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Abstract

In sequential decision-making problems, the information structure describes the
causal dependencies between system variables, encompassing the dynamics of the
environment and the agents’ actions. Classical models of reinforcement learning
(e.g., MDPs, POMDPs) assume a restricted and highly regular information struc-
ture, while more general models like predictive state representations do not explic-
itly model the information structure. By contrast, real-world sequential decision-
making problems typically involve a complex and time-varying interdependence of
system variables, requiring a rich and flexible representation of information struc-
ture. In this paper, we formalize a novel reinforcement learning model which ex-
plicitly represents the information structure. We then use this model to carry out an
information-structural analysis of the statistical complexity of general sequential
decision-making problems, obtaining a characterization via a graph-theoretic quan-
tity of the DAG representation of the information structure. We prove an upper
bound on the sample complexity of learning a general sequential decision-making
problem in terms of its information structure by exhibiting an algorithm achiev-
ing the upper bound. This recovers known tractability results and gives a novel
perspective on reinforcement learning in general sequential decision-making prob-
lems, providing a systematic way of identifying new tractable classes of problems.

1 Introduction

The information structure of a sequential decision-making problem is a description of the causal
dependencies between system variables. In particular, the information structure specifies the subset
of past events that causally influence the present state. This includes information affecting system
dynamics and information available to each agent when choosing an action. The control community
has long recognized the importance of information structure, leading to the development of the
celebrated Witsenhausen intrinsic model [1], and extensive study since the 1970s [e.g., 2—14].

In general, sequential decision-making problems with arbitrary causal dependencies between system
variables can be computationally and statistically intractable in both control and learning settings [3,
15]. In response, early research has identified classes of tractable information structures. For example,
Markov Decision Processes (MDP) and Markov teams/games assume an observable Markovian state,
which serves as a sufficient statistic for the system’s evolution. These structural assumptions enable
practical planning and learning algorithms, for example based on dynamic programming [16, 17].
Although such restricted model classes can enable more fruitful analysis, they lack the expressiveness
needed to naturally capture the causal structures of complex real-world sequential decision-making
problems, where each event in the system may depend arbitrarily on past events.
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The concept of information structure is also fundamental to studying the phenomenon of partial
observability. In general, partial observability refers to situations where a system’s evolution depends
on a potentially large number of sequential events, but only a subset of these events is observable
by the learning agent. However, commonly studied models capture only a restrictive form of this
phenomenon. For example, in a Partially-Observable Markov Decision Process (POMDP)—the
standard model of partial observability —it is assumed that a Markovian state exists and that each
observation is a noisy measurement of the current state. This assumption is often unrealistic, as general
systems may not have clearly defined “states”, and observations may be generated by more complex
dependencies. Information structure provides a more powerful framework for understanding partial
observability, capturing a general notion in which system variables evolve with an arbitrary causal
structure (not necessarily Markovian), and the set of observables is any subset of all system variables.

The highly-regular information structures of classical models make analysis more tractable, enabling
favorable theoretical results [e.g., 18—22] and driving notable empirical success across a wide range
of domains [e.g., 23-28]. Despite this empirical success, a general theory addressing the role
of information structure in the statistical aspects of reinforcement learning is missing. We argue
for the perspective that information structure is an important component of analyzing and solving
reinforcement learning problems. A rich and flexible representation of information structure is
essential to faithfully capture real-world sequential decision-making problems, where the system
evolves according to a complex and time-varying dependence on the past, and different agents have
different information available to them at different points in time.

In this work, we formulate a general model of sequential decision-making with an explicit rep-
resentation of information structure, and study the role of information structure in the statisti-
cal complexity of reinforcement learning. Explicitly modeling information structure allows us to
identify a broader class of tractable decision-making problems and ultimately develop more tailored
reinforcement learning approaches that leverage this structure.

Summary of Contributions

A model for representing information structure. We propose / POSG \
partially-observable sequential teams (POST) and partially-
observable sequential games (POSG) as general models that
contain an explicit representation of information structure as
part of the problem specification. This forms a unifying frame-
work that enables an analysis of the role of information struc-
ture in RL and captures commonly studied RL models as spe-
cial cases, including MDPs, Markov teams/games, POMDPs,
and Dec-POMDPs/POMGs (Figure 1). The models introduced
in this work draw inspiration from Witsenhausen’s intrinsic
model [1] and its variants from the control literature [29, 30],
with added elements to model partial observability in the con-
text of reinforcement learning. Figure 1: A depiction of the

enerality of our proposed mod-
Theoretical analysis of sequential decision-making through gls. POgTs and I?OSPGS capture

information structure. We characterize the complexity of the N\ipps. POMDPs. Dec-POMDPs
observable dynamics of any sequential decision-making prob- . ; ’
lem through a graph-theoretic analysis of the information struc-
ture. Moreover, we propose a generalization of predictive state representations—which may be of
independent interest—and construct such a representation for POSTs/POSGs by exploiting informa-
tion structure. This provides a robust and efficient parameterization amenable to learning.

Dec-POMDP

and POMG:s as special cases.

Learning theory & information-structural analysis of statistical complexity. We prove an upper
bound on the sample complexity of learning general sequential decision-making problems, expressed
as a function of information structure. In particular, the dependence is on an interpretable quantity
derived from a graphical representation that can be thought of as an effective “information-structural
state”, generalizing the typical notion of a Markovian state. We prove this result by exhibiting an
algorithm achieving this upper bound, making use of the generalized predictive state representation
constructed earlier which provides a robust representation amenable to learning. In doing so, we
identify a larger class of statistically tractable reinforcement learning problems.

Related Work. We provide a detailed discussion of related work in Appendix B.
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2 Background & Preliminaries

What follows is an abridged description of the relevant background and preliminaries. We refer the
reader to Appendix C for a more detailed treatment, and to Appendix A for a summary of notations.

2.1 Generic Sequential Decision Making Problems

Consider a controlled stochastic process (X1, . .., X ), where X}, is arandom variable corresponding
to the variable at time h. At each time h € [H|, the variable X}, may be either an ‘observation’ (i.e.,
observable system variable) or an ‘action’. The dynamics of this stochastic process are described
by a tuple (H,{X}n, O, A, P), where H is the time horizon, X}, is the variable space at time
h, O C [H] is the index set of observations (i.e., X} is an observation if h € O), A C [H|
is the index set of actions, and P = {P,}rco is a set of probability kernels which describes
the probability of any trajectory 1, ..., 2y given the actions, P[{z;: s € O} | {z5: s € A}] =
[IhcoPrlzn | 21,...,25_1]. A choice of policy 7 induces a probability distribution P™ on X; x
-+ x Xpg. The objective of the agent(s) is to choose a policy which maximizes their expected reward
VE(r) =E™ [R(X1,...,Xu)]

Let Hj, =[], c1:n X5 denote the space of histories at time h and [, = I, cht1.1 Xs denote the space
futures at time /. Similarly, let Hj, = obs(Hj) = [],¢ 0., Xs denote the observation component of
histories and let Hf = act(Hy) =[], A,., Xs denote the action component. The observation and

action components of the futures, F{ and F§ respectively, are defined similarly. Here, obs(-) and
act(-) extract the observation and action components, respectively, of any trajectory.

We define the system dynamics matrix D), € RIHErIXIFrl a5 the matrix giving the probability of

each possible pair of history and future at time h given the execution of the actions, [D},]+, ), =

P74, wp] = Plrp, wp | do(7},wj;)], where 7, is the history, w, is the future, and 77, 7, wp), wji
separate the history and future into observation components and action components.

The rank of the dynamics of a sequential decision-making problem is a measure of its complexity. It
is defined as the maximal rank of its dynamics matrices.

Definition 1 (Rank of dynamics). The rank of the dynamics { Dy, } e[ is 1 = maxj,(g) rank(Dp,).

2.2 Generalized Predictive State Representations

Predictive state representations (PSR) [31, 32] are a representation of dynamical systems and sequen-
tial decision-making problems based on predicting future observations given the past, without explic-
itly modeling a latent state. In this section, we propose and formalize a generalization of standard
PSRs which allows for an arbitrary order of observations and actions. This generalization is neces-
sary to capture POSTs/POSGs (introduced in Section 3), but may also be of independent interest.

The “PSR rank” of a sequential decision-making problem coincides with the rank of its dynamics
(Definition 1). Denote 7y, := rank(Dy},). At the heart of predictive state representations is the concept
of “core test sets.” A core test set at time h is a set of futures such that the vector of probabilities of
those futures conditioned on the past encodes all the information that the past contains about the future.

Definition 2 (Core test sets). A core test set at time h is a subset of d, > Ty, futures, Qp =
{q},..., qZ“} C Ty, such that the submatrix Dy [Qy] € RIFrIXr i full-rank.

The dj,-dimensional vector ¢y, (14) == (P[7h, ], . .., P, ¢i"]) serves as a sufficient statistic for
computing the probability of any future conditioned on 73,. Intuitively, core test sets relate the rank of
the dynamics to a representation based on predicting future outcomes. A PSR parameterization of the
system dynamics represents the probability of any trajectory using the sufficient statistics iy, via a set
of operators that iteratively update the predictive representations at each step as new observations
come in. We proceed to formally define our generalized predictive state representation.

Definition 3 (Generalized Predictive State Representations). Consider a sequential decision-making
problem (Xp,) ey where A, O partition [H] into actions and observations, respectively. Then, a
generalized predictive state representation for this sequential decision-making problem is a tuple

{Qn}o<h<r—1,PH, {Mn}i1<n<w—1,%0) satisfying
Plz1,...,2x) = ¢u(@n) Mu_i(zg_1) - Mi(x1)vo (D
Yn(x1,. .. zn) = Mp(zr) - - - Mi(21)o, Yh, 2
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where My, : Xp, — RIn>*dn=1 ¢y Xy — RU-1, and 1o = (0).

An important condition for the learnability of PSR models, which was used in prior work [including
33-35], is the so-called “well-conditioning assumption”. We state the analogous assumption for our
generalized PSR model below. For a core test set Q,, let (@g‘ = act(Qp,) be the set of core action
sequences, let Q4 = maxy, |Q,‘L‘\ be the number of core action sequences, and let d = maxy, dy,.

Assumption 1 (y-well-conditioned generalized PSR). A generalized PSR model is said to be y-well
conditioned for v > 0 if, for any h € [H| and any , it satisfies

1 QA
max > wlwn) [mnwn) 2| < -, max M (1) 2], w(an) < |Qfa ,
szellﬂfﬁl wn€Fp v sze” ¥ ok v

where mp(wp) " = ¢u(zp) My_1(vg_1) - Mpi1(zhi1) and Vi, sz m(w§,wi) =1

To understand this condition, recall that my, (wp,) "¢ () = P [, wr,]. Thus, we can interpret z as
the error in estimating the prediction features ;. This condition ensures that the error in estimating
the probability of system trajectories remains controlled when the estimation error of 1), is small.

Although we focus on finite spaces X;, in this work, we briefly discuss possible extensions to
continuous spaces. In finite settings, the core tests ¢ € Qy, are represented by future trajectories
q = (Tp+1,...,xg) € Fp. In continuous spaces, the core tests become trajectories over subsets of the
underlying continuous space: ¢ = (Xp41,-.., X)) C Fp, where each X}, C X}, is a measureable
subset. We point to [33] for more discussion on how to extend (standard) PSRs to continuous spaces.

3 Information Structure

The “information structure” of a sequential decision-making problem defines the causal dependencies
between events in the system occurring at different points time, whether those events are observable
by the learning agent or not. In this section, we will introduce a novel reinforcement learning model
that explicitly represents information structure. We demonstrate that this enables a rich analysis of the
system’s dynamics and is crucial for characterizing the statistical complexity of general RL problems.

3.1 Partially-Observable Sequential Teams

We propose a model of sequential decision-making problems that includes an explicit representation
of information structure, which we call partially-observable sequential teams (POST). A POST is a
controlled stochastic process consisting of a sequence of variables, where each variable is either a
“system variable” or an “action variable”. POSTs also model the observability of each system variable
with respect to the learning algorithm (i.e., which system variables are available to the learning
algorithm). The information structure of a POST describes the causal dependence between these
variables. The information set of each system variable describes the subset of past variables that are
coupled to it in the dynamics. The information set of an action variable describes the information
available to the agent when choosing an action, hence defining the policy class they optimize over.

Definition 4 (POST). A partially-observable sequential team is a controlled stochastic process
that specifies the joint distribution of T variables (Xt),c[r), together with a specification of the
observability of each variable. Here each X is either a system variable or an action variable, and is
either observable by the learning agent or not. A POST is specified by the following components.

1. Variable Structures. The variables { X, }yc|r) are partitioned into two disjoint subsets — system
variables and action variables. S C [T'] indexes system variables and A C [T'] indexes action
variables, with SN A =0, SUA = [T

2. Information Structure. Fort € [T, the “information set” I, C [t — 1] of the variable X, is
the set of past variables that are coupled to X, in the dynamics. That is, the transition to X,
depends on the value of It :== (X : s € ;). We call I, the “information variable” at time t,
and call I; = HSEIt X the “information space’.

3. System Kernels. For anyt € S, T, € P(Xy|Ly) is kernel from 1, to X; that specifies the
conditional distribution of a system variable X, given the information variable I.

4. Decision Kernels. Each agent chooses a decision kernel m; : 1, — P(Xy), specifying a
(potentially randomized) policy for choosing an action at time t € A.
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5. Observability. We denote the observable system variables by O C S. We require that the
information sets of the action variables are observable to the learning algorithm: O D Uze 4(Z:N
S). We defineld .= O U A, and let H := |U| be the time-horizon of the observable variables.

6. Reward Function. At the end of an episode, the team receives a reward determined by the
function R : [[,, Xs — [0, 1].

With the above components, any set of decision kernels (i.e., joint policy) w = (7 : t € A) induces
a unique probability measure over X; X --- X Xp, which is given by

P™ [z1,...,27] = Hﬁ(xt| {zs:5€L:}) H me(xe| {zs 1 s € Tt }). 3)

teS teA

We will be interested in modeling the observable dynamics of the POST. We index the observable vari-
ables by their position among the observables /. € [H] rather than their position among all variables, as
follows: (X¢)ier = (Xy(1), .-+, X¢(m)), Where t : [H] — U C [T'] maps the index over observables
to the index over all variables. The distribution of the observables is obtained by marginalizing over
the unobservable variables, P™ [xt(l), e th(H)} =2 ecot Xu.cx, DT [X1 =21,... X7 = 27].

The value of a policy is given by its expected reward V() := E™ [R(Xy(1), ..., Xy(sr))], where ET
is the expectation associated with the probability measure P™. The objective of a POST is to learn a
policy = (m¢)¢e.4 Which maximizes the expected reward, sup,. V(7). When the variable spaces
X are finite, this supremum is attained by a deterministic policy, 7y : I; — X, ¢ € A.

Representation of the information structure as a directed acyclic graph. The information structure
of a POST can be naturally represented as a labeled directed acyclic graph (DAG). Given the variable
structure and information structure of a POST, (S, A, {Z;},), its DAG representation is given by
G(V, &, L). The nodes of the graph are the set of variables, V = [T] = SU.A. TheedgesE C V x V
of the DAG are given by € = {(4,t) : t € [T],i € Z;}. That is, there exists an edge from i to ¢ if 7 is
in the information set of . Finally, £ contains labels for each node as being a system variable (in S)
or an action variable (in .A). Further, the observability of system variables (in O) is also labeled.

This DAG represents a directed graphical model for the POST. In particular, the probability distribu-
tion on X; X - -- x Xy factors according to G,

P[Xy,.... Xr] = [[PIX: | pa(Xy)], 4
tey

where pa(X;) is the set of parents of X; in G (which are 7). This representation of the information
structure as a DAG will be crucial for our analysis of the dynamics of sequential teams in Section 3.2.

Partially observable sequential games. We define partially-observable sequential games (POSGs)
in a similar manner. The main difference is that, in the game setting, there exists an expanded reward
structure with N different reward objectives R', ..., RV, with different agents pursuing different
objectives. The action index set is partitioned into N subsets A = A! U --- AV, where A" C A
denotes the action index set associated with the agent(s) optimizing for objective R*. The extension
to the game setting is treated in detail in Appendix F.

3.2 Information Structure Determines the Rank of POSTs/POSGs

POSTs and POSGs form a highly general framework that captures any sequential decision-making
problem that can be described by a controlled stochastic process, subsuming classical models such as
MDPs, POMDPs, Dec-POMDPs, and POMGs. By introducing a model with an explicit representation
of information structure, we gain the ability to perform a richer analysis of sequential decision-making
problems. In particular, we will show that the rank of the dynamics, and ultimately the statistical
complexity of reinforcement learning, can be characterized as a function of the information structure.

We begin by defining the central quantity in our analysis, which we call the “information-structural
state”, hinting at the role it will play. The information structural state is defined for each point in time
as a subset of the past (whether observed or latent) which forms a sufficient statistic for the future.

Definition 5 (Information-structural state). Let G' be the DAG obtained from G by removing all
edges directed towards actions. That is, it consists of the edges T .= €\ {(z,a) : v € N,a €

A}. For each h € [H), let I,z C [t(h)] be the minimal set of past variables (observed or unob-
served) which d-separates the past observations (Xy(y, - .., Xyn)) from the future observations

(Xt(ht1), - - - » Xy(ar)) in the DAG G. Define M= Hsezj Xy as the joint space of those variables.
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The following theorem, whose proof is given in Appendix H, states that the rank of the observable
system dynamics of POSTs and POSGs is bounded by the cardinality of ]I;rl.

Theorem 1. The rank of the observable system dynamics of a POST or POSG is bounded in terms of
its information structure by r < max e[ |]I;fl I

This result shows that the complexity of the observable system dynamics is characterized by the

information structure through H;. In particular, zjl € HIL describes a set of system variables, either
observable or latent, which provide a sufficient statistic of the past at time & for predicting future
observations—I ;E “separates” the past from the future. Hence, the quantity |]I,TL| admits an interpre-
tation as the size an effective state space at time h. This is a generalization of the standard notion
of a latent state. For example, in the case of POMDPs or Dec-POMDPs, the information-structural
state indeed coincides with the latent Markovian state (Figure 2a). We emphasize that ]I;rb may contain
observable variables as well as unobservable system variables. In fact, unobservable system variables
can introduce crucial structure that simplifies the observable system dynamics.

