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Abstract

We develop a framework for analyzing the training and learning rate dynamics on a
large class of high-dimensional optimization problems, which we call the high line,
trained using one-pass stochastic gradient descent (SGD) with adaptive learning
rates. We give exact expressions for the risk and learning rate curves in terms of
a deterministic solution to a system of ODEs. We then investigate in detail two
adaptive learning rates — an idealized exact line search and AdaGrad-Norm — on
the least squares problem. When the data covariance matrix has strictly positive
eigenvalues, this idealized exact line search strategy can exhibit arbitrarily slower
convergence when compared to the optimal fixed learning rate with SGD. Moreover
we exactly characterize the limiting learning rate (as time goes to infinity) for line
search in the setting where the data covariance has only two distinct eigenvalues.
For noiseless targets, we further demonstrate that the AdaGrad-Norm learning
rate converges to a deterministic constant inversely proportional to the average
eigenvalue of the data covariance matrix, and identify a phase transition when the
covariance density of eigenvalues follows a power law distribution. We provide
our code for evaluation at https://github.com/amackenzie1/highline2024.

1 Introduction

In deterministic optimization, adaptive stepsize strategies, such as line search (see [40], therein),
AdaGrad-Norm [59], Polyak stepsize [48], and others were developed to provide stability and improve
efficiency and adaptivity to unknown parameters. While the practical benefits for deterministic
optimization problems are well-documented, much of our understanding of adaptive learning rate
strategies for stochastic algorithms are still in their infancy.

There are many adaptive learning rate strategies used in machine learning with many design goals.
Some are known to adapt to stochastic gradient descent (SGD) gradient noise while others are
robust to hyper-parameters (e.g., [4, 63]). Theoretical results for adaptive algorithms tend to focus on
guaranteeing minimax-optimal rates, but this theory is not engineered to provide realistic performance
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Figure 1: Concentration of learning rate and risk for AdaGrad-Norm on least squares with label
noise w = 1 (left) and logistic regression with no noise (right). As dimension increases, both risk and
learning rate concentrate around a deterministic limit (red) described by our ODE in Theorem 2.1.
The initial risk increase (left) suggests the learning rate started too high, but AdaGrad-Norm adapts.
Our ODEs predict this behavior. See Sec. H for simulation details.

comparisons; indeed many adaptive algorithms are minimax-optimal, and so more precise statements
are needed to distinguish them. For instance, the exact learning rates (or rate schedules) to which these
strategies converge are unknown, nor their dependence on the geometry of the problem. Moreover,
we often do not know how these adaptive stepsizes compare with well-tuned constant or decaying
fixed learning rate SGD, which can be viewed as a cost associated with selecting the adaptive strategy
in comparison to tuning by hand.

In this work, we develop a framework for analyzing the exact dynamics of the risk and adaptive
learning rate strategies for a wide class of optimization problems that we call high-dimensional linear
(high line) composite functions. In this class, the objective function takes the form of an expected
risk R : R? — R over high-dimensional data (a,¢) ~ D C R? x R of a function f : R® — R
composed with the linear functions (X, a), (X*, a). That is, we seek to solve

min, {R(X) R, JF((a X), (@, X*),€)] for (ae) ~D,X* € Rd}. )

We suppose a ~ N(0, K) where K € R?*4 is the covariance matrix. We train (1) using (one-pass)
stochastic gradient descent with adaptive learning rates, g (SGD+AL). Our main goal is to give
a framework for better? performance analysis of these adaptive methods. We then illustrate this
framework by considering two adaptive learning rate algorithms on the least squares problem?, the
results of which appear in Table 1: exact line-search (idealistic) (Sec. 3) and AdaGrad-Norm (Sec. 4).
We expect other losses and adaptive learning rates can be studied using this approach.

Main contributions. Performance analysis framework. We provide an equivalence of R(X}) and
learning rate gj under SGD+AL to deterministic functions Z(t) and ~, via solving a deterministic
system of ODEs (see Section 2), which we then analyze to show how the covariance spectrum
influences the optimization. See Figure 1. As the dimension d of the problem grows, the learning
curves of R(X}) become closer to Z(t) and the curves concentrate around % (t) with probability
better than any inverse power of d (See Theorem 2.1).

Greed can be arbitrarily bad in the presence of strong anisotropy (that is, Tr(K ) /d < Tr(K?)/d).
Our analysis reveals that exact line search, which is to say optimally decreasing the risk at each step,

can run arbitrarily slower than the best fixed learning rate for SGD on a least squares problem when

Amin = Amin (K) > C > 0. The best fixed stepsize (least squares problem) is (Tr(K)/d)~! or the

inverse of the average eigenvalue, see Polyak stepsize [48]. Line search, on the other hand, converges
to a fixed stepsize of order A\pin/(Tr(K?)/d). It can be that A, /(Tr(K?)/d) < (Tr(K)/d)~1
making exact line search substantially underperform Polyak stepsize. We further explore this and, in
the case where d-eigenvalues of K take only two values A\; > g > 0, we give an exact expression
as a function of A1 and A, for the limiting behavior of v as t — oo (See Fig. 5).

“More realistic, in that it deals with high-dimensional anisotropic loss geometries and more precise, in that it
can distinguish minimax optimal algorithms as more-or-less performant.
3We extend some results to the general strongly convex setting.
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Table 1: Summary of adaptive learning rates results on the least squares problem. We summarize
our results for line search and AdaGrad-Norm under various assumptions on the covariance matrix

K. We denote \p,;;, the smallest non-zero eigenvalue of K and w the average eigenvalue. Power

law(d, §) assumes the eigenvalues of K, {)\i}flzl, follow a power law distribution, that is, for 0 <
B<1L A~ (1=B)APLgy forall 1 < i< dand (Xg— X*,w;)? ~ A; % where {w; }%_, are
eigenvectors of K (see Prop 4.4). For * (see Prop. 4.2), requires a good initialization on b, 7.

Learning rate K assumption Limiting v, Convergence rate
AdaGrad-Norm(b, n) ) - n? PNy
(see Sec. 4) Amin > € 7= T Tr(K) [ Xo—X* |12 10g(#)" = —Amin Yool
AdaGrad-Norm(b, 1) B+do<1 Y <58 1 R(t) =<5 P72
Power law 1 . —1
(see Sec. 4) B+o=1 Ve 25,6 TogT) R0 =55 (rtin)
1<B+6<2 71 =58 it E R(t) <55 ke
Exact line search,
idealized Amin > C "X 10g(Z) =X —AminYoot
(see Sec. 3)
Polyak stepsize ) ! - )
(see Sec. 3) Amin > C M= w74 log(#) X —AminYoeot

AdaGrad-Norm selects the optimal step-size, provided it has a warm start. In the absence of label
noise and when the smallest eigenvalue of K satisfies A\, > C > 0, the learning rate converges to
a deterministic constant that depends on the average condition number (like in Polyak) and scales
inversely with %jﬂ | Xo — X*||?. Therefore it attains automatically the optimal fixed stepsize in
terms of the covariance without knowledge of Tr(K), but pays a penalty in the constant, namely
| Xo — X*||2. If one knew || X; — X*||? then by tuning the parameters of AdaGrad-Norm one
might achieve performance consistent with Polyak; this also motivates more sophisticated adaptive
algorithms S;lCh as DoG [29] and D-Adaptation [18], which adaptively compensate and/or estimate
[[Xo — X2

AdaGrad-Norm can use overly pessimistic decaying schedules on hard problems. Consider power law
behavior for the spectrum of K and the signal X*. This is a natural setting as power law distributions
have been observed in many datasets [60]. Here the learning rate and asymptotic convergence of
K undergo a phase transition. For power laws corresponding to easier optimization problems, the
learning rate goes to a constant and the risk decays at ¢ ~“*. For harder problems, the learning rate
decays like t =" and the risk decays at a different sublinear rate t~“2. See Table 1 and Sec. 4 for
details.

Notation. Define Ry = [0, 00). We say an event holds with overwhelming probability, w.o.p., if
there is a function w : N — R with w(d)/logd — oo so that the event holds with probability at
least 1 — e~ (9, We let 1 4(z) be the indicator function of the set A where itis 1 if z € A and 0
otherwise. For a matrix A € R™*4, we use || A|| to denote the Frobenius norm and || A||,, to denote
the operator-2 norm. If unspecified, we assume that the norm is the Frobenius norm. For normed
vector spaces A, B with norms || - || 4 and || - ||, respectively, and for o« > 0, we say a function

F : A — Bis a-pseudo-Lipschitz with constant L if for any A, A € A, we have
IF(A) = F(A)||5 < LI A = Alla(1 + [|A]I% + [|A]1%)-

We write f(t) < g(t) if there exist absolute constants C, ¢ > 0 such that ¢ - g(t) < f(t) < C - g(t)
for all ¢. If the constants depend on parameters, e.g., o, then we write =<,,.

Related work. Some notable adaptive learning rates in the literature are AdaGrad-Norm [32, 59, 61],
RMSprop [28], stochastic line search, stochastic Polyak stepsize [35], and more recently DoG [29]
and D-Adaptation [18]. In this work, we introduce a framework for analyzing these algorithms, and
we strongly believe it can be used to analyze many more of these adaptive algorithms. We highlight
below a nonexhaustive list of related work.
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AdaGrad-Norm. AdaGrad, introduced by [19, 36], updates the learning rate at each iteration
using the stochastic gradient information. The single stepsize version [32, 59, 61], that depends
on the norm of the gradient, (see Table 2 for the updates), has been shown to be robust to input
parameters [34]. Several works have shown worst-case convergence guarantees [21, 33, 57, 59]. A
linear rate of O(exp(—«T')) is possible for p-strongly convex, L-smooth functions (x is the condition
number p/L). In [62] (similar idea in [61]), the authors show for strongly convex, smooth stochastic
objectives (with additional assumptions) that the AdaGrad-Norm learning rate exhibits a two stage
behavior — a burn in phase and then when it reaches the smoothness constant it self-stablizes.

Stochastic line search and Polyak stepsizes. Recently there has been renewed interest in studying
stochastic line search [20, 42, 54] and stochastic Polyak stepsize (and their variants) [7, 26, 27, 30,
35, 39, 41, 49]. Much of this research focuses on worst-case convergence guarantees for strongly
convex and smooth functions (see e.g., [35]) and designing practical algorithms. In [53], the authors
provide a bound on the learning rate for Armijo line search in the finite sum setting with a rate of
Lyax/avg. p where avg. p is the avg. strong convexity and Ly, is the max. Lipschitz constant
of the individual functions. In this work, we consider a slightly different problem. We work with
the population loss and we note that the analogue to L. for us would require that the samples a
satisfy ||aaT||0p < Liax for all a; this fails to hold for a ~ N(0, K). Moreover, L.y could be

much worse than E [||aa” ||op].

Deterministic dynamics of stochastic algorithms in high-dimensions. The literature on deter-
ministic dynamics for isotropic Gaussian data has a long history [9, 10, 50, 51]. These results
have been rigorously proven and extended to other models under the isotropic Gaussian assump-
tion [1, 2, 6, 16, 17, 23, 58]. Extensions to multi-pass SGD with small mini-batches [46] as well
as momentum [31] have also been studied. Other high-dimensional limits leading to a different
class of dynamics also exist [11-13, 22, 37]. Recently, significant contributions have been made
in understanding the effects of a non-identity data covariance matrix on the training dynamics
[5, 14, 15, 24, 25, 64]. The non-identity covariance modifies the optimization landscape and affects
convergence properties, as discussed in [15]. This work extends the findings of [15] to stochastic
adaptive algorithms, exploring the effect of non-identity covariance within these algorithms. Notably,
Theorem 1.1 from [15] is restricted to deterministic learning rate schedules, limiting its applicability
in many practical scenarios. In contrast, our Theorem 2.1 accommodates stochastic adaptive learning
rates, aligning with widely used algorithms in practice.

1.1 Model Set-up

We suppose that a sequence of independent samples {(ax, yx)} drawn from a distribution D C R% xR
is provided where vy is the target. The target y;, is a function of some random label noise ¢, € R and
the input feature a;, dotted with a ground truth signal X* € R9, (ay, X*). Therefore, the distribution
of the data is only determined by the input feature and the noise, i.e., the pair (a, €). In particular, we
assume (a, €) follows a distributional assumption.

Assumption 1 (Data and label noise). The samples (a,e) ~ D are normally distributed: ¢ ~
N(0,w?) where w € R, and a ~ N (0, K), with a covariance matrix K € R**? that is bounded in
operator norm independent of d; i.e., | K||,, < C. Furthermore, a and € are independent.

For a, X, X* € R, ¢ € R, and a function f: R? — R, we seek to minimize an expected risk
function R : R — R, which we refer to as the high-dimensional linear composite*, of the form

RX)EE, [U(X;a,e)] for (a,¢)~D, and ¥(X;a,e)= f({a,X),{a,X*),€). (2)

In what follows, we use the matrix W = [X|X*] € R%*2 that concatenates X and X*, and we shall
let B= B(W) = WTKW be the covariance matrix of the Gaussian vector ({a, X), (a, X*)).
Assumption 2 (Pseudo-lipschitz f). The function f : R?® — R is a-pseudo-Lipschitz with o < 1.

By assumption, R(X) involves an expectation over the correlated Gaussians {(a, X) and (a, X*). We

can express this as R(X) &t h(B) for some well-behaved function 1 : R?*2 — R.

“Note that d need not be large to define this, but the structure allows us to consider d as a tunable parameter.
Moreover, as we increase d, the analysis we do will be more meaningful.
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Table 2: Two adaptive learning rates considered in detail. The stochastic adaptive
learning rate, gy, is the learning rate directly used in the update for SGD whereas the
deterministic, -y, is the deterministic equivalent of gy, after scaling.

Algorithm General update Least squares
2 __ 12 2,
AdaGrad- ok by = bie—1 + ”’]V\I/(Xk—l)H ; same
Norm(b, 7) Be-1 = d X
bo=bxd . p
b Ve TR @) ds V022D [ gp(s) ds
Exact line 9k : IVR(X)I? HVE(XHH2
r( K
search WELI&[(f/(<a,X>;<a,X*>,e))2] %’R(Xk)
(idealized) T o
v o arg inm dZ(t) PO O

Assumption 3 (Risk representation). There exists a function h : R**? — R such that h(B) = R(X)
is differentiable and satisfies

VxR(X)=E, Vx¥(X;a,e).

Furthermore, h is continuously differentiable and its derivative V h is a-pseudo-Lipschitz for some
0 < a < 1, with constant L(Vh).

The final assumption is the well-behavior of the Fisher information matrix of the gradients. The first
coordinate of f is special, as the optimizer must be able to differentiate it. Thus, we treat f(x, z*,€)
as a function of a single variable with two parameters: f(z,z*,€) = f(x;2*,¢€) and denote the
(almost everywhere) derivative with respect to the first variable as f”.

Assumption 4 (Fisher matrix). Define I(B) d:dEa,e[(f’((a, X); {a, X*),€))?] where the function
I : R?*2 — R. Furthermore, I is a-pseudo-Lipschitz with constant L(I) for some o < 1.

A large class of natural regression problems fit within this framework, such as logistic regression and
least squares (see [15, Appendix B]). We also note that Assumptions 3 and 4 are nearly satisfied for
L-smooth objectives f (see Lemma B.1), and a version of the main theorem holds under just this
assumption (albeit with a weaker conclusion).

