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Abstract

This paper studies a risk minimization problem with decision dependent data dis-
tribution. The problem pertains to the performative prediction setting in which a
trained model can affect the outcome estimated by the model. Such dependency
creates a feedback loop that influences the stability of optimization algorithms such
as stochastic gradient descent (SGD). We present the first study on performative
prediction with smooth but possibly non-convex loss. We analyze a greedy deploy-
ment scheme with SGD (SGD-GD). Note that in the literature, SGD-GD is often
studied with strongly convex loss. We first propose the definition of stationary
performative stable (SPS) solutions through relaxing the popular performative sta-
ble condition. We then prove that SGD-GD converges to a biased SPS solution in
expectation. We consider two conditions of sensitivity on the distribution shifts: (i)
the sensitivity is characterized by Wasserstein-1 distance and the loss is Lipschitz
w.r.t. data samples, or (ii) the sensitivity is characterized by total variation (TV)
divergence and the loss is bounded. In both conditions, the bias levels are propor-
tional to the stochastic gradient’s variance and sensitivity level. Our analysis is
extended to a lazy deployment scheme where models are deployed once per several
SGD updates, and we show that it converges to an SPS solution with reduced bias.
Numerical experiments corroborate our theories.

1 Introduction

When trained models are deployed in social contexts, the outcomes these models aim to predict can
be influenced by the models themselves. Taking email spam detection as an example. On one hand,
email service providers design filters to protect their users by identifying spam emails. On the other
hand, spammers aim to circumvent these filters to distribute malware and advertisements. Each time
a new classifier is deployed, spammers who are interspersed within the general population may alter
the characteristics of their messages to evade detection. The above example pertains to the strategic
classification problem [Dalvi et al., 2004, Cai et al., 2015, Hardt et al., 2016, Bjorkegren et al., 2020]
and can be modelled by dataset shifts [Quifionero-Candela et al., 2022].

The scenarios described can be captured by the recently proposed performative prediction problem,
which called the above dataset shift phenomena as the ‘performative’ effect. Perdomo et al. [2020]
proposed to study the risk minimization problem with a decision-dependent data distribution:

mingere V(0) 1= Ezp(e) [4(6; 2)], @)

where £(0; z) is a loss function that is continuously differentiable with respect to (w.r.t.) 8 for any
given data sample 2 € Z, and Z C RR? is the sample space. The dependence on 6 in D(0) explicitly
captures the distribution shift effect of prediction models on data samples. The objective function
V(0) is also known as the performative risk.
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Literature Ncvx-¢  Nevx-V  Sensitivity — Algorithm Rate 0

[Izzo et al., 2021] v Loc.' 2-Phase  O(T~2) VV()=0
[Miller et al., 2021] X X Wi 2-Phase O(T~Y) minV(0)
[Mendler-Diinner et al., 2020] X v Wi SGD-GD  O(T~') PS
[Mofakhami et al., 2023] Xt v x? RRM? Linear!  PSt

. Ve " TVorW, SGD-GD  O(T~z) O(e)-SPS
LUNSATES v v  TVorW: SGD-Lazy* O(T-3) O(e?)-SPS

Table 1: Comparison of Results in Existing Works. ‘Sensitivity’ indicates the distance metric
imposed on D(0) when the latter is subject to perturbation, given in the form d(D(0),D(0")) <
€||@ — @’| such that d(-,-) is a distance metric between distributions. ‘f..” indicates the type of
convergent points: ‘PS’ refers to performative stable solution [cf. (4)], ‘SPS’ refers to Def. 1.

1zzo et al. [2021] assumed that D(8) belongs to the location family, i.e., D(8) = N (f(8); o2).

#Mofakhami et al. [2023] considered £(0; z) = £(fo(x), y) with strongly convex £(-, y). The RRM
requires solving a non-convex optimization at each recursion.

*SGD-Lazy refers to the SGD method with lazy deployment scheme, which fixes the deployed model
for K iterations before the next deployment; see §4.

The decision variable 6 in (1) affects simultaneously the distribution and the loss function. As such,
optimizing V'(0) directly is often difficult. Mendler-Diinner et al. [2020] considered the following
stochastic gradient (SGD) recursion: for any ¢ > 0 and let ;41 > 0 be a stepsize,

9t+1 = 0t - 'yt+1V€(9t; Zt+1)7 where Zt+1 ~ D(gt) (2)

The above is known as the greedy deployment scheme with SGD (SGD-GD), where the learner
deploys the current trained model 6; before drawing samples from D(6;). The SGD-GD scheme
describes a training procedure when the learner is unaware of the performative phenomena with the
data distribution D(-), which is plausible in many applications. Relevant studies to (2) include lazy
deployment where the learner deploys a new model only once every few iterations, or repeated risk
minimization; see [Mendler-Diinner et al., 2020, Perdomo et al., 2020, Zrnic et al., 2021].

Existing convergence analysis of (2) are limited to the case when £(8; ) is strongly convex' w.r.t. 6.
Perdomo et al. [2020] introduced the concept of performative stable (PS) solution as the unique
minimizer of (1) with fixed distribution. The PS solution, while being different from an optimal or
stationary solution to (1), is shown to be the unique limit point of the recursion (2) provided that the
sensitivity of the distribution map D(-), measured w.r.t. the Wasserstein-1 (1¥/7) distance, is upper
bounded by a factor proportional to the strong convexity modulus of £(8; z) [Mendler-Diinner et al.,
2020]. Furthermore, such convergence condition is proven to be tight [Perdomo et al., 2020] and the
analysis has been extended to proximal algorithm [Drusvyatskiy and Xiao, 2023], online optimization
[Cutler et al., 2023], saddle point seeking [Wood and Dall’ Anese, 2023], multi-agent consensus
learning [Li et al., 2022], non-cooperative learning [Wang et al., 2023, Narang et al., 2023, Piliouras
and Yu, 2023], state-dependent learning [Brown et al., 2022, Li and Wai, 2022], etc.

This paper provides the first analysis of SGD-GD and related stochastic optimization schemes in
performative prediction when £(0; z) is smooth but possibly non-convex. This is a more common
scenario in machine learning than the strongly convex loss considered in the prior works, e.g., it
covers the case of training neural network (NN) models. We notice that existing works are limited
to imposing structure on the loss function ¢(6; z) and the distribution D(8), utilizing advanced
algorithms that demand extra knowledge on D(8), etc., as we overview below.

Related Works. In the non-convex setting, the most related work to ours is [Mofakhami et al.,
2023] which proved that a variant of PS solution can be found when training NN in the performative
prediction setting, i.e., a special case with non-convex loss. However, their analysis is restrictive: (i)
it requires a loss function of the form ¢(0; z) = ¢( fg(x);y) where £(§;y) is strongly convex w.r.t. ¢,
(ii) it only analyzes the case of training NN using a repeated risk minimization (RRM) procedure
which exactly minimizes a non-convex objective function at each step. In comparison, we concentrate
on stochastic (first order) optimization schemes and require only smoothness for £(-; z).