3.3 Examples of Information Structures and their Rank

In this section, to provide some intuition, we present examples of information structures and ap-
ply Theorem 1 to obtain a bound the rank of their observable system dynamics. We see that classical
models such as MDPs, POMDPs, and POMGs are special cases of the POST/POSG framework, and
known results about their rank [31] are recovered by the generalized graph-theoretic analysis of their
information structure. For notational convenience, we adopt a modified notation in this section where
information sets Z are indexed by the symbol of the variable rather than its time-index. For example,
in an MDP, we write Z(s;) = {s¢_1, a;_1} for the information set of the state variable s;.

Decentralized POMDPs and POMGs. At each time ¢, the system variables of a decentralized
POMDP (or POMG) consists of a latent state s;, observations for each agent 0%, ey oév , and actions
of each agent a}, ..., al". The latent state transitions are Markovian and depend on the agents’ joint
action. The observations are sampled via a kernel conditioned on the latent state. Each agent can use
their own history of observations to choose an action. Thus, the information structure is given by

I(St) = {St*h a%717 ce- 7a1]£\il} ) I(Oi) = {St} ) I(%) = {Oi:tflvai:tfl} .

Here, the observable variables are U = {0%.;.,ai.;,i € [N]}. By Theorem 1, we have ZT(0}) =
T'(al) = {s:}, Vt,4, as shown in Figure 2a. Thus, the rank of a Dec-POMDP is bounded by [S],
where S is the state space. Note that in the case of models with a true latent state (e.g., POMDPs, Dec-
POMDPs, and POMGs), the information-structural state coincides with the Markovian latent state.

Point-to-Point Real-Time Communication with Feedback. Consider the following model of real-
time communication with feedback. Let x; be a Markov source. At time ¢, the encoder receives the
source z; € X and sends an encoded symbol z; € Z. The symbol is sent through a memoryless
noisy channel which outputs y; to the receiver. The decoder produces the estimate Z;. The output
of the noisy channel is also fed back to the encoder. The encoder and decoder have full memory of
their observations and previous “actions”. The observation variables are O = {z1.7, y1.7} and the
“actions” are A = {z1.7, T1.7}. Hence, the information structure is given by the following,

T(x) = {we1}, L(2) = {z1:,Y1:0-1, 210115 L(ye) = {2e}, T(2Tt) = {y1e} -
By Theorem 1, we have that,
Ii () = {2}, TM(z0) = {2}, TN(ye) = {we, 2}, TH@) = {a}
Hence, the rank is bounded by |X||Z|. This is depicted in Figure 2c.

Limited-memory information structures. Consider a sequential decision making problem with
variables o, a¢, ¢ € [T'] and an information structure with length-m “memory”. That is, observations
do not directly depend on variables more than m steps in the past. That is, the information structure is

I(Ot) = {Otfm:tflaatfm:tfl} 7I(at) = {01:t7 al:t71}~

The observables consist of all observations and actions, Y = {01.1, a1.7}. By Theorem | we have
that Z%(0;) = {0t—m:t—1,@t—m:t—1}» as shown in Figure 2d. Hence, the rank of this sequential
decision-making problem is bounded by |O|™|A|™.

https://doi.org/10.52202/079017-0214 6653



(a) Decentralized POMDP/POMG information-structure.

(b) “Mean-field” information structure. (c) Point-to-point real-time communica-
tion with feedback information structure.

— — — — — — — — — — — —
(d) Limited-memory (m = 2) information (e) Fully connected information structure.
structures.

Figure 2: DAG representation of various information structures. Solid edges indicate the edges in £
and light edges indicate the information sets of action variables. Grey nodes represent unobservable
variables, blue nodes represent past observable variables, green nodes represent future observable
variables, and red nodes represent IZ. To find I,t, as per Theorem 1, we first remove the incoming
edges into the action variables, then we find the minimal set among all past variables (both observable
and unobservable) which d-separates the past observations from the future observations.

The examples above show that the complexity of the dynamics of a sequential decision-making
problem depends directly on its information structure. An expanded version of this discussion is
provided in Appendix D. Next, we use an information-structural analysis to construct a generalized
PSR representation for a class of POSTs/POSGs, which we will ultimately use to prove an upper
bound on the statistical complexity of reinforcement learning as a function of information structure.

4 Constructing a PSR Parameterization for POSTs and POSGs

A key challenge in reinforcement learning is constructing representations which enable ro-
bustly and efficiently modeling probabilities of system trajectories (i.e., probabilities of the form
P [future | history]). In this section, we will construct a generalized predictive state representa-
tion for a class of POSTs/POSGs, ultimately enabling sample-efficient reinforcement learning.

4.1 Core test sets for POSTs/POSGs

Recall that a core test set is a set of futures such that the probabilities of those futures given the past
encode all the information that the past contains about the future. For systems with a simple and
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m-step future
I qn€QY _—
Observabless @ © © O (:) © 0 O (G}D []P(xt(h)'q’ll’fl'i’t)]izeuz
| l:>Mh(Xt(h)):= _— H
Unobservables [ [0 0 HOIO O O O (G;{) [ﬂ"(xt<n)lq;fi§1|il)]
itenl |
h h

Information-structural state

Figure 3: A depiction of the construction of a generalized generalized predictive state representation
for POST/POSG models.

iter}

regular information structure, a core test set may be simple to obtain. For example, undercomplete
POMDPs with a full-rank emission matrix admit the 1-step observation futures as core test sets.

For POSTs/POSGs with arbitrary information structures, obtaining a core test set is much more
challenging without knowing the system dynamics. In this section, we identify a condition in terms
of the information structure under which m-step futures are a core test set for POSTs/POSGs. Let us
denote the candidate core test set of m-step futures at time h by Q" := Hseuh+1-min(h+m . X,. We

define the matrix G, as encoding the probability of observing each m-step future conditioned on the

information-structural state zL € ]I,Tl:

— . m T m -
G = {P[q | ’L;rl” -t = R‘Qh ‘X‘Hh" qc Qh ’ ZIL € H;rz ®)

7lh

The operational meaning of G, is depicted in Figure 3. Next, we formulate a condition in terms of
information structure that we will show implies that the m-step futures are core test sets.

Definition 6 (mm-step Z'-weakly revealing). We say that a sequential team is m-step T'-weakly
revealing if for all h € [H], rank(G},) = |]IL| Furthermore, we say that the sequential team is o-
robustly m-step I't-weakly revealing if for all h € [H —m + 1], ot ‘(Gh) > a.

h

The Z'-weakly revealing condition is essentially a statistical identifiability condition. If a
POST/POSG is Z'-weakly revealing, then, for any two mixtures of the information-structural
state, the distributions of the m-step futures are distinct. Formally, for any vy,v5 € P(]IL) with
supp(v1) Nsupp(vz) = 0, we have Gvy # G That is, the future observations contain informa-
tion that can distinguish between mixtures of the latent information-structural state. The a-robust
version of the Z'-weakly revealing condition requires that G/, is not only full rank, but that its |]IL |-th
singular value is bounded away from zero, so that |Grv1 — Gria|| > aflvy — e

The condition holds whenever there exists a sequence of actions within the m-step futures such that
executing these actions results in a sequence of observations that is informative about the information-
structural state z;rl € ]ITh. In general, this condition will be harder to satisty when ]IL is large since it
would require the m-step future observations to encode more information. In particular, G, cannot be

full rank when |QJ"| < |]IL |. As a heuristic, when we don’t have prior knowledge about the dynamics
(e.g., in the learning setting), we can choose m such that |Q}"| > |]I;fl| In general, it will be possible

to find a smaller core test set when the d-separating set Z,TL is small. This happens when the system
dynamics contain state-like variables that are low-dimensional.

The Z'-weakly-revealing condition is a generalization of the “weakly-revealing” condition for
POMDPs introduced by Liu et al. [36]. Liu et al. [37] proposed an algorithm for learning weakly-
revealing POMGs. Our analysis here recovers weakly-revealing POMGs as a special case and enables
learning a much more general class of problems. We note that such an identifiability condition is
necessary, and is reflective of the fundamental difficulty of the partially-observable setting. For
example, in the case of POMDPs, there exist hardness results that state that if an analogous condition
does not hold, the statistical complexity can scale exponentially with the relevant quantities [36].

We now proceed to show that under the ZT-weakly-revealing condition, m-step futures are core test
sets for POSTs/POSGs which can be used to construct a generalized PSR representation amenable
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to learning. Recall that the vector of core test set probabilities for the history 7, is given by the
mappings 1y, ¥, : Hj, — RIQ],

Un(m) = [Plg°, 7, | do(7}}), do(a*)]lyeqp »  ¥n(m) = [Pla® | 77; do(7), do(¢)]]eqy: -
Define the mapping my, : Fj, — RI%i | as,

malwn) = (G [Plwn ], - ©)
i, €l

The following lemma, whose proof is given in Appendix I, shows that the m-step futures Q}" are core

test sets for any m-step Z'-weakly revealing POST/POSG. In particular, given any future wy, € Fy,

and history 7, € Hy, the conditional probability IP [wh | Th] can be written as a linear combination of

the core test probabilities v, (73, ), with weights given by my, (wy, ), depending only on the future wy,.

Lemma 1 (Core test set for POSTSs). Suppose that the POST is m-step It-weakly revealing. Then,

™ is a core test set for all h € [H|. Furthermore, we have P [1y,,wp] = (mp(wp), ¥n(h)) and

Plwn | ] = (ma(wn), ¥, (1h))-

4.2 Generalized PSR parameterization of POST/POSG

Consider a POST/POSG which is m-step ZT-weakly revealing. Lemma | shows that the m-step
futures Q7" are core test sets. In this section, we will explicitly construct a generalized PSR
parameterization for this class of sequential decision-making problems. Moreover, we will show that
this generalized PSR representation is well-conditioned when the weakly revealing condition is robust.

Let dj, := |Q}|. The key observation that allows us to construct the generalized PSR representation is

that the vector mappings my, : F, — R4 and Py Hp — R4 can be used to derive a recursive form
of the dynamics of the POST/POSG. We define the operator mapping Mp, : X4,y — Rdr>dn—1 by

[Mn(omn)],. = mn—1(zen), @), q € Q. @)

That is, M}, (x4(p)) is the matrix whose rows are indexed by the core tests at the h-th observable
step, where the row corresponding to each ¢ € Qy, is the weights returned by the mapping my,_;
when applied to the future consisting of ;) followed by core test g. The operator map Mp, allows
us to update the probabilities of the core test sets after receiving an additional observation x¢(p):

Un(Te(1)ys o Teny) = Mp(@yn))¥n—1(2¢1)s - Te(n—1)). The following result, whose proof is
given in Appendix I, states that the set of operators { M}, },, forms a generalized PSR.

Theorem 2. Consider an m-step I'-weakly revealing POST/POSG. Let { M} helH—1] be defined
as above, and let 1y = @[q]]qe(@(,)” s Ou (i) = €x,yy)- Then, ({ Q' bn, o, { M e -1, %o)
forms a generalized predictive state representation. Moreover, if the weakly-revealing property is
a-robust, then this PSR is y-well-conditioned with y = o/ maxy, |]I,:|1/2.

Thus, we have constructed a robust parameterization of the sequential decision-making problem,
making use of its information structure, that will enable us to design an efficient learning algorithm.

5 Characterizing the Statistical Complexity of General Reinforcement
Problems via Information Structure

In this section, we establish an upper bound on the achievable sample complexity of general rein-
forcement learning problems in terms of their information structure. In plain language, this is a result
that roughly says “any sequential decision-making problem with an information structure Z can be
learned with a sample complexity at most f(Z)”. This identifies a class of sequential decision-making
problems that are statistically tractable via conditions on the information structure, expanding the set
of known-tractable problems while recovering existing tractability results as a special case.

We will prove this result by exhibiting an algorithm that achieves this upper bound. Our approach will
be to use the generalized predictive state representation constructed for POSTs/POSGs in Section 4,
which provides a robust representation amenable to learning. We will introduce an algorithm for
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learning generalized PSRs and prove a corresponding sample complexity result, which will in turn
imply a bound on the sample complexity of learning POST/POSG models via the information-
structural characterization of the rank of observable dynamics established in Section 3.2.

There exist several works in the literature which study learning in PSRs [e.g. 33-35, 38, 39]. Using
the technical tools developed in this paper, most of these algorithms can be directly extended to
our generalization of PSRs. With such an algorithm, Theorems 1 and 2 then imply a bound on the
achievable sample complexity for learning general sequential decision-making problems in terms
of their information structure. In this work, we will adapt the model-based UCB-type algorithm
of Huang et al. [35], extending it to generalized PSRs to obtain a bound on the achievable sample
complexity for POSTs/POSGs. We will defer the details of the algorithm to Appendix E and formally
verify the proof in Appendix J. Here, we will focus on discussing the role of information structure in
determining the statistical complexity of reinforcement learning.

The following result states that the size of the information-structural state, ]IL , characterizes an upper
bound on the statistical complexity of learning a sequential decision-making problem.

Theorem 3. Suppose a sequential decision-making problem described by a POST is a-robustly m-
step IT-weakly revealing. Let Q,, = maxy, |QJ*| be the size of the m-step observable trajectories,
and let A = maxge 4| Xg| be the size of largest action space. Then, there exists an algorithm that can
learn an e-optimal policy with a sample complexity (omitting log factors) bounded by

1 1

= X poly <a,m}z}x‘ﬂl 7Qm,A,H> .

Under the game setting, the same assumption implies the existence of a self-play algorithm that learns
an € (Nash or coarse-correlated) equilibrium with the same sample complexity.

This result identifies Z'-weakly revealing POSTs/POSGs as a class of statistically tractable sequential
decision-making problems. The sample complexity is polynomial in the size of the information-
structural state space maxp |]I}Ll |, the size of the action space A, and the time horizon H. Further, it
depends on @,,,, the size of m-step observable trajectories, and the robustness parameter a~ 1, which
corresponds to the m-step Z'-weakly revealing identifiability condition. We note that the algorithm
constructed to prove Theorem 3 only needs to know the parameters of the Z'-weakly revealing
condition (i.e., m and «), and does not need to know the full information structure.

This result shows that the size of the information-structural state is a fundamental measure of the
statistical complexity of reinforcement learning. As a result, learning is tractable when maxj, |]I,TL| is of
modest size, and the information structural state is strongly coupled to the observable system variables.

One notable special case of POSTs/POSGs is POMDPs. Learning in POMDPs has been studied
extensively in the literature. Theorem 3 implies a poly(S, O, A, H,a~ ') - €2 bound on the sample
complexity of learning in a-weakly POMDPs and poly(S, (OA)™, H,a~!) - =2 for learning m-
step weakly revealing POMDPs. This recovers a similar sample complexity as was shown by more
specialized analysis tailored to POMDPs [e.g., 36, 40].

6 Conclusion

Summary. This paper examines the role of information structure in general reinforcement learning
problems. We introduced novel models that explicitly represent information structure, and proved
an upper bound on the sample complexity of general reinforcement learning problems in terms
of information structure. The central quantity in this upper bound is derived from a graphical
representation of the information structure, and admits an interpretation as an effective information-
structural state, generalizing the typical notion of a Markovian state.

Limitations. The results of this paper are theoretical in nature, and the algorithm proposed to prove
our main result is not computationally practical. Current SOTA algorithms for partially-observable
algorithms are based on recurrent neural networks or other deep learning models, which create
internal representations of latent states based on the history, akin to belief states. Our theory may
offer insights into the design of improved architectures in such deep learning-based algorithms. For
example, the information structure can be incorporated as an inductive bias of the neural network.
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A Summary of Notation

Generic Sequential Decision-Making Problems

X; Space that the variable X} lies in within the stochastic process (X1, ..., Xg).

O O C [H] denotes the set of observations among the variables (X1, ..., Xp).

A A C [H] denotes the set of actions among the variables (X7, ..., Xg).

H,;, The space of histories at time h. H, := H?zl Xs.

Fy, The space of futures at time h. [F;, = Hf:hH Xs.

obs(+) The observation component of a trajectory. obs(x;, ..., z;) == (zs : s € O;.;5).

act(+) The action component of a trajectory. act(x;,...,x;) = (zs : s € Aj;j).

H}{LO,a} The space of observation (resp., action) histories. E.g., Hj := [[ ¢, , Xs = obs(Hj).

]Fi{L(W} The space of observation (resp., action) histories. E.g., ) = HseO;LH;H Xs = obs(Fp,).

P [74) The probability of a trajectory given actions are executed. Plr] =
P[obs(7,) | do(act(7))].

D, Dynamics matrix at time h. D;, € RIHrI¥IFxl [Dh)r, won = P [7h,wp]. 74 = rank(D},).

7(Th) For 7, = (x1,..., @) and policy 7, w(75) = [[,c4,, ™(¥s | T1,. .., Ts-1)-

w(wp | ) For 1, = (x1,...,zn), wn = (Thy1,..,Zp)s wwn | TR) =

€ Aparin m(Xs | X1y ey Ts1)-

POSTs and POSGs

X Space that the variable X lies in within the stochastic process (X1, ..., X7).

S S C [T] denotes the set of system variables among the variables (X1, ..., Xr).

A A C [T] denotes the set of action variables among the variables (X1, ..., X7).

@) O C S denotes the subset of system variables which are observable.

U The union of observable system variables and action variables. i :== O U A. Let H := |U|.

t(h) For h € [H] indexing the order among observables, t(h) € U denotes the order among all
variables.

I The information set of the ¢-th variable.

I; I =1, 7, X5 denotes the information space at time ¢.

I;[L The minimal d-separating set at the i-th observable. See Definition 5.

HIL ]IL = I1, ezl X denotes the “information-structural state”.

Generalized PSRs

Qn Core test set at time h. Let dj, :== |Qy| and d = maxy, dj,.

Q# Action component of core test set at time h. Q7' = act(Qp,).

Qa Maximum size of the action component of core test sets. ()4 := maxy, \Qg‘\.

M;, Observable operators of PSR representation mapping M), : X;, — R *dn-1,

Un Prediction features. (1) = (@ [Th, Q])quh' In PSR, ¢p(z1,...,zp) =
Mh(.’I}h) s Ml(ail)’(/Jo.

mp Prediction coefficients. my (wr) " = g (vy) My _1(xg_1) - Mpy1(zhi1).

Up, Normalized prediction features. ¢y, (75,) = ¥p(73,) /P [1n] = (P[q | Th])qe(@h.

General Mathematical Notation

Dry (p,q)  Total variation distance. Dry (p, q) = >, x|p(x) — q(z)|.

D2 (p,q)  Hellinger squared distance. D3 (p, q) == 3 >, cx(v/P(z) — V/a(2))?.

o (A) k-th largest singular value of the matrix A.

A, The matrix p-norm. [|Al|,, == max|z| 1 | Az]] .

l|lz]| 4 The vector norm induced by the positive semi-definite matrix A. ||z|| , == Va T Ax.

Af Moore-Penrose pseudoinverse.