1.2 Algorithmic set-up

We apply one-pass or streaming SGD with an adaptive learning rate g; (SGD+AL) to solve
minycre R(X), (2). Let X € R9 be an initial vector (random or non-random). Then SGD+AL
iterates by selecting a new data point (ax 1, €x41) such that ag1 ~ N (0, K) and €541 ~ N(0,w?)
and makes the update

X1 = Xk—%k VxVU(Xg; apt1, €p41) = Xi— %f/(<ak+1an>§ (ars1, X¥), exy1)ants, (3)
where g, > 0 is a learning rate (see assumptions below)’. To perform our analysis, we place the
following assumption on the initialization X and signal X*.
Assumption 5 (Initialization and signal). The initialization point X and the signal X* are bounded
independent of d, that is, max{|| Xo||, || X*||} < C for some C independent of d.

Adaptive learning rate. Our analysis requires some mild assumptions on the learning rate. To this
end, we define a learning rate function v : Ry x D([0,00)) x D([0,00)) x D([0,0)) — R by®
Ok dzef'y(k,Nk(d X +),Gr(d X +),Qi(d x +)), for k € N, where for any ¢ > 0,

. , “
(Ne(8), G (0), Qe(0) & Lgecay (W) W, IV x W (K@, er0) P RIX) )

>Note that cases where %Kz) = 0(d) can lead to dynamics that converge to full-batch gradient flow. While

our theorem specifically addresses the scenario where the intrinsic dimension, Dim(K) o Tr(K) /|| K||ops
satisfies Dim(K') = ©(d), other cases, such as Dim(K') = o(d), may require different learning rate scalings.
$D(]0, 00)) is the cadlag function class on [0, co).
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In this definition, for functions taking integer arguments, we extend them to real-valued inputs by
first taking the floor function of its argument. Note that the adaptive learning rates can depend on the
whole history of stochastic iterates (N},), gradients (G,), and risk (Q) via this definition.

We also define a conditional expectation version of Gy, where the filtration Fj, = o(X*, Xy, ..., Xg):

1
91(t) & Liraiy () BNV (X3 aryr, e [P 7] fort 0.

With this, we impose the following learning rate condition.

Assumption 6 (Learning rate). The learning rate function v : Ry x D([0,00)) x D([0,0)) x
D([0,00)) — R is a-pseudo-Lipschitz with constant L(vy) (independent of d) in D([0,0)) X
D([0,0)) x D([0,00)). Moreover, for some constant C = C(~y) > 0 independent of d and 6 > 0,

E [[V(k, f,Gr(d %), q) = (k. f, S(d %), @)| | Fi] < Cd™°(L+ |[f]1% + llallS)  wop. (5)

Finally, ~y is bounded, i.e., there exists a constant c=C () > 0 independent of d so that
Yk, fr9,9) < COA+[IF1% + llall% + Nlgll%)- ©)

The inequality (5) ensures that the learning rate concentrates around the mean behavior of the
stochastic gradients. Many well-known adaptive stepsizes satisfy (4) and Assumption 6 including
AdaGrad-Norm, DoG, D-Adaptation, and RMSProp (see Table 2, Sec. A, and Sec. C.3).

2 Deterministic dynamics for SGD with adaptive learning rates

Intuition for deriving dynamics: The risk R(X) and Fisher matrix can be evaluated solely in
terms of the covariance matrix B. Thus, to know the evolution of the risk over time, it would suffice
to know the evolution of B. Alas, except in the isotropic case where K is a multiple of the identity,
the evolution of B is not autonomous (i.e., its time evolution depends on other unknown variables).
However, if we let (\;, w;) be the eigenvalues and corresponding orthonormal eigenvectors of K, we
can consider projections V;(Xj) = d- W,;f wiw;f Wi, and it turns out that these behave autonomously.

Example: Least Squares. One canonical example of (2) is least squares, where we aim to recover
the target X* given noisy observations (a, X*) + €. In this case, the least squares problem is

)?éiﬂgd {R(X) =1E, (e, X = X*) —¢)?] = 2 + 3(X - X")TK(X - X*)}. @)

The pair of functions i (Assumption 3) and I (Assumption 4) can be evaluated simply:

h(B(W)) = 3I(B(W)) = 3(X — X*)TK(X — X*) + $uw”.

2
The deterministic dynamics for the risk Z(¢) in this case can be simplified to:
R(t) = L(Xo — X)TKe 2K Jo7 45(Xy — X*) 4+ Lw? + 1 [P 2Te(K2e 2K 17 (s) ds.

This is a convolution Volterra equation with a convergence threshold of v, < % [14, 44, 46, 47].

In the noiseless label case (i.e., € = 0), the risk is given by Z(t) = 35 Zle \iZ2(t). Using the
ODEs in (9), we get the following deterministic equivalent ODE for the 2?’s:

H2) = 2N T () + 29 N (1), (8)
We will perform a deep analysis of the dynamics of the learning rate on least squares (7), which will
generalize to settings where the outer function f is strongly convex (see D.1).
Deterministic dynamics. To derive deterministic dynamics, we make the following change to
continuous time by setting
k iterations of SGD = |td|, wheret € R is the continuous time parameter.

This time change is necessary, as when we scale the size of the problem, more time is needed to
solve the underlying problem. This scaling law scales SGD so all training dynamics live on the same
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space. One can solve a smaller d problem and scale it to recover the training dynamics of the larger
7
problem.

We now introduce a coupled system of differential equations, which will allow us to model the
behaviour of our learning algorithms. For the ith (\;, w; )-eigenvalue/eigenvector of K, set

Yi1,:(t)  P2.4(t)

H & [l e

d
fl
} and averaging over 4, (¢ é y Z

The ¥#;(t) and Z(t) are deterministic continuous analogues of V;(X;4) and B(X;4) respectively.
Define the following continuous analogues

Vh(#(1) & {HW Hﬂ ) et

d
Hyy Hayl’ éZ ) E ML), I(1)E NA(),

and finally v = (t, 1(.<po (), "4 11 I (), 1<y 2()).
We now introduce a system of coupled ODEs for each ()\;, w;)-eigenvalue/eigenvector pair of K

A71i(t) = =207 (Pa1i(0) Hy g + Hy 1 740,0(t) + Vigi(8)Hoy + HoyVi0i(t) + My2 2 (1),
d712,i(t) = —=2Xive (H1,47%12,i(t) + Ha 1 V32,4(t))
©))
with the initialization of %;(0) given by V;(X,). We finally state the deterministic dynamics for the
risk and learning rate.

Theorem 2.1. Under Assumptions 1, 2, 3, 4, 5, 6, then for any € € (0, ) andanyT >0

(X ta) ) (%’ (t) ) . 1
0<t<TH ( 9)td) Y H <d ¢, wop. (10)

The same statements hold comparing WL W4 to N (t) and WLKW,4 to B(t).

In fact, we can derive deterministic dynamics for a large class of statistics which are linear combina-
tions of #(¢) and functions thereof (See Theorem B.1, and Corollary B.1).

One important corollary is a deterministic limit for the distance to optimality, D?(X}) = || X, —X*||?,
which is a quadratic form of W,/ W}, and hence covered by Thm. 2.1. The equivalent deterministic
dynamics are

&\H

d
Z%“ ) = 2%42,4(t) + Ya2.4(1)), (11

L
—a2 %
where 22(t) corresponds D?(X;) & d x ((X), — X*, w;))2.

3 Idealized Exact Line Search and Polyak Stepsize

In this section, we consider two classical idealized algorithms — exact line search and Polyak stepsize.
In deterministic optimization, these learning rate strategies are chosen so that the function value
(exact line search) or distance to optimality (Polyak) produces the largest decrease in function value
(resp. distance to optimality) at the next iteration. For stochastic algorithms, we can ask this to
hold for the deterministic equivalent to the risk Z(t) (resp. distance to optimality, Z(t)) since we
know that SGD is close to these deterministic equivalents. Thus, the question is: what choice of
learning rate decreases the Z(t) (exact line search) and/or 9 (t) (Polyak stepsize)? We will restrict to
least squares in this section — see Appendix F.1 and F.2 for general functions as well as proofs for
least squares. These are idealized algorithms because we can not implement them as they require
distributional knowledge of a or X*. Despite this, they provide a basis for more practical algorithms.

"Note that, holding time fixed, we perform O(d) gradient updates for a problem of dimension d. For the
problems considered here, this scaling leads to consistent dynamics, but there do exist related problems where a
different scaling is more appropriate. For example, under random initialization, to capture the escape of phase
retrieval from the high-dimensional saddle, O(d log d) iterations are needed; see for example [56].
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Figure 2: Comparison for Exact Line Search and Polyak Stepsize on a noiseless least squares

problem. The left plot illustrates the convergence of the risk function, while the right plot depicts

the convergence of the quotient ~y; / % for Polyak stepsize and exact line search. Both plots
d
highlight the implication of equation (13) in high-dimensional settings, where a broader spectrum
of K results in ’1\"‘“‘(K) <
STr(K2) ST (K)

of exact line search (unmarked) as it deviates from the Polyak stepsize (circle markers) . The gray
shaded region demonstrates that equation (13) is satisfied. See Appendix H for simulation details.

, indicating slower risk convergence and poorer performance

Polyak Stepsize. A natural threshold to consider is the largest learning rate such that d%(t) < 0,
which we denote by 7. Using the least squares ODE (8), this is precisely

=D _ (22()—w?) and a2 — 2R(Xk)—w?) 12
Tt Tr(dK)@(t) 9k Tr(dK)R(Xk) (12)

Without label noise, (12) simplifies to 7 = ﬁk@ = W, the exact threshold for convergence of
least squares.

A greedy stepsize strategy would maximize the decrease in the distance to optimality at each iteration,

denoted by us as Polyak stepsize, fyf olyak & argmin, d% (t). In the case of least squares, this is

Polyak - Polyak _
% =3y and g™ = 1gi).

The latter yields the optimal fixed learning rate (up to absolute constant factors) for a noiseless target

on a least squares problem [35, 43]).8

Exact Line Search. In the context of risk, using (8) and noting that Z(t) = 5 Z?Zl N Z2(t), we
can find /" € arg min d%(t); i.e., the greedy learning rate that decreases the risk the most in the
next iteration. We call this exact line search. Expressions for the learning rates are given in Table 2,
(c.f. Appendix F.1 for general losses). Because these come from ODEs, we can use ODE theory to
give exact limiting values for the deterministic equivalent of glkl."e.

Proposition 3.1. [Limiting learning rate; line search on noiseless least squares] Consider the
noiseless (w = 0) least squares problem (7) . Then the learning rate is always lower bounded by

Amin () line
75 k) < forallt > 0.

Moreover, suppose K has only two distinct eigenvalues A1 > Ao > 0, i.e., K has d/2 eigenvalues
equal to A\ eigenvalues and d /2 eigenvalues equal to \y. Then

Amin (K) < 1 line 2Amin (K)
2 Te(K?) T tlggo% T Tk (13)

For a proof and explicit formula for lim;_, vy“e, see Section F.2. Hence, being greedy for the risk
in a sufficiently anisotropic setting will badly underperform Polyak stepsize (see Fig. 2).

8The Polyak stepsize we analyze in this paper differs slightly from the "classic" stepsize in the literature, that

%. Rather than using this form, we skip an approximation step in the derivation [27] and use the

exactly optimal form. Both variations of the Polyak stepsize can be analyzed under our assumptions; the choice
was admittedly somewhat arbitrary. (Note that in the case of least squares, the two stepsizes coincide.)

is,
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Figure 3: Quantities effecting AdaGrad-Norm learning rate. (left): Effect of noise (w = 1.0) on
risk (left axis) and learning rate (right axis). Depicted is m% so it approaches 1. (Center, right):
Noiseless least squares (w = 0). As predicted in Prop. 4.2, lim;_, 7+ depends on avg. eig. of K
(Tr(K)/d) and || Xo — X*||? but not £ = Amax/Amin- See Appendix H for simulation details.

4 AdaGrad-Norm analysis

In this section, we analyze the behavior of AdaGrad-Norm learning rate in the least squares setting
(see Sec. D for general strongly convex functions). In the presence of additive noise, the AdaGrad-
Norm learning rate decays like t—'/2, regardless of the data covariance K. In contrast, the model
with no noise exhibits a learning rate that depends on the spectrum of K, as illustrated in Figure
3. The learning rate is bounded below by a constant when Ay, (K) > 0 is fixed as d — oo, and
we quantify this lower bound. If the limiting spectral measure of K has unbounded density near O
(e.g. power law spectrum), then the learning rate can approach zero and we quantify the rate of this
convergence in the least squares setting as a function of spectral parameters.

For least squares with additive noise, the learning rate asymptotic ; < 7/(b? + %ZTr(K )11/ s
the fastest decay that AdaGrad-Norm can exhibit. In contrast, the propositions below concern the
noiseless case where, for various covariance examples, the decay rate of ; changes. This is tightly
connected to whether the risk is integrable or not. In the simple case of identity covariance, we obtain
a closed formula for the trajectory of the integral of the risk and therefore also the learning rate.

Proposition 4.1. In the case of identity covariance (K = 1), the risk solves the differential equation

4 _ n>22(t) _ 202 (t)
dt%(t) T ob2+2 [ R(s)ds \/b2+2 [T %(s) 15’ (14)

The solution fot Z(s) ds approaches (from below) a positive constant which yields a computable
lower bound to which ~; will converge. Generalizing this to a broader class of covariance matrices,
we get the next proposition, which captures the dependence of ; on Tr(K).

Proposition 4.2. Suppose 3 Tr(K) < b/n, and that [~ %(s)vs ds < oo with s as in Table 2

AdaGrad-N least , th < -—a1
(AdaGrad-Norm for least squares), then ~; %+%T¥(K)@2(O)

An analog of Proposition 4.2 for the strongly convex setting appears in Sec. D (see Prop. D.1). We
now consider two cases in which, as d — oo, there are eigenvalues of K arbitrarily close to 0.

Proposition 4.3. Assume that, for some C > 0, the number of eigenvalues of K below C is o(d),

and that (X*,w;) = O(d~/?) for all i, (i.e. X* is not concentrated in any eigenvector direction).
Then, with the initialization Xy = 0, there exists some v > 0 such that v > 7 for all t > 0.

Proposition 4.4. Let K have a spectrum that converges as d — oo to the power law measure
p(N) = (1 = B)A"P1g 1), for some B < 1°, and suppose that D?(0) ~ A, for 6 > 0. Then:

» For1> [+ 6, there exists 7 such that vy, > 7, and Z(t) =5 tA+9=2 forall t > 1.

N I S
s Forl<f+0<2v=s5p t5”@+5+5, and Z(t) <53 t= 5 forallt > 1.

°Our result can be compared to existing findings for SGD under power-law distributions in [8, 52, 55]. While
these works explore similar assumptions regarding the covariance matrix spectrum, they do not address the
high-dimensional regime with diverging Tr(K), focusing primarily on 8 > 1.
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Figure 4: Power law covariance in AdaGrad Norm on a least squares problem. Ran exact
predictions (ODE) for the risk and learning rate (solid lines). Dashed lines give the predictions
from Prop. 4.4 which match experimental results exactly. Phase transition as 0 + [ varies. When
0 + B < 1 (green), the learning rate (right) is constant as ¢ — oco. In contrast, when2 > 6 + 5 > 1
(purple), the learning rate decreases at a rate t—1+1/(8+9) with § + 8 = 1 (white) where the change
occurs. Same phase transition occurs in the sublinear rate of the risk decay (left) (see Prop. 4.4).

s Forl=p(+96, v =sp m, and Z(t) =<5 (m)flforall, t>1.

