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Abstract

This paper presents a new gradient flow dissipation geometry over non-negative
and probability measures. This is motivated by a principled construction that
combines the unbalanced optimal transport and interaction forces modeled by
reproducing kernels. Using a precise connection between the Hellinger geometry
and the maximum mean discrepancy (MMD), we propose the interaction-force
transport (IFT) gradient flows and its spherical variant via an infimal convolution
of the Wasserstein and spherical MMD tensors. We then develop a particle-based
optimization algorithm based on the JKO-splitting scheme of the mass-preserving
spherical IFT gradient flows. Finally, we provide both theoretical global exponential
convergence guarantees and improved empirical simulation results for applying
the IFT gradient flows to the sampling task of MMD-minimization. Furthermore,
we prove that the spherical IFT gradient flow enjoys the best of both worlds by
providing the global exponential convergence guarantee for both the MMD and KL
energy.

1 Introduction

Optimal transport (OT) distances between probability measures, including the earth mover’s distance
[Werman et al., |[1985] [Rubner et al., [2000|] and Monge-Kantorovich or Wasserstein distance [[Villani,
2008]], are one of the cornerstones of modern machine learning as they allow performing a variety
of machine learning tasks, e.g., unsupervised learning [Arjovsky et al.,|2017| Bigot et al., [2017],
semi-supervised learning [[Solomon et al., [2014], clustering [Ho et al., 2017, text classification
[Kusner et al.l |2015]], image retrieval, clustering and classification [Rubner et al., 2000, |Cuturi,
2013 [Sandler and Lindenbaum, 201 1], and distributionally robust optimization [Sinha et al., 2020,
Mohajerin Esfahani and Kuhn, 2018]. Many recent works in machine learning adopted the techniques
from PDE gradient flows over optimal transport geometries and interacting particle systems for
inference and sampling tasks. Those tools not only add new interpretations to the existing algorithms,
but also provide a new perspective on designing new algorithms.
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For example, the classical Bayesian inference framework minimizes the Kulback-Leibler divergence
towards a target distribution 7. From the optimization perspective, this can be viewed as solving

i {F(u) == Dxe(plm) }, ¢y

where A is a subset of the space of probability
measures P, e.g., the Gaussian family. The Wasser-
stein gradient flow of the KL gives the Fokker-
Planck equation, which can be simulated using the
Langevin SDE for MCMC. Beyond the KL, many
researchers following |Arbel et al.|[2019] advocated
using the squared MMD instead as the driving en-
ergy for the Wasserstein gradient flows for sam-
pling. However, in contrast to the KL setting, there
is little sound convergence analysis for the MMD-
minimization scheme like the celebrated Bakry-
Emery Theorem. Furthermore, it was shown, e.g.,
in [Korba et al., [2021]], that |Arbel et al.|[2019]’s
algorithm suffers a few practical drawbacks. For
example, their particles tend to collapse around the
mode or get stuck at local minima, and the algo-
rithm requires a heuristic noise injection strategy . .
that is tuned over the iterations; see Figure[I]and IFT gradl'ent flow (Fh]s paper) of the MMD en-
for illustrations. Subsequently, many such as[Car{ '8Y- P artlc.:h? hass 15 tel.eported to close to the
rillo et al [2019], [Chewi et al| [2020], [Korba et al] target, avoiding local minima. Hollow circles
[2021]], Glaser et al.| [2021],[Craig et al] [2023], Her! mdlcate. p.a.rtlcles Wlth zero mass. The red dots
trich et al.[[2023]], Neumayer et al.|[2024]] proposed are the 1n1t1'a1 Part%des’ and the green dots are
modified energies to be used in the Wasserstein gra- the target distribution. See §[Z_f] for more details.
dient flows. In contrast, this paper does not propose

new energy objectives. Instead, we propose a new gradient flow geometry — the IF'T gradient flows.
To summarize, our main contributions are:

Figure 1: (Left) Wasserstein flow of the MMD
energy [Arbel et al.;[2019]]. Some particles get
stuck at points away from the target. (Right)

1. We propose the interaction-force transport (IF'T) gradient flow geometry over non-negative
measures and spherical IFT over probability measures, constructed from the first principles
of the reaction-diffusion type equations, previously studied in the context of the Hellinger-
Kantorovich (Wasserstein-Fisher-Rao) distance and gradient flows. It was first studied by three
groups including |Chizat et al|[2018|[2019], Liero et al.|[2018]], [Kondratyev et al.|[2016], |Gallouét
and Monsaingeon|[2017]]. Our IF'T gradient flow is based on the inf-convolution of the Wasserstein
and the newly constructed spherical MMD Riemannian metric tensors. This new unbalanced
gradient flow geometry allows teleporting particle mass in addition to transportation, which avoids
the flow getting stuck at local minima; see Figure[I]for an illustration.

2. We provide theoretical analysis such as the global exponential decay of energy functionals via the
Polyak-Lojasiewicz type functional inequalities. As an application, we provide the first global
exponential convergence analysis of IFT for both the MMD and KL energy functionals. That is,
the IF'T gradient flow enjoys the best of both worlds.

