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Abstract

Models are expected to engage in invariance learning, which involves distinguish-
ing the core relations that remain consistent across varying environments to ensure
the predictions are safe, robust and fair. While existing works consider specific
algorithms to realize invariance learning, we show that model has the potential to
learn invariance through standard training procedures. In other words, this paper
studies the implicit bias of Stochastic Gradient Descent (SGD) over heterogeneous
data and shows that the implicit bias drives the model learning towards an invariant
solution. We call the phenomenon the implicit invariance learning. Specifically,
we theoretically investigate the multi-environment low-rank matrix sensing prob-
lem where in each environment, the signal comprises (i) a lower-rank invariant
part shared across all environments; and (ii) a significantly varying environment-
dependent spurious component. The key insight is, through simply employing
the large step size large-batch SGD sequentially in each environment without any
explicit regularization, the oscillation caused by heterogeneity can provably prevent
model learning spurious signals. The model reaches the invariant solution after
certain iterations. In contrast, model learned using pooled SGD over all data would
simultaneously learn both the invariant and spurious signals. Overall, we unveil
another implicit bias that is a result of the symbiosis between the heterogeneity of
data and modern algorithms, which is, to the best of our knowledge, first in the
literature.

1 Introduction

In real applications, the machine learning models are often heavily over-parameterized, which
means that the number of parameters exceeds the number of data. For over-parameterized models,
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Algorithm 1 PooledSGD Algorithm 2 HeteroSGD

Parameter: 0 Parameter: 0

fort=1,...do fort=1,...do
Batch B from entire dataset Batch B from environment e¢; ~ D
Update 6 < 0 — nVL(0; B) Update 6 < 0 — nVL(0; B)

end for end for
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Figure 1: An illustration comparing training from aggregated data versus from heterogeneous data.
The left example resembles the case where the model is trained on complete datasets, resulting in a
stable spurious signal that the model tends to fit. The right example simulates a two-environment
case where the spurious signal changes at each step. This oscillation creates a contraction effect,
preventing the model from fitting the spurious signal.

the generalization in the general case becomes ill-posed. One key insight to generalize well is
the implicit preference of the optimization algorithm which plays the role of regularization/bias
[45,122]. Nowadays, there are several kinds of implicit bias discovered from optimization algorithms
under different models and settings. One common feature of the bias is the simplicity which
concludes that (stochastic) gradient-based algorithms perform the incremental learning with the
model complexity gradually increasing. Therefore, benign generalization is possible even when
the number of training data is limited. For example, Li et al. [31], Gunasekar et al. [18]] show
that unregularized gradient descent can find the low-rank solution efficiently for matrix sensing
models. Kalimeris et al. [27]], Gissin et al. [[16]], Jiang et al. [24]], and Jin et al. [25] further show that
(Stochastic) Gradient Descent ((S)GD) learn models from simple ones to complex ones. Most of the
existing works study the implicit bias of algorithms over a single distributional environment data.

However, data in modern practice are often collected from multiple sources, thus exhibiting certain
heterogeneity. For example, medical data may come from multiple hospitals, and training sets for
large language models consist of numerous corpus from the Internet [1]. So what is the impact of
implicit bias for standard training algorithms over heterogeneous data?

This paper initializes the study and shows that implicit bias of SGD on an over-parameterized model
using multi-environment heterogeneous data and shows that the implicit bias can not only save the
number of training data but also, more importantly, drive the model learning the invariant relation
across diverse environments.

Learning the invariant relation that remains consistent across varying environments [43]] has garnered
significant attention in recent years. Though the association-based standard machine learning pipelines
can achieve a good performance with identical data distributions, a higher requirement is to make
predictions robustly generalize over diverse downstream environments. Learning invariance produces
reliable, fair, robust predictions against strong structural mechanism perturbation. More importantly,
it opens the door to pursue causality blind to any prior knowledge and can unveil direct causes
when the heterogeneity among environments is sufficient [[17, 43]]. While existing works consider
specific algorithms to realize invariance learning, this work shows that implicit bias of algorithms over
heterogeneous data has the potential to automatically learn the invaraince. We call the phenomenon the
implicit invariance learning, partially explains why active invariance learning may not be necessary
in practice [42]. Our key insight is:
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The heterogeneity of the data, and the large step size adopted in the optimization
algorithm jointly provide strong multiplicative oscillations in the spurious signal
space, which prevents the model from moving in the direction of unstable and
spurious solutions, thus resulting in an implicit bias to the invariant solution.

We illustrate it rigorously through a simple, canonical but insightful model — multi-environment matrix
sensing, where in each environment the signal consists of two parts: an invariant low-rank matrix
A* € R4 and an environment-varying spurious low-rank matrix A (¢) € R4*? where environment
e € &, the set of environments. For each environment e € £, the joint distribution of (X(e), y(e))
satisfies y(¢) = (X(¢), A*) + (X(¢), A(®)) with matrix inner product (A, B) = Trace(BT A). Here
X(¢) ¢ R?*4 is a random linear measurement and y(*) € R is the response. We consider the case that
association does not coincide invariance (or causality), where averaging over all the environments,
the best prediction of y given X is

FAFX)= (X,A%) +(X,EJA®])  with  EJA®]#0.
N—— N—————’

invariant part spurious part

In this case, it is not surprising that given enough data, the standard empirical risk minimizer
algorithm, for example, running SGD on pooled data, will return a solution that converges to f*,
which diverges from the invariant solution. In this paper, we will show that surprisingly, if each batch
is sampled from data in one environment rather than data in all the environments, the heterogeneity
in the environments together with the implicit regularization effects in the SGD algorithm can drive it
towards the invariant solution. This can be stated informally as follows.

Theorem 1 (Main result, informal). Under a sufficient heterogeneity condition and some regularity
conditions in matrix sensing, if we adopt an over-parameterized model and runs stochastic gradient
descent where batches are sampled from one environment, i.e., HeteroSGD (Algorithm [3]) then

HeHeteroSGD - A*”F = O[p:(l).
Instead, the standard approach, i.e., PooledSGD, will return solution épooleds(;]) satisfying

||éPooledSGD — A" — ASHF = OIP(l) thus HéPooledSGD - A*”F = QP(l)-

An illustration of our result is shown in Figure [I] Our result demonstrates that implicit bias of
commonly used algorithms over heterogeneous data has the potential to drive the model to learn the
invariant relation. Such a result thereby provides an explanation for why models may attain some
robust and even causal prediction after SGD training.

We emphasize that the previous implicit bias studies are restricted to the same data distribution
generalization, under which the population-level minimizer f* minimizing the loss with infinite data
is the target in pursuit. However, both the population-level minimizer and those “good” solutions
under previous studies diverge from an invariant solution in general and are no longer benign in this
context, this is termed as “curse of endogeneity” [12, [13].

Notations. We use the conventional notations O(-),0(-),§(+) to ignore the absolute constants,

O(+),0(+),Q(-) to further ignore the polynomial logarithmic factors. Similarly, a < b means that
there exists an absolute constant C' > 0 such that a < Cb. We also denote it as a < b, b > a if
a = o(b). Unless otherwise specified, we use lowercase bold letters such as v to represent vectors,
and use ||v|| to denote its Euclidean norm. We use uppercase bold letters such as X to represent
matrices and use || X||, || X]| , | X]||« to denote its operator norm, Frobenius norm and nuclear norm,
respectively. We use x(X) to denote the condition number, which is o ax (X) /o min (X). We define

Z = op(1) if the random variable Z satisfies Z Lo

2 Related Works

Implicit Regularization. It is believed that implicit bias is a key factor in why over-parameterized
models can generalize well. Through the analysis of certain settings, existing results suggest that
GD/SGD prefers solutions with specific properties [45} 19} 41 38| 23], or specific local landscapes
[3,19, 132} 138]]. For the matrix sensing problem, several works [[18} 31,27} [16, 146} 152, 24, 25]] analyze
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the (S)GD dynamics to show how (S)GD recovers the ground truth low-rank matrix. Recently, the
effects of large step size have aroused much attention, particularly the edge-of-stability phenomenon
[8l]. Lu et al. [37] investigates the phenomenon “benign oscillation”, which suggests that SGD with
a large learning rate can effectively help neural networks learn weak features thereby benefiting
generalization. Several works [20} 48| [11]] show that label noise with large step size has a sparcifying
effect for sparse linear regression. This paper instead studies multi-environment scenarios and fills in
the understanding of the impact of randomness on matrix sensing problems.