This proposition shows non-trivial decay of the learning rate is dictated by the residuals (distance
to optimality at initialization) and the spectrum of K. We note that § = 0 corresponds to uniform
contribution of each mode (e.g. X normally distributed). As the eigenmodes of the residuals become
more localized, the decay of the learning rate is closer to the behaviour in the presence of additive
noise. Furthermore, the scaling behaviour of the loss is affected by the structure of the AdaGrad-Norm
algorithm (see Fig. 4). Lastly, constant stepsize SGD yields Z(t) < t°+9=2, with no transition
occurring at § + 6 = 1.

Proofs of the above propositions, in a slightly more general setting, are deferred to Sec. D.

5 Conclusions and Limitations

This work studies stochastic adaptive optimization algorithms when data size and parameter size are
large, allowing for nonconvex and nonlinear risk functions, as well as data with general covariance
structure. The theory shows a concentration of the risk, the learning rate and other key functions
to a deterministic limit, which is described by a set of ODEs. The theory is then used to derive the
asymptotic behavior of the AdaGrad-Norm and idealized exact line search on strongly convex and
least square problems, revealing the influence of the covariance matrix structure on the optimization.
A potential extension of this work would be to study other adaptive algorithms such as D-adaptation,
DOG, and RMSprop which are covered by the theory. Studying the asymptotic behavior of the risk
and the learning rate may improve our understanding of the performance and scalability of these
algorithms on more realistic data. Another important application of the theory would be to analyze
the ODEs presented here on nonconvex problems.

The current form of the theory is limited to Gaussian data, though many parts of the proof can be
extended easily beyond Gaussian data. The main ODE comparison theorem is also only tuned for
analyzing problem setups where the trace of the covariance is on the order of the ambient dimension;
when the trace of the covariance is much smaller than ambient dimension, other stepsize scalings of
SGD are needed. In addition, the analysis is limited to the streaming stochastic adaptive methods.
We conjecture that a similar deterministic equivalent holds also for multi-pass algorithms at least for
convex problems. This has already been shown in the least square problem for SGD with a fixed
deterministic learning rate [43, 45]. Lastly, numerical simulations on real datasets (e.g., CIFAR-5m)
suggests that the predicted risk derived by our theory matches the empirical risk of multipass SGD
beyond Gaussian data (see for example Figure 6).
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The High Line: Exact Risk and Learning Rate Curves of
Stochastic Adaptive Learning Rate Algorithms

Supplementary material

Broader Impact Statement. The work presented in this paper is foundational research and it is not
tied to any particular application. The set-up is on a simple well-studied high-dimensional linear
composites (e.g., least squares, logistic regression, phase retrieval) with synthetic data and solved
using known algorithms, e.g., AdaGrad-Norm. We present deterministic dynamics for the training
loss and adaptive stepsizes. The results are theoretical and we do not anticipate any direct ethical
and societal issues. We believe the results will be used by machine learning practitioners and we
encourage them to use it to build a more just, prosperous world.

A SGD adaptive learning rate algorithms and stepsizes

In this section, we write down the explicit update rules for 2 different adaptive stochastic gradient
descent algorithms.

Example: AdaGrad-Norm. We begin with AdaGrad-Norm (see Algorithm 1). Note by unraveling
the recursion, we have that

n

Ok = - , (15)
VB + & S VXU (X a0, €40) 12
with the deterministic equivalent (see Section 2 and also C.3) for this learning rate being
i = — . 16)
Vo + T [0 () ds
In the case of the least squares problem, the quantity [(Z%(t)) is explicit and
Y= L : (17)
VB2 T [ (s ds
Algorithm 1 AdaGrad-Norm
Require: Initialize n > 0, X, € R beRandsetby =b x d
fork=1,2,...,do
Generate new sample aj, ~ N(0, K), e ~ N (0,w?);
b2 b7+ IV U ( Xp—1;ak, €)%
gk—1 =d X ﬁ; > updating learning rate
Xy Xpq — g’“d‘l Vx¥(Xk_1;ak, €); > updating step with stochastic gradient

end for

Example: RMSprop-Norm We consider the "normed" version of RMSprop, that is, where there is
only one learning rate parameter.

We consider Algorithm 2 where we put a factor of the learning into the exponential moving average
for RMSprop. The deterministic equivalent for g, for Alg. 2 (see Section 2) is

n

V= —— - (18)
\/bze_”t + Ld ) Jo et I1(A(s)) ds
In the case of the least squares problem, the quantity /(Z(t)) is explicit and
! (19)

"= )
\/bQS_O‘t + erlK) fot e=t=5)%(s) ds
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Algorithm 2 RMSprop-Norm, o Exponential Moving Average

Require: Initialize n > 0, Xy € R%, b € R and set by = d x b, @ > 0 exponential moving avg.
g-1=d x ¢
fork=1,2,...,do
Generate new sample a; ~ N(0, K), e, ~ N (0, w?);
by <= - bi_y + (1= @) ||Vx U (Xp-1; ap, )%

gr_1=d X ﬁ; > updating learning rate
Xy +— Xpq — g’cd’l VxU(Xk_1;a, €k); > updating step with stochastic gradient
end for

B The Dynamical nexus

In this section, we prove the main theorem on concentration of the risk curves and learning rates.
We shall set some notation. In what follows, we again use W = [X|X*] € R4*2. We also use
Wt = [W|Xo] = [X|X*|Xo].

We shall also use the shorthand r = (a, W), and = (a, X) so that f({(a, X), (a,X*);€) =
fla, W);€) = f(r;e).

We shall let B = B(X) = WT KW be the covariance matrix of the Gaussian vector 7. We also
write f’ for the 0, f.

B.1 Discussion of the assumptions on f

In this section we show how the assumptions we put on h and I are almost satisfied for L-smooth f.
We say that f is L-smooth if:

IVf(ri ex) = VE(ra,e2)ll < Ly/(re = r2]? + [ler — e2]]?),
which we note implies f is a-pseudo Lipschitz with @ = 1.

Lemma B.1. 1. There exists a function h : R?>*% — R such that h(B(X)) = R(X) is
differentiable and satisfies

VxR(X)=E. Vx¥(X;a,e).
Furthermore, h is continuously differentiable on { B : det B # 0} and its derivative Vh
satisfies an estimate

IVA(B1) = VA(B2)|| < (V2 + D)L(f) min{|| B *|lop, 1Bz * lop}1B1 — Bellr-

2. The function I(B) = E, .[(f'({a, X); (a, X*), €))?] satisfies an estimate
[1(B1) = I(B2)| < L(f)V/1(B1) + I(Bz) min{|| By lop, B3 lop | Br — Bz p-

Proof. To derive the existence of h, note that

R(X) = E(E(f({a, X), (a, X™), €)[€))
is an expectation of a Gaussian vector = ({(a, X), (a, X*)). This vector can be expressed as an
image of an iid Gaussian vector z by representing = \/Bz, and hence we have

h(B) € E(E(f(VBz,)le)).
As the function f is absolutely continuous with a Lipschitz gradient, we can differentiate under the
integral sign and conclude
VxR(X)=VxE f({(a,X),{a,X"),e) =EVx f({a, X), (a, X*),¢€).
For the differentiability of &, suppose for the moment that f is C2 with bounded second derivatives.'”
Setting Q = /B the positive semi-definite square root of B, we have

aQij h(QZ) = E(E(aQU f(QZ7 6)|6))

19This condition can be removed in a standard way: one creates an f. which is an approximation to f formed
by convolving with an isotropic Gaussian of variance . This is C? and has bounded second derivatives (as f
was smooth). One then takes the limit as ¢ — 0.
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Then using the chain rule, and setting 0; f to be the i-th partial derivative of f,

0q,;1(Q?) = E(E(2;0:f(Qz, €)|e)) = E(E([Q:;0; + Q;;0;10:f(Qz, €)le)),
where we have applied Stein’s Lemma. We conclude when det Q # 0 by the implicit function
theorem that h is differentiable and we have

9o, h(Q%) = Zaklh’aQij(Q2)k‘l = Z(ailh)le + Z(akjh)Qik~
l k
As a matrix equation, this can be written as

(Dh)Q + Q(Dh) = JQ where Ji = E(E((0r01f)(Qz,€)le)).

This is a linear equation in Dh. When @) > 0, we can define

A= / e 1R (JQ)e 9 dt,
0

and note
d

AQ + QA = — /OO I (e7'(JQ)e Q) dt = JQ.
0

Moreover, the mapping M +— [ e~*@Me~'< dt defines a two-sided inverse for M — MQ+QM,
and so Dh = A. Note that by symmetry of J, (), and Dh

JQ = (Dh)Q + Q(Dh) = QJ,

and therefore L
(Dh)Q +Q(Dh) = 5 (JQ +QJ),
and so taking inverses on both sides, Dh = J.

Undoing Stein’s Lemma, we have Q(Dh) = (Dh)Q = M, where M;; = E(E(2;0; f(Qxz,€)le)).
From L-smoothness of f

IM(Q1) = M(Q2)ll < LE(|I2][[|@12 — Q22])) < V2L Q1 — Q2| r-

Hence

IDR(QT) — Dh(@3)I = QT M(Q1) — Q3 ' M(Q2)]|
< 1QT loplIM (Q1) — Q1Q3 " M(Qo)|
< 1R Hlop (IM(Q1) = M(Q2)] + 1(Q2 = @1)Qz " M(@2)l) -
Note Q5 ' M(Q2) = (Dh)(Q3) is bounded by L(f), and so we arrive at
IDR(QT) = DA(@3)I| < (V2 + 1)L(NHQ7 Hlopl|@1 — Q2|
< (V24 DLIQT gl 2 — QB

We note the bound is symmetric in ; and @, and by density of C? in space of C'*-!*P, this holds for
L-smooth f. This concludes the estimates for the derivative of h.

For the Fisher matrix, I(B), from L-smoothness, we have again with Q) = VB,

1(Q%) = E(E((01£(Q%,€))*[€))-

11(QF) — 1(Q3)] < [E(E((91f(Q12,€))* — (01.f(Q22,€))%[€))]| -
Applying Cauchy-Schwarz and using the L-smoothness of f,

1(QF) — I(Q3)] </ 1(Q}) + 1(@3) x L) Q1 — Q2] p-

Then

O

This lemma shows that an L-smooth function nearly satisfies Assumption 3 and 4 provided that
| B={|op is bounded. Therefore, our concentration result Theorem B.1 and its Corollaries will hold
provided we add a stopping time. Fix M > 0 and let

har(B) & inf{t >0 : [|BYop > M}.
Then the concentration of the risk under SGD to a deterministic function, Theorem B.1, holds with ¢

replaced with ¢ A hpg(B) A Fiag(%). The corollaries of Theorem B.1 also follow under this added
stopping time.

In the next section, we prove this concentration theorem, Theorem B.1.
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B.2 Integro-differential equation for . (¢, z)

A goal of this paper is to show that quadratic statistics ¢ : R? — R applied to SGD converge to a
deterministic function. This argument hinges on understanding the deterministic dynamics of one
important statistic, defined as
S(W,z) = W' R(z; K)W,

applied to W|;4) (SGD updates). Here W = [X|X*] and R(z; K) = (K — 2I;) "' for z € Cis the
resolvent of the matrix K. The statistic S(W, z) is valuable because it encodes many other important
quantities including W " ¢(K)W for all polynomials g. We show that S (Wtay, 2), is close to a
deterministic function (¢, z) — .7 (t, z) which satisfies an integro-differential equation.

To introduce the integro-differential equation, recall by Assumptions 3 and 4
R(X)=hoB(W) and E, . [f'(a'W)* ] =IToB(W) with B(W)=WTKW,
and a-pseudo-Lipschitz functions h : R?*? — R differentiable and I : R2*2 — R. It will be
useful, throughout the remaining paper, to express Vh explicitly as a 2 x 2 matrix, that is,
Vhii | Vhia
Vhai | Vhaa

With these recollections, the integro-differential equation is defined below.

vh= |

Integro-Differential Equation for .¥ (¢, z). For any contour 2 C C enclosing the eigenval-
ues of K, we have an expression for the derivative of .7

dF(t, ) = F(z,.(t,)) dt (20)

where F(z, (t, ) & —2%<<_¥ 7{ St ) dz)H(%’(t))

(2 e )

32 [ Te(KR(z K)I(B()) | 0
s 0
— (L (t,2)(22H(B(t))) + 2zHT (B(1)))-S (t, ).

™

Here B(0) = 7 f +(t,2) ds, 1(#) = |- S L]

¢ is defined in (9), and the initialization is % (0, z) = VVOT R(z; K)Wy. (22)

The functions 2 : R?*2 — R and I : R?*2 — R are defined in Assumption 3 and
Assumption 4, respectively.

We first note that there is an actual solution to the integro-differential equation. This solution is the
same as the ODEs defined in the introduction (see (9)) and proved in [15, Lemma 4.1].

Lemma B.2 (Equivalence to coupled ODEs.). The unique solution of (21) with initial condition (22)

is given by
d

In this section, we will be working with approximate solutions to the integro-differential equa-
tion (20) (see below for specifics). For working with these solutions, we introduce some no-

tation. We shall always work on a fixed contour €2 surrounding the spectrum of K, given by
def

Q.M—‘

{2 : |2| = max {1,2|[K|op } }. We note that this contour is always distance at least % from the

spectrum of K. We define a norm, || - ||, on a continuous function A : C — R as
Allq = A2)|. 2
4l = max | A(:)] @3)
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Definition B.1 ((¢, M, T')-approximate solution to the integro-differential equation). For constants
M,T,e > 0, we call a continuous function § : [0,00) x C — R**? an (¢, M, T')-approximate
solution of (20) if with

#14(8) & inf {t >0 |8t )|a > M},
then .
swp [8(t) = S0~ [ F.8(5,) dsflg <=
0

OStS(i’]\/] /\T)
and 8(0,-) = W R(-, K)W,, where W, = [X|X*] is the initialization of SGD.

We suppress the 8 in the notation for 7y, that is, 73y = 77(8), when the function 8 is clear from the
context.

We are now ready to state and prove one of our main results.

Theorem B.1 (Concentration of SGD and deterministic function . (t, z)). Suppose the risk function
R(X) (2) satisfies Assumptions 2, 3, and 4. Suppose the learning rate satisfies Assumption 6, and the
initialization Xo and hidden parameters X* satisfy Assumption 5. Moreover the data a ~ N (0, K)
and label noise ¢ satisfy Assumption 1. Let {WLtd | } be generated from the iterates of SGD. Then
there is an € > 0 so that for any T, M > 0 and d sufficiently large, with overwhelming probability

sup SWitar,-) — L(t,- <de,
(]gth/\'fM(S(W,~))/\i—M(”y’)( L)) (&)l 24)

where the deterministic function .7 (t, z) solves the integro-differential equation (20).

Proof. By Proposition C.1, for any M and 7', we can find a £ > 0 such that the function S(Wy4, 2)
is an (d—¢, M, T)-approximate solution. (For the deterministic function .&, it is an (0, M, T)-
approximate solution by definition.) We now apply the stability result, [15, Prop. 4.1], to conclude
that there exists a € > 0 such that

sup ||.L(t, 2) = S(Wia, 2)|lo < d7°, w.o.p, (25)
0<t<TA#ar
where 7 is shorthand for 737 (S(W, ) A 7a7(.#). The result immediately follows. O

Corollary B.1. Suppose the assumptions of Theorem B.1 hold. Let f be an a-pseudo-Lipschitz
Sfunction with o < 1 and let q be a polynomial. Set

-1
211

def

o(X) =2 fWTg(KYW), o(t) d:eff ( ﬁq(z)y(t,z) dz) ,  where 7 (t, z) solves (20).