"Note that V(@) is still non-convex.
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Other works departed from tackling the PS solution and considered alternative algorithms to directly
minimize V' (€). For example, Roy et al. [2022] assumed that unbiased estimates of VV'(0) is avail-
able and studied the convergence of stochastic conditional gradient algorithms towards a stationary
solution of V' (@), Li and Wai [2022] assumed bounded biasedness w.r.t. VV'(8) in (2) and show that
(2) converges to a biased stationary point of V(). Notice that estimating VV'(8) requires knowledge
on D(6) which has to be learnt separately. To circumvent this difficulty, two phases algorithms are
studied in [Miller et al., 2021, Izzo et al., 2021] that learn D(0) via a large batch of samples at the
first stage, then optimize 0 later (see [Zhu et al., 2023] for a two-timescale type online algorithm),
derivative free optimization are studied in [Miller et al., 2021, Ray et al., 2022, Liu et al., 2023], and
confidence bound methods in [Jagadeesan et al., 2022]. In addition, Miller et al. [2021] proposed a
mixture dominance assumption that can imply the strong convexity of V' (8). We remark that [Zhao,
2022] studied conditions to ensure V' (0) to be weakly convex. Our work does not require such
advanced algorithms and show that stochastic (first order) optimization converges towards a similar
solution as the PS solution. We display a comparison between these related works in Table 1.

Our Contributions: This work provides the first analysis of stochastic gradient-based methods for
performative prediction with smooth but possibly non-convex losses. Our contributions are:

» We propose the concept of stationary performative stable (SPS) solutions which is a relaxation of
the commonly used performative stable (PS) condition [Perdomo et al., 2020]. The relaxation is
necessary for handling non-convex losses using first-order methods.

* We show that the stochastic gradient method with greedy deployment (SGD-GD) finds a biased
SPS solution. Assume that the distribution shift is e-sensitive, i.e., it holds d(D(6),D(0’)) <
€||@ — @’ for some distance measure d(-, -) between the shifted distributions D(0), D(0"), SGD-
GD converges at a rate of (T2 in expectation to an O(¢)-SPS solution. The bias level is further
improved to O(e?) when the gradient is exact.

* Our analysis relies on constructing a time varying Lyapunov function that may shed new lights
for non-gradient stochastic approximation [Dieuleveut et al., 2023]. We studied two alternative
conditions on the distance metric between distributions. When d(-, -) is the Wasserstein-1 distance,
SGD-GD converges to a biased SPS solution for Lipschitz loss function. When d(-, -) is the total
variation (TV) distance, SGD-GD converges to a biased SPS solution for bounded loss function.

* We extend the analysis to the lazy deployment scheme with SGD [Mendler-Diinner et al., 2020].
The latter scheme finds an SPS solution with reduced bias as the epoch length of lazy deployment
Srows.

Lastly, we provide numerical examples on synthetic and real data to validate our theoretical findings.
The rest of this paper is organized as follows. §2 introduces the problem setup and assumptions
for establishing our convergence results of SGD-GD. Furthermore, we highlight the challenges in
analyzing non-convex performative prediction. §3 introduces the concept of SPS solutions and
presents the convergence results for SGD-GD under two alternative assumptions on the distribution
shifts. We also outline the use of a time varying Lyapunov function to handle the dynamic nature
of SGD-GD. §4 shows the results for the lazy deployment scheme. Lastly, §5 provides numerical
experiments to illustrate our results.

Notations. Let R? be the d-dimensional Euclidean space equipped with inner product (- | -) and

induced norm ||z|| = /(x| z). Let S be a (measurable) sample space, and p, v are two probability
measures defined as §. E[-] denotes taking expectation w.r.t all randomness, E;[-] = E;[-|F3]
means taking conditional expectation on the filtration F; := 0 ({60, 01, - ,0.}), where o(-) is the
sigma-algebra generated by the random variables in the operand and {60 } is the sequence of iterates
generated by the SGD-GD scheme (2).

2 Stationary Condition for Performative Stability

This section prepares the analysis of (1) with SGD-GD and related schemes in the non-convex loss
setting. To fix idea, we define the decoupled performative risk and the decoupled partial gradient:

J(01;02) = Ezpa,) [£(01;Z)], VJ(01;02) = Ez p,) [VI(61;2)]. 3)
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Observe that while V(0) = J(0;0), V.J(0;0) # VV(0) in general since V.J(0; 0) only represents
a partial gradient of V'(0); see [Izzo et al., 2021]. In (2), the conditional expectation of the stochastic
gradient update term satisfies E;[V£(0y; Z;11)] = V.J(0y; 0).

If the loss £(6; 2) is strongly convex w.r.t. §, then the decoupled performative risk .J(6; 8) admits
a unique minimizer w.r.t. @ for any 6. It has hence motivated [Perdomo et al., 2020] to study the
performative stable (PS) solution 6 pg which is defined as a fixed point to the map

T(0) := argmingcga J(0;0), ie., Ops =T (0ps). )

In the above, the uniqueness and existence of 8 pg follows by observing that 7 (-) is a contraction
if and only if the sensitivity of D(0), i.e., the ‘smoothness’ of D(0) w.r.t. 6, is upper bounded by
the inverse of condition number of £(0; z). The convergence of SGD-GD follows by analyzing (2)
as a stochastic approximation (SA) scheme for the repeated risk minimization (RRM) procedure
6 + T(0) [Mendler-Diinner et al., 2020].

For the case of non-convex loss in this paper, the analysis becomes more nuanced since the map
T (-) is no longer well-defined, e.g., there may exist more than one minimizers to ming .JJ(6; ). Our
remedy is to concentrate on the following non-convex counter part to the PS solution:

Definition 1. (0 stationary performative stable solution) Let 6 > 0, the vector 85_gps € R% is
said to be an § stationary performative stable (6-SPS) solution of (1) if:

IVJ(05_sps;05_sps)|” = |Ezp@0s_sps) [VE(Os—sps; Z)]H2 <. ©)

We also say that Ogpg is an (exact) SPS solution if it satisfies (5) with § = 0. In other words, 6 > 0
measures the stationarity of a solution. Notice that if £(6; z) is strongly convex w.r.t. 0, then an SPS
solution is also a PS solution defined in [Perdomo et al., 2020].

Although (5) is similar to the usual definitions of stationary solution in smooth optimization, there
is a subtle but critical difference since V.J(6; @) may not be the gradient of any function in 6. For
example, consider £(0; z) = (1/2)]|@ — z||* and D(0) = N(A8, I) for some square but asymmetric
matrix A, the map V.J(6; 0) = (I—A)0 has a Jacobian of ] — A which is not symmetric. Furthermore,
we observe that the mean field for SGD-GD scheme (2) is V.J(8; ), which is not a gradient. The
SGD-GD scheme is thus a special case of non-gradient SA scheme [Dieuleveut et al., 2023].

To get further insight, as investigated in [Dieuleveut et al., 2023], a common analysis framework
of non-gradient SA scheme is by identifying a smooth Lyapunov function linked to the recursion
(2). When £(-; z) is strongly convex, we may study the Lyapunov functions as the squared distance
|0 — 0ps]? [cf. (4)]. It can be shown that the properties required in [Dieuleveut et al., 2023] are
satisfied under the conditions analyzed by [Mendler-Diinner et al., 2020]. However, in the case of
non-convex loss, identifying a suitable Lyapunov function for non-gradient SA scheme is hard. In the
next section, we demonstrate how to address this challenge by identifying a time varying Lyapunov
function for SGD-GD.