Federated Learning. Federated learning [39] [260] is a machine learning paradigm where data is
stored separately and locally on multiple clients and not exchanged, and clients collaboratively train a
model. Extensive work has focused on designing effective decentralized algorithms (e.g. [39,129])
while preserving privacy (e.g. [L0,[7]). The importance of fairness in federated learning has also
garnered attention [30,|33]]. One important issue in federated learning is to handle the heterogeneity
across the data and hardware. Our work shows that by training with certain stochastic gradient descent
methods, the system can automatically remove the bias from the individual environment and thus
learn the invariant features. Our work provides insights into discovering the implicit regularization
effects of standard decentralized algorithms.

Invariance Learning. This research line initiates from causal inference literature [43} 40} [15] since
invariant covariates correspond to direct cause. From theoretic aspects, Fan et al. [[13]] proposes the
EILLS method that provably achieves invariant variable selections under mild conditions for linear
models. Invariance learning has raised much attention in machine learning since Arjovsky et al. [2]
proposes the structural-agnostic framework IRM. Subsequent works analyze its limitations [44, [28]] or
propose variant methods [50} 136} 34,135, 21} I51]] as regularization and reweighting. About the failure
of classical methods, Wald et al. [49] construct a hard problem and show that interpolation-based
methods fail to learn invariance.

To the best of our knowledge, all the existing works consider specific algorithms to realize invariance
learning or constructing hard cases that classical methods fail. In contrast, this paper studies
commonly used training algorithms and aims to understand how the algorithms can go beyond
learning associations to achieve invariance learning in certain scenarios.

3 Main Results

3.1 Problem Formulation

Data Generating Process. Suppose we observe data from a set of environments £ sequentially. Let
(er) , (er)

D be some distribution on £. Ateachtimet = 0,1,. .., we receive m samples {(X,;™*’, y;"*" )}, C
R?*4 x R from environment e; ~ D satisfying
yl = (X Ay ¢ (X Al =1, m, (1)

where A* is an unknown rank r; d X d symmetric and positive definite matrix that represents the
true signal invariant across different environments, A(®t) is an unknown d x d symmetric matrix
with rank at most 7, that represents the spurious signal that may vary. Here (A, B) = trace(BT A).
We aim to estimate the A* using data from heterogeneous environments.

Algorithm. We consider running batch gradient descent on an over-parametrization of the model,
where at each step ¢ one gradient update is performed using the data from environment e;. To
be specific, we parameterize our fitted model as y = (A, UUT) with a d x d matrix U for the
sake of simplicity. One can generally use the parameterization X = UUT — VV T by the same
technique of HaoChen et al. [20]], Fan et al. [[14]. We initialize U as Uy, = al; for some small
enough o > 0. At timestep ¢, we run a one-step gradient descent on the standard least squares loss

using {(X{), y{))}
1 & \ 2
— T Z ( (9 ) (et),UUT>) . (2)

m
i=1

That is, Uy = ol and

1 m
Ut+1 = Ut — nVLt(Ut) = (Id — T]E Z(<X£6t)’ UtUtT> _ yfet))xget)> Ut (3)

=1
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Algorithm 3 HeteroSGD

Set Uy = al,, where « is a small positive constant to be determined later.
Set large step size n = O(1).
fort=1,..., T —1do

et)

Receive m samples {(X,;"", yZ )}m from current environment e;.
Gradient Descent U ; = Uy — L [21:1 ((Xfie’)7 U, U/) - Z(ef)) Xz(et)} Us;.
end for

Output: Ury.

fort =0,...,T — 1. See a complete presentation in Algorithm 3]

The algorithm adopts a constant level step size 7 and log(a~1) level number of iterations 7', i.e.
n=0(1)and T = O(log(a™1)), and use UrUj. as our estimate of A*.

Standard Method: Pooled Stochastic Gradient Descent. As a comparison, we consider the
standard approach where data in each batch come from different environments and the weights follow
from D. To be specific, the pooled stochastic gradient descent over all environments adopted the
update rule

R L [l e gy ,
U « U — yVL(U), where £(U Qm;{( (X uu >) . ei~D. 4

3.2 Assumptions

We first impose some standard assumptions used in matrix sensing. Since we are dealing with learning
true invariant signals from heterogeneous environments, several conditions on the structure of the
invariant signal A* and the spurious signals A(¢) should be imposed.

Assumption 1 (Invariant and Spurious Space). There exists U* € R4*"™ and V* € R¥*"2 both with
orthogonal columns, i.e., (U*)"U* =1, and (V*)"V* = 1., such that

(a). Clog*(d) <71 Argandd > (11 + 15)C for some large absolute constant C.
(b). A* = U*(UY)T.

(c). A©) = V*E) (V)T with some symmetric o x 1o matrix ¢ for any e € £.
(d). ||(U)TV*|| < €, for some small quantity e; > 0.

In Condition (b), we assume that the singular values of the true signal A* are the same to simplify
the presentation since our main focus is to reduce the spurious signals. It holds for the basic case
when there is only one invariant signal, i.e. 1 = 1. The analysis for varying singular values using the
technique of Li et al. [31]] is deferred to Section[D]in Appendix. Other assumptions are usual and easy
to achieve. Condition (a) requires that the total dimension of invariant signals and spurious signals
are small relative to the ambient dimension d. Condition (c) resembles the RIP condition [6] in sparse
feature selection [S)]. Condition (d) says the overlap of invariant subspace and spurious subspace
should be small. Such a condition can be easily satisfied for random projections in high dimensions
where 11 + ro < d, under which we have ¢; = ©(1/(r1 + r2)/d), see Propositionbelow.

Proposition 1. Let M; € R¥™ and My € R¥X"2 be two mutually independent random matrix
with i.i.d. N(0,1) entries. Denote their QR decompositions as M; = UTR4 and My = UjsRa,
respectively. Then there exists a universal constant C1 > 0 such that

1+ 1o
<t 5
SV (&)

with probability at least 1 — 4 exp (—Cfld) — 2exp (—Cfl(rl + rg)tz).

|onTus
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Assumption 2 (Regularity on Spurious Signal X(¢)). There exists some constant-level quantity
My, My such that

Vare.p[S]
EEND [ng)]

sup |E§f)\ < M, and min

> Mo, (6)
e€E i€[rs) i€lral 1 o

where M, < CoMs, for some universal constant Co > 0. Moreover, ¥ is strongly diagonal
dominant for any e € &, i.e.,

e CO
Sup max 5 Z |E£j)| < WiEd (7)
e 2

ec& 1€[r2
where c, > 0 is some universal constant.

The first inequality in () requires that all the spurious signals have a uniform bound, under which a
fixed step size can be adopted. The second inequality in (6) requires that the heterogeneity of the
spurious signals be large compared to the bias of the spurious signals. For example, some variables
receive different interventions in different environments. The condition (7)) is imposed to prevent the
explosion of spurious signals during training. When the diagonal and off-diagonal elements are of the
same order, empirical studies and theoretical analyses in some toy examples illustrate the failure of
recovering A*. Condition (d) in Assumption [T]and () resemble the RIP condition in sparse feature
selection. Example|[T]can fulfill all our conditions.