Then there is an € > 0 such that for d sufficiently large, with overwhelming probability,

sup ¢ (Xia) — o(t)] < d™°.
0<t<T

Proof. This is basically equivalent to [15, Corollary 4.2]. The only difference is that [15, Corollary
4.2] requires the boundedness of .#"; however, since our function f is a-pseudo-Lipschitz with o < 1,
this boundedness follows from [15, Proposition 1.2], and the rest of the proof is identical to the one
in [15]. O

Remark B.1. The learning rate gy, technically, is not a function of WTq(K)W. However, As-
sumption 6 ensures that the learning rate concentrates around a function W q(K)W. Therefore,
Corollary B.1 applies to the learning rate.

C SGD-AL is an approximate solution

We introduce a rescaling of time to relate the k-th iteration of SGD to the continuous time parameter
t in the differential equation through the relationship k¥ = [td|. Thus, when ¢ = 1, SGD has done
exactly d updates. Since the parameter ¢ is continuous and the iteration counter & (integer) discrete,
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to simplify the discussion below, we extend k to continuous values through the floor operation,
X 'y [k - Using the continuous parameter ¢, the iterates are related by X;g = X 44)-

The paper [15] provides a net argument showing that we do not need to work with every z on the
contour {2 defining the integro-differential equation, but only polynomially many in d. Recall that
Q= {z : |z| = max{2| K|op, 1} }. For a fixed £ > 0, we say that (¢ is a d~*-mesh of Q if Q¢ C Q
and for every z € () there exists a z € Q¢ such that |z — z| < d~¢. We can achieve this with (¢
having cardinality, |Q¢| = C(|2])dE.

Lemma C.1 (Net argument, [15], Lemma 5.1). Fix T, M > 0 and let £ > 0. Suppose S is a d—¢
mesh of Q with |Q¢| = C - d* and positive C' > 0. Let the function S(t, z) = S(Wiq, 2) satisfy

t
sup  [|S() — S(0,) - / F(,5(s,)) dslla, < ¢ 26)
0<t<(7mAT) 0

with 7y = inf{t > 0 : ||S(t,)lo > M}. Then S is a (¢ + C(M,T,||K||,p)d=¢, M, T)-
approximate solution to the integro-differential equation, that is,

sup  ||S(¢,- / F(, ) ds|lg <e4+C-d¢,
0<t<(#ar AT)
where C' = C(M, T, || K||op, L(I), L(Rh)) is a positive constant.
(We prove in Section C.1 that S(t, z) does indeed satisfy inequality (26).) We also cite the following
lemma, which relates two stopping times used throughout this paper.
Lemma C.2 (Stopping time, [15], Lemma 4.2). For a constant C depending on || K||,,, we have
C < IS (W4, 2)||Q <9
Wi
by

ﬂM(Wtd 1nf {t >0: HVVYth2 > M}

Due to the previous lemma, any stopping time 7y; defined on ||S(t,-)||q corresponds to a stopping
=C, 7y <Vem

C.1 SGD-AL is an approximated solution

Proposition C.1 (SGD-AL is an approximate solution). Fixa T, M > 0and 0 < ¢ < §/8, where §
is defined in Assumption 6. Then S(Whq, z) is a (d=¢, M, T')-approximate solution w.o.p., that is,

t
sup  ||S(Wia, 2) — S(W, 2) — / F(z, S(Wa, 2)) dslo < d—°. 27
OStS(T/\TI\/j) 0

Again, the proof is very similar to [15, Prop. 5.2]. The one difference is that the martingales and
error terms are slightly more involved, because of the non-deterministic stepsize we are using. The
remainder of this section, along with section C.2, fills in the details of bounding these lower-order
terms, so that the proof can proceed as in [15].

C.1.1 Shorthand notation

In the following sections, we will be using various versions of the stepsize ~. In order to simplify
notation, we set

V(Gk) = V(kaNk(d X )7Gk(d X )an(d x ))a
V(Sk) = (k, Ni(d x ), Sp(d X -), Qr(d x ),
Y(Bi) = 7k, Nild x ), Te(K)I(By(d x 1)) /d, Qu(d x ).
Further, setting Ay, def 1 (rk)agy1, define
(k) £ ALV o(Xi)Ar/d, (k) € TV (X K)E S (re) | Fil/d, Ts(k) & Vo (Xa) T A

The normalization here (dividing by d) is chosen so that the I terms are all O(1); this is formally
shown in Lemma C.5.
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C.1.2 SGD-AL under the statistic

We follow the approach in [15, Section 5.3] to rewrite the SGD adaptive learning rate update rule as
an integral equation. Considering a quadratic function ¢ : R* — R and performing Taylor expansion,
we obtain

2
P(Xpt1) = p(Xi) — 7(2622)

We will now relate this equation to its expectation by performing a Doob decomposition, involving
the following martingale increments and error terms:

v(Gr)
d

Veo(Xi)TAy + AL VZp(Xy) Ay (28)

AME (o )gé(—’y(Gk)Ig(k) E [v(Gi) (k) | Fi]) (29)
AMES () & L (4G Ik) ~ E [(GPH(R)| 7)) (30)
ELE1(0) | Fil & 5 (B [HGPH ()| A 7B () G
E[£2%(p) | F] & é( (GO | Fo] +7(B)Ve(Xe) TVR(X)) . (32)

We can then write

oK) = 250 ~ L2000 TOR0G) + DB (w2 KR [ ()2 A
FAME(0) + MM (o) + E[ES(0) | Fil + E[E(0) | Fil

Extending X, into continuous time by defining X; = X|;), we sum up (integrate). For this, we
introduce the forward difference

(A0) (X)) £ p(Xj11) — (X)),

giving us
[td] -1 t
p(Xia) = 9(Xo) + D (Ap)(X)) € p(Xo) + / d- (Ap)(Xsa) ds + &ua,
7=0 0
t
where [&4| = / d-Ap(Xsq) ds| < [Jhax {|Ap(X;)|}. With this, we obtain the Doob
(ltd]—1)/d <J<[td]
decomposition for SGD-AL:
t
P(Xea) = 0lX0) — [ 2(Bua) Vol X) TR(X,) s (33)
0
1 t
+ ﬁ V(Bsd)2 Tr(Kv290(Xsd))E[ (Tsd) | Fsa) ds
[td] -1
+ Y &Ny
3=0
with  £0() = AME () + AMY= (o) (34)
+E[E] (o) | F5] + E[E5 () | F)]
+ &ra(ep)-

From here, we can proceed as in [15, Section 5.3] to show that SGD-AL is an (g, M, T')-approximated
solution.

C.1.3 S(Wy, z) is an approximate solution

Proof of Proposition C.1. The appropriate stepsize, as a function of Wy, is

Tt = ’Y(tdv Ntda Tr(K)I(Btd)/dv Qtd)'
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(Note that N, I and @ can all be found as functions of S(W,4, -) using contour integration.) It is
shown in the proof of [15, Proposition 5.2] that given the analogue of (33) for deterministic stepsize,
S(Wiq, -) satisfies

¢ [td]—1
S(Wtd7z):S(Wo,z)+/ F (2,8 (Weq,2))ds + Z ENS).
0 i=0

The only terms of (33) that differ in our case are the martingale and error terms. Thus to show
that S(W,q, -) is an approximate solution of the integro-differential equation (20) all we need is to
bound the martingales and error terms contained in . Let Q@ = {2 : |2] = max{1,2[|K||op}}, as
previously. We thus have that for all z € €2,

< sup  [IEG(SC,2)I (39)

0<t<TATm

¢
sup  |S(Wyq, z) — S(Wy, 2) —/ F(z,S(Wsq, 2)) ds
0

0<t<TATMm

Next, fix a constant & > 0. Let ¢ C (2 such that there exists a Z € )¢ such that |z — 2| < d~¢

and the cardinality of (¢, |Q¢| = Cd* where C' > 0 can depend on || K ||p. For all z € €2, we note
that 7py < ¥.ps (see Lemma C.2). Consequently, we evaluate the error with the stopped process

Wt"?i def Wa(inv) instead of using 757. By Proposition C.2, the proof of which we have deferred to
Section C.2, we have, for any § > 0

sup sup  ER(S(,2)| < a7V wop. (36)
2€Q¢ 0<t<ST A eps

‘We deduce that

t ~
sup HS(Wtd,z)fS(WO,z)f/ F(2,S(Wya, 2)) dsllo, < d°~%/* w.o.p.
0

OStSTA‘f'A{
An application of the net argument, Lemma C.1, finishes the proof after setting b =296 /8 and
£E=4/8. O

C.2 Error bounds

All the martingale and error terms (34) go to 0 as d grows. Formally,

Proposition C.2. Let the function f be defined as in Assumption 2. Let the statistic S : [0,00) x C —
R2*2 pe defined as

S(t,2) = Wpq  R(z K)W saj, (37)
where W = [X|X*]. Then, for any z € Q and T, M, > 0, with overwhelming probabiliry,

sup Hggél(s(, Z))H < d_6/4+<a
0<t<TAY

where to suppress notation we use ¥ as shorthand for V., and c is the constant from Lemma C.2.
Proof. This follows from combining Propositions C.3, C.4, C.5, C.6, and C.7. O

The remainder of this subsection is devoted to proving these supporting propositions; throughout
these proofs we will work with the stopping time ¥ as defined in the proposition above.

C.2.1 Bounds on the lower order terms in the gradient and hessian

Proposition C.3 (Hessian error term). Let f and S be defined as in Assumption 2 and (37). Then,
forany z € Q, T > 0 and ¢ > 0, with overwhelming probability,

[td]—1
sup 37 BN (S(2) | Fl| < d0e

0<t<TAY 1o
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Proof. For arbitrary z € Qand k < (T'A9)d — 1, set p(X) = S;;(W, z) to be the ij-th entry of the
matrix S(W, z). Then

24 E[E () | Fi] = E [v(Gr)* 11 (k) | Fi] = ~(Bi)*I»(k)
= E[(4(Gk)* = 7(Ge)*) 11 (k) | Fi]

+ (V(Gr)? = v(Bw)*) E[L (k) | Fi] +~v(By)” E[(11 (k) — Lo(k) | Fi]
=& + & +&s.

We look at |, | first.
[€1] = [E [(4(Gk)* = 7(Gr)*) (k) | Fi] |

<E |G =@ 1 7] E (L) 2 A

<E [(G0) + 100 11(Ge) ~ G0l 7] B [k 2 A

N|=

<E (WG +1(G)" 1] E [7(Gx) = 1G] | FI*E [Inw) | 7]
For the first term, we use (6). We have
E (i) + (G | Fe] <€) -E [|2+ 2Null% + 21Qxl1% + 1GkI1% + 1GkI1%[ | Fe]

All the terms inside the expectation, apart from ||Gj||<,, are deterministic with respect to F, and
bounded by a constant independent of d (see Lemma C.6). Since we know from Lemma C.6 that for
any € > 0, all moments of ||G||« are bounded by d® w.o0.p., we conclude

E “'Y(Gk) + (G \fk] <d* w.o.p.

For the second term, we use (5). Again, since || Nk || and ||Qk]| s are bounded due to our stopping
time, we have

E [[7(Gx) — (G| | Fel® < d~0/4.

The last term, E [|I V(B ]—'k} ® is also bounded by a constant (see Lemma C.5), and all together,
we find that |€;| < d°~%/* with overwhelming probability.

Now let us consider |,

[&2] = 1(7(Gr)* = v(Br)*) E[L (k) | Fill = [v(Gr) +¥(Bi)l - 17(Gr) = v(Bi)| - | E[L1 (k) | Fi]|-

The first term is bounded by (6), since Gy and Tr(K)I(By)/d are bounded independent of d;
the second term is bounded C'd~! by Lemma C.9, and the last term is bounded by a constant by
Lemma C.5.

Finally, consider |&s|:

(€3] = v(Br)? - [E [(I1 (k) — I2(k) | F]| -
By (6), the first term is bounded by C'()2(1 + || Ne |2, + [|Qwl|% + || Tr(K)I(By)/d||2,)%. All of
these terms are bounded by a constant independent of d (because of the stopping time.) The second

term satisfies the assumptions of Lemma C.8 with H = V2p(X}), and is thus bounded by Cd~*.
All together,

24 B[EN () | Fil < 0/,
Summing up to k = T'd and dividing through by 2d, we obtain the desired bound. O

Proposition C.4 (Gradient error term). Let f and S be defined as in Assumption 2 and (37). Then,
forany z € Q, ¢ > 0and T > 0, with overwhelming probability,

ltd|—1
sp 2 [Blarse.an | A < aer

k=0

0<t<TAY
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Proof. We have

dE [ | Fi] = —E (G (Veo(Xi), Ax) | Firl +7(Bi) (Ve (X1), VR(X4))

= —E[(v(Gr) = v(Gr))I3(k) | Fi] = (v(Gr) — v(Br)E [Is(k) | Fi]
=& + &s.

We then have
&l <E [MGr) =GP 17" B |10 | 7]

<E [1(G) + G0 | 5] E [1(Gr) = 1@l |1 F* - E [ | 5]

=

Just as in the Hessian argument, (6) lets us bound E [W(Gk) +(Gn)? |]-"k} by d¢ w.o0.p.,
(5) lets us bound E [|v(Gg) — v(Gk)] |_7-'k]% by d=%/* w.o.p., and Lemma C.5 lets us bound
E [|13(k')‘2 \]—"k} ? by a constant, giving an overall bound of |£;| < d—%/4+=,

By the same argument as in the Hessian case, |€>| is bounded by C'd~!; in conclusion,

dE [E5 | Fy] < dF7%/4,
Summing and dividing through by d, we obtain the desired result with { = €. O
Proposition C.5 (Gradient martingale). Let f and S be defined as in Assumption 2 and (37). Then,
forany z € Q, { > 0and T > 0, with overwhelming probability,

sup
0<t<TAY

MERAS ()| < a2

Proof. For notational convenience, set AM, = AM%S Jangy and e = —v(Gy)I3(k)/d, so that
AM; = Fy — E[Fy | Fil.

Set F,f = Projg(Fy), that is, ensuring F}, stays in [0, 8]. Then F,f - ]E[F,f | Fi.] is in [—28, 20],
and so for the martingale Mf with increments AMY = F, kﬁ —E[F, ,f | Fi], Azuma’s inequality tells

us that
, 42 —t?
(=) <200 (7 ) <20 ()

Set 8 = d~17¢/2 and t = d—1/2%<; this becomes

—ds
P (\Mfl > d‘1/2+<) < 2exp (8T> .

However, M /,j is not quite the martingale we started with: there is still an error term,

k

> " (Fu — E[F | Fil) — (F — E[F] | Fi])
1=0

My, — M| =

k
<y ‘Fk —F,f’ n ‘]E[Fk ~Fy |]-"k}‘ .
i=0
We bound this term in overwhelming probability. We have
P (Fk —Ff # o) =P (|F| > B)
= P (1G5 (k) /d] > d7</2)

<P (v(Go) = d/*) + P (1(k)] = /).
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The second term is superpolynomially small by Lemma C.5; the first term is superpolynomially small
by (6) and (C.6).

