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Abstract

In this paper, we study the conditional stochastic optimization (CSO) problem
which covers a variety of applications including portfolio selection, reinforcement
learning, robust learning, causal inference, etc. The sample-averaged gradient
of the CSO objective is biased due to its nested structure, and therefore requires
a high sample complexity for convergence. We introduce a general stochastic
extrapolation technique that effectively reduces the bias. We show that for non-
convex smooth objectives, combining this extrapolation with variance reduction
techniques can achieve a significantly better sample complexity than the existing
bounds. Additionally, we develop new algorithms for the finite-sum variant of
the CSO problem that also significantly improve upon existing results. Finally,
we believe that our debiasing technique has the potential to be a useful tool for
addressing similar challenges in other stochastic optimization problems.

1 Introduction

In this paper, we investigate the conditional stochastic optimization (CSO) problem as presented by
Hu et al. [16]], which is formulated as follows:

min F() = Eelfe(Eyelon(a:€)), (CS0)

where & and 7 represent two random variables, with 7 conditioned on {. The f: : R® — R and

gn : R? — RP denote a stochastic function and a mapping respectively. The inner expectation
is calculated with respect to the conditional distribution of n|¢. In line with the established CSO
framework [[16},[13], throughout this paper, we assume access to samples from the distribution P(€)
and the conditional distribution P(n|¢).

Many machine learning tasks can be formulated as a [CSO] problem, such as policy evaluation
and control in reinforcement learning [6} [24], and linearly-solvable Markov decision process [J5].
Other examples of the [CSO| problem include instrumental variable regression [23]] and invariant
learning [16]. Moreover, the widely-used Model-Agnostic Meta-Learning (MAML) framework,
which seeks to determine a meta-initialization parameter using metadata for related learning tasks that
are trained through gradient-based algorithms, is another example of a[CSO|problem. In this context,
tasks £ are drawn randomly, followed by the drawing of samples 7|¢ from the specified task [L1]. It is
noteworthy that the standard stochastic optimization problem ming, E¢[f¢ ()] represents a degenerate
case of the CSO problem, achieved by setting g,, as an identity function.

In numerous prevalent@]problems, such as first-order MAML (FO-MAML) [11]], the outer random
variable £ only takes value in a finite set (say in {1, ...,n}). These problems can be reformulated to
have a finite-sum structure in the outer loop and referred to as Finite-sum Coupled Compositional
Optimization (FCCO) problem in [33[19]]. In this paper, we also study this problem, formulated as:

min Fy(@) = 5 355 fi(Eqjilgn(@:9)]). (FCCO)

The [FCCO] problem also has broad applications in machine learning for optimizing average precision,
listwise ranking losses, neighborhood component analysis, deep survival analysis, deep latent variable
models [33, 19]].
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Although the [CSO]and [FCCOQ| problems are widespread, they present challenges for optimization
algorithms. Based on the special composition structure of [CSO| using chain rule, under mild
conditions, the full gradient of [CSOlis given by

V(@) = E¢ [ (Epe[Van(@;€)]) " V fe(Eppelgn(®@; )]

Constructing an unbiased stochastic estimator for the gradient is generally computationally expensive
(and even impossible). A straightforward estimation of V F'(x) is to estimate E, with 1 sample of ¢,
estimate E, ¢ [gy,(-)] with a set H¢ of m independent and identically distributed (i.i.d.) samples drawn

from the conditional distribution P(n|¢), and E, <[V g, (-)] with a different set Hp of m i.i.d. samples
drawn from the same conditional distribution, i.e.,

V(@) = (& Yaen, Vor(@:6) Vield e, n(@: ). ()

Note that V F,,, () consists of two terms. The first term, (1/m) > e e Vgi(x;€), is an unbiased
estimate of E, <[V gy (x; {)]. However, the second term is generally biased, i.e.,

Enje[Vie(o Xen, 9n(®:€)] # V fe(Epielgn (2 6)))-

Consequently, VE,, () is a biased estimator of VF(z). To reach the e-stationary point of F(z)
(Definition [I), the bias has to be sufficiently small.

Optimization with biased gradients converges only to a neighborhood of the stationary point. While
the bias diminishes with increasing batch size, it also introduces additional sample complexity. For
nonconvex objectives, Biased Stochastic Gradient Descent (BSGD) requires a total sample complexity
of O(£79) to reach an e-stationary point [16]]. This contrasts with standard stochastic optimization,
where sample-averaged gradients are unbiased with a sample complexity of O(s~*) [12,3]. This
discrepancy has spurred a multitude of proposals aimed at reducing the sample complexities of both
[CSQ] and [FCCO| problems. Hu et al. [16] introduced Biased SpiderBoost (BSpiderBoost), which,
based on the variance reduction technique SpiderBoost from Wang et al. [38]], reduces the variance of
¢ to achieve a sample complexity of O(e~°) for theproblem. Hu et al. [[17] proposed multi-level
Monte Carlo (MLMC) gradient methods V-MLMC and RT-MLMC to further enhance the sample
complexity to 0(6_4). The SOX [33] and MSVR-V2 [19] algorithms concentrated on the
problem and improved the sample complexity to O(ne~*) and O(ne~3), respectively.

Our Contributions. In this paper, we improve the sample complexities for both the and [FCCO
problems (see Table[I)). To facilitate a clear and concise presentation, we will suppress the dependence
on specific problem parameters throughout the ensuing discussion.

(a) Our main technical tool in this paper is an extrapolation-based scheme that mitigates. bias in
gradient estimations. Considering a suitably differentiable function ¢(-) and a random variable
d ~ D, we show that we can approximate the value of ¢(E[d]) via extrapolation from a limited
number of evaluations of ¢(¢), while maintaining a minimal bias. In the context of] and
problems, this scheme is used in gradient estimation, where the function ¢ corresponds to V f¢
and the random variable § corresponds to g,,.

(b) For the[CSO|problem, we present novel algorithms that integrate the above extrapolation-based
scheme with BSGD and BSpiderBoost algorithms of Hu et al. [16]. Our algorithms, referred
to as E-BSGD and E-BSpiderBoost, achieve a sample complexity of O(¢~%%) and O(e739)
respectively, in order to attain an e-stationary point for nonconvex smooth objectives. Notably, the
sample complexity of E-BSpiderBoost improves the best-known sample complexity of O(ne~*)
for the [CSO|problem from Hu et al. [17].

(c) For the proble we propose a new algorithm that again combines the extrapolation-
based scheme with a multi-level variance reduction applied to both inner and outer parts of the
problem. Our algorithm, referred to as E-NestedVR, achieves a sample complexity of O(ne=3)
if n < e72/3 and O(max{\/ne2°,e7*/\/n}) if n > £~2/3 for nonconvex smooth objectives
and second-order extrapolation scheme. Our bound is never worse than the O(ne~3) bound of
MSVR-V2 algorithm of Jiang et al. [19] and is in fact better if n = Q(a_z/ 3). As an illustration,
when n = ©(e~1%), our bound of O(73-2%) is significantly better than the MSVR-V2 bound of
O ( c —4.5 ) .

2 For the [FCCO| problem we focus on n = O(e~?) case, for n = Q(e72) we can just treat the [FCCO
C

problem as a: SO|problem and get an O(e~3-%) sample complexity bound via our E-BSpiderBoost algorithm.
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Problem Old Bounds Our Bounds

Algorithm Bound Algorithm Bound
CsO BSGD [16] 0= E-BSGD O(e—15)
CSO BSpiderBoost [16] O(¢7®)  E-BSpiderBoost O(e739)
CSO RTMLMC [17]  O(s%)

O(ne=3) ifn < e /3
(D(maX{E‘@7 %54}), ifn>e2/3

Table 1: Sample complexities needed to reach e-stationary point for|[FCCOJand|CSO|problems with nonconvex
smooth objectives. Assumptions are comparable, but our results require an additional mild regularity on f
and g,,. For also see Footnote 2| Note that (¢ ~3) is a sample complexity lower bound for standard
stochastic nonconvex optimization [3], and hence, also for the problems considered in this paper.

FCCO MSVR-V2[19] O(ne?) E-NestedVR {

In terms of proof techniques, our approach diverges from conventional analyses for the [CSO|
and [FCCO] problems in that we focus on explicitly bounding the bias and variance terms of the
gradient estimator to establish the convergence guarantee. Compared to previous results, our im-
provements do require an additional mild regularity assumption on f¢ and g,, mainly that V f¢ is 4th
order differentiable. Firstly, as we discuss in Remark 2] most common instantiations of
framework such as: 1) invariant logistic regression [[L6]], 2) instrumental variable regression [23],
3) first-order MAML for sine-wave few shot regression [11]] and other problems, 4) deep average
precision maximization [26} [34]], tend to satisfy this assumption. Secondly, we highlight that the
bounds derived from previous studies do not improve when incorporating this additional regularity
assumption. Thirdly, Q(¢~3) remains the lower bound for stochastic optimization even under the
arbitrary smoothness constraint [2], demonstrating that our improvement is non-trivial. Our results
show that, this regularity assumption, which seems to practically valid, can be exploited through a
novel extrapolation-based bias reduction technique to provide substantial improvements in sample
complexity.

We defer some additional related work to Appendix [BJand conclude with some preliminaries.

Notation. Vectors are denoted by boldface letters. For a vector x, |||z denotes its {-norm. A
function with k continuous derivatives is called a C* function. We use a < b to denote that a < Cb for
some constant C' > 0. We consider expectation over various randomness: E¢[-] denotes expectation
over the random variable &, E, |¢[-] denotes expectation over the conditional distribution of 7|£. Unless
otherwise specified, for a random variable X, E[X] denotes expectation over the randomness in X.
We focus on nonconvex objectives in this paper and use the following standard convergence criterion
for nonconvex optimization [[18].

Definition 1 (e-stationary point) For a differentiable function F'(-), we say that x is a first-order
e-stationary point if |V F(x)||? < &2

For notational convenience, in the rest of this paper, we omit the dependence on & (or ¢ in the [FCCO
context) in the function g and use g, () to represent g, (x; §).

2 Stochastic Extrapolation as a Tool for Bias Correction

In this section, we present an approach for tackling the bias problem as appears in optimization
procedures such as BSGD, BSpiderBoost, etc. Importantly, our approach addresses a general problem
appearing in optimization settings and could be of independent interest. All missing details from this
section are presented in Appendix [C]

For ease of presentation, we start by considering the 1-dimensional case and assume a function
q : R — R, aconstant s € R. Let d be a random variable drawn from an arbitrary distribution D
over R. In Sections[3|and[d] we apply these ideas to the [CSO]and [FCCO]problems where the random
variable 0 is played by g, (-) and function ¢ is played by V f¢. Informally stated, our goal in this
section will be to

Efficiently approximate (s + E[d]) with few evaluations of {q(s + d) }s~p.

3Higher-order smoothness conditions have also been exploited in standard stochastic optimization for
performance gains [4].

2
78848 https://doi.org/10.52202/075280-3449



An interesting case is when s = 0, where we are approximating ¢(E[4]) with evaluations of
{q(8)}s~p. Now, if ¢ is an affine function, then q(s + E[d]) = E[q(s + d)]. However, the equality
does not hold true for general ¢, and there exists a bias, i.e., |q(s + E[d]) — E[q(s + 8)]| > 0. In this
section, we introduce a stochastic extrapolation-based method, where we use an affine combination
of biased stochastic estimates, to achieve better approximation.

Suppose g € C?* is a continuous differentiable up to 2k-th derivative and let h = E[§]. We expand
q(s + 9), the most straightforward approximation of ¢(s + E[d]), using Taylor series at s + h, and
take expectation,

Elg(s + 0)] =q(s + h) + ¢'(s + h) E[6 — h] + L& E[(5 — h)2) + €2+ g5 — p)3)

(2k—1) (4 _
ot g S ELS — h) D] 4 b Elg®) (05)(8 - B,

@

where ¢5 between s + ¢ and s + h. While E[¢(s 4 ¢)] matches ¢(s + h) in the first 2 terms, the third
term is no longer zero. The approximation error (bias) is

|Elgls +6)] - als + )| = |7 SVENS — n)) 4.+ gy Eld®) (9)(5 — 1)),

In order to analyze the upper bound, we make the following assumption on D and q.

Assumption 1 (Bounded moments) For all 5 ~ D has bounded higher-order moments: o; :=
|E[(6 — E[0])Y]] < coforl=2,3,...2k.

Assumption 2 (Bounded derivatives) The q € C?* and has bounded derivatives, i.e., a; :=
SUD e dom(q) lqW (s)| < coforl=1,2,...,2F

In addition, we consider a sample averaged distribution D,,, derived from D as follows.

Definition 2 Given a distribution D satisfying Assumptionand m € N, we define the distribution
Dy, that outputs § where § = L 3" | 6; with §; iHd-p,

The moments of such distribution D,,, decrease with batch size m as k > 2, |E[(6 — E[§])*]| =

O(m~ [k/21) (see Lemma . Our desiderata would be to construct a scheme that uses some samples
from the distribution D, to construct an approximation of ¢(s + E[4]) that satisfies the following
requirement.

Definition 3 (kth-order Extrapolation Operator) Given a function q : R — R satisfying Assump-
tion[2| and distribution D, satisfying Assumption[l| we define a kth-order extrapolation operator

Tlg’;), as an operator from C** — C?F that given N = N (k) i.i.d. samples 61, ...,0xn from D,,
satisfies Vs € R: |E[TFq(s)] — q(s + E[5])| = O(m~F).

We now propose a sequence of operators £gr)n , Lg}n, ﬁgl? ... that satisfy the above definition. The

Cgi)n q(s) is designed to ensure its Taylor expansion at s+ h has a form of q(s+h) +O(E[(6 — h)?*]).
The remainder O(E[(J — h)?*]) is bounded by O(m~*) due to Lemmal[l}

A First-order Extrapolation Operator. We define the simplest operator
Eg}nq cs = [g(s+9)] where § "% D,,.
In Proposition (Appendix , we show that Eg}n is a first-order extrapolation operatmﬂ

A Second-order Extrapolation Operator. We define the following linear operator Egzn which

transforms ¢ € C* into Eg}nq which has lesser bias (but similar variance, as shown later).

Definition 4 (Eg}n Operator) Given D,, and q, define the following operator,

ﬁg}nq PS8 {2 ~q(s+ 51;62) - q(s+61);q(s+62) where §1, 02 "hp,,.

*Note that if the function ¢ is only L,-Lipschitz continuous, then |E [q(s + &)] — q(s + E[8])] <
VLZE[|0 —E[d]]]? < Lav72 Therefore, in this case, g(s + §) does not satisfy the first-order guarantee.

ml/2
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:;:103 lg(s + £161) — E[£E)_q(s)]| % i Ele) q(s)]
g g e N ?10 1 E[E,,5 q(s)] L
<10 B = E[£5q(s)]

L 3= B a0 =

) 1 (2) i

=10 L qu(S) 1] -5_|

: cBats) 5"

Ty S

160 161 162 163 164 165 10 100 —— ....1.(51 T ....1.62
Number of estimates m
(a) q(s) = s%/2, 8 ~ N(10,100), m = 1. (b) q(s) = s, p(6) = 6/2 where § € [0, 2].

Figure 1: The Fig. [1a|investigates the estimation errors of £(")¢(s) with their number of observations.
The Fig. compares the biases of E[£()¢(s)] with increasing inner batch size m.

Note that M is same as sampling from Ds,,. The absolute difference in the Taylor expansion of
E( ) gqats + h differs from ¢(s + h) as,

O ([E [2(24% — )® = 5((8r = 1)° + (82 = W))]|) = O((E[(6 — n)°])) for 6 "= D 3)
The bias error of this scheme can be bounded through the following proposition.