3. We provide a new algorithm for the implementation of the IFT gradient flow. We then empirically
demonstrate the use of the IFT gradient flow for the MMD inference task. Compared to the
original MMD-energy-flow algorithm of |Arbel et al.|[2019]], IF'T flow does not suffer issues such
as the collapsing-to-mode issue. Leveraging the first-principled spherical IF'T gradient flow, our
method does not require a heuristic noise injection that is commonly tuned over the iterations in
practice; see [Korba et al.,[2021]] for a discussion. Our method can also be viewed as addressing a
long-standing issue of the kernel-mean embedding methods [[Smola et al.,|2007, Muandet et al.,
2017, |Lacoste-Julien et al., |2015]] for optimizing the support of distributions.

Notation We use the notation P(X ), M ™ (X)) to denote the space of probability and non-negative
measures on the closed, bounded, (convex) set X C R¢. The base space symbol X is often dropped
if there is no ambiguity in the context. We note also that many of our results hold for X = R<,
In this paper, the first variation of a functional F' at u € M™ is defined as a function %[M] such
that L F(pu+ € v)|eg = [ %[u](x) dv(z) for any valid perturbation in measure v such that
i+ €-v € MT when working with gradient flows over M™ and i + € - v € P over P. We often
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omit the time index ¢ to lessen the notational burden, e.g., the measure at time ¢, p(t, -), is written as
. The infimal convolution (inf-convolution) of two functions f, g on Banach spaces is defined as
(f8Og)(z) = inf, {f(y) + g(z — y)}. In formal calculation, we often use measures and their density
interchangeably, i.e., f f - means the integral w.r.t. the measure . For a rigorous generalization of
flows over continuous measures to discrete measures, see [[Ambrosio et al., 2005]]. V2k(-, -) denotes
the gradient w.r.t. the second argument of the kernel.

2 Background

2.1 Gradient flows of probability measures for learning and inference

Gradient flows are powerful tools originated from the field of PDE. The intuition can be easily seen
from the perspective of optimization as solving the variational problem

min F
HEACMT(X) (,u)
using a “continuous-time version” of gradient descent, over a suitable metric space and, in particular,
Riemannian manifold. Since the seminal works by [Otto| [1996] and colleagues, one can view many
PDE:s as gradient flows over the aforementioned Wasserstein metric space, canonically denoted as
(P2(X), Wa); see [[Villani, 2008}, [Santambrogiol 2015]] for a comprehensive introduction.

Different from a standard OT problem, a gradient flow solution traverses along the path of the
fastest dissipation of the energy F' allowed by the corresponding geometry. In this paper, we are
only concerned with the geometries with a (pseudo-)Riemannian structure, such as the Wasserstein,
(spherical) Hellinger or Fisher-Rao geometries. In such cases, a formal Otto calculus can be developed
to greatly simplify the calculations. For example, the Wasserstein Onsager operator (which is the
inverse of the Riemannian metric tensor) Ky (p) : Ty Mt — T,M*,§ — —div(pV(E), where
T, M™ is the tangent plane of M* at p and Ty M the cotangent plane. Using this notation, a
Wasserstein gradient flow equation of some energy F' can be written as

oF oF
f= _KW(N)E = diV(Mva) @)
In essence, many machine learning applications are about making different choices of the energy F’
in @I) e.g., the KL, X2 -divergence, or MMD. However, Wasserstein and its flow equation @I) are by
no means the only meaningful geometry for gradient flows. One major development in the field is the
Hellinger-Kantorovich a.k.a. the Wasserstein-Fisher-Rao (WFR) gradient flow. The WFR gradient
flow equation is given by the reaction-diffusion equation, for some scaling coefficients «, 5 > 0,

. . oF oF
U=o- dlv(uvg) - Pu - S0

A few recent works have applied WFR to sampling and inference [Yan et al., 2024} [Lu et al.,|2019]]
by choosing the energy functional to be the KL divergence.

€)

2.2 Reproducing kernel Hilbert space and MMD

In this paper, we refer to a bi-variate function £ : X x X — R as a symmetric positive definite
kernel if k is symmetric and, for all n € N, ay,...,a,, € Rand all z4,...,2, € X, we have
Doy iy @ik (2, 2;) > 0. k is areproducing kernel if it satisfies the reproducing property, i.e.,
forall x € X and all functions in a Hilbert space f € H, we have f(z) = (f, k(-, z))3. Furthermore,
the space H is an RKHS if the Dirac functional d,, : H — R, d,(f) := f(x) is continuous. It can be
shown that there is a one-to-one correspondence between the RKHS H and the reproducing kernel k.
Suppose the kernel is square-integrable ||k||3. := [ k(z,z)dp(z) < co w.r.t. p € P. The integral
P

operator Ty, : L2 — H is defined by Ty ,9(z) := [k (x,2") g (') dp (2') for g € L2. With an
abuse of terminology, we refer to the following composition also as the integral operator

K, :=1doTy,,, L*(p) = L*(p).

