|x) [IOgPO(y | X)} (25)
=E,.. Ey o (vix) | log ———% —1 2

xp(X) By ~p (Y| )[ %8y x) e vl X)} (26)

= Expx)(— KL* (v | X)|lpo(y | x)] — Hlp*(y | x)])  (27)

In the first line, we used p(X,Y) = p*(Y | X)p(X), and then added and subtracted log p*(y | x).
By comparing Eq. (18) and Eq. (27), we obtain:

Expx)(— KL[p* (Y | %)[lpo(Y | x)] — H[p*(Y | x)])
< Egopa) (= KLP* (Y | g)llpe(y | 2)] — Hp* (Y | 8)]) (28)

Now, consider a distribution pg (Y | X) that attains maximal likelihood. Then, KL[p*(y | x)||po(y |
x)] = 0, and we can rearrange the inequality in Eq. (28) to obtain:

Egpic) (KLp*(y | &)llpe(y | 2)]) <H[Y | X] —H[Y | G] (29)

Here, H[Y | X] = Expx)[H[p*(Y | x)] and HY | G] = E
entropies.

g~p(c)H[p* (Y | g)] are conditional

We want to show that, under A1, the right-hand side of Eq. (29) is in fact zero. As for the other
conditional entropy term, recall that [83]:

HY | X] =H[Y | X] — H[Y] + H[Y] = —I[X : Y] + H[Y] (30)

where I[-, -] is the mutual information. By the chain rule of the mutual information, cf. [83, Theo-
rem 2.8.1], we have:

MY : X,G]=1[Y : X]+1[Y:G|X]=I[Y:G]+I[X:Y | G] (31)

where I[-, - | -] is the conditional mutual information. The structure of our generative process in Fig. 1
implies that I[[X : Y | G] = 0, so Eq. (31) boils down to:

IX:Y]=1[Y:G]-1[Y:G|X] (32)
By A1, we have that:
Y : G| X]=H[G|X]-H[G | X,Y] (33)
= H[fx(X) | X] = H[f;(X) | X, Y] 34
= I (X) [ X] = HIf i (X) | X] =0 (35)

Plugging this into Eq. (32) entails that I[X : Y] = I[Y : G], or equivalently that H[Y : X] = H[Y :
G]. This means that the right-hand side of Eq. (29) is indeed zero, which entails that the KL is zero
and that therefore py(Y | G) optimizes the right-hand side of Eq. (5).

(3) We proceed showing that by assuming also A2 whatever optimum py (Y | G) is identified by
po(Y | X) that is also optimum. First, note that under A2 p*(Y | G) is deterministic, so we have
HIY | G] = 0. With Al and A2, both p*(y | g) and p*(y | x) are deterministic and therefore
Eq. (28) can be rewritten as:

Expx)l0g po(Y = (Bk © f1:0) (%) | X)] < Egrpr(a)[logpo(Y = Bk(g) | 8)] (36)

In particular, for each x the maximum of the log-likelihood is O and it is attained when the label
probability is one. We make use of this observation in the next step.

Next, we show that the bound in Eq. (28) is in fact fight, in the sense that whenever py(Y | G)
maximizes the left-hand side, pp (Y | X) maximizes the right-hand side. We proceed by contradiction.
Fix g and let O be the set of those s for which py(y | x = f(g,s)) < 1 and assume that it has
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non-vanishing measure. Then, the posterior distribution is also strictly less than one:

pe(y | g) = IESf\/p(S)H'-T‘xwp*(X\g,s) [p(f(y | X)] (37)
— [ 56) [ ooty 100" x| gos)ieas (38)
Ra Rd

= [ #t9) [ 5tx = feosaxds = [ pts) [ (1= paly | 0150x ~ flg5))xds

(39)

—1- [ (1l | x = £(,9)ps)ds (40)

(@)
<1 41)

Therefore, there cannot be any optimal solutions ps(Y | G) that are given by non-optimal probabili-
ties pg(Y | X). This proves the claim.

Point (ii). We consider now which distributions pg(C | G) correspond to a unique distribution
po(C | X). First, we define as P the set of candidate distributions p,(C | X), with ¢ € ©, for
which it holds:

Esp=(8) Exp (X|g,5) [P (C | X)] = po(C | 8) (42)
For all distributions of the form pg(C | G) = 1{C = c}, for ¢ € C, P restricts to a single element,
ie., p,(C | x) = 1{C = c}. We proceed by contradiction and consider a set Ox of non-vanishing

measure such that:
Po(C|x)#1{C=c}, VxeOx 43)

Let p*(X | G) = Egp+(s)p* (X | G, S). Then, it holds that:

po(C| G) = /nga(C | x)p* (x| G)dx

Ox

=1-X)-I{C=c}+ X -p,(C|G) (44)

[ HC=erx|Glxt [ p(Clxp (x| Grix
X\Ox

where we denoted p,(C | G) the normalized probability distribution given by integrating p,,(C | X)
on Ox solely, and A is the measure of Ox. Notice that the RHS of Eq. (44) is exactly 1{C = c}
iff X = 0orp,(C | G) = 1{C = c}, which contradicts the claim. Hence, all probabilities
pe(C | G) = 1{C = c} are only given by probabilities py(C | x) = 1{C =c}, forall x € X.
This yields the claim.