P(A) Space of probability distributions over A. P(IB|A) is the space of kernels from A to B.

N For an index set N C [H|, N;.; = NN {i,..., 5}
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B Related Work

The study of information structure in the control literature. In stochastic control, the construct of
the “information structure” is used to model the structural properties of a system which may restrict
the flow, storage, and processing of information. The role of information structure in decentralized
control has been extensively studied since Witsenhausen [15] and Ho and Chu [3] began investigating
information structures in the context of team decision theory. For example, early work showed that
the information structure can determine the tractability of optimal decentralized control problems [15,
41]. More generally, information structure plays an important role in the analysis of multi-agent
team decision problems and games, as well as in the design of efficient algorithms, especially in the
decentralized setting. See, e.g., Mahajan et al. [11], Nayyar et al. [42—44], Ouyang et al. [45], Dave et
al. [46], and Guan et al. [47] and the references therein. We also refer the reader to Yuksel and Basar
[48] for a comprehensive overview of the interaction between information and control, including
recent progress in the field. The models we propose in this paper are closely related to Witsenhausen’s
intrinsic model [1], but with some added elements to model partial-observability in the context of
reinforcement learning. Related to this is the framework of multi-agent influence diagrams [e.g., 49,
50] which allow for an explicit representation of dependence relations among variables in games.
Whereas the above-mentioned work studies the role of information structure in planning and control,
we study the the role of information structure in reinforcement learning (i.e., statistical estimation
and sample complexity). We note that specific types of structural assumptions related to information
structure have been studied in the learning setting as well. For example, previous work has studied
factored MDPs [51], which assume an information structure where the state transitions and the reward
function are factored, enabling improved learning results. In the present work, we study the role of
information structure in reinforcement learning in greater generality, focusing particularly on the
partially-observable setting.

Learning under partial observations. In an MDP, where the system dynamics obey a Markovian
property and are fully observable, reinforcement learning has been shown to be both computationally
and statistically efficient [e.g., 52-55]. However, under partial observability, reinforcement learning
can be computationally and statistically intractable in the worst case, even when assuming a Marko-
vian latent state. Such worst-case hardness results are well-known. For example, [41, 56, 57] show
that planning is computational intractable and [58, 59] show that learning is statistically intractable, in
the worst-case. In these worst cases, the hardness comes from instances where the observations reveal
little information about the latent state, which causes errors in learned representations to be uncontrol-
lable. Accordingly, sub-classes of POMDPs have been identified in recent work where added struc-
tural conditions make efficient learning possible. One such condition is decodability [see e.g., 59-62],
which assumes that the latent state can be decoded from the current observation (i.e., Block MDP), or
an m-step history of observations. Another set of conditions is the “observability” condition [63-65]
and its cousin the “weakly revealing” condition [36, 40] which require different belief states to induce
distinguishable distributions over observations. These conditions are further extended to POMDP mod-
els in the function approximation setting, where the state or observation spaces are large and function
approximators (e.g., linear functions) are used to represent the model. See, e.g., Uehara et al. [34], Guo
et al. [61], Zhang et al. [62], Cai et al. [66], and Wang et al. [67]. In our work, we build on the above
by identifying a class of POSTs/POSGs which can be learned efficiently. This is significant since
POSTs/POSGs are much more general than POMDPs and do not assume the existence of a latent state.

Predictive state representations. Predictive state representations were introduced by Littman and
Sutton [31] building on prior work on observable operator models by Jaeger [32] which proposed
the idea of predictive representations as an alternative to belief states for modeling HMMs and
POMDPs [see also 68—71]. PSRs are a way to represent the dynamics of a sequential decision-making
problem by modeling the (conditional) probabilities of a small set of future trajectories, typically
called “core tests”. In a PSR, the probability of any future trajectory is a deterministic function of the
conditional probabilities of the core tests. That is, the probabilities of the core tests encode all the
information that the past contains about the future. Littman and Sutton [31] showed that any POMDP
can be represented as a PSR. Various reinforcement learning methods for PSRs have been proposed
under the assumption that data distribution is explorative, including spectral algorithms [72-74] and
supervised learning approaches [75]. In addition, when it comes to the online setting where the
algorithm needs to explore, there is a line of work that extends the theory and algorithms for online
POMDP learning to PSRs. Moreover, some of these works propose generic theory and algorithms
that can be applied to a large class of models including MDPs, POMDPs, and two-player zero-sum
dynamic games with partial observability. See, e.g., Liu et al. [33], Huang et al. [35], Liu et al. [36],
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Chen et al. [38], Zhan et al. [39], Zhong et al. [76], Qiu et al. [77], and Liu et al. [78]. Our work is
particularly related to the works that combine the idea of optimism in the face of uncertainty [79] and
maximum likelihood model estimation [33, 35, 36, 38, 39]. Specifically, our algorithm extends the
UCB-type algorithm proposed by Huang et al. [35] for standard PSRs to learn a generalization of
PSRs which captures POSTs/POSGs.

Learning in multi-agent systems. Most applications of interest in reinforcement learning involve
the participation of multiple agents in the same environment. Empirical research has achieved
striking success in several domains, including for example in the games of Go [26], Starcraft [28],
and Poker [80], as well as in robotic control [24] and autonomous driving [27]. There also exists
a growing literature of theoretical work. For example, Brafman and Tennenholtz [81], Bai et al.
[82], and Song et al. [83] tackle learning in Markov games (MGs)—a generalization of single-agent
MDPs that assumes the existence of a Markovian state which is observable by all agents. Another
model which has been explored in the literature is imperfect-information extensive-form games
(ITEFG), which assumes tree-structured transitions and deterministic emission, and can be viewed
as a subclass of partially-observable Markov games (POMGs). Learning under this model has been
studied in Zinkevich et al. [84], Kozuno et al. [85], and Farina and Sandholm [86]. More recently, Liu
et al. [37] studied reinforcement learning in POMGs using an MLE-based algorithm building on
their previous work in the single-agent setting [36]. To address the computational intractability of
the planning step for such model-based algorithms, Liu and Zhang [87] proposed a quasi-efficient
algorithm for multi-agent POMGs that runs in quasi-polynomial time with quasi-polynomial sample
complexity. Their proposed algorithm leverages the common information approach [see 12] to
construct an approximate Markov game where the state space of this new game corresponds to the
space of approximate common information among agents. The idea of leveraging an information-
sharing structure in multi-agent reinforcement learning has also appeared in Subramanian et al. [88],
Mao et al. [89], Kara and Yuksel [90], Kao and Subramanian [91], and Tang et al. [92].

In each of the above-mentioned models (e.g., MDP, POMDP, MG, IIEFG, POMG, etc.), a particular
fixed information structure is assumed. We emphasize that the POST/POSG model proposed in our
work allows the information structure to be specified arbitrarily and hence captures these models
as special cases within a unifying framework. Moreover, our analysis and proposed algorithm
significantly expand the class of multi-agent sequential decision-making problems that can be
efficiently learned.

C Preliminaries

C.1 Generic Sequential Decision-Making Problems

Consider a controlled stochastic process (X1, . . ., X ), where X}, is a random variable corresponding

to the variable at time h. At each time h € [H|, the variable X}, may be either an ‘observation’ (i.e.,

observable system variable) or an ‘action’. The dynamics of this stochastic process are described by

a tuple (H, {X,} r O, A, P), where H is the time horizon, X}, is the variable space at time h (i.e.,
H

Xpn € Xp), O C [H]is the 1ndex set of observations (i.e., X}, is an observation if h € O), A C [H ]
is the index set of actions, and P = {IP;, } o is a set of probablhty kernels which describes the the
probability of any trajectory x1, ..., xy given that the actions are executed,
PH{zs:s€ O} | {zs:5€ A} = H Pplxp | 21,0, Tho1]. (8)
heo

A choice of policy m = {7}, }re.4 induces a probability distribution on X; x - - - x X as follows

P™(x1,...,2H) = H Pn(zp | 21, The1) - H o (Th | 1,y Th—1) - )
heo heA

We now define some notation. Let Hj; = [], .., X, denote the space of histories at time % and
Fr. = [1sens1.1 Xs denote the space futures at time A. Similarly, let Hf, = obs(Hy) = [[,cp, , Xs
denote the observation component of histories and let Hf. = act(Hj) = ], Ay, Xs denote the

action component. Here, O;.; denotes O N {4, ..., j}, and similarly for A;.;. The observation and
action components of the futures, F{ and IF} respectively, are defined similarly.
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We define the system dynamics matrix D), € RIH»IXIFnl a5 the matrix giving the probability of each

possible pair of history and future at time h given the execution of the actions,
[Dhl,, o = Plrh,wn] = P[rg,wf, | do(7,wit)], 7h € Hp,wn € Fp, (10)

where w) = obs(wy,) are is the observation component of the future wy,, w§ = act(wy,) is the action
component, and similarly for 77/, 7;7. Note that the actions are actively executed via the do-operation.
Hence, the system dynamics matrices are independent of any action-selection criteria. Note that
Dy € RIH#IX1 s defined as [Dy],,, = P[ry], and Dy = D},.

We introduce the notion of the rank of the dynamics. The rank of such a controlled stochastic process
is the maximal rank of its dynamics matrices. This is a measure of the complexity of the dynamics.

Definition (Rank of dynamics; Definition 1). The rank of the dynamics {Dp}; ¢ is v =
maxy,e(g) rank(Dp,).

This defines the dynamics of the system. A sequential decision-making problem is such a controlled
stochastic process together with an objective. The objective is defined by a reward function R :
Xy x -+ x Xg — [0, 1] mapping a trajectory to a reward in [0, 1]. The agent(s) can affect the
dynamics of the system through their choice of actions or policies. Each action X}, h € A may be
chosen by either a single agent or one of several agents (e.g., a team). The policy at time h € A
is a mapping 7y, : Hy_1 — P(X},) from previous observations to an action (or a distribution over
actions, if randomized). The collection of policies at all time steps is denoted 7 = (7, : h € A), and
induces a probability distribution over trajectories, denoted P™. Then, the value of a policy 7 is the
expected value of the reward under the measure P™, V2 (7) := E™ [R(X1,...,X5)], where ET is
the expectation associated with P™.

The formalism of sequential decision-making problems introduced in this section is highly generic,
but does not explicitly model the information structure. In the next section, we introduce the models
of partially observable sequential teams/games, which explicitly represent information structures.
We then show that the information structure characterizes the rank of a sequential decision-making
problem as per Definition 1.

C.2 (Generalized) Predictive State Representations

Predictive state representations (PSR) [31, 32] are a model of dynamical systems and sequential
decision-making problems based on predicting future observations given the past, without explicitly
modeling a latent state. In this section, we propose and formalize a generalization of standard PSRs.

In the standard formulation of sequential decision-making and predictive state representations, the
sequence of variables is such that observations and actions always occur in an alternating manner
(i.., Op, Apy On41, 41, - - -)- The POST/POSG models we will propose are more general, and hence
require a more flexible formalization of PSRs which allows for arbitrary order of observations and
actions as well as arbitrary variable spaces at each time point. This generalization of PSRs will be
used in our reinforcement learning algorithms.

The “PSR rank” of a sequential decision-making problem coincides with the rank of its dynamics, as

defined in Definition 1. Recall that the system dynamics matrix Dj, € RI™rI¥IFxl js indexed by all
possible observable histories 7, and futures wy,. Denote the rank of the system dynamics at time h by
rp, := rank(Dp).

Consider a sequential decision-making problem as defined in Section 2.1 (i.e., with an arbitrary
order of observations and actions, and arbitrary variable spaces). At the heart of predictive state
representations is the concept of “core test sets.” A core test set at time 5 is a set of futures such that
the set of probabilities of those futures conditioned on the past encodes all the information that the
past contains about the future. This is formalized in the definition below as a set of futures such that
the submatrix of the full dynamics matrix restricted to those futures is full rank.

Definition (Core test sets). A core test set at time h is a subset of dn, > 7y futures, Qp =
{q}w e qg"} C Fy, such that the submatrix Dy[Qp] € RIErI>%dn js full-rank, rank(Dy, [Qn]) =
rank(Dy) = rp.

A core test set implies the existence of a matrix W}, € RIFrIxdn guch that D, = Dy, [Qp] - VVhT .
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Denote the 75,-th row of D} [Qp] by,
Yp () = (@ [Th,q,ﬂ ,...,@[Th,qih}) € R, (11)

The vector vy, (71,) is a sufficient statistic for the history 7, in predicting the probabilities of all futures
conditioned on 74,. This is sometimes called the prediction features of a history 7.

For any integer d;, > rj, there exists a core test set of size d;,. In particular, for any low-rank
sequential decision-making problem, there exists a minimal core test set of size 7, at each h. However,
the minimal core test set depends on the system dynamics matrix D}, which is unknown in the
learning setting. In the literature on reinforcement learning in PSRs, it is typically assumed that a core
test set is known. We address the problem of constructing a PSR representation for POSTs/POSGs
in Section 4.

For a core test set Qy,, let Q7' = {act(q) : ¢ € Qp}, where act(q) denotes the action components of
the test ¢ € Q. Let Q4 = maxy, |Qf! | and d = maxy, d.

With core test sets defined, we are now ready to present the definition of a generalized predictive
state representation. The essential element in a PSR is a set of operators M}, : X — Rér*dn-1 for

each time point & € [H]. Given the prediction features at time h — 1, ¢y, _1 (21, ..., 75_1) € R¥-1,
the linear map My, (zp,) computes the prediction features at time h, incorporating the additional
observation x,. Thatis, ¥y (21, ..., 2n) = Mp(xp)¥p—1(x1,...,25—1). The full definition is given
below.

Definition (Generalized Predictive State Representations; Definition 3). Consider a sequential
decision-making problem (X, € Xy,) where A, O partition [H| into actions and observations, re-
spectively. Then, a predictive state representation of this sequential decision-making problem is a

tuple 8 = ({Qn }o<n<m—1, ¢r, M, 1) given by

1. {Qn}gep< sy are core test sets, including for h = 0, where Qo = {g3,...,q5°} C Fy
are core tests before the system begins.

2. 1o € R% is the vector () = (@[q(ﬂ, .. P[qg“])-

3. M = {Mp}1<n<m—1 is a set of mappings My, : X, — R%>*d-1_ from an observa-
tion/action to a matrix of size dy, X dp_1.

4. ¢g : Xy — RI¥-1 is a mapping from the final observation to a dy _1-dimensional vector.

This tuple satisfies,

Play,....ozn) = ¢u(zg) Mg_1(zg_1) - Mi(z1)ho (12)
Yn(T1, .. zn) = Mp(xn) -+ Mi(z1)o, YR (13)
To obtain a probability for a trajectory 7, = (x1,...,2n), with h < H, note that

>, P [mh,wn] = [Ff:| P [74]. Hence

_ 1 _
P[] = & > P rn,wil
h wh

1
= Teay O D YnMu(er) - My (2 )n(m).
Hséh—i—l:H |XS| T Thi1
Thus, if we recursively define ¢, h < H via
1
WZQbZMh(%) =1 (14)
h Th

with ¢ as the terminating condition, then, we can obtain P [1] for any h < H, via an inner product
between ¢y, and ¥y, (73),

Plm] = 5 (7). (15)
Finally, if we define v}, (1) = v (71)/P[r1], then we obtain the conditional probability of the
core tests given the history, ¥, (14) = (B} | 4], - -, Plgi" | 7)) € R%. ¥, (73) is known as the

(normalized) prediction feature of the history 73, [31].
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Remark 1 (Generality and difference from standard PSRs). In standard PSRs, observations and
actions are assumed to occur in an alternating manner, and hence observable operators are defined
on pairs of observations and actions (i.e., My, (on, ap)). This structure leads to a somewhat simpler
description compared to the above. However, our formulation is more general, as it allows each
variable to be treated independently, and allows for an arbitrary sequence of variables with arbitrary
spaces. This generality will be needed when modeling problems with an explicit representation of
information structure.

An important condition for the learnability of PSR models, which was used in prior work [including
33, 35], is the so-called “well-conditioning assumption”. We state the analogous assumption for our
generalized PSR model below.

Assumption (y-well-conditioned generalized PSR; Assumption 1). A PSR model 0 =
({Qh}0<h<H—1 SO, M, wo), as defined in Definition 3, is said to be y-well conditioned for v > 0
if it satisfies

1. Forany h € [H],

1
max max 7(wh|7h) |mh(wh)Tz| < -, (16)
z€R% T v
[EFES T
where  my(wp,) " =  ou(ry) "My _1(xg_1) - Myi1(zhy1) with wy =
(Tht1s--.,2m) € Fp. The maximization is over policies w such that for any fixed future

observations w, ng m(wp,wp) = L
2. Forany h € [H — 1],

| Q4|
Iélagi ||Mh($h)z||17r(37h) < N
2], <120 €Xn

where mw(xy) = 1 whenh ¢ Aand ), w(xy)=1whenh € A.

To understand this condition, recall that my, (wp,) "¢, (1) = P [7, wr]. We may think of z in As-
sumption | as representing the error in estimating 1y, (75,), the probabilities of core tests at time h
given the history 73,. The y-well-conditioned assumption ensures that the error in estimating the over-
all PSR (i.e., the probability of a particular trajectory) does not blow up when the estimation error of
Yy (13,) is small.

The following result states that any sequential decision-making problem of the form described
in Section 2.1 admits a generalized PSR representation. The proof and explicit construction are given
in Appendix G.

Proposition 1. Ler (X1, ..., Xp) be any sequential decision-making problem with observation index
set O, action index set A, and variable spaces {Xh}he[H]' Let r}, = rank(Dy,), where Dy, h € [H]

are the system dynamics matrices. Then, there exists a PSR representation 1y, ¢ : Xg — R7H-1,
My, : Xy, — R™+1%"n b € [H — 1), satisfying Definition 3.

Proof. The proof is given in Appendix G. O

D Examples of Information Structures and their Rank

The analysis in Section 3 and Theorem 1 characterizes the rank of any sequential decision-making
problem as a function of its information structure. In this section, we illustrate this on several
sequential decision-making problems, characterizing the information-structural complexity of their
dynamics. The procedure is as follows: 1) formulate the sequential decision-making problem as a
POST/POSG; 2) represent the information structure as a labeled directed acyclic graph G; 3) remove
incoming edges into the action variables to produce G'; 4) apply Theorem 1 to find the information
structural state at each point in time through a d-separation analysis.