K, is compact, positive, self-adjoint, and nuclear; cf. [Steinwart and Christmann} [2008]]. To simplify
the notation, we simply write XC when p is the Lebesgue measure.
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The kernel maximum mean discrepancy (MMD) [Gretton et al., [2012]] emerged as an easy-to-
compute alternative to optimal transport for computing the distance between probability measures,

ie., MMD?(u,v) == [|[K(u—v) || = //k(x, ') d(p —v)(z) d(u — v)(2") , where H is the

RKHS associated with the (positive-definite) kernel k. While the MMD enjoys many favorable
properties, such as a closed-form estimator and favorable statistical properties [Tolstikhin et al.| 2017}
2016], its mathematical theory is less developed compared to the Wasserstein space especially in the
geodesic structure and gradient flow geometries. It has been shown by Zhu and Mielke| [2024] that
MMD is a (de-)kernelized Hellinger or Fisher-Rao distance by using a dynamic formulation

1
MMDZm,u):min{ [ et =~ u(0) = pu() = . gteﬂ}. @
0

Mathematically, we can obtain the MMD geodesic structure if we kernelize the Hellinger (Fisher-Rao)
Riemannian metric tensor,

Gump = Ky 0 Ghe(),  Knmp = Khe(p) 0 K, 1, &)

noting that the Onsager operator K is the inverse of the Riemannian metric tensor K = G~!. The
MMD suffers from some shortcomings in practice, such as the vanishing gradients and kernel choices
that require careful tuning; see e.g., [Feydy et al., 2019]]. Furthermore, a theoretical downside of
the MMD as a tool for optimizing distributions, and kernel-mean embedding [[Smola et al.l 2007,
Muandet et al., |2017]] in general, is that they do not allow transport dynamics. This limitation is
manifested in practice, e.g., it is intractable to optimize the location of particle distributions; see e.g.
[Lacoste-Julien et al., [2015]]. In this paper, we address all those issues.

3 [IFT gradient flows over non-negative and probability measures

In this section, we propose the IFT gradi-
ent flows over non-negative and probability
measures. Note that our methodology is
fundamentally different from a few related
works in kernel methods and gradient flows
such as [Arbel et al., 2019, [Korba et al.,
2021, Hertrich et al.| 2023, |Glaser et al.,
2021, Neumayer et al.,|2024] in that we are
not concerned with the Wasserstein flows transport
of a different energy, but a new gradient
flow dissipation geometry.

gradient

interact. force
3.1 (Spherical)
IFT gradient flow equations over
non-negative and probability measures

Figure 2: Illustration of the IF'T gradient flow. Atoms
are subject to both the transport (Kantorovich) potential
and the interaction (repulsive) force from other atoms.

The construction of the Wasserstein-Fisher-
Rao gradient flows crucially relies on
the inf-convolution from convex analy-
sis [Liero et al., 2018}, /Chizat, 2022]. There,
the WFR metric tensor is defined using an
inf-convolution of the Wasserstein tensor
and the Hellinger (Fisher-Rao) tensor Gwmr (1) = Gw (#)OGpe(1). By Legendre transform, its
inverse, the Onsager operator, is given by the sum Kwmr () = Ky (1) + Kpe (). Therefore, we
construct the IF'T gradient flow by replacing the Hellinger (Fisher-Rao) tensor with the MMD tensor,

as in (3).

Grrr(p) = Gw ()BGmmp (1), Krrr (k) = Kw (1) + Kyovp (1) (©)

The MMD gradient flow equation is derived by [Zhu and Mielke|[2024] using the Onsager operator (),
oF oF

1= —-K — [y =K —[y]. 7

fi D (1) 5 . (1] 5 (1] ©)
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Hence, we obtained the desired IF'T gradient flow equation using (6).

1) 1) 1) 1)
i =~y () ] = Anan () - ] = - div(u¥ g ) = B K G ). ®)

Formally, the IFT gradient flow equation can also be viewed as a kernel-approximation to the
Wasserstein-Fisher-Rao gradient flow equation, i.e., the reaction-diffusion equation (3).

Corollary 3.1. Suppose f ko (x,-) du = 1 and the kernel-weighted-measure converges to the Dirac
measure ky(x,-) dp — dd, as the bandwidth o — 0. Then, the IFT gradient flow equation (8)
tends towards the WFR gradient flow equation as o — 0, i.e., the reaction-diffusion equation (3).

Like the WFR gradient flow over non-negative measures, the gradient flow equation (8) and (7)) are
not guaranteed to stay within the probability measure space, i.e., total mass 1. This is useful in many
applications such as chemical reaction systems. However, probability measures are often required for
machine learning applications. We now provide a mass-preserving gradient flow equation that we
term the spherical IF'T gradient flow. The term spherical is used to emphasize that the flow stays
within the probability measure, as in the spherical Hellinger distance [Laschos and Mielke, 2019].

To this end, we must first study spherical MMD flows over probability measures. Recall that (7)) is a
Hilbert space gradient flow (see [Ambrosio et al.} [2003]]) and does not stay within the probability
space. Closely related, many works using kernel-mean embedding [Smola et al.} 2007, Muandet|
also suffer from this issue of not respecting the probability space. To produce a restricted
(or projected) flow in P, our starting point is the MMD minimizing-movement scheme restricted to
the probability space

DF

1
pF T« argmin F(p) + —MMD? (i, ). (9)
HEP 2n

We now derive the following mass-preserving spherical gradient flows for the MMD and IFT.

Proposition 3.2 (Spherical MMD and spherical IFT gradient flow equations). The spherical MMD
gradient flow equation is given by (where 1 denotes the constant scalar)

SF - JKTVEE [u]
Y -1 o [ . 10
Consequently, the spherical IF'T gradient flow equation is given by
5F 5F JEE (1)
0= o - di C IR Gt (ptuiiy ) /i 11

Furthermore, those equations are mass-preserving, i.e., f o=0.