Finally, we impose assumptions on measurements. Recall the RIP condition [6]:

Definition 1 (RIP for Matrices [6]). A set of linear measurements X1, . .., X,, satisfy the restricted
isometry property (RIP) with parameter (s, ) if the following inequality
1 m
1-0|M|% < — X;, M)? < (1+ 6)||M||? 8
(1=0)| ||F_m;< M) < (146)[M]7 ®)
holds for any d x d matrix M with rank at most s.

Assumption 3 (RIP Condition for Linear Measurements). Xget), X satisfies the RIP with

parameter s = 4(r1 +12) and 6 < e log(d))1-15r§-5\/m+r2 foralle € £.

It is known from Candes and Plan [6] that for symmetric Gaussian measurements, sample complexity
m = Q(dsé~2, My) = dpoly(r,log(d)) < d? suffices.

3.3 Convergence Analysis

The main conceptual challenge in the problem is that any U with UU T = A* is no longer a local
minimum since E. p[%(*)] is non-zero and could even be comparable to A*. This further implies
that running stochastic gradient descent on pooled data will fail to recover A*. However, our main
result below shows that simply adopting online gradient descent with “heterogeneous batches” can
successfully recover the true, invariant signal from heterogeneous environments.

Theorem 2 (Main Theorem). Under Assumption suppose further that €1 < §/2. Define §* :=
(coM3log(d)) 2613 \/r1 + 12 for some absolute constant c,,. If we choose n € (24My ", & M)
and o € (1/d*,1/d?), then running Algorithm[3|in T = ©(log(a~1)/n) steps, the algorithm outputs
U~ that satisfies

|UrUF — A*||p < Cmax{6**\/ri M2, 6* M, }log? d )
for some absolute constant C, with probability over 0.99.

Consider the case where 1, 75, M; are sufficiently large but is regarded at constant level, and the
batch size m, ambient dimension d satisfy dlog?(d) < m. It follows from the RIP result [6]

with 6 = O(y/d/m) and Theoremthat one can adopt @ = ©(d~1), n = (1), and early stop
T = ©(log d) such that

P[[UrUT — A%r < Cilog(d)y/d/m] = 1 - Cy(dlog(d)/m)*/° (10)
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provided ¢; < C} Y d/m with some large enough constant C; > 0. In this case, it follows from
(TO) that one can distinguish the true invariant signals from those spurious heterogeneous ones since

max { | (U*)TU,U;U* — 1 (VHTU7UL V|, } = op(1). (11)

il

The underlying reason why the online gradient descent can recover A* is that the heterogeneity of
A(®) and the randomness in the SGD algorithm jointly prevent it from moving in the direction of
spurious signals. At the same time, the standard RIP conditions and the almost orthogonality between
U* and V* in Condition [I]ensure a steady movement towards the invariant signals.

Conversely, running pooled stochastic gradient descent using all data will result in a biased solution:

Theorem 3 (Negative Result for Pooled SGD). Under the assumptions of Theorem2|and some mild
conditions, for the certain case where U* 1. V* and E.c pX(®) = L.,, if we perform SGD over all
samples with batch size m = Q(d poly(r1 + ro, M1 Ma,log(d))) and ends with T = ©(log d), then
U, keeps approaching U*U*" + V*V* T in the sense that

HUTU; —uu - V*V*THF < o(1), (12)
during which forallt =0,1,...,T:
|0 U —A*||, 2 Vi AT (13)

The convergence (I2)) is similar to (9 in derivation. To see this, since each update uses batch from
the whole data, the update in effect degenerates to the case for one environment with no heterogeneity.
Now the one-environment invariant solution A* in @ris exactly equal to UrU*T + V*V*Tin (12).
One can also show that for sufficiently large ¢, U, U, is sufficiently away from A*, indicating that
the biased estimation is not attributed to early stopping.

Our framework can be applied to learning the invariant features for a two-layer neural network with
quadratic activation functions, by recognizing the fact that [31]:

17¢(Ux) = (xx",UUT"), (14)

where ¢(+) is the element-wise quadratic function. The following example shows that Theorem
implies success of invariant feature learning for 2-layer NN when the ground truth invariant and
variant features are independent random vectors sampled from normal distribution.

Example 1 (Two-Layer NN with Quadratic Activation). Let aj,- - - ,a, € R? be random vectors
sampled from normal distribution N (0, éld). For environment e € £, suppose the target function is
determined by r1 invariant features and ro variant admits that for each sample (x E ), yfe))
T1 T
=Sl ¢ 3 el = (<0 ST 3 ). 09
j=1 j=ri+1 g=ri+l
which is equivalent to matrix sensing problem with
Zaj a; , Ale) = Z a aja andX( ©) —x(e)x(e) . (16)
j=ri+1
And our goal is to train a two-layer NN to capture the invariant features (ay, . . ., a,, ). In this example,

the invariant component and the spurious component have a more intuitive characterization: they are

two disjoint groups of neurons. Moreover, it can be shown that the invariant and variant features are

sup, ; {laj”|}-max; {1+[Ecai [}
min; {Var[a{”]}

some absolute constant g, the variant version of Algorithm[3|returns a solution that only significantly

selects invariant features with probability over 0.99. See Section[Qland Theorem[/|for details.

nearly orthogonal (Proposition . Then if {aﬁe) }j.e satisfies < cg for

4 Proof Sketch

We define the invariant part R; € RY*"1, spurious part Q; € R4*"2 in U, as
R,:=U,/U* and Q,:=U/V* (17)
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and let the residual be the error part, that is,

E, := U, — (U*RtT n V*QtT) —1-UuUu vV, (18)
It is worth noticing that Idy» = U*U* " and Idy+ = V*V* | are both orthogonal projections, and
Idyes ;== I — Idy+ — Idy+ is not.
It follows from the model (1)) and the gradient update that

1 - e * e €t
Ui =V, 1 S, UUl - A - AlO)X U, (19)

i=1

We use operator E,, o (M) € R%*4 to denote the RIP error of the batch at time step ¢ for some d x d

matrix M, i.e.,
m

1

E, o (M) == — > (X", M)X{*) — M. 20
m()m;m,m (20)
We also write E; o (M) := E., o (M) when there is no ambiguity, and we simply denote matrix

E; =E;o (UtUtT —Urur — V*ZtV*T) with 3, := 3(¢)_ Then the gradient update of U,
can be written as

U= U =1 (UtUtT —ururT - V*th*T) U, -1 EU, .
——"

(21)
RIP Error
Combining our definition with (ZT]), we obtain
T
R — (Ut Ul —urutT v, vEU, - nEtUt) U
— (I- U] U, + 7Ry 47U V*E,V*TU* — U/ E,U*. (22)
———
Dominating Dynamics Interaction Error RIP Error
T *Tx | * * T T *
Qi1 = (Ut _puul —urut T v, vEU, - nEtUt) \%
= Q, — U] U,Q; + 7Q, S, +n U] UU* V* — UJE,V* . (23)
——
Fluctuation Dynamics Interaction Error RIP Error
For the error part, combining (I8) with 2I)) yields
Eip1 = Idyes (Ut —p(UU] —UUT - VR, VAU, - nEtUt)
= E(I - nU] Uy) 491dyes (UTU* T + VS,V U, —Idie B, U, . (24)
————

Shrinkage Dynamics Interaction Error RIP Error

For the invariant part R, though different singular values of R; will grow at different speeds because
of the randomness from RIP error and e;, we claim that all the singular values of R, are close to Ry
during the training process, where the scalar sequence R, is defined recursively as

Riy1 = (1—=nR?+7)Rs, Ro=oa. (25)

The dynamics of Q, are very complicated because of the randomness of e; and the RIP error. Such a
dynamic will also impact that of R, and E; through the complicated dependencies between these
three parts, which will also make it difficult to utilize probability inequalities applicable under
independence. Instead, we claim that such a “fluctuation dynamics” of Q; can be controlled as