Proposition 1 (Second-order Guarantee) Assume that distribution D,, and q(-) satisfies Assump-
tion |I| and |2| respectively with k = 2. Then, for all s € R, [ﬁg}rq(s)} —q(s+E[0])] <

4(130’3-‘1—9(140'2 4 oa4 04— 302
48m? m3

Remark 1 While extrapolation is motivated by Taylor expansion which requires smoothness, higher
order derivatives are not explicitly computed. Appendix[F3|empirically shows that applying extrapo-
lation to non-smooth functions achieves similar bias correction. Relaxing the smoothness conditions
is a direction for future work.

The above proposition shows that ﬁ( ) is in fact a second-order extrapolation operator with k = 2
under Definition 3] We will use this operator when we cons1der the [CSO]and [FCCO| problems later.
Now, focusing on variance, we can relate the variance of ,CD q(s) in terms of the variance of g(s+9).
In particular, a consequence of Lemma2]is that

E [(£5) a(s) ~ L) a(s)])°] = O(Ellg(s +8) — Elg(s + ).

Extension of £( ) to Higher-dimensional Case. If ¢ : R — R is a vector-valued function,
then there is a stralghtforward extension of Definition @ Now, for distribution D over RP and
corresponding sampled averaged distribution D,,, and s € RP

Egy)nq 18— [2 -q(s + 9$%2) — Q(s+61);q(s+62)] where 81,8, '~ D,,,. “4)

Higher-order Extrapolation Operators. The idea behind the construction of Lg}n can be general-
ized to higher k’s. For example, in Proposition 3] we construct a third-order extrapolation operator

ﬁg’; through higher degree Taylor series approximation
(3) (2) (2) (2 (2) (2)
L q:s— (—3—16£Dm + SEDM — %K’Dsm - %Gﬁmm +3Lp;, )a(s).
While this idea of expressing the k-th order operator as an affine combination of lower-order operators
works for every k, explicit constructions soon become tedious.

In Fig. , we empirically demonstrate the effectiveness of extrapolation in stochastic estimation. E| In

Fig.|lal we choose q(s) = s2/2,§ ~ N(10, 100). For both Cg) q(s) and Eg’) q(s), their estimation
errors converge to 0 with increasing number of estimates. This 001n01des with Proposmonmas a3 =0

SWe use Eg ) s Lg ) R Lg’ ) to ensure that each estimate uses same amount of samples (12m).
12m 6m m

q
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and ay = 0 for quadratic ¢. In contrast biased first order method only converges to a neighborhood.
In Fig. [1bl we consider ¢(s) = s* and p( ) = 6/2 where 0 € [0, 2]. All three methods are biased and

their b1ases decrease with m, i.e. O(m~*) for kth order method. Depending on the constants (e.g. a;,
o), a higher-order extrapolation method may need decently large m (burn-in phase) to outperform
lower-order methods.

3 Applying Stochastic Extrapolation in the CSO Problem

In this section, we apply the extrapolation-based scheme from the previous section to reduce the bias
in the [CSO| problem. We focus on variants of BSGD and their accelerated version BSpiderBoost

based on our second-order approximation operator (Definition . Let He, H, ¢, and H, é indicate

different sets, each of which contains m i.i.d. random variables/samples drawn from the conditional
distribution P(7|¢). Remember that, as mentioned earlier, we use g, (x) to represent g, (z; ).

Extrapolated BSGD. At time ¢, BSGD constructs a biased estimator of V F'(x") using one sample &
and 2m i.i.d. samples from the conditional distribution as in (IJ)

1 T
GE“’S_GD = (% ZﬁeFQ vgﬁ(mt)) vff(% ZUEHg gﬂ(mt)) (5)
To reduce this bias, we apply the second-order extrapolation operator from (@). At time ¢, we define
Dyt to be the distribution of the random variable - > 1. 9n(a"). Then we apply E(;g? by

setting ¢ to V fe and s = 0, i.e.

£(2,+1Vf5( 0):=2Vfe (ﬁ ZWEHs gn(act) + ﬁ Zn’eHé 9 (mt)))
-3 (Vfﬁ(% ZneHg g (")) + V fe (& Zn'eHé Iy (a:t))) . (6)

where ;=37 ;. gy(a') and Zn’eHé g (') are iid. drawn from D.E. In Algorithm
(Appendix [A), we present our extrapolated BSGD (E-BSGD) scheme, where we replace
Vie(L done He gn(x")) in (B) by E;BH V f¢(0) resulting in this following gradient estimate:

t+1 1 T @
Gtsap = (% Sgen, Von(@)) L5V e(0). Q)

Extrapolated BSpiderBoost. BSpiderBoost, proposed by Hu et al. [16], uses the variance reduction
methods for nonconvex smooth stochastic optimization developed by Fang et al. [10], Wang et al.
[38]]. BSpiderBoost builds upon BSGD and has two kinds of updates: a large batch and a small batch
update. In each step, it decides which update to apply based on a random coin. With probability poy,
it selects a large batch update with B; outer samples of £&. With remaining probability 1 — pgy, it
selects a small batch update where the gradient estimator will be updated with gradient information in
the current iteration generated with Bs outer samples of ¢ and the information from the last iteration.
Formally, it constructs a gradient estimate as follows,
Gl = GESB + B; Leens, 1B |=B2 (Gisap — Ghsop) thh prob. 1 — pout @®)
31 ZfeBr,lBll B, GBSGD with prob. poy.

We propose our extrapolated BSpiderBoost scheme (formally defined in Algorithm [l Appendix[A)
by replacing the BSGD gradient estimates in (§) with E-BSGD.

Qi+l GtE BSB T 32 Z{eBg iBr“‘ =B, (Grt;ralsGD G]tE-BSGD) with prob. 1 — pou 9
E-BSB — +1 9

B1 256617‘61‘ 5, GEBsGp with prob. poy.

Sample Complexity Analyses of E-BSGD and E-BSpiderBoost. We adopt the standard assump-
tions used in the literature [27, |35 33} l41]]. All proofs are deferred to Appendix

Assumption 3 (Lower bound) F' is lower bounded by F™*.

A
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Assumption 4 (Bounded variance) Assume that g, and Vg, have bounded variances, i.e., for
all £ in the support of P(§) and x € RP, 02 = Emg[Hgn(w;g) — Emg[gn(w;g)]Hz] < oo and

C2 = Eyiel|| Vg (@: €) — Epje[Vgy (2 €)]||3]

< 0Q.

Assumption 5 (Lipschitz continuity/smoothness of f: and g,)) For all £ in the support of P(£) ,
Je(+) is Cy-Lipschitz continuous (i.e., ||fe(x) — fe(2')]], < Cf ||l —2'||, Vo, 2" € RP) and Lj-
Lipschitz smooth (i.e., |V fe(x) — Vfe(x')|, < Ly ||l — 2’|, Yo,z € RP) for any &. Similarly,
for all & in the support of P(£) and 1) in the support of P(n|§), g, (+; &) is Cy-Lipschitz continuous
and L 4-Lipschitz smooth.

The smoothness of f and g, naturally implies the smoothness of F'. Zhang and Xiao [41, Lemma
4.2] show that AssumptionE] ensures F' is: 1) Cp-Lipschitz continuous with Cr = C;Cy; and

2) Lp-Lipschitz smooth with Lp = L,Cy + C?Ly. We denote Lp = (,Cy + 0,CyLy. More-
over, Assumption [5|also guarantees that f and g, have bounded gradients. In addition, f¢ and g,
are assumed to satisfy the following regularity condition in order to apply our extrapolation-based
scheme from Section 2]

Assumption 6 (Regularity) For all £ in the support of P(€), V fe is 4th-order differentiable with
bounded derivatives (i.e., a; := SUpgcrp HV(l)fg(g)H2 <ooforl=1,2,3,4 V& € RP) and g, has

bounded moments upto 4th-order (i.e., o), = SUpzera SUP; Ey ¢ [Zle [gy () — En|§[gn(w)]]ﬂ <
0o,k =1,2,3,4).

Remark 2 The core piece of Assumption@ is the 4th order differentiability of V f¢ as other parts can
be easily satisfied through appropriate boundedness assumptions. This condition though is satisfied
by common instantiations of| We discuss some examples including invariant logistic
regression, instrumental variable regression, first-order MAML for sine-wave few-shot regression
task, deep average precision maximization in Section[3] Therefore, our improvements in sample
complexity apply to all these problems.

Consider some time ¢ > 0. Let G**! be a stochastic estimate of VF(z!) where x! is the current
iterate. The next iterate ™! := x! — vG". Let E[-] denote the conditional expectation, where we
condition on all the randomness until time ¢. We consider the bias and variance terms coming from
our gradient estimate. Formally, we define the following two quantities
t+1 _ t t+17(|2 t+1 _ t+1 t+17|2
gl =||VF(=") —E[G|[,, €Lt =E[|G¢" —E[G|I5).

bias var

Our idea of getting to an e-stationary point (Deﬁnition will be to ensure that Eggsl and EF1 are
bounded. The main technical component of our analyses 1s in fact analyzing these bias and variance
terms for the various gradient estimates considered. For this purpose, we first analyze the bias and
variance terms for the (original) BSGD (LemmaE]) and BSpiderBoost (Lemmaﬂ]} algorithms, which
are then used to get the corresponding bounds for our E-BSGD (Lemma [6) and E-BSpiderBoost
(Lemma 8) algorithms. Through these bias and variance bounds, we establish the following main

results of this section.

Theorem 3 [E-BSGD Convergence] Consider the (CSO) problem. Suppose Assumptions |3 6]

hold true and Ly, Cr, Lp, Cy, F* are constants and C.(f; g) := 8a303+18g203+5a404 defined in
Corollary [1] are associated with second order extrapolation in the CSO problem. Let step size
v < 1/(2LF). Then the output x* of E-BSGD (Algorithm@) satisfies: E[||VF(:BS)||§] < €2, for

nonconvex F, if the inner batch size m = Q(C.Cye~'/?), and the number of iterations

T= Q(LF(F(QIO) — F*)(i’i“/NL + 0127)6_4).

The E-BSGD takes O(c~%) iterations to converge and compute O(¢~°5) gradients per iteration.
Therefore, its resulting sample complexity is O(¢~*%) which is more efficient than O(¢~6) of BSGD.

Similar improvements can be observed for E-BSpiderBoost in Theorem 4]

Theorem 4 [E-BSpiderBoost Convergence] Consider the (CSO) problem under the same assump-
tions as Theorem[3| Let step size y < 1/(13Lp). Then the output &* of E-BSpiderBoost (Algorithm
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satisfies: E[HVF(:BS)Hg] < &2, for nonconvex F, if the inner batch size m = O(C.Cye™"9),
the hyperparameters of the outer loop of E-BSpiderBoost By = (L%/m + C%)e™2, By =
VB1, Do = 1/Ba, and the number of iterations

T = QLp(F(x%) — F*)e™?).

The resulting sample complexity of E-BSpiderBoost is O (¢ ~3?), which improves O(¢~?) bound of
BSpiderBoost [16] and O(¢~*) bound of V-MLMC/RT-MLMC [17].

4 Applying Stochastic Extrapolation in the FCCO Problem

In this section, we apply the extrapolation-based scheme from Section [2|to the [FCCO|problem. We
focus on case where n = O(¢2). For larger n, we can treat the problem as a problem

and get an O(¢~3°) bound from Theorem All missing details are presented in Appendix

Now, a straightforward algorithm for is to use the finite-sum variant of SpiderBoost (or
SPIDER) [10, 38]] in Algorithm [3| In this case, if we choose the outer batch sizes to be B1 = n,
By = /n and the inner batch size to be m = max{e~2/n, e~ /2}. The resulting sample complexity
of E-BSpiderBoost now becomes, O(max{\/n/e?5,1/y/ne*}), which recovers O(¢~3-5) bound as
in Theoremfor n = ©(e2). However, when n is small, such as n = O(1), the sample complexity

degenerates to O(e~*) which is worse than the Q(¢~3) lower bound of stochastic optimization [3].
We leave the details to Theorem [§] We still use Assumptions 3] [ 5] [6] for the analysis of [FCCOJ
problem, replacing the role of £ with <.

Algorithm 1 E-NestedVR
1: Input: 0 € R4, step-size -y, batch sizes S1, S, By, Ba, Probability pi,, pout

2: fort=0,1,...,T — 1do
3: if (¢t = 0) or (with prob. p,y) then > Large outer batch

4: foric By ~ [n] with |Bl‘ = B; do

5: draw y/** from distribution D;‘;l defined in (10)

6: compute z! ™! using (TT) and define ¢! = =

7: end for @

§ Gl S ()LD VA0

9: else ' > Small outer batch
10: for i € By with |Bs| = By do
11: draw y;*! and y! from distribution D},";" and D}, ; defined in
12: compute z! ™! using (TT) and define ¢! = =
13: end for @ @
14: Gilvvr = Glnve T 5; Lie, (21) (L5 VFi(0) = Lo Vi(0))

Y, v

15: end if s

16:  xtt =xt —yGEGR

17: end for

18: Output: * picked uniformly at random from {z*}7

Extrapolated NestedVR. We now introduce a nested variance reduction algorithm E-NestedVR
which reaches low sample complexity for all choices of n. Missing proofs from this section are
presented in Appendix [E] For the stochasticities in the [FCCO]| problem, our idea is to use two nested
SpiderBoost variance reduction components: one for the outer random variable ¢ and the other for the
inner random variable 7|i. In each outer (resp. inner) SpiderBoost step, we choose large batch B
(resp. S1) with probability pey (resp. pin); otherwise we choose small batch. Lf:t H, denote a set of
m 1.i.d. samples drawn from the conditional distribution P(7|7). Similarly, let H; denote another set
of m i.i.d. samples drawn from the same conditional distribution. For each given ¢, we approximate
Eyjilgn ()] with yi** from distribution D},";! where,

gt = {511 > nen, 9n(@") with prob. pi, ort =0 (10)

' Yl + 55 Dpen, (9(2") — gy(9}))  with prob. 1 — pis.

t+1
K3
1 {Sll Y, Voa(x') with prob. pi, ort =0
i 2 + 5 Yge, (Vga(a') — Vg (¢}))  with prob. 1 — piy,

2

Similarly, we approximate E|;[Vg5(2")] with z; ™" defined as follows

(1D

z

R
https://doi.org/10.52202/075280-3449 78853



°

10\ \ >
27\ \ =10 — E-BSGD
© \ N g E-BSpiderBoost
é -2 = E-NestedVR
810 5, | VRbeapendag, — V-MLMC
a — BSGD — BSpiderBoost — NestedVR 410
(?) o E-BSGD E-BSpiderBoost E-NestedVR (,3)

07 285 465 0 285 485 0 285 485 1e6

# Samples # Samples
(a) CSO: Large n = 50000 (b) FCCO: small n = 50

Figure 2: Performances of algorithms and their extrapolated versions on the invariant logistic
regression task. Algorithms in each subplot use the same amount of inner batch size in each iteration.
The shaded region represents the 95%-confidence interval computed over 10 runs.

where ¢! is the last time i is visited before time ¢. If 7 is not selected at time ¢, then yf“‘l =yl and

zf“ = z!. Note that we use independent samples for yitand 2IH.

% %

Finally, we present E-NestedVR in Algorithmwhere second-order extrapolation operator £ s
applied to each occurrence of V f;. We now analyze its convergence guarantee. Our analysis works
by first looking at the effect of multi-level variance reduction without the extrapolation (that we refer
to as NestedVR, Theorem[T0] Appendix [E:Z), and then showing how extrapolation could further help
to drive down the sample complexity.