B.2 Proof of Theorem 2: Counting the Deterministic Optima

We want to count the number of deterministic optima of the log-likelihood in Eq. (1). Recall that, by
Lemma 1, under Al and A2 any optimum py (Y | X) of Eq. (2) yields an optimum py(Y | G) of the
upper bound in Eq. (5). Following, by point (if) of Lemma 1 we have that deterministic optima are
shared between py(C | X) and pg(C | G). This means that we can equivalently count the number of
deterministic optima py(C | G) for the upper bound in Eq. (5). We proceed to do exactly this.

Let A be the set of all possible maps « : g + ¢, each inducing a candidate concept distribution
pe(C | G) = 1{C = a(G)}. The only «’s that achieve maximal likelihood are those that satisfy
the knowledge for all g € supp(G) for the learning problem, that is:

Br(g) = (Bk o a)(g), (45)

i.e., that it is indeed the case that the concepts output by a(g) predict the ground-truth label h (g).
Notice that, only one of them is correct and coincides with the identity, i.e., a(g) = g.

These « are those that satisfy the knowledge on all examples, or equivalently the conjunction of the
knowledge applied to all examples, that is:

/\ ((Bk o a)(g) = hk(g)) (46)

g€Dc
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This means that only a subset of .A contains those maps consistent with the knowledge. The total
number of these maps is then given by:

S aea 1{ Agene (B0 a)(g) = () | (47)
This yields the claim.

B.3 Proof of Proposition 3: Link Between Deterministic and Non-deterministic Optima

Point (i). We begin by proving that, for DPL, any convex combination of optima of the likelihood
Eq. (1) is itself an optimum. Fix any input x. First, p* (y | x) is the optimal value of the log-likelihood
in Eq. (2), according to Eq. (29) from point (i) of Lemma 1. Now, let p)(C | x) and p®(C | x)
be two concept distributions that both attain optimal likelihood, i.e., for ¢ € {1,2} it holds that
S uk(y | ¢)-p@(c|x) = p*(y | x). The likelihood term of any convex combination of the two
optima is given by:

> uk(y | )™M (e | %)+ (1= N)p® (c| x)] (48)
=AY uk(y [©)pM(c|x)+ (1= uk(y | c)p®(c|x) (49)
=" (y [x)+ (1= Np*(y [ x) (50)
=p"(y | x) (5D

Hence, the convex combination is also an optimum of the likelihood. Note that the very same
reasoning applies to the Semantic Loss (Eq. (11)), again due to linearity of the expectation over C.

Remark 7. Since SL and DPL limit po(C | X) to be factorized as [, p(C; | X), some convex
combinations that would be in principle solutions as per point (i) cannot be expressed. Essentially,
this translates into an additional constraint for the solutions of SL and DPL that is, given two
factorized probabilities p™) (C | x) and p'® (C | x), then:

p(C | x) =W (C|x)+ (1 = NpP(C | x) is a solution < p(C | x) is factorized Yz (52)

This applies only to models that integrate probabilistic logic by predicting the concepts indepen-
dently, whereby relaxations of SL and DPL, like [10, 84], could naturally express arbitrary convex
combinations of deterministic RSs.

Remark 8. The above result does not hold for LTNs, in general. We show this by constructing
a counter-example for the default choice of T-conorms [6]. That is, a convex combination of
deterministic optima that is not itself an optimum. Recall that LTN uses product real logic to
define a degree of knowledge satisfaction and consider the prior knowledge K = (Cy V Cs), where
C1 and Cy are two distinct binary concepts. In LTN, the degree of satisfaction of K is given
by the T-conorm of the logical disjunction, which is defined as S(a,b) = a + b — ab. Fix an
input x and consider two deterministic distributions p™™ (C | x) = 1{C = (1,0)" } and p®(C |
x) = 1{C=(0,1)"}. It is clear that both distributions satisfy the prior knowledge and as
such are optimal. Now take any convex combination p(C) = Ap*)(C) + (1 — \)p?)(C). Then,

a = pM(Cy =1) + (1 = Np@(Cy = 1) = X and, for similar reasons, b = 1 — \. Then, it holds:
S(p(C1=1),p(C2=1)) = A+ (1 =) = A(1-1) (53)
=1-A4+A<1 (54)

where the equality holds iff \ € {0, 1}.
Point (if). Under A1 and A2, we can count all deterministic solutions pg(C | G) via Theorem 2.
Here, we show that these deterministic optima constitute a complete basis for all optimal solutions

of Eq. (29). From (i), we have that any convex combination of the deterministic optima is also an
optimum. We will show that these are the only optimal solutions.

Recall that the optimal solutions are all of the form p*(Y = Ok(g) | g) = 1, as a consequence of Al
and A2 from Lemma 1, for all g € supp(G). Notice that any optimal solution py(C | g) must place
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mass to those concepts that lead to the correct label. Formally, for every g and y = Sk (g), it holds:

poly | 8) =Y uk(y | c)ps(c | x) (55)
< pelclg) =1 (56)

where the equality holds iff ux(y | ¢) = 1 for all pp(c | x) > 0. In other words, this means that each
¢ ~ pp(C | g) must be an optimal solution for the logic. This proves the claim.