B[P, — F{ | 7l = [P = F) 1m0 |
<E[(F. — F{)* | Fi)? “E[1] 5, 55y | Fil2
<AE[FE | Fil? - E[lqmspy | Fil?

<4d™ E(Gi)* | Ful* - Ells (k)" | Fil * - E[L (im0 | Fel .
As before, the first and second expectations are bounded by constants, and the last expectation is just
the probability that |F)| > 3, which we have already shown is superpolynomially small. So with
overwhelming probability, we have
k
My — MG = | (Fi — EB[Fx | Fil) — (F{ — E[F | F)| < d™/2%¢
i=0

(any power of d would have worked). Combining the error term and the projected martingale, we
find that, with overwhelming probability,

‘Mk| < d—1/2+C.

We can now take the maximum over k from 0 to 7'd using a union bound; this does not affect the
overwhelming probability statement. O

Proposition C.6 (Hessian martingale). Let f and S be defined as in Assumption 2 and (37). Then,
forany z € Q, ¢ > 0and T > 0, with overwhelming probability,

sup | Mlis(s(,2) | < a1z

0<t<TAY

Proof. The proof here is basically identical to the previous one. Again, set Fy, = v(Gy)%I1(k)/d
and FkB = Proj(F%), with their associated martingales being My, = Fy, — E[F}, | 7] and M =
Flf — E[F,f | Fi]. As before, Azuma’s inequality, with 3 = d~1+¢/2, gives us
ds
B —1/2
P(M} > d~1/2¢) < 2exp <8T) .
The error term is also quite similar:

k
My = M| <D F = FY| + | E[Fy — F | Fil|.
i=0
‘We have
B(Fy — Ff #0) < P(y(G)? < d/*) + P L(k)| < d/),
both of which are superpolynomially small by (6) and Lemma C.5. For the expectation, we have
|E[F, — F | Fill < 447" E(GR® | Al - E[L (k) | Fil T - ElLm s | Fel %
this product is superpolynomially small by (6), Lemma C.6, and Lemma C.5. Overall, we have, with
overwhelming probability,

‘Mky| S d—l/Q-’rC.
Taking the supremum, we obtain the desired result. O

Proposition C.7 (Integral error term). Let f and S be defined as in Assumption 2 and (37). Then, for
z € Q,
[€ra(S(2)) < d V2
Proof. We have, as above,
t
|€eal = ’/ d-Ap(Xsa) ds
(ltd]—1)/d
< max {[Ap(X;)|},

T 0<j<[td]
which is bounded by d~'/2 w.o.p. by the boundedness of I}, I, I, and v(B). O
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C.2.2 General bounds

In this section, we make use of the subgaussian norm || - ||, of a random variable (see [56] for
details.) When it exists, this norm is defined as
1X]|4, = inf {V >0:Vt>0, P(X|>1) < Qe—f"/Vz} . (38)

In particular, Gaussian random variables have a well-defined subgaussian norm.
Lemma C.3 ([15], Lemma 5.3). There exist constants ¢, C > 0 such that

WP < [[SW.2)lla < CIWI?,  [VxSW.2)lla < CIW, and |V S(W,2)|a < C.
Lemma C.4 (Preliminary bounds). With f and Ay, defined as above, for € > 0 and \ > 0, we have

f'ire) < d wop.and E[|f (ri)|* | Fu] < C(N), (39)
2 2\ A
@ <d wop. and E [(”AC’;” ) | Fi| <CN). (40)

Proof of (39) in Lemma C.4. By [15, Lemma 3.4], if function f is a-pseudo-Lipschitz with Lipschitz
constant L( f) (as in (2)) and the noise ¢ is independent of a, then

I (M) < Cla)(L(f)A+ |r| + |€Dmax{17a}.
Then
F ()] < @)L (L + || + [elymextted
< C()(L(F))(A + | Xy app1| + |€|)max{1,a}' “n

Now, since a4 is Gaussian, we can write ag+1 = V' Ky, for a standard normal vy,. Then we see
that X, ax+1 = X] V/Kvy, is a single-variable Gaussian, with variance | X,] K Xy | < || Xk [I? 1 K ||op
(bounded independently of d because of the stopping time on Xj). Similarly, € is Gaussian and
independent of a1, so the expression (41) is bounded w.o.p. by d°, and

- [(C(a)(L(f))(l I a4 Jelyme ) |fk] <CO)
for some constant C'(\). ]

Proof of (40) in Lemma C.4. We can write a1 = v Kvy, where vy, is a standard d-dimensional
normal vector. Then, by Hanson-Wright, we have

P (|lax+1ll> = Elllarsr|® | F]| = d) =P (|v,ijk — Efv] Ky | Fil| > d)
< 2e ( od’ >
S2exp| — v S
K% 4 1K [lopd

<2exp | — cd”
- d([| K [lop + [1K7113,

<2exp (—Cd).

Now, note that E[v, Kvy, | Fy] = Tr(K) < d| K|op. Together, we get that [|ag11]/? < d'T¢ with
overwhelming probability. Then

AR N (re)arsal]? _ llawe [P £/ (re)?

d d d ’
which is bounded by d?¢ w.o.p. Now for the expectation:

S\ A 2 2 1
() e[ (228)" ]

=

E

1

K o - 2\ 2A 2 1
< | (1K Il m] EFet A} @
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For the first term, we have

2
o (e 1) 5 ]—HKII” [ (Il ]
d
=
< |IK)12 - EZ { [PAIS! |]-"k} (Jensen’s inequality)
=K% - E[||v0||4>‘|]-'k] (i.i.d. assumption)

where we are using the notation v}, to refer to the ith component of the vector vj. Now, since v{ is
just a standard Gaussian, all of its moments are bounded. The second term in (42) is bounded by a
constant by (39), as desired. O

Lemma C.5 (Gradient and Hessian bounds). Setting

L) EAIV2o(X0) AL/, L(k) € Te(V2e(X0) KE [f (r)? | Fil/d.
I3(k) £ Vo(Xi) " Ay,

forany e > 0and \ > 0, we have

I (k)| <d° wo.p. and E[|I(k)]*|Fi] < C(N), (43)
[12(k)| < C, (44)
[I3(k)| <d° wo.p.and E[|I3(k)]* | Fi] < C(N). (45)

Proof of (43) in Lemma C.5. Using the fact that || V2o (X})|lop < [|S(W, )|
1A V2o(Xi) Ak| _ [IS(We, )llallAx]?

Q>

d - d
CWell? || Akl
< w. (Lemma C.3)
Now, || is bounded by the stopping time. From Lemma C .4, % is bounded by d° w.o.p., and
every moment of this expression is bounded independent of d, as desired. O

Proof of (44) in Lemma C.5. We have
| Tr(V2p(X) K)E [ (i) | Fl| _ dlIV2o(Xi) K lop - BLf (1) | Fi]

d - d
< IV2e(Xi)lop * 1K lop - ELf (ri)* | Fie]
< CM2E[f'(r)? | Fi). (Lemma C.3)
From Lemma C.4, E[f’(r)? | F] is bounded by a constant independent of d, as desired. O

Proof of (45) in Lemma C.5. We have
IVo(X5) T Ax| < [Vo(X) Tapsa] - [f/(ri)]-

By Lemma C.3, [|[Vo(X})|| < C||Wk|| < CM (since we are working under a stopping time), and
s0 Vo(Xy) "agy1 is subgaussian (and thus bounded by d® w.o.p.). By (39), f’(r}) is bounded by d®
w.0.p., and so their product is bounded by d?¢ w.o.p., as desired. Now for the expectation:

E [[Ve(Xi) " Akl | Fi] <E[|[Vo(Xk)  arsa] - | (i) | Fi]
<E[[Vo(Xe) Tara |2 | Fi)® - E [/ ()2 | F) ?

The first term is bounded by a constant independent of d, since subgaussian moments are bounded.
The second term is bounded by Lemma C.4, completing the proof. O
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Lemma C.6 (Infinity norm bounds). For Gy, Ny, Q. as defined in 1.2, we have, for any e, A > 0,
there exists C' > 0 such that,

|Gklloo < d° w.o.p. and ]E[HGkHéO | Fr] < d° wo.p, (46)
[Nilloo <C, [1Qklloe £C,  Gklloe < C. (47)

Proof. The first line, (46), follows from (40). For the first inequality, ||Gy||cc = maxo<j<k ”Aé I* ,
which are all bounded by d® with overwhelming probability. A union bound tells us that the maximum

is also bounded by d® w.o.p.. For the second inequality,
A A
Ak 14,1
< d | 7 Oglgngal?—l d | P
A
14 ||2>

A
[ Ag|”
< g ) 1T e

< d°, (w.0.p.)

as desired. The second line is more straightforward:

E[|Gkl% | Fil <E +E

<E

[Nk [[oo = ma

T+
ma (W)W

Now, || X*|| and || X, || are bounded independent of d, and || X ;|| is bounded by cM (because of the
stopping time we are using.) Thus the maximum over j of their inner products are bounded by a
constant. The same thing holds for ||Qg|| co:

[Qklloc = max R(X)

0<5<k

— T )
= Jnax, h(W; KWj).

Since the derivative of h is pseudo-Lipschitz, h is continuous, and thus bounded for bounded
arguments. And indeed, the argument to A is bounded:

W, KW || < (W52 K [lops
both of which are bounded independent of d. Finally, a similar argument applies to Gy:
141
d
by Lemma C.4. O

IGk||lco = max E {

|Fj| < max C=C
0<j<k

~0<j<k

We now prove a concentration result that closely follows [15, Proposition 5.6].

Lemma C.7 ([15], Lemma 5.2). Suppose v € R< is distributed N'(0,1;) and U € R¥? has
orthonormal columns. Then

v|U v ~v—UU )+ UU o, (48)
where v—U (UTU) ~ N (0, 1, — UUT) andUUTv ~ N (0, UUT) withv—U (UTU) independent
of UUT.

Lemma C.8. For a matrix H = Hy, with bounded operator norm, or |H||,, < C and E[Hy, | F}] =
Hy, set q(a) = a' Ha. Then

[Elg(ar+1) ' (re)? | Fi] = Te(KH) E[f'(re)? | Fi]| < C(H).
Note that the H used here is not the same as the matrix used in the integro-differential equation.
Proof. Many of the computations in this proof are taken directly from [15], but we repeat them

here for completeness. We have Fi, = o({Wi}r_,): set Fi, = o({Wi}rg, {ri},). A simple
calculation shows that

Elg(ar+1)f'(re)? | Fi] = Elg(ar+r — Elans | Fil) | Fe] Belf (re)?]
+ q(Elars | Fil) el (r&)?]. (49)
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To compute the conditional mean E[ay 1 |]-}] and covariance (ag+1 — Elagi1 |fk])(ak+1 —
Elayy1 | Fi]) T, we use Lemma C.7. By Assumption 1, we can write aj41 = vV Kuvy, for
Vg ~ N(O, Id)

Now we perform a QR-decomposition on VEW, def QiR where Q, € R*2 with or-

thonormal columns and R;, € R?*2 is upper triangular (and invertible). Set II,, def QrQL. In

distribution,
d
a1 | af Wi = VEv | REQf vy
As Ry, is invertible, by Lemma C.7,
d d
Ak+4+1 |akT.+1Wk = \/?’Uk | ngk = \/E(Uk — Hk.vk) + \/Eﬂkvk. (50)

We note that (I — g )vg ~ N(0,I; — II) and ITv, ~ N(0, ;) with (I; — I )vs, independent
of II;v. From this, we have that

E [ak+1 |]}k] = \/?Hkvk, where vy, ~ N(0, I). (@28
Moreover the conditional covariance of a4 is precisely
(E[(ars1 — Blarsr | ) (arsr — Elagsr | Fi]) T |F4]) (52)
= \/I?(Id — Hk)\/I?, where IT;, = Q. Q7.
Next, using that E[H}, | Fi] = Hy, we expand (49) to get the leading order behavior
E [gars1)f'(re)? | Fi) = Te(HK) E[f'(r)?]
— Tr(HVEKILVE) E[f(r1)?] (53)
+ q(VEILyvy) B[ f (r1,)?).

Taking the expectation with respect to Fj,, we obtain

E [q(ar1)f'(ri)* | Fa] = Te(HK) E[f' (1) | Fi] = E[Ex | Fi, (54)

where the error & is defined as
& = — Te(HVEILWVE) Ec[f(r1)°] (55)
+q(VEop) Ec[f'(r1)?)- (56)

The proof now turns to bounding the expectation of this error quantity.
| Te(HVEILVE) E[f' (r)? | Fil| = | Ti(HVEILVE)| - E[f (r)? | Fi]
< (1 op 1€ [lop| T (T )| - ELf (r1)* | Fi]
< 1 H [lop| K [lop - rank(Qr) E[f'(r)* | Fi]
< 2| H opll K llop BLS (i) | Fic].

By (39), the expectation is bounded by a constant, so this term is overall bounded by a constant. We
move on to the next term in the error:

a(VETog) ' (r)? < | H [lopl| K llop | Tkvr|1* £ (1)
Taking expectations and using Cauchy Schwarz, we obtain
Elg(VETor) ' (rk)? | Fi] < [ Hllopll K lop - v/E[Tkox [ Fi] - VELF (ri)* | Fil.

The first expectation is E[|| I, vy ||? | Fx] = ||TIx||# = 8, and the second is bounded by (39) as before.
We thus conclude that E[E}, | ;] is bounded by a constant depending on || H ||, completing the
proof. O

Lemma C.9. There is a constant C such that

17(Gr) —(By)| < Cd™.
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Proof. Using the Lipschitz condition on the stepsize, we have

[7(Gk) — v(Bw)|
<Gk — Te(K)I(By)/dll oo x (14 2[|Nill% + 19kl + | Tr(K)I(Bg)/d||5 + 2[|Qkl5)

< COl|Gr — Tr(K)I(Bg)/dl oo (Lemma C.6)

< Cd™" max [[Bla] 1000 f ()" | 73] = Te(K) ELf () | 75|

<cd, (Lemma C.8)
as desired. O]

C.3 Specific learning rates

In this section, we confirm that AdaGrad-Norm satisfies Assumption 6. In the notation of Assump-
tion 6, we have, for AdaGrad-Norm,

Ui

v(td, f,9,q) = ~
b2+ [,7 g(s) ds

Note that this reduces to the discrete stepsize if we plug in g = Gy:

A(td, £,Gild x ), q) = =
\/b2 + Jy Gr(ds) ds

\/52 + J57 (1{dsgk}§ S o VX U(Xis aig, €i+1)||21[i,i+1)(d5)> ds
n

Ui

\/bQ + o (1{7616}%2 S0 IV U (X5 aiq, €i+1)||21[2'7¢+1)(u)) du
_ U
\/b2 + & Zf:o IVxU(Xi;aip1, €i41)]?

which is exactly the discrete version of the AdaGrad-Norm stepsize.

Proposition C.8 (Lipschitz). For functions f, g, q such that f(ds) = g(ds) = q(ds) = 0 for s > t,
the AdaGrad stepsize ~ is Lipschitz. That is,

"y(tda f(d X ')7g(d X ')>Q(d X )) - 'Y(tdmf(d X )’g(d X )’(j(d X ))' < C(t,v)(”g - g||00)

Remark C.2. This is a stronger condition than the a-pseudo Lipschitz one in Assumption 6.