Illustration: translating to the POST/POSG framework. We begin by illustrating how an arbitrary
sequential decision-making problem can be formulated in the POST/POSG framework. Consider
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Figure 4: An illustrative example of the information-structural state for POMDPs. Left. The DAG
representation of the information structure G. Right. The DAG G is depicted by drawing the edges
corresponding to the information sets of the action variables with dotted lines. The information-

structural state coincides with the Markovian state s;, and is depicted in red. Future observables are
drawn in green, and past observables are drawn in blue.

a POMDP with variables (s1, 01, a1, S2, 02, ag, ...). This can be formulated as a POST/POSG by a
simple relabelling of variables as follows.

S1 01 a1 S92 02 ag St O¢ Q¢
I 4 4
Ty T2 T3 T4 T5 Te T3t—2 T3t—1 T3t

Here, the system variables S are the s-type and o-type variables, with system index set S =
{1,2,4,5,7,8, ...}, and the action variables are the a-type variables with action index set A =
{3,6,9,...}. The observable system variables are the o-type variables only, with index set O =
{2,5,8,...} C S. This can be done for any sequential decision-making problem.

To ease notation, let us not explicitly write the indices in this section, but rather use the original
notation for the variables in the problem formulation. For example, we’ll write S = {s;, 0+, t € [T}
Similarly, we use the notation Z(x) to mean the information set corresponding to the variable .
Similarly, Z (x) denotes the information-structural state at the time when x occurs. For example, in
a POMDP I(St) = {Stfl, at,l}, I(Ot) = {St}, and I(at) = {Olzta alzt}.

Below, we will consider several examples of sequential decision-making problems, and apply the
information-structural analysis of Theorem I to obtain a bound on the rank of the observable dynamics
(which in turn implies a bound on the sample complexity, by Theorem 3).

Decentralized POMDPs and POMGs. At each time ¢, the system variables of a decentralized
POMDP (or POMG) consist of a latent state s;, observations for each agent otl7 e oiN , and actions
of each agent a}, ..., al". The latent state transitions are Markovian and depend on the agents’ joint
action. The observations are sampled via a kernel conditional on the latent state. Each agent can use
their own history of observations to choose an action. Thus, the information structure is given by,

I(st) = {St—la a%—lv s >a1]£\11} ) I(Oi) = {s¢}, I(ai) = {Oi:t—lvai:t—l} .

Here, the observable variables are U = {0}, al.p, i € [N]}. By Theorem 1, we have Z'(o}) =
{st}, Vt, i, as shown in Figure 5a. Thus, the rank of a Dec-POMDP is bounded by |S|, where S is
the state space. Note that in the case of models with a true latent state (e.g., POMDPs, Dec-POMDPs,
and POMGs), the information-structural state coincides with the true latent state.

Limited-memory information structures. Consider a sequential decision making problem with
variables o, at, ¢t € [T] and an information structure with m-length memory. That is, observations
can only depend directly on at most m of the most recent observations and actions. That is, the
information structure is

I(Ot) = {Otfm:tfly atfm:tfl} , I(Gt) = {01:t; al:tfl}-

The observables are all observations and actions, i = {01.7,a1.7}. By Theorem | we have that
T%(0¢) = {0t—m:t—1, @t—m:t—1}. as shown in Figure 5d. Hence, the rank of this sequential decision-
making process is bounded by [O|™ |A|™.
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(a) Decentralized POMDP/POMG information-structure.
i T
\ i |

(c) Point-to-point real-time communica-
tion with feedback information structure.

(d) Limited-memory (m = 2) information (e) Fully connected information structure.
structures.

Figure 5: DAG representation of various information structures. Solid edges indicate the edges in £
and light edges indicate the information sets of action variables. Grey nodes represent unobservable
variables, blue nodes represent past observable variables, green nodes represent future observable
variables, and red nodes represent the information structural state I,TI. To find IZ, as per Theorem 1,
we first remove the incoming edges into the action variables, then we find the minimal set among all
past variables (both observable and unobservable) which d-separates the past observations from the
future observations.

Symmetric / “Mean-field”” Information Structures. Consider a sequential decision-making problem
with N agents. Each agent has their own local state, s; € Siocal- Similarly, at each time point, each
agent takes an action a} € Ajo.. The global state s; = (s;,...,sY) € Sloc =: S is composed by
of all agents’ local states. Similarly, the joint action space is A = AIOC Consider a symmetric
information structure where the evolution of each agent’s local state depends only on a symmetric
aggregation of all agents’ states and actions, rather than on the local state/action of any particular
agent. That is, the identity of who is in what state or takes which action does not matter—only
the distribution of states and actions. This is often referred to as a “mean-field” setting (in the
limit). Here, the transition depends only on the distribution of local states and actions, defined as
st = dist(s;) = 370, af*" = dist(ar) == 04, for s; € S,a; € A. Different agents can have
different transition kernels for their local state. Hence, by introducing dist(s;), dist(a;) as auxiliary
unobserved variables at each time ¢, we obtain the following information structure,

Z(sy) = {dist(s;—1),dist(ai—1)}, Z(a;) = {s}}
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and an application of Theorem | bounds the rank by

‘ N [Stoel—1 N |Atoc| -1
I (st Sioc||Aloc| | = +1 — 41 .
D] < el (=1 1) (=g +1)

This is compared to [Sioe|Y - |Aloc|V (e.g., if we modeled this as an MDP with the state s;), which
is much larger when the number of agents is large. The information structure and d-separation
decomposition are depicted in Figure 5b.

Point-to-Point Real-Time Communication with Feedback. Consider the following model of real-
time communication with feedback. Let x; be the Markov source. At time ¢, the encoder receives
the source z; € X and encodes sending a symbol z; € Z. The symbol is sent through a memoryless
noisy channel which outputs y; to the receiver. The decoder produces the estimate Z;. The output
of the noisy channel is also fed back to the encoder. The encoder and decoder have full memory of
their observations and previous “actions”. The observation variables are O = {z1.7, y1.7} and the
“actions” are A = {z1.7, T1.7}. Hence, the information structure is given by the following,

I(we) = {xe-1}, Z(2e) = {2z, Y1e—1, 2101}, Z(ye) = {2}, T(@1) = {y1:4} -

By Proposition 1, we have that,

T (@) = {ae}, TM(z0) = (e}, TM(ye) = {me, 2}, TN(@) = {we} -
Hence, the rank is bounded by |X||Z|. This is depicted in Figure 5c.

Fully-Connected Information Structures. Consider a sequential decision making problem with
variables oy, at, t € [T and a fully-connected information structure. That is, each observation directly
depends on the entire history of observations and actions. Thus, the information structure is

Z(ot) = {01:4—1,a1:0—1}, Z(ar) = {014, @1:4—1}

The observables are all observations and actions, i = {01.7, a1.7}. By Theorem | we have that

T'(0;) = {01.¢_1,a1.t_1}, as shown in Figure Se. Hence, the rank of this sequential decision-making
process can be exponential in the time horizon.

The examples above show that the tractability of a sequential decision-making problem in terms
of the complexity of its dynamics depends directly on its information structure. This gives an
interpretation of why certain models, like POMDPs, are more tractable than those with arbitrary
information structures. Previous work primarily considers particular problem classes with fixed and
highly regular information structures. In this work we argue for the importance of explicitly modeling
the information structure of a sequential decision-making problem.

Remark 2 (Necessity of generalized PSRs). The formalization of generalized PSRs in Section 2.2
was necessary to enable the study of information structure through POSTs/POSGs. An alternative
(naive) solution to construct PSR representations for models with non-alternating observations and
actions is to aggregate consecutive observations and actions to force them to obey the standard
formulation of PSRs. This approach results in a loss of “resolution” in the information structure. That
is, when you aggregate consecutive system variables, you also aggregate the DAG which represents
the information structure, losing potentially important structure. In particular, in the worst case, such
aggregation could result in an exponential increase in the rank of the dynamics. The examples given
above elucidate this. Consider for example the “mean-field” information structure. If we aggregated
local states and actions into a combined global state and joint action, the PSR rank would indeed be
IStoc| Y [Aloc| Y. By comparison, by considering each local state separately without aggregation, we
are able to obtain a decomposition with a much smaller PSR rank.

E UCB-Type Reinforcement Learning Algorithm for Generalized PSRs

We will adapt the model-based UCB-type algorithm of Huang et al. [35], extending it to generalized
PSRs, including those representing POSTs. The algorithm involves the estimation of an upper
confidence bound which captures the uncertainty in the estimated model and drives exploration so as
to minimize this uncertainty. The UCB-based approach has the advantage of providing a last-iterate
guarantee and requiring a weaker notion of planning oracle (a standard planning oracle instead of an
optimistic planning oracle as required by similar algorithms). The technical contribution of this section
is to extend the algorithm and its theoretical guarantees to generalized PSRs. The tools developed in
doing so can be used to directly extend any other PSR-based algorithm to generalized PSRs.
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When learning generalized PSRs, we suppose that the core test sets {Qp, }, <n<p—1 are known by the

algorithm. For example, if the sequential decision-making problem is a POST, Section 4 provides
conditions under which m-step futures form core test sets. Let © be the set of y-well-conditioned

generalized PSR representations with {Qp, }o<n<m—1 as core test sets. Denote by O, an optimistic
e-cover of O (defined formally in Appendix G).

Recall that dj, == |Qp,| and d = maxy, d,. Moreover, Q7' := act(Qy,) are the action components
of the core test sets and (Q 4 := maxy, |Q,ﬂ is the maximal size of those action components. We
define the exploration action sequences at time h to be Q; ", = act(X;, x Q5 U Qx_1). Moreover,
we define uffl as the policy, defined from time 7 — 1 onwards, in which each selection of action
sequences in Q" are chosen uniformly at random. For a model 6 and reward function R, we define

the value of a policy under this model and reward as V,* () :== > R(75)Pf (s ).

The algorithmic description is given in Algorithm 1. At each iteration k, the learner collects a

trajectory Tfl’h for each time index h € [H| by using a particular policy that drives exploration so
as to better estimate the parameters associated with the h-th time step. To collect the trajectory

Tllfl’h, the learner executes the policy at the previous iteration, 7%~!, until time h — 1 collecting
the trajectory T,If;hl then executes u; ¥, which samples action sequences from Q" uniformly.
The particular choice of the exploratory action sequences Q" comes out of the proof (see proof

of Lemma 5 in the appendix). Intuitively, act(Qj_1) allows us to estimate the prediction features
k,h

—* kb (o | koh ' “(xp)0 (T

P (1,7) = [P | 75,7)]qeqn_,» and act (X, x Q) allows us to estimate M (z5)Y (13,7)-

The collected trajectories are added to the dataset, together with the policies used to collect them.
The next step is model estimation via (constrained) maximum likelihood estimation. The algorithm

estimates a model 9% by selecting any model in a constrained set 3 defined as
or. = {0 € ©:Vh, (t4,7) € Dk PI(r) > Prmin } 5

(17
B¥=q60eOf,: > logPj(ry)> max > logPj(ru) — 8
0'e0Fk . .
(7w ,m)EDF i (g ) €DF

The introduction of ©F . ensures that P7. ' (T}]f’_hl) is not too small so that the estimates of the

min
prediction features ¢ (T,’f’_hl) = [P(q] T,’f’_hl)]qe@h_l are accurate. This design differs from other
MLE-based estimators [e.g., 33, 36, 38] due to the estimation of parameters capturing conditional
probabilities.

Next, the algorithm chooses a policy which drives the algorithm to trajectories 75, whose prediction
features have so far been unexplored. To do this, Algorithm | constructs an upper confidence bound
on the total variation distance between the estimated model and the true model. This is done via a
bonus function b* (1),

R H-1 )
b*(147) = min < « Z H'@ZJ(Th)‘(ﬁ;: 1o, where,
h=0 (18)
. ~k ok
Uy =AM+ Z Y (h)Y (),
Th€Dyk

where )\ and « are pre-specified parameters to the algorithm. Thus, the bonus function captures the
degree of uncertainty in the estimated prediction features 1(73,). In particular, the bonus Z(TH) will

be large for trajectories whose prediction feature (1) lie far away from the empirical distribution of
prediction features sampled in the dataset D}j. This is captured by computing the norm with respect
to the covariance UF.

The algorithm then chooses an exploration policy for the next iteration which maximizes this upper
confidence bound, hence collecting trajectories that have high uncertainty in their prediction features.

When the estimated model is sufficiently accurate on all trajectories, the algorithm terminates and
returns the optimal policy with respect to the reward function R under the estimated model.
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Algorithm 1: Learning Generalized PSRs (e.g., POSTs) via MLE and Exploration with UCB

fork+ 1,..., K do

forh < 1,...,H do

kh ¢ kb _khoy k—1  exp
Collect 7" = (w,, ", 7,) using v(7" 1 u; ) ).

DE |« DZ:} U {(Tf]’h, v (ﬂk_l,ufﬁ)lw }
end
H—-1
D= (D}
Compute MLE 6 € B¥, where
@Iknin = {9 : Vh7 (Thvﬁ) S DE,PQ—(T}L) Z pmin} 9

k _ k . T T _
B =<60€0O.,,: Z A logPh (1) > 9/1;1@?)173(. Z logPg () — B
(7w ,m)EDF min (g ) eDk

R ,1 5, where
gF)-1

—~ ~ 2
Define the bonus function, b* () = min {a\/zthol H¢(Th) (

Of =M+, ep, & ()0 (1)
. . . o*
Solve the planning problem to maximize the bonus function 7% = arg max_ Vé’k (7).
. 7k
if Vé’k (%) < €/2 then

| 6¢ = 0. break.
end

end
return T = ar \a
= arg max,, Vy&(m)

We extend Huang et al.’s theoretical guarantees to show that Algorithm 1 enjoys polynomial sample
complexity for generalized PSRs (Definition 3).

Theorem 4. Suppose Assumption 1 holds. Suppose the parameters pyin, \, o, B are chosen appro-
priately. In particular, let

. 5 | maxseal%,PQaB max{yF, Qa VT /)
min > KI HhH:1 |Xh|a /7dH )

H s Xs oy min

a=0 Qavd >\+maX.EA| ‘QA\/B ,ﬁ20(10g|@a|),€ﬁp .
72 ¥ KH

Then, with probability at least 1 — §, Algorithm I returns a model 8¢ and a policy 7 that satisfy
VE(r*) — V() < e, and V7, Dy (IPZE (tw), Pj(TH)) < e
In addition, the algorithm terminates with a sample complexity of,

O QZH rdH? ~nr1axseA|X5|2 -Qiﬁ
T+ N2 ) A :

Proof. The proof is given in Appendix J. O

This result shows that the sample complexity of learning a generalized PSR depends on the problem
size through a few key quantities. In particular, the sample complexity scales polynomially in the
underlying rank r, the dimension of the PSR parameterization d, the size of the action component of
the core tests @ 4, the time horizon H, the conditioning number ~~!, the size of the action spaces
maxge 4|X;|, the log covering number log|O.|, and the desired suboptimality error e. Note that O
omits logarithmic dependence.
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To apply this algorithm to a POST, we can use the generalized PSR parameterization constructed
in Section 4. By Theorem 1 the PSR rank is bounded by r < maxh|]l;2|. If this POST is a-
robustly Z-weakly revealing, then by Theorem 2 it admits a v-well-conditioned generalized PSR

parameterization with v = «/ maxy, |]IL|1/ 2 and the m-step futures as core test sets. Moreover, we
have d = max;, d), = max;, |Q)'|. The following corollary states that Algorithm 1 can learn a
partially-observable sequential team with a sample complexity which is polynomial in the size of the

information-structural state space maxy, \]IL |

Corollary 1. Suppose a partially-observable sequential team is m-step a-robustly It -weakly re-
vealing as per Definition 6. Applying Algorithm [ to this PSR representation, with parameters
Pmin, A, @, B chosen as in Theorem 4, returns a e-optimal policy with a sample complexity of,

~ ((1 n Q%H) maxh|]l;[l|7 - maxy, |Q}| - H5 - max,ec |Xs|2 -maxsey |Xsl - Qi)

0]
o? ote?

We can interpret this result as saying that the information structure of a sequential decision-making
problem, through the quantity maxh\ﬂm, is fundamentally a measure of the complexity of the
dynamics which need to be modeled. As a result, learning is tractable when maxj, |]IL| is of modest
size, and intractable otherwise. Recall that maxh|ﬂ;fl| is small when there exists “state-like” variables,

whether they are observable or unobservable. In this sense, maxy, |]I;[L| is a fundamental quantity which
generalizes the notion of a “state”. For example, in the case of an m-step a-weakly revealing POMDP,
our algorithm has a sample complexity of poly(S, (OA)™, H,a 1) - €72, where S is the size of the
state space, O is the size of the observation space, and A is the size of the action space. This is similar
to the sample complexity of [36, 37], which designed an algorithm tailored specifically for weakly-
revealing POMDPs. Our algorithms, together with the POST/POSG models, enable sample-efficient
reinforcement learning for a much broader class of models all within a unified framework.

In this section, we extended the algorithm in Huang et al. [35] to generalized PSRs, enabling sample-
efficient learning of POSTs. We emphasize that other PSR-based algorithms can be extended in a
similar manner. In the next section, we tackle the problem of learning in the game setting where
different agents have different objectives.

F Extension to the game setting

F.1 Partially Observable Sequential Games

In a POST, all agents share the same objective. In the game setting, different agents may have
different objectives which compete with each other in interesting ways. Information structures play a
crucial role in the study of games. The information available to one agent when making its decisions,
compared to the information available to competing agents, determines how well it can achieve its
objective. In particular, the information structure of a problem determines the set of equilibria it
admits. There has been a plethora of work in the game theory community studying such problems.

Analogously to partially-observable sequential teams, we define partially-observable sequential games
(POSGs). The dynamics of a POSG are identical to a POST, with the same formalization of variable
structure, variable spaces, information structure, system kernels, and decision kernels. In contrast to
a POST, agents in a POSG may have different objectives. In a POSG, there exists N agents, with
agent 7 € [N] deciding the actions at times ¢ € A", where A* C .A. Each agent has its own objective
defined by a reward function R’. This is defined formally below.

Definition 7 (Partially-Observable Sequential Game Model). A partially-observable sequential
game (POSG) is a controlled stochastic process consisting of the following components: variable
structure, variable spaces, information structure, system kernels, decision kernels, and observability.
These are defined in an identical manner to Definition 4. Additionally, POSGs define a reward
structure as follows. Let N be the number of agents. Each agent may act several times. Denote by
A? C A the index of action variables associated to agent i € [N]. Each agent has a reward function
R : Tl,es Xt — [0, 1] which they aim to maximize.