So far, we have identified the gradient flow equations of interest. Now, we are ready to present our
main theoretical results on the convergence of the IF'T gradient flow via functional inequalities. For
example, the logarithmic Sobolev inequality (LST)
2

> crs1 - Dk (p|m) for some ¢pgr > 0 (LSI)
L2 ()
is sufficient to guarantee the convergence of the pure Wasserstein gradient flow of the KL divergence
energy, which governs the same dynamics as the Langevin equation. The celebrated Bakry-Emery
Theorem [Bakry and Emeryl |1985], is a cornerstone of convergence analysis for dynamical systems
as it provides an explicit sufficient condition: suppose the target measure 7 is A-log concave for some
A > 0, then the global convergence is guaranteed, i.e.,

dp
V log —
H 8 dr

m=e Y dzand VZV > \.Id = (CSI) with c.5; = 2\ = glob. exp. convergence.

The question we answer below is whether the IF'T gradient flow enjoys such favorable properties.
Our starting point is the (Polyak-)tojasiewicz type functional inequality.
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Theorem 3.3. Suppose the following Lojasiewicz type inequality holds for some ¢ > 0,

5F H
for the IFT gradient flow, or

o
F | _f’C1 [l
5u K= 11

- HV

: (F(u(t)) — inf F(u)) (IFT-Loj)

©w

2
- HV

>c- (F(,u(t)) — ian(u)) (SIFT-Loj)
u I

for the spherical IFT gradient flow. Then, the energy F decays exponentially along the corresponding
gradient flow, i.e., F(pu(t)) — inf,, F(p) < e - (F(u(0)) — inf,, F(u)).

To understand a specific gradient flow, one must delve into the detailed analysis of the conditions
under which the functional inequalities hold instead of assuming them to hold by default. We provide
such analysis for the IF'T gradient flows next.

3.2 Global exponential convergence analysis

MMD energy functional As discussed in the introduction, the MMD energy has been proposed
as an alternative to the KL divergence energy for sampling by |Arbel et al. [2019ﬂ where they
assume the access to samples from the target measure y; ~ m. However, the theoretical convergence
guarantees under the MMD energy is a less-exploited topic. Those authors characterized a local
decay behavior under the assumption that the ;; must already be close to the target measure 7 for
all £ > 0. The assumptions they made are not only restrictive, but also difficult to check. There has
also been no global convergence analysis. For example, |Arbel et al.|[[2019]]’s Proposition 2 states
that the MMD is non-increasing, which is not equivalent to convergence and is easily satisfied by
other flows. The mathematical limitation is that the MMD is in general not guaranteed to be convex
along the Wasserstein geodesics. In addition, our analysis also does not require the heuristic noise
injection step as was required in their implementation. [Mroueh and Rigotti| [2020] also used the
MMD energy but with a different gradient flow, which has been shown by |Zhu and Mielke|[2024]]
to be a kernel-regularized inf-convolution of the Allen-Cahn and Cahn-Hilliard type of dissipation.
However, [Mroueh and Rigotti| [2020]’s convergence analysis is not sufficient for establishing (global)
exponential convergence as no functional inequality has been established there. In contrast, we now
provide full global exponential convergence guarantees.

We first provide an interesting property that will become useful for our analysis.

Theorem 3.4. Suppose the driving energy is the squared MMD, F (1) = % MMD? (1, 7) and initial
datum po € P is a probability measure. Then, the spherical MMD gradient flow equation
coincides with the MMD gradient flow equation

fp=—(u—m), (MMD-MMD-GF)
whose solution is a linear interpolation between the initial measure iy and the target measure T, i.e.,

pe =e tug+ (1 —e M.

Furthermore, same coincidence holds for the spherical IF'T and IF'T gradient flow equation

= a-div (u / Vaok(z,)d(un—m) (x)) —B(u—m). (MMD-IFT-GF)

The explicit solution to the ODE shows an exponential convergence to the
target measure 7 along the (spherical) MMD gradient flow. The (spherical) IFT gradient flow
equation differs from the Wasserstein gradient flow equation of [Arbel et al.|[2019]
by a linear term. This explains the intuition of why we can expect good convergence properties for the
IFT gradient flow of the squared MMD energy. We exploit this feature of the IFT gradient flow to
show global convergence guarantees for inference with the MMD energy. This has not been possible
previously when confined to the pure Wasserstein gradient flow.

2We do not use the terminology “MMD gradient flow” from [Arbel et al., [2019] since it is inconsistent with
the naming convention of “Wasserstein gradient flow” as Wasserstein refers to the geometry, not the functional.
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Theorem 3.5 (Global exponential convergence of the IFT flow of the MMD energy). Suppose the

energy F is the squared MMD energy F(p) = % MMD? (1, v). Then, the (TFT-Eoj) holds globally
with a constant ¢ > 23 > 0.

Consequently, for any initialization within the non-negative measure cone jg € M7, the squared
MMD energy decays exponentially along the IF'T gradient flow of non-negative measures, i.e.,

1 1
3 MMD? (g, v) < e~ 28t 3 MMD? (9, v). (12)

Furthermore, if the initial datum o and the target measure T are probability measures o, ™ € P,
then the squared MMD energy decays exponentially globally along the spherical IF'T gradient flow,
i.e., the decay estimate (12) holds along the spherical IFT gradient flow of probability measures.