R t< O(%lOg(Tl + 7"2))
(5M1\/’I‘1 + ’I“QRt) , t > O(%log(rl + 7"2)) ’
(26)

. (0%
||Qt|| < pOly(10g<d)7T7 Ml)Lt with Lt = 0
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We now offer an informal illustration for how oscilla-

Stable Signal Stable Signal tions “shrink” spurious signal. We simply omit error
—— Oscillating Signal —— Oscillating Signal terms. When matrix E(tJrl) is diagOHal, from @)7 the
i-th column q; of Q; should satisfies: ||q:+1] < (1 +

nZSH))Hth. Let£ = El(.f.“) and assume M > |{] ass..
Introduce a concave function [20] ¢(x) = =7, € (0, 1).
< When nM < %, do second-order Taylor’s expansion at
0 25 50 75 100 0 25 50 75 100 #(1)in (a)below:
Iters Iters

Figure 2: The left figure shows E|q.|| ]E{¢(||Qt+1||)} < E[¢(1 +77§)] ()
and the right figure shows E||q;||%. w

~ (14l - 2572 Varle)) o (lacl) <o),

where E[] is w.r.t. £. So spurious signal keeps small when ﬁ >n > %' See the figure

for illustration in Figure[2 While E[||q;||] (shown in the left figure) increases since the signals have
positive expectations, E[[[q¢||%!] (shown in the right figure) decreases. Note that the above intuition
is informal and the formal argument is deferred in Lemma[6]and Lemma[7)in Appendix.

The entire training process can be divided into two phases. In Phase 1, the invariant signals R,
increase rapidly while the spurious signals Q; fluctuate but remain at a low level. Phase 1 ends in
O(;; log()) steps when R, attains ©(1)-order (see Theorem 4). In Phase 2, the magnitudes of Q
and E; stay low, while all the singular values of R; approach 1 (See Theorem E[) We defer the details
to Appendix.

5 Simulations

In this section, we present our simulations. We design three sets of experiments. In the first set of
experiments, we show with the growth of environment heterogeneity, invariance learning is achievable.
For the second set of experiments, we show that given heterogeneous data, invariance learning is
achievable with the growth of step sizeﬂ For the third set of experiments, we compare HeteroSGD
(Algorithm [3)) and Pooled SGD. In Section[B.2] we also perform simulations for Pooled SGD with
small batch size.

In below two sets of experiments, we set the scale of initialization o = 1073, problem dimension
d =100, 7, = 1 and 7, = 1. Let the true signal be A* = uu'. Denote the heterogeneity parameter
by M. The environment is generated by A(®) = A* + s(®)vv T where s(¢) ~ Unif{1 — M, 1+ M},
and the default of 7 is 0.05. The number of linear measurements is set to be m = 8000 with elements
following from i.i.d N(0, 1). For the third sets, we set (1, 7o, d, Es(®)) = (3,2, 40,0.5), m = 2800
for HeteroSGD and m = 5600 without replacement for Pooled SGD. The plots show signal recovery
proportion, 1.0 indicates fully recovery.

1.0
—— True Signal M=6.0 1.0

0.8 —— spurious M=6.0 50.8
© 0 — Error M=6.0 >
= =—- True Signal M=1.0 500
=04 ___ Spurious M=1.0 504

0.2 ——- ErrorM=1.0 / ? o —m— True Signal

00 ,f'!_z_,_,m 0.0 —8— Spurious Signal

0 50 100 150 200 2 4 6 8 10

Iters M

Figure 3: The left figure shows that the heterogeneity facilitates us to eliminate the spurious signal
and learn the invariance. The right figure shows that both true and spurious signals flow up when M
is small, the “phase transition” happens around M = 5.

3A smaller step size can reduce the noise arising from heterogeneity, making the dynamics more similar to
those of Gradient Descent.
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(M =5.0) n

Figure 4: The left figure shows that the large step size helps eliminate the spurious signal. The right
figure shows that both true and spurious signals flow up when 7 is small, and when 1 > 0.05, the
spurious signal is eliminated.

1.0 ) 1.0 )
—— True Signal —— True Signal
0.8 —— spurious 0.8 —— spurious
— E — E
g 0.6 rror g 0.6 rror
Soa Soa
0.2 0.2
0.0 0.0
0 25 50 75 100 125 150 175 0 25 50 75 100 125 150 175
Iters Iters

Figure 5: The left figure shows that heterogeneity helps eliminate the spurious signal. The right figure
shows that Pooled SGD fits invariant signal and spurious signal simultaneously without distinction.

6 Conclusions

This paper explains that implicit bias of heterogeneity leads the model learning towards invariance
and causality. We show that under heterogeneous environments, online gradient descent with large
step sizes can select out the invariant matrix in the over-parameterized matrix sensing models. We

conjecture that both heterogeneity and stochasticity are indispensable. Over-parameterization may
not be. We leave future studies to understand the necessity of the three factors.
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A Deferred Proofs in Theorem

This section is organized as follows: In Section [A7T] we state some useful properties from the
definition of RIP. In Section [A.2] and [A3] we formally define the auxiliary sequences we use to
control the dynamics and develop several useful lemmas we frequently use. In Section[A.4]and

we bound Q; and E, respectively. In Section[A.6|and[A7] we prove Theorem [ and Theorem

A.1 Restricted Isometry Properties

In this section, we list some useful implications of the definition of RIP property. Below we assume

the set of linear measurements Aget), ceey Agﬁ‘) € R9*4 satisfy the RIP property with parameter
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(r,6) and denote E¢ o (M) := L 57 <X£ef)7 M>X§ei) — M for some symmetric d X d matrix M.
Some lemmas are direct corollaries and some lemmas serve as extensions to rank above r case. The

proof of these lemmas can be found in Li et al. [31]].

Lemma 1. Under the assumption of this subsection, if X, Y are d X d matrices with rank at most r,
then
[(E¢ o (X), Y)[ < 8[IX||p[[ Y] . 27)
Lemma 2. Under the assumption of this subsection, if X id d X d matrix with rank at most r and Z,
is a d x d' matrix, then
[E¢ o (X)Z]| < 6[IX][ || Z]]. (28)

Lemma 3. Under the assumption of this subsection, if X, Y are d X d matrices and Y has rank at
most r, then
(B¢ o (X), Y)| < 81Xl [ Y| (29)

Lemma 4. Under the assumption of this subsection, if X id d X d matrix and Z is a d x d' matrix,
then
[E¢ o (X)Z]| < o[ X[ [|Z]- (30)

LemmalI]is from Candes [4]. The other three lemma can be derived from Lemma|[I]through selecting
Z or decomposing X into a series of rank-1 matrices [31]].

A.2 Additional Auxiliary Sequences

In this section, we additionally define some auxiliary sequences. Some for calibrating the dynamics,
that is, describe how the dynamic progresses without error or randomness and track the trajectories
with the accumulation of error. Some are used for characterizing the impact of randomness on the
dynamic.

The next two deterministic sequences help to track the dynamic of singular values of R; when it
accumulates errors in each step.

Definition 2. We define the following two deterministic sequences:

_ . 1) — _
Ry = (1 — 1R, +n)Rt+%1og L (a) R, Ro=a

31
(1=
Ry = (1—nR; +n)R, — % log™! <a) Ry, Ry =a.

The next lemma shows that the deviation between R, and R, can be bounded.

