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Abstract

We build interpretable and lightweight transformer-like neural networks by un-
rolling iterative optimization algorithms that minimize graph smoothness priors—
the quadratic graph Laplacian regularizer (GLR) and the ¢;-norm graph total
variation (GTV)—subject to an interpolation constraint. The crucial insight is that
a normalized signal-dependent graph learning module amounts to a variant of the
basic self-attention mechanism in conventional transformers. Unlike “black-box”
transformers that require learning of large key, query and value matrices to compute
scaled dot products as affinities and subsequent output embeddings, resulting in
huge parameter sets, our unrolled networks employ shallow CNNs to learn low-
dimensional features per node to establish pairwise Mahalanobis distances and
construct sparse similarity graphs. At each layer, given a learned graph, the target
interpolated signal is simply a low-pass filtered output derived from the minimiza-
tion of an assumed graph smoothness prior, leading to a dramatic reduction in
parameter count. Experiments for two image interpolation applications verify the
restoration performance, parameter efficiency and robustness to covariate shift of
our graph-based unrolled networks compared to conventional transformers.

1 Introduction

Focusing on the self-attention mechanism [1]] as the basic building block—where the affinity between
two input tokens is computed as a transformed dot product—transformers [2] learn large parameter
sets to achieve state-of-the-art (SOTA) performance in a wide range of signal prediction/classification
problems [3} 4], outperforming convolutional neural nets (CNNs) and recurrent neural nets (RNNs).
However, there are shortcomings: i) lack of mathematical interpretability to characterize general
performanceﬂ ii) requiring substantial training datasets to train sizable parameters [12]], and iii)
fragility to covariate shift—when training and testing data have different distributions [13].

Orthogonally, algorithm unrolling [14] implements iterations of a model-based algorithm as a
sequence of neural layers to build a feed-forward network, whose parameters can be learned end-
to-end via back-propagation from data. A classic example is the unrolling of the iterative soft-

"While works exist to analyze existing transformer architectures [} 16} (7} 18} 9l], only [10}11]] characterized
the performance of a single self-attention layer and a shallow transformer, respectively. In contrast, we build
transformer-like networks by unrolling graph-based algorithms, so that each layer is interpretable by construction.
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thresholding algorithm (ISTA) in sparse coding into Learned ISTA (LISTA) [15]. Recently, [[16]
showed that by unrolling an iterative algorithm minimizing a sparse rate reduction (SRR) objective, it
can lead to a family of “white-box” transformer-like deep neural nets that are 100% mathematically
interpretable. Inspired by [16], in this work we also seek to build white-box transformers via algorithm
unrolling, but from a unique graph signal processing (GSP) perspective [17, (18} [19].

Over the last decade and a half, GSP studies spectral analysis and processing of discrete signals
on structured data kernels described by finite graphs. Specifically, by assuming that the sought
signal is smooth (low-pass) with respect to (w.r.t.) a particular graph, a plethora of graph-based
restoration algorithms can be designed for practical applications, including image denoising [20],
JPEG dequantization [21], interpolation [22]], 3D point cloud denoising [23| [24] and super-resolution
[25]. At the heart of GSP is the construction of a similarity graph that captures pairwise similarities
between signal samples on two connected nodes. We first demonstrate that signal-dependent similarity
graph learning with normalization is akin to affinity computation in the self-attention mechanism.
Thus, our first contribution is to show that unrolling of a graph-based iterative algorithnﬂ with
normalized graph learning results in an interpretable transformer-like feed-forward network.

Second, computation of a positive weight w; ; = exp(—d(¢, j)) of an edge (¢, j) connecting two
graph nodes i and j often employs Mahalanobis distance d(i, j) = (f; — £;) TM(f; — f;) between
representative (e.g., CNN-computed) feature vectors f; and f;, where f;,f; € RP reside in low-
dimensional space [27, 28]]. Hence, unlike a conventional transformer that requires large key and
query matrices, K and Q, to compute transformed dot products, the similarity graph learning module
can be more parameter-efficient. Moreover, by adding a graph smoothness prior such as graph
Laplacian regularizer (GLR) [[18L 20] or graph total variation (GTV) [29}130,|31]] in the optimization
objective, once a graph G is learned, the target signal is simply computed as the low-pass filtered
output derived from the minimization of the assumed graph smoothness prior. Thus, a large value
matrix V to compute output embeddings typical in a transformer is also not needed. Our second
contribution is to demonstrate that a lightweight transformer with fewer parameters can be built via
unrolling of a graph-based restoration algorithm with a chosen graph signal smoothness prior.

Specifically, focusing on the signal interpolation problem, we first derive linear-time graph-based
algorithms by minimizing GLR or GTV, via conjugate gradient (CG) [32] or a modern adaptation of
alternative method of multipliers (ADMM) for sparse linear programming (SLP) [33]], respectively.
In each iteration, given a learned graph, each algorithm deploys a low-pass graph filter to interpolate
the up-sampled observation vector into the target signal. We intersperse unrolled algorithm iterations
with graph learning modules into a compact and interpretable neural network. We demonstrate its
restoration performance, parameter efficiency (3% of SOTA’s parameters in one case), and robustness
to covariate shift for two practical applications: image demosaicking, and image interpolation.

Notation: Vectors and matrices are written in bold lowercase and uppercase letters, respectively. The
(4, 7) element and the j-th column of a matrix A are denoted by A; ; and a;, respectively. The i-th
element in the vector a is denoted by a;. The square identity matrix of rank NN is denoted by I, the
M-by-N zero matrix is denoted by 0/, 7, and the vector of all ones / zeros of length IV is denoted
by 1 / Oy, respectively. Operator | - ||, denotes the ¢-p norm.