Proof. To show this, we look at the derivative of the AdaGrad stepsize function. Setting F'(z) =

_n
T We have

[ )
| (.I)| 2<b2 +.Z')3/2 = 913
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for z € [0, 00). We thus have
(td, f(d x ), g(d x -),q(d x ) = (td, f(d x ), §(d x ), 4(d x -))]

1 n

\/b2+f0 (ds) ds \/b2+f0 g

P ) [0

< % / g(ds) ds —/ g(ds) ds
0 0
" t t
< 203 / g(ds) ds —/ g(ds) ds
0 0

N

n N
< ﬁ (t-1lg = 9lloo)

<
_2b3 “[lg = glloo

where we were able to replace the co with a ¢ because g(ds) = 0 for s > t. We have thus obtained a

Lipschitz constant 2’2@, depending only on t. O

Next we show that the AdaGrad-Norm is bounded.

Proposition C.9 (Boundedness). Suppose v is AdaGrad-Norm. Then (6), as part of Assumption 6,
holds.

Proof. This is immediate:

y(td, f,9,9) = ! <

\/b2 + fotg(s) ds

>3

It remains to show that AdaGrad-Norm satisfies (5) in Assumption 6.

Proposition C.10 (Concentration). Suppose 7y is AdaGrad-Norm, with Gy, and Gy, being defined as
before. Then Equation (5), as part of Assumption 6, holds:

E(lv(Gr) = ¥(Gi)l | Fa] < Cd™°(1+ || 112 + llgll%)-

Proof. Looking to remove the square roots, we have

(Gr) = 7(Gk)] < [V(Gr)? = 7(Gr)?|2.
For AdaGrad-Norm, we have

1 1

k k
B+ g o 1817 0+ 3 S G EIIA)12 ] F

|V(Gr)? —v(G)*| =7

k

2
< SN IF] - 1850 57)
7=0

We now bound the sum above. Set F; = ||A;]|?/d, Fﬂ = Projs(F;), AM; = F; — E[F; | Fi], and
A./\/lf = Z. [Ff | F;]. Then |AM?| € [—285,20], so Azuma’s inequality gives us

B o
e ]

_d1+25 da
Bl s gl/2+e) < _ _ _a
P (|Mk| >d ) < 2exp ( 2Td(2d5/2)2> exp < ST) )
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where we set 3 = d=/2. This is close to the bound we want: the error is

k
My — M| <SR = FY |+ |E[F: — F | R
1=0
‘We have

B(F, — F/ #0) = P(F| > 8) = P (”Ad . de/z) ,

which superpolynomially small by (40). The expectation is similar:
|E[F, — F} | F| = | B[(Fi — F))1 5,56y | Fill
<E|F; - F/P| F)* -Ellgnse | Fi?
<AB[EL | F)? - Eflgrss | FilE

The first expectation is bounded by a constant independent of d by (40), and the second expectation
is superpolynomially small by the same argument as above. We then have

‘Mk_M£| < d1/2+5

with overwhelming probability (note that this would be true for any power of d, by the definition of
superpolynomially small.) We thus conclude that

| Mkl < dl /2+e
with overwhelming probability. Multiplying by d, we find that

k
STE AP F] - 1A% < d**+ wop.
7=0

Plugging this back into (57), we find that

2
N 3/2+4e
(Gr)? = 7(Gr)?] < de/”
< Cd /e
with overwhelming probability, and so, taking the square root,
V(Gr) — Y(Gr)| < Cd™Y4HE/2 wop,

which is less than d—/**¢ as d grows (we replaced the constant with an extra factor of d¢/2.)
Controlling the expectation via the boundedness of -, we find that with 6 = 1/8,

E[|v(Gr) — v(Ge)| | Fi] <d° w.o.p.,
as desired. O

D Proofs for AdaGrad-Norm analysis

In this section we provide proofs of the propositions related to AdaGrad-Norm in the least squares
setting as well as the more general strongly convex setting. Statements of the propositions for least
squares examples are found in Section 4.

D.1 Strongly convex setting

In order to derive the limiting learning rate in this case, we need the following assumption and some
standard definitions of strong convexity.

Assumption 7 (Risk and loss minimizer). Suppose that
X* e argming {R(X) = E,[f((X,a), (X*,a)), €}
exists and has norm bounded independent of d. Then one has,
(X*,a) € argmin, {f(z,(X*,a),€)}, for almost surely a ~ N (0, K) and e.
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While at first, this assumption seems quite strong, in fact, in a typical student-teacher setup when
label noise is 0 (i.e., € = 0), where the targets have the same model as the outputs, the assumption is
satisfied. Our goal here is not to be exhaustive, but simply to illustrate that our framework admits a
nontrivial and useful analysis and which gives nontrivial conclusions for the optimization theory of
these problems.

Definition D.1 (L-smoothness of outer function f). A function f : R3 — R that is C'-smooth

(in the first variable) is called ﬁ( f)-smooth if the following quadratic upper bound holds for any
z,T,y,z €ER

Flyy,2) < @y 2) + (F 2,y 2), 8 — 2) + 20 |5 — a2, (58)

Note that if ' = 2 f(x,y, z) is L(f)-Lipschitz, ie., | f'(z,y, 2) — f'(&,y, 2)| < L(f)|x — &], then
the inequality (58) holds with constant L. Suppose z* € arg min_ {f(z,y, )} exists. An immediate
consequence of (58) is that

Lo X L(f)
2i/(f)|f (I,y,Z)Fgf(l’,y,Z)*f(I ,y,z)§ T

Definition D.2 (Restricted Secant Inequality). A function f : R® — R that is C'-smooth (in
the first variable) satisfies the (u,8)-restricted secant inequality (RSI) if, for any x € R and

x* € argmin,{f(z)},

(@ — 2%, (@) 2 {

If f satisfies the above for 8 = oo, then we say f satisfies the —RSI.

|z — 2|2 (59)

ple =2, if max{|a*[?, o — 2*|*} <0,

0, otherwise.

Proposition D.1. Let the outer function f : R? — R be a i( f)-smooth function satisfying the
RSI condition with [i( f) with respect to x € R. Suppose X* € argminx{R(X)} exists bounded,

independent of d and Assumption 7 holds and that v = } = %C for some ¢ € (0,1),
(L(£))? g Tr(K)

and that fooo H(8)7ys ds < oo with v as in Table 2 (AdaGrad-Norm, general formula), then

70772

Yoo >
1+ 15 22(0)

Proof. Given the Eq. (87) for the distance to optimality, with (z, z*) ~ N (0, ),

SPP0) = 2Bl — o £ o)) + TR o (0,0

d
By the RSI (with constant /i(f)) condition on f, we have that
Eacl(z -2, f'(2,2))] 2 f(HEa.l(z — 2*)°] = 2u(f)2(t), (60)

where x = (X, a) and 2* = (X*, a) and we note that = has t-dependence due to the t-dependence in
. By L(f)-smoothness,

1 / 2 j;(f) *\2
T(f)(f(x)) < 9 (z—a)".
This implies that
Q(L(lf))zﬂa ()] < SEaclle — 7] = 200). (61)

Thus by (60) and (61), we have that

G220 < (4000) - 2000 T ) A0

Which then yield:

71 <92<o>—2(2ﬂ<f>—<i<f>> Iwmo) | #enas
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Changing variables u = D(t) = []7,ds, we have that [[* Z(t)y,dt = [r(u)du =
<

|l7|l1- Rearranging the term 1n the above equation and taking ¢ —> co. We obtam Hr||1
(2ﬂ(f)7(LZ)g% )’ given that % > 7p. Using Lemma D.1, with i(v) =
I(B(71(v))) = E o, [(f'(z,2*)?] instead of the risk
2 2
77 n
Yoo = > = ) (62)
P T(E) [ i) dv © 2+ LT (R)(L() fo r(v) du
> 772 - "’
T byl (L(£)222(0) b 3 TUOLA) o
n T e T E) s Eie i naon) 0 T eamaeg 220 )

where the first inequality is by Eq. 61, and the last transition is by taking the initial learning rate to be

:% for ( € (0,1 O
Yo (L(f))2 To( Cv C ( )

Lemma D.1. Given ; as in Table 2 (AdaGrad-Norm), defining g(u) = ~v(I'~1(u)), with T'(t) =
2 . . p—
j;f vs ds, then g(u) = %JrﬁTr(IZ) Tty with i(v) = I(B(1(v))).

Proof. Taking the square of both sides of the ~; equation in Table 2 (AdaGrad-Norm), changing
variables to v = I'(¢) and rearranging the terms:

2 | Tr(K) “i(v) o 772
M /0 g(v) dvfg(U)Q’ ©3)

such that i(v) = I(%(I'"!(v))). Taking derivative with respect to u, rearranging terms and integrat-
ing leads to the desired result. O

D.2 Least squares setting

To study the effect of the structured covariance matrix and cases in which the problem is not strongly
convex, we will focus on the linear least square problem. In this setting, the continuum limit of the
risk for the AdaGrad-Norm algorithm has the form of a convolutional integral Volterra equation,

t
Z(t) = F(I'(t)) +/ Y K(D(t) — T(s))%(s) ds (64)
0
where T'(¢ fo v, ds with,
def 1 2 —2X-9L‘
Z D5 ( ", (65)
def 1 Z)\z —2Xiz (66)

In the following we consider three cases, a strongly convex risk in which the spectrum of the
eigenvalues is bounded from below (section D.2.1). A case in which the spectrum is not bounded
from below as d — oo, but the number of eigenvalues below some fixed threshold is o(d) (section
D.2.2). Finally, power law spectrum supported on [0, 1] with d — oo (section D.2.3).

D.2.1 Proofs for case of fixed d

Proof of Proposition 4.2. Define the composite functions 7(u) = Z(I'"'(u)), and g(u) =
(T~ (u)). Integrating the formula for the risk:
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/OtF du+// o ICu— ['(s))%(s)ds du
/oF du+//’C“_$ x)g(x) dz du
/OtF d“+70/r(x)/wlc(u—w)dudx

||7’H1 < IFl + ol Kl 7]l
Using || K1 = fo x)dx < 75 ', and noting that by Eq. (66), and Eq. (65), we have that
IF]l1 = 32°(0), and H’C\h = 94 Te(K),
i< F__47°0
T 1=lKlh 135 Te(K)
On the hand following Lemma D.3, 2?(0)(1 + 25 Tr(K)) < ||r[}1. = 192%(0).

Next, rewriting the ~y; equation in Table 2 (AdaGrad-Norm for least squares) in terms of g(u) (Lemma
D.1), we obtain

oo

Taking t — oo, we get

u) = 67
g(u) b+ ITr(K) Our(a?)dx 7
Taking u — oo, and using ||r||; =< 122(0),

2 2

n n
Yoo = g(00) = = . (68)

= Ly ITe(E)|rly — 2+ & Tr(K)22%(0)

This then completes the proof. O

Remark D.1. We note that, on the Least square problem I:( ) = i(f) = 1, therefore, the bound in

2

Proposition D.1 yields L r— "Tr(K)@g(O).

Proof of Proposition 4.1. Using the equation for the distance to optimality (Eq. 8) we can derive an

equation for the integral of the risk (with no target noise) which we denote by g(¢ fo
Tr(K?)
"(t) = - Z NI+ — =9 ). (69)
For K = I, this equation simplifies,
Tr(K?
9"(1) = 29/ (1) + 77 1) 10)

Plugging in the equation for the AdaGrad-Norm learning rate (Table 2) leads to the desired result.
We note that by using the equation for the learning rate, one can also derive a close equation for the
learning rate itself. O

D.2.2 Vanishingly few eigenvalues near 0 as d — oo

We now consider the case where, as d — oo, there are eigenvalues of K arbitrarily close to 0. In
Proposition 4.2 we saw a constant lower bound on y; when d is fixed (and thus there are finitely many
eigenvalues within any fixed distance of 0). This can be extended to the case where we have some
C' > 0 such that the number of eigenvalues of K below C'is o(d) (see Proposition 4.3).

Proof of Proposition 4.3. Following the structure of the loss, after some time the risk starts to de-
crease, and therefore Z(t) < Ry for and ¢ > 0. Using these observations, we obtain a preliminary
lower bound of y; > C;t~/2 (for t > 0), which enables us to deduce that Z%(t) is integrable and
finally obtain a constant lower bound for ~;. The details of this are below.
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For ¢t > 0 and some C; > 0,
n

>
\/b2+ Te(K) f{ B(s)ds /b + 3 Te(K) Rot

Next, to show that the risk is integrable, we divide the matrix K into two parts K, and K_, such
that the eigenvalues of K are greater than some o > 0 and the eigenvalues of K _ are smaller than
as where o is a decreasing function of s to be determined later. We then have that, following Eq.

(8), and the definition of the risk Z(t) = 55 S0, L Z2 (1),

> Ot 2, (71)

d t t
20 =20~ L3N [+ ] [ 2me) s )

< Z%(0) — /0 ~s(2a5 — 'ysé Tr(K?)) - Z(s)ds + 2/ Vs a2 (s) ds

with Z5(s) = 55 > .., <a, MiZ}(5). Next, choosing a; = 5% Tr(K?), we show that the last term
is of order 04(1). By Lemma D.2 Vi, 22(t) < max (v, Z(t1), 2?(0)) = co where the bound ¢,
comes from the assumption (X*, w;) = O(d~'/?) and the initialization X = 0. Therefore,

t 1 t
2/ 75%2( ) ds < ﬁ T‘I.(KQ)CO / ’YSNS ds. (73)
0 0

where N, = Zle 1), <v.3 Te(x2)- This implies that, if 7Ny = o(d), then 2 fot VsHo(s)ds =
04(1), provided that d is taken to be large before ¢.

We then have that up to 04(1) constant,
1 t
(1) < R(0) — - Tr(K?) / +2 . (s)ds. (74)
0

Using Gronwall’s inequality,
R(t) < %(0)6*% Te(K?) fy 72 ds < %(0)675 Tr(K2)02t (75)

where in the last transition we used the lower bound on the learning rate derived in Eq. (71). Thus,
the risk is integrable, i.e. there is some C3 such that

Z(0
/ (s = Tm. 2\ 2 o 2
5 Tr(K?2)C;
for all ¢ > 0. Finally, we plug this into the formula for -, and conclude that, for all £ > 0,
v > L . (76)

1 Te(K)%(0)

b2 T2\ (2
d Tr(K )Cl

O

Lemma D.2. Assume that the risk i lS bounded and attains its maximum at time t1. Then, for each 1,
we have 22(t) < max(y, Z(t1), 2%(0)) for all t > 0.

Proof. Case 1: Suppose that 22(0) < 40%(0). Then, by equation (8), %93(0) > 0. However,
since 2?%(t),#(t) are continuous, this equation implies that 22 (t) < v Z(t) for all ¢ and thus
D2(t) < v, Z(t1) for all .

Case 2: Suppose that 22(0) > 70#(0). Then, by equation (8), (ft 2%(0) < 0. If L22(t) < 0 for
all ¢, then 22(t) < 22(0) for all t. If at some point - Z2(t) > 0, this implies Z2(t) < 1% (t) and
we are in Case 1. O

In the next section, we consider cases in which the risk is not integrable, an example of such case is
when the spectrum of K is supported on the interval [0, 1] or has power-law behavior near 0.
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D.2.3 Power law behavior at d — o

Non-asymptotic bound for the Convolutional Volterra In this section, we use the convolutional
Volterra structure of the risk (Eq. (64)) to derive non-asymptotic bounds on the risk, which will
be useful in Section D.2.3 to derive the asymptotic behavior of the risk and the learning rate under
power law assumption on the spectrum of the covariance matrix and the discrepancy from the target
at initialization.