Theorem 5 [E-NestedVR Convergence] Consider the problem. Under the same assump-
tions as Theorem
o [fn = (9(5_2/ 3), then we choose the hyperaparameters of E-NestedVR (Algorithm |I)) as
By =By =n,pou = 1,81 = L2728y = Lpe ! piy = Lp'e,y = O(ﬁ)

o [fn= 9(6_2/3), then we choose the hyperaparameters of E-NestedVR as By = n, By =
/1, Powr = 1/4/1,S1 = So = max {Cngs*1/27I~/%/(n52)} JPin = 1,7 = O(ﬁ)

Then the output x° of E-NestedVR satisfies: E[|V F(x*) ||§] < €2, for nonconvex F with iterations
T=Q(Lp(F(z% — F*)e?).

From Theorem E-NestedVR has a sample complexity of O(ne~3) in the small n regime (n =
O(£72/3)) and O(max{y/n/e?®,1//ne*}) in the large n regime (n = Q(¢~2/3)). Therefore, in
the large n regime, this improves the O(ne~?) sample complexity of MSVR-V2 [[19].

5 Applications

In this section, we demonstrate the numerical performance of our proposed algorithms. We focus on
the application of invariant logistic regression here. In Appendix [F] we discuss performance of our

proposed algorithms on other common [CSOJFCCO]applications.

5.1 Application of Invariant Risk Minimization

Invariant learning has wide applications in machine learning and related areas [22, |1]. Invariant
logistic regression [16]] is formulated as follows:

lein E¢—(a,n)[log(1 + exp(—bE,¢[n] " @)],

where a and b represent a sample and its corresponding label, and 7 is a noisy observation of the
sample a. This first part can be considered as a CSO objective, with f¢(y) := log(1+exp(—by)) and

gn(x;§) = nTa. As the loss fe € C* is smooth, our results from Sectionsandare applicable.

An {s-regularizer is added to ensure the existence of an unique minimizer. Since the gradient of
the penalization term is unbiased, we only have to consider the bias of the data-dependent term.
We generate a synthetic dataset with d = 10 dimensions. The minimizer is drawn from Gaussian
distribution * ~ N(0,1) € R%. We draw invariant samples {(a;, b;)}; where a; ~ N'(0,1) € R?
and compute b; = sgn(a, =*) and its perturbed observation  ~ N(a;, 100) € R%.

We consider drawing ¢ from a large set (n = 50000) and a small set (n = 50) as CSO and
FCCO problems respectively. As baselines, we implemented the BSGD and BSpiderBoost methods

Q
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Figure 3: Performances of algorithms and their extrapolated versions on the instrumental variable
regression task. The shaded region represents the 95%-confidence interval.

from [16], V-MLMC approach from [17], and NestedVR approach from Appendix [E.2] which
achieves the same complexity as MSVR-V2 [[19] for the FCCO problem. RT-MLMC shares the
same sample complexity as V-MLMC, and is thus omitted from the experiment [17]]. The results are
shown in Fig.[2] In the CSO setting, we compare biased gradient methods with their extrapolated
variants (BSGD vs. E-BSGD, BSpiderBoost vs. E-BSpiderBoost, and NestedVR vs. E-NestedVR).
The extrapolated versions of BSGD, BSpiderBoost, and NestedVR consistently reach lower error
than their non-extrapolated counterparts, as is evident in Figure 2a] In this case, the performance
of BSpiderBoost is similar to BSGD as also noted by the authors of these techniques [16], and a
drawback of BSpiderBoost seems to be that it is much harder to tune in practice. However, it is clear
that E-BSGD outperforms BSGD, and E-BSpiderBoost outperforms BSpiderBoost, respectively. In
the FCCO setting, we compare extrapolation based methods and MLMC based methods. Figure
shows that E-NestedVR outperforms all other extrapolated algorithms, including the V-MLMC
approach of [17], matching our theoretical findings.

5.2 Application of Instrumental Variable Regression

Instrumental variable regression is a popular technique in econometrics that aims to estimate the
causal effect of input X on a confounded outcome Y with an instrument variable Z, which, for a
given X, is conditionally independent of Y. As noted by [23]], the instrumental variable regression is
a special case of the CSO problem. The instrumental variable regression problem is phrased as:

min Ee_(v,z) [£(Y, Ex)z[gx (w)])]

where §¢ = (Y, Z),n = X. This can be viewed in the CSO framework with fc(-) = £(Y,-). We

choose £(y, 7)) = logcosh(y — 7)) as regression loss function and gy (w) = w' X to be a linear
regressor. In this case, f¢ € C* with V f¢(§) = tanh(y — Y'), and our results from Sectionsand
apply. We generate the data similar to [31]]
Z ~ Uniform([-3,3]%), e~ N(0,1), §~N(0,0.1), ~ ~ Exponential(10)
X = %zl+%e+7, Y=X+e+0

where z; is the first dimension of Z, e is the confounding variable and J, -y are noises. In this
experiment, we solve the instrumental variable regression using BSGD, BSpiderBoost, NestedVR
and their extrapolated variants described in Sections[3|and[d] In each pair of experiments, the samples
used per iteration are fixed same, i.e.: 1) BSGD uses m = 2 and E-BSGD uses m = 1; 2) For
BSpiderBoost and E-BSpiderBoost, we use cycle length of 10, small batch and large batch in Spider
to be 10 and 100 respectively, and we choose inner batch sizes m = 2 for BSpiderBoost and m =1
for E-BSpiderBoost; 3) For NestedVR and E-NestedVR, we fix the outer batch size to 10 and 5
respectively, and choose fix the inner Spider Cycle to be 10 with large batch 100 and small batch 10.
The results are presented in Figure 3] As is quite evident, the extrapolation variants achieve faster
convergence in all 3 cases, confirming our theoretical findings.

6 Concluding Remarks

In this paper, we consider the conditional stochastic optimization [CSO|problem and its finite-sum
variant[FCCO| Due to the interplay between nested structure and stochasticity, most of the existing
gradient estimates suffer from large biases and have large sample complexity of O(e~%). We propose
stochastic extrapolation-based algorithms that tackle this bias problem and improve the sample
complexities for both these problems. While we focus on nonconvex objectives, our proposed
algorithms can also be beneficial when used with strongly convex, convex objectives. We also believe
that similar ideas could also prove helpful for multi-level stochastic optimization problems [41]] with
nested dependency.
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A Missing Pseudocodes

We present pseudocodes of E-BSGD and E-BSpiderBoost scheme in Algorithms [2]and [3respectively.

Algorithm 2 E-BSGD

AR

Input: 0 € RY, step-size -y, batch sizes m

fort=0,1,...,7 —1do
Draw one sample & and compute extrapolated gradient GE ssap from (7)
o — &' — yGiisep
end for

Output: z° picked uniformly at random from {x!} !

B

B.1

Missing Details from Section 1]

Other Related Work

CSO. Dai et al. [5]] proposed a primal-dual stochastic approximation algorithm to solve a min-max
reformulation of [CSO] employing the kernel embedding techniques. However, this method requires
convexity of f¢ and linearity of g,, which are not satisfied by general applications when neural
networks are involved. Goda and Kitade showed that a special class of [CSO| problems can be
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Algorithm 3 E-BSpiderBoost

1: Input: 2° € R?, step-size v, batch sizes By, By, Probability poy
2: fort=0,1,..., 7T —1do

3: Draw Xy from Bernoulli(poy)
4: if (t =0)or (xouu = 1) then > Large batch
5: Draw B; outer samples {{1,...,¢p, }
6 Compute extrapolated gradient GEJ-%ISGD with
t+1 1 t+1
Gesss = B; 2ces, GEBsap
7: else > Small batch
8: Draw B, outer samples {{1,...,¢p,}
9: Compute extrapolated gradient G5 'ysp with (7))
t+1 t+1
Gruss = Grpss + B% de&(GETBSGD — GEpsop)
10: end if o
11: =zt — GLis
12: end for

13: Output: =* picked uniformly at random from {z'}]_}

unbiased, e.g., when f¢ measures the squared error between some () and E, ¢ [g, (2; €], giving rise
to this objective function E¢[(u(€) — E,¢[gy (2; £])?]. However, they did not show any improvement
over the sample complexity of BSGD (i.e., O(¢7%)). Hu et al. [16]] also analyzed lower bounds on
the minimax error for the [CSO|problem and showed that for a specific class of biased gradients with
O(e) bias (same bias as BSGD) and variance O(1) the bound achieved by BSpiderBoost is tight.
However, these lower bounds are not applicable in settings such as ours (and also to [[17]) where the
bias is smaller than the BSGD bias.

Variance Reduction. The reduction of variance in stochastic optimization is a crucial approach
to decrease sample complexity, particularly when dealing with finite-sum formulations of the form
ming, ;- Z? 1 fi(x). Pioneering works such as Stochastic Average Gradient (SAG) [30], Stochastic
Variance Reduced Gradient (SVRG) [21} 28], and SAGA [7},29]] improved the iteration complexity
from O(¢~%) in Stochastic Gradient Descent (SGD) to O(¢~?). Subsequent research, including
Stochastic Path-Integrated Differential Estimator (SPIDER) [10] and Stochastic Recursive Gradient
Algorithm (SARAH) [25]], expanded the application of these techniques to both finite-sum and online
scenarios, where n is large or possibly infinite. These methods boast an improved sample complexity
of min(y/ne=2,e3). SpiderBoost [38]], achieves the same near-optimal complexity performance as
SPIDER, but allows a much larger step size and hence runs faster in practice than SPIDER. In this
paper, we use a probabilistic variant of SpiderBoost as the variance reduction module for[CSO]and
[FCCQ|problems. We highlight that alternative techniques, such as SARAH, can also be applied and
offer similar guarantees.

Bias Correction. One of the classic problems in statistics is to design procedures to reduce the
bias of estimators. Well-established general bias correction techniques, such as the jackknife [32]],
bootstrap [8]], Taylor series [39,14], have been extensively studied and applied in various contexts [20]].
However, these methods are predominantly examined in relation to standard statistical distributions,
with limited emphasis on their adaptability to optimization problems. Our proposed extrapolation-
based approach is derived from sample-splitting methods [14]], specifically tailored and analyzed for
optimization problems involving unknown distributions.

Stochastic Composition Optimization. Finally, a closely related class of problems, called stochastic
composition optimization, has been extensively studied (e.g., [40,[9,136,|37]]) in the literature where
the goal is:
E . 12

min Ec[fe(Eylgy(=)])] (12)
Despite having nested expectations in their formulations (CSO) and (12)) are fundamentally different:
a) in stochastic composite optimization the inner randomness 7 is conditionally dependent on the
outer randomness & and b) in the inner random function g, (x, &) depends on both & and 7). These
differences lead to quite different sample complexity bounds for these problems, as explored in Hu
etal. [13]. In fact, Zhang and Xiao [41] presented a near optimal complexity of O (min(e =3, \/ne~?))
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for stochastic composite optimization problems using nested variance reduction. While Wang et al.
[36] also use the "extrapolation” technique, their motivation and formula are significantly different
from ours and cannot reduce the bias in the CSO problem.

C Missing Details from Section

Lemma 1 (Moments of D,,,) The moments of 6 € D,, are bounded as follows
E[6—E[6))°) = 2, |E[0—E[])’)| = 2, E[6—E[)"] = 2 + 2mogle

More generally, for E[(0 — E[6])¥]| = O(m~T#/21),

Proof: Define § = & — E[4] as the centered random variable. Now
E[(6 — E[3])"] = E[6"].
So we focus on E[S’“] in the remainder of the proof. For k = 2,

B = & | T, 6% = o [E [, 82 + 210, 8] | = 2.

For k = 3,
[E[°]| = s | E[CIL, 0P
=L ‘E [Zi 68 4330, 026, 463, ,4 Sisjsk] ’
Fork =4

|E[Y] = ml EDC, 6%

= B[ A, 886, 4 680, 8262 240y 816600 |
= & mElB!] + 67205=1 (57 £
=94 4 (m 1)0'2

For k = 5,
|ED°] = s | DL, 0P
E [0, 07 + 1050, 8382 |
(671 + 10m(m — 1) E[5}] EL5?)|
_ 0-5 + 1O(mm1)a'302

For general £ > 0, we expand the followmg term as a function of m
|E[0"]| = e | EDCIL, 0%

As E[Sl] = 0 and §; and Sj are independent for different ¢ and j, the outcome has the following form

[E[6%]| = —0 3 Mtz 42 gls L. gk (13)

2a2+4+3as+--+kar=k
a; >0 Vi

where 3%, a; is the count of independent {4;} used in 0§205* - - - 04, Among the terms in (T3),

the dominating one in terms of m is one with largest Zf:z a;, i.e.

|E[0¥]| = {’éko(mkm)a;/;/zj1 ?fkeven’
LO(m*/)o; o3 ifk odd.
Then, we can simplify the upper right-hand side with
|E[6%]| = O(m ™12,
which gives all the desired results. O
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Proposition 2 (First-order Guarantee) Assume that D,,, and q(-) satisfy Assumption [l and 2] re-
E [£5) a(s)] ~ als + E3))| < azoz/(2m).

Proof: Let h = E[§]. If the function ¢ € C2, then the Taylor expansion at s + h with remainders
leads to

Elg(s +0)] = q(s + h) + ¢'(s + h) E[0 — h] + 3 Elq"(61)(6 — h)’]
where ¢1 between s + h and s + . Then the error of extrapolation becomes
|Ela(s +0)] — a(s + h)| = |3 E[¢"(¢1)( — h)*]| < G E[(6 — h)?].
By Assumption [2Jand Lemma[I] we have that
|Elg(s + )] —a(s + h)| < FE[(6 — h)*] = FE[(6 — h)*] = 422
This completes the proof. ]

Proposition 1 (Second-order Guarantee) Assume that distribution D,,, and q(-) satisfies Assump-
tion |l and |2| respectively with k = 2. Then, for all s € R, [/Jgfnq(s)} —q(s+E[0])| <

4azo3+9aq0; + bay 04—305
48m? 96 m3

Proof: Let h = E[§]. If the function ¢ € C*, then the Taylor expansion at s + h with remainders
leads to

)+ (s + h)E[5y — h] + L E((5) — h)?] 4+ L2 E((5) — )?)
(gD (61) (81 — h)*]

)+ (s + h)E[5y — h] + L E((5, — h)?] + L2 E((5, — h)?)
[

Elq(s + 61)] =q(s +

Elg(s + 239 =¢(s + h) + ¢'(s + h) E[2522 — p] + LT El(dutda 2]
(s

+ G (80— h)") 4 1 Elg ™ (6s) (2422 — b))

where ¢1, @2, p3 between s + h and s + d1, s + 02, s + I3 respectively.