Denote by 7¢ = (m; : t € A?) the collection of decision kernels belonging to agent i, one for each

action they take. Denote by w = (7!, ..., 7V) the collection of all agents’ policies. Fixing 7r induces
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a probability distribution over X; x - -- X in the same way as in the team setting,

PT" Xy =21,... X7 =24 = H Ti(zi|{zs : s € L:}) H (x| {zs 1 s € It }). (19)
tes teA

The value of a policy 7 for agent i € [N] is defined as the expected value of their reward R’ under P™,
Vi(m) = Vir', 7w ™") =7 [R Xy, Xean))] (20)
where 7% = (77 1 j #14).

The nature of randomization in agents’ policies is crucial to the analysis of solution concepts in the
game setting. To model randomized policies, which are potentially correlated, we introduce a random
seed w € Q which is sampled at the beginning of an episode. Then, the policy at time ¢ € A can
be modeled as a deterministic function mapping the seed w and information variable i; € I; to an
action X;. That is, m; : Q x I; — X;. To model independently randomized policies with each agent
having private randomness, we consider the special case where the seed has the product structure
w = (w1,...,wn) € Q1 X -+ x Qy, and w; is the seed belonging to agent ¢ € [N]. Then, for
te Al m: Q x I; — X;. For each agent i € [N], define the three policy spaces,

1. Deterministic policies, I, = {7 : 7' = (m; : I = Xy, t € A7) },
2. Independently-randomized policies, Il ; = {n® : 7 = (m : Q; x [, = X, t € AY) },
3. Correlated randomized policies, %, = {7r st = (7rt QA x I —»Xy,te Ai) }

Define the joint deterministic policy space, as Dger = Il X -+ X Fé\gt, and similarly for the
independently-randomized policy space I';,4, and the correlated randomized policy space I, .

When studying games, a common question is to find an equilibrium within a particular policy space.
At a high-level, an equilibrium is a joint policy where no agent can do better by deviating from their
policy when the other agents keep their policies fixed. We will consider several notions of equ111br1urn.
We begin by defining the notion of a best- response. Suppose that agent ¢’s policy space is I (e <.,
I Ty, or T8 ). Then, we say that agent 4’s policy 7* is a best response to 7w~ ¢ if there is no

policy in I'* which achieves a higher value. This is formalized in the definition below.

Definition 8 (Best response). For a joint policy m, 7* .ls said to be a best-response to 7w " in the
policy space T (e.g., T ., T 4, or TL ), if Vi(rl, m=%) = maxzicps VI(F, w8 = VB T( 9.
This leads to the definition of two notions of equilibria. A Nash Equilibrium (NE) is a joint policy
where all agents are best-responding in the space of independently-randomized policies. A Coarse
Correlated Equilibrium (CCE) is a joint policy where all agents are best-responding in the space of
correlated randomized policies. The difference between NE and CCE is that the randomness in the
joint policy must be independent in an NE but can be correlated in a CCE. Since I'j,g C I'cor, coarse
correlated equilibria are a generalization of Nash equilibria. We define them formally below.

Definition 9 (Nash Equilibrium). A joint policy 7 € I'ynq is said to be a Nash equilibrium if for all
agents i € [N], Vi(m) = maxzicpi ViR, w1 = ViI(w~%). A joint policy € T'inq is said to

an e-approximate Nash equilibrium if V() > V¥T(w=%) — ¢ for all i € [N].

Definition 10 (Coarse Correlated Equilibrium). A joint policy w € T'co; is said to be a coarse
correlated equilibrium if for all agents i € [N], Vi(w) = maxzicrs V(7w ") = Vii(n™"). A
joint policy 7 € Ty, is said to an e-approximate Nash equilibrium if V(m) > VT (w=%) — ¢ for
all i € [N].

Since we consider finite-space sequential games, an equilibrium is guaranteed to exist [93].

Remark 3 (Notion of equilibrium can be represented through information structure). The policy
classes defined above (i.e., deterministic, independently-randomized, correlated randomized) can
be directly modeled by the information structure. For example, to represent correlated randomized
policies, the random seed w € ) can be modeled as an observable variable at time t = 0 which is in
all agents’ information sets. Similarly, independently randomized policies can be represented through
a different random seed for each agent at time t = 0, and including the appropriate random seed in
each action’s information set. Hence, the information structure itself can decide which equilibrium
notion we are interested in. Moreover, this allows us to consider additional notions of equilibrium
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where, for example, only subsets of agents can be correlated with each other (e.g., this may be useful
in modeling multi-team problems). Note that adding random seeds in order to model randomized

policies does not affect the information-structural state I}TL since the seeds don’t appear in Gt. For
concreteness, we focus on NE and CCE in our presentation.

F.2 Characterizing the Sample Complexity of Learning an Equilibrium via a Self-Play
Algorithm as a function of the Information Structure

We now introduce a sample-efficient reinforcement learning algorithm for learning well-conditioned
generalized predictive state representations in the game setting with each agent having their own
objective. In particular, since partially-observable sequential games with a ZT-weakly revealing
information structure admit a well-conditioned generalized PSR representation, they can also be
learned sample-efficiently by this algorithm.

The algorithm we propose is a self-play algorithm for learning an equilibrium of the dynamic game
problem. That is, the algorithm specifies the policies of all agents during the learning phase, collecting
the trajectory of observables at each episode to improve its estimate of the system dynamics. This
can be thought of as a centralized agent playing against itself. We will propose an algorithm which
can find a Nash equilibrium or coarse correlated equilibrium in a sample-efficient manner. We begin
with some preliminaries.

Game setting. Recall that a sequential decision-making problem falls within the game setting
if each agent has their own objective. Following Section 2.1, we consider a sequential decision-
making problem (X7, ..., Xy ) where O denotes the index set of (observable) system variables and
A denotes the set of action variables. We suppose the game involves N agents, and denote the action
index set of each agent by A* C A, where { A’} partitions .A. Each agent has their own reward

function R*(X1, ..., X). Note that POSGs as defined in Definition 7 are structured models which
fall within this framework.

Equilibria and policy classes. Recall that in the game setting, the type of randomization in
each agent’s policy affects the set of equilibria in the game. In Appendix F.1, we formalized this
randomization by introducing a random seed w € () and allowing each agent’s policy to be a function
of their information set and this seed. If the seed has a product structure w = (w1, . .., wy ) with each
agent observing their own seed, this results in independently-randomized policies, denoted by I'?_ ;.
If all agents use the same seed, this results in correlated randomized policies, which we denote by
I'¢ .. An equilibrium among independently randomized policies is called a Nash equilibrium and an

cor*
equilibrium among correlated randomized policies is called a coarse correlated equilibrium.

Estimating probabilities in the planner. The probability of any trajectory under a joint policy
w is given by P™ (1) = Y Pt 7w (T |w)P [w], where P [ry] = P[7f; | 7§;] as before, and
(T |w) = [[ea H{Tn = mn(Th—1,w)}. Recall that the probabilities P [1y] are estimated by the

generalized PSR model 6. We assume that the planner has knowledge of the randomization, P [w].
Hence, the planner in the self-play algorithm is able to compute the probability of any trajectory for
each choice of policy.

Algorithm. The algorithmic description is presented in Algorithm 2. In the first stage of the algorithm,
the centralized learning agent has a unified goal: to explore the environment. This is done by executing

policies which maximize the bonus function b* (77) by visiting trajectories with imprecise estimates
of their probability, as measured by the upper confidence bound on the total variation distance. This
part is identical to Algorithm 1. Once the algorithm is sufficiently confident about the estimated
probabilities of all trajectories, it computes the equilibrium using the estimated model directly. That is,
ComputeEquilibrium computes either NE or CCE. The only difference in the exploration stage of
the algorithm compared to Algorithm 1 is that the termination condition involves & /4 rather than £ /2
in order to guarantee an e-approximate equilibrium under the added complications of the game setting.

Theorem 5. Suppose Assumption 1 holds. Suppose the parameters pumin, A, o, B are chosen as
in Theorem 4. Then, with probability at least 1 — 6, Algorithm 2 returns a model 6¢ and a policy 7
which is an e-approximate equilibrium (either NE or CCE). That is,

Vi (m) > Vi (x7%) — ¢, Vi € [N].
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Algorithm 2: Self-play UCB Algorithm for Sequential Games

fork+ 1,..., K do

forh < 1,...,H do

kh ¢ kb _khoy k—1  exp
Collect 7" = (w,, ", 7,) using v(7" 1 u; ) ).

DE |« DZ:} U {(Tf]’h, v (ﬂk_l,ufﬁ)lw }
end
H—-1
D= (D}
Compute MLE 6 € B¥, where
@Iknin = {9 : Vh7 (Thvﬁ) S Dﬁv]P)g(Th) Z pmin} 9

k _ k . T T _
B =<60€0O.,,: Z A logPh (1) > 9/1;1@?)173(. Z logPg () — B
(7w ,m)EDF min (g ) eDk

R ,1 5, where
gF)-1

Define the bonus function, b* (77 ) = min {a\/ S Hi(Th)
~ =k =k
O =M+ Y, ()0 (1)

Solve the planning problem 7% = arg max Vg: (7).

if V' (7%) < ¢/4 then

| 6¢ = 0. break.
end

2
(

end
return 7 = ComputeEquilibrium(¢, {R',..., RN })

In addition, the algorithm terminates with a sample complexity of,

ol(rs 2HY\ rdH? - max.ea [Xo|*- Q48
72 ’}/462 !

Proof. The proof is given in Appendix K. O

To apply this algorithm to a partially-observable sequential game, we can use the generalized PSR
parameterization constructed in Section 4.

Corollary 2. Suppose a partially-observable sequential game is m-step a-robustly TT-weakly
revealing as per Definition 6. Applying Algorithm 2 to this PSR representation, with parameters
Dmin, A, &, 3 chosen as in Theorem 5, returns a e-approximate equilibrium 7 with a sample complexity

of,

ote?

o ((1 N QiH) _maxy |]IL|7 - maxy, | Q)| - H® - maxsc4 |XS|2 - maxgey | Xy ~Qj>
o? '

G Existence of Generalized PSR representations and their covering number

In this section we show that any rank-r sequential decision-making problem (as per Section 2.1) can
be represented via a rank-r generalized PSR (Definition 3). Next, we bound the covering number of
the class of rank r PSRs, which will be important for our MLE analysis. Similar results have been
established in previous work for sequential decision-making problems with alternating observations
and actions [e.g., 33]. Recall that our formulation of the generic sequential decision-making problem
and generalized PSRs is more general than the standard formulation since it allows for an arbitrary
sequence of variables. Here, we follow a similar procedure to prove a slightly generalized result.
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Proposition 2 (Existence of Generalized PSR representation). Consider a sequential decision-making
problem with rank(Dy) = 1y, h € 0 : H — 1. There exists a generalized PSR representation (i.e,
observable operator model) by, { By, (xh)}he[H],a:hGXh VR } heo. i Such that,

1. Bp(zp) € R™*™n=1 gnd || By, (z1)||2 < 1 for any xp,.

2. |bo| < /TH[.

3 lvall2 < VIFR ]/ [F5]-

4. For any h, Wv; thexh Bp(zy) =v)_,.
5. Forany 7, € Hy, P[r] = ’U;Bh(fbh) -+ By(z1)bo.

Proof. We construct the representation via the singular value decomposition of the matrix D,I. Let
Up € RIFelxmn 53, ¢ Rraxm YT ¢ R XIHrl be the SVD such that D, = U, %, V,". Define
bo, Bh, v, as follows,

1

— 1Ty,
[Fgl "

bo = [Dolly, Bu(wn) = Uy [Un-1l(s, 5.+ n =

Here, [Up— 1](Th )y denotes an |Fj| by r,-1 submatrix of Uj_; consisting of the rows

(zh,wn), wn, € Fp, (i.e., the set of futures where the variable at time h is ). Note that [F% | = 1 by
convention, a product over an empty set. We verify each property in turn.

First, || B (xn)ll2 = U} [Un-1] (2, 50).:

lbol = | Dolly = [ Plral”

S Plul= 3D Pl | i) = Zl— IT 1%,

TH T s€A

o < 1since Uy, Uy, —1 are unitary matrices. Second,

IN

where the inequality is since P [77] € [0, 1]. For property 3, we have

1
7o 117U,

|h o a
< gy I = Yt = /IR 1/ B3

where the inequality is since Uy, is unitary, and the final equality is since |Fp,| = |F¢ | [Ff|.

lonlly =

Next, to prove properties 4 and 5, we first show the following claim.
Claim. For any history 75, = (x1,...,2) € Hy, h € 0 : H, we have By(xy) -+ B1(x1)by =
Uy [Dy]

HTh

Proof of claim. We prove the claim by induction. In the base case, h = 0, DOT is a vector in RFo
(note that Fy = H). Hence, Uy is simply the normalized vector Uy = D /|| DJ ||2, and hence
Uy Dy = DoD{ /||Dyl|2 = || Dyl|2 = bo. Proceeding by induction, suppose the claim holds for
h — 1. Then, we have,

By(xn) -~ Bi(1)bo = Bu(an)Up_y [Dy 4],

:UhT Un— 1Uh 1Dh 1]

[
:UJ [Dhq]
2

(h,Fr),Th—1
(zn,Frn)sTh-1

]iﬁn’
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where the final equality is because [D;{_J(xh’wh)ﬂ_l = Plmp_1,zn,wn] = Plm,wn] =

[D;jlwh,rh' D

Using this fact, we can now show property 5 as follows,

1 1
vy, Bu(xp) -+ Bi(21)bo = 7 |1TUhUh [Dy]... WIT Dy ],
1
= |Fa| Z P[Th,&)h |]Fa Z Z Th7wh | Thawh]
hl o, eFy weEFe w° €Fe

|IF“ Plmy | 7] Z ZPWHWmThaTh]

wi €Fy wp €F)

|Fa Th|Th Z 1

wi €Fg

=P | 7]

Finally, it remains to show property 4. Consider the linear equation z' U,] D, = |FZ|_11TD;.
Note that U, J D,—f € R"»*IHnl is rank r,,. Thus, this equation has a unique solution. Our strategy
is to show that v, and v, > nss Bh+1(xn) are both solutions to this linear equation, and hence

Up = Uit 2o, Brti(as). That vy is a solution is clear by definition of vy, v, U, D, =
F¢|"'1TU, U, D] = [F¢|~"1T D] . First, recall by the calculation above that [F¢|~'17 D]l is
a vector in R™» where the 7,-th entry is P [7¢ | 7/*]. We will calculate the 7,-th entry of the vector
xTU,th whenz! = U,L_l th“ Bi1(Zht1)s

var Y Bryi(zna) [UJDZ] > 1TUwnU, LT Dh]

Thoyt ‘F +1| Thoyt
= | | Z 1’ Uh+1Uh+1 [UhUh Dh}(l’hﬁ—l,Fhﬁ—l)»Th
h+1 Th+41
S o7
F ,
‘ h+1| = (@h+1,Fht1),Th
1 — 1 _
Fa SN Pl anis,wnga] = Tl > Plra,wal
‘ +1| Th41 Wh+1 ’ h+1‘ UJh,E]Fh
‘IF‘ | Pl [ 7] Z Z [wh | 7, wh]
h+1 wiEFS TP EFY
LBl ) Y 1= i IR | )
~ [Fal +1| = +1|
1
= P [T;Z | 7_;11] )

- |Xh+1|1{h+1€A}
where the final inequality is since [F¢| = HsehH:H(\XSP{SEA}). O

Corollary 3. Consider a sequential decision-making problem with rank(D},) < r. Then, there exists
a generalized PSR by € R, {B1(%h)}he(p1) 0, ex,, © R, vu € R such that,

Lo1Br(zn)lly <1, Vhyan € Xa, lbolly < v/[Hy |, and [lopll, < 1.

2. Forany ty € Hy, Prg) = v By (zg) - - - Bi(x1)bo.
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Proof. In Proposition 2 we constructed such a representation with dimensions in terms of r;, instead
of r. Since r;, < 7, we can pad this representation with dummy columns and/or rows filled with zeros
to obtain a representation with dimensions in terms of 7. [

An important part of maximum likelihood analysis is the notion of a “bracketing number” which
controls the complexity of the model class © [e.g., 94]. In our analysis, the model class is the set
of generalized PSRs of a given rank. As shown in the results above, rank-r generalized PSRs can
represent any rank-r sequential decision-making problem, with operators whose norm is bounded. In
the next result, we will consider a closely related notion to the bracketing number which crucially

incorporates optimism. O, is said to be an “optimistic e-cover” for © if for each 6 € ©, there exists
6 € ©. with an associated probability measure @% such that,

Vh,Th, @Z‘(T}L) 2 @9 [Th},
Vh/]’}“ Z ‘?%(Th) —ﬁg [Th]’ § E.

Th

The first condition ensures optimism and the second condition ensures that ©, e-covers ©, in the
sense that the probability of any trajectory is approximated within an error €. Recall that the parameter
[ in Algorithms 1 and 2, which appears in the sample complexity results in Theorems 4 and 5, is

defined in terms of |©.|. The next proposition bounds the size of |@5 |

Proposition 3 (Optimistic cover of sequential decision making problems). Let 9 be the set of
all rank-r sequential decision-making problems with a horizon of length H, observation index
set O C [H), action index set A C [H], and variable spaces X1, ...,Xpy. Then, there exists an

optimistic e-cover O, of © with cardinality bounded by,

_ X
log’@€’ <O (rzmﬁax X H? log (rnax;;|h|>) .

Proof. Define the set of generalized PSR representations constructed in Corollary 3,

O = {bo €R" ABn(@n)}y 4, v €R" 2 [[Bu(an)lly <1, Vh, o, ||bolly < \/[HY [, loall, <1,
and VTH S HH, pm [TH] = ’UI—;BH(:L'H) .. ~Bl(x1)b0,

where m is a sequential decision making problem in zm}

Let Cs be a d-cover of the above set with respect to the £,,-norm. For 0 = (bo, {Bn(xr)},vm) € Cs,
define the e-optimistic probabilities as,

Py(r) = v Ba(xn) - - Bi(x1)bo + /2

We will show that for an appropriate choice of 4, Cs is an optimistic e-cover. In particular, for each
0 € O, there exists # € Cg such that,

Vh, mh, Pg(th) > By [ral,
Vh, 7, > [Bo(m) — Polml| <.