Point (iii). If A2 does not hold, there can be optima solutions that are given as convex combinations
of non-optimal deterministic probabilities. First, notice that according to Lemma 1, point (i), the
optimal solutions for pp(Y | X; K) minimize the KL term and are equivalent to p*(Y | X). Then,
consider for a given x an optimal solution p(C | x) = A1{C =c¢1} + (1 — A)1{C = c,} thatisa
convex combination of two deterministic probabilities. From the convexity of the KL it holds:

KL[p"(y | %) [| Aduk(y [ €1; K) + (1 = Nuk(y | e2; K)] (57)
SA-KLp™(y [ %) [ ux(y [ eis K+ (1= A) - KL[p™(y [ %) || ux(y [ e2sK)]  (58)
where the equality holds iff ux(y | c1;K) = uk(y | c2; K) = p*(y | x). This shows that there can
exist solutions that are convex combinations of non-optimal deterministic probabilities. We proceed

to show how the space of optimal solutions is defined. On the converse, if uk(y | ¢1; K)1{C —c; }
is a solution, also uk (y | c2; K)1{C — ¢y} must be a solution:

> uk(y | e)AM{C =c1} + (1 - NI{C = c2}] = p*(y | x) (59)
Au(y | €1) + (1 = Nuk(y | c2) = p*(y | x) (60)

A (y | x) 4+ (1= Nux(y | e2) = p*(y | x) (61)

(1 =MNuk(y | e2) = (1 = Np(y | x) (62)

uk(y | c2) = p*(y [ %) (63)

We now show that any optimum given by a generic p,,(C | x), with ¢ € ©, can be expressed as a
convex combination of (1) an optimum that is a convex combination of deterministic optima and (2)
an optimum that is a convex combination of deterministic, but non-optimal, probabilities:

Py %) =Y uk(y | c)p(c|x) (64)
= > uk(y [e)p(c [ x)+ > ux(y | e)p(c | %) (65)
ceCy ceSY
=2 uk(y [o)p(e|x)+ (1 =2 > uk(y | e)p(c| x) (66)
c€eCy cESS

where Cy = {c € C : ux = p*(y | x)} and Sy = C/Cy are two disjoint sets. In the second
line, we rewrote the summation on the two terms considering the two sets, whereas in the third
line we introduced: \ = Zcecy p(c | x)and p(c | x) = p(c | x)/A\, 1 —-A = Zcesy p(c | x)
and p(c | x) = p(c | x)/(1 — A). Since each p(c | x) lead to an optimum by construction, it
must be that also p(c | x) is an optimum, by the previous point. In general, there can be many
p(c | x) leading to optima, even when p(c | x) reduces to only the ground-truth element, i.e.,
p(c | x) = 1{C — f;,}(x)}. Notice that this must hold for all x ~ p*(X). This proves the claim.

B.4 Proof of Proposition 4: Multi-task Learning

When considering multiple task 7', suppose that, for each x € (), D;, we get T different labels

y® oy each given in accordance to knowledge KO, KD, respectively. Similarly to
Eq. (2), we consider the learning objective for all tasks with the joint log-likelihood term:

T T
log [T po(y™ [ K®D) = "logps(y™ | x;K®) (67)
t=1 t=1
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Under A1 and A2, Lemma 1 point (i) holds for each task ¢. In the following, we denote with ﬁl((t)

the underlying maps for each K(!), which by A2 are deterministic. Hence, the learning objective
becomes:

T
L= Expiollogps (YO = (8 o f7)(x) | x:KO) (68)
t=1
and, similarly to point (i) of Lemma 1, we get the following upper-bound:

T
L<Y Egopllogps(YV = 50 (g) | g:KD)] (69)
t=1

Notice that the optimal values for Eq. (69) are given by those distributions that are one for each term
in the summation. Then, following from Theorem 2, we have that the deterministic maps «’s that
optimize Eq. (69) must be consistent with each task ¢ and for each g € supp(G) satisfy:

A (B 0 a)(g) = 8 (8)) (70)

which, equivalently to Theorem 2, points to the condition that the maps a must be consistent with
solving all tasks ¢. This exactly amounts to solving the conjunction of all knowledge K = A, K®),
This yields the claim.

B.5 Proof of Proposition 5: Concept Supervision

Let p*(G | S) be the distribution of ground-truth concepts restricted to a subset S C supp(G):

p*(G|S) = %p*(g)l{gé«?} with 2 =) "p*(g)1{g € S} (71)

g
and p* (X | §) = E(g s)~p* (G|5)p=(s)P" (X | &, ) be the corresponding restricted input distribution.

Under A1, the expectation of the log-likelihood term for concept supervision in Section 5 is:

Exps (x15) 108 00(C1 = 7 (%) | X) = Egpe(al5)Esmpr(s) l0g po(Cr = g/ | f(8g:9))
< Egrpr(cls) 10g Esvpr(s)[Po(Cr = g | f(8,8))]
= Egp+(als)logpe(Cr = g; | 8) (72)
where p*(X | S) = Egp+(G|5)Es~p+(s)Po(X | g,3). In the first line we made use of A1 to write
x = f(g,s), in the second line we used Jensen’s inequality, and then we introduced the marginal

distribution pg(C | G) = Egp+(s)[pe(C | f(G,s))]. Recall that I denotes the subset of the
supervised ground-truth concepts and that the log-likelihood is evaluated only w.r.t. those concepts.