We emphasize that no Bakry-Emery type or kernel conditions are required — the Lojasiewicz inequality
holds globally when using the IF'T flow. In contrast, the Wasserstein-Fisher-Rao gradient flow

fi= a- div (u/ng(x, Y (=) @)) Y /k:(x, Yd(u—m)(z) (MMD-WFR-GF)
does not enjoy such global convergence guarantees.

Global exponential convergence under the KL divergence energy For variational inference
and MCMC, a common choice of the energy is the KL divergence energy, i.e., F/(1) = Dkr, (u|7).
This has already been studied by a large body of literature, including the case of Wasserstein-Fisher-
Rao [Liero et al} [2023| [Cu et al.| [2019]. Not surprisingly, (CSI) is still sufficient for the exponential
convergence of the WFR type of gradient flows since the dissipation of the Wasserstein part alone is
sufficient for driving the system to equilibrium. For the IFT gradient flows under the KL divergence
energy functional, the convergence can still be established. This showcases the strength of the IFT
geometry — it enjoys the best of both worlds. The IFT gradient flow equation of the KL divergence

d d
energy reads (1 = « - div(uV log (T,u) —B-K tlog d—“ Unlike the MMD-energy flow case, the
T vy

spherical IF'T gradient flow of the KL over probability measures P no longer coincides with that of
the (non-spherical) IFT and is given by

, , d _ d K1 log 9&

Proposition 3.6 (Exponential convergence of the SIFT gradient flow of the KL divergence energy).
Suppose the (LSI) holds with cps; = 2 or the target measure 7 is A-log concave for some X > 0.
Then, the KL divergence energy decays exponentially globally along the spherical IFT gradient

ﬂ()W @ JlLe., DKL(,U,t‘ﬂ') < eizaAtDKL(ILLM’/T).

The intuition behind the above result is that the SIFT gradient flow converges whenever the pure
Wasserstein gradient flow, i.e., its convergence is at least as fast as the Wasserstein gradient flow.
However, we emphasize that the decay estimate of the KL divergence energy only holds along
the spherical IFT flow over probability measures P, but not the full IF'T flow over non-negative
measures M.

3.3 Minimizing movement, JKO-splitting, and a practical particle-based algorithm

In applications to machine learning and computation, continuous-time flow can be discretized
via the JKO scheme [Jordan et al., | 1998]], which is based on the minimizing movement scheme
(MMS) [De Giorgil, [1993]. For the reaction-diffusion type gradient flow equation in the Wasserstein-
Fisher-Rao setting, the JKO-splitting a.k.a. time-splitting scheme has been studied by |Gallouét and
Monsaingeon| [2017]], Mielke et al.| [2023]]. This amounts to splitting the diffusion (Wasserstein) and
reaction (MMD) step in @]) i.e., at time step £ > 1

1
(T3 argmin F(p) + 2—W22(u, wh), (Wasserstein step)
T

neEP (14)

1
ptt — argmin F(u) + —MMD?(u, MH%)- (MMD step)
neP 277
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A similar JKO-splitting scheme can also be constructed via the WFR gradient flow, which amounts to
replacing the MMD step in with a proximal step in the KL (as an approximation to the Hellinger),
ie., ! < argmin pep F(1)+ %DKL( 111+ 2), which is well-studied in the optimization literature
as the entropic mirror descent [Nemirovskij and Yudin, |1983]]. Our MMD step can also be viewed as
a mirror descent step with the mirror map 3 ||C - ||3,. However, for the task of MMD inference of
[Arbel et al.| 2019]), WFR flow does not possess convergence guarantees such as our Theorem [3.4]
The MMD step can also be easily implemented as in our simulation.

We summarize the resulting overall IF'T particle gradient descent from the JKO splitting scheme in
Algorithm[T]in the appendix. We now look at those two steps respectively. For concreteness, we
consider a flexible particle approximation to the probability measures, with possibly non-uniform
weights allocated to the particles, i.e., p = > i | @0, € A", z; € X.

Wasserstein step: particle position update. (14 is a standard JKO scheme; see, e.g., [Santambro-
giol |2015]]. The optimality condition of the Wasserstein proximal step can be implemented using a
particle gradient descent algorithm

oF
et = ot~ V[ (2h), i =1,...,n, (15)
op
which is essentially the algorithm proposed by Arbel et al.[[2019] when F(p) = 3 MMD? (g, 7).
MMD step: particle weight update. The MMD step in (T4) is a discretization step of the spherical
MMD gradient flow, as shown in (9) and Proposition [3.2] We propose to use the updated particle

location xf“ from the Wasserstein step (I3) and update the weights 3; by solving

n 1 n n
ﬁienAfn F(; ﬂiémerl) + % MMDZ(; ﬂiéwf+l , ; afézf+1)’

i.e., the MMD step only updates the weights. Alternatively, as in the classical mirror descent
optimization, one can use a linear approximation F'(u) ~ F(u*) + (‘;—5 (1], — pb) 2. We also
provide a specialized discussion on the MMD-energy minimization task of [[Arbel et al.| 2019]]. Let
the energy objective be the squared MMD F(y1) := 5 MMD (g, w)%. In this setting, we are given the
particles sampled from the target measure y* ~ 7. For the MMD step in (T4), the computation is
drastically simplified to an MMD barycenter problem, which was also studied in [Cohen et al., 2021].
This amounts to solving a convex quadratic program with a simplex constraint; see the appendix for
the detailed expression.