3 Main Results

This section presents theoretical results on the SGD-GD scheme with non-convex loss. We first
show how to construct a time varying Lyapunov function tailor made for (2). We then show the
convergence of SGD-GD under two different sets of conditions.

We introduce two basic and natural assumptions on the risk minimization problem (1):
A1l. Forany z € Z, there exists a constant L > 0 such that
IV(8;2) — Ve =) < L[ - 0], v 6,0 € RY, ©)

where V{(0; z) denotes the gradient of £(0; z) w.r.t. 6. Moreover, there exists a constant £* > —o0
such that £(0; z) > (* for any 6 € RY,

A2. For any fixed 61,05 € R% the stochastic gradient V{(01; Z), Z ~ D(05) is unbiased such that
Ez~p(6,)[VU(01; Z)] = VJ(01;02), and there exists constants oo, 01 > 0 such that

Ezpo,) [[VUO1:Z) — VI(01:0:)|| < 08 + 01|V (01;62)]° . (7
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Note that A1, 2 are standard assumptions that hold for a wide range of applications and the respective
stochastic optimization based training schemes. For instance, Al requires the loss function to
be smooth, while A2 assumes the stochastic gradient estimates to have a variance that may grow
with ||V.J(81; 65)||. For the non performative prediction setting where the data distribution is not
shifted by 6, i.e., D(6) = D, these assumptions guarantee that SGD algorithm (i.e., SGD-GD with
Z;1+1 ~ D) to converge to a stationary solution of (1) with a suitable step size schedule [Ghadimi
and Lan, 2013]. In particular, in this case Al implies that Ez.p[¢(0; Z)] is a smooth function and
serves as a Lyapunov function for the SGD algorithm.

In this light, it might be tempting to use the performative risk V'(0) [cf. (1)] as the Lyapunov function
for (2) and directly adopt the analysis in [Dieuleveut et al., 2023]. However, the condition Al is
insufficient to guarantee that V() is smooth, and the mean field of (2) may not be aligned with
VYV (0). Instead, from Al, 2, we proceed with a descent-like lemma for the iterates of SGD-GD:

Lemma 1. Under Al, 2. Suppose that the step size satisfies sup,>, v < 1/(L(1 + 07)), then for
any t > 0, the sequence of iterates {0, }>¢ generated by SGD-GD (2) satisfies

LT I(8,:0)]F < J(8:0,) Bl (0.11:6,)] + bt ®)

Proof. Fix any z € Z, applying Al and the recursion (2) lead to

L 2
UOr132) < U613 2) = Yua (VUOL ) | VUOs Zen)) + = [VUO: Ze) P ©)

for any t > 0. Note that z € Z can be any fixed sample while Z; 1 is the r.v. drawn from D(6;) in
(2). Let pg, (2) > 0 denotes the pdf of D(60,). We then multiply pg, (z) on both sides of the inequality
and integrate w.rt. z € Z, i.e., taking the operator [, (-)pe, (z)dz. This yields

L 2
Ve 706, Zosy)|I, (10)

J(0111;0:) < J(04;0;) — 741 (VJ(04;0:) | VE(O:; Zi 1)) + >

since [ £(0; z)pe, (2)dz = J(0; ;) according to definition (3). We next evaluate the conditional
expectation, [E;[-], on both sides of the above inequality

L 2
Ed[J(004150,)] < J(0::0) = 71 IV T (0:0,) |2 + L Ed[|[VE0: Ze) ). (1)

Using A2, we note that E,[|[V£(0;; Z,41)]1*] < 02 + (1 + 02)|[V.J(8;;6,)|%. Reshuffling terms
and using the step size condition yield the desired result (8); see §A for a detailed proof. O

For sufficiently small 7,41 > 0 and when 8, is not SPS, eq. (8) implies the descent relation
E¢[J(0:41;6:)] < J(0:;0:). This suggests that at the tth iteration, the function J;(0) := J(6;6;)
may serve as a Lyapunov function for the SGD-GD scheme. Meanwhile, J;(0) is a time varying
Lyapunov function. The said descent relation does not necessarily imply the convergence towards an
SPS solution. Instead, the first term on the right hand side of (8) can be decomposed as:

E[Ji(6:) — J1(0141)] = E[J1(0:) — Je41(0141)] + E[Ji41(0r41) — Je(Or11)] - (12)

residual

The first part is a difference-of-sequence which is summable, while the second part is a residual term.
The convergence of SGD-GD with non-convex losses hinges on bounding the latter residual. Taking
a closer look, the residual is the difference of evaluating 6,1 on J;(+) and J;11(+), i.e.,

E[Ji41(0111) — Je(0111)] = E [Ezap(o,),2/~D(0,3:) (00115 Z") — U(By41; Z)]] . (13)
The above further depends on the differences between the distributions D(0;), D(6;11), i.e., the

sensitivity of the data distribution w.r.t. perturbation in 6. Next, we study sufficient conditions that
imply the convergence of SGD-GD through bounding E[J;41(0:4+1) — J:(0141)]-
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3.1 Sufficient Conditions for Convergence of SGD-GD

From (8), we anticipate the convergence of SGD-GD towards a biased SPS solution if it holds
E[Je41(0t41) = Je(0111)] = O(E[[|6;: — O:41]]]) = O(y1E[[[VE(Oy; Zi11)]]]). Now, as seen
from (13), establishing such relation would require D(8) to satisfy a certain sensitivity criterion
when subject to perturbation in 8. Our subsequent discussions are organized according to various
distributional distance measures on sensitivity.

Wasserstein-1 Sensitivity. Our first set of conditions uses the Wasserstein-1 distance for measuring
the sensitivity of data distribution. The measure is commonly used in the studies of performative
prediction, e.g., as pioneered by [Perdomo et al., 2020, Mendler-Diinner et al., 2020]:

W1. (e sensitivity w.r.t. Wasserstein-1 distance) There exists € > 0 such that
W1i(D(6),D(6")) < €[|6 — 6], (14)
for any 0.0’ € RY  Notice that the Wasserstein-1 distance is defined as Wi(-,-) :=

infpep(..) B 2n~p [[l2 — 2'||1], where P (D(0),D(0")) is the set of all joint distributions on
Z X Z whose marginal distributions are D(0),D (6').

In this case, we require the loss function to be Lipschitz continuous w.r.t. shifts in the data sample z.
W2. There exists a constant Lo > 0 such that for all z, 2 € Z, and 6 € R?,

[6(6;2) = £(6;2') < Lo |2 = Z']| - (15)
Our key observation is that the above conditions imply the desired Lipschitz continuity property on
J(0;-). In fact, we have:
Lemma 2. Under W1, 2. For any 01, 05,0 € R, it holds

|J(0,01)—J(0,02)| §L06||91—02|| (16)

The proof, which is a variant of [Drusvyatskiy and Xiao, 2023, Lemma 2.1], can be found in §B.