Th
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To choose the value of § for which the above holds, observe that

3 ]agéH(xH) - Bi(21)bo — vl B () - - Bi(1)bo
TH

H
< EE:ZE:‘iﬂ;i?H(JU¥)"'j§h+1($h+4)(j§h($h) — Bp(xp))Br-1(xh-1) -+ Bi(x1)bg

h=1 T

+ 3 [GhButen) - Bi(e)(Go — bo)|

< E X |Buten) - Bt 1+ 07 oo
TH TH

< Hm}z}x |X;L|H+‘A|/2 rd + max X5 " /7,

where the second inequality uses |||z = ||vill2 = |Br(zn)ll2 = 1, ||]§h(ach) — Bp(xp)]l2 <
Pl B (1) = Ba(@n) lmax < . [bollz < /T |, and [[bg —bollz < v/Fllbo—bolloc < v/76. Hence,
choosing § = ¢ - max, |Xh|_CH for c an absolute constant large enough achieves a s-optimistic
covering of ©. Hence, we let ©, = Cs, with § = £ - maxy, - |Xh|_CH. It remains to bound the size of
[CHE

Recall that [|-|| ., < [|-||2 and that an interval [—x, =] in R admits a §-cover of size bounded by 2z /6.
Now, observe that max;; |[B,(z)]i;] < ||Br(xr)]l2 < 1. Hence, for a fixed h, {B;L(xh)}xh admits
a cover of size bounded by (2/6)""1%x|. Considering all h, the cover is bounded by (2/8)"" Zal¥nl <
(2/8)* maxn|EnlH - For, by, we have |[bo|l., < [lboll < /JH%], hence the covering number is
bounded by (2+/|HY%|/6)". Finally for vy, we have ||vg| . < |[vm|l2 < 1, hence the covering
number is bounded by (2/6)". Thus, we have,

_ 1
log [©.| <O (r2 m}fxx|Xh| Hlog <5>) :
Recalling that 6 = € maxg \XsrCH, we obtain that,
— X
log |6 <O <r2 m}?x|Xh|H2 log <maxh|h|>) .
€

H Proofs of Section 3.2

Theorem (Restatement of Theorem 1). The rank of the observable system dynamics of a POST or
POSG is bounded by
r < max ‘]I}LL‘
he[H]
Proof. We have
[Drl, w, =Pl wp, | do(7yy, 737)]

= P[] [ do (7)) P [wy, [ 775 do (757, wp)]

Th,Wh

@ P[r7 | do (77)] Z P [{l‘k, ke I,TL} ’ 715 do (Tﬁ,wﬁ)} P {wz ‘ {xk, ke I}TL} ,7r; do (T}(:,OJZ)}
zp €Xg
keZ!
®) Z [5 | do ()] P Hojk, k GI}:} ‘ T35 do (Tﬁ)] P [wz ‘ {xk, k GI);} , T do (Tﬁ,w,‘;)}
1 €Xg
kez]
> Pl | do @ P [{wx, k€ I} | s do(7t)] P [ | {an k€ ]} 5 do )]
:EkkEEIX;k
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where step (a) is simply the law of total probability, step (b) is that {z, k € I,I} is conditionally
independent of do(wj) (future actions) given (77; do(77)) (the past), and step (c) is that wy is

conditionally independent of (77; do(77)) given {xy, k € I;i} This is due to a result by Verma and
Pearl [95] which states: for three sets of variables A, B, C in a directed graphical model, if A and B

are d-separated by C, then A | B|C. Recall that I,TI is defined as the minimal set which d-separates
(Xt(l)a . 7Xt(h)) from (Xt(h-i-l)v . 7AXt(H)).

As a technical remark, note that ZIL = (zk, k € I}TL) may include actions and hence,
P ka, ke I,t} ‘ 715 do (T,‘f)} =P ka, ke I;i OS} ‘ 75 do (7’;?):| 1 {(x;w ke I): ﬂA) matches T,?},

since the action components of zz are contained in the history 7y,

Now define two matrices

Dy, = [IP (79 | do (+3)] P [{xk ke I;} ] 7; do (T,C;)H L meH,, il = (xk k ez;) el

T
Thitp,

Dy, = []P’ [wz ‘ {xk, ke I,Tl} ; do (wZ)H , ZZ = (J:k, ke I,TL) € HL, wp, € Fy,.

ih,vwh

We have that Dy, = Dy, 1 Dy, 5, where both Dy, ; and Dy, 5 have rank upper bounded by |HL\ =

[I ezt [Xs|. Hence, rank(Dj,) < |]IIL , and the result follows. O
h

I Proofs of Section 4

Lemma (Restatement of Lemma 1). Suppose that the POST/POSG is m-step It -weakly revealing.
Then, Q}" is a core test set for all h € [H]. Furthermore, we have

?[Th,wh] = <mh(wh)7wh(7h)>7 and @[wh | Th} = <mh(wh),@h(7h)> . (21)

Proof. Let 1, € Hj, wy, € [Fy, be any history and future, respectively. By Theorem 1, recall that we
have

Plon | m] = > Plun || P[il | m]. (22)

ihet),
Recall that 22 may overlap with 7. In particular, the action component of ’L;(L is contained in 7p,.
Thus, }P’[z;rl | mh] = P[{ag, k € I,TL \ Urp}| 7] - 1{(zk, k € I,Tl N U.p) matches 75, }. Note that

I}: \ U1.,, C S does not contain any actions. Hence, the summation over ]IL is equivalent to summing
over its unobservable components with the restriction that its observable components match 7.

i T
I, I,

Define the mappings my,: F, = R

mon) = [Pl 4]

+ )
heﬂh

and p: Hp — R
Pr(Th) = {]P’ H ‘ 7'h”

Then, we have that the conditional probability of the future w; given the past 7, is given
by the inner product of the above mappings, P[wy | 7] = (mn(wn),pr(7h)). Recall that
the vector of (conditional) core test set probabilities for the history 75, is given by ¥, () =
[Plg° | m2; do(T), do(q“)]]qu?, € RI%I, By the definition of G, and Equation (22), we have

G pr(mh) = Yr (1), since, for ¢ € Q},

(Guon(m)y =D (Gh)y i (onl(mn))1

-
*h

— ZIP’ [q"
=P[¢° | 77; do(r}), do(q?)]
= Wh(Th)]q

by

il eIl

il dO(q”)} P [iZ ‘ Th}

6682 https://doi.org/10.52202/079017-0214



, its pseudo-inverse G’L is a left inverse of G, (i.e., GILGh =

Since by assumption rank(G},) = ’]I;rb
I). Hence, multiplying on the left by G , we obtain py, (1) = GThﬁh (71,). Hence,

Pleon | 7] = (1hn(wn), G ()

= < (GZ) ! mn(w), ¢h(T}L)> .
-

mp (wn)

That P[r,,wn] = (mn(wn),¥n(mh)) follows directly by noting the definition of 1, (7,) :=
Un(Th) /P [h]-

Hence, we have shown that for the test set Q}", the probability of each future wy, given a history 7,
is a linear combination of the probabilities of each test in the core test set with weights my, (wy,) =
(GL)Tfnh (wp) € RIQ'! depending only on the future and not the history. O

Theorem (Restatement of Theorem 2). Suppose a POST/POSG is a-robustly m-step L' -weakly
revealing. Then, the corresponding generalized PSR as constructed in Section 4 is y-well-conditioned

with v = o/ max, [T} /2.

We will first show that ({Q}"}r, ¢m, {Mn}r, o) indeed forms a PSR through a series of simple
calculations.

A direct corollary of Lemma 1 is the following.
Lemma 2. Forany h € [H], 1i,_1 € Hp_1, ) € Xyn), wn € Fp, we have

P [Th—1, Te(nys wn] = (mn—1(@e(ny wn)s Yu(Th-1)) - (23)

Hence, given a history 7,1 = (24(1), ..., T¢(h—1)), having observed another variable x(j,), we
can update our predictions of the future and obtain the probability of trajectories of the form
(Th—1,T¢(n),wn) for any future wy, € . Note that z;(;,) may be either an observation or an action.
Hence, we can update our prediction of the future after deciding an action, and before receiving
the next observation. This is in contrast to the standard PSR formulation where predictions of the
future can only be updated with a pair of observation and action. Our formulation provides additional
flexibility, which is crucial for the general information structures modeled by POSTs and POSGs.

This means that, after observing x;;,), we can use the my, : Fp — R mapping constructed
in Lemma | to update the probability of any candidate future wj. We are particularly interested in
updating the probabilities of the futures corresponding to the core test set at the next time point, since
this provides a sufficient statistic of the past. Thus, we define the matrix mapping M, : Xyp,) —

Rdh Xdp_1 by’
[Mh(@en)],,. = mn-1(in),a)", ¢ € Q. (24)

That is, M}, (24 ) is the matrix whose rows are indexed by the core tests at the h-th observable step,
where the ¢ € Qp, row is the weights given by the mj,_; mapping for the future consisting of ()
followed by g. This mapping enables us to update the probabilities of the core test sets.

Lemma 3. Forany h € [H — 1], 7, € Hp,, T(ht1) € Xi(nt1), we have

Un(Th—1, Ze(n)) = Mp(2yn))n—1(Th-1). (25)
Hence, for a history 1, = (%(1)7 ... ,xt(h)) € Hy, we have
Yu(Th) = Mu(2eny) Mp—1(Teh—1)) - - Mi(241)) %0, (26)

where 1o = 1o (0).

Finally, observe that Q% _; = Xt( ). Hence,

Vi1 (ra-1) = (P I:Th’_l’xt(H):I)ZEt(H)GXt(H) e Rl
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Thus, letting ¢p : Xy(g) — RIXe(H)l pe qSH(:vt(H)) = €y, (the canonical basis vector), yields
P [z b€ [H]) = du (@) Mu—1(ziar—1)) - - Mi(z401)) 0. 27)
Hence, Equation (27) together with Equation (26) imply that (M, ¢, 1) is a valid generalized PSR

representation for the POST/POSG (as per Definition 3).

What remains is to show that if the POST/POSG is a-robustly ZT-weakly revealing, then the PSR
constructed above is well-conditioned.

Theorem (Restatement of Theorem 2). Suppose a POST/POSG is a-robustly m-step L' -weakly
revealing. Then, the corresponding generalized PSR as constructed in Section 4 is y-well-conditioned

with v = a/ maxy,|I} |1/2,

Proof. We first show condition (1) in Assumption 1. Suppose h > H —m and hence the core tests are
the full futures, which have length smaller than m. Then for any x € R, d), = Hf[: i 1X|, we have

.
. - <
max Y [my(wn) @] - w(wn) = max Y Jefwn]|w(wn) <l ,
Wh Wh

where x|wy,] indexes the component of the vector x corresponding to the future wy,.

Now suppose h < H — m (and hence the core tests consist of m-step futures). Then, we have,

maxz |mh(wh)Tx| m(wp) = maxz ‘m(wh)TGhGLx‘ -7 (wp)
wh w

< mT{riXZ Z |m(wh)TGheﬂ|

wh itelf

e;G;[L:c‘ - m(wp)-

Now observe that for any policy 7 and any i € ]Ih, we have

Z |m(wh)TGheﬁ’ 7w Z ‘m wp) GI WGhet| -
= ZIP’ wh, ’ )
fZ[pﬂT Wi | T

where we used the definition of 1y, (ws) = my (wn) T G}, and [y (ws)],; = Plwp | i1]. Recall that
m(wp,) is such that for any fixed sequence of observations wy, sz W(wg, wi) = 1

m(wn)

Putting this observation together with the preceding inequality yields

max Z |mh(wh)—rx‘ m(wp,)

Wh

Tt
e“ th‘

itelf

=[etel, <@t 1ot

g

< iy,

where the final inequality is from the relation between the one-norm and two-norm HGZH <
1

il

Al and HGIL H2 < é, by the assumption on its singular values.
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Now we show condition (2) in Assumption 1. For ease of notation, we denote z¢(x) by x. When
h > H — m, note that [Mh(fbh)} = 1{qh = (xthh+1)}, for all ¢, € @hthJrl S Qh+1.
Hence,we have

dh+1,9h
max Y || M (zn)2lly w(an) = |2, -
Th

Now, when h < H — m, by a similar line of reasoning to the proof for condition (1), we have,

mgxzHMh(xh)zle(xhh'h,l) < max Z Z

xp, (Th:qn4+1)€Xn XQry1 it €lf

(i) max Z Z |mh($t(h)7 Qthl)GheiT’ :

T
(@h:qn+1)€Xn X Q11 it €I

eq . Mpu()Grei| -

qh+1

eﬁGILz‘ (xp|Th—1)

67;TGILZ‘ m(xp|Th-1)

© max Z P [$h7Qh+1 ‘ iw m(zn|Th-1)

it (Th,qn+1)

e;GILz’

where step (a) uses the definition of M}, and step (b) uses the definition of mh(wh)T = my (wh)TG};
and [, (wp)];+ = Plwy, | iT]. Now note that,

Z P [zh, g1 | iq m(xp|Th-1) = Z Z Z P [z, obs(qn+1) | iT,act(qhH)] 7(xp)

(Th,qn+1) Zh act(qn+1) obs(gn+1)

>

act(qh+1)
= ‘Qf+1| )

where the second line is since for any fixed action sequence, the sum over the probabilities of all
observation sequences is 1.

Thus, putting this together, we obtain the following,

max > [ Ma(on) 2l w(ealmor) < Qb - |61z,

Th

1| 1oL
<,

where the last line again follows by the assumption on the singular values of G,. [

J Proof of Theorem 4: UCB Algorithm for Generalized PSRs (Team Setting)

In this section, we prove Theorem 4 which states that Algorithm 1 returns a near-optimal policy
in a polynomial number of iterations. The proof is adapted from [35] and generalized to our
setting with generalized PSRs (Definition 3). The proof is organized into several subsections.
In Appendix J.1, we show that the total variation distance between trajectories under the true model
and the estimated model can be bounded in terms of the estimation error of the observable operators
{Mp}1. In Appendix J.2 we state some general results on maximum likelihood estimation which
show that the MLE model has small error on the collected dataset. In Appendix J.3 we prove that the
bonus term is an upper confidence bound for the total variation distance. In Appendix J.4 we show that
the estimation error is sublinear in the number of iterations (i.e., O(v/K)). Finally, in Appendix J.5
we put this all together to prove the theorem.

J.1 Properties of Generalized PSRs

Recall that a PSR model § = (M, 1y, ¢ ) consists of operators M = {Mh}th_ll, M, - X; —
Rénxdn-1 ¢y« Xz — R¥-1 (assumed to be the identity mapping), and 1)y (assumed to be known
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for the purposes of presentation). Recall that, for any trajectory 7,—1 = (21, ..., Zx—1), under model
0, we have

i (h)
Py (Th-1)
i (Th)
Po (x| Th—1) Po (Th—1)
= U5, (mn)Po (zh | Th-1)

My (1)1 (Th-1) =

(28)

Py (zp, | Th-1)

Here, the notation Py (x5, | 74_1) means the probability of z;, conditioned on the history 741,
with all actions executed. In particular, if z; is an action, then Py (zp | 7h—1) = 1 and

My (xn)p 1 (Th-1) = ¥y, (1)

The following proposition shows that the total variation distance between the distribution of trajecto-
ries of two PSR models can be bounded in terms of the difference in their observable operators.

Proposition 4. For any policy ™ and 0, 8 € O, we have,

D1y (P§, IP’Z}) < i > wlm) ‘mh(wh)—r (J/\Zh(wh) - Mh(%)) Un—1(Th-1)|

h=171g€Hy

~

my (wp) (]\/Zh(ﬂfh) - Mh(%)) Yn—1(Th-1)|,

Dy (P75, PF) < Z 3" w(m)

h=1T1g€ly

Proof. The probability of any trajectory 75 = (1, ...,2 ) can be written in terms of products of
the observable operators M}, (xy,) of a PSR model (Equation (1)). Hence, we have,

DTV (Pg\, Pg) IP@ (TH)‘

Lo |<HMh o (fonie)

IN

%ZW(TH) Z ‘mh(thrl:H)T (]/Vf\h(xh) - Mh<33h)) Vn-1(Th-1)],
TH h=1

where the second line follows by the triangle inequality after noting that for any trajectory 7y =
x1.5 € Hpy, the following holds forany h = 1,..., H,

H H
<H Mh@h)) Yo— (H Mh(%)) o = iin (@) My (en)on—1(@1n—1)—mn(@nrm) T My (@n)vn—1(@1n-1).
h_

h=1

By the same argument, we obtain the second inequality,

orv (B3, 75) = 5 3 [P () — B )|

TH

o~

;TX:TF(TH ij: ’mh Thy1:H) (]/W\h(xh> - Mh(xh)) ¢h—1(7h—1)‘ :

IN

O

In this result, recall that we assume 1)y is known to the agent, to simplify the presentation. If ¢y was

not known, there would be another term due to the estimation as g [see 33, Lemma C.3]. Note that
the sample complexity of estimating 1) is small compared to learning the other parameters.
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J.2 General Results on MLE

In this section, we state some general results on maximum likelihood estimation which ultimately
guarantee that the estimated model produced by the procedure in Algorithm | has a small estimation
error. The results are stated without proof. The proofs are given in [35] and use standard techniques
on MLE analysis [94]. This ultimately leads us to a lemma which states that the estimation error of
the MLE model is small on the collected data.

The first proposition states that the log-likelihood of the true model §* is large compared to any other
model.

Proposition 5 (Proposition 4 of [35]). Fix e < . With probability at least 1 — 6, for any 6 € ©,
and any k € [K)|, the following holds:

I K |©.
VoeO,) D logP5(rh) —3log |5 < > > logPh(mh)
h  (Th,m)€Dp h (7,,7)eDk
Vo € 6, Z log P2 (T )—310gK‘és| < Z log Pg. (73,)
(o8] ] H 6 — * h
(TH,m)EDE (th,m)EDF

The second proposition provides an upper bound on the total variation distance between the distribu-
tions of futures given histories on the empirical history of trajectories. This result ensures that the
model estimated by Algorithm 1 is accurate on the sampled trajectories.

Proposition 6 (Proposition 5 in [35]). Fix pmin and € < B2, Let

Or. = {9 :Vh, (th,7) € DY, P5 (1) > pmin}. Then, with probability at least 1 — 6, for any
k€ [K],0 € ©F, . we have,
P7. (T K|©
Z Z D2, (P (wh|mh), Ph (wh|mh)) < 62 Z logM + 3110gM.
, PG (Ta) 4
h (‘rh,ﬂ')ED}kL h (‘rh,ﬂ')ED;‘L

The next proposition is standard in the analysis of maximum likelihood estimation. Dy denotes the
Hellinger distance.

Proposition 7 (Proposition 6 of [35]). Let ¢ < ﬁ Then, with probability at least 1 — 0, the
following holds for all § € © and k € [K],

1 P7. (7 K |6,
E Dﬁ (P5 (7w ), Phu(tH)) < = E log 76;( 1) + 2log 7| E|.
2 PQ (TH) 5
TeDk (70 ,m)EDE

The final proposition of this section states that when pyi, is chosen as in Theorem 4, the true model
0* lies in the constraint ©%; with high probability.