4 Numerical Example

The overall goal of the numerical experiments is to approximate the target measure 7 by minimizing
the squared MMD energy, i.e., n}‘in72 MMD2( i, 7). In all the experiments, we have access to the
HEAC

target measure 7 in the form of samples y; ~ 7. This setting was studied in [Arbel et al.l 2019] as
well as in many deep generative model applications. In the following experiments, we compare the
performance of our proposed algorithm of IFT gradient flow, which implements the JKO-splitting
scheme in and is detailed in Algorithm to that of (/) |Arbel et al.| [2019]]’s the “MMD flow”
(see our discussion in2), we used their algorithm both with and without a heuristic noise injection
suggested by those authors; (2) the Wasserstein-Fisher-Rao flow of the MMD (MMD-WFR-GF). The
WER flow was also used by |Yan et al.|[2024], Lu et al.|[2023] but for minimizing the KL divergence
function. As discussed in §3.2] the MMD flow of [Arbel et al., [2019]] does not possess global
convergence guarantees while IFT does. Furthermore, in the Gaussian mixture target experiment,
the target measure 7 is not log-concave. We emphasize that our convergence guarantee still holds
for the IF'T flow while there is no decay guarantee for the WFR flow. We provide the code for the
implementation at https://github.com/egorgladin/ift_flow.

Gaussian target in 2D experiment Figures [3(a) and @] showcase the performance of the algorithms
in a setting where ;1 and 7 are both Gaussians in 2D. Specifically, u° ~ N'(5-1,I) and 7 ~

N (0, (1}2 1?) ) The number of samples drawn from p° and 7 was set to n = 100. A Gaussian
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Figure 3: Mean loss and standard deviation computed over 50 runs

(a) Vanilla MMD flow (b) MMD flow + noise (o) IFT (Algon'thm

Figure 4: Trajectory of a randomly selected subsample produced by different algorithms in the
Gaussian target experiment. Color intensity indicates points’ weights. The hollow dots indicate the
particles that have already vanished.

kernel with bandwidth o = 10 was used. For all three algorithms, we chose the largest stepsize
that didn’t cause unstable behavior, 7 = 50. The parameter 7 in (23)) was set to 0.1. As can be
observed from the trajectories produced by MMD flow (Figure f(a)), most points collapse into small
clusters near the target mode. Some points drift far away from the target distribution and get stuck;
the resulting samples represent the target distribution poorly, which is a sign of suboptimal solution.
MMD flow with the heuristic noise injection produces much better results. We suspect the noise

o step#0
O Step #5000

© step #5000

2 [ 2 a 3 ‘ 0 2 o 2 a 6 5 o -2 o 2 3 6 5 T

(a) Vanilla MMD flow (b) MMD flow + noise (© IFT (Algorithm

Figure 5: Trajectory of a randomly selected subsample produced by different algorithms in the
Gaussian mixture experiment. Color intensity indicates points’ weights. The hollow dots indicate the
particles that have already vanished.
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helps to escape local minima; however, the injection needs to be heuristically tuned. However, it
takes a large number iterations for points to get close to locations with high density of the target
distribution. Similarly to the previous research on noisy MMD flow, we use a relatively large
noise level (10) in the beginning and “turn off” the noise after a sufficient number of iterations
(3000 in our case). A drawback of this approach is that the right time for noise deactivation
depends on the particular problem instance, which makes the algorithm behavior less predictable.
Algorithm[T]achieves a similar accuracy to
that of the noise-injected MMD flow, but

much faster — already after 1000 steps — D oW o Lice
without any heuristic noise injection. For — IFT GD
the few particles that did not make it close 10t — WFR GD

to the target Gaussian’s mean, their mass is
teleported to those particles that are close to
the target. Hence, the resulting performance
of the IF'T algorithm does not deteriorate.
The hollow dots in the trajectory plot in-
dicate the particles whose mass has been
teleported and hence their weights are zero.
This is a major advantage of unbalanced
transport for dealing with local minima. For p prm yrm prm prm

a faster implementation, in the implemen- steps

tation of th.e MMD step mn (14), we iny Figure 6: Comparison with the WFR flow of the MMD
perform a single step of projected gradient in 100 dimensions

descent instead of computing a solution to

the auxiliary optimization problem (23). To

be fair in comparison, we count each iteration as two steps. Thus, 6000 steps of the algorithm
in Figure [3[a) correspond to only 3000 iterations, i.e., the results for IFT algorithm have already
been handicapped by a factor of 2. We would also like to note that Algorithm [I]was executed with
constant hyperparameters without further tuning over the iterations, in contrast to the noisy MMD
flow. In practical implementations, it is possible to further improve the performance by sampling new
locations (particle rejuvenation) in the MMD step as done similarly in [Dai et al.,|2016]. Since
this paper is a theoretical one and not about competitive benchmarking, we leave this for future work.

MMD

Gaussian mixture in 2D experiment The second experiment has a similar setup. However, this time
the target is a mixture of equally weighted Gaussian distributions,

V(o () W ()0 X)),

Figures [3[(b) and [5] showcase loss curves and trajectories produced by the considered algorithms.