TV distance Sensitivity. Although W1 holds for a number of applications, such as the location family
distributions (e.g., [Miller et al., 2021, Perdomo et al., 2020, Narang et al., 2023]), the assumption
of Lipschitz loss function in W2 can be difficult to verify, especially if we want Ly (and thus the
Lipschitz continuity constant of £(0; -) given by Lge) to be small. As an alternative, we consider a
slightly stronger sensitivity condition on D(8) via the total variation (TV) distance.

C1. (e sensitivity w.r.t. TV distance) For any 6,0’ € RY, there exists a constant € > 0 such that
orv(D(61),D(62)) < €||6 — 0], (17)

where 07y (-, -) is the total variation distance defined as Sy (i, v) = sup g7 |u(A) —v(A)| =

2 [|pu(2) — pu(2)| dz such that p,v are two probability measures supported on Z and p(.y(z)
denotes their probability distribution functions (p.d.f.s).

Although C1 is slightly strengthened from W1, it allows us to relax the Lipschitz continuity assump-
tion W2 on the loss. Particularly, we consider replacing W2 by:
C2. There exists a constant ly,q, > 0 such that supgega ez |0(0; 2)| < lras-
The above condition requires £(+; -) to be uniformly bounded. Compared to W2, it can be easier to
verify and £, is typically small. For example, it holds with ¢,,,,, = 1 for the case of sigmoid loss.
Similar to W1, 2, we observe that the above conditions imply J(8; -) is Lipschitz continuous:
Lemma 3. Under Cl, 2. For any 6,,05,0 € R, it holds that

\J(0,01)—J(0,02)\ S 2€maa:€||01 —02“. (]8)

See §C. The only difference with Lemma 2 is that (18) has a different Lipschitz constant.

Remark 1. It is worth noting that in lieu of C1, Mofakhami et al. [2023] assumed the following
sensitivity condition with respect to the Pearson x? divergence, i.e.,

o [ ele) = o ()’ _ ) ol
E(0(0).D(0) = [ PEE=IEg: — (o)~ for () (19)
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where fo(-) represents the output of a neural network parameterized by 0, pg(-) and pg:(-) are the
probability density functions (p.d.f.s) of the induced distributions D(0) and D(0’), respectively.

Our TV distance sensitivity condition in CI constitutes a weaker condition since for any bounded
sample space Z, the following holds:
Wi(D(6),D(¢')) < diam(Z) - 57v (D(6),D(6')) < x*(D(6),D(8)),

as shown in [Gibbs and Su, 2002, Sec. 2], where diam(Z) := sup, /7 ||z —2'|| denotes the diameter
of the sample space.

diam(Z)
2

3.2 Convergence of SGD-GD with Non-convex Loss

Equipped with Lemmas 2, 3, we are ready to present the convergence result for SGD-GD with smooth
but non-convex losses. Observe the following theorem whose proof can be found in §D:

Theorem 1. Under Al, 2. Let the step sizes satisfy sup,~; v < 1/(L(1 4 0%)). Moreover, let

L =Ly if WI,2hold, or L =2l,q. if CI, 2 hold. (20)
Then, for any T > 1, the iterates {0;},>o generated by SGD-GD satisfy
Tf THLRNTT(0,:6,)]%] < Ao + Le (00 +(1+ 0-2)&) %7 + L Tf 2 @)
v 7 a ' t=0 TR t=0 Ty

where Ay 1= J(60;600) — £, is an upper bound to the initial optimality gap of performative risk.

Using a fixed step size schedule, we simplify the bound as:
Corollary 1. Under Al, 2, the alternative conditions W1, 2, or CI, 2. Let T' > 1 be the maximum

number of iterations and set y; = 1/ VT. Let T be a random variable chosen uniformly and
independently from {0,1,--- | T — 1}. Forany T > L?(1 + 0?)?, the iterates by SGD-GD satisfy
L 1 - -
E HVJ<9T, HT)H2:| < 4 (Ao + 20’8) . ﬁ +4Le (0‘0 + (1 + U%)Le) . (22)

bias

As T — oo, the first term in (22) vanishes as O(1/+/T) and the above shows that the SGD-GD
scheme finds an O(og € + (1 + 0%) €2)-SPS solution. This yields the first convergence guarantee for
performative prediction with non-convex loss via a stochastic optimization scheme.

Lastly, an interesting observation is that the bias level is controlled at O(og € + (1 + 07) €?). The
latter estimate highlights the role of the stochastic gradient’s variance. To see this, let us concentrate
on the case when € is small. When stochastic gradient is used such that oy > 0, SGD-GD finds an
O(€)-SPS solution; while with deterministic gradient, i.e., when V{(0,;; Z, 1) = V.J(0,; 0;) with
oo = 01 = 0, SGD-GD finds an 0(62)-SPS solution. Such a distinction in the bias levels indicate
that a unique property of non-convex performative prediction where the asymptotic performance of
SGD-GD is sensitive to the stochastic gradient’s noise variance. Furthermore, our result suggests
that adjusting the minibatch size in SGD-GD may have a significant effect on reducing the bias level
since 0, 01 can be controlled by the latter.

Remark 2. Prior analysis in [Mendler-Diinner et al., 2020, Drusvyatskiy and Xiao, 2023 ] showed
that with u strongly convex loss ((+; z), both the existence/uniqueness of the PS solution and the
convergence of SGD-GD to the PS solution critically depend on the condition ¢ < /L (in addition to
ourAl, 2, W1). When € > p/L, it is shown that the SGD-GD scheme may even diverge. In contrary,
Theorem 1 does not exhibit such an explicit condition on € for the convergence results (21), (22) to
hold. This happens because our result requires the loss function itself to be Lipschitz [cf. W2] or
bounded [cf. C2], which may not be satisfied by their strongly convex losses.

4 Extension: Lazy Deployment Scheme with SGD

Implementing the SGD-GD scheme (2) requires deploying the latest model every time when drawing
samples from D(-). This may be difficult to realize since deploying a new classifier in real time can
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be time consuming. As inspired by [Mendler-Diinner et al., 2020], this section studies an extension

of (2) to the lazy deployment scheme where the new (prediction) models are deployed only once per

several SGD updates.

To describe the extended scheme, let K > 1 denotes the epoch length of lazy deployment, we have
0t,k+1 = Ot,k — ’ng(oltk, Zt,k+1); Where Zt,k+1 ~ D(Ot), :ZC = O7 ,K — 1, (23)

0111 ="01110=0: k.

For simplicity, we focus on the case with a constant step size v > 0. Observe that the lazy deployment
scheme is a double-loop algorithm where the index ¢ denotes the number of deployments and the
index k denotes the SGD update. To analyze the convergence of (23), we further require the stochastic
gradient to be uniformly bounded:

A3. There exists a constant G > 0 such that supgcga ¢z [|VE(O; 2)| < G.

Despite being a stronger assumption, the above remains valid for practical non-convex losses, e.g.,
sigmoid loss. We observe the following convergence results whose proof is in §E:

Theorem 2. Under Al, 2, 3, and the alternative conditions W1, 2, or CI, 2. Let'T' > 1 be the
maximum number of deployments to be run, we set v = 1/(K~/T) and let T be a random variable
chosen uniformly and independently from {0,1,--- T — 1}. Forany T > L?(1 + 03)?/K?, the
iterates generated by the lazy deployment scheme with SGD (23) satisfy:

8Ay  4Lo} 2LG? 8Le o 7
< — (V2Koy + 2(K L 24
< Ftesr T 3T+K( oo +2(K +07) e), (24)

where we recall that L was defined in (20) and Ao = J(69;60) — £,

E[|v(or:0m))7]

In (24), the first three terms decay as O(1/+/T) similar to SGD-GD, the last term simplifies to

(’)((ie)QK%Uf). The lazy deployment scheme (23) finds an O((Le)?)-SPS solution when T —
00, K — 00, contrasting with SGD-GD which admits a bias level of O(Le).