2 Preliminaries

2.1 GSP Definitions

A graph G(N, £, W) is defined by a node set A" = {1, ..., N} and an edge set € of size |€| = M,
where (4, j) € £ means nodes ¢, j € N are connected with weight w; ; = W; ; € R. In this paper, we
consider only positive graphs G with no self-loops, i.e., w; ; > 0,V4, j, and w; ; = 0, Vi. We assume
edges are undirected, and thus adjacency matrix W € RVN*N is symmetric. The combinatorial
graph Laplacian matrix is defined as L £ D — W € RV*N where D £ diag(W1y) is the degree
matrix, and diag(v) returns a diagonal matrix with v along its diagonal. L for a positive graph G is
provably positive semi-definite (PSD), i.e., all its eigenvalues \;’s are non-negative [19].

2While there exist works on unrolling of graph-based algorithms [26]], they typically assume a fixed graph
and optimize other parameters. In contrast, the key point in our work is that the normalized graph learning
module is akin to the basic self-attention mechanism in conventional transformers.
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We define also the incidence matrix C = RM*N: each k-th row of C corresponds to the k-th edge
(1,7) € €, where Cy; = w; j, Cij = —w; j, and Cy; = 0, VI # i, j. Since our assumed graph G is
undirected, the polarities of C}, ; and () ; are arbitrary, as long as they are opposite.

2.2 Graph Laplacian Regularizer

Given a positive connected graph G with IV nodes and M edges, we first define smoothness of a
signal x € RY w.r.t. G using the graph Laplacian regularizer (GLR) [18] 20] as

xllgo=x"Tx = Y wj(x; — ;) ¢))
(i,5)€€
where L is a combinatorial Laplacian matrix specifying graph G. GLR (I is non-negative for a
positive graph, and thus is suitable as a signal prior for minimization problems [20, 21].

2.3 Graph Total Variation

Instead of GLR (IJ), we can alternatively define graph signal smoothness using graph total variation
(GTV) [29.130,31] ||x||g.1 for signal x € RY as

(a)
Ixllga = [1Cxllx = > wijlzi — ay ()
(i,5)€€
where (a) is true since G is positive. GTV is also non-negative for positive G, and has been used as a
signal prior for restoration problems such as image deblurring [34].

3 Problem Formulation & Optimization using GLR

3.1 Problem Formulation

We first assume a positive, sparse and connected graph G with N nodes and M edges specified by
graph Laplacian matrix L. By sparse, we mean that M is O(N) and not O(N?). By connected, we
mean that any node j can be traversed from any other node i. Given G, we first derive a linear-time
iterative algorithm to interpolate signal x by minimizing GLR given observed samples y. In Section 4]
we derive an algorithm by minimizing GTV instead given y. In Section 5] we unroll iterations of
one of two derived algorithms into neural layers, together with strategically inserted graph learning
modules, to construct graph-based lightweight transformer-like neural nets.

We first employ GLR [20] as the objective to reconstruct x € RY given partial observation y € R,
where K < N. Denote by H € {0, 135>~ a sampling matrix defined as

1 if node j is the i-th sample
Hi;j = { 0 ow b 3)
that picks out K samples from signal x. The optimization is thus
min x ' Lx, st. Hx =y @)

X

where L € RV*¥ is a graph Laplacian matrix corresponding to a positive graph G [19]. PSD L
implies that x ' Lx > 0, Vx, and thus (@) has a convex objective with a linear interpolation constraint.

3.2 Optimization

We solve (@) via a standard Lagrangian approach [33] and write its corresponding unconstrained
Lagrangian function f(x, u) as

flx,p) =x"Lx+ p' (Hx —y) )

where p € R¥ is the Lagrange multiplier vector. To minimize f(x, u) in (3)), we take the derivative
w.r.t. x and p separately and set them to zero, resulting in the following linear system:

H Oxx B y '
—_—

P
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Given that the underlying graph G is positive and connected, coefficient matrix P is provably full-rank
and thus invertible (see Appendix for a proof). Hence, (6) has a unique solution x*.

Suppose we index the sampled nodes S in x before the non-sampled nodes S, i.e., x = [xs;Xg].
Then H = [Ix Ox n-_x], and the second block row in () implies xs = y. Suppose we write
L = [Ls,s Lss;Lss Lgs] in blocks also. For the first block row in (6), consider only the
non-sampled rows: '

([2L H'] [ Z D =2(Lssxs +Lssxs) =On-x @)

S

where (H' p1) s = On_ K since the non-sampled rows of HT (the non-sampled columns of H) are

zeros. Thus, x5 can be computed via the following system of linear equations:
Lssxs = —Lssy ®)

where Lz s is a symmetric, sparse, and provably positive definite (PD) matrix (see Appendix for
a proof). Thus, there exists a unique solution x5 in ().