Now notice that, given Al, the maximum for the LHS of Eq. (72) is zero, i.e., coincides with
maximum log-likelihood. Consistently the RHS of Eq. (72) is zero only when py(C; | g) places all
mass on g;. We proceed considering those maps « : g — ¢ which lead to deterministic, optimal
solutions for the RHS. For these, it must hold that for each g € S:

Nicr @i(8) = gi (73)

When taken all together, we can estimate how many o € A (cf. Appendix B.2) satisfy the above
condition for all g:

2aea ]]‘{/\ges Nier @i(8) = gi} (74)

This yields the claim.
B.6 Proof of Proposition 6: Reconstruction

Under A1, the reconstruction penalty can be written as:

Exmpr (%) [R(X)] = ~E(g,5)~p* (@)p* (8) Exmp* (Xlg ) [E(e.m)~ps (C.21%) 108y (X | €,2)]  (75)
= —E(g 5)~p* (G)p* (8) [E(e.2)mpo (C.Z[f(s.5)) 108 Py (f(8:5) | €, 2)]] (76)
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From A3, we have that the both encoder and decoder distributions are factorized:

po(c,z | f(g,8)) =po(c|g)pe(z|s) (77)
py(f(g,8) [ c,z) =py(g | c)py(s| 2z) (78)
This yields:
Exmp(x) [R(X)] = —E(g,s)~p*(G)p*(S) [Ecrpo (Clg) 108 Py (&l€)] + E(z)mpy (z)s) [l0g Py (5]2)] ]
= —Egp (@) Ecps(Clg) 108 Dy (8]€) — Esvpr(5)Ezmpy (z)s) l0g Py (8[2)
> —Egp- (@) Eenpo(Clg) l0g Py (8]C) (79)

where in the first row we separated the two logarithms and removed the expectations on py(Z | s)
and pg(C | g) for the terms p,, (g | ¢) and py (s | z), respectively. In the third line, we discarded the
term with the match of the reconstruction of the style, giving the lower bound.

When R goes to zero, the lower bound also goes to zero and the last term of Eq. (79) is minimized.
This happens whenever, for each ¢ ~ pg(c | g), it holds that p, (g | ¢) = 1. This condition also
implies that if for two different g’ and g” there exist at least one ¢ such that pg(c | g')-pe(c | ) > 0,
then py (g’ | ¢) and py (g” | ¢) cannot both be optimal.

We restrict now to a deterministic map « : g — ¢ for py(C | G) and describe the condition when
optimal decoders are attained, i.e., py (g | ¢) = 1 for some c. By the previous argument, an optimal
map « that leads to optimal decoders must always map ground-truth concepts g to different concepts

c, that is:

a(g) #a(g”)  Ve'#g" (80)
In particular, this condition must hold for all different g € supp(G). The number of all solutions is
then given by:

ZQGA ]l{/\gesuppc /\g/GsuppG:g’;ég Oé(g) 7& Oé(g/)} (81)

as claimed.

C Experimental Details and Further Results
We report here all further details concerning the experiments in Section 6.

C.1 Implementation

The code of the experiments builds on top of nesy-c1 [21] and CBM-AUC [55]. All experiments are
implemented with Python 3.8.16 and Pytorch [85] and run over one A100 GPU. The code for the
experiments is available at github.com/reasoning-shortcuts.

The implementation of DPL is taken from [21] and follows exactly Eq. (1), where to each world a
label is assigned accordingly to the prior knowledge K. We implemented SL following the original
paper [8], with the only difference that the prediction of the labels Y is done on top of the logits
of pg(C | x). This relaxes the conditional independence between labels and concepts while being
more in line with the generative process we assumed. The implementation of LTN is adapted from
LTN-pytorch [86] and is based on the satisfaction loss introduced in Appendix A.

C.2 Data sets & Count of the Reasoning Shortcuts

Here, we illustrate how to count explicitly the number of deterministic RSs using the equations
in Table 1, restricting ourselves to the case where no disentanglement is in place, for simplicity.
Similarly to Section 4, we assume A1 and A2 and that supp(G) = C = G, and count the total number
of deterministic optima (or det-opts for short) under different mitigation strategies. In the following,
Cy C C = Grefers to the set of ¢ € C or g € G that are mapped by K to label y € ). Note that

2y Gyl =19l.

Explicit count for the likelihood. When the concept extractor py(C | X) is sufficiently expressive,
the deterministic mappings « are essentially arbitrary. Specifically, the set A of these «’s includes all
functions from G to C. These functions can be explicitly enumerated by counting how many ways
there are to map each input vector g to an arbitrary vector c.
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Here, we are interested in counting the number of s that attain optimal likelihood. Each such «
has to ensure that each g € G is mapped to a ¢ € Cg,(g) that yields the correct label, or in short,

Vg . a(g) € Cp,(g)- This condition is satisfied if and only if, for every y in the data set, every g € Cy

is mapped to a c that is also in Cy, and there are exactly |Cy | I ways to do this. This immediately
shows that the overall number of det-opts « is:

S aea {Ageg(Boa)(g) = alg) } = TTyey 1G4 (82)
This associates an explicit number to Theorem 2.