We remark that the above result can be anticipated. During the ¢th deployment, (23) runs an SGD
recursion for ming J(8; 6;) where it will find a stationary solution for the non-convex optimization
as K — oo. The lazy deployment scheme resembles RRM and we expect that it may find a reduced
bias SPS solution as inspired by [Mofakhami et al., 2023] which studied a similar algorithm.

5 Numerical Experiments

We consider two examples of performative prediction with non-convex loss based on synthetic data
and real data. All simulations are performed with Pytorch on a server using a Intel Xeon 6318 CPU.
Additional results can be found in §F.

Synthetic Data with Linear Model. We first consider a binary classification problem using linear
model. To enhance robustness to outliers, we adopt the sigmoid loss function [Ertekin et al., 2010]:

0(0;2) := (1+exp(c-y(x|0) ™" + (8/2) |6]*. (25)

For small regularization 8 > 0, £(+; z) is smooth but non-convex. To define the data distribution, we
have a set of m unshifted samples D° = {(z;,y;)}™, with feature z; € R? and label y; € {£1}.
For any 8 € R%, D() is a uniform distribution on m shifted samples {(x; — 1,0, y;)}™,, where
ez, > 0 controls the shift magnitude. Applying SGD-GD to the setup yields a scheme such that A1, 2,
W1 (with € = €,) are satisfied, and W2 holds as ||@*|| is bounded in practice. To generate the training

data, the unshifted samples D° are generated first as x; ~ U[—1, 1]d, i.e., the uniform distribution,
¥; = sgn((xz;|0°)) € {£1} such that 8° ~ N(0, I), then a randomly selected 10% of the labels
are flipped to generate the final y;. Furthermore, we set m = 800,d = 10,c¢ = 0.1, = 1073,¢ €

{0,0.1,0.5,2}. For (2), the batch size is b = 1 and the stepsize is 7, = v = 1//T with T = 10°.

First, we validate the convergence behavior of SGD-GD in Theorem 1. In Fig. 1 (left), we compare

[ V.J(8; 6,)||* against the number of iteration ¢ for the SGD-GD scheme over 10 repeated runs. The
shaded region indicate the 95% confidence interval. We observe that after a rapid transient stage,

https://doi.org/10.52202/079017-0277 8680



10-2 —— SGD-GD e=0 o —— SGD-GD =0 102
SGD-GD£=0.1 ' SGD-GD £=0.1

103 — = = .
LN e L SRl | e
=10 b —— SGD-GDe=2 = o
< . @
< D 105 W bl b
= 10-6 =
[ > — Lazyk=5b=5

107 10 lazyk=10,b=5

\ —— Greedy K=1,b=25
107® i MWW 107 Greedy K=1,b=5
102 10° . 104 10° 0310‘ 102 103 X 104 10° 106 10! 102 10° 104 10° 108
Iterations t Iterations t no of sample accessed

Figure 1: Synthetic Data (leff) SPS measure | V.J(0;;0,)|*> of SGD-GD against iteration no. .
(middle) Loss value .J(6;; 6;) of SGD-GD against iteration no. t. (right) SPS measure | V.J(6; 6,)||*
of greedy (SGD-GD) and lazy deployment against number of sample accessed. We fix e, = 2.
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Figure 2: Real Data with Neural Network Benchmarking with SPS measure ||V.J(8;; 6;)|2. (left)
Against ¢ for SGD-GD with parameters exy € {0, 10,100}. (middle & right) Against no. of samples
with greedy (SGD-GD) and lazy deployment when eyy = 10 & eny = 10%, respectively.

10?

the SPS stationarity || V.J(6;; 6,)||” saturates and stay around a constant level, indicating that the
SGD-GD converges to a biased-SPS solution. Increasing ey, leads to an increased bias, corroborating
with Theorem 1 that the bias level is O(e). Fig. 1 (middle) further evaluate the performance of the
trained classifier 6, in terms of the performative risk value. Second, we compare the lazy deployment
scheme in §4 with K € {5,10} and stepsize v = 1/(K+/T). For fairness, we test SGD-GD with
batch size of b € {5,25} and compare the SPS stationarity against the number of samples accessed.
The results in Fig. 1 (right) verifies Theorem 2 where increasing K effectively reduces the bias level.

Real Data with Neural Network. Our second example deals with the task of training a neural
network (NN) on the spambase Hopkins et al. [1999] dataset with m = 4601 samples, each with
d = 48 features. We split the training/test sets as 8 : 2. Our aim is to study the behavior of SGD-GD
when training NN classifier. To specify (1), we let z = (x,y) where x € R? is the feature vector,
y € {0, 1} is label (0 for not spam, 1 for spam). Consider the regularized binary cross entropy loss:

0(8;2) = U fo(w);y) = —ylog(fo(x)) — (1 —y)log(1 — fo()) + (B/2) |6, (26)

where fg(z) denotes the NN classifier. The unshifted data is denoted by D° = {(z;,y;)}7",.
Sampling from the shifted data distribution D(8) is achieved through (i) uniformly draw a sample
z = (z,y) from D°, (ii) maximize the following utility function:

1
2enn

x = argmax, U(2';%,0) := —fg(z') — ||«" — a_:||2 , 27

to get z = (x,y) ~ D(0). In practice, we take the approximation z =~ T — ennV 4 fo(Z).

In our experiment, we set ey € {0, 10, 100}, batch size as b = 8. For SGD-GD, we use y; = v =

200/+/T and for lazy deployment, we use v = 200/(K+/T) with T = 10°. The NN encoded in
fo(x) consists of three fully-connected layers with tanh activation and a sigmoid output layer, i.e.,

fo(z) = Sigmoid(e(—;) ~tanh(6(—;) ~tanh(6£)x))),

where 6(;) = [w(;);b(;)] concatenates the weight and bias for each layer with d; = 10,dy =
50, ds = 57 neurons, making a total of d = 3421 parameters for 8. For the training, we initialize
these parameters as A/(0, 1) for weights and constant values for the biases.
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Fig. 2 (left) compares the SPS measure ||V.J(6;; 6,) || against the iteration number ¢ using SGD-GD.
As observed, SGD-GD converges to a near SPS solution and the behavior seems to be insensitive to
enn- We speculate that this is due to the shift model (27) but would relegate its study to future work.
Fig. 2 (middle & right) compare the greedy and lazy deployment schemes with exy € {10, 10%}
against the number of samples used. Compared to SGD-GD, lazy deployment performs relatively
better as eyy T, as seen from the no. of samples needed to reach ||V.J(6;;0,)||> = 10~* in the plots.
This agrees with (24) which shows the dominant term as O(e?) and e is related to eyn.