Lemma D.3. Let T'(t) := fot vs ds and let

Z(t) = F(I(t) + /Ot VIK(D(t) — T(s))%(s) ds
where 7y, KC are monotonically decreasing, with ||K||1 < oo. Then all t,
Z(t) = F(I(t)) + /Ot YAK(D(t) = T(s))F(T(s)) ds
If in addition, there exist € > 0 and T > 0 such that, forallt > T,
/Ot K(s)K(t—s)ds < 2(1 4 ¢)||K|1K(t) and 2||K|1(1+€)v <1
then for all t

#(t) < F(T(t) + C / VE(D(t) - T(s)) F(I(s)) ds

(kW) 1
¢= (K<T><2e+ D “) 1= 2K+

Proof. The lower bound holds trivially, using Z(s) > F(I'(s)). For the upper bound, we start with
the following change of variables:

T'(t)
() = FT(1) + / g(u)C(D(t) — )22 (1) d,

with g(u) = ypr-1(y). Let us define the convolution map

G(F)(T) = K+ (gf)(T) = / K(T — u)g(u) f () du.

Next we show that this map is contracting and in particular,
¢*(1) =60 = | Kt~ 967 (9)g(s) ds a7
= [kt =9) [ Kts - wgtnsw) dugts) as
-[ (f K~ Kl — u)g(s) ds ) gl ) du

< / K2 (t — w)g(u)? f(u) du

where the third transition is since u < s < t. The last transition is by change of variables and the
assumption that ~; is a monotone decreasing function. Consecutive application of the convolution
map will then yield by induction,

&) < / KO (¢ — w)g(u)  (u) du,
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Therefore, expanding the loss and using the above upper bound, and denote by ¢ = 2(1 + ¢)||K||170
such that ¢ < 1,

)+ Z g] (78)

+Z/ KO (t — u)g(u)! F(u) du

00 t
<P+ | IR+ ) ~ 1) &1 [ Kl - wglwF(u) du
j=0 0
< () + 72K+ (gF))(0) 9
where the third transition is by Lemma D.4, with C; = % + 1, which then completes the
proof. O

Lemma D.4 (Lemma IV.4.7 in [3]). Suppose K is monotonically decreasing, with ||K||1 < oo, and
that there exists T' > 0 such thatVt > T, and € > 0,

/ K(s)K(t —s)ds < 2(1 4 &) | K[ K(). (80)
Then,
sup S < 1+ 01 (e 1) @
Proof. Define a,, = SUpP;>0 W, trivially &y = 1. Consider the n + 1 convolution,
*(n41) *n(g
K = 5, i ®2

By the assumption of the Lemma, we know that there exists some 7" > 0 such that for V¢ > T
t
K(s)K(t — s)
————~ds < (1 + ¢)K(t). (83)
/0 2[IK][2
Therefore, if t > T', we have

1 LR () (t — s)
/o <2||;q| ) as (84)
K(s)K(t —s) K (t —s)
/ 2|vcu1 K( —s) 2]yt 4 < enl +e)
On the other hand, if t < T,
L [PR@K"(E=s) o KO) K@ K(©)
/c<t>/o @Ik %= k@) @KL = K@)z (85)

Taking supremum in Eq. (82), and combining the results of Eq. (85), and Eq. (84), we obtain that,

)
Apt1 >

=K (T)2n
Solving the above recursion equation,

+ an(l+e)

NURSIIS b G KO 11—+ o
< n — n
an,K(T)kZ:Ozn_k_l(lJre) +(1+e) Rz T T30 7o +(1+e)
_ K(0)
< (1 (Ol - A |
<(+9 (IC(T)(26+1)+ )
rearranging the terms we arrived at the required result. O
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Asymptotic analysis of the risk Here, we consider a family of models with d — oo, for which
the following power law asymptotics assumption is satisfied:

Assumption 8. F(z) < 27" and K(x) < ™" forx > 1 withk; > 0, kg > 1

Corollary D.1 apply Lemma D.3 in the setting for which F’, and X has a power law behavior
asymptotically. It shows that the risk will then be dominated by F' only. Corollary D.2 shows the
behavior of the learning rate in this setting. Finally, Lemma D.5 shows that Assumption 8 is a

consequence of a power law spectrum near zero on the eigenvalues of the covariance matrix and a
power law assumption on the projected discrepancy at initialization.

Corollary D.1. Suppose Assumption 8 is satisfied, then Z(t) < F(L'(t)).

Proof. Define g(u) = yr-1(,) and r(u) = Z(I' ! (u)) and observe that g(u) is a decreasing function.
Then, from the upper bound in Lemma D.3, we have

r(w) < F(u) + C /Ou 9K — v)F(v) dv

w/2
=F(u)+C (/0 g)K(u—v)F dv+//29 K(u —v)F(v) dv)

wN —F2 U/2 U\ —F1 (86)
F(u) + C14(0) <(2) /0 v)dv + (5) / K(u—v) )
< F(u) + Co(u™"27r 4y =1 || K|
= O(F(u)).
Combining this upper bound with the lower bound from Lemma D.3 and that x5 > 1, we conclude
that r(u) < F'(u) and Z(t) < F(T'(t)). O

Next, we derive the asymptotics of ;. There are three different cases, depending on whether the risk
is integrable, which translates to a threshold with respect to the parameter x1.

Corollary D.2. Suppose Assumption 8 then the following asymptotics for the learning rate hold:
» For k1 > 1, there exists 7 such that v, > 74 and Z(t) < t~" forallt > 0.

e Forky <1,y = t—(1=r1)/(2=K1) and Z(t) < t_ﬁilﬂl forallt > 1.

s Fork; =173 =< 0 and Z(t) < (log(t+1 )" forallt > 1.

log(t+
Proof. Using the notations g(u) and r(u) defined above along with the change of variable v = T'(¢),

we get fo s)ds = [ ;(”) dv. Combining this with Corollary D.1 and the formula for v; we get

_ n
- u (14v)—F1 ’
VB 2K fyr B gy

Let I(u) = b + 2Tr(K) u%dv and observe that g(u) =< —2A— and I'(u) =
%Tr(K)%- Thus, I(u) satisfies \/% = (14 u)~ " so we have
\/I(u)—\/I(O)x/ (1+4v)% do.
0

In the case of 1 > 1, this implies \/I(u) < /I(0) + C [(1+ v)~** dv. This upper bound on I (u)
gives a corresponding lower bound on g(u) and thus a lower bound on ;.

In the case of k1 < 1, we have /I (u) — /I(0) < (1 4+ v)}~*1 so, for u sufﬁciently large, g(u) =<
(14 u)* 1. To recover the asymptotic for ~;, we observe that --T'"1 (u) = g(u) = (14 u)t=m.
Integrating both sides and changing back to t variables, we get t < (1 + I'(¢))2~"! (or equivalently
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1 4+ T'(t) = t'/(=*%1)), Finally, plugging this into the formula for ~; and applying Corollary D.1, we
get

X e < (1),
VB + 2TR(K) [§ F(T(s)) ds

In the case of k; = 1, we follow a similar procedure as for k; < 1 to show that ¢ < I'(¢) log(I'(t))
for sufficiently large ¢. This implies I'(¢) =< t/log(t) which gives the desired result after integration.
The decay rate of the risk is then immediate using Corollary D.1. O

Lemma D.5. Ler K have a spectrum that converges as d — oo to the power law measure p(\) =
1-8
C)\fﬁl(o,xmax), with C~1 = ’\1“3*5 for some B < 1, and Amax > 0, and suppose that 22(0) ~ A\, s

then F(t) < t™"1, and K(t) < t"2, with k1 = 2— —0, and ko = 3— B. In addition, K(t) < t~"2,
satisfies Eq. (80).

Proof. Following the definition in Eq. (66), and Eq. (65)
1 _ ﬂ >\max
2ok
2Amax T
— 1-06 / yl_ﬂ_ée_ydy— 1-7 (2—6—6,2/\maxx)_
)\mag (293)2 p-s )\rlna£23 p—é x2=B=0
Similarly for /C,

_ ﬁ Amax 2— ﬁ —2\x B 7(3 ﬂ?Q/\maxlj)
K(z) = A}IBX A d\ = )\1 Fysp 37

max

F(z) = ATA70em AT g\

with (s, 2) j 2%~ te™® dx is the incomplete gamma function. For large z, (s, z) =< I'(s), the
complete gamma functlon We therefore obtain k1 = 2 — 8 — 4§, and ke = 3 — 3. Next, we show
that C(z) =< a~"2 satisfies Eq. (80),

//c t—s)dsg/t KK —s)ds+ [ K@K —5)ds
0

t/2
t/2 t
< K(t/2) K(s)ds+ Kt —s)ds | <2K(t/2)|K]1
0 t/2
by the power-law assumption for ¢ > T, K(t/2) = K(¢) which then complete the proof. O

Proof of Proposition 4.4. The proof is an immediate application of Corollary D.2 with, k; = 2—5—4
as implied by Lemma D.5. O

Remark D.2. This includes the case 3 = 0, which is the uniform measure on [0, Apax]-

E Polyak Stepsize

The distance to optimality of SGD is measured say by D?(X) = [|X — X*||°. Let us consider
the deterministic equivalent for the distance to optimality 22(¢) in (11). Fixing T > 0 and any
e € (0,1/2), we have by Theorem 2.1 (see also corollary B.1 which show concentration for large
class of statistics) that supg<, <7 |[| X |¢a) — X*||* — Z2(t)| < d~°, w.o.p. In this way, if we want to

guarantee that the distance to optimality of SGD decreases, we need dZ?2(t) < 0 with the maximum
decrease being min,, dZ?(t).

As it turns out, the evolution of %2 is particular simple, as it solves the differential equation (derived
from the ODE in (9))

d 9 A(%) :Ea,e[<x_x*7f/(x@$*>>]’
S0 = =2 ABW) + LTE)B(D), {1(B) =E[f (202", where (87)
(m ) x*) ~ N(O,%).
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Figure 5: Convergence in Exact Line Search on a noiseless least squares problem. The plot on

the left illustrates the convergence of the risk function, while the center and right plots depict the

convergence of the quotlent E t; and the learning rate ~;, respectively. Further details and formulas

for the limiting behavior can be found in the Appendix F.2. See Appendix H for simulation details.

The distance to optimality threshold, 77, occurs precisely when d2? < 0. This choice of v makes
the ODE for the distance to optimality stable. By translating the relevant deterministic quantities in
7 back to SGD quantities, we get

9 X, — X*, VR(X . . g 2A(A(t
a7 def Tr(K 2 X (X)) with the deterministic equiv. 77 = Tr(K)(A
E o c[f' ((Xk, a); (X*,0), € T L(A(1))
(88)
A greedy learning rate that maximizes the decrease at each iteration is s1mp1y given by gPOlyak S

arg min d%?(t). This has a closed form and we call this Polyak stepsize''. Again translating this
back to SGD, we have

Polyak learning rate gp(’lyak =1g7 and deterministic equivalent APolyak 7. (89
In this context, the Polyak learning rate is impractical because we do not known X *. In spite of this,
we can learn some things about this learning rate as it is the natural extension of Polyak learning rate
to SGD.

The quantities A(Z) and I(#) in (88) and (89) only depend on the low-dimensional function f
and thus do not carry any covariance K or d dependence. Moreover, under additional assumptions
on the function such as (strong) convexity, we can bound from below A(%)/1(28). Thus, in terms

covariance K and d, the Polyak stepsize g, Polyak T Kl) 7

1
avg. eigof K °
In the case of least squares (see (7)), we get

Pk 2R(Xy) — w?
b =_ % =
2T1‘((1K) R(Xk)

. Polyak 1
and on a noiseless least squares, g, = TRy

d

The latter gives the best fixed learning rate for a noiseless target on a LS problem (as noted in
[35, 43]).

F Line Search

F.1 General Line Search

Naturally, one can ask a similar question as in Polyak in the context of line search (i.e., decreasing
risk at each iteration of SGD). First, by the structure of the risk (Assumption 3 and 4),

IVR(X)||? = m(WTK?*W) and Tr(V*R(X)K) = v(K). (90)
Therefore using (9), we have that the deterministic equivalent for |VR(X)|? is .#(t) =

1 E?Zl m(¥;(t)A\?). In this case, the deterministic equivalent for the risk Z satisfies the following
DE

A% = —yetl (t) dt + %?U(K)I(%(t)). ©1)

"This is the idea of Polyak stepsize when the problem is deterministic.
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From this, we get an immediate learning rate (stability) threshold for the risk, that is, g‘;‘;f is the largest
learning rate for which SGD is guaranteed to decrease at each iteration, i.e., when the deterministic
equivalent of Z satisfies A% < 0 or equivalently after translating relevant terms into SGD quantities

IVR(Xk)|? A (1)
2 v(K ’
LWI(WEKWk) %](gg(t))
92)
The greediest approach, which we call exact line search, would choose the learning rate such that

%lfine € arg min,y dZ. In this case, we get

risk threshold gf = and deterministic equiv f*yf’? =

gi* = 1g7 and deterministic equiv ;™ = 1~/

F.2 Line Search on least squares

In this section, we provide a proof of Proposition 3.1, but, we show more than this including the exact
limiting value for ;.

Proposition F.1. Consider the noiseless (w = 0) least squares problem (7). Then the learning rate
is always lower bounded by
)\miu K li

%TEK;) <~ forallt > 0.
Moreover, suppose K has only two distinct eigenvalues Ay > Ay > 0, i.e., K has d/2 eigenvalues
equal to \1 eigenvalues and d/2 eigenvalues equal to \o. In this context, the exact limiting value of
ylime s given by
. 2 (A2 + N2z
lim ™ = ( ! 22) 57 (93)
k—oc0 ()\1 + )\21’) ()\1 + )\2)

where x is the positive real root of the second-degree polynomial

fP(.’L‘) = )\1)\2(1‘ + 1)()\21’ — /\1) + ()\2 — )\1)3:,6. %94)
This leads to s (K) y A (K)
min < : me < min .

2 Te(K?) T Am ™ s T Tr(K?) ©5)

Proof. We establish the inequality

min (K) line
T[{Q)S’Yt foralltz()

by observing
1< 1
— 2 2 > . 7 ) 2 _ )
y ;)\Z PE() = 2min(K) 52 ; N D2 (t) = 2Amin (K)Z(t).

Now let us consider K ~ X1 + 2y for Ay > Ay > 0.