Complexity: For notation simplicity, let £ = Lg . Linear system (8] can be solved efficiently using
conjugate gradient (CG), an iterative descent algorithm with complexity O(nnz(L)+/k(L)/ log(e)),
Amax

7(2’)) is the condition

min

where nnz(L) is the number of non-zero entries in matrix £, x(£) =

number of L, Anax (L) and Apin (L) are the respective largest and smallest eigenvalues of £, and €
is the convergence threshold of the gradient search [32]. Because L is sparse by graph construction
(O(N) edges), L = Lg s is also sparse, i.e., nnz(£) = O(N). Assuming ~(L) can be reasonably
lower-bounded for PD L and € is reasonably chosen, the complexity of solving (8) using CG is O(N).
Interpretation: To elicit a signal filtering interpretation from (), we assume for now that L is P]f]
and thus invertible. Recall that the block matrix inversion formula [36] is

P (8 B[R ]

where P/A = (D — CA~!B) ™! is the Schur complement of block A of matrix P. Solution x* can
thus be computed as:
x*=L'H' (HL"'H') 'y
—L'HT (L Y)s) y=L'H Lfy (10)

where LE £ (L71)s) "and (L1)s denotes the rows and columns of L~ corresponding to the

sampled nodes. Lﬁ is a high-pass filter similar to L s. Thus, we can interpret x* as a low-pass filtered

output of up-sampled HTLﬁy—with low-pass filter response (A) = A~" where L = VAV,
A = diag([A1,. .., An]), is eigen-decomposible with frequencies A\x’s and Fourier modes vy, ’s.

4 Problem Formulation & Optimization using GTV

4.1 Problem Formulation

Given a positive connected graph G specified by incidence matrix C € R™ > and partial observation
y, we now employ instead GTV as the objective to interpolate target signal x, resulting in

min ||Cx]};, st Hx=y, (11)

@) is a linear program (LP), since both the objective and the lone constraint are linear. Thus, while
minimizing GLR leads to a linear system (6), minimizing GTV leads to a linear program (T1).

3A combinatorial graph Laplacian matrix for a positive graph with at least one additional positive self-loop is
provably PD; see proof in Appendix [A.2}
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4.1.1 LP in Standard Form

First, we rewrite LP in standard form as follows. Define upper-bound variable z € RM with a
pair of linear constraints z > +Cx. This enables a linear objective 1,z for a minimization problem
(thus ensuring the upper bound is tight), i.e., z = ||Cx|;. Second, we introduce non-negative
slack variables qi,qz € RM to convert inequality constraints z > +Cx to equality constraints
z = Cx + q; and z = —Cx + qo. Thus, LP (TI)) can be rewritten as

It —C —Ia Oarng) z O
;nxin ILZ, S.t. Iy C _(OJVJ’M IM) x| =1|0ym |, q>0 (12)
ed Ok H Ok om q Yy
——
A b

where q = [q;; 2] € R?M.

4.2 Optimization Algorithm

Because coefficient matrix A is sparse, is a sparse linear program (SLP). We solve SLP
(T2) efficiently by adopting an ADMM approach for SLP in [33]. We first define a convex but
non-differentiable (non-smooth) indicator function:

0 ifg; >0, Vj
g(q)={ o o (13)

We next introduce auxiliary variable § € R? and equality constraint q = q. We now rewrite (T2))
with a single equality constraint as

min_ 1,z 4 g(q), s.t [ A ] [ >Z< ] = { 2 } . (14)

7,%,q,8 Oonr, m+N Ions q

B

We can now rewrite (T4)) into an unconstrained version using the augmented Lagrangian method as

z b 5 z b
min_15,z+g(@ +p' [B] x —{ ~ } +-|B| x —{ ~ } (15)
2,%,q,q q qa 2 q q ,

where p € R*M+K is a Lagrange multiplier vector, and v > 0 is a scalar parameter. In the sequel,
we write f1 = [, fhy; Hes Bgs B, where pg, py, pg, pr € R and pr, € R,

4.2.1 Optimizing Main Variables

As typically done in ADMM, we minimize the unconstrained objective (I3) alternately as follows.
At iteration ¢, when g’ and ! are fixed, the optimization for z'*!, x**! and q**! becomes

z z
minilz+ )T (B x [=| 2 |)+2|B|x|[=]|P (16)
z,%,q a 2 a
q q )
The solution to this convex and smooth quadratic optimization is a system of linear equations,
t4+1 1 1 t t t t 1, 4 ~t
2 = — =1 — o (g + 1y + g + ) + (A1 + @2) (17
¥ 2y 2
1 1 1 - -
(CTC+HTHX" = ZC' (e —my+ g —pe) - “H pe - 5C @ - @) +H'y (19
1 1 -
a =5 (2" - Cx") + 5y (e — B+ @)
1 1 ~
=5 (27 Ox) & o — e +2) (19)

See the Appendix for a derivation.
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Linear system (I8) is solvable if the coefficient matrix £ £ L + H" H, where L £ CTC is a PSD
graph Laplacian for a positive graph, is invertible. See Appendix for a proof that £ is PD and
thus invertible .

Complexity: Linear system (I8) again can be solved efficiently using CG with complexity
O(nnz(L)\/k(L)/log(e)) [32]. Because C is sparse by graph construction (O(N) edges) and
H is sparse by definition, £ is also sparse, i.e., nnz(£) = O(N). Thus, assuming (L) is also
upper-bounded and e is reasonably chosen, the complexity of solving (I8) using CG is O(N).

Interpretation: (I8)) can be interpreted as follows. H "y is the up-sampled version of observation
y. L=VAVT A =diag([\1,...,\n]), is an eigen-decomposible generalized Laplacian matrix—
Laplacian matrix C " C plus self-loops of weight 1 at sampled nodes due to diagonal matrix H T H,
and like a graph Laplacian L without self-loops, can be interpreted as a high-pass spectral filter
7). £7' = VA~ VT is thus a low-pass spectral filter with frequency response r(A) = A lto
interpolate output £~ 'H "y. We interpret the remaining terms on the right-hand side of (T8) as bias.