Explicit count for the reconstruction. The effect of adding a reconstruction penalty is that now,
in order to achieve optimal loss, o has to map different g’s to distinct concepts c¢’s. Unless this is
the case, it becomes impossible to reconstruct the ground-truth concepts from the learned ones, and
therefore the input x generated from them.

The resulting computation is the same as above, except that now we have to associate the different
g’s to different c’s without replacement. This yields the following count:

Saca {Aweo(B00)(8) = a(8)} - 1{ Ay gcoarp 0(®) # al@) | =TT,y G511 (83)

Explicit count for concept supervision. For the combination of logic and concept supervision,
we suppose that for each equivalence class Cy, there are vy, ground-truth concepts provided with
supervision and that all concept dimensions C; receive this supervision. Let S C G be the set of
supervised concepts, such that |S| = Zy ¢y Vy- From above, this means that we are specifying a

total of |S| ground-truth concepts. From Table 1, we have that the number of det-opts amounts to:

Saea {Agea(Bo)(e) = ale) } - 1{ Ayes Ay aile) = g:} = TTyey Gy 84)

Finally, combining together the terms of prediction, reconstruction, and concept supervision, we
obtain:

Yaeald \ (Boa)(g) =alg) p x (85)
geg
x1¢ N\ alg) #a(g) p x (86)
g.8'€G:g#g’
k
<18 N\ Nai® =g ¢ =[] Icy —wl! (87)
geSi=1 yey

The disentangled case. If the network is disentangled, the enumeration procedure becomes sub-
stantially more complicated and cannot be written compactly in closed form. While the number of
deterministic optima « can still be computed exactly using model counting [29, 30], doing so is not
necessary for the scope of our paper and therefore left to future work.

C.2.1 Dataset: XOR

This dataset, introduced in Example 3, is a toy data set containing 3 bits g = (g1, g2, g3), for a
total of 8 possible combinations. The task consists in predicting the XOR operation among them,
namely y = (g1 ® g2 @ g3). The dataset is exhaustive and has no validation and test set. The model
performances are evaluated on the training set.

Reasoning shortcut. For this dataset, we have [Cy| = |C1| = 4. RSs arise depending on the structure
of the underlying network. When the ground-truth concepts are processed all together without any
mitigation strategy, we obtain that the number of def-opts amounts to:

[T lcylcv! = a* - 4 (88)
yey
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The confusion matrices for all methods are reported in Appendix C.5. On the other hand, we show
that in the disentangled case, only two combinations suffice to identify the correct solution, e.g.,

{a(O) @ a(0)® a(0)=0
a(0)@a(0)®a(l)=1

and here the only viable solution for the two is «(0) = 0 and «(1) = 1. This condition is met in all
our experiments in Table 2.

(89)

C.2.2 Dataset: MNIST-Addition

We consider the version introduced in [7], which consists of couples of digits, each ranging from 0 to
9, and the target consists in predicting the correct sum, i.e., y = g1 + g2. This data set contains all
possible combinations, for a total of 100. The training set contains 42k data, the validation set 12k,
and the test set 6k.

Reasoning shortcuts. RSs arise only as a result of the joint prediction of both digits. Notice that the
number of elements |C, | for each sum y can be evaluated as:

Jy+1, ity <9
Gl = {(18 —y)+1, otherwise. (90

Therefore, the total number of det-opts amounts to:

9
[T e, et =T v 10" 1)
y=1

yey
When providing disentanglement, the number of RSs reduce to 0, as it sufficient to have the sums:
ale)+ale)=2-¢ 92)
to uniquely identify the value of the digit c.

C.2.3 Dataset: MNIST-Even0dd

This data set, proposed by [21], is a biased version of MNIST-Addition, where only some combina-
tions of the digits appear. We consider here a more challenging scenario w.r.t. the proposed version,
consisting of the sums:

A+rA-=¢ ArE=56
H+H=10 B+E-=10
Brd-=10 A A+-H-=10 ©3)
B+H=12 B+HE-=12

Overall, the training set contains 6720 data, the validation set 1920, and the test set 960.

Reasoning shortcuts. We describe the RSs that arise even when the architecture incorporates
disentanglement. We evaluate the possible RSs empirically noticing that the system of observed sums
can be written as a linear system, as done by Marconato et al. [21]:

a(0) + a(6) =6 al)+a(5)=6

a(2) + «(8) =10 a(3) + a(7) =10

a@+a@) =10 " Ya)+a®) =10 4
a(4) + a(8) =12 a(3) + a(9) =12

Now, notice that we can find independent reasoning shortcuts for each of the two sides since they do
not share any digits. For the LHS, we consider the sum «(2) + «(8) = 10 and notice that we can find
at most 10 different attributions for having a correct sum. Notice that, some of them are not allowed
as «(8) = 0, 1 leads to inconsistent values for the fourth sum, and «(8) = 3 leads to an inconsistent
sum for the first equation. So in total, for the LHS, we obtain 7 possible solutions and, by symmetry,
the same number also for the LHS. In total, the number of det-opts is equal to 7 - 7.