Lemma 5 (Bounded Deviation between R, and R;). Let the sequence R; be defined as (25). Let T}

be the first time Ry enters the region (3 — 1, 3), we have
Re < (1+1/6)Ry;
t = ( + / ) ts (32)
Et Z (1 - 1/6)Rt7
foranyt=0,...,T.
Proof. Fist, for R, have that
Ripr _ (1—nRy +77)Rt;rg2 log™ () Re < <1+ 7 Jogt (1>) Re (33)
Rt+1 (1 — ’I7Rt + U)Rt 32 Rt
It takes T} < % log () steps for Ry to reach (3 — 7, ). We can conclude that
= T
RT 77 —1 1 ! 1
—L < (14 =21 — < 1/8) <1+ = 34
RTI_(+32og " < exp(1/8) < + 5 (34)

where we use 1 — z > exp(—2z),1 + x > exp(%) for x € [0,1/2]. Similarly, For R,, we have

xz
2

{1\ 7T, 4 (1
Ryy = (1- 7R} +m)R, — gl log™ (Q) Ri > (1- B +n)R, — 55 - ¢ log™” (a) Ry, (35)
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and

Rﬂlzﬂ‘“ﬁ+mm‘$'9%1CU&>3%_”.H%1<1) (36)
Rii (1 —nRZ +n)Rq ~R, 32 6 a)’
which implies
Ry, 7 1
>1——>1--. 37
Ry, — 48 6 37

One can also see that, Ry < (1 + 1/6)R; and R, > (1 — 1/6)R; holds for any ¢t < T, which
completes our proof.

O

Next, we formally define the calibration line L;. In later parts, we can show that the norm of each
column of Q, behaves like a biased random walk with reflecting barrier L.

Definition 3. Let o, R be defined as above. Fort = 0,1, ..., we define the calibration line:

Ly = aV40Mév/r1 + roRy. (38)

Next, we define a stochastic process ¢! based on X;. The reason why we define this sequence is
that though the randomness only directly affects Q;, the dynamic of E; and R; also shares the
randomness, therefore the dynamics become difficult to reason about since they are deeply coupled.
Therefore, we define this “external” random sequence to dominate them.

Definition 4 (Controller Sequence). We fix the violation probability p = ¢, /(Ms log(d)) for some

small absolute constant c,,. For each fixed i, we define a stochastic process q fort = 0,1,2,... with
0

q; = o, and

t+1 __
q; =

9 . ifthere exists T < t such that ¢ > p~15r}® . L,
( +772z(;+1) +2n)qgi VL1, otherwise

q! is used for providing an upper bound the norm of columns of Q;. Before ¢! hits the upper
absorbing boundary p~1®7-5 . L, it can be considered as a “reflection and absorbing” process, with
reflection barrier L; and absorbing barrier p~!-573-5 . L;. The following lemma gives an upper bound

for {q}}i e

Lemma 6 (Upper bound for ¢}). With probability over 0.995 over the randomness of the > for
alli=1,2,...,r9andt=0,1,...,Ts, we have

gl <p 'y’ Ly (39)

To prove this, we define a family of random sequences X }ct

Definition 5. For eachi = 1,...,ra, we construct a family of non-negative stochastic processes

{X,i’t}fiofor k=0,...,T as follows:

i L , 0<t<k<T
kit = (c0) ; (40)
' (1 + 772u + QU)Xk,}t_l 5 O S k <t S T2
(X7...)kte[rs) can be expressed as the following form:
Lo (1402l 42n)Lo (H§:1(1 +xl) 4 2,])) Lo o (T, (4520 + 2n)
L L (1+ 7]21(_:2) +2n)L, . szg(l + WZE:S) +2n)
i Lo Lo Lo . HZ:3(1 + nEEfs) +2n)
(1) -
LT2 LT2 I/T2 e LT2
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It can be noticed that Xli,t and ¢! have close relations. At the beginning we have ¢! = X,

t = 0,1,..., progress along the O-th row. If qi gets lower than the calibration line L; at some
timestep t = o, it switches to the the ¢g-th row X to,tst =t0s - - until the next time it gets lower than

calibration line L;, and so on. We can see that ¢! always progress along a certain row. Thus
P (3k such that ¢f = X ) =1, Vi€ [ro] andt € [T3]. 41)

Theerfore, any uniform bound of X/ , can also be a bound for ¢!. Later in the context, we analyze
X}, for each i so we omit the argument 7 in X} , for convenient notation.

We define o-field F; = o(2(), ... B(e-1)) fort = 1,...T, and Fy = o(()). Then we have
Fo C F1 C -+ C Frp, form a filtration. The next lemma shows that a certain power of { Xy ;}; is a
non-negative supermartingale w.r.t. F;.

24 1)

Lemma?7. Foreachi =1,...,roandk =0, ..., Ty, if the learning rate 1) satisfies ) € (ATQv GINTT

2 . . . .
then the process { X kég}tTiO is a non-negative supermartingale with respect to Fy.

Proof. First, its easy to verify the adaptiveness X 2/{3 € Fy since 25? € Fyforallt =0,1,...T5.
Next, note that

2/3

E [X,f/ 3 ft} _ ) e 2/3 SR (42)
o E((+nEi) +2m) " X ek
So it suffices to prove that
Ee~p [(1 +2l) 4 277)2/3} <1
Forany vy € (0,1) and |z — 1| < -, from Taylor’s expansion, we have
AT <14 (=)@ —1) — 3(1 (e — 1) 43)

Therefore,
et — et 1 €t
Ee, [ +0Z5Y 4207 14001 =)@ +ESY) - 1201 =) Var, [B7]. - 44)

Hence, it suffices to choose 7, v such that

e 1 e
(2+ES[Y) < oy Var[S5), < (45)

64M; "
Wheny = 1%,n¢€ (13742, ﬁ) suffices. Hence we prove E {(1 + 7721(-:‘) + 277)2/3} < 1 and we can
conclude that

0 <E[X{51F] < X (46)

O
Now we are ready to prove Lemma [6]

Proof of Lemmal6] From the above observations, before ¢! hits the upper absorbing boundary
p~12rd5 . L, there always exists some k such that ¢! = X}, ;. Therefore, ¢ hits p=1-°7-5 - L,
implies there exists some k that Xy, ; hits p~1-573-5 - L;. So it suffices to bound X, ;.

For any fixed k = 0, ..., T», we denote two stopping times:

T, min (G < (L)0);
A,
sts (47)
1 def . 2/3 -1.5.1.5 2/3
T =T min {7 > (T Le) T
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One gets that

(a) 1 (b) 1
1 0 2/3 2/3
P(m <7) < (p— 157k 5. Lk)2/3EXk,T,1AT,3 < TEERES Lk)2/3EX’“0 "
(© (Ly)?/3

IA

—1.5,.1.5\—2/3
(p*1'57’%'5 'Lt)2/3 <(p r2”) :

Where the inequality (a) is from Markov’s inequality. Inequality (b) is from the optional stopping
time theorem for supermartingales and inequality (c) is from the fact that L; is non-decreasing.
Therefore, we can conclude that:

P(3i < ro, 7 < Ty such that ] < p~*Pr3° - L)
< 1olP(Ik such that 7} < 77)

Tp—1
<7y Z P (’7']% < T,S) (49)
k=0
< 742T2(p—1.5r%.5)—2/3
<Tsp
where the first inequality is simply a union bound over ¢z = 1,2, ..., 2. Then
c C
Top < O(n~ ' log(d)) ~———~ < O(Mylog(d)) ————— < 0.01 50
2P = (77 Og( ))Mglog(d) = ( 2 Og( ))leo (d) = ) ( )

where the constant hidden in O(-) only depends on the choice of «. Since log(1/a) < 4log(d), the
constant hidden in O(+) is absolute. Therefore, the last inequality holds with sufficiently small c¢,),
which does not depend on other parameters. O

A.3 Useful Lemmas

In this part we bound some quantities that we frequently encounter as the error terms. These lemmas
will simplify our proofs in later parts.