.gs . i §
Proposition 8. Fix pi, < KA %]

Vk.

k

min

. Then, with probability at least 1 — §, we have 0* € ©

Proof. For each k € [K], we have 6 € ©F . if P (1) > puu, for all h € [H], (7F,7%) € DE.

min

Consider the probability of 6* violating this constraint for some trajectory in the dataset. For each
k, h, (7}, "), we have
=]

k k
P { T (TF) < pmin} =E, {]P’ [ T (7F) < prmin
Z Pg. (Tilf = Th)l{Pg* (Th) < pmin}]
T €EHp

< Z Pmin

Th €Hp,
= |Hh| Pmin
6
< —.
- KH

—F,
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In the above, the first line is by the law of total probability, where the expectation is over the Eolicy
7% used while collecting the (h, k)-th trajectory, and the inner probability is over trajectories 7. The

second line calculates the probability of the event {P”f (7}) < Pmin}. Taking a union bound over
k € [K], h € [H], and (15,,7) € D), implies that P [0* € ©%, | > 1 — 4. O

min

In what follows, let &,,, &, Emin be the events in Propositions 6 to 8, respectively. Let £ = £, N
Er N Emin be the intersection of all events. Propositions 6 to 8 guarantee the event £ occurs with high
probability, P [£] > 1 — 34, by a union bound.

The following result states that the estimated model is accurate on the past exploration policies and
dataset of collected trajectories. This holds for both the conditional probabilities of futures given past
trajectories in the dataset as well as over full trajectories. The result follows from the MLE analysis
in Propositions 6 to 8.

K|©. = . Lo
Lemma 4. Let 8 = 31log |6 |, and suppose € < WW, where O is the optimistic c-net

in Proposition 3. Then, under event &, the following holds,

Z Z D3, (]P)gk (wh|7h), Py (wh\m)) < 78,and

h (7, m)eDf

> 0% (B3 (7). B () < 78,

neDk

Proof. The proof follows by Propositions 6 to 8. The argument is direct and is identical to Lemma 1
of [35]. O

J.3 UCSB for Total Variation Distance

Notation. Let m™*, { M}, be the observable operators of the true PSR 6*, and let {]\/Z ¥}, be the

algorithm’s estimates of the observable operators corresponding to o

Recall that Proposition 4 shows that the total variation distance between the distribution over trajecto-
ries of two PSRs is bounded by the estimation error of the observable operators Mj,. The following
result constructs a bound on the estimation error of the observable operators My, (). The proof is
adapted from [35, Lemma 2] to our setting with generalized PSRs.

Lemma 5. Under event E, for any policy m and k € [K], we have,

~k

Yp_1(Th-1)

S| wn)™ (M () = Mi(wn)) Py (ruen) | 7(rw) <EZ, o, [aﬁl

(17;’51)1]

where,

~ ~k =~k T

Up_1 =M+ Z {wh(Thl)wh(Thl) ]
Th—1€DF_,

B 40Q%d

2
(0‘271) ! +

4maxsea [Xs|? Q2 S S
AL S o (B i | i) B R | )

Th—1 GD271

Proof. To ease notation, we index the future trajectories wp_1 = (xp,...,2xy) € Fp_1 by ¢ and his-

tory trajectories 7,1 = (x1,...,24_1) € Hj,_; by j. We denote m*(wy) " (M\}’f(xh) — M,‘:(xh)>
~k

as w, , 1y, (Th—1) as xj, and m(wp_1|Th_1) as ;.
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The following bound follows from the Cauchy-Schwarz inequality,
Y \m*(whf (M (wn) = M (on)) Bk ()| ()
(@) Z Z
Wh—1 Th—1
= Z Z |wiij‘ Wi\jpgk (4)
i g
. T T Tl
=D (myy - sign(w z)w;)  x; - PE,(5)
i g

T
= Z (Z ) sign(w;rxj)wi> Ly - ng (J)
j i
T
i

(d)
< Ejnrz, |loilp

W7 (T ) — Mi () ()

T (wh—1|Th—1)PG, (Th-1)

Zﬂ'm sign(w, =;) - w;

k
U}l

~ ~k —~ —~ ~k
Step (a) follows from the fact that % (74-1) = ¥ (Th—1) - (% _1) "VF_(Th-1) = ¥p,(Th-1) -
?@c [Th—1] and ?@c [Th—1] - 7(TH) = T(Wh—1|Th—-1) IP’;Ik (Th—1). Step (b) is the Cauchy-Schwarz
inequality.

Fix 7,1 = jo. Let I; = sz Tildo 'sign(wjxjo) 'wiHQﬁ,’f,l’ which we bound next. By the

definition of ﬁ 571, we partition this term into two parts,

2

I =)\

2 T
+ Z (Z 7'('1"]‘0 . sign(w;xjo) . ’LUZ> Ij

2 jeDj_, i

. T
E Tilj, - sign(w; xj,) - w;
7

I Is

We bound I, and I3 separately. By the triangle inequality, v/T5 is bound by a sum of two terms,

VI =vX  max

zeR%h-1 2] y=1

Zﬂ o * sign(w, Zjy) w2

(%) VA max Z ’m*(w;) (M\;’f(xh) — M}’:(th)> z

zl|,=1
Izll,=1 2~

7 (wh-1]Jo)

< VA max Z ‘m (wp) Mh(xh) ‘ m(wh-1lJo)

+\FHH|1‘aX Z |m* (wn) " Mp (2n) 2| w(wh-1]jo),

where step (a) is by the definition of w,’ Ti|j, and the triangle inequality, and step (b) is by the
triangle inequality.
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Consider the first term. It can be bound via the definition of «-well-conditioning as follows,

7 (wn-1ljo)

max Z 'm*(wh)T]/W\,]f(xh)z
ll=lls=1 7=~

= max (Z ‘m*(wh)TM\}’f(xh)z

=ll,=1 4

W(tho’Ih)) m(zn|j0)

< — Jgnax ZH n(zn)z H m(xnjo)
Y lzll,=1
(2 1 A ‘Qh+1‘ llzIl,
Y llzlly=1 Y
C
< VdQa
’Y

where step (a) is by the first condition in Assumption 1, step (b) is by the second condition of Assump-
tion 1, and step () is by the fact that max,,gan 1. _y |2, = V/dh—1 < Vdand |Qf, || < Qa.
Jzll,=

In the above, note that we used the ~y-well-conditioning of PSR 6% in step (a) and the ~y-well-
conditioning of PSR #* in step (b). The second term in /I admits an identical bound, simply by
using the well-conditioning of the PSR 6* in both steps. Hence, we have that

AdQ%
vt

I, <4

(29)

Now we upper bound I3,

— ~k
“(on) T (M (wn) = Mz (n)) & (7h-1)

I3 < Z

T}L71€D£71 Wh—1

m(wh-1lj0)

= zgk (; m*(wp) " (Mf(xh)izk(m-l)—M;(xh)w*(m_l)) (wn_1ljo)
Iy
) 7o) (3 ) = T 0e0)) ﬂ(wh_lm))Q
Is
— Y e n)?

Th—1 GD571

where the second equality follows from the triangle inequality by adding and subtracting
m*(wp) " M (zn)¥ (Th_1) inside the absolute value. We now bound each of I, and 1.
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o= 3 " (B @D (nes) = M3 (1) ) |l
D3 )T (Baw lon | 7ama) () = B fon | na) B7m) )| (o)

Wh—1

8 Z (Z ‘m Wh) ( x [Th | Th—l]ih(Th) — Pp- [z | Th—l}EZ(Th)) ‘ W(thvah)) m(znjo)

Zh

I/\ﬁ

[ | 7h-1) 9 () = For [ | 7o) B ()|, 7(onlio)

@1 Z Z P [£h, qn | Th1] — Po- [zn, qn | Thoa]| 7(2nljo)

Zn qn€Qn

where step (a) is by the fact that M, (x,)Y,_1(Th—1) = P[zn | 7h_1] ¥ (71), as shown in Equa-
tion (28), step (b) uses w1 = (zp,wp) and w(wp—1|j0) = 7(xn|jo)7m(wWr|jo, 1), step (c) is by As-
sumption 1, and step (d) follows by the definition ¢, [¢;,(74)], = Py [q}, | 7]

Now, we turn to bound the I5 term. We have

E-YY

Wh  Th

(@)
=~k -

Y (Th-1) =¥ (Th-1)

7(Wh|jo, Tr)m(2n|jo)

i (con) M () (ikm_o - w*m_l))

~k

()T (w (rhot) — w*m_l)) ~(wnalio)

1

1 — _
== > |Pulgn1|7h1] = Po [gn1 | Ta1]],
v qh-1€Qn—_1

where step (a) is since mj (wp,) " M (x1,) = mj_,(wh—1) ", step (b) is by the first condition of As-
sumption 1, and the final equality is again by the definition of 1.
Combining the above, we have that,

< Y (I +I5)?

Th—1€D271

> ( ST [Ba lznan [ maoa] = Pos [zn,qn | mhoa]| w(znlai)

Tho1€DF_; zp €Xp qn€Qn

IN

2
1 — _
T Z |P§k [gn—1 | Th-1] — Po- [qn—1 | 7'h—1]|>

qh—1€Qn_1

A
|

1 — _
2 > ( > P [£h, an | The1] = Po- [zh, qn | Tha]| w(@n]mn1)

Th—1€DF | \(Th,qn)EXn XQp

+ Z ’F% lgn—1 | Th-1] — Pp- [qn-1 | Thl”)

gh—1€Qn—1

Now, we decompose the summations above over X;, x Qp, and QQ;,_; into separate summations over
observation futures and action futures. That is, (x5, ¢5) is decomposed into (wf_,wj _,), where
wi_ = act(zp, ) and wf_,; = obs(zy, ¢5), and the summations are over wy _; € act(Xy, x Qp)
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and wj_, € obs(Xj, x Qp). Similarly, g, can be decomposed into (gj _;,qft_;) € obs(Qn—_1) X
act(Qp—1). Hence, the bound on I5 can be written as,

1 _ _
I3 < —- Z ( Z Z |IP’§,c [wz_l | Th_l,wz_l] — Py [wfl_l | Th_l,wZ] | (xp|Th—1)

0 k a o
Th—1€D}_| \Wh_1Wh_1

2
+ Z Z @@e [qZﬂ ‘ Ththzfl] — Po- [qfolq |Th1aQZ1H>

an_19h-1
1 Y o a ™ o a
? . Z Z Z |P§k [wh—l | Th—lawh—l] — Py~ [wh,—l | Th—la”h—l”
Tho1€DF_ \wi_1€Q)T w4

=2 ’Qexp ) Z D%V( :h ' (WZ—l | Th—lva—l) ’P‘;EXL (w,(;_l ‘ Th—l"*’z—l))'
Th— 1€Dh 1

N

IN

exp

Where the second inequality is by the definition of Q,; = act (X;, x Q, UQp—1). Here, the
second summation isoverwy_; € obs (X, x Qp UQy_1). The final equality uses the fact the under
the policy u; ¥, the probability of each action sequence wh L is 1/]Qp, |. Note that |QyF, | <
|lact (X x Q4)|+ |act (Qn—1)|, and hence we have |Q;™F, | < 2max,e 4 [X,| Q4 for all h. Hence,
we have,
exp exp
I < 4{516%35|Xs|293% S 03 (B (Wi | i) P (Wi T wf))
Tho1€DF_,

(30)
Putting this together with the bounds on /5 and I3, we get that,

4NQ%d usP u®
I < ’YA +4 |X | QA 7 Z D'%v( 5: ' (w}(iq ‘ 7'h717W271> [Pyt (wz,l |Th71,WZ))
Tho1€DF_,
2
=: (af_y)",
completing the proof. O

Using the above bound on the difference between the observable operators of the true model and the
estimated model, we now bound the total variation distance between the distributions of trajectories
through Proposition 4.

Lemma 6. Under even &, the total variation distance between the estimated model at iteration k, é%,
and the true model 6%, is bounded by,

H-1

Dry (]P)A (ta), Pe*(TH)> <a-Ergepy, Z

h=0

~k 2

¥ (1) ; 3D

(@)~

for any policy m, where

A\H
= #+28max|X| Q% 25

Proof. Consider 0‘271 in the previous lemma. We have that,
u 2
PIICRY
h=1
4)\HQ = e
4 ——4 +4m aX|X | Q4= 72 Z Z DTV( i (Wlozfl ’7'h717wzfl) a]P);iL ' (wzfl |Th713w2))

h=1r, 1eDf_,

ANHQ?d
g% g7 Q4 7578 = o,

6692 https://doi.org/10.52202/079017-0214



where the inequality is by the bound on the total variation distance established in Lemma 4.

Now, by Proposition 4, the total variation distance is bounded by the estimation error:

Dry (B (7o), - (7))

OS5 o)™ (T o) M) B )

h=1 T

) L (EY
< ZET;Lleng Op—1 wh—l(Th—l) R
h=1 (UI}LC—I)71
(c) H-1) g 2
< a-Eogmpr, |\ D |0 ()| ,
h=0 (UF)-1

where step (a) is by Proposition 4, step (b) is by Lemma 5, and step (c) is by the Cauchy-Schwarz
inequality and the calculation above bounding 3", (aﬁfl)Q. O

A direct corollary is the following bound on the error in the estimated value function, which establishes
that the bonus term b* gives an upper confidence bound.

Corollary 4 (Upper confidence bound). Under the event &, for any k € [K]|, any reward function
R: Hhe[H] Xy, — [0, 1], and any policy w, we have,

7k
V() - Vim| < V2

ek’
2
15
0f)=

> R(ru)P%.(ta) — > R(ra)Pj. (ta)
(%) Z

= Dry (ng (TH), 5. (TH)>

where /b\k(TH) = min {a\/zh ik(Th)

Proof. By a direct calculation,

VA(m) = Vi ()| =

P, (711) — Pj. ()|

2

(b) Holyg
< a-Erypr, (4| D [0 (m)]|
h=0 o)t

(e) ~
< a) by (1a)
TH
Tk
where step (a) is by the triangle inequality and the fact that R(7g) € [0, 1], step (b) is by Lemma 6,
and step (c) is by the definition of b O

J4 Zle Vg: is sublinear

The next step is to prove that Zszl Vg: = O(VK). To do that, we first prove that the estimated

prediction features and the ground-truth prediction features can be related through the total-variation
distance between the estimated model and the true model.
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Lemma 7. Under event E, for any k € [K]|, we have:

H— 2
]ETHN]P’g* Th
h= @)1
H-1
2HQ 4 - - 2maxse 4 |X8‘ QaVTrp Py
< 7 Dy (]Pe*(Th),]P)GAk(Th)) + (1 + A Z Er,~pr, (¥ (Th)H(U}’f)—l

Proof. First, we recall the definition of U ¥, and we define its ground-truth counterpart replacing
estimated features with true features,

OF = A+ 3 GF(m)ur(m)T,

TEDk
UF =M+ > 6% (m) 0% (mn) "
TEDY
For any trajectory 7 € Hj, we have,
H=1 2 ) H-
>R VR ()|
h=0 Gl = (Gl
— — 2
| Hl~ H-1 \/;\/thepg Wk (Th) = P* ()
< —= > ¥R ) = ()| + 1+ 2| 1 ()
A =0 2 h=0 2
where step (a) is simply using ||z||, < ||z||; and step (b) is by the identity [35, Lemma 13]. Note that
7 is the rank of the PSR and r > rank({¢*(73,) : 7, € Hy}), rank({¢* (1) @ 7, € Hy}).
Moreover, we have,
HW“ ) — ¥ ( Hﬂ)k ) — ¥ (7h)
1
(i) o a ™ o a
= Py lan | 7ho 4] — Po- (a7, | h, 1]
qn€Qp
(b) o o
< 2max [Xs[ @Dy (]}DAZ*I(.|Th),19>9’;*1(.\7h)) ;
seA o
where we used the definition of ¢ in (a) and the definition of the u; ¥, in (b).
Now, by Lemma 4, we have,
— — 2
H—1_ 2 | Hl~ H-1 \/;\/ZT,LeDQ YF() — ¥*(Th)
DR (1) < —= > |[FE) = m)| + > [ 1+ 2 [ 1 ()
h=0 Op)- VA h=0 2 h=0 VA
! Al = — ) 2maxsea | Xs| QaV/TrB 7
<5 2 Yk (mh) — ¢*(1h) 2+ + e Z [ (7 H(Uk) L

where the first line is combining the calculations above and the second line is by the estimation
guarantee of Lemma 4.
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The first term can be bounded in expectation under P}, for any 7 as follows,
H-1 — o

> Eerg |[E() - 7| | < znwg* [ - ]
h=0 1

255 Hzﬁm) (B (71) — B3, (m)) + 0 (m) 5, () — B (m)B- ()

h=0 Th

1
(@)

<ZZ

=0 T

W“ (Th)

‘Pe* Th) (Th Hwk 0P, (Th) — * (70 PG (Th)

1

(b)

< jz__%l ; (Hiﬁ(%)

(B0 = B+ [ =70 ()

© H-1
< 2Qa Y. Dy (B5. (7). P ()
h=0

(d) - -

< 2HQaDrv (Pf. (1), PR, (7))
where step (a) is the triangle inequality, step (b) is the definition of v (7), step (c) is since
HW“(T n)
Dry (P5- (7). P2, (7)) = Drv (P (7). P, (70) ).

Putting this together concludes the proof,

|Q;ﬂ < Qa4 for any 75, and the definition of (75,), and step (d) is simply

2

—~

Yk (Th)

H-1
Erymig, 4| 2 _
@)

H-1

2H 2 maxg Xy r

< 2000, (8. (), P () + (14 2ot DA QTN Sy
=0

w*(Th) ||(U}’f)*1 .
O

The following lemma bounds the cumulative estimation error of the probability of trajectories. It can

be proved via an /o Eluder argument [38, 76, 77]. A significant portion of the proof is very similar to

that of Proposition 4, involving an exchange of (-) and (-)*. We include the proof for completeness.
Lemma 8. Under event E, forany h € {0,...,H — 1}, we have

: maxg X, dQ s K
> Onv (P (), P (7)) § 2oeet |V |QA\/B\/rHKlog (1+ %}1 )
k

Here, a < b indicates that there is an absolute positive constant ¢ s.t. a < ¢ - b.