As E[d — h] = 0, the error of extrapolation becomes

|ELC3, a(s)] — als + )|
< [2E [12) (8 )] - L (E[LE (5, — )] 4 E[LGE (5, — n)?)) |

(4) (4 ( )
+2E {q 2(4¢3) (61-552 h) } % (E[q )2514)1)(61 . h)4] + E[ (¢2)(52 h)4])‘

< |2E [(2422 — p)°| = L (E[(8 — h)?] + E[(d5 — h)¥))

+|2E :q(4)2€1¢3) (61562 _ h)ﬂ _ % (E[ q“ )(¢1 (51 ) ]+ E[ ()(¢2)(52 _ h)ﬂ)‘
<t [26[ (352 - )] - § (€101 — 7] +El(2 = 1))

+|12E _% (% _ h)ﬂ + % (E[\ q“ )(¢1)|( h)ﬂ + E[I (4)251¢2)|(52 _ h)ﬂ)’
<a |92 ’(51352 —1)°] = L (E[(61 — 1)) + E[(62 — B)*)])

+ 5[ 2B [0 — m)'] + 4 (EIG) — '] +El(02 — )"])|.

where the second inequality uses the upper bound on ¢(®)(-) (Assumption [2) and the third inequality
uses (8 — h)* is non-negative and the last inequality uses the uniform bound on ¢(*)(-) (Assumptlon'
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Then
|E[£3,,q(5)] — als + 1)
<HIEG -7+ 3 (2 - )"+ EG - )')

asos ay [ o4 32m—1)o3 | 5, |, 3(m—1)o3
S127712 + 24 (4m3 + 4m3 + m3 + m3
902 5(04—302)
a3o3 aa 2 4 2
12m?2 + 24 (2m2 + 4m3

4&30‘3-{-90.40% + 5ay4 04—303
48m? 96  m?3

IN

IN

we first use that E[(61 — h)®] = E[(02 — h)®] = 4 E[(25%2 — h)3] and the uses the bound on moments
in Lemma Note that E (@ — h)4 can be seen as the 4th order moments of a batch size of 2m.
O

Proposition 3 Assume q € CS. Then Eg}n as defined below is a third-order extrapolation operator.
o550 (—56Lp, + 5L, — 1L, — $ Lo, +3L5), )a(s).
Proof: Let h = E[§]. If ¢ € C?*, then ¢ has the following Taylor expansion
Elg(s +6)] = a(s+h) +¢'(s +h)E[S — h] + TGHLE[S — h)?] + ..
—_——

zero order term second order term
(k=1 (s4p _
+ C S E[(6 — h)*P Y+ g E[gR (0)(0 — ).

Eliminate the third order term in the Taylor expansion. Consider the following affine combination
which

fgiq Y A alﬁ(g}nq(s) + agﬁgzmq (s).

We determine a1 and ap by expanding £g3nq(s) and Egz)mq(s) and analyze the coefficients of terms:

* (Affine). Taylor expansion of }'g 1q(s) at s + h should have zero order term ¢(s + h), i.e.
a1q(s + h) + azq(s + h) = q(s+ h).
* (Eliminate third term). Taylor expansion of }"gi lq(s) at s + h should have third order
term E[(§ — h)3]. That is,
a1 E[(01 = h)*] + a2 E [ (2422 — )°] =0,
This is equivalent to

a1 E[(6; — h)®) + 22 E [(51 - h)ﬂ —0.

Therefore, ov; and oy can be determined through the following linear system
o+ =1
o1 + iag =0.
The solution is a1 = f% and oy = %.
For k = 3 order extrapolation, consider the following

3 3 3 3
E(Dr)nq 1S a’lféiq(s) + a'z}"égmq (s) + ag}"ésmq (s).
We determine o, o, and o by satisfying the following two conditions
* (Affine). Taylor expansion of E(D:i)nq(s) at s + h should have zero order term g(x + h), i.e.
(o) + ab + ab)q(x + h) = q(z + h).

10
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* Taylor expansion of Egv)nq(s) at s + h should have 4th order term E[(§ — h)*]. That is
E[(0 — b)) + ab E [ (242 — n)*] + o4 B [(24525 — p)*] 0.
This is equivalent to
(ah + % + 53) El01 = )] =0
2
(505 + §as) (El(61 = 1)%])" = 0.
Therefore, o}, o, and o5 can be determined through the following linear system
alf+ah+ah=1
of + Fah + 217(13 =0
of + 3ah + 2a = 0.
1 / _ 4

L, .
The solution is o} = 15, a5y = —3

and oy = §. Then consider the Taylor expansion of L(g;q(s) at
s+ h with @), we can

(ELLE) a(s)] = als + 1) S [a®) (s + W) EL(6 = R)°

(65)(6 = 0)°]| S O(as + ag)m™?)

(3)

where the first inequality uses the fact that £33’ is an affine mapping and the last inequality uses

Lemma Therefore, E . is a 3rd-order extrapolatlon operator. We can expand it into
3 2 2 2 2
£8) qis > 5 (<3£5)a(9) +325) a()) = 3 (—3£5) a(9) + 5£5) a(s)
2 2
+ (328 a(0) + 128 a(s))
2 2) 2 (2 2
= (—LS) +2LB) 3B 1603 4 30P) g(s).
d

Lemma 2 (Variance Bound) Assume that ¢ : RP — R is in C* and D, is the distribution in
Assumption Suppose that the variance of q(s + 6) is bounded as

Elllg(s + &) — Ela(s + 8)]|I3] < L +C.

Then the variance of extrapolation E(g;q(s) is upper bounded by

{Hc(” —E[£) o H ] <L +0).

Proof: Let us use the definition of 5(2) q(s):

[l e ao]

2
<E {HQQ(S + 51;52) — ‘Z(s+61);!J(s+62) —E [Qq(s + 61;52) . q(s+51)42rq(s+62)] H ]

2
<3E [||2q(3 + ity E[2¢(s + 9502))] Hﬂ +3E U’q(sgsl) Bk [q(sgal)} Hg]

|:Q(3+52):| HQ]
2 2

<12AL +O)+ 3L +0)+ 3L +0)

_ 15Vv? 27C
— 2m + P

n 3E[H alst8a) _

m

This completes the proof. O
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D Stationary Point Convergence Proofs from Section 3| (CSO)

In this section, we provide the convergence proofs for the[CSO|problem. We start by establishing
some helpful lemmas in Appendix[D.I] In Appendix[D.2] we reanalyze the BSGD algorithm to obtain
explicit bias and variance bounds, which are then useful when we analyze E-BSGD in Appendix [D.3]
Similarly, we reanalyze BSpiderBoost in Appendix [D.4] and use the resulting bias and variance
bounds for the analysis of E-BSpiderBoost in Appendix |D.5]

Note that throughout our analyses, we define E'™![-|¢] as the expectation of randomness at time ¢ 4 1
conditioning on the randomness until time ¢. When there is no ambiguity, we use E[-] instead of
EIL.

D.1 Helpful Lemmas

Lemma 3 (Sufficient Decrease) Suppose Assumption|5\holds true and v < ﬁ then

||VF($t)H§ S Q(E[F(mtJr;)]*F(mt)) +LF,Y£t+1 _|_5t+1

var bias

where E[-] denote conditional expectation over the randomness at time t conditioned on all of the
past randomness until time t.

Proof: In this proof, we use E[-] to denote conditional expectation over the randomness at time ¢
conditioned on all the past randomness until time ¢.

Let us expand F(z!*!) and apply the L z-smoothness of F'
E[F(e"™)] < F(a') - yE[(VF(a"),G"T)] + L5 Efl|GH ).

Since E[HGtHHz] _ E[Hgtﬂ _ E[Gt+1]|‘§] + HE[Gt+1]Hz A HE[Gt+1”

2
ar 5> then

E[F(z')] < F(a') — yE[(VF(x!), G| + Le2 (gt 4 ||E[Gt+1]||§).

2 var

Expand the middle term with

—VE[(VF(2"), ")) = —3 [|VF(")[|; — 3 |EIG"]; + 3 [|VF(=") — ElG"]];

= -2 [|VF@"); - 3 [EIC; + 365

bias

Combine with the inequality

E[F(a"™)] < F(a') — 3 ||VF(a")|2 — 3(1 — Le) |EIG|5 + 2650 + Lletit,

bias var

By taking v < ﬁ, we have that

E[F(a'*)] < F(a!) - 3 |[VF(@)|2 - 2 |EIGHY|[2 + 3&5) + Lsterit,

bias

Re-arranging the terms we get the desired inequality. (]

A consequence of Lemma3]is the following result.

Lemma 4 (Descent Lemma) Suppose Assumption|5|holds true. By taking v < we have,

1
2Lp’
T-1 2 T-1 2
S E[IVEEE] + SRS E G )]
2(F(z°)—F* T-1 L T-1
< MR 4 L Sl + B ) ELEl]
where the expectation is taken over all randomness fromt = 0to T.

Proof: We denote the conditional expectation at time ¢ in the descent lemma (Lemma as EFPL)t]
which conditions on all past randomness until time ¢. Then the descent lemma can be written as

2
Et+1[F(:Bt+1)|t] S F(a:t) _ % HVF(:Bt)HZ _ % HEt+1[Gt+1|t]H2 + % Et+1[5t+1|t] + LF2—\,2 Et+1[8t+1‘t].

bias var
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If we additionally consider the randomness at time ¢ — 1, and apply E*[-|t — 1] to both sides

E' [E [P(@ )t — 1] <E'[F(a)[t — 1] - JE[|VF(@")]|; |t - 1]
_ gt {7 HEtJrl Gt+1|t H } + ZE B - 1]
LF"/ Et 1 [Et+1 gtJrl 1}
var :

By the law of iterative expectations, we have E [E**'[-[¢]|t — 1} E'E [t — 1]
E'E [F(z )|t — 1]] <E'[F(a")|t — 1] - ZE[|VF (") |t - 1]
_Et {1 [E“H [GHH H2 1} +2E[EN [ — 1]

+ Lt EYES [gEt e —1]).
Similarly, we can apply E'~'[-|t — 2], Et72[-|t —3],..., E*[|1] and finally E*[]
E'...[ET [F(=")]] <E'...[E'[F(z")] — 2E"...[E'[||VF(z! H
—El L[S [ETGT A + 2 E L B (6]
FLRtE L [

Now that both sides of the inequality have no randomness, we can simplify the notation by applying
E‘T! ... [E"[]] to both sides and by denoting

E[]=E'...[ET'[]].
Then the descent lemma becomes

E[F(«'"!)] < E[F(2")] - 2E[|VF(")|2] — 2 E[[E G 1|12 + 3 E[E5E + L5 E[€L).

bias var

Now we can sum the descent lemmas from¢ =0to 7T — 1

o ElF @) < Y ER@)] - 3 505 E [IVF@)]3]
-3 tT;olE[HEt“[Gt“It]M+%EZ; Elg] + L5 L) Bl )

After simplification and division by 7', we get

ey A I\JaCOTH TS v [HEf“Gt“itH]

E 0 T—1
< HERE B 43 4 S Bl + B S Bl
2(E[F(x T—1 T
< M@ P o LT e[ + Lex ST EfEL).

The following corollary is a consequence of Proposition [I]
Corollary 1 Assume V f¢ in[CSO|satisfies
aj := sup sup HVl“fg(ac)H2 < 00, 1=1,2,3,4.
z ¢

Let’s further assume that the higher order moments of g, (-) are bounded,
k
Of = Sup Slgp En|§ I:Z?:l [g’f](m) - E’Iﬂf[gn(w)]]l} < 00, k= 1,2,3, 4

where [-|; refers to the i-th coordinate of a vector. Consider the [,( o V f¢(0) defined in (@), then

2
<

2

NS

HE {E%)?Vfg(())} = Vie(Eoielgn(=")]) 3

2
20 p. \ ._ (8azosz+18as0i+5a404
where Ce (fvg) = ( 96 2 .
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Proof: The Proposition|l|gives the following upper bound

2

HE {‘gﬁﬁvfa@)} = VieEelon@)|

2
< 4a303+9a405 + S5a4 0'4730'3
— 48m?2 96  m3 :

For simplicity, we can relax the upper bound to

2

< 1 (8as0st18a103+5a104 2
= m? 96 .

HE 28 V10| - (el

2

D.2 Convergence of BSGD

In this section, we reanalyze the BSGD algorithm of [[16] to obtain bounds on bias and variance of its
gradient estimates. Theorem@ shows that BSGD achieves an O(¢~°) sample complexity.

Lemma 5 (Bias and Variance of BSGD) The bias and variance of BSGD are

o2
gt+1 s gt-‘rl m =+ 002'”

bias — m var =

where o2, = CQZC]% + 0202L2 o2,=C% and o2, = UECSL?C.

Proof: Denote G'*! = GLEL. (@) and denote E[] as the conditional expectation E**'[-|¢] which
conditions on all past randomness until time ¢. Note that the Vg; can be estimated without bias, i.e.

Exie [ Yren, Vor(@)| = Ene [Vor(@)],
Then let’s first look at the bias of BSGD
Eutl = |VF@) —E[G];
— |[Ee [EaelVan@D T (¥ fe(Enielgn (@) — Enel Ve Ty an(=))])]|

< CjEe [Hm(@dgﬁ(wwn ~Enel Ve Soen gn<wt>>}HQ]

2

2

2

= CEL? Ee {Enlf [HEnﬁ[gn(wt)] - L neHg gn H H
c2L?

< = Es[ nlé [||Ems 9n(x ') H

_ 0§C’§L? _ %.

For the first inequality, we take the expectation outside the norm and bound Vg; with C,.

On the other hand, the variance of BSGD can be decomposed into inner variance and outer variance

2
Evart = EelEpjealel| G — E¢[Epie.ae[GHI L))
2
= EcEpjeaiel] (G = Epeae[G™) + (EnieaelG™'] = EeEpje.nelGDI],)]
2
= E¢[Epjeiell| G — Enje.iel G131 + Eell|Enie, e |G+ — EcEnjenielGT1|13)

Inner variance Outer variance

A
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The inner variance is bounded as follows

Ee[Epje.niel|| G — Ec[Enje, el G121

—E [Ems g “ (o Lieire VIr(@") = EjielVaa(@)]) "V fe (5 e, n( H H

+Ee [Ené {H(Eﬁlg[VQﬁ(wt)])T(fo(ﬁl e 9n(x") — EnelVie(5 Xen, gn(wt))})HQH

2

< CjE [Eﬁé :Hnlzzﬁeﬁg Vaa(@) ~ Eqe[Vos(@ H ”

+ 2 B |[V1eCh S e (@) - EnelT e T, a0

| il |

2
+ 02 (B || Ve Sy ) - Vse(Elan@ D) [

- CJ% Ee [Eﬁ ‘m AeHe V(@) — Bje[Vgy(a*)]

- CjEe :vaEn l9n(@"))) — Enie Ve (G e gn<wt>>1HZ]

2
< &% 2 1 ¢ vy |I?
S ot T CgLyEe By HE E:nEHE gn(x") — Epjelgn (= )]H2
Cc3¢2 C L
<Rt R Ee [E {Hgn Epjelon (@)l H
< <§Cf+a§c§L2 _ ﬁ.

The outer variance is independent of the inner batch size and can be bounded by

ellEui a1l = EelEnje el G IIIS) < Eell[EnpemielG15) < C3C2 = C} = 02,
Therefore, the variance is bounded as follows

2
t+1 [<h 2
gvar = Em + Oout*

This completes the proof. (]

Theorem 6 (BSGD Convergence) Consider the (CSO) problem. Suppose Assumptions |3} 4] B holds
true. Let step size v < 1/(2L). Then for BSGD, x* picked uniformly at random among {z'}_}
satisfies: E[||VF(a:S)||§] < €2, for nonconvex F, if the inner batch size m = Q (02,6~ 2) and the
number ofiterations T =Q((F(x") — F*)Lp(oa/m + 02,)e™*), where 02, = (36‘? +02C2L3,
= C%, and o, = O'ECEL?.