4.2.2 Optimizing Auxiliary Variable

Fixing z' 1, x*1 and q'*!, the optimization for g'** for (T3)) simplifies to

. ~ vy 2
ming(@) + (ka)' (@ = @) + 5 o™ —al|,- (20)
The solution for optimal ‘*! is term-by-term thresholding:
tHl 1t e tHl Lt
i = { (RS it g™+ JHa 20y @1
o.W.

See Appendix for a derivation.

4.2.3 Updating Lagrange Multiplier

The Lagrange multiplier g/ can be updated in the usual manner in an ADMM framework [38]):

z
X 1 — { 2 } ) . (22)
q
Algorithm Complexity: Given that the number of iterations untii ADMM convergence is not a
function of input size, it is O(1). The most time-consuming step in each ADMM iteration is the

solving of linear system (I8)) via CG in O(NV). Thus, we conclude that solving SLP (12) using the
aforementioned ADMM algorithm is O(N).

Algorithm Comparison: Comparing the CG algorithm used to solve linear system and the
ADMM algorithm developed to solve SLP (12), we first observe that, given a similarity graph G
specified by Laplacian or incidence matrix, L or C, both algorithms compute the interpolated signal
x* as a low-pass filtered output of the up-sampled input H 'y in (T0) and (T8), respectively. This is
intuitive, given the assumed graph smoothness priors, GLR and GTV. We see also that the ADMM
algorithm is more intricate: in each iteration, the main variables are computed using CG, while the
auxiliary variable is updated via ReLU-like thresholding. As a result, the ADMM algorithm is more
amenable to deep algorithm unrolling with better performance in general (see Section [6] for details).

pth=pt ey (B

5 Graph Learning & Algorithm Unrolling

We now discuss how a similarity graph G can be learned from data, specified by graph Laplacian
L for GLR minimization (@) or incidence matrix C for GTV minimization (II)), so that the two
proposed graph-based interpolations can take place. Moreover, we show how a normalized graph
learning moduleE] performs comparable operations to the self-attention mechanism in conventional
transformers. Thus, unrolling sequential pairs of graph-based iterative algorithm and graph learning
module back-to-back leads to an interpretable “white-box” transformer-like neural net.

*While estimating a precision (graph Laplacian) matrix from an empirical covariance matrix computed from
data is another graph learning approach [39} 40, 41]], we pursue a feature-based approach here [27, 28]
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5.1 Self-Attention Operator in Transformer

We first review the self-attention operator in a conventional transformer architecture, defined using
a transformed dot product and a softmax operation [1]]. Specifically, first denote by x; € R¥ an
embedding for token i of N tokens. Affinity e(i, j) between tokens 4 and j is defined as the dot product
between linear-transformed embeddings Kx; and Qx;, where Q, K € REXE are the query and key
matrices, respectively. Using softmax, a non-linear function that maps a vector of real numbers to a
vector of positive numbers that sum to 1, attention weight a; ; is computed as

;i = exp(e(i, j)) e(i, 1) = (Qx;) " (Kx;). 23
1,7 Ei\ilexp(e(i,l))’ (7]) (Q J) ( z) ( )

Given self-attention weights a;_;, output embedding y; for token ¢ is computed as

N
yi=Y_ aixV (24)
=1

where V- € RF*F is a value matrix. “Self-attention” here means that input embeddings are weighted
to compute output embeddings. A transformer is thus a sequence of embedding-to-embedding
mappings via different learned self-attention operations defined by Q, K and 'V matrices. Multi-head
attention is possible when multiple query and key matrices Q™ and K (™) are used to compute
o
y; is computed using an average of these multi-head attention weights a

different attention weights a, ;”’s for the same input embeddings x; and x;, and the output embedding

(m),
l

i,

S.

5.2 Computation of Graph Edge Weights

Consider now how edge weights w;_;’s can be computed from data to specify a finite graph G [27, 28]

A low-dimensional feature vector f; € RP can be computed for each node i from embedding
x; € R via some (possibly non-linear) function f; = F(x;), where typically D < E. Edge weight
w; ; between nodes ¢ and j in a graph G can then be computed as

wij = exp (=d(i,j)),  d(i,j) = (f —f;) "M(fi - ;) (25)

where d(i, j) is the squared Mahalanobis distance given PSD metric matrix M that quantifies the
difference between nodes i and j. M edge weights {w; ;} compose a graph G, specified by the
Laplacian matrix L for GLR minimization (@) and the incidence matrix C™*¥ for GTV minimization
(T1). Because w; ; > 0, Vi, j, constructed graph G is positive.

As a concrete example, consider bilateral filter (BF) weights commonly used in image filtering
[42], where feature f; contains the 2D grid location 1; and color intensity p; of pixel i, and metric
M = diag([1/02;1/0?]) is a diagonal matrix with weights to specify the relative strength of the
domain and range filters in BF. Because BF uses input pixel intensities p;’s to compute weighted
output pixel intensities p;’s, BF is signal-dependent, similar to self-attention weights in transformers.

Edge weights are often first normalized before being used for filtering.

Normalization: For normalization, the symmetric normalized graph Laplacian L,, is defined as

L, 2 D~ 1/2LD~1/2, 5o that the diagonal entries of L,, are all ones (assuming G is connected and
positive) [18]]. We assume normalized L,, is used for Laplacian L in GLR minimization in ().