Experimentally, we consider limited concept supervision on I = {4, 9} which should be sufficient, in
principle, to disambiguate between even and odds digits. This happens because specifying «(4) = 4
and «(9) = 9 admits only the ground-truth concepts as the optimal solution.
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C.2.4 Dataset: MNIST-AddMul

In this dataset, we consider fewer combinations of digits, explicitly:

A-d-=1
A+H-=2 (95)
|/ N 3

and similarly for multiplication. This data set contains 1680 training examples, 480 for the validation,
and 240 for the test set.

Reasoning shortcuts. For the case of the addition task, we can have 2 possible solutions, which are:

e (0)=0,a(l) =1, ®(2) = 2, and «(3)
* a(0)=1,a(1) =0,a(2) = 1,and «(3) =

3;

For multiplication, we have that since «(1) - «(3) = 3 it can be either «(1) = 1 or (1) = 3. In
both cases, it holds that «(0) = 0 and «(2) can be arbitrary. Hence, there are in total 2 - 4 possible
det-opts. In MTL, the reasoning shortcut for the addition does not hold since it leads to a sub-optimal
solution for multiplication.

C.2.5 Dataset: BDD-0IA

This data set contains frames of driving scene videos for autonomous predictions [54].
Each frame is annotated with 4 binary labels, indicating the possible actions, Y =
(move_forward, stop, turn_left, turn_right). Each scene is also annotated with 21 binary
concepts C, underlying the reasons for the possible actions, see Table 5. The training set contains
16k frames, with full label and concept supervision; the validation and the test set contain 2k and
4.5k annotated data, respectively.

For designing the prior knowledge w.r.t. to the concepts in Table 5, we make use of the following
rules for move_forward/stop predictions:

red_light — —green_light

obstacle = car V person V rider V other_obstacle
road_clear <= —obstacle

green_light V follow V clear — move_forward
red_light V stop_sign V obstacle — stop

stop =—> —move_forward

(96)

For turn_left, and similarly for turn_right, we use:

can_turn = left_lane V left_green_light V left_follow
cannot_turn = no_left_lane V left_obstacle V left_solid_line o7
can_turn A —cannot_turn = turn_left

Notice that, since the concepts are predicted together, as explained in Appendix C.4, we can count
the number of RSs as follows:

e For move_forward and stop, the labels are predicted with the constraints such that
(move_forward, stop) = (1,1) has no support. Hence, we consider only the predictions
(0,0), (0,1), (1,0). Next, we identify:

- |Co,0| = 1, since it corresponds just to the case where no concepts are predicted.
- Caol = 23 — 1, which is the number of different concepts attribution for forward yielding
a positive label;
- [C(0,1)| = 280 are the combination of the remaining concepts that yield the stop action, in
agreement with the constraints. These were counted explicitly from the logic implementation.
Overall, the number of det-opts amount to 1 - 77 - 280280,

e For turn_left and turn_right, we count the cardinality of positive and negative predictions
of the two classes |Cy| and |Cy |:
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— |C1] = 23 — 1, that are the only concepts attributions for the positive label;
- |Co| = 2% — |C1], are all the remaining concept combinations.

For left and right, separately, we obtain that possible optimal solutions amount to 77 - 5757,

Altogether, the count of det-opts for BDD-0IA goes as follows:

I leyl't =177 28020 . 77 . 57°7 . 77 . 57°7 (98)
yey

Table 5: Concepts annotated in BDD-0IA. Table taken from [54]

Action Category Concepts Count
green_light 7805

move_forward follow 3489
road_clear 4838

red_light 5381

traffic_sign 1539

stop car 233
person 163

rider 5255

other_obstacle 455

left_lane 154
left_green_light 885

left_follow 365

turn_left no_left_lane 150
left_obstacle 666
letf_solid_line 316

right_lane 6081
right_green_light 4022

. right_follow 2161
turn_right no%right_lane 4503
right_obstacle 4514

right_solid_line 3660

C.3 Optimizer and Hyper-parameter Selection

The Adam optimizer [87] was employed for all experiments, with exponential decay of the learning
rate amounting to v = 0.95, exception made for BDD-0IA, where we added a weight-decay with
parameter w = 4 - 1075 and ~y was set to 0.1, to avoid over-fitting.

The learning rate for all experiments was tuned by searching over the range 10~* + 10~2, with a
total of 5 log steps. We found the SL penalty of 2 and 10 for XOR and MNIST-AddMul, respectively,
to work well in our experiments. The strength of the single mitigation strategies (1) for each method
was chosen accordingly to a grid-search over n € {0.1,0.5,1,2,5,10}, varying the learning rate.
The best hyper-parameters were selected, in the first step, based on the highest performances in
F1-score for label accuracy on the validation set and, in the second step, on the lowest mitigation
loss, accordingly to the value in the validation set. In particular, for SL we chose those runs that
yielded the best trade-off between SL minimization and label prediction. For LTN, we found that
concept supervision did interfere with the original training objective, for which the best weight for
the mitigation strength was found at v = 1072, It was adopted for both LTN+C and LTN+R +C in Q2
of Section 6. The hyper-parameters for the combined mitigation strategies were selected according to
the aforementioned criterion, by only searching the best-combined mitigation strength, while keeping
the individual best strengths fixed from the previous grid search.