The next lemma helps to bound the “interaction error” arose from the non-orthogonality of V* and
U~
Lemma 8. Let Ry, Q:, E; and €, be defined as above. We have

[U/U: — (RR/ +QiQ/ +E[Ey)|| < 6er|[U|J? (51)

Proof. From the definition of R;, Q;, E;, we have
-
U/U = (UR+V'Q+E) (UR+V'QT+E)
= RR] +QQ/ +E/E, + U] (Idy:Tdre, + Idy-Td,es (52)

+ IdyeIdys + IdpeIdy+ + Idy-Idys + IdV*IdU*)Ut.

Note that
Idy-Idy- || = HU*U*TV*V*TH <e (53)
and
[IdresIdu+ || = [|(T — Idy+ — Idv+)Idy+[| = [[-Idu-Idv«| < €. (54)
Similarly, for the other terms, we can prove that all the six terms in the bracket in the last line of [52]
have operator norm < €;. This completes the proof. O

The next lemma helps to bound the RIP error in the dynamic of Uy,.

Lemma 9 (Upper Bound for E;). Under the assumption of Theorem[2] if |Eq||, | Q.l], | R¢|| < 1.1
and ||E¢||% < 1, we have that:

HUtTEt o (UtUtT —uu - V*th*T> H < M 0v/ry + 12 |[U- (55)
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Proof.

HEt ° (UtUtT —uur’ - V*th*T) H

2 o (vmVT) |+ e (BED)] + oo (007 - 0T —mE])|
(b)
< (Il + [[memT| (56)

IR R~ 1)+ 11Q7 Qil |+ 21l (IRl + Qell) +2 | QTR )

< 6(raMy + 1+ 3y/r1 + 4y/r2 + 8(\/T1 + \/T2) + 8/T1)
< 2M16\/7‘1 + 1o,

where in (a) we use the linearity of E; o (-) and the triangle inequality. In (b) we use Lemma 2| for
the first term, LemmaE] for the second term, and the expansion:

UU, —U'U* —EE =U"R,'R, - D)U*" +V*Q, ' Q,V*'
+EMRUT + V) +(VQ, + UR,E,T (57
+V*Q, 'R, U + U'R, ' Q,V*".

for the third term which shows that U, U, " — U*U*" — E:E/ has rank no more than 2(ry + r5).
Hence we can conclude that:

HUtTEt 0 (UtU,fT —uu - V*th*T) H < OMy 6/ 72 - |[U. (58)

O

The following lemma tells how to bound the interaction error and RIP error using the auxiliary
sequences R; and L, we have already defined:

Lemma 10 (Bound Using calibration Line). Under the assumptions of Theorem[2] if | E,|| < [|R.|| <
min{4R;, 1.1} and | Q.|| < \/rap™*Pr}?® - Ly, we have

5 _ 1
<M1€1 + 2M716+/71 + 7"2) ||Ut|| <L;A % log 1 (a) R:. 59)

Proof. From triangle inequality and the condition of this lemma (2¢; < §), we have that:

5
(Myer 4 2M10y/r1 +12) U] < MoV + ra (| Rell + [|Qell + IE¢]|)
< —Midv/r1 + r2(8Ry + \/Epfl'sr%'s -Ly).

(60)

ot

2
Then it suffices to check:
(a)

20M15\/7"1 +7"2Rt S %Lt;

(b)
%M15\/7”72p_1'57“%'5?/)7“1T7“2Lt < %Lﬁ
20M16/r1 + 2Ry < 135 log™! (1) Re;

(d) B
EM6\/Tap~ ory SN el < iz log Tt (5) Ry

where (a) is from the definition of Ly, (b) and (c) are from the assumption on ¢ in Theorem[2} and (d)
is from the assumption on § (the absolute constant ¢ in the condition for §) and the fact that L; < Rj.
Hence the proof is completed. O
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A4 Bounds of Q;

For evaluating the magnitude of ||Q;||, we consider its columns. We denote each column of Q, as

qgt) fori = 1,2,...,72. And use ¢! we defined above to upper bound them. Once we provide a
(t)

uniform bound for all q; ’, we can also bound || Q||

Lemma 11. Under the assumption ofTheorem under the event of ¢t < p~1-5r35- L, withp > 65/3
Joralli=1,2,...,rpandt =0,1,..., T, if [E|| < [|Ref| < 1.1,||E¢||7 < 1and ||| < g for
all j = 1,...,ry, then we have

V) < gt < p L, 1)

foralli=1,2,... rs.

Proof. From the dynamic of Qy:
Qi1 = Q: — U/ U,Q; +nQ:E — [(e1 + 2M16y/r1 +72) U],

we can see that for each column qgt) of Q;:

a2 < | (1= w07 U+ n=01) o+ 0 D2 IS Gl + 1 (e + 20000V ) U
j#i
e t e t
< (=) a2 + 7 S 1B5 Gl + L.
JFi

where we use Lemma[IQ For the second term we have:

. @ e (®) o (©
772 |E§l )|Hq§-t)|| S N5yasP Lor25L, < nLi(cocy Hor %P log'®d) < 1, (62)
J#i 2

where in (a) we use Assumption(c) and induction hypothesis that || ?) | <p~'5r3® Ly in (b)

(
q
we use the definition of p (Definition[d)), and in (c¢) we use Assumption (a) and Assumption [2| with
sufficiently small ¢, (which depends solely on another universal constant ¢,). Hence we have

a1 < (1402 al? o + 2nLe. (©3)
There are two probable cases:

(1402 +2n)Ly < (140X + 2n)gt < ¢/t

1f @ || < Ly, then [|q{"™"|
(L+nZL +2n)|ldl] < (1 +nZL +2n)gf < gl

i | <
If ! > Ly, then [|q/"™|| <

Both lead to the results we desire. O

With the above lemma, we can also give a bound for ||Qq||:

Corollary 1. Under the condition of Lemmall I} we have that

T2

> (@2 <p 0yl (64)

i=1

Qi1 < 1Qt+1llF <

A.5 Bounds of E;

In this section, we bound the increments of both the operator norm and the Frobenius norm of E;.
The next lemma provide an upper bound for || E||.

Lemma 12 (Increment of Spectral Norm of E;). Under the assumption of Lemmal[Il| we have
B |l < [Eell + nlLe. (65)
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Proof. From the dynamic of E; (24)), we can derive that

[Beia || < |[Be (1= nUTU)|| + 1 (Hldres (U vy H + 1duece] ) U

(@)
< |[Ee|| + 7 ((e1 + My + 2Mi5v/r1 +72) | Uy
(b)

< Bl +n5Mi0v/r1 + o ([[Re | + (| Qe ll)

(c)
< |E¢|| +nLs,

where (a) is from Lemma [9]and the fact that ||Id,esU[, [|Idres Us|| < €1. (b) and (c) are derived
similarly as Lemma[T0] O

The next lemma bounds the F-norm of error component E;.

Lemma 13 (Increment of the F-norm of Error Dynamic). Under the assumption of Lemmal[I| and
we further assume that ||E¢| < IMy+/r1 + relog(1/«), then the Frobenius norm of E¢11 can be
bounded by

IEer1llF < (1+ OmdMiv/ry +12))|[Bel|f +nO(0* M (r1 + 12)' log(1 /@), (66)

which immediately implies,

1B % S (1 + OndMyy/ri +72))" — 1) 6Mi(r1 + 72) log(1/c)
< tn(52M12(7‘1 + 7‘2)1'5 log(1/a).