Alternatively, the asymmetric random walk graph Laplacian L,., is defined as L,.,, £ D~'L, so
that the sum of each row of L,,, equals to zero [18]]. Interpreting L,.,, as a Laplacian matrix to a
directed graph, the weight sum of edges leaving each node ¢ is one, i.e., Z”(i’ Hee Wil = 1,Vi. To

accomplish this, undirected edges weights {w; ;} are normalized to {w; ;} via

o exp(—d(i, j))
Y e exp(=d(i 1)

For GTV minimization in (TT]), we normalize edge weights in incidence matrix C instead using (26).
This results in normalized C € R2M*¥ for a directed graph with 2M directed edges. Subsequently,

(26)
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Figure 1: Unrolling of GTV-based signal interpolation algorithm.

we define symmetric graph Laplacian L = CT C and generalized graph Laplacian £ = L + H H.
Note that ||C1||; = Zf\il w; ;|1 — 1| = 0 after normalization, as expected for a total variation term
on a constant signal 1. Further, note that while C is an incidence matrix for a directed graph with 20/

edges, L is a graph Laplacian for an undirected graph with M edges. See Fig. [3|in Appendix for
an example of incidence matrix C, normalized incidence matrix C, and graph Laplacian matrix L.

Comparison to Self-Attention Operator: We see how the definitions of edge weights (23] and
normalization (26) are similar to attention weights in (23). Specifically, interpreting the negative
squared Mahalanobis distance —d(i, j) as affinity e(i, j), normalized edge weights w; ; in are
essentially the same as attention weights a; ; in (23). There are subtle but important differences: 1)
how non-negative Mahalanobis distance d(z, j) is computed in using features f; = F(x;) and
metric M versus how real-valued affinity is computed via a transformed dot product in (23), and ii)
how the normalization term is computed in a one-hop neighborhood from node ¢ in versus how
it is computed using all N tokens in (23)). The first difference conceptually means that edge weight
based on Mahalanobis distance d(i, j) is symmetric (i.e., w;,; = Wj,;), while attention weight a; ; is
not. Both differences have crucial complexity implications, which we will revisit in the sequel.

Further, we note that, given a graph G, the interpolated signal x* is computed simply as a low-pass
filtered output of the up-sampled input observation H 'y via or (I8), depending on the assumed
graph smoothness prior, GLR or GTV, while the output embedding y; in a conventional transformer
requires value matrix V in (24)). This also has a complexity implication.

5.3 Deep Algorithm Unrolling

We unroll T" sequential pairs of an iterative interpolation algorithm (GLR- or GTV-based) with a
graph learning module into an interpretable neural net. See Fig. [Th for an illustration of the GTV-
based algorithm unrolling, where the ¢-th pair of ADMM block and the graph learning module
have respective parameters ®; and ®, that are learned from back-propagation via a defined loss
function. ®; include parameters used to define feature function F'(-) and metric matrix M in (23,
so the module can construct a graph G specified by incidence matrix C**! given signal x’. In our
implementation, we employ a shallow CNN to map a neighborhood of pixels centered at pixel i to a
low-dimensional feature f;, with a parameter size smaller than query and key matrices, Q and K, in a
conventional transformer. See Section [6.]] for details.

An ADMM block contains multiple ADMM layers that are unrolled iterations of the iterative ADMM
algorithm described in Section Each ADMM layer updates the main variables x, z, q, auxiliary
variable q, and Lagrange multiplier p in turn using to (22). ADMM weight parameter -, as
well as parameters in CG used to compute linear system (I8]), are learned via back-propagation.
Specifically, two CG parameters « and (3 that represent step size and momentum during the conjugate
gradient descent step are learned. See Appendix for details.
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Figure 2: Demosaicking performance vs. training

size for different models.

6 Experiments

6.1 Experimental Setup

All models were developed using Python 3.11. We leveraged PyTorch to implement all models and
trained them using NVIDIA GeForce RTX 2080 Ti. To train each learned model, we used the DIV2K
dataset, which contains 800 and 100 high-resolution (HR) training and validation images, respectively.
Since the images are HR, we patchified the images into small images and used only about 1 to 4% of
the patches for training and validation sets. We randomly sampled patches of 64 x 64 pixels to train
the model. To test a model, we used the McM [43]], Kodak [44], and Urban100 [45]] datasets, running
each model on the whole images. See Appendix for more implementation details.

We tested model performance in two imaging applications: demosaicking and image interpolation.
Demosaicking reconstructs a full-color image (each pixel contains RGB colors) from a Bayer-
patterned image, where each pixel location has only one of Red, Green, or Blue. Interpolation
reconstructs empty pixels missing all three colors in an image. To create input images, for the
first application, we started from a full-color image and then removed color components per pixel
according to the Bayer pattern. For the second application, we directly down-sampled horizontally
and vertically a HR image by a factor of 2 to get the corresponding low-resolution (LR) image without
any anti-aliasing filtering. This is equivalent to keeping every four pixels in the HR image.

6.2 Experimental Results

For the first application, we evaluated our graph-based models against two variants of RSTCANet
[46], RSTCANet-B and RSTCANet-S (RST-B and RST-S for short), a SOTA framework that employs
a swin transformer architecture, Menon [47], Malvar [48] and bicubic interpolation. Menon [47]]
employs a directional approach combined with an a posteriori decision, followed by an additional re-
finement step. Malvar [48] uses a linear filtering technique that incorporates inter-channel information
across all channels for demosaicking.

The baselines for our second application are MAIN [49], a multi-scale deep learning framework for
image interpolation, SwinIR [S0], and bicubic interpolation. SwinIR consists of three stages: shallow
feature extraction, deep feature extraction, and a final reconstruction stage; see [50] for details. We
use Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity Index Measure (SSIM) [51]] as our
evaluation metrics, common in image quality assessment.