For BDD-01IA, we selected the learning rate ranging in the interval 10~* + 102 upon selecting those
runs with best Fj-scores on labels in the validation set. The strength of the concept supervision and
entropy regularization were varied in between {0.1,1,5}.

All best hyper-parameters for our tests are reported in the code in the Supplementary Material.
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C.4 Architectures

XOR: For this data set, we adopted two MLPs, one for the encoder py(C | G) and one for the
decoder py, (G | C), both with a hidden size of 3 and ReLU activations. This architecture is used to
empirically validate RSs without forcing disentanglement. For the disentangled case, we considered a
linear layer with weight w and bias b.

For SL only, we added an additional MLP, with a hidden size of 3 and tanh activations, implementing
the map from the logits of Cto Y.

MNIST-AddMul: We report here the architectures that has been used for MNIST-Addition,
MNIST-Multiplication, and MNIST-EvenOdd. For the joint prediction, i.e., without disentan-
glement, we used the encoder in Table 6. When considering disentanglement, we processed each
digit with the encoder in Table 7 and then stacked the two concepts together. For the reconstruction,
we used the decoder in Table 8. For SL only, we added an MLP with a hidden size of 50, taking as
input the logits of both concepts and processing them to the label.

Table 6: Double digit encoder for MNIST-Addition

INPUT SHAPE  LAYER TYPE PARAMETERS ACTIVATION
(28,56,1) Convolution  depth=32, kernel=4, stride=2, padding=1 ReLU
(32,14, 28) Dropout p=20.5
(32,14, 28) Convolution depth=64, kernel=4, stride=2, padding=1 ReLU
(64,7,14) Dropout p=0.5
(64,7,14) Convolution  depth=128, kernel=4, stride=2, padding=1 ReLU
(128,3,7) Flatten

(2688) Linear dim=20, bias = True

Table 7: Single digit Encoder for MNIST-AddMul

INPUT SHAPE  LAYER TYPE PARAMETERS ACTIVATION
(28,28,1) Convolution  depth=64, kernel=4, stride=2, padding=1 ReLU
(14,14, 64) Dropout p=20.5
(14,14, 64) Convolution  depth=128, kernel=4, stride=2, padding=1 ReLU
(7,7,128) Dropout p=0.>5
(7,7,128) Convolution  depth=256, kernel=4, stride=2, padding=1 ReLU
(3, 3,256) Flatten

(2304) Linear dim=10, bias = True

Table 8: Decoder for MNIST-Addition

INPUT SHAPE LAYER TYPE PARAMETERS ACTIVATION
(40,1) Unflatten
(128,3,7) ConvTranspose2d  depth=64, kernel=(5, 4), stride=2, padding=1 ReLU
(64,7,14) Dropout p=0.5
(128,3,7) ConvTranspose2d  depth=32, kernel=(4, 4), stride=2, padding=1 ReLU
(32,14, 28) Dropout p=0.5

(128,3,7) ConvTranspose2d  depth=1, kernel=(4, 4), stride=2, padding=1 Sigmoid

BDD-0IA: Images of BDD-0IA are preprocessed following [55] with a Faster-RCNN [88] pre-trained
on MS-COCO and fine-tuned on BDD-100k [54]. Successively, we adopted the pre-trained convolu-
tional layer on [55] to extract linear features, with dimension 2048. These are the inputs for the NeSy
model, which is implemented with a fully-connected NN, see Table 9.

7R
https://doi.org/10.52202/075280-3170 72534



Table 9: Fully connected layer for BDD-0IA

INPUT SHAPE LAYER TYPE PARAMETERS ACTIVATION
(2048, 1) Linear + BatchNorm1d dim=1024 Softplus
(1024) Linear + BatchNorm1d dim=512 Softplus
(512) Linear + BatchNorm1d dim=256 Softplus
(256) Linear + BatchNorm1d dim=128 Softplus
(128) Linear + BatchNorm1d dim=21 Softplus
70
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C.5 Confusion Matrices

Following, we report the label and concept-level confusion matrices (CMs) for XOR, MNIST-Even0dd,
and MNIST-Multiplication. For all of them, we report those obtained in runs with maximal F -
score over the labels.

C.6 XOR
NONE DIS

(0,0,0) (0,0,1) (0,1,0) (0,1,1) (1,0,0) (1,0,1) (1,1,0) (1,1,1) (0,0,0) (0,0,1) (0,1,0) (0,1,1) (1,0,0) (1,0,1) (1,1,0) (1,1,1)
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e {00 000 === {0 0 @< 0000 S 000 00 000 00 20
o1, o T 11T {1000 4100 ) @11 T 7T .. T
aso TN T S 00T === {070 {000 | woe T I {00 {00 00 20
o o I 000 {00000 0000 e i I oA A0 4000 40000 A0 S 000 00
a0 M {0 T A0 O e 300 et S ST AT ST S -

EEDPL EESL EELTN EEDPL EESL EELTN

Figure 3: CMs for XOR: (Left) All NeSy models fail for RSs without any mitigation. (Right) Providing
DIS avoids all RSs.