67)
Proof. We expand ||E;1]|% from the dynamic of E; (24):
2
[Beal? = B (1= 00U + ldees (U707 4+ VOEVT) U, = nldi B0
= |B(X—nU, "UY[% + 1 |1dresE U, || 7
—op <Et(I U, Uy, IdresEtUt>
*TTx | * * T 2
n Hnldres (U U Vi,V )UtHF (68)
+ (B (1= U U))  ildres (U707 4 VE, V) 1)
+ (nldes (U0 + V'EVT) U nldi /U, )
(M) +(2)+(3) + (4) + (5) + (6).
Now we bound the six parts separately. For the first part, since 0 < nUtT U; <1, we have
IE(T—nU, U7 < Bl 7 (69)

For the second part:
(2) <n* (Er 1B U0, )
(@)
< 7% (JUUT U0 BB o+ [BE [+ [V V5

( )

<’ (IIUtUtT —UU —EE ||p+ |EE, ||, + ||V*2tV*THF> (70)

)

(b
< POMyL F T - OMiry + o (O(Vr 4 72) + || B 7)

S P8 ME(ry +r2) '

E/(U U, —EE,") E.EE,"

a

IE:| (HUtUtT - EtEtTHF + |EE]
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In (a) we use similar technique as in Lemma [9|to divide U,U; — U*U*" — V*3,V* T into three
parts so that we can use Lemma and Lemma/3| In (b) we use Lemma [9|to bound the first two terms
and (57) to bound the third term with the assumption that | Rq||, || Q¢ ||, [|E¢|| < 2.

For the third part:

3) Y 2y <Et, IdyesEq (I — nUtTUt)UtT>

-9 <Et, Idyes B (I — U, TU)(E, " + RU*" + QtV*T)>

(®)
< 206 (UG = U U —BE, ||+ B + )

(BT =70, TUDE: | + [ Eo(I = U U R[5 + 1B (T~ U U Qi)

(0
< 2060 (Mi/ri+72) ([Belf + [EellIRell 7 + [Eell]|Qellr)
< 200 (Myy/ry +72) (I[Belf + (2v/71 + 2v/72) [ Bl
S nOMi/ry + 12| Be|[F +n0® M7 (r1 + 72)" log(1/a),
(71)
where in (a) we use the fact that (A, BCD) = (BT AD', C). In (b) we separate E, as in (70). In

(¢), for the first term we use the upper bound for E; appeared in Lemma|9] for the second term we
use |AB||r < ||A||||B||r (and similarly for nuclear norm) and ||I — nU, Uy|| < 1.

For the fourth part:
(4) < 2% Ryl + 20°€2 | Qull < Sn’€d(r1 + 72), (72)

where the first inequality is from Cauchy’s inequality and the fact that || Id,es U* ||, ||Idses V*|| < €1.
For the fifth part:

(5) < [B0 (1= U] U - |nldees (U0 T+ VoE VT U,
S [|Eellner Mi(r1 +r2)

< (OMi/ri F r2log(1/a)) er My (r1 + 12)
< 77(52M12(r1 + 7‘2)1'5 log(1/a),

*

(73)

where the first inequality is from the norm inequality (X,Y) < ||X]||.||'Y|| and in the last inequality
we use the fact that e; < 4.

For the sixth part:
(6) = 12 <Et, Idyes? (U*U*T + V*th*T) UtUtT>
(a)
< PIE) - 4l (U0 veE v T uu
< Bl U - 1des” (U0 T+ VoE VT ) (74)
(b)
S UQ(;Ml\/’I"l —+ T - HUtHzél(Tl + M1T2)
S 7’]2(5M161M1(7‘1 + 7’2)1'5
S8 M (r1 4 12) "

In (a) we use the norm inequality (X,Y) < |[|X]|«[|Y] and in (b) we use ||Id,es|]| < 1 and
HIdresUtHa ”IdresUt” < €.

Now combining Equation (69)-(74), along with the fact that | Eg||% < da? < d~! < §2r!®, we can
derive the result we desire.

O
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A.6 Analysis for Phase 1

In this section, we give a rigorous analysis for phase 1:

Theorem 4 (Phase 1 analysis). Under the assumptions of Theorem During the first T =
O(% log(L)) steps, with probability at least 0.995, the following holds for any t € [0,Ty], that

* 0j(Rep1) > (1 +n/3)0;(Ry) forall j € [r1];
* |Qullr < p~t5rySy/ra - Ly < 6* < 0.01, where Ly is formally defined in (38).
Bl S 6V +r2 < |[Ref| and [[Ee[[7 S 02M7 (ry + r2) ' log(1/a)?.

Finally, we have o1(Rr,), 0, (R1y) € (3, &)

In the below contexts, unless otherwise specified, we abbreviate the largest and smallest singular

values of R; as ait) and 07(3?.

The next lemma tells that, if ||Q;|| and ||E;|| are both small, then R; increases steadily and the
deviation between its singular values is small.
Lemma 14 (Dynamic of Singular Values of R; in Phase 1). For some t < Ty — 1, under the

assumptions ofLemma IFIE, Qull < 95 log™! (1/a) and R, < J,(«tl) < O'gt) < Ry, then
R,y <ol < o™ <Rppr. (75)
and .
o™V = (1+1/3)0)"

(76)
ot > (1+41n/3)0

Proof. From the dynamic of R;:
Riy1 = (I-nU; U, + )R, + nU; V*2,V*TU* — yU,; E,U*
= (I -nRR; +1DR; — n(Q:Q; +E/E)R; + U, [(Mier +2M16/7 +13)] .

We use G‘Y) and afn?

agt) and aﬁtl), we need to bound the magnitude of the error term, that is

[7(Q:Q; +E[E)Ry + 15U/ [2.56My+/r1 + 1]

1 _
< (IQUP + B + g5 1087 (1/a) ) of?
11 1 ®
<=4+ =4+ —)1 1
<n(s + o+ ) log™ (1/a)of

< —Llog ™t (1/a) 0",

to denote the largest/smallest singular value of R;. To control the dynamic of

(77)

where in the first inequality we use the assumption for ||Qq|| and ||E;|| and §. Therefore, from Weyl’s
inequality, we have that

2 _
o™ < (1 =m0l +m)ot” + Flog (1/a) " 0f"; (78)
(1) < (] _ 3 O _ 1 o0 (1/a)"t o®
Ory = ( nory +7])UT1 32 Og( /a) oy -
Using the assumption that
o’ <Ry, oW >R, t=0,1,...,Ty. (79)
And Lemmal3] we can conclude that
(1= 1/6)Rup1 < Ryyy <ol <ol <Ryyy < (141/6)Rup. (80)
For the increasing speed of oﬁ?, note that agt) < 205?, therefore
t+1 t
0%;; >(1—gn+n- én)ag; @1
or > (1= gn+n— 5o .
This proves the desired result. O
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Now that the supporting lemmas are prepared, we can begin the proof of Theorem 4]

Proof of TheoremH} The initial value of Uy implies that
Toll = [Roll = Qoll = [Eoll = a,  |[Eollf < a”d. (82)
Recall that the time 77 < % log(1/«) is the first time R; enters the region (1/3 — 1, 1/3). We have

that the event of ¢! < p~ 1575 . L, foralli = 0,...,re,t = 0,...,7T; happens with probability
over 0.995. In this event, we can use Lemma I 1] [T2] [I3]and [14]to inductively prove:

¢ For the operator norm of E;, we have that for all ¢ < T7:

T
[ <atnd L
t=0
240 1
<a(l+n-—log <))
n o

A0SV 3 (14 /3 () ) 3)

1
< 250 log (a) +40M,6v/r1 +1r2(1+1n/3)

< 40M716/7T1 + 7o
1
<% log ! (1/a).
where in the second inequality we use Lemma|l4]that |R;|| increases with rate not less than

(143/n).
¢ For the Frobenius norm of E;:
B ||% < Tund>M2(ry + 19) 2 log(1/a) < 0°M2(ry 4+ r2) 2 log?(1/a) <1 (84)

For ||Q;||, we use Corollary
_ _ 1 _
p~ Oy raly S pm Py rd My F g < o los Y(1/a). (85)

e For R;, we have for ¢t < T7:
(1-1/6)R; <R, < ol*D < o™V <R, < (1 +1/6)R,. (86)

* For the condition ||E;|| < ||R¢]|:

[Eeell = o]l < nle < S0Re < DR < [Resa | = Rl (87)

Hence the proof is completed.