Method Params# McM Kodak Urban100
PSNR [ SSIM PSNR [ SSIM PSNR [ SSIM
Bicubic - 29.01  0.8922 26.75 0.8299 2295 0.7911
MAIN [49] 10942977 3272 0.822 28.23 0.728 25.46  0.806
SwinlIR-lightweight [50] 904744 3224 0.9354 28.62 0.8794 25.08 0.8553
iGLR - 28.53  0.8537 26.71  0.8005 22.87 0.7549
iGTV - 30.41 0.887 28.05 0.832 2426  0.7855
uGLR 319090 33.31  0.9431 29.10 0.8870 2594 0.8777
uGTV 319115 33.36 0.9445 29.08 0.8888 26.12 0.8801

Table 3: Interpolation performance for different models, trained on 10k sample dataset.
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Method Params# McM Kodak Urban100

PSNR | SSIM PSNR | SSIM PSNR | SSIM

Bilinear - 29.71  0.9304 2822 0.8898 24.18  0.8727
RST-B [46] 931763 34.85 0.9543 38.75  0.9857 32.82  0.973
RST-S [46] 3162211 3584  0.961 39.81 0.9876 33.87 0.9776
Menon [47]] - 32.68 0.9305 38.00 0.9819 31.87  0.966
Malvar [48] - 3279 0.9357 34.17 0.9684 29.00  0.9482
iGLR - 29.39  0.8954 27.50  0.8487 23.13  0.8406
iGTV - 30.43  0.8902 28.66  0.8422 2491 0.8114
uGLR 323410 36.09  0.9650 37.88 0.9821 33.60 0.9772

uGTV 323435 36.59  0.9665 39.11  0.9855 34.01 0.9792

Table 2: Demosaicking performance for different models, trained on 10k sample dataset.

Table 2] shows the demosaicking performance for different models, where all models were trained on
the same dataset and the same number of epochs (30), using a subset of DIV2K dataset containing
10K of 64 x 64 patches. We observe that our unrolled GTV model (uGTV) achieved the best overall
performance, while the unrolled GLR model (uGLR) and RST-S performed similarly. Both our models
(uGTV and uGLR) performed better than RST-B while employing significantly fewer parameters.
Crucially, we observe that although our normalized edge weight @, ; based on Mahalanobis distance
is symmetric while the self-attention weight a; ; is not (due to query and key matrices Q and K
not being the same in general), the directionality in the self-attention mechanism does not appear to
help improve performance of the conventional transformer further, at least for image interpolation
tasks. The iterative GTV algorithm (iGTV) without parameter optimization performed the worst,
demonstrating the importance of parameter learning.

In Fig. 2} we see the demosaicking performance of different models versus training data size. We see
that for small data size, our models (uGTV and uGLR) performed significantly better than RST-B.
This is intuitive, since a model with more parameters requires more training data in general. See
Appendix [A.9]for example visual results.

Next, we test robustness to covariate shift by testing models trained on noiseless data using a
dataset artificially injected with Gaussian noise. Table [T|shows the demosaicking performance versus
different noise variances. We observe that our models outperformed RST-B in all noisy scenarios.

For image interpolation, we interploated a LR image to a corresponding HR image. We trained all
models on the same dataset as the first application with the same number of epochs (15). Table[3]
shows that under the same training conditions, our proposed models (uGTV and uGLR) outperformed
MAIN in interpolation performance in all three benchmark datasets by about 0.7 dB. Note that for this
application we only interpolated Y-channel from YCbCr color space for PSNR computation. Similar
to the first application, our models achieved slight performance gain while employing drastically
fewer parameters; specifically, uGTV employed only about 3% of the parameters in MAIN.

7 Conclusion

By unrolling iterative algorithms that minimize one of two graph smoothness priors—~/s-norm graph
Laplacian regularizer (GLR) or ¢1-norm graph total variation (GTV)—we build interpretable and
light-weight transformer-like neural nets for the signal interpolation problem. The key insight is
that the normalized graph learning module is akin to the self-attention mechanism in a conventional
transformer architecture. Moreover, the interpolated signal in each layer is simply the low-pass
filtered output derived from the assumed graph smoothness prior, eliminating the need for the value
matrix. Experiments in two imaging applications show that interpolation results on par with SOTA
can be achieved with a fraction of the parameters used in conventional transformers.
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A Appendix

A.1 Full-Rankness of Matrix P in (@)

Given that the underlying graph G is positive and connected, we prove that coefficient matrix P
in (@) is full-rank and thus invertible. We prove by contradiction: suppose P is not full-rank, and
there exists a vector v. = [x; ] such that Pv = Oy k. Suppose we order K sampled entries
xgs before N — K non-sampled entries xg in X, i.e., X = [Xxs;xg]. First, given sampling matrix
H = [Ix Oxn_xk| € {0,1}5*N focusing on the second block row of P, [H O x|v = Ok
means Hx = [I; Ox v_k][xs; x| = Ox. Thus, sampled entries of x must be zeros, i.e., xs = Ok.
Second, suppose we write Laplacian L in blocks, i.e., L = [Ls s Lg 5;Ls s Ls s]. Then, the
non-sampled rows of the first block row of Mv are '

([QL H'] [ Z D =2 (Ls sxs + Lg s5xg) @7)

S

where (HT )s = On_x since non-sampled rows of H' = [Ix;0n—K k]| are all zeros. From
above, we know xs = O, and thus ([2L H']v)s = Oy_x implies that we require L5 sx5 = Ox.
However, since L s is a combinatorial Laplacian matrix for a positive sub-graph connecting non-
sampled nodes plus at least one strictly positive self-loop (representing an edge from a non-sampled
node to a sample node), given G is a connected positive graph, L ¢ must be PD (see Appendix
below). Thus, fxs # 0s.t. L 5,5%5 = On_k, a contradiction. Therefore, we can conclude that
must be full-rank.