Uo

Proof: Denote G'*! = GLEln (1) Using descent lemma (LemmaEI) and bias-variance bounds of
BSGD (Lemma[3))

Y E[IVEEE] + 34 21 [HEHGH%M

([F(w )] F)+L ,.y( m+0'0ut)+%

- m

Then we can minimize the right-hand size by optimizing = to

_ 2(F(z°)—F*)
T =N\ T2 mto)T

which is smaller than the bound of step size v < 37— if T" is greater than the following constant
which does not rely on the target precision €

T > 8LF(F(w )—F*)
ll!/m+aoul ’

24
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Then the upper bound of gradient becomes

2 2(F(x°)—F*)Lp(va/m+02) | 0
LS E[IVE @] < 2@ e bl | o

m

By taking inner batch size of at least

2
Oy
bias
m > 3

)

and iteration 7" greater than

T > 2E@)=F)Lp(vh/mtod,)

4

we have that
2
F LI E[IVF@Eh3] < 262

By picking «* uniformly at random among {z'}/_,', we get the desired guarantee. O

The resulting sample complexity of BSGD to get to an e-stationary point is O(¢~°).

D.3 Convergence of E-BSGD
In this section, we analyze the sample complexity of Algorithm[2](E-BSGD) for the [CSO]problem.
Lemma 6 (Bias and Variance of E-BSGD) The bias and variance of E-BSGD are

~2
gt+1 ‘Tbif gt+1 < 14( Oin + Uuur)

bias — m4> var

where o2, = CgQC’]% + UﬁCﬁL?, 2, =C% and 6%, = 0202 with C? defined in COrOIlaryI

Proof: Denote G**! = GLio. [@). Like previously (Lemma , let E[-] denote the conditional

expectation EHI[ |t] which conditions on all past randomness untll time ¢. In E-BSGD, we apply
extrapolation to V f¢(-). The bias can be estimated with the help of Corollary I as

gt+1 _ ||VF(:I¢t+1) o E[Gt+1]||2

bias

2
< CyEe vaﬁ(Enﬁ[gn(wt)])_E [cgt’?wg(oﬂ ]
9 2

< GG

Since the variance of BSGD in Lemmals upper bounded by + o2, then Lemma gives
ELFL < 14(oh/m + 02,).

This proves the claimed bounds. ]

Theorem 3 [E-BSGD Convergence] Consider the (CSO) problem. Suppose Assumptions |3} {4 ] [6]

2
hold true and Ly, Cr, Lp, Cy, F* are constants and C.(f; g) = 8‘1363“8;402%“464 defined in
Corollary [I] are associated with second order extrapolation in the CSO problem. Let step size

v < 1/(2LF). Then the output x* of E-BSGD (AlgorzthmEl) satisfies: E[|VF(x )|| ] < &% for
nonconvex F, if the inner batch size m = Q(C.Cye'/?) , and the number of iterations

T = Q(Lp(F(x%) — F*)(Li/m + CE)e™?).

Proof: The proof is very similar to Theorem [6| Denote G**+! = GE'ip, (). Using descent lemma
(Lemma[d) and bias-variance bounds of E-BSGD (Lemma [6])

F L E[IVE@)I) + 34 X E [JE G )]

2
< w +14Lpy(38 + o) +

2 ~2
C'gC'(3
mi

75
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Then we optimize vy to

_ (F(2%)—F*)
T =N\ TLr 2 fmt ol )T

in

which is smaller than the bound of step size v < 57— if T is greater than the following constant
which does not rely on the target precision €

T> 4LF(F(mO) F* )|
7(o lﬂ/"L+Jt)ul)

Then the gradient norm has the following upper bound.

0 * 2 2 ~92
LY V()2 < 4y B e(iron) 4 o
In order to reach e-stationary point, i.e.

AT IVE@Y; < €2,

we can enforce

4\/ P F)Lrlop/miom) o 2 CaCi o 2,
- m
By taking inner batch size of at least

m= 9(01/2571/2)

bias

and iteration 7" greater than

2
L12(F(2°)—F*)Lp (32 +05,)
4 ’

T>
we have that

2
T Yico IVE(@)l; < 3¢,

By picking ® uniformly at random among {mt}t:_o , we get the desired guarantee. ]

D.4 Convergence of BSpiderBoost

In this section, we reanalyze the BSpiderBoost algorithm of [[16] to obtain bounds on bias and
variance of its gradient estimates. Theorem@shows that BSpiderBoost achieves an O(¢~°) sample
complexity.

Let GLEL ssp as the BSpiderBoost gradient estimate

t+1 .
Gl — {GESB + 32 25682 Gisop — Gisap)  With prob. 1 — pou
oo By desl GBSGD with prob. pout.

Lemma 7 (Bias and Variance of BSpiderBoost) If v < min{ﬁ, GT‘/BE}, then the bias and vari-
ance of BSpiderBoost are

T—1 2 1—pou)® 56 L2~ 2 4(1—pous
LT Bl < 2w 4 Upa 01" ST V|| EHGH 2] + (k= + 1) 2052 (% 4 62,
T-1p 28(1—pou) L T-1 2 2
LT Elelt) < BUpal ey’ L T VEESH G )12] 4 (& + pour) 2 (22 + 020,

where o2, = CQCf + O'QCQLf, Oour = C%, and 02, = 0’303[,?,

Proof: Denote G'*! = Gngré (). Like previously (Lemma , let E[-] denote the conditional

expectation E“*'[-|¢] which conditions on all past randomness until time ¢. Denote G%*' and G%'™
as the large batch and small batch in BSpiderBoost separately, i.e.,

{G?i = 5 Zees, Gisop » with prob. pou
Gl =Gl + = 25662(G]t3$GD Ghsgp) With prob. 1 — poy.

7A
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The bias of BSpiderBoost can be decomposed to its distance to BSGD and the distance from BSGD
to the full gradient, i.e.,

gl = | VF(a'Y) — E[G 5
<2||VF(z**) — E[G5en |5 + 2 [[EIGESS] — EIGT||; (14)
< 2 4 2 |E[GH) — EIGT] 5.

where the last inequality uses the bias of BSGD from Lemmal[5] Then the second term can be bounded
as follows

IEIGESES] — EIGT17 = (1 — pou)? ||E[GS5L,] — EIGSH|I2
(1 = pou)? ||E[Glsen] — G-

By taking the expectation of randomness of G*
[ElGaSEn] — EIG1]; = (1 = po)? (|[EIGhsan] - EIC|I; + E[|G" ~ EIC][3)

= (1= pow)? (||ElGhsan] — EIG"][; + k)

Note that ||E[GEsgp) — E[G?] H; = 0 as the first iteration always chooses the large batch. Then as
we always use large batch at ¢ = 0 we know that

Tf 2 — Pout 2 Tf
+ Yico [EGESs] — EIGHH||, < ke L 57 el (15)

Therefore combine (I4) and (I5) we can upper bound the bias

1~ T-1 ot4+1 o 200, | 20—po)® 1 \~T—1 ct41
T £4t=0 gbias < o + Dout TZt:O gvar : (16)

Variance. Now we consider the variance,

var

s+l _E [HGt-H _ E[Gt-s-l]HZ]

IN

(1= pou) E [[[ G5 — EIGS][5] + P E (|6 ~ ElGE]
e ([t — EGEsII)

1— Pou 2 out (T
< -z»E {HG?S_&‘;D — Gisep — E[Ghécn — GESGD]HQ} + %1[(% + o)

17 out 1 1 2 out
= Ol E ]| Gtds — Ghsan — ElGhLep — Ghsanllly] + 4

a7

where the last equality is because the large batch in BSpiderBoost is similar to BSGD.

e =E||6" —El@"1[;] = E |G}~ EIGLI[3] = 3 E || Ghson — ElGhsanl 5] < 3 (Fa+0%0).

(18)
Finally, we expand the variance at small batch size epoch

2
E |54 — Ghson — EIGES, — Ghscolll3]
2
=E [HGI%S}D - GESGD - E77|§7ﬁ|5[Glt;Sr(1}D - GtBSGD] H2i|
Inner variance Ti,
2
+ E¢ {HEn\é,ﬁK[G]t;sréD - G%SGD] - E[Glt;s_(l}D - GtBSGD] HQ} :

Outer variance Tout

27
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The outer variance 7T, can be upper bounded as

Tou < E¢ {HEnlfyﬁ\f[Gf;&l}D BSGD || ]
~E [H(Eﬁg[wﬁ(ww e[V fe (5 S e, n(@'))] = EselVoa(a' )T Epiel Vel X e, 90 ))] Hj

< 2E [H(Emv%wn — Ege[V9n(@' )T Eyel Ve (& T e, gnw))}HQ]

2

2
+2E¢ D’ e[Vl ™) " Eyel V(s e, 9n(@") = Vel Xoen, gn(wt‘l))}M
< 2Ly} ||a* — @'Y, + 205 L% ||2* — ',
= 2L} o' 2"
= 2037 |16, -

The inner variance can be bounded by

Ta <AE [H(,; Y en (Vor(@") = Voa(@'™) — Eqe[Voa(a’) - Vga (@) Vel e gn<sct>>Hz]

2

+4E “(Emg[Vgﬁ(wt) = Vo' )T (Ve Yen, 90(@") — Enel Vel e, gn<wt>>1>H2]

+4E{

(% Zfleg& vgﬁ(wt_l))T (vfg(nlz ZneHg gn(wt)) - Vf&(% ZWGHg gn(wt_l))
)
48 |3 Do, Tate ) ~ EnelTanla )T (Ve Sy, 0a(@) = Ve yem, oM,

< TLE[||Vga(at) - Vga(@' ™) — EqelVga(@") = Vga(@' 1][5] + 2 ot — 21

)

-~ Ene [VIe Sy, 02(@) = VIeh Syl )] )

+4C2E H’Vfd,i e (@) = Vel X en, gn(@ 1)

~ EaelV el S (@) = Vel e, 90(@ )]
T

Then we have that

T < 20 o — a1y 2 = o

+4C2E [Hw; S enre 90(@) = Ve (kT e, 9@ ) = (Vfe(Enilon (@) - Vf5<En|g[gn<wt-1>]>>Hj]

)

TacE H’(Vfg(Eng[gn(wt)]) Ve Eelan(@ D))

— Ene[VIe (5 e 9n(®9) = Ve Xer, 9n(@ )]

4C4L? 2
oLy t t—l”
+ m H$ T 2

e ) [ S TP
< 2LE gt — gt
— 12L02% | gt 2.

7R
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To sum up, the variance is bounded by

_ 22 2 2
EGFY < 2UmPwlen (7 4 6 ||GY||] + B (T + 02,,)

< M |2 4 (2 + o3,
= MR B 61— 1]+ B (52 + o).
Then averaging over time and now we redefine E[-] = E” .. [EO[ 1]
T Ty Elei) < MUt LSRG+ G B (G +aom>
_ 14(1—1;2)%7 Ly T LEEH] + ] (i=iteazit H w4 %;(% +o2).

If we take v < ¥ 32 , then M(H’# < 1, therefore

28(1—pouw ) L v.xr 2Pout ( Tin
T im0 [85;11 < 2Upalen” LSV E(|EGH|f) + S + 2 (% 4+ 02,)
T 28(1— pou) L :
DRI RG]+ ) (5 o
Then with (I6), we can bound the bias by
T—1 202 1—pou)® 56L2~2 2 4(1—pou)® [ 02
£ ElEG] < 2ot 4 (o) 0L ST LT[ EF G| [5] + (ke + 1) 2052 (% 4 02

O

Theorem 7 (BSpiderBoost Convergence) Consider the (CSO) problem.  Suppose Assump-
tions l l I 5| holds true. Let step size v < 1/(13Lg). Then for BSpiderBoost, x*® picked uni-

formly at random among {x'}!_' satisfies: E[|VF(z )||§} < &2, for nonconvex F, if the in-

ner batch size m = Q(o2,,.c72), the hyperparameters of the outer loop of BSpiderBoost are
By = (oZ/m + 02,)e7 %, By = O(E_l), Dour = I/BQ, and the number of iterations

T = Q(Lp(F(x°) — F*)e™?), where o}, = (2C7 + 02C2 L3, 02, = C}, and o,y = 02CL L.

Proof: Denote Gt = GEiL (8). Using descent lemma (Lemma and bias-variance bounds of
BSpiderBoost (Lemmam)
X5 ENVE@) 5]+ 5 S0 EE TG+ 1))

< 2(F(w) F*) + Ly 'YT T 1 [gt+1] 1 T-1 [gt+1]

var T 24t=0 bias
< % + Lok Ty EIER + 2 4 24 T ElEL]
< AL | S ;’1% o L
where the last inequality use ~ S —. Use the variance estimation of G**! and choose Bapoy = 1
+ Yiso ENVF@YI3] + 2 X5 HEt Gt+1|t]|| ]
< AP@YFY) 4 2% 4122 LT ELEGH A + (ke + 1) S (2 + 02

Now we can let v < 352 L such that 84L%~? <

LS ElIVE(l3)] < M+2am+(

In order for the right-hand side to be €2, the inner batch size

‘2
Toom + I)BLI(% + Ugut)'

2
20hias
22

m >
and the outer batch size

2 2
_ Zin/mtog, - - 1
By = ==, By =+/Bi, pou=

€ 2 :
The step size + is upper bounded by min{ 5— ST g, By }. As By > 1, we can take v = 131Lp . So
we need iteration 7" greater than
T > 26LF(F(m°)7F*)
By picking ® uniformly at random among {azt}t —o » we get the desired guarantee. |

The resulting sample complexity of BSpiderBoost to get to an e-stationary point is O(g~°).

70
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D.5 Convergence of E-BSpiderBoost

In this section, we analyze the sample complexity of Algorithm [3] (E-BSpiderBoost) for the [CSOJ
problem.

Lemma 8 (Bias and Variance of E-BSpiderBoost) The bias and variance of E-BSpiderBoost are

T-1 28(1—pou) L2~2 -1 2 ot (T
1 Elgit] < BUspallen L EJE G A|) + (g + 1) 78 (52 + 02,)

T 22t=0 var Bs T £4t=0 TPour By
1 ~T-1 got+1 257 2 (1=pou)® x~T—1 rpot41
T t=0 E[ghiax] S m4 + Dot T Et:o E[gvar ]7

where o2, := CSCJ% +02C2L3, 0o = Cp, and 63, = C2C2 with C? defined in Corollary

Proof: Denote G'™! = GL, (©). Like previously (Lemma , let E[-] denote the conditional

expectation E'[-|¢] which conditions on all past randomness until time ¢. Let G**+1 = GE—BlSB be the
E-BSpiderBoost update. We expand the bias as follows

Eitl = |VF(@) — E[G"Y|2
< 2||VF(@") — E[GLsanll2] + 2| [ElGL san) — EIGTH]L.

From Lemma[6] we know that

~2

|VF() — E[Ghenl |5 < 2.

m

The distance between E[GL 'y and E[G?H1] can be bounded as follows.
2 2
|E[GEssap] — EIGTHI, = (1 — pow)? [[E[GERsan] — (G + E[GEsap — Genson))||5
2
= (1 - poul)2 ||E[GE7BSGD] - Gt”g
Taking expectation with respect to G*
2 2 2
[E[GEssap) — EIGTI, < (1 — pow) *(||E[GEsscn] — EIG"]||, + [|G* — EIG1[],)-
where ||E[G}, gggp] — E[G?] ||; = 0. By averaging over time we have
T-1 2 —pour)? T -1 :
7 Lo [ElGE sen] — EIGI|, < i St 5050 BlEG.
Then the bias is bounded by

1L T-1 t+1 26, 2 (1—po)? ~T-1 t+1
T £4t=0 E[gbias] < Py Do T t=0 E[gvar ]

Variance. Since the extrapolation only gives a constant overhead given Lemma 2]

T-1 2 28(1—pouw) L%~? T-1 2 2
Y1 B [lot — EGal5] < B tE L s EE GER ] + (G + pou) (5 + 02)-

Then the variance is bounded by

T-1 28(1—pou) L2~ T-1 2 28Pou ( T
T >0 El€l4"] < ( %2) DI, E[HEt[GtH‘t]HQ]"‘(T;l,‘,m +1)=F (22 4 ooy

O

Theorem 4 [E-BSpiderBoost Convergence] Consider the @) problem under the same assum

tions as Theorem Let step size v < 1/(13Lp). Then the output x* of E-BSpiderBoost (Algorithm
satisfies: E[HVF(:BG)H;] < &2, for nonconvex F, if the inner batch size m = O(C.C,e= %),
the hyperparameters of the outer loop of E-BSpiderBoost By = (L%/m + C%)e™2, By =
V/Bi, Douw = 1/Bo, and the number of iterations

T =Q(Lp(F(x") — F*)e™?).