WER flow for Gaussian mixture target in 100D We conducted an experiment in dimension d = 100,
comparing the IFT flow with the WFR flow of the MMD energy. The initial distribution is NV (0, I),
and the target 7 is a mixture of 3 distributions N'(m;, ¥;), ¢ = 1,2, 3, where m; and ¥; are randomly
generated such that ||m;||2 = 20 and the smallest eigenvalue of ¥; is greater than 0.5. For fairness,
each iteration of IFT particle GD (as well as its version with KL step) counts as two steps, i.e., these
methods only performed 4500 iterations. In the noisy MMD flow, the noise is disabled after 4000
steps. All methods are used with equal stepsize.

5 Discussion

In summary, the (spherical) IFT gradient flows are a suitable choice for energy minimization of both
the MMD and KL divergence energies with sound global exponential convergence guarantees. There
is also an orthogonal line of works studying the Stein gradient flow and descent [Liu and Wang|, 2019,
Duncan et al.|[2019], which also has the mechanics interpretation of repulsive forces. It can be related
to our work in that the IF'T gradient flow has a (de-)kernelized reaction part, while the Stein flow has
a kernelized diffusion part. Furthermore, there is a work [Manupriya et al.l[2024] that proposes a
static MMD-regularized Wasserstein distance, which should not be confused with our IF'T gradient
flow geometry. Another future direction is sampling and inference when we do not have access to the
samples from the target distribution 7, but can only evaluate its score function V log 7.
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A Appendix: proofs and additional technical details

Proof of Proposition[3.2] We first consider the MMS step (9). The Lagrangian of the MMS step is,
for A € R,

£(uN) = F(u) + %MMD%,M) Y / 1),

The Euler-Lagrange equation gives
oF

s K= )+ A =0, (16)

/M:L (17)

p=pt— nlel(;—F [//] — AL
]

Rewriting the first equation,

Integrating both sides, we obtain
oF S5 ]
1=1- K= — [uf] - /\/IC711:>/\:—7“.
R K
Let the time step 7 — 0 in the first equation in the Euler-Lagrange equation (17), we obtain

K-1ek
= G i+ ) = K [u]+ff,cf’;1[“]

which is the desired spherical MMD gradient flow equation.

K, (18)

Spherical IFT gradient flow equation is obtained by an inf-convolution [|Gallouét and Monsaingeon,
2017} ILiero et al., 2018 |Chizat et al, 2019]] of the above spherical MMD and Wasserstein part. The
verification of the mass-preserving property is by a straightforward integration of (T8))

K 10F

o_/u— /K1 ij%FL/Kll‘O

Hence, the theorem is proved. O

Proof of Theorem[3.3] The proof amounts to identifying the correct left-hand side of the Lojasiewicz
type inequality. We take the time derivative of the energy

d oF oF oF
S F ) = (G e div(uo e ) - 8K

dt
B 5F 1y 5F .1y
= o IVl IF 8-, I

which is the desired left-hand side of the Lojasiewicz type inequality.

(1)) 12

For the spherical IF'T gradient flow, we have

d SF SF <5F fK31§5U4>
s on - - >L2

qt) = <6M[]adIV(uV6—[])fﬁ~IC 5MH7 TR
]Cflé—F K 16F
— (ol cediv (i )+ (5 [u]—w _sx (ii l— W)>
oF SF S (] |*
:_O‘"VMM -8 E[M]_WH’

L
where the second equality follows from the fact that the spherical IFT gradient flow is mass-
preserving. Hence, the left-hand side of the Lojasiewicz type inequality is obtained.

O
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Proof of Corollary[3.1} The formal proof is by using well-known results for kernel smoothing in
non-parametric statistics [[I'sybakov, 2009]. Note that the gradient flow equation can be rewritten as

. . OF 6F . oF 6F
Recall the definition of the integral operator
KF = [ Kalo) ) Ay Kuf = [ Hal) () duty). (19)

Formally, as k,(z,-) du — dd,, we have K, — & forany £ € L2( ). Then, the IF'T gradient flow
equation tends towards the PDE

: . OF O0F
u=—0z-dIV(/N5 [1]) + B - o (1] - (20)
Furthermore, we also have | ‘;—5 [ll3, — | ‘;—5 (1] 112, (u)- Hence, the conclusion follows. O

Proof of Theorem[3.4] We first recall that the first variation of the squared MMD energy is given by
é

5 (2 MMD?(p, v ) /k: v)(dzx). 1)

Plugging the first variation of the squared MMD energy into the gradient flow equation (7)), (I0), (8),
and (LT)), we obtain the desired flow equations in the theorem. The ODE solution is obtained by an
elementary argument. O

Proof of Theorem We take the time derivative of the energy and apply the chain rule formally
and noting the gradient flow equation (g,

S0 = (5 il v ) = 5K s
oF

oF OF
= _a-|IV=— 2 B = 2 <« _p.= 2
o 195 il g = B+ 15 I e < =515 o e
Plugging in F'(u) = lMMDQ(,u, V), an elementary calculation shows that

5 (5D 0)) < =51 [ K= ()l = 25 pMMD e, @2)

which establishes the desired Lojasiewicz inequality specialized to the squared MMD energy, which
reads

H /k (=v)(do)| +5- H/k V)( dz)

By Gronwall’s lemma, exponentlal decay is established.