A.2 Positive Definiteness of Matrix Ls s in (§)

Given that the underlying graph G is positive and connected, we prove that coefficient matrix L g

in (§) is PD. By definition L £ diag(W1y) — W, where W is an adjacency matrix for a positive
graph without self-loops, i.e., W; ; > 0,Vi # j and W; ; = 0,Vi. Thus, L; ; = Z Wi 4, Vi, and

Lij=—W,;; <0,Vi# j. For sub-matrix Lg s, Li,i = > ;e Wij + > s Wiy, Vi € S. Define
L’ s as a graph Laplacian matrix for nodes in S con51der1ng only edges between nodes in S, i.e.,
=5 jes Wi, Vi € S. Define D’ 5 as a diagonal degree matrix for nodes in S considering

only edges between S and S, i.e., D;; = ZjeS Wi ;, Vi € 8. Note that D] ; > 0, Vi. We can now
write Lg 5 as

Lg’g = L:§,5 + D:ig' (28)

L' 5.5 is a combinatorial graph Laplacian for a positive graph without self-loops, and thus is provably
PSD [19]. D’ 5 1s anon-negative diagonal matrix, and thus is also PSD. By Weyl’s inequality, L5 s
is also PSD.

We prove by contradiction: suppose Lg s is not PD, and 3x # 0 such that x"L 55x = 0.
x'Lgsx = 0iff x"Lj; sx = 0 and xTD’— X = 0 simultaneously. Denote by S and S, the
indices of nodes in S with and without connections to nodes in S, respectively. S; # (), since G is

connected. Suppose first S = ). Then Dg g has strictly positive diagonal entries and is PD, and
there is no x # 0 s.t. XTDZ_Q7 g% = 0, acontradiction.

Suppose now Sy # (). First, xTD:§ X = 0implies xg, = 0. Then,
XTL%’SX = Z Wm»(a:i - .’17j)2 > Z Wm(mi - .’L‘j)Q. (29)
i,j€S i€81,jE€S2

Since each term in the sum is non-negative, the sum is zero only if for each (7, j) € £ where i € 81
and j € S5, 0 =2; = x;. For nodes k € S, connected only to nodes j € S, connected toi € Sy,

2, = x; = x; = 0 necessarily, and for nodes | € S, connected to k € S, must have z; = xj, = 0,
and so on. Thus, x = 0, a contradiction. Thus, we can conclude that Ls 5 is PD.
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A.3 Derivation of (T7), (I8) and (19)

We define ¢ = [z; x; q1; Q2] and rewrite the objective (T6) to

. 1 T . A b
HEH { ON-&]-\éM ] ¢+ ()’ ({ O2nr, 4N Tom }(ﬁ [ q ])

2

ol A b
+§ { }q&[dt] . 30)

0207, 014+~ Tonmr

B 2

(30) is a convex quadratic objective, and so we take the derivative w.r.t. ¢ and set it to O:

[ Las }+ [AT Oat4 20 } (k")

Ontom Iom
Y T OniNvom A T OnyNvom b
— (2 A ’ —2|A ’ ~ =0. (31
3 ( { Iom ] [ 0207,m4 N Lo ¢  E3,%% q' G
Given that B is the following matrix:
Iy -C —In O
IM C O —IM
B=| 0k H Ogxuy Oxum (32)
Ormv Omn Ing 0
Orm,m Onnv Op Inm
Hence, BTB is
2IM OM,N —IM —IM
T ON,]W 2CTC + H™H cT —CT
B B= —In C 2Ly Onm (33)
—IM -C OM,M 2IM
Note that adding two of row 1 to rows 3 and 4, we get [2I5; Oar v Oas, s Oas,ar]-
Solving for ¢ in BI)), we get
1 e, 0y
o w, O
BBg=—| " | -B' | m | -] ¥ (34)
O Mid ol
Me q2
—La — pl —
CT;Lt _ CT/J’lt; _ HTll,t 4 ’yHTy
= ¢ ¢ ¢ - £ (35)
by
My — He + 792
We can solve for z! ™! directly; by adding two of row 1 to rows 3 and 4 of (33), we get
2y2"" = —2(1nr) — pg — pi, — pg — pe + (@5 +@3)
1 1 1, _ -
zt+1:7;1M—5(u2+ui+ué+ui)+§(qﬁ+q§)- (36)

Subtracting row 4 from row 3 of (33)), we get
29Cx"™ + 2y(ay™ — a5™) = g — g — p + g+ (@) - @)
1
Y@t —ap™h) = =y Ox o (= g — g+ ) +

@ -a). @
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Thus, row 2 can be rewritten as
72CTC+H H)X"™' + CTy(qi"' —qs") =C'pl, —CTpp —H pul +7H Ty

1
Y(CTC+HTH)X"™ = SCT (ug — g + g — ) — H g

v -
- 5CN(@ —a;) +7H'y. (38)
Finally, from rows 3 and 4, q} and g can be computed as

1 1 .
q) = 5 (27 = Cx"™) + (g — pg +141)

2 2y

1 1 -
3 = 5 (2" + Ox) o o (uf — pe +7G3). (39)