C.7 MNIST-EvenOdd

Predicted Predicted Predicted
01234567889 01234567829 012345678%9
0 | 0 u 0
1l | 1 i 1
52 | 2 | 2
E3 | 3 [ | 3
=4 n 4 O -
e5 B 5 u 5
36 u 6 L IE | 6
g7 r 7 (] 7
o8 | 8 u 8
9 = 9 u 9

Figure 4: NeSy models without mitigation strategies. (Left) DPL picks a RS that uses only 3 digits.
(Middle) SL optimizes for label predictions but does not always predict a correct configuration for
the digits. (Right) LTN also picks a RS using only 3 digits.

Predicted Predicted Predicted
0123456789 0123456789 0123456789

0. 0 | 0o/l
el u 1 O 1 |
52 | 2 ] 2 ]
£3 Il 3 o 3 L1
44 afmf | 4 [ | 4 [ |
co B =] [ ] 571
26 o 6 [ 6 u
as | 8 n 8 ] |
9 iy 9 o 9 =

Figure 5: NeSy models with R. (Left) DPL picks a sub-optimal RS. (Middle) SL optimizes for label
predictions but through a RS. (Right) LTN also picks a sub-optimal RS. For all runs, we found that R
interferes with the standard learning objective of DPL and LTN, respectively.
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Predicted Predicted Predicted

0123456789 0123456789 0123456789
0 | 0 | 0 =

sl ] 10 1 n
82 u 2 = 2 o
£3 ] 3 I 1 3 [ |
o4 n 4 O 4 u
e5 n 5 = 5 ||

26 NI 6 ' IEmf | 6 |
g7 L 7 O 7 ]
[CE:] n 8 | 8 n
9 n 9 [ 9 n

Figure 6: NeSy models with C. (Lefr) DPL picks a sub-optimal RS and fails to predict correctly the
digits 4 and 9. (Middle) SL predicts correctly the 4’s and 9’s but does not avoid the RS. (Right) LTN
picks a RS that uses only 3 digits.

Predicted Predicted Predicted
01234567829 01234567889 234567889

1
]

| K=l

Ground-truth
D00 ~J N B LR = O

OO A BN = O
ool N hldMEO
||

Figure 7: NeSy models with H. (Left) DPL picks a RS that uses concepts more sparsely. (Middle) SL
picks a RS, irrespectively of the mitigation. (Right) LTN tends to align to the diagonal but fails to
predict correctly multiple digits. The performance, nonetheless, is sub-optimal.

Predicted Predicted Predicted
0123456789 01234567889 0123456789
ol 1] | 0 ]
el | 1 [l 17
52 u 2 | 2 o
E3 | 3 O 3 n
14 { | 4 | 4 u
Zs5_H | 5 ] 5 O
36 H 3 [ [ m
ez | 7 O 7 u
(L] ] 8 1 8 [
9 | 9 O 9 u

Figure 8: NeSy models with R and H. (Left) DPL picks a sub-optimal RS by using only three digits.
(Middle) SL picks a RS. (Right) LTN learns correctly the odd digits but learns a RS for the even ones.

Predicted Predicted Predicted
01234567829 01234567829 01234567889
0 | 0 u 0
£l | 10. 1
<2 o 2008 2
E3 [ ] 3 | | 3
54 | 4 u 4
£5 | | 5 | 5
36 i =] | | 6
87 ol 7008 7
os ] 8 [ ] 8
9 u 9 ] 9

Figure 9: NeSy models with R and C. (Left) DPL picks a sub-optimal RS by using only three digits.

(Middle) SL improves along the diagonal but fails to correctly encode four digits. (Right) LTN picks
aRS.
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Predicted Predicted Predicted

0123456789 01234567809 0123456789
0 0 "] 0
el 1. 1
€2 2 | 2
£3 3 ] I 3
T4 4 | 4
T5 5 = 5
36 6 | | 6
27 7 ] 7
(CF] 8 nim} | 8
9 9 ] 9

Figure 10: NeSy models with C and H. (Left) DPL correctly retrieves almost all digits but fails with
the digit 7. For this method, we also found runs completely recovering the diagonal. (Middle) SL
picks a sub-optimal RS. (Right) LTN avoids the RS.

Predicted Predicted Predicted
01234567889 01234567889 01234567869
om om 0

sl W 171 [ 1
52 | 2 ] 2
E3 N 3 | I 3
54 O 4 O 4
£S5 I 3 u 5
36 | 6 | 6
g7 ] 7 ] 7
a8 H 8 | | 8
9 [ 9 | 9

Figure 11: NeSy models with R, C and H. (Left) DPLcorrectly identifies the underlying concepts.
(Middle) SL does not avoid RSs. (Right) LTN also identifies the correct digits.
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C.8 MNIST-AddMul

Predicted

1
3

Predicted

_-_ T 1

‘ ‘
1

Figure 12: CM on the addition task. All models, DPL (Left), SL (Middle), and LTN (Right) fail for
the RS introduced in Example 1, while failing also to predict the digit 3.
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. o l
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Figure 13: CM on the product task. (Left) DPL picks a RS where it fails to capture the correct
semantics of all digits, except 0, (Middle, Right) SL, and likewise LTN, acquires a RS where it never
predicts correctly the digit 2.
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Figure 14: CM on MTL. Once the predictors are trained for solving addition and multiplication
Jjointly through MTL, they all successfully acquire the concepts with the intended semantics: all
confusion matrices are very close to being diagonal.
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