6 Conclusions

This paper provides the first study on the performative prediction problem with smooth but possibly
non-convex loss. We proposed a stationary performative stable (SPS) condition which is the counter-
part of performative stable condition used with strongly convex loss. Using the SPS solution concept,
we studied the convergence of greedy deployment and lazy deployment schemes with SGD. We prove
that SGD-GD finds a biased, O(¢)-SPS solution, while the lazy deployment scheme finds a reduced
bias SPS solution when the lazy deployment epoch is large. As an initial work on this subclass
of problems, our findings can lead to more general analysis on algorithms under the non-convex
performative prediction framework.

Acknowledgement

The project was supported in part by CUHK Direct Grant #4055208. The authors would like to thank
the anonymous reviewer for pointing out the possibility of extending our convergence analysis to
sensitivity measures defined by the TV distance.

References

Daniel Bjorkegren, Joshua E Blumenstock, and Samsun Knight. Manipulation-proof machine
learning. arXiv preprint arXiv:2004.03865, 2020.

Gavin Brown, Shlomi Hod, and Iden Kalemaj. Performative prediction in a stateful world. In
International conference on artificial intelligence and statistics, pages 6045-6061. PMLR, 2022.

Yang Cai, Constantinos Daskalakis, and Christos Papadimitriou. Optimum statistical estimation with
strategic data sources. In Conference on Learning Theory, pages 280-296. PMLR, 2015.

Joshua Cutler, Dmitriy Drusvyatskiy, and Zaid Harchaoui. Stochastic optimization under distribu-
tional drift. Journal of machine learning research, 24(147):1-56, 2023.

Nilesh Dalvi, Pedro Domingos, Mausam, Sumit Sanghai, and Deepak Verma. Adversarial classifica-
tion. In Proceedings of the tenth ACM SIGKDD international conference on Knowledge discovery
and data mining, pages 99-108, 2004.

Aymeric Dieuleveut, Gersende Fort, Eric Moulines, and Hoi-To Wai. Stochastic approximation
beyond gradient for signal processing and machine learning. IEEE Transactions on Signal
Processing, 2023.

Dmitriy Drusvyatskiy and Lin Xiao. Stochastic optimization with decision-dependent distributions.
Mathematics of Operations Research, 48(2):954-998, 2023.

Seyda Ertekin, Leon Bottou, and C Lee Giles. Nonconvex online support vector machines. /EEE
Transactions on Pattern Analysis and Machine Intelligence, 33(2):368-381, 2010.

Saeed Ghadimi and Guanghui Lan. Stochastic first-and zeroth-order methods for nonconvex stochastic
programming. SIAM journal on optimization, 23(4):2341-2368, 2013.

Alison L Gibbs and Francis Edward Su. On choosing and bounding probability metrics. International
statistical review, 70(3):419-435, 2002.

https://doi.org/10.52202/079017-0277 8682



Moritz Hardt, Nimrod Megiddo, Christos Papadimitriou, and Mary Wootters. Strategic classification.
In Proceedings of the 2016 ACM conference on innovations in theoretical computer science, pages

111-122, 2016.

Mark Hopkins, Erik Reeber, George Forman, and Jaap Suermondt. Spambase. UCI Machine Learning
Repository, 1999. DOI: https://doi.org/10.24432/C53G6X.

Zachary Izzo, Lexing Ying, and James Zou. How to learn when data reacts to your model: perfor-
mative gradient descent. In International Conference on Machine Learning, pages 4641-4650.
PMLR, 2021.

Meena Jagadeesan, Tijana Zrnic, and Celestine Mendler-Diinner. Regret minimization with perfor-
mative feedback. In International Conference on Machine Learning, pages 9760-9785. PMLR,
2022.

Qiang Li and Hoi-To Wai. State dependent performative prediction with stochastic approximation. In
International Conference on Artificial Intelligence and Statistics, pages 3164—3186. PMLR, 2022.

Qiang Li, Chung-Yiu Yau, and Hoi-To Wai. Multi-agent performative prediction with greedy
deployment and consensus seeking agents. Advances in Neural Information Processing Systems,
35:38449-38460, 2022.

Haitong Liu, Qiang Li, and Hoi-To Wai. Two-timescale derivative free optimization for performative
prediction with markovian data. ArXiv preprint arXiv:2310.05792, 2023.

Celestine Mendler-Diinner, Juan Perdomo, Tijana Zrnic, and Moritz Hardt. Stochastic optimization
for performative prediction. Advances in Neural Information Processing Systems, 33:4929-4939,
2020.

John P Miller, Juan C Perdomo, and Tijana Zrnic. Outside the echo chamber: Optimizing the
performative risk. In International Conference on Machine Learning, pages 7710-7720. PMLR,
2021.

Mehrnaz Mofakhami, Ioannis Mitliagkas, and Gauthier Gidel. Performative prediction with neural
networks. In International Conference on Artificial Intelligence and Statistics, pages 11079-11093.
PMLR, 2023.

Adhyyan Narang, Evan Faulkner, Dmitriy Drusvyatskiy, Maryam Fazel, and Lillian J Ratliff. Mul-
tiplayer performative prediction: Learning in decision-dependent games. Journal of Machine
Learning Research, 24(202):1-56, 2023.

Juan Perdomo, Tijana Zrnic, Celestine Mendler-Diinner, and Moritz Hardt. Performative prediction.
In International Conference on Machine Learning, pages 7599-7609. PMLR, 2020.

Georgios Piliouras and Fang-Yi Yu. Multi-agent performative prediction: From global stability and
optimality to chaos. In Proceedings of the 24th ACM Conference on Economics and Computation,
pages 1047-1074, 2023.

Joaquin Quifionero-Candela, Masashi Sugiyama, Anton Schwaighofer, and Neil D Lawrence. Dataset
shift in machine learning. Mit Press, 2022.

Mitas Ray, Lillian J Ratliff, Dmitriy Drusvyatskiy, and Maryam Fazel. Decision-dependent risk
minimization in geometrically decaying dynamic environments. In Proceedings of the AAAI
Conference on Artificial Intelligence, pages 8081-8088, 2022.

Abhishek Roy, Krishnakumar Balasubramanian, and Saeed Ghadimi. Constrained stochastic noncon-
vex optimization with state-dependent markov data. In Advances in Neural Information Processing
Systems, volume 35, pages 23256-23270, 2022.

Xiaolu Wang, Chung-Yiu Yau, and Hoi-To Wai. Network effects in performative prediction games.
In International Conference on Machine Learning, pages 36514-36540. PMLR, 2023.

Killian Wood and Emiliano Dall’ Anese. Stochastic saddle point problems with decision-dependent
distributions. SIAM Journal on Optimization, 33(3):1943-1967, 2023.

8683 https://doi.org/10.52202/079017-0277



Yulai Zhao. Optimizing the performative risk under weak convexity assumptions. arXiv preprint
arXiv:2209.00771, 2022.

Zihan Zhu, Ethan Fang, and Zhuoran Yang. Online performative gradient descent for learning nash
equilibria in decision-dependent games. Advances in Neural Information Processing Systems, 36,
2023.