20
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Proof: Denote Gt = GLs @). Using descent lemma (Lemma and bias-variance bounds of
E-BSpiderBoost (Lemma @

2 — 2
b X0 ENVF@IE) + 5 S0 ElE e )
< B b Loy U EIEG ] 0 B

= T 24t=0 bias
< HHEEE) 4 Let o e+ e+ et S El)
< HEEEE 4 B 4 AT [63;11
where the last inequality use v < 57—. Use the variance estimation of G*t! and choose Bopou = 1

LY T E(|VF (@ >||§]+ﬁzT:1EHEth“ltmz}

F(x F 254 ol
< AP | 2y 84122 L ST VE(|EGH ]3] + (ke + 1) 84 (%2 + 02,).
Now we can lety < qg7— such that 84L%~* <
2(F(x F 25¢, ol
FE EVF@YIE] < 2 4 ek (i - DECE + b 19)

In order to make the right-hand side €2, the inner batch size

m = Q(élgiasg_OAS)v

and the outer batch size

o2 fm+o2
By = "ol By = /Bi, pou = ;

"

The step size + is upper bounded by min{ 51— T GVLB; , 13LF }. As By > 1, we can take y = 13}:F . So
we need iteration 7' greater than

T> 26LF(F€(2mO)7F*).

By picking «* uniformly at random among {z'}/_', we get the desired guarantee. O

E Stationary Point Convergence Proofs from Section @ (FCCO)

In this section, we provide the convergence proofs for the problem. We start by analyzing a
variant of BSpiderBoost (Algorithm 3) for this case in Appendix[E.T} In Appendix [E.2] we present a
multi-level variance reduction approach (called NestedVR) that applies variance reduction in both
outer (over the random variable ) and inner (over the random variable 7|i) loops. In Appendix
we analyze E-NestedVR. As in the case of [CSO] analyses, our proofs go via bounds on bias and
variance terms of these algorithms.

E.1 E-BSpiderBoost for FCCO problem

Theorem 8 Consider the (FCCO) problem. Suppose Assumptions 3| [} [3 [6| holds true. Let step size
~v = O(1/Lp). Then the output of E-BSpiderBoost (Algorithm satisfies: E[||VF(x*) Hg] < &2 for
nonconvex F, if the inner batch size m = Q(max{C.C 5_1/2, o2n~1te=2}), the hyperparameters
of the outer loop of E-BSpiderBoost By = n, By = f Dour = 1/ Ba, and the number of iterations
T =Q(Lp(F(x®) — F*)e™?). The resulting sample complexity is

10 (LF(F(acO) _ F*)max { S }) .

Remark 9 The sample complexity depends on the relation between n and €

s Whenn = O(1), we have a complexity of O(c~*). This happens because we did not apply
variance reduction for the inner loop.

21
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e When n = @(5_2/3), E-BSpiderBoost has same performance as MSVR-V2 [19] of
O(ne=3) = O(e~11/3).

s When n = ©(¢~15), E-BSpiderBoost achieves a better sample complexity of O(e=3-2%)

than O(e=*®) from MSVR-V2 [19].

s When n = ©(e72), we recover O(e~3-%) sample complexity as in Theorem

Proof: Denote G'+! = Gt tpsp ©@). As we are using the finite-sum variant of SpiderBoost for the
outer loop of the [CSO| problem, we only need to change the (T7) and (T8) to reflect that the outer

variance is 0 now instead of 1‘ in the general [CSO|case. More concretely, we update (I7) to

55;1 —E HGt+1 _ E[Gt“]Hz]
< (1= pou) E[||G5™ = EIGST|[2] + pout E[|| G4 — E[GEHY|[2)

= S pom Ell|GE s — Grpsop — ElGEbsop — Grpsan] H2 ]+ B El [|GEssep — ElGESson] Hz]
<4 Bpom HGItEJ%lsGD Gtpsop — E[GEssep — Gessap) H ]+ B :n 0
and change (T8) to
5vlar =E HGl B E[Gl]H;] - E[HGlL o E[GlL]H;} - B% E[HGlla-BSGD [GE BSGD || = B%%?'
Then our analysis only has to start from the updated version of @ @b
LS ElVR(h|ly) < 2T 2 (L )8

We would like all terms on the right-hand side to be bounded by &2 . From 2 b‘“ < % we know that

51/2
m = Q).

From (7,— + 1)%% < &2, we know that

2(F(x%)—F")

T < €2, we can choose that

From
7:(9(%)7 T — Q(w)

Now the total sample complexity for E-BSpiderBoost for the [FCCO] problem becomes

&1/2 o2
BomT = O (L%(F(mo) — F*) max { fz ¥, }) .

By picking «* uniformly at random among {z'}/_', we get the desired guarantee. O

E.2 Convergence of NestedVR

Nested VR Algorithm. We start by describing the NestedVR construction. We maintain states yf“
and 2! to approximate

Y = Epilgn(2h)], 2T~ Egu[Vaa(ah)).
In iteration ¢ + 1, if ¢ is selected, then the state yf“ is updated as follows

yitl = {511 ZneHi gy(x) with prob. pi,
' Yl + 55 e, (9(2") — gy (@}))  with prob. 1 — piy,

2
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where dﬁ is the last time node 7 is visited. If 7 is not selected, then

t+1 ¢
Yy, =Y;-

In this case, yf“ was never used to compute V fi(yfﬂ) because ¢ is not selected at the time ¢ + 1.
We use the following quantities

2 =EulVes(ah)], 2t =3 h, Vaa(ah). (22)
We use GLik as the actual updates,
Gl — {31 Zlesl( 2TV £yl with prob. pou
MR Ghvr + 57 Lies, () TV iy ™) = (2) TV fi(9)) - with prob. 1 — pou.

We can also use the following quantity Gt NvR as an auxiliary

Qi1 _ % 27681( t“)TVf( t“) with prob. pou
MR Ghovr + B Yies, (BT TV filyi ™) — (2 TV fi(gh))  with prob. T — pou.

_¢ . ‘ . .
Here we use y; to represent an i.i.d. copy of y; where i is selected at time ¢.
The iterate 2’ is therefore updated

t+1 __ .t t+1
" =x" —7G\wr-

Lemma 9 The error between Gy and Gt wvr can be upper bounded as follows

1yT-1p t+1 t+1 1 Ciog | 40-pu) 1 t+1 t|2
T 2.t=0 [HGNVR_GNVRH } > B + t 0 HG GiHQ] :

m Bompou T

Proof: In this proof, we ignore the subscript in Gf\f{,}z and Gﬁ{,}{, we bound the error between G !

and associated G+ where
G = (o5 Tiem, Voal@) TV filyi™),
G = (EqulVaa(@)]) TV fily ™).

Let’s only consider the expectation over the randomness of Vgj,

e, |67 - 6 1] < [} Saen, Vonte) — EalVoa(e)]] €T A
< %? Ei {HV%(CU) - Eﬁ\i[VQﬁ(w))]Hz]
S %

m

Then we can bound the error as follows

E {EHi [HGt“ - ét+1H2” - [EHi U)Gf“ - é;“HT
2 ! ) 2

=) (o - e[

1 e

IN

252 R
B C1% 4 (1— pou) || 6t - 6

1 (0=pw) ( “|Gt+1 Gﬂﬂ)

Bam 2

) }Gt _ Gt ‘ 4+ (=po) (E[HGEH _ GHED '

Bgm

‘ 2

C2o2
Pouw Zf%g
Bll m L+ (1 — Pout

\ /\

Unroll the recursion gives

Clol | 4(1—pw t+1 2
T tO |:HGt+1 Gt+1H2:|S1 1% 4 40=po) 1 to HG+ GﬁHz]

By m Bampow T
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Lemma 10 (Staleness) Define the staleness of iterates at time t as =" := £ 3" ||l&* — ¢t |3 and
let G**1 be the gradient estimate, then

T Tico B2 < B0? 5 S5 Ell6 ) 23)

Proof: Like previously (Lemma , let E[-] denote the expectation conditioned on all previous
randomness until ¢ — 1. It is clear that Z° = 0, so we only consider ¢ > 0. We upper bound E[Z!] as
follows,
=t 1 ¢ t t2 1 t t2
B = (1) Sl = ), Sl - 5]
j=1

n

if time ¢ takes By if time ¢ takes By (¢} =a*~1)

Then we can expand E[=] as follows

n

pm"ZEHt &[5+ 5 S Eflat — 23]
j=1

1- ou _ B
= % Z ((1 + %) Ei[Hwt T ¢§H;] +(1+p5) Ha:t L ;ctui) + Pour? E[HGtuz]

E[=)

=
giiﬂ+@MWH—@@ (1+8)° Ef ]
o
where we use Cauchy-Schwarz inequality with coefficient 3 > 0. By the definition of ¢,
E[="] < izn: 1+3 ( B2 gt t.—1|}§ + % (A ﬂf“”i) (1+8)*El]]"])
:(1;%)(1—%)? '+ (1+ B El|G5)

By taking 3 = 2n/Bj, we have that (1 + £)(1 — £2) <1 — J2 and thus

E[=Y] < (1 - Z2)=01 4 (1 + 22)y2E[||6*||2)

Note that E[Z°] = 0.

1 -1 g 2
72— EET< (1 + 32)7 T t 0 HGt+1H
6n° . 21
SBVT =0 HGtHH
O
The following lemma describes how the inner variable changes inside the variance.
Lemma 11 Denote 55*1 = [Hyt"'l Eyjilgn(z H } to be the error from inner variance and
Pourl < 1. Then
1 7T-1 (1—pw)C2 1 T-1— 20
R e
Meanwhile, Syl = E[Hyl1 —Eyjilgn(z H
Proof:
o2 2
E < gt + (1= pu) BilBopilllyi — Enplgn(0)]][,)]

+ 1520 BBl gn () — gy (D)[[5]

(1- in) C2 2 o2
< (1—pin)&) + % E:[Enll|2" — @i |50 + pin gt

24
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2
‘17 . Then

As t = 0 always uses the large batch, £} = E[||y} — E, ji[gn (= ||
T-1 (1—pin)C2 T-1 2 gl
T 20 & S ]),ng% =0 EilEpulllz’ — &l5)] + 52 + 5%
(1-pin)C2 ¢ T—1 — 202
S S T im0 S T S
O
Lemma 12 The error E;[E,, [E, [ ||yt+1 - Qf”g |] satisfies
T—1 41 4C? w —1 2, | 4(1—pp)C? T-1
F L BB Bl — a5 < EllGH ) + =521 s B
6(1—pi) —~T—1
+ A ST g
Note that when py, = 1 and S; = S2 = m, we recover the following
2
T-1 T-1 _
% t=1 Ei[Ep,[Eni Hyt+1 —yzH zlr t=1 Ei[Epan[En\i[ %ZneHg gn(x*) — gn(a’ I)H

4C
< ’Y

EfflGt )

Proof: For t > 2, E;[E,, [E, s HyHl

el

E; [Epm n\ Hyt+l gf”z] 'r]EH ( t)fgn(
+ (1 pm 7 |: |:

S e A

+3U—MJ(EUMf

- gn((bf)) - (gn(m
E: [||y¢—1 ~E

[WM%
olz) +

Epilgn(@

Y; H ]]] can be upper bounded as follows

=)

2
T Dy (@)~ 0,(60) = (o)~ o (@t

ETACTIN]

loa( @] + 2t - a1 )

gpmc;||mumtfl|>;+%<at+~f ) +3(1 - pu) ( +&7 40} 2t~ |])
< (i + 301~ pu))C3 [t — 21|} + 2 ;:)C <at =) +3(1—pu) (6 +£71).

For t = 1, we choose g, = y}

1pinE,[ B
1 ) B [ !

Ei[Epin [En\i[Hyiz - ??le;]]

<c2lat -2,
Then for summingupt =1to7 — 1
1 BB Bl — 1D + EilE Eil? — 52
< (P +3(1 — pi))C2 215 |2 7mt—1||2 2(1-pn)C2 pm

+3(1—pin)< i Syt iy € 1>+C2Hm1—w0”2

e (@) - @) |

Yi — 5 Snen, (9n(®') = g4(2°)) — G}

2

L(E e+ sl =)

—1)12 | 40-pn)Cy T1_ T-1
< 402 Z H‘B ! 1”2 # Z o EF+ 6(1 — pin) t=0 ‘c“‘ztlﬂ'
Finally, the error has the following upper bound
T-1 1 ~t|2
T 241 Ei [Epm alilllyi ™ yf“z]
40242 _ 2, 4(1—pn)C? T—1 1—pin
< T I el gt T e 4 st

35
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Lemma 13 (Bias and Variance of NestedVR) If the step size v satisfies,

272 (1=Pin) 18 1—pou (1=Pin) 18n® (1=pou) | 1 1
v Lk max{ puS2 B2’ Bz pwSz B3 ' Ba — 16 6

then the variance and bias of NestedVR are

1 71 o1 Pow | 1=Pouw \ (1=Pin) 1803 (A=pou) \ V’L% —T-1 t+17]]2
T t=0 EVHV S 32 By + Bs p,',,SQ B% + Bs T Zt=0 ||E[G ]||2

Pour (1_p[n)(1_l)am) Ei (1_Pau1) 82‘%‘
+96(Bl+ ) Le | (pu) SLE
1 T-1 ot+1 12(1—pin) n2 L3y ~T—1 112, 4L%
T 2ot=0 Ebias = pnS2 B2 T 2 =0 ||E[G ]||2+ 5,
12(1-pi) n® 72 .2 | 20=pu)® | 1 N~T—1 41
+ ( PinS2 B% LF’Y + Pour T t=0 Evar .