Proof. Recall that, by the first inequality in Proposition 4, we have:

Do (85, () B3, (7)) < 3° 5 [ (wn) T (R () = M (1)) 0 ()| 7 ()
h=1 Tu

This is very similar to the inequality in Lemma 5, with the difference being that the quantities
associated with the estimated model and the true model are exchanged. Since both correspond to a
PSR, the analysis follows a similar series of steps. We will use analogous notation to Lemma 5. We
index the future trajectory w1 = (zp, ...,z m) by i and history trajectory 751 = (1,...,Zp—1)

by j. We denote m* (wy,) T (J/\/[\;f(xh) - M,‘;(mh)) asw;, ¥ (Th_1) as xj, and m(wp_1|Th—1) as ;.
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Define the matrix,

A=l + ) E gt [w50]]

t<k

where )\ is a constant to be determined later

For any policy 7, using a similar calculation as in Lemma 5, we have

S [ on)T (M (n) = M ) ) o (mi) | 7% ()
= Ej~IP’gf Zwi‘j ’w?xﬂ]

r T
- T
= Ej~IF’;;f ( E 7| ;8ign (w; xj)wZ) xj

%

SE gt (losllay

Z Wi‘jsign(w;rxj)wi
i

Ap
where the last line is the Cauchy-Schwarz inequality

Fix 5 = jp and consider the term: HZ il o Sign(w; 5, )w;

H AL in the above. This term can be
partitioned in the same manner as in Lemma 5 by simply using the definition of A, and expanding,
2

| K2

i|jOSign(szxjo)

Ap

. T
Z Tiljo - sign(w; xj,) - w;

i

7
I

2
+ZE pr (Z Tiljo -sign(w] z,) 'szxJ) :
t<k

I
We bound each term separately. The process is nearly identical to the proof of Lemma 5, but we show
it for completeness.

/I is bounded by the sum of two terms

v =+vA max Tilj, - SigN wTac w;rz
1 ZeRdh L z)l,=1 Z ljo * 518 ( Jo)
(@)
< Vo \|Hﬁa)—(1 Z *(wn) (Mh(mh) Mh(xh)>z m(wh—1|70)
y=
(v)
< VAo max

where step (a) is the definition of w;, 7,4,
inequality.

and the triangle inequality, and step (b) is the triangle

6696 https://doi.org/10.52202/079017-0214



Both terms can be bounded by the y-well-conditioning assumption on 6% and 6*. Consider the first
term,

max S | (wn) "M (n) 2| (wn o Ljo)

zl|,=1
Izl =1 2~

—lglla_lz<2‘m wn) Mh(xh)’ (wh|j07xh)> m(zn|jo)

Th

(a) — .
< max 3|2 @)z wlanlio)
l2ll,=1 4~ 1

A
(2 1 max |Qh+1| 121l
’Y HZH2:1 ’Y

(¢)

& VdQ 4

= Tp
where step (a) is by the first condition in Assumption 1, step (b) is by the second condition of Assump-
tion 1, and step (c) is by the fact that MAaX, cpdn 1, ~1 Izl = Vdr-1 < v/d and |Qf+1| <Qa.

zlly=

In the above, note that we used the y-well-conditioning of PSR 0 in both step (a) and step (b). The

second term in +//; admits an identical bound, simply by using the well-conditioning of the PSR o
in the first step and 6* in the second step. Hence, we have that
AodQ?
I <42 ?A : (32)
Y

Now, we consider the term [o
2

<Y B, || 20 )T (BB Gen) = Mi(@n) 8 ()| (o)

t<k Wh—1
—~ . =~k
< ZEj~pgf KZ " (wn) " M (xn) (w (Th-1) =¥ (Thl)) 7(wh—1Jo)
t<k Wh—1

I3

D |m

Wh—1

=~k —*
(Mh (e0)D (rar) = M () (rhn)

14
=: Z EjNng (Is + 14)2

W(wh1|j0)> ]

where the line follows by the fact that 2 < |z| and the line follows from the triangle inequality by

adding and subtracting fflh(wh)]/\/[\ n(xp) (Th_1) inside the absolute value. We now bound each of
I3 and I,.

First, we bound I5 as follows,

fo= 3 | ) Bhaton) (3 (7o) = 3 () ) e i)
)T (w*ml)—@k(ml)) (w1 jo)
(b) =~ _
% : wk(Th—ﬂ = (Th-1)

1

1 _
= Z ’P [an—1 | Tho1] = Po= [qn—1 | Th—1]],
qh—1€Qn—1
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where step (a) is since ﬁz(wh)I]\/J\ w(xn) = M(wp_1) T, step (b) is by Assumption 1, and the final
equality is by the definition of ).

I, =

i () T (ﬁ/xxwikvhn - Mﬁ(whw*ml))

m(wn—1lJo)

Wh—1

@ Z 'mk(wh)'l' (ﬁ@c [;Uh | Thfl]ih(’rh) —@9* [{Eh | Thfl]w;;(’rh)) ’ W(wh71|j0)

Wh—1

(Z]m won)" (B lon | 7aa] 9n(m) — Po- mm1]w2<7h>)]w<wh|jo,xh)> w(ealjo)

A
I/\g

(@ | 7] D () = Por fan | 7] B (m0)| | 7(onlio)

—

2 Z Z Py (@0, an | Th—1] — Po= [@h, qn | Th—1]| T (zn]j0)

Th qn€Qn

where step (a) is by the fact that M, (x,)Y,_1(Th—1) = P[zn | 7h_1] ¥ (71), as shown in Equa-
tion (28), step (b) is by Assumption 1, and step (c) is since Wh(Th)L =P, [qﬁl | Th].

Combining the above, we have that,

<Y B, o (st 1)

t<k
1 — _
< ZEj~ng [(7 Z ’P@c [gn—1| Th—1] — Po~ [gn—1 | Thfl”
t<k ah—1€Qn—1

2
+— Z Z }ng Th,qn | Th-1] — P+ [Ih,Qh|Th—1]|7T(93h|jO)> ]

Th qn€Qn

1 _
- E]N]p [( Z |Pse [an—-1 | Th=1] — P~ [gn—1 | Th—1]|

qh-1€Qn_1

2
+- Z > |Pae [en an | Ta1] = Po- [2n, g | Ta-1]| 7(znj0) > ]

Th qn€Qn
2
<lvE By [wfs | 7o hoa] — o [y | o)
— 42 PR Z Z Wh-1 Th—l’wh—l]_ 0+ [‘%—1 Th—lawh]
t<k wi_ €QFT wil_y
exp

exp
ZE] eyt [P (P (s [ 7o) B (s 7))

() 4 s Xs v (mt us® vp (7t us®
< m““z' |QA'ZD§(P§:( 2 ) B (7).
: |

t<k

where step (a) follows from the definition of QCX (same as Lemma 5), and step (b) is because

the Hellinger distance bounds the total variation distance and since |QexP ‘ < 2maxgseq [Xs| Qa
Hence, we have,

1 vp (mt ugexp ) Vh,(wt,uQexp )
I, < 4rsnea;i( ‘XS|2 Qi? ZDg (ng @7 (1) P,. h—1 (TH)> )
‘ t<k
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Now, combining the bound on I; and I5 allows us to finally bound ||Z ilj mgn(w;'—xj Jw; ||A as

follows,
2
. T
Zﬂi‘j&gn(wi x;)w;
2 Ah
ANoQ%4d  Amaxgeq X2 Q2 (rt (s
< 0€A + s€A2| s| QA ZD1§< gz(ﬂ uh,l)(TH)’sz(vr up® (TH)>
v v t<k
~k 2
=t (Gh-1)",

We choose Ay = and bound &2 = Zh (d’fb_l)z as follows,

"/4
4Q% d’

B 2 dmaxge 4 | X | Q I} VL(ﬂ ) v (703 )
d (@) =H+ 672 A Y Dp (BT () Bt Y ()
reDk

28 maxge 4 |Xs|* Q%8

72

2 12

< maXse A |Xs| QA/B
~Y 72 )

<H+

where the second line is by the estimation guarantee of Lemma 4.

Thus, we have,

Day (B3 (712), P (7)) < Z\m won) T (Mf (en) = M (@n) ) v (7n-1) | 7" (720)

IN

s WMm

E‘rh 1 ~PE H¢ (71 HA;r

- T
E ;| 8ign(w; ;)w;
i Ap |

H
s . T
< IETh_WPg*k Z Hw (Th,l)HAI Zmuﬁgn(wi xj)w;
h=1 i

Ah_

2

—
INS

Z 7r,-|jsign(w;rxj)wi

%

H 5 H
—%
thfwﬂ”’e'f ZHVJJ (Thfl)HAT Z
h=1 h

h=1 Ap

) H o, 2
<a- ]EThleng Z Hw (Th_l)HAL
h=1
H 2
~ —%
i |5, [[Feo]]
h=1

where step (a) is by the Cauchy-Schwarz inequality and step (b) is by the bound established above.
Since the total variation distance is bounded above by 2, we have

H

ok Tk : ~ —* 2
DTV (Pg* (TH),P§k (TH)) S min § « - ZETh—lNPgic H’lﬂ <Th71)HAL ,2

h=1
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Finally, the proof is completed by summing over k using the elliptical potential lemma as follows,

H
ZDTV(]P’G* TH), ) me Q- ZEm BT {H (Th— 1‘ }2
h=1

A

A . 2
Z Z:: min {5@ E, ot Mw*(fh_l)HAJ ,4}

IMEZS

K H
< VEKa szm{ g |[7 )

O]
< VKHan/(1+ 4/a2)rlog(1 + K/Xo)
) maxsea [Xs| Qa

< ==L e 22 /rKHBlog(1 4+ K/ \o)
gl

(d) X
< maxeed Kl Qa e (T d0AK ).
Y

Here, step (a) is uses the relationship between the ¢; and £ norms ||-||; < V/d |||, Step (b) is by
the elliptical potential lemma ([35, Lemma 14]; see also [96-98]). Step (c) uses the bound on &

established above and the fact that /1 + 4/&? is bounded by an absolute constant. Step (d) uses the
definition of Ay and the fact that /28(1 + 4/&?) is bounded by an absolute constant. O

Using the two lemmas above, we are now ready to show that ZkK:l 53: (7*) = O(V/K). The
argument is identical to [35, Lemma 6] and does not require modification for generalized PSRs. We

recount the argument for completeness.

Lemma 9. Under the event £, with probability at least 1 — §, we have:

Z ( it QA\F ) max2. , Q4 Hy/drHBK By
’Y

where 3y = max{log(1 + K/\),1log(1 + dQaK/v)}, and X = ’YmamgMXHQA\B/%x{\/RQA\/ﬁ/’Y}

Proof. First, we note that,
bk P Tk P Tk vk T P
Vi () = R (B (7) = 3R () (8 (M (7) < Vi (x*)+Dre (P P )

where we recall that b* () € [0, 1]. Hence, we may focus on bounding the value of b* under the true
model 6* and use the bound on the cumulative total variation estimation error established in Lemma 8.

) 1} )
@)1

which is defined in terms of the estimated prediction features 1. Recall also that in Lemma 7
we established a bound on the expectation of the prediction features under the true model, which

Recall the definition of the bonus term,

G (mh)

Zk(TH) = min {a
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corresponds to Vebf. Hence, we proceed to bound ) , Veb*k (7*) as follows,

@) & ) 2maxge4|Xs|QaV/TrB = — o aHQ 4 ko
<k§_;lmm{a(1+ BTN s[5, ]+ D o (e )

H—
2maXseAX3|QA\/7Tﬁ> E
h=0

& ezt |77

(U;’i)l} puSVON

Iy

where step (a) is by Lemma 7 and step (b) is since min(a + b, ¢) < min(a, ¢) + b when a, b, ¢ are
non-negative.

Next, we bound the term I;. Recall the definition of U} :== A\l + Do ek & ()" (1) T. Also,
note that the process /

K
gt [0 gy | = 7]
( ThNPGf |: w (Th) (U;f)_l ¢ (Th ) (U;f)_l o1

is a martingale. Hence, by the Azuma-Hoeffding inequality, we have that with probability at least 1—9,

K m—a H—1
I < /2K log(2/6) + Zmin a <1 + 2maxscaXs|@a Wﬂ) Z HE*(T;]fH’thl)H 1
2 Z U

VA
< /2K log(2/0) + a (1 + Zmaxsef"j%'@‘ VIS ) H\/rK log(1+ K/\)
<a (1 + max%““'}j}@“‘ v 7TB) H\/rKlog(1+ K/\)

where the second line is by the Elliptical potential lemma ([35, Lemma 14]; see also [96-98]).

We now return to bounding Zszl Vg: (7*). For convenience we define 3y = max{log(1 +
K/\),log(1+dQaK/v)} and we choose A as follows,

s — Ymaxsea [Xof? Qaf max{vr, QavH/1}
VdH '
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‘We have,

K

. K
ZV}; (7rk) kz::l +ZDTV( Gro )

k=1
aHQA P "
SIl"’ <1+ \/X )kilDTv( 9*7P§k)

(a) maxge 4|X |QA1ﬁ7rﬁ) aH Q3 maxe 4|Xs|v/B

<o 14 —eeAls H\TKBy + —=A——C2 VN HK
a( \ﬂ rK By ﬁ ~ r Bo

maxse | Xs|QavTrB maxseAXs|Q?4\/Hﬂ)

—al1+ + H\/rK

( VA WA T

QaVHIN maxseAxs@A\/B) <1 | maxseal%,|Qav/B max{ 7, QNEM}) N
7? g 2

Hd\
+
L VaHa ) (1 | maxeeaXa|QavBmax{yFr, QNEM}) maxe [X,|QaH VK BBy

( maxse A Xs|VBy VA g
2
(1+ \/QAmax{ﬁ,QAﬁ/v}x/ﬁ) max,c.a [%,Q H VK BBy

—_

—~
2]

)

Y v

A

( ﬂAVTH max {7, QaVI /7 |\ massca [X.]Qu H VIR 57,

v v
S(

where step (a) is by Lemma 8 and the bound on I; established above, step (b) uses the definition of o
and the fact that ¢ < 94 . Hd) | maxsca \iﬁs QavVB and step (c) is by plugging in the choice of \. [

1
it QAf> max,e 4 X, |QAH,/rdHK550
2

J.5 Proof of Theorem 4

Theorem (Restatement of Theorem 4). Suppose Assumption I holds. Let pyin = O (%)

KHII_ 1Xn
\ = ymaxse.a|Xs]| QAj;T?x{fQAf/v} -0 (QA;émﬁ_i_ maxseA\§s|QA\/E)’ and let 8 =
), where ¢ = O(B22). Then, with probability at least 1 — 6, Algorithm | returns a model

96 and a pollcy m that satisfy
VE(n*) = VE(r) < e, and ¥, Dry (P (11), Ph. (11)) < €.

In addition, the algorithm terminates with a sample complexity of,

o Q4 H\ rdH? maxe 4 ‘X8|2 Qa8
r+ 42 FAe2 '

Proof. By Propositions 6 to 8, the event £ occurs with high probability, P [£] > 1 — 3. Suppose &€
holds. Then, by the upper confidence bound established in Corollary 4, if Algorithm 1 terminates,
then the following must hold,

V7, Dry (Pge (71 ), Py (TH)) = 2m1%x “/9}3(77) - ‘/9}3(7'[')‘ <V (n) <e,

where the maximization is over reward functions R : Hy — [0, 1]. The last inequality is simply the
termination condition of Algorithm 1.

6702 https://doi.org/10.52202/079017-0214



Now, the difference between the optimal value and the value of 7 (the policy returned by the algorithm)
can be bounded as follows,

Val(m™) = Vai(m) = Vi () = Vol (™) + Vol (") = Vol (m) + Vgl () — Vi (m)
< 2max Ve3 (m) <e,
where the inequality follows from the fact that m = arg max,. V2 () and by Corollary 4.

Recall that by Lemma 9, we have,

XK: . <\/;+ QA\/17> max,e 4 |Xo| Q4 H/rdHEK BB,
(g\k Bk ~ 2 .
, ¥ v
k=1

By the pigeon-hole principle and the termination condition of Algorithm 1, the algorithm must

terminate within
2
K — 0 r+ QZ&H TdH2le4 maxseA ‘Xsl B
- 72 2
episodes. Since each episode contains H iterations, this implies a sample complexity of

~ QAH\ rdH3Q* max,c 4 |X,|* B
K=0 ((T + 72 ’}/462 ’

This concludes the proof of Theorem 4. O
K Proof of Theorem 5: UCB Algorithm for Generalized PSRs (Game Setting)

Theorem (Restatement of Theorem 5). Suppose Assumption I holds. Let pyin = O (%)

KHIT5_, Xn
maxXs |Xs‘2Q B maxqy/7,Q \/ﬁ/ V maxXsg s
A= 77& €4 2 oy { 2 ’Y}, a=0 (QA,Yszﬁ-l- EAE{ lQA\/E), and let 3 =
O(log ‘@E ), where ¢ = O(%22). Then, with probability at least 1 — 6, Algorithm 2 returns a model

0¢ and a policy T which is an e-approximate equilibrium (either NE or CCE). That is,
Vi(m) > Vi (x7%) — ¢, Vi € [N].
In addition, the algorithm terminates with a sample complexity of,

o Q4 H\ rdH? maxe 4 ‘X8|2 Qa8
r+ 42 yAe2 '

Proof. Recall that the model-estimation portion of Algorithm 2 is identical to Algorithm 1. Hence,
by Theorem 4, the returned estimated model 6° satisfies,

Drv (Pg- (7r), Pa. (TH)) < €/2,
for any collection of policies 7 = (7" : i € [N]). This implies that Vy. (1) > Vj. (7) — /2 for all

i € [N].
Let I'" = T , in the case of running the algorithm to find a Nash equilibrium and I'* = T'!__ in
the case of a coarse correlated equilibrium. Recall that the collection of policies 7 = (7!,...,7V)

returned by the algorithm are an equilibrium under 6°. That is, for all i € [N],

Vie(m) = max Vi (', m") = Vgl (n™).
ind

Moreover, note that,

Vol (e =) = Vil (a7

max ‘/Oif (ﬁ-?a 77_i> — max VvGi* <7~T77 W_i)
T 7'.1-7,

< max |V (7,777 = Vi (7,777
7?7/

<e/2,
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where the final inequality is since Dry (P§. (7 ), Pg. (7a)) < /2 for any 7. Thus, ‘/Z;T(w_i) >

Vi (i) —e/2.
Putting this together, we have,
Vi (m) > Vi () — /2
= Vil (n7) — /2
> VJLT(W*Z') —e.

Hence, 7 is an e-approximate equilibrium (either NE or CCE).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction summarize the main message and technical
results of the paper.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: This is discussed in the conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The paper provides a complete, self-contained description of all technical
assumptions, and a full proof (in the appendix) for all theoretical results.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: N/A
Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: There is no data or code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This work conforms with the NeurIPS Code of Ethics.
Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This work is theoretical in nature and does not have immediately-foreseeable
negative or positive societal impact.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper does not release data or models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We do not use any existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: We do not introduce new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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