Tijana Zrnic, Eric Mazumdar, Shankar Sastry, and Michael Jordan. Who leads and who follows in
strategic classification? In Advances in Neural Information Processing Systems, volume 34, pages
15257-15269, 2021.

https://doi.org/10.52202/079017-0277 8684



A Proof of Lemma 1

Proof. Under Al, for any fixed z € Z, we have that
L
U(Br1152) < U815 2) + (VE(Or:2) | 011 — O0) + 5 6141 — 6|

L 2
< U(81:2) = Yua (VEO: 2) [ VO Zig)) + 2 [ VLB Zo) P,

where the second inequality is due to the update rule of (2) as we recall that Z; 1 ~ D(0;). Taking
integration on z with weights given by the p.d.f. of D(6,), i.e., [(-)ps, (2)dz, on both sides of above
inequality leads to

L
J(0r41;61) < J(0130:) — V41 (VI(6450,) | VE(Oy; Zyy1)) + §’Yt2+1 IV6(Os; Ze1) |
As E[VE(0s; Zy11)] = V.J(0:; 6;), taking the conditional expectation E;[-] on both sides yield
L
By [J(0041:00)] < J (013 6:) = 31 [V (0 00| + 5971Er [ VL0 Zis)|?] (28)

@ 7(0,:0,) — v11 [VT(65:600)]

L
+ 5%2“ (Et V0O Zisr) — VI (8:50,)|1% + ||V (8; 9t)|\2) ,

2 76,10 00|12 + 22, (o3 ! Lol
< J(0430) = 1 [VI(0500) | + 57 (07 + (1+07) [VI(8:0))

where (a) used A2 and the property:
E [HW((%; Zt+1)||2} = Eq [IIW(Ht;ZtH) - VJ(Gt;Ot)||2] +IVJ(8:: 64|17,

and (b) is due to the variance bound in A2. Rearranging terms in (28) leads to
L L
(1 -5+ 0%)%+1> Y1 [ VT(8550,)|° < T (645 0:) — By [T (81415 61)] + 508%2“-
The step size condition implies 1 — £ (1 4+ 07)y;11 > 1/2. This concludes the proof. O

B Proof of Lemma 2
Proof. Our proof is modified from Lemma 2.1 of [Drusvyatskiy and Xiao, 2023]. By W2, since
£(0; z) is Lo-Lipchitz in z, we have
J(0;01) — J(6;62)] = [Ezp6,)0(0; Z) — Eziip(6,)0(6; Z)| < LoW1(D(61),D(62)).
Applying W1 gives
|J(6;61) — J(0;02)] < Loe |61 — 6],
which finishes the proof. O

C Proof of Lemma 3
Proof. Under C1 & C2, we observe

17(0.01) — J(6,60,)| = \ [ 16:2)00,(2) ~ pou 21
¢ [ 1060:2)1 10.(2) = po. 2

< s [ 90, (2) = pos(2)]d(2)
< emaz . 25TV<D(01)7 D(HQ))

(b)
S 2€maz6||01 - 92”
where (a) is due to the Cauchy-Schwarz inequality, (b) is due to the stated assumptions C1. O
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D Proof of Theorem 1
Proof. We recall from Lemma 1 the following relation:
L
%HVJ(&; 0,)1> < E.[J(01;601) — J (01415 6,)] + 50(2)%2+1~ (29)
We notice that Lemmas 2, 3 imply
7(6;6) — J(8;0')| < Le |6 — 0,

where L = Lo if W1, 2 hold, or L= limaz if C1, 2 hold. Subsequently, the first term on the right
hand side of (29) can be bounded by

Et[J(0t§ 9t) - J(9t+1; 975)} < Et[J(9t§ 0:) — J(O¢11; 9t+1)] + ]EtHJ(et-i-l; 9t+1) - J(9t+1§ 0t)|]
S Ey[J(01500) = J (01415 0141)] + LeBy[[|0,11 — 6]
= Ey[J(01;0:) — J (01113 0141)] + i1 LEBL[| V(015 Ziya) ]
Notice that

- (a) -
Y1 LeBy VL0 Zer)] < mlLe\/Et [1V(6:: Ze) P

(®) -
S ’}’t+1L€ <0’0+ 1+0’% ||VJ(0t,0t)||)

() ~ ~ 1
2 erLe (ao+<1+o%>Le+ ! ||w<et;et>||2)

4Le
where (a) is due to the Cauchy-Schwarz inequality E[|| X ||] < +/E[|| X]|?], (b) is due to the chain:

E, [IIW(Bt;Zt+1)||2 = [IVJ(6:;6)|* + E [I\W(Gt;Zm) - VJ(eﬁet)HQ}

2
<o+ (14 aDIVIO)IP < (204 /14 0TIV (000 )
and (c) is due to the Young’s inequality. Substituting back into (29) gives

. ~ L
TEHIVT0:0)]* < E(0,:00) = J(0r11:0,0)] + e Le (00 + (1 + o) Le) + Joiaiin.

Notice that taking full expectation and summing both sides of the inequality from¢ =0to 7T — 1
yields the theorem. O

E Proof of Theorem 2

Proof. The first steps of our proof resemble that of Lemma 1 and is repeated here for completeness.
Under Al, for any fixed z € Z, we have that

‘ 2

L
(O 41:2) <O s 2) + (VO i; 2) | O 1 — Or i) + bY 10¢, 141 — 61k

L 2
< UOp k5 2) — v (VO k3 2) | V(O k5 Ztk41)) + 77 IV Bk Zegsn)II
where the second inequality is due to the update rule of (2) as we recall that Z; 1 ~ D(60;). Taking

integration on z with weights given by the p.d.f. of D(6,), i.e., [(-)pe, (2)dz, on both sides of above
inequality leads to

L
J(et,k+1; 6t,o) < J(et,k; 9t,0) - <VJ(0t,k; 0t,0) | Vf(et,k; Zt,k+1)> + 572 Hvaat,k; Zt,k:+1)||2 .

As Z; 41 ~ D(00), we have B, ,[VL(O¢ k; Zy k41)] = VI (O k; 010), where E, ,[-] denotes the
conditional expectation on the filtration

Fer =0({600,001, - ,00K,011, - ,64,6,1,---,0.1}).
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Taking the conditional expectation E; 4 [-] on both sides yield

L~?
Ev [ (01,513 00,0)) € J (81,43 01.0) = IV (81,3 01.0) '+ =5 Er e [IVE(Ors Zewr) I (30)

@ T(01.13 01.0) = VIV T (B1,1; 61.0) |

L
+ 57 (Ben VO Zewn) = VI (0013 000) I + 981, 000)11 )

(b) L
< J(004:000) = 1 VI (81 0:0)|1” + 577 (08 + (14 ) [V (81 000)1 )

where (a) used A2 and the property:
Evi |IV08043 Zuer)I] = B (VO Zekin) = VI (81 000) | + 11V (B1i 81.0)11%,

and (b) is due to the variance bound in A2. Rearranging terms in (30),

L L
(1 - 5(1 + U%)’Y) YIVI(Oy 915,0)“2 < J(O4k;60:0) — Et k[T (01,1415 010)] + 50(2)’YZ~ (3D

The step size condition implies 1 — £ (1 4 03)y > 1.
L
2V T (614 000)II° < T(B11501.0) — EvelJ (Brs1; 00.0)] + 5 037
Taking summation on k from 0 to K — 1 leads to