We define 2, (t) &ef Zf\li:)\ 22 (t). Utilizing the ODEs in (9), we derive
d
T = —20A(t) + 292N x [{A = ML, | x Z(t)

for each distinct eigenvalue A of K. Here [{\ = )\;}%_,| is the number of eigenvalues of K that

are equal to \. It immediately follows by our construction of K that [{\ = \;}¢_,| = 4. Thus, we
establish the following system of ODEs

{ft%l(t) = =2y Dy, (t) + dyENZ(t)

96
D g (8) = —29 00D, (1) + A1) °6)

2(M 2, (O)+A3Dx, (1))
(M 2x, ()22 2x, (1) (A3 +A3)

where Z(t) = 5 (M Dy, (t) + A2 D, (1)) and 1 =
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Since Z5,(t) > 0and Ay > Ay > 0, we infer that Z(t) = 55 (M D, (t) + XD, (1)) >
A1 25, (t) > 0. The structure of the exact line search algorithm ensures lim;_,o Z(t) = 0,
hence lim;_, o, P, (t) = 0. Similarly, we deduce lim;_, o 2, (t) = 0.
By applying L'Hépital’s rule and substituting the expressions for 7" and Z(t) in terms of %y, (t)
and 9y, (t), we derive

im @)\2 (t) — lim d@)\z (t)
t—o0 @/\1 (t) t—o0 d_@)\l (t)

— lim 72’}/1‘)\2 .@)\2 (t) + dW?)\Q%(t)
t—oo =2y A1 D, () + dyEMZ(L)

— lim —2>\2 9)\2( ) + d’)’t)\zt@(t)
t—oo —2)\1 _@,\1( ) + d’}/t/\p%(t)

i Tt /\12)\2 '@/\1< ) + >‘2'@/\2 (t) (’7t% - 2)

=00 ’yt%@>@(t) + )‘1@>\1 (t) (’725% - )
L D0 + 9, (OB (AN + NN — 20ha) + 0, (N — 28)
t=00 Dy, (1)2(=A] — 203N2) + Do, () Do, (1) (= A3 A2 + A2A3 — 201 03) + D, (1)2 M1 A3

2
22 (MM + X — 20h0) + (nmt%o gggg) (—M4 = 2222)

(A = 2X202) + Ty oo 220 (L33 + 2202 — 20, 03) + (lime o 220) a03
1 17\2 t—o00 -@Al(t) 17\2 11\2 11\ t—00 le(t) 119

)\%)\2 + hmt_mo

Therefore, hmtHoo N E t% is the positive real root of the second- degree polynomial

Solving for z > 0, we derive the explicit formula

im ‘@)\2 (t>
t—o00 -@)\1 (t)

98
N 2020+ 2002 — X+ /30— ANTh, TSNS — O A A g
N 2012 '
Gi
e 2 2 2 ()\2 + X35 %2( ))
,yhnc _ 2 (Al'@/ﬁ (t) + )‘2'@/\2 (t)) _ 2 (1) (99)
' (AP, (1) + A2, (1) (A + A3) ()\1 + Ao %2(3) (A2 4 \2)
we have B (8)
. Ao t
lim ~,"¢ = L (100)

o (M + Ao limy oo 228 (07 +33)

By substituting (98), we get

lim ,ylme

t—00
_ A+ 2020 + 20003 + A3 — VAT — A%, + 83AZ — 607AF + 8ATA] — AN + A
(A2 +23)°

(101)

A direct calculation reveals that A; > Ao > 0 implies lim;_, o 'yh“e < ?‘T“;‘&({Ig; . O
d

Remark F.1. For the scenario where K has an arbitrary number n of distinct eigenvalues, equation
(13) remains valid. The proof parallels the one outlined above. However, in this case, the expression
for limy,_, o @i is given by

()‘1 + A5x4+ )x%:z:n_l)
lim g, = : -
ko0 (M +)\2$1+.../\nxn_1)(/\1+...+)\n)

where 1, . ..,x,—1 > 0 satisfy a more intricate coupled system of n — 1 equations.

(102)
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G Examples

Any single index model with a-pseudo Lipschitz (« < 1) activation function is covered by our
SGD+AL theory. In this section, we provide key learning problems within this family of models.

G.1 Binary logistic regression

We consider a binary logistic regression problem with e = 0 where we are trying to classify two
classes. We will follow a Student-Teacher model, in which there exists a true vector X * to be the true
direction such that possible labels are, y = %. or 1 — y. In order to classify the data we
minimize the KL-divergence between the label y and our estimate defined by the above formula,

_ (X a)

exp((X*,a)) +1
To study the ODE dynamics of SGD in Eq. (9) one needs the deterministic risk 4(B), and I(B) =
E.[f'((X,a), (X*, a))?, with B = WTKW. Following the computation in Appendix D example
D.4 in [15] we obtain that

R(X) :]Ea{— (X, a) + log (exp({X,a)) + 1) |. (103)

exp(v/Baz - 2)
(14 exp(VBaz - 2))

where z,w ~ N(0,1). The I function can also be computed explicitly by solving the following

Gaussian integral, where we define g(x) &f 1?:’((;(;)

I(B) = W;W /IR (9(x) ~ 9()* exp (— % @TB—1 (g) ) dz dy. (105)

We note that, the logistic regression is (u, #)-RSI with . = ﬁ see section 2.2 in [15]. Its Lipschitz

h(B) = BglEz[ 2} +E,[log(exp(wy/Bn) +1)],  (104)

constant is ﬁ( f) = 1. Using Proposition D.1 one can derive a lower bound on the limiting learning
of AdaGrad Norm.

For more details and more examples, see [15].

G.2 CIFAR 5m

Finally, we include an example that uses real-world data, that is, the CIFAR 5m dataset [38]. Our
theory does not explicitly deal with non-Gaussian distributions, but we find that the theoretical risk
curves generalize cleanly to that case.

As we are now working with discrete data points rather than a distribution, the learning setup, while
closely analogous to what was presented earlier, has some slight differences.

We start with a subset of the data consisting of n grayscale images, each of which is 32 x 32 pixels,
that is, A € R"*1024 We fill a vector b € R™ with the corresponding labels (0 for an image of a
plane, 1 for an image of a car.) We then randomly choose a matrix 1 € R'924%4 with i.i.d. Gaussian
entries to generate the features F' = relu( AWW). We want to use least squares to predict the label
from the features, i.e., find

. _ 1 21y 2
arg min y cpa {R(X) =5 |FX —b||* = 5> 2—31 (fi- X —by) } , (106)
where f; is the ith row of F'. The SGD we now consider is
Xk+1 - Xk — Yk (fik+1 - X - bik+1) fik-+17 {Zk} iid Unlf({17 27 T 7”’})7 (107)

where ;, is the usual AdaGrad-Norm stepsize, as in (15). Our empirical covariance matrix K
(remembering that f; is a row vector) is then

1
K =Eicp jem [fi' f5] = —FF. (108)

We now use (64), with the AdaGrad-Norm stepsize, to numerically simulate the SGD loss, which we
then compare to the actual loss. Our theory matches empirical results very closely.
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Figure 6: Predicting the training dynamics on a real dataset, CIFAR-5m [38], using multi-pass
AdaGrad-Norm. This suggests the theory extends beyond Gaussian data and one-pass. Note that the
curves look significantly different for different n; smaller values of n lead to an overparametrized
problem, allowing least squares to memorize datapoints, whereas for larger n, least squares must
learn a general function mapping images of cars and airplanes to their respective labels.

Empirical Risk

H Numerical simulation details
Here we provide more details for the figures that appear in the main paper.

Figure 1: Concentration learning rate and risk for AdaGrad-Norm on a least squares problem
with label noise w = 1 (left) and on a logistic regression problem with no label noise (right). For
logistic, see Section G. 30 runs of AdaGrad-Norm with parameters b = 1 and = 1 for each d;
X* ~N(0,1;/d), Xo = 0, and K = I;. The shaded region represents a 90% confidence interval
for the SGD runs. As the dimension increases, the risk and stepsize both concentrate around a
deterministic limit (red). The deterministic limit is described by an ODE in Theorem 2.1. The initial
loss increase in the least squares problem suggesting that the learning rate was initially too high, but
AdaGrad-Norm naturally adapts and still the loss converges. Our ODEs predict this behavior.

Figure 2: Comparison for Exact Line Search and Polyak Stepsize on a noiseless least squares
problem. The left plot illustrates the convergence of the risk function, while the right plot depicts

the convergence of the quotient ~y; / i\r%;((ng)) for Polyak stepsize and exact line search. Both ODE
d

theory and SGD results are presented, showing a close agreement between the two approaches.
The covariance matrix K is generated such that the eigenvalues follow the expression \;(K) =

. —1/s
d )T . (#1) , i =1,...,d, where s > 2 is a constant. As s approaches 2,

S (ah
the spectrum becomes more spread out, resulting in larger values of é Tr(K?). Larger values of
s correspond to smaller spreads in the spectrum. Additionally, Tr(K)/d = 1 for all s. Both plots
highlight the implication of equation (13) in high-dimensional settings, where a broader spectrum
of K results in i‘"’“‘(K) < 1 —, indicating slower risk convergence and poorer performance
S Tr(K?) G Te(K)
of exact line search (unmarked) as it deviates from the Polyak stepsize (circle markers). The gray

shaded region demonstrates that equation (13) is satisfied.

Figure 3: Quantities effecting AdaGrad-Norm learning rate. (left): The effect of adding
noise to the targets (w = 1.0) to the risk (left axis) and learning rate (right axis). Ran AdaGrad-
Norm(b = 1.0, = 2.5) on least squares problem with d = 500. Xy, X* ~ N(0,I;/d). A single
run of the SGD (solid line purple) matches exactly the prediction (ODE, teal). The shaded region
represents 10 runs of SGD with 90% confidence interval. The learning rate decays at the exact
predicted rate of \/ﬁ Depicted is m% so it approaches 1. (center; right): Noiseless
least squares setting (w = 0). (center): Prop. 4.2 predicts the avg. eig of K (Tr(K)/d) as compared
with Apax effects the limy_, oo g5. Indeed, this is true. We varied the £ = Apax/Amin While keeping
the Tr(K)/d and all other parameters fixed. All the learning rates behave identically verifying our
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theory about the effect of Tr(/K)/d on learning rates. (right): Varying the learning rate of AdaGrad
norm by || X — X*||?; our predictions (dashed) match and we see the inverse relationship predicted
by Prop. 4.2. See Appendix D for details. Additionally, we did the following.

* Center plot: AdaGrad w1th b = 0.5, 7 = 2.5 is run on the least squares problem with
d = 1000 and Xy, X* (0,I). The covariance matrix K is generated so that the

eigenvalues are

d i\ Ve
A (K) = . ( ) L i=1,....d.
c\"2/s \d+1
d i
YL (75)

d+1

The constant s > 2. When s is near 2, the spectrum is more spread out, i.e., K = A“‘i 1s

large. Larger values of s mean smaller the spreads. Moreover Tr(K)/d = 1 for all s. In 'the
simulations, we used s € {2.1, 3.0, 3.5,4.0, 5.5} and recorded the condition number .

* Right plot: Ran AdaGrad with b = 0.5, 7 = 2.5 on the least squares problem with d = 1000.
X*=0and Xo ~ \/EN(0,I) where p € {1,2,4,8,16}. In this way, || X — X*||? = p.

Figure 4: Power law covariance in AdaGrad Norm on a least squares problem. Generated
covariance K such that the density of eigenvalues are (1 — 3)A\~# where 8 = 0.2 and set X = 0.

Choose (X)4; = (A, 5/2) *_, where ), is the i-th eigenvalue of K and we vary 6 € (0, 1.8) so that
0 < 0+ B < 2. Setting of Prop. 4.4.

Figure 5: Convergence in Exact Line Search on a noiseless least squares problem. The plot on

the left illustrates the convergence of the risk function, while the center and right plots depict the

convergence of the quotient sz E t% and the learning rate -y, respectively. Predictions from ODE

theory are compared with results obtained from SGD, demonstrating close agreement between the

two approaches. Initialization was performed randomly, with X ~ N(0,I;/d) and X* ~ ﬁl,

where d = 400. The covariance matrix K has two distinct eigenvalues \; = 1 > Ay > 0, and
was constructed by specifying the spectrum, with A; sampled from a discrete uniform distribution
U{l, )Xo} fori =1,...,d = 400, and setting K = diag()\; : ¢ = 1,...,400). Further details and
formulas for the limiting behavior can be found in the Appendix F.2.

Figure 6 Convergence on CIFAR 5m [38]. We train a classifier to distinguish between images
of airplanes and cars. Fix d = 2000. Then for multiple values of n, we run AdaGrad-Norm with
initialization Xy = 0, b = 0.1 and = 5, randomly sampling a datapoint from F' at every step.
Details of the setup can be found in Appendix G.2.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction introduce the class of problems we consider
in this work. We do not exaggerate our claims and state precisely the limitations of our
work, namely "high-dimensional linear composite setting’” with normally distributed data in
Section 1.1.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We clearly state all the assumptions on the model and algorithm in Section 1.1.
When the theory switches to the least squares problem, we indicate clearly in the theorem
statements. For example, see AdaGrad (Section 4) and Line Search (Section 3). We are very
careful in the statements of our theorems/propositions/lemmas/corollaries to include all the
assumptions needed to prove the result.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The paper contains 2 sections detailing the exact set-up of the problem
class (Section 1.1) as well as the algorithmic set-up (Section 1.2). All the proofs for the
main results are provided in the appendix and we are careful to include all the necessary
assumptions to prove these results.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Either in the captions or in Section H, we state all the parameters, covariances
of the data used, initialization, etc that are needed to reproduce the results. We also intend
to release the code and make it available via github. We also remark that the numerical
simulations are relatively simple to reproduce as they are generated using synthetic data and
the algorithms are already in use.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: In the captions of the figures and/or in Section H, we have provided all the
details to reproduce the experiments. The data is synthetic. We also intend to release the
code.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
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Justification: Either in the captions of the figures or in Section H, we state all the parameters,
covariance of the data, initialization, etc that are needed to reproduce the results. We also
intend to release the code and make it available via github. We remark that the numerical
simulations are relatively simple to reproduce as they are generated using synthetic data and
the algorithms are already in use.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In the figures (especially Figure 1), we provided statistical error bars (shaded
region). Part of our theory is that the training dynamics of SGD with adaptive learning rate
in high-dimensions concentrate. We then predict these training dynamics exactly. In this
sense, we have used statistical tests to illustrate our theory.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The computing resources are minimal in our case as the models are just least
squares and logistic regression with synthetic data. We explicitly state all the relevant details
for another person to run the experiments. We remark that due to the simplicity of our
simulations, no experiment required extensive compute capabilities.

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the code of ethics. We have made our utmost attempt to
adhere to the guidelines provided by NeurIPS. We do not use any human subjects nor any
datasets (privacy is not a concern). We did our best to cite all the relevent related work.
Given that our work is in the foundational research and, in addition, the theory side, it is
difficult to mitigate all the risks as the downstream effects of theory are long. The model is
completely synthetic using the standard SGD algorithm; thus we don’t, to the best of our
knowledge, anticipate any risks.

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: We do not anticipate any negative societal impact of the work. The work
is a purely theoretical result on foundational research and it is not tied to any particular
application. The work uses only synthetic data, standard algorithms (e.g., SGD, AdaGrad-
Norm) that have already been used in ML/AI, and models such as least squares and logistics
that are textbook. We have included a paragraph at the beginning of our appendix justifying
this answer to the broader impacts of our work.

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper poses no such risks. The work is purely theoretical and uses only
synthetic data generated from a normal distribution. The models employed are standard
statistical model (e.g., least squares and logistic regression) which are textbook problems.

12. Licenses for existing assets
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13.

14.

15.

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We acknowledge via citations that the algorithms we study have been intro-

duced before by others. We are not using any datasets or other assets beyond numpy and
thus do not need to name any license or cite any dataset.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: We do not intend to release any new assets. Neither the model nor the
algorithms are new. We are simply analyzing known algorithms and models in this paper.
We do intend to release code for reproducibility. In particular, we want readers to be able to
generate the deterministic ODEs.

Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper

include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
The work is purely theoretical on a simple model.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The work does not involve crowdsourcing nor research with human subjects.
The data used in this work is generated synthetically.
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