2
1
>c g MMD? (i, v). (Loj)

H

Furthermore, plugging the first variation of the squared MMD energy into the gradient flow equa-
tion (T0), the extra term in the spherical flow equation becomes

JETE W fK(— )
fK-11 [kl

Hence, the coincidence is proved. O

=0.

Proof of Proposition[3.6] By the Bakry-Emery Theorem, we have the LSI (CST) hold with cps; = 2.
Taking the time derivative of the KL divergence energy along the SIF'T gradient flow, we have

d . dps .
EDKL(WM) = <V1 dn 7Mt>L2

2

d d K~ log <
= o | Vieg Y| g |log S SR loedr
dm || 2 dm K11 o
(LST)
< —2a)\- DKL(Nt"/T) +0
By Gronwall’s lemma, exponential convergence is established. O
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Note that this result does not hold for the full IFT flows over non-negative measures as there exists no
LSI globally on M.

Remark A.1 (Regularized inverse of the integral operator). Strictly speaking, the integral operator
K is compact and hence its inverse is unbounded. Using a viscosity-regularization techniques by
Efendiev and Mielke| [2006|], we can obtain the flow equation where the inverse is always well-defined,
Le, il =a- div(uv% W) — B (K+e-I)~13L .- 1. This corresponds to an additive regularization
of the kernel Gram matrix in practical computatlon.

A particle gradient descent algorithm for IFT gradient flows We use the notation Kx x to

denote the kernel Gram matrix Kxx = [k(xf“7 mﬁﬂ)]}f j=1» Kxx for the cross kernel matrix
- 10
Kxx = [k(z;", 25)]} 21, ete.

Algorithm 1 A JKO-splitting for IFT particle gradient descent

Require:
I: for{ =1toT —1do
2:  Compute the first variation of the energy F at u’: g¢ = ‘;f: [uf] . Then,

et ot -t vgtal), i=1,..n (Wasserstein step)
T
1 |« K —Kyx o
Qi+ XX XX
<+ argmin F( E ;0,041 — MMD ste
a%A" i—1 i )+ 20t [a€:| (_KXX Kxx ) [ae:| ( P
3: end for

4: Output the particle measure 17 = >0 a'§,r.

Implementing the MMD step The MMD step in the JKO-splitting scheme is a convex quadratic
program with a simplex constraint, which can be formulated as

Jnf S MMD?( ; Bid,eer,m) + 5 MMD (; Bid e, Z; o). (23)

We further expand the optimization objective (multiplied by a factor of 27 for convenience)

2

z@ %Z z@ £ - 2 ateteh)

1
=7- (5TKXX5 - EBTnyl + 21TKYY1) + (B KxxB—28"Kyga+a Kgxa)

:(1+7)ﬂTKXX5— 5TKX 1-28" KXXa+ 1 Kyyl+a' Kgga. (24)

Therefore, the MMD step in Algorlthmﬂ] can be implemented as a convex quadratic program with a
simplex constraint.

A particle gradient descent algorithm for the WFR flow of the MMD energy We provide the
implementation details of the WFR flow of the MMD energy. The goal is to simulate the PDE
(MMD-WFR-GE). To the best of our knowledge, there has been no prior implementation of this flow.
Nor is there a convergence guarantee. Similar to the JKO-splitting scheme of the IFT flow in (T4),
can be discretized using the two-step scheme

1
u“% « argmin F(pu) + —W2(u, u*)  (Wasserstein step)
neP 2T

1
p e argmin F(p) + ~KL(y, p+2) (KL step)
nePr n

where the energy function F is the squared MMD energy, F/(p) = 1 MMD?(y, 7). Use the explicit
Euler scheme, the KL step amounts to the entropic mirror descent. In the optimization literature, this
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£+1

step can be implemented as multiplicative update of the weights (or density), i.e., suppose x; " is the

new particle location after the Wasserstein step, then we update the weights vector « via

oF
! al - exp (—n - aum“f“)) .
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Yes, our claims in the abstract and introduction do accurately reflect the paper’s
contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In various places in the paper, we discuss the limitations of our work. Especially
in the discussion/conclusion section, we discuss the limitations of our approach.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

14502 https://doi.org/10.52202/079017-0462



Answer: [Yes]

Justification: Yes. For example, one focus of our work is precisely to study under what
assumptions, functional inequalities such as the Lojasiewicz inequality and the log-Sobolev
inequality hold. We do not avoid discussing such assumptions. We provide a complete proof
for each theoretical result.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Our implementation is standard and also similar to that of [[Arbel et al., 2019]
and [Korba et al.,[2021]].

Guidelines:

* The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Similar to the answer to the previous question. We have submitted the code
and added to the text a link to a github repo with the details of the experiments.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Ours is a theory paper with small-scale experiments. We provide all the
necessary details in the main text, see Sect. E}

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Yes, we have reported error bars in our experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Our experiments are small-scale and can be reproduced on a standard laptop.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Our work is more on the theoretical side and, thus, we do not see any direct
societal impact or potential harmful consequences. The research process did not use any
personal data and did not involve human subjects or participants.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work is more on the theoretical side and, thus, we do not see any direct
societal impact.

Guidelines:
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» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not release any data or models that have a risk for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: No specific assets are used in our work. We have cited the related work with
code and data.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not introduce any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We did not use crowdsourcing and did not make research with Human Subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We did not make research with Human Subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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