Proof: Notations. Let us define the following terms,
Gt = () VLW, GL=(20) V().
Note that the G* computed at time ¢ + 1 has same expectation as G
EL G = EY[GYt — 1]. (24)
Computing the bias. First consider the two cases in the outer loop
515;;51 _ ||VF(wt) _ EtH[Gtﬂ‘t]Hz
<2|VF (@) — EF G |2 +2 |G - B G

A§+1 A;+1
We expand A5 as follows
ALl = HEtJrl[G§+1|t] _ Et+1[Gt+1|t]||;

- 2
= [E*H G 1 — o BTG — (1= o) (G + EFHGE = G|

= (1 - pou)? || ~ B G|

2
= (1—pou)’ ||G" —E'[G}|t — 1],
where we use @) in the last equality. Now we take expectation with respect to randomness at ¢ such
that G* is a random variable, then

2
AL = (1 - pou) B [[[6* — E'[G1E =115 1t - 1]
= (1= pou)? ([[E'[G" 1t — 1) — E'[GLIE = 1) + L)
= (1 - pout)2 (Ag + gxfar)
while at initialization we always use large batch
4= [E'el -, = |E' el el = o.
Therefore, when we average over time ¢
— — 2 —
F e A5 < S pf:[m) T im0 St (25)
On the other hand, let us consider the upper bound on A'i“
t+1 272 t+1 2 272 1
A1+ < CVgLf E[Hyz+ - En\z[gn(mt)]HQ] = CgLfg;+ .
From Lemma [IT] we know that
T—1 (1—pin)C2 T—1—¢ , 202
i A <o (B by E + )
< (1717;,1)[1% 1 T-1—¢ + ﬁ

- PinS2 T t=0 —

26
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From Lemmal[I0l we know that
T—1 4641 _ (—p)L% (602 21 t+1 2i2
PEL A < Lt () S E 0 ) +

PinS2 B2 T
6(1—pin) n2 L%~y — 2L2 6(1—pin) L2 T-1
= Spe) o Lo S NEIGH Y|y + 252 + SO o e 5T et

Therefore, the bias has the following bound

1 71 41 o 12(L—pw) n? LFW t+1 2 4L2F
T t=0 gblas - DinS2 B2 Z ||EG H2+ (26)
12(1— pm)n 2.2, 2(1-puw)?) 1 T 1 ott1
+ ( pmS2 L + Pout T gvar :

Note that when p;, = 1 and S; = S5 = m, then thls bias recovers BSpiderBoost in @)

1 ~T=1 pt+1  4L% | 2(1—po)® 1
o & 4 Sl

T— 1€t+1
T bias — m Pout T t=0

var

Computing the variance. Let us decompose the variance into 3 parts:

s+l _E HGt+1 - E[Gtﬂ]Hﬂ

var

e I

—E HGtJrl Gt+1H ]JFE [||EalGHHY] — i[Enu[GtHHHz]+E[||Gt+1 *En\i[GtH]H;]

t+1 t41
gt+1 gvar out gvu in

where 55:; out and E\f;}n are the variance of outer loop and inner loop.

Inner Variance. For ¢t > 1, we expand the inner variance

g\f;iln poutE[HE}lZi(Emi[Vgﬁ( SN T(Vfi(y t+1) iV fi(y t+1 H:|

|

< B C2E ||V — Bl VA ] + [E [HG?“—G‘E

2
JH |
We bound the outer variance as
E; [Epin |:E77|i |:HG§+1 — éf z:”:| =E; [Epin |:E17|i |:HG7;+1 + (Eﬁ|i[vgﬁ(mtfl)bvai(yf"rl) _ éi j:”}
< 26; [E,, [Ey [Il64 ~ EqulVaala' D VAR
T2E {Epin {Eni U‘(Eﬁli[VQﬁ(w DDV iyt - G j”

< 203L; ' — 2|, + 205 L Bl |l — g1
(28)

~ Pou) Hf S = G — EyulGET - G

27

il

< BeaCsLiEL + Lo, [E [Enu ot -

For ¢t = 0, as we only use large and small batch in the
2
Eia = E || SElT0a( ) (V) ~ e T 51D

A-C2E(|Vfi(y)) — EnulV fiwDI|2)
L402L251 9)

I/\ IN

I /\

1 2
574C Lf 5

4L2F
31S1 :

IN

7
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Therefore, average over time ¢t = 0,...7 — 1 gives

2 1
T-1 out T-1 1— out T-1 ~ gv.xrm
% t=0 g\f:l'_lln < % 402[’ t=1 55+1_|_ sz % t=1 Ei[Epm[En\i[ GE—H _GE 2“]4‘ T
2 1
out 1—pout T-1 1 ~ ( 1 7p0U1) Svur,in
— pagc2p2 Ly gt g e L ST, [Epm {EW [Hgﬁ — G 2m + (ore) b
out 2712 1 T—l (1= pou) Egin
< BACILG 7 ELtT 4 i
2 1 out C -~ 2
+ 2 ( ey ot — 2t 3+ C213E ST ElEp Elllut ™ — aE131))
< Pout 4C2LfT t O 5;+1 + (1- po;)guum
2(1—pou) C7L2Y° —~T—1 2
+ (Bf ) & g o E ||Gt+1||
2(1—pou) 2 T-1 t+1
+ p C LfT t=1 E [Epm 77‘ Hy e y’L||
Let us first apply Lemma@

1 272, 2
1 T-1 ot41 p t 272 1 T-1 ot41 (1_p0“‘)gvm:in 2(1—pou) Cng’Y T-1 t+1 2
10 Euarin S BRACTLG 130, ELT 4 R —o ElG5]

T varin = B T
n 2(17pg[2)C§L? (407972 T_—01 E[||Gt+1|{2] " 4(17;;:)03% tT=—01 =t 4 60— pm) ZT 15t+1)
< (p(,u. 4+ (=p)d= pm)) 120T§L? ST gty S0 pg;)LFv LT HGH-IH
Then we apply Lemma|11|on the bound of ZT ! et
Ly T et <oy (%l I (1—Pm;3(21_poul)) ((1;?19);% Ly Tolae g l:éil:)
@il
+ 8(1*1"““')1;;:‘")ch? 1 Tolzt g (1*P‘¥)53ur,an
<24 <poul 4+ a= pmj)g(j Pow) 4 Pl 2pom)) (lz)izsi%)ZLfF L Z“:—Ol =t
+ St L S el 6]
+24 (B + <1fpm]>3<217pom>) Lp  Opati,
<2 <pout + 1= poul) (1;?:9);2} % tT:_ol =t
+ M L S E 6
1924 (p 4+ (o) m)) L | (- Oor gl
From Lemma! we plug in the upper bound of % 31 01 =t
P e < 2 (e + ) SR (0 S Ell6 )
+ S B
+24 (poul 4+ = pga(zl Poul)) 4 Q= pou‘)gvlarm
<s((+3e) Gy + ) T U EllG )
+24 (poul + 0= pmga(zl Pou\)) + 0= pom)gvlarm
Finally, we add the upper bound on with £}, ;. with (29)
Ly T letl <5 ((pom 4 1B;;om> (;mg:) 1%% 4 (173102‘“)) 72;} ST E[HGt“Hil
20 (3 4 Ot} B | (o 404 .
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Outer Variance. Now we consider the outer variance for ¢t > 1

R [HEm[GEH] — Eyil Gl

2
var,out — 2:|
2
J)
gt+1

Compared to (27) we know that the upper bound of is smaller than that of varin- Besides, whereas
EL . = 0 as we use large batch at t = 0. Therefore, the upper bound of £/ is upper bounded by

Ches
1)

(1_ out 2 1 A
< o [y o -

Variance of Vgj;. From LemmaEI, we know that

2 2
1 7T-1 t+1 1 Cjoy | 4(1—pow) 1 ~T—1 41 At
T t=0 E[(C:Vg } < By m + Bompow T t=0 E Gz Gl

2 2
1 G5y 1 gt
S B1 m + ﬂ@gVar

Finally, we use E[||G**! HZ] = ||E[G*] H; + &

1 T-1 gpt1 Pou 1 1=Pow | (1=Pi) 1802 | (1—pu) | 7’ LE ~T—1 t+11(]2
T t=0 Evar < 16 B, + B PinS2 B% + B T Zt:o ||E[G ]||2
Pou | 1=pow ) (1=pin) 1802 | (I—pou) \ Y’ LE ~T—1 ott1

+16 ((Bl + B2 ) pinS2 B3 + B2 T Zt:O gvar

out (1—pin) (1 —pouw) L2 (1—pow) 8L2
+48(1j3—1+ B )S—f+ T B

By taking step size ~y to satisfy

212 Pou (1=Pin) 1802 1—pou (1—Pin) 18n2  (1—pou) < 1 .1
v L maX{Bl pnS2 B3 ’ B2 pnS2 B3’ B

which can be simplified to

2712 (1=pin) 18 1—pou (1=Pi) 18n® (I1=pou) | 1 1
L max{ pnS2 B2’ B2 pnS2 B; ' B2

Then the coefficient of Zth_ol ELHL is bounded by 1

var

Dou 1—pou | (1—Pin) 18n2 (1—pow) 2712 1
16 ((BT + L2 ) kel B 4 Lo )7 1% <1

The the variance has the following bound

1N T=1 ot P 1=pow | (A=pw) 1802 | (1=pa) | 7°LE ~T—1 4172
T t=0 gvar S32((31 + B B% + B T tho ||E[G ]||2

PinS2
Pout (17pin)(17p0u1) E (lfpoul) 8i’i"
+96(Bl + B, 5. T T Bisi

O

Theorem 10 Consider the problem. Suppose Assumptions [3| B} B| holds true. Let step

size v = O( \/ﬁlLF)' Then for NestedVR, x*® picked uniformly at random among {wt};f;ol

satisfies: E[|VF (ws)||§] < €2, for nonconvex F, if the hyperparameters of the inner loop

S) = O(L%e72),8y = O(LpeY),pn = O(1/Ss), the hyperparameters of the outer loop
By =n, By = \/n,pous = 1/ B2, and the number of iterations

0y _ p*
T=0Q (—WLF(Z(;“’ = >) .
The resulting sample complexity is

3

o (nLFzF(F(zo)fp*))
In fact, it reaches this sample complexity for all 5%1):" Se.

20
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Proof: Using descent lemma (Lemma[d)) and bias-variance bounds of NestedVR (Lemma [I3)

e i ||VF< N5+ 50 i HEGt“Hi

2(F(w) F* + Ley t+1 T-1 ot+1
- T F Z Evar + T t=0 gbms
2(F(z%)—F*) 4L2 12(1—pin) n? va t+1]
S T + + pmSZ 32 Z HE G HQ
———— \,/
To T Ts
12(1— pm)n 2 2 | 2(1—pow)? 1 ~T—1 opt1
+ ( PinS2 L 7 + Pout [ + ﬂ}/LF T t=0 5V3I .
T3

Compute 7. In order to let 7y < £2, we require that

AT > &2 (31)
Compute 7. In order to let 77 to be smaller than €2, we need
T2
Sy = L.
Compute 75. In order to let the coefficient of % Z ||E G’H'1 || in 7T to be less than =, 1.e.
12(1—pin) n 1
pmsf B2L S 4 (32)

which requires v

Ba vV pmSQ _ pmupmz/F
VS Toenviops = TeLeviopn 33)

2(1 _pout)z
P

out

Compute 73. Let us now focus on 73 and notice that the middle term

2(1—pouw)? 1 ZT 1gt+1

Pout var °

Using Lemma|[I3]we have that

2(1_p0ul) 1 T— lgt—‘rl
t=0 “var

Pout T
2(1*poul) Dout. 1—pow |\ (1—Pin) 18n3 (1- Pou:) t+1
<32 Dout ((Bl + Bs pinS2 B2 + L | [G ]H
Ts,1
2(1=pou)® [ Pow | (1=Pin) (1 —Pou) LF 2(1—pow)® (1=pow) 8L%
+96 Pout By + B> + Pout T B1Sy -
Ts.2 (e

* Compute 73 3: As we already know that 51 = O(¢72?)and T > 1 and Bypoy > 1. This

imposes no more constraints, i.e.
I~/2
S1=0 (5 .
€

« Compute T32: As S; = O(¢72) and By = n and By = Bjpou, then it requires

(1_pm)(1_pom)3 g n.

2
Pout

* Compute 73 1: In order to satisfy the following

2(1—]3(,”‘)2 out 1—pou | (1—Pin) 18n2
caet (4 ) S

Pout DinS2

272
)<
we need to enforce _

DinPou L7

< .
a SLF(l - pin)1/2(1 - pout)?)/2

(34)

an
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Now we go back to 73 and compare the other two coefficients

12(1 pm) 2 2 (1 poul)
PinS2 " L + Pout +7LF

AsvLp < % S 20=p)® e can safely ignore L . On the other hand, from we know that the

~ Pout

first term is also have

12(1 pm) n L <

2
< z(lfpoul)
pnS2 B2 ~ !

1
4 Pout

T2
Constraints from the Bias-Variance Lemma (Lemma . By setting B; = n and S; = O( LEQF ),
this constraint translates to

,YQL% max { (lffin) i 1—pout (1*1721“)52 1 (1*Pom)} <1

Pin By Bs Pin pgu( ’ B> ~
which is weaker than (33).
Summary on the Limit on . Combine (33) and (34) and v < 5 L , we have a final limit on step
size
: p(\ulpinZF 1
~v < min { A } (35)

Then the total sample complexity of NestedVR can be computed as
(#of iters T') x (Avg. outer batch size By = B1poy) X (Avg. inner batch size So = S1pin).
This sample complexity has the following requirement

BySy(Ty) BySy _ ne=2 PinPout " ne=3.
gl T ey e v v

BySoT =

The lower bound ne =3 is reached when in we have

poulpini/F < 1
eLp\/1I—pin ~ Lp°

_PoutPin <L
That is, e S €

~

In particular, we can choose the following hyperparameters to reach O(ne~3) sample complexity
Bl =n, B2 = \/ﬁv Pout = ﬁa Sl = O( %’5 2)7 52 = O(£F€71)7 Pin = O(‘Z/};le)

The step size «y can be chosen as

1
'Vg NI

and the iteration complexity

T =0 (ﬁLF&;(f”)fF*)) .

Putting these together gives the claimed sample complexity bound. By picking x* uniformly at
random among {mt}'tr:_ol, we get the desired guarantee. |

E.3 Convergence of E-NestedVR

In this section, we analyze the sample complexity of Algorithm (1| (E-NestedVR) for the [FCCO
problem with

41 B% Zi(sz)TﬁgBﬂ V£i(0) with prob. pou
GENvr =
Gl + 7, ((zt“m(?f’“wim) - (=)7L yini(O)) with prob. 1 — pou.
(36)

41
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Lemma 14 (Bias and Variance of E-NestedVR) If the step size v satisfies

1—p; 1— 2 (1—po
~2L2 max{( Pin) 18 1=poy (1=pin) 18n% ( Bpw)} < 116 ] (15

pwS2 B2’ B2 pwS: B2’ 16 6

then the variance and bias of E-NestedVR are

Ly T bettl < 4.3 <(pB71, i 1732%) (1—pu) 18n> | (1Bp,,,,,)) Ly ST EGHY H

T var pinS2 B3

. Pour (1_pin)(1_poul) L7F (1_p0ul) SLF

+14 96(31—#73 Le y Qpan) BLe

15 T-1 pt+1 o (A=pu)®LE 602 21 t+1]|12 2(1—pw)®Ly | C2

T £4t=0 gbzas = DinS2 B2 T HEG H2+ S1 + Sg‘
i ((1 pin)* L3 6n2 2+ (1=pou)® ) 1 T 1gt+1

DinS2 Dout T var -

Proof: Note that this proof is very similar to NestedVR so we highlight the differences. Let
G = GEGyr (BG) be the E-Nested VR update and define

G = () T L Y (0)
We expand the bias by inserting E; pmml[GEH]

g+l _ ||VF(wt+l) _ E[Gtﬂ]Hz

bias
<2||VFE(') - E

ot li GE s 2 ||Ei s (G — EIGH

t41 t4+1
Al A}

Consider A'"'. The term A%"' captures the difference between full gradient and extrapolated

gradient
457 = e[0TV 0 @) ~ Ep [ Ft@ 229500
<C2E HVfi(Em[gn(wt)]) — Epunli [ﬁ%;vfi(o)] z

< 2C2E: |||V Si(Eplon(@)]) — B, [V i il DI

t+1

::Al'f'l
‘ 2
2

The first term Afi'f'll can be upper bounded through smoothness of f¢, fort > 1

2
+2C%E

Ep [V F(Ey 0 ])] — By ['C%:VW}

—.Att1
*'Al,z

AL = B [V £ yilga (@) = PV Fi(Eqpalgn (@) = (1= p) V iy} + Eyilga (@) = ga($DDI;

= (1= pu)? E; |||V £:(Elga(@")]) = V£i(y! +Eyplgn(@") = 9,(61)])] ]

< (1_pin)2Lf [HEW gn(@")] — (Y} + Epjilgn(x") — gn (D)) ]| }
(

1—Pin) 'Hyf— alilga(@D)]l5]

Fort =0, Al,l =0, then

LS AT < (1= pin)2L3C2 5 S e (37)

Vil
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On the other hand, with Lemmalf]

j

+ (1 —pin) B [Hsz(yf +Eyjilgn(2') — gy (#7)]) — Eps [ﬂgi,sz,ivfi(o)} Hj

Ai,gl < pinE; lHVfi(Eni[gn(wt)]) — By [ﬁgt)+sl .ini(O):|

IN

pincg + (l_pin)cg
St 53

ce
S?é

where Dfg | is the distribution of 4-3° ¢ g, (") and D}f5  is the distribution of

Ui + 55 e, (9n (') — Elgy(4))]).
Thus the Atfl has the following upper bound

b — 2
Y AT < (1= )2 L3C2 L E %g (38)

Consider A5, Let us expand A4"" through recursion

2

AE—H = HEi,pin,ni]\i[Gﬁl] - E[GH—l]HQ
- 2

= (1= pou)? || & — EilEq 11

— (1 e [E16) - ElE 1G]
= (1 - pout)2 (Atz + 5vtar) .