A4 TInvertibilityof C=C'C+H'H

Clearly £ = C"C + H " H is real, symmetric, and positive semi-definite. Thus its eigenvalues are
real and non-negative. To show that it is invertible, it suffices to show that its minimum eigenvalue
Amin (£) is strictly greater than zero. But Apin(£) = miny.|jx|j=1 x| £x. Hence it suffices to show

that x " £x = 0 implies x = 0. Now observe that x" £x = 33, ;e wy (2 — 25)° + 2,5 27,
where S is the set of nodes with constrained values. If x" £x = 0 then all terms must be zero,
meaning that all x; in S are zero, and hence all of their neighbors, and all of their neighbors, and so

on. Thus, £ is invertible if there exists at least one node with a constrained value (i.e., a self-loop) in
each connected component of the graph.

A.5 Derivation of (ZT)

We derive the solution to optimization (20). Ignoring the first convex but non-smooth term g(q), the
remaining two terms in the objective are convex and smooth. Taking the derivative w.r.t. variable q
and setting it to 0, we get

—ph —vd"T +4@" =0y
x 1
q=q+ ;IJJZ- (40)

This solution is valid iff g(q*) = 0; otherwise the first term ¢(q*) dominates and q* = 0j;. Given
that can be computed entry-by-entry separately, follows.

A.6 Example of Edge Weight Normalization for the Incidence Matrix

In Fig. top), we show an example three-node undirected graph with three edge weights wq 2 = 1/2,
wy,3 = 1/2, and we 3 = 1/3, and the corresponding incidence matrix C. Normalizing edge weights
using (26), we see in Fig. [3(middle) a directed graph with six edges where the sum of normalized
edge weights leaving a node is 1, resulting in normalized incidence matrix C. Finally, we see in
Fig. bottopl) an undirected graph with three edges corresponding to graph Laplacian L = CTC.
Note that ||C13||; = Og as expected.

A.7 Parameters Learning in Conjugate Gradient Algorithm (CG)

The linear systems that we need to solve—(8)) for GLR minimization and (I8) for GTV minimization—
have the follow form,

Lx =Db. 41
Given L is PD, we consider the minimization problem,
1
min Q(x) = ix—rﬁx ~b'x (42)
with gradient
)
QX _ ry b, 43)
ox
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Figure 3: 3-node graph for incidence matrix C (top), 3-node graph for normalized incidence matrix
C (middle), 3-node graph for graph Laplacian L = CT C where s = & = (bottom).

Thus, the simple gradient descent has the following update rules with oc; commonly known as learning
rate,

gh=Cx'-b=g'™' —a,Lg"! (44)

xT = xt — oy gt (45)
Next, a momentum term [3; and the cumulative gradients term v are added, resulting in the well-

known Accelerated Gradient Descent Algorithm [52]], also known as Conjugated Gradient Descent.
The new update rules are

gt — gt—l _ OétEVt_l (46)
vi=g'+ B! (47)
xitl =xt — vt (48)

where both «a; and 3; in each iteration ¢ are considered trainable parameters.

A.8 Experimental Details

Initially, we developed our unrolled ADMM model without training any parameters. The target signal
x was estimated using linear interpolation of known values in 5 x 5 pixel neighborhood. RGB values
and pixel locations were combined to form feature vectors for computing edge weights w; ;, which
were shared across the three channels. The metric matrix M was initialized as a diagonal matrix
with all entries set to 1.5. Vectors (i, L, e, ftds and i were initialized with all entries equal to 0.1.
The parameters v, «, and 3 in CG were set to 10, 0.5, and 0.3, respectively. For the learned ADMM
block, the parameters ~, «, 3, and the metric matrix M were learned during training. A training
dataset was created consisting of 5000, 10000, or 20000 image patches, each of size 64 x 64, to train
the model.

All matrix multiplications in our models are implemented to take advantage of the sparsity of the
constructed graphs, which were restricted to be a window of size 5 x 5 = 25 nearest neighbors of
each pixel. This ensures that our graphs are always connected and sparse. We stacked vertically 4
Graph Learning modules coupled with ADMM block, so that we can learn multiple graphs in parallel.
This is commonly known as multi-head in the transformer architecture. We also stacked 5 graph
learning modules and ADMM blocks horizontally to further learn more graphs. In all ADMM blocks,
we set the number of ADMM iterations to 5 and the number of CG iterations to 10.

To extract high-level features, a shallow CNN was employed, consisting of four convolutional layers
with 48 feature maps (12 features for each graph learning head). After each convolutional layer,
a ReLU activation function was applied. Convolutional layers utilized 3 x 3 kernels without any
down-sampling, generating 48 features for each pixel. The feature maps were divided into four sets,
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Figure 4: Visual demosaicking results for image Urban062.

with each set serving as the input for a Graph Learning module, allowing for the parallel production
of four graphs. A simple weighted average scheme was then used to combine the outputs into a
single output x*. Additionally, skip connections were introduced between the convolutional layers to
facilitate the training process.

A.9 Additional Experimental Results

Fig. E| shows visual results for a test image for all models, including our uGTV, uGLR and the
baselines. Two variants of RSTCANet, uGTV and uGLR are trained on 10000 images patches of size
64 x 64 for 30 epochs. We observe that our two models, especially uGTYV, has better performance
compared to RST-B and comparable performance with RST-S in selected high-frequency area.
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to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
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Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
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» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.
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12. Licenses for existing assets
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 For scraped data from a particular source (e.g., website), the copyright and terms of
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