K—
7
2

[

LK
IVJ(B0.1;0:.0)|1> < J(B1.0:01.0) — By k[T (Bry1.05000)] + 5o (32)
k=0

Recall that 8,1 o = 0,11 = 0, k. Subsequently, the first term on the right hand side of (32) can be
bounded by

Et[J(0t§ Bt) - J(9t+1; at)] < Et[J(eﬁ at) - J(0t+1; 0t+1)] + ]EtHJ(etJrl; 0t+1) - J(9t+1; et)H
S Ee[J (015 0;) — J(Or4150141)] + Le Ea[[| 0141 — 64])]

Notice that through a careful use of A2 and the independence between stochastic gradients, we have

K-1

Z Vé(et,ld Zt,k-+1)

=Ei[J(60:;6;) — J(0r11;0111)] + YLeE, [
k=0

K-1 K-1 2
E; H Z Vg(et)k; Zt,k-i—l) ‘| < |E; Z V£(0t7k3Zt,k+l)
k=0 k=0
K1 2 [ x—1 2
< 2B ||| D (VO Zesr) = VI (Bek; 00)|| | +2Ee ||| V(B 0:)
k=0 L k=0
K—1 K-1 27
= |2 Z E, [||V€(0t,k; Zy k1) — VI (O k; 9t)||2} + 2K, Z VJ(01.k;61) 33)
k=0 k=0
K-1 K-1 2
< [2Ko3+202 Y E, {HVJ(et,k;at)Hﬂ + 28, (| VI (Ork;61)
k=0 k=0
K-1
< \[|2K08 +2(K +03) Y B [1970,:00]1].
k=0
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Using va? + b2 < a + b for a,b > 0, we have

K-1 K-1
By ||| VOO Zijin) ] < V2Koo +\/2(K +o}) Z E, IV (04160
k=0 —

(34)

Z B [IV (000011

where the last inequality used the property \/ax <  + 3 for any ¢ > 0 Substituting above results
to (32) and taking full expectation on both sides glve us

K-1
T Y EIVI 00k, 000)F S E[I(0:,00) = T (Or1,601)] (35)
k=0
+ yLe (\/QKJO +2(K + 0%)[%) + %0872.

Next, we lower bound the left hand side by observing:

K—-1 K—-1
(a) 1
> IVl 2 Y E |90 001 - [97(6,4:00 - V701,60

k=0 k=0
() K-—1
> KEHVJ(Ht,Gt —LZEHatk—atH
© K—1 ||k=1 2
= fKIE||VJ(0t,0t 1P =LY E|Y AVU8i4; Zi)
k=0 £=0
1 K—-1 k-1
51r<15:||v(7(¢9t,9t)|| — LD kY B[V Ze)|?
k=0 ¢=0
K—-1 —
2 Z kZGQ
k= =0

Q)

0

K(K —1)2K — 1)
6

1
SKE[VJ(6:, 6,)||> — LG*~? -

K3

3

where (a) is due to the fact that ||a||> > e+ b||* — ||b]|%, for any a,b € R™, (b) is due to Al, (c)
is obtained from the updating rule (23). In (d), we used the additional assumption A3. The last chain
is due to kK:_Ol k? = w < K , when K > 1. Substituting the above lower bound to
(35) and rearrange terms lead to

Y

1
SKE[VJ(6, 0,)||> — LG?~? -

K 1
%E V760,601 <E[J(8:.0:) = J(Brs1,6111)] + 137 LE°K

~ -\ LK
toLe (\/ﬁao +2(K + a%)Le) + =07

Taking summation from¢ = 0,1,--- ,7 — 1 gives us

T—1
K T .
% > E|VJ(6:,6)|° < E[J(60,60) — J(0r,67)] + 157’ LG*K’
t=0

- - TLK
+~T Le (\/ 2Koo + 2(K + of)Le) + 5 o2y
Dividing vKT /8 on both sides, we have

T-1 =
1 ,  8Ag 2 8Le -
= ;:0: E([VI(00 00| < "o+ aLofy + 57 LGP + (VKoo +2(K +03)Le) ,
where we recall Ag := J(00;00) — o O
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F Additional Numerical Results

This section provides additional details for the numerical experiments that were omitted due to space
limitation.

Synthetic Data with Linear Model Fig. 3 shows the trajectories of training and testing accuracy
with the SGD-GD scheme under different shift parameters, using the same settings as in Fig. 1 (left &
right). Note that the testing dataset with 200 samples is generated from the same procedure described
in the main paper with the same ground truth 8°, but without the label flipping step. In this case,
although increasing the shift leads to a larger risk value J(6;; 6;) and more biased stationary solution
in terms of || V.J(0; 6;)||? [cf. Fig. 1 (left & middle)], the test/train accuracy remain relatively stable
regardless of the shift parameter. We remark that as observed from [Miller et al., 2021, Fig. 2],
increasing the shift parameter e does not always lead to a deteriorated or improved model accuracy.
Importantly, the effects can be unpredictable in general, especially when only biased SPS solutions
are guaranteed.
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Figure 3: Synthetic Data (Left) Training accuracy under different sensitivity parameter €r,. (Right)
Testing accuracy under different ey, .

Fig. 4 shows the trajectories of loss values J(0;; 6;), training and testing accuracy with the greedy
and lazy deployment scheme using the same settings as in Fig. 1 (right). We observe similar behaviors
as indicated in Fig. 3. Moreover, we notice that although the lazy deployment scheme converges to a
less biased SPS solution than greedy deployment scheme utilizing the same number of samples, the
initial convergence speed is slower. This can be predicted from Theorem 2 as the lazy deployment
scheme is simulated with a larger noise variance oy.
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Figure 4: Synthetic Data (Left) Loss V' (0) against no of sample accessed. (Middle) Training accuracy
under different sensitivity parameter €. (Right) Testing accuracy under different €y,.

Real Data with Neural Network Model Similar to the above paragraph, Fig. 5, 6, 7 show the
trajectories of train/test accuracy, for greedy/lazy deployment scheme when ¢ € {10,10%} for
completeness. The figures demonstrate similar behavior as described in the main paper. Moreover,
we observe that the sensitivity parameter eyy has a small effect in the training/testing acccuracies of
the trained models.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims in the abstract and introduction accurately reflect the paper’s
contributions and scope, aligning with our Theorems | & 2 and experimental results.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discussed about the limitation in conclusions.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provides a complete set of assumptions in Section 3 and proofs for each
theoretical result in Appendix.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We discloses all necessary information (e.g. parameters settings, model
structure) for reproducing the experimental results.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The paper will provide open access to the source code, ensuring that the main
experimental results can be faithfully reproduced.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The paper specifies all training and test details, including data splits, hyperpa-
rameters and etc.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: This paper reports the confidence intervals for experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We described the computation platform used in Section 5.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have ensured that the research conducted in the paper complies
with the NeurIPS Code of Ethics, preserving anonymity.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper presents work whose goal is to advance the field of Machine
Learning. There are many potential societal consequences of our work, none which we feel
must be specifically highlighted here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our data were obtained from openly available datasets and modes are classical
machine learning model, mitigating any risk of misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have appropriately cited and described the sources of our data.
Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing or research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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