For ¢t = 0, we have that A% = 0, then average over time gives

2 t
’2 + 5var>

1 T-1 441 o A=po)® 1 ~T—1 ot+1
T £4t=0 A2 < Poww T £=t=0 gvar .

Therefore, the bias has the following bound

1 ~T-1 ot+1 27221 o T-1 o1 | C2 | (A—pa)® 1 oT—1 op41
7 2=0 Ebias < (1= Pin) L3CoT 2 =0 &y +?§+TT t=0 Evar -

Using Lemmal|[TT]

1 N~T-1 ot 27202 ((A=pn)Ch 1 ~T-1 ¢ | 209
T t=0 gbias < (1 _pln) Lng ( Sy T 24t=0 = =+ 5
C2 | (=pa)® 1 N\~T—1 ot1
+ S + Pow T £=t=0 Evar
A=pn)®L% 1 ~T-1=¢ | 2(1-pw)?LZ | C? | (1—puw)® 1 ~~T-1 ctt1
- PinS2 T £<t=0 — + S1 + S3 + Dow T £—t=0 gvar :
Using Lemma[T0|we have that
1 T-1 ott1 o (A=pw)®LE (6n? .21 ~T-1 t417]|2 200—pw)®Ly | C2 | (I=pow)® 1 N~T=1 ot41
T £4t=0 gbias < PinS2 B2 VT 2at=0 E[HG ]||2 + S1 + S3 + Dout 1T £4t=0 5Var
(1=pin)®L% 6n2 21 ~T—1 t+17)12 | 2(0—pw)’L: | C2
< PinS2 B3 Zt:o HE[G ]HQ + S1 + S3
A=—p)’LZ 602 2 | (1=pou)®) 1 ~=T—1 ot41
+ ( PinS2 B2 v Pout T =0 gV‘dI :

Variance. Combine the variance of NestedVR in Lemma [[3]and Lemma 2] gives
1 -1 1 out 1—pout (1* in) 18n2 (17 ou() 'y2L2 T—1 1 2
FY e s 1 (e o+ i) o + ) SRR S EGH,

out (1_ in)(l_ out) iz (1_ out) 81_‘2
+14~96(%—1+7’372p) S i o

Vi%e
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Theorem 5 [E-NestedVR Convergence] Consider the (FCCO) problem. Under the same assump-
tions as Theorem|[3]

o [fn = (9(5’2/ 3), then we choose the hyperaparameters of E-NestedVR (Algorithm 1)) as
By =By =n,pou = 1,81 = L}e %, 85 = Lpe™ ,piy = L' e,7 = O(£).

o [fn= 9(5’2/3), then we choose the hyperaparameters of E-NestedVR as B = n, By =
V1 Do = 1/3/n, 81 = Sz = max {06096’1/2713%/(7162)} Pin=1,7=O(£5).
Then the output x° of E-NestedVR satisfies: E[||VF (x?) ||§] < &2, for nonconvex F with iterations
T =Q(Lp(F(z% — F*)e?).

Proof: Denote. G't' = GLif: (36). Using descent lemma (Lemma and bias-variance of
E-NestedVR (Lemma|[T4)

T-1 2 T-1 2
T im0 IVE(@I; + 57 X0 [[EIG;
2(F(x°)—F* L T-1 T—1

< MR 4 L S e + 4 D G

2(F(@®)—F*) | (1-pn)®L% gn2 21 —T-1 t+17)12 | 2(0—pw)’L: | C2
< T + PinS2 B2 Et:o HE[G ]H2 + S + S§

1—pin)®LE 6n> 1—pou) T-1
+(( an;2 F687§72+ : pfm) +LF7)% =0 vt
As we would like the right-hand side to be bounded by either 2:{:—01 |E[G]] Hg or 2.

* Bound on % with 2 | i.e.

VT 2 (F(x°) — F*)e™? (39)

Coefficient of L >/ ||[E[G'*] H; is bounded by 1, i.c.

(1_pm)3[_/%‘ 6712 2 < l
PinS2 B2 TS

which can be achieved by choosing the following step size

out Pin VS
VS S “0

2(1—pim)2L% .
* Bound on (’;7’1')1“ with 2

Ap Le < 2, @1)

Sy > \/? (42)

1

c? . 2 .
¢ Bound <f with . This leads to
2

* Bound on the variance. First notice from {@0) and v <

2Lp°
(1_pin)3f‘i‘ 61122 2 < 1 < (1_poul)2
PinS2 Bz — 4~ Pout
1—pour)?
< 1 < (1—pou .
LF’Y -2~ Pout

Therefore, we only need to consider the upper bound on

(1—pow)® 1 ~T-1 gt+l
Pout T t=0 var

(1— out)2 out 1 —pout (1_ in) 18n2 (1_ oul) ’YQLZ T-1 1 2
< 143205 (B Lopu) (opd 19?  (opa ) 220 ST (G |

. (1*poul)2 Dout (1—pin) (1 —Pou) & (1*poul)3 Si‘i“
+ 14 96 DPout B, + B> S1 + pouT  B1S1”

a4
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We impose the constraints for each term

(1— poul) Dout (1—pin) 18n2 L2 2
Pout B1 pwS:2 B3Z

A

1

(1- poul) 1—pour (1—Pin) 18n? L2 2

Pow B2 pmS2 BZ 1

A

N

(1=pou)® 1=pow 72 A2
out B;ulLF,y 1

Pout

(1_Pout)2 Mi’i
DPout By S

(17poul)2 (lfpin)(lfpoul) ﬁ
Pout Ba S1

N
™
(V)

N
o
[\v]

(—pu)® 8L% < 2
poul  B1S1 ~

These can be simplified as
inPouv/B1v/S1 _1
,7 S g)lfpoul)\/ll_piln ﬁ (43)
in 3.,MEx/§ 1
0 g (lliziu()s/z /T—pin r (44)
VS e s (45)

BySy 2 Ut ik (46)

£2

Bl Sl z (1*pom)i(1fpin)l~z§: (47)

)
€% Pout

_ 372
BS; 2 U te, (48)

 Constraints from Lemma[14]

V2L max{(;;g;‘)%, 1;31320“[ (;;g:) %7 (17311;[)} <1
which can be translated to
vy S BevSBe (49)
T3 Lﬁ%ﬁ (50)
TS 5D
* Constraint from sufficient decrease lemma:

7 < st (52)
We simplify the conditions noticing that 1) is weaker than ; 2) (@3) and (3T)) are weaker than

(32). Combine all the constraints on 7, i.e. , @), , ]
15 g min {min {1, e} gt OB b min {1, e | e B 1, e S

This can be simplified as an upper bound

~y < 1 min pinpout\/§1 Pinpout\/§1 v B pinpgul VS1vBi1 1
~ Lp V1-pn ’ V1=pout ? VI=pinvV/I—=pou’ :

Now we consider two sets of hyperparameters depending on the size of n Case 1: For n = O(e~2/3),
we choose the following set of hyperparameters

Bl = BQ =", Pou = 17 Sl = Z%“C:iza 52 = Estl’ Pin = L;'16

Then we have v < 7 mm{ 4 1 p 1} = ﬁ, we have the total sample complexity of

BsS,T = B252Tn @ F(@°)=F* BySy _ (F(@°)—F*)nLrLr
2002 ~ £2 ~ 3

ViR
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Figure 4: Performance of BSGD vs. E-BSGD on the few-shot sinsuoid regression task.
Case 2: For n = Q(¢2/3), we choose the following set of hyperparameters
Bl =n, BQZ\/E7 pout:ﬁ-

T 2
In this case, {0) is stronger than (#7) which requires S7 2 n52

2

S1 =53 = max {0&485_1/2 Tin, } , pn=1

’ ne

Then we have 7 < 75 min{ Peyvor ou /1 i p ,1} = £, we have the total sample complexity of
out

1/2 2

BQSQT _ Bg.Sl/gT'y @ F(x®)—F* B,S, _ (F(wO) _ F*) max{\/fg%ms o }

e? Y ) net

By picking ® uniformly at random among {:ct}t o » we get the desired guarantee. (]

F Missing Details from Section

F.1 Application of First-order MAML

Over the past few years, the MAML framework [11] has become quite popular for few-shot supervised
learning and meta reinforcement learning tasks. The first-order Model-Agnostic Meta-Learning
(MAML) can be formulated mathematically as follows:

mwin EiNPVDL’]iuery Ei (EDsiupp (SE — av&-(:c, Diupp)) D(Z]uery)

where « is the step size, unpp and Df]uery are meta-training and meta-testing data respectively and

¢; being the loss function of task . Stated in the CSO framework, f¢(x) := £i(®, D},) and
gn(z, &) == x — aVl;(x, D, ) where £ = (i, D}, ) and n = D!

In this context, lots of popular choices for f¢ are smooth. For illustration purposes, we now discuss a
widely used sine-wave few-shot regression task as appearing from the work of Finn et al. [11], where
the goal is to do a few-shot learning of a sine wave, A sin(t — ¢), using a neural network ®,(¢) with
smooth activations, where A and ¢ represent the unknown amplitude and phase, and x denotes the

model weight. Each task i is characterized by (A%, ¢, Z{uery) In the first-order MAML training

process, we randomly select a task ¢, and draw training data n = Dgupp Define the loss function
for a given dataset D as /;(®; D) = & Eyup ||A'sin(t — ¢') — ||2 We then establish the
outer function f;(x) = £;(®4; Dlyery) and inner function g, (x) = & — aVgl;(Pz; DLyyy). As fi s
smooth, our results are applicable.

i
supp query supp*

In Figure [ we show the results of BSGD and E-BSGD applied to this problem. In this experiment,
the amplitude A is drawn from a uniform distribution /(0.1, 5) and the phase ¢ is drawn from
U(0, ). Both Dy, and Dyyery are independently drawn from U/ (—5,5). The step size is set to

4A
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a = 0.01. The batch size is fixed to 10. The performances of BSGD and E-BSGD are very close.
This is not surprising because finetuning step size « is chosen to be small which 51gn1ﬁcantly reduces
the variance of g,, making the bias of meta gradient to be very small (O(« 2)). Therefore, we
observe similar performance of BSGD and E-BSGD. Similar trend also holds for BSpiderBoost and
NestedVR compared to their extrapolated variants.

F.2 Application of Deep Average Precision Maximization

The areas under precision-recall curve (AUPRC) has an unbiased point estimator that maximizes
average precision (AP) [26} 34]. Let S and S_ be the set of positive and negative samples and
S =8_US,. Let hy,(+) be a classifier parameterized with w and ¢ be a surrogate function, such as
logistic or sigmoid. A smooth surrogate objective for maximizing average precision can be formulated
as [33]:

Sacs, (@) — hu(e:))

Flw) =gy 2 sz3< (@)~ T (@)

€Sy

This problem can be seen as a conditional stochastic optimization problem with gz( ) =
[>zes, Uhw(®) = ha (i), D pes U(hw(®) — hw(x))] and f; : R x R\{0} — R is defined
as fi(y) = {y%l where [y]) denotes the kth coordinate of a vector y € R x R\{0}. During the

stochastic optimization of this objective, we draw uniformly at random ¢ := x; (drawn from the set
S,) as a positive sample and |¢ = [F, , Fx,] Where set 7 is drawn uniformly at random from S
and @ is drawn uniformly at random from S and functional F (w) := £(hy(x) — hy(x;)). Note
that f; € C* is smooth with gradient

_ 1
Vfi(y) = l [5]’}2] :
([yl2)?

Therefore, our results from Sections [3|and ] again apply.

F.3 Necessity of Additional Smoothness Conditions

Throughout the paper, we assume bounded moments (Assumptlonm) and a smoothness condition
(Assumption [2) to derive our extrapolation technique. However, it is worth noting that the technique
itself does not explicitly depend on higher-order derivatives. Our theoretical framework does not
address the behavior of extrapolation in the absence of these smoothness constraints. In this section,
we investigate the application of extrapolation to two non-smooth functions:

* ReLU function given by ¢(x) = max{z,0};

s Perturbed quadratics represented as g(z) = z2?/2 + TriangleWave(x) + 1. The function
TriangleWave(x) has a period of 2 and spans the range [-1,1], defined as:

. x x 1
TriangleWave(z) = 2 ’2 (2 B {2 * 2J>‘ !

Visual representations of these functions can be found in Figure We set s = 0 and consider
a random variable § ~ N(10,100) with m = 1. We then apply first-, second-, and third-order
extrapolation. The outcomes are depicted in Figure 5] Remarkably, both the ReLU and the perturbed
quadratic functions do not conform to the differentiability assumptions inherent to our stochastic
extrapolation schemes. Nonetheless, as indicated by Figure [5aland Figure [5b] our proposed second-
and third-order extrapolation techniques yield a superior approximation of ¢(E[d]).

a7
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q

- RelLU — Perturbed quadratics 15

% 10 a = Perturbed quad.
IS —_ > — Quadratic
:O:; ‘CDlzmq(s :U'1 3 [’Dlzmq(s) 10 = — ReLU

2102 a6 L P — R als) -

z £Eq(s)  Z 402 £Pqls) &

| I 4

~10'g = L 5

S L.1¢'

I Q

E'n.: 10 itl 100 0 T T T 1
o o
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Figure 5a Figure 5b Figure 5c

Figure 5: (a) Fig. 5a: Error in estimating ¢(s + E[d]) for our proposed first-, second-, and third-order
extrapolation schemes applied to ReLU ¢(x) = max{z,0}, s = 0, § ~ N(10,100), m = 1. (b) Fig
5b: Error in estimating ¢(s + E[d]) for our proposed first-, second-, and third-order extrapolation
schemes applied to a perturbed quadratic ¢(x) = 2% /2+TriangleWave(x)+1, s = 0,5 ~ N(10, 100),
m = 1. The TriangleWave(x) has a period of 2 and spans the range [-1,1], i.e. 22 (£ — [£ + 1]) |- 1.
(c) Fig 5c: The ReLU and perturbed quadratic used in the Fig. 5a and 5b along wit% quaciratic curves.
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