A.7 Analysis for Phase 2

In phase 1, the signal component R, grows at a stable speed from « to O(1) while the spurious
component Q; and the error component E, are kept at low levels. In phase 2, we will characterize
how R, approach 1 and how to continually keep Q; and E;.

Lemma 15 (Stability of R;). If there exists some real number g satisfying

0.01 > g > [|Q¢” + | E:||* + 4/ U E¢| (88)
forallt=T1+1,...,T1 +T — 1, then we have
1-59<0® <ol <14y, (89)

forall t =Ty + O(% log (é)),...,TlJrT—l
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Proof. First we consider the upper bound for agt). Similar to Equation (78), we have

o < (1= ol 4+ )l (90)
Note that Equation is equivalent to

Vitg—a™ = (VT+g-ol") (100" + VT+g)0ol"). 1)
With UY) (T1) < 3, one can see that a( ) never goes above /1 +¢g <1+g.
Now we consider O'( ). After phase 1 we have ol > (1 [3—mn) > L If agt) < 50&?, similarly

we have:
o) > (1= o 4y — Bng)ald). 92)

Which implies that, if 0'") < /T — bg,
1
1—5g—0£t1+)§(\/1—5 — o)1 =" +/1-5g)c
<(1- 177)(\/1 —59—0'53?)

Therefore, 0'7(‘? will get larger than /T — 5g — g > 1 — 5¢ at some time ¢ < T} + % log (%) Also

(93)

from Equation (92) we can see that, aq(q) keeps increasing before it gets larger than /1 — 5g. And

once it surpasses /1 — bg, it never falls below than /1 — 5g again. Therefore, 05 ) < 501(35)
satisfied and the proof proceeds. O

Now we can state and prove:
Theorem 5 (Phase 2 Analysis). Under the assumptions of Theorem LetTo =T + O(% log((r1 +
r9)/0)) < O(% log(L)). Then with probability at least 0.995, we have
o1(Ry,), 0, (Ry,) € (1 —O(8*2 M2V SMy/ry ), 1+ O(6*> M2 v §My /i + 7«2)) . (94)
Andfort =T1 4+ 1,...,Ts, we have
o |Qullr < pt5rdSyraly < pmtPrd S rad0M 6/ r1 + 1o = 40M; 6%,
o ||E¢|| S 0Mi/r1 +ralog(l/a)) and ||E¢||% < 02 ME(r1 + 12)° log(1/a)?.

Proof of Theorem[B] The error g in Lemmal13]is no less than Q(62M? (1 +72)) > a order, therefore

Ty=T+1 ; 10g (1/cv) suffices for 0'7(n1) to reach 1 — 5g. Then similar to the induction in the proof of
Theorem@ we can derive(in the same high probability event):

hd ||EfH S 40?’]§M1\/T1 + T2 +407}(5M1\/7’1 =+ Tg(t — Tl) S 805M1\/T1 + T2 log(l/a)) <
0.01;

* [BdllF S tnd*Mi (ry + )" log(1/a) S 6% M (r1 + 1r5) - log(1/a)?
QI < p O30 Ly < pT Py rad0M SV e = pTP40M, 6% < 0.01;

Hence the assumption in Lemma T3] is satisfied, with

g Sp 36 MENV SMyr + 12 (95)

Therefore,
[[Rz, | — 1| | S p~36*2 M2V SMiv/r1 + 12 (96)
O
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Proof of Theorem 2] Using Theorem [ and Theorem [5| with T = T5, we have

(a)
U, Ug, — A*|r < |EREL|F+ IRLRn, — Ir + 1Q7, Qnllr
+2|En,Qp || r + 2|ERe| r + 2| R, Q||

(®)
< Bz} + 0 (87 M2V SMVi +72) Vit + QI
+2En, [1Qz[lF + 2[[En [[Re]| F + 2|1Qz, || [ R

(¢)

< 82M2(ry + o) 0 log?(1/a) + (8** M2V §My\/r1 + 12)\/r1 + 6*° M?
+ (0"My + (1 + o(1))y/m1) OMi1+/r1 + rolog(1/c) + 6* My (1 + o(1))

< (6**M2\/ry v 6* M) log? d.

where in (a) we decompose UU, | (See (57)) and triangle inequality. In (b) and (c) we use Theorem
and repeatedly use the fact || AB||r < ||A]|||B||r. This completes the proof. O

B Deferred Proofs

B.1 Proof of Proposition ]

In the below contexts, notations such as C, ¢, C, ¢; always denote some positive absolute constants.
Such notation is widely adopted in the field of non-asymptotic theory.

We first state some useful definitions and lemmas:

Definition 6 (¢-Net and Covering Numbers). Let (T, d) be a metric space. Let € > 0. For a subset
K C T, asubset M C K is called an e-net of K if every point in K is within distance € of some
point in M. We define the covering number of K to be the smallest possible cardinality of such M,
denoted as N' (K, €).

Lemma 16 (Covering Number of the Euclidean Ball). Let S"~! denote the unit Euclidean sphere in
R™. The following result satisfies for any € > 0:

N(S" e < (i + 1) ) 97)

Lemma 17 (Two-sided Bound on Gaussian Matrices). Let A be an d X r matrix whose elements
A,;; are independent N (0, 1) random variables. Then for any t > 0 we have

Vd—C(/r+t) <o.(A) <ai1(A) < Vd+C(/r+1t) (98)

with probability at least 1 — 2 exp(—t?).

Lemma 18 (Approximating Operator Norm Using e-nets). Let A be an m xn matrix and € € [0,1/2).
For any e-net M for the sphere S"~1 and any e-net My of the sphere S™ ™1, we have

sup  (Axy) < [[A] < 5 sup  (Ax,y). 99)
XEM1,yEMo2 — 2e XEM1,yeEM3
Moreover, if m = n, then we have
1
sup (Ax,x) < [[A| < 19— . SUp [{Ax,y)|. (100)
xeEM; T 4€ T €7 ze My yeM,

Lemma 19 (Concentration Inequality for Product of Gaussian Random Varables). Suppose X and
Y are independent N (0, 1) random variables. Then (X,Y') is a sub-exponential random variable.
Therefore for (X1, ..., Xm,Y1,...,Ym)" ~ N(0,12,,), the following holds for any t > 0:

p(l
m
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> (X, V)

i=1

> t> < 2exp (—cmin(t?,t) - m) . (101)



Proof. Note that

2 2
1/ 1 1 1/ 1 1

XY)=-|—=X+—=Y) — - | =X-—=Y| . 102

Y= <\/§ V2 ) 2 (ﬁ V2 ) (1o

The two terms are independent and following Gamma distribution I" (%, 1). Since Gamma distribution

random variables are sub-exponential, (X, Y") is sub-exponential too. The concentration inequality
follows from Bernstein’s inequality. (See Theorem 2.8.2 of Vershynin [47]). O

Now we prove Proposition

Proof of Proposition[l] First we provide a bound for | M] My||. We fix ¢ = 1/4, and we can find
an e-net M of the sphere S™~! and e-net My of the sphere S™~! with
IMi| <9™,  [Ma| <97, (103)

For each z € M; and y € Mo, we have for 0 < u < 1,

P <1XTM1TM2y > u> =P <61Z<M1X, May) > “)

d (104)

< 2exp(—cdu?),

where we use the fact that M[; x and My are independent N (0, I;) random vectors and an application
ofLemma Weletu = /53472 - tfort < ,/-—%—, we have:
1472

1 1+ 1o (@) 1 1 /ri+4+1re
PlZIMIMy|| >4/ 22 .¢] <P|= TM Moy > =4/ —2"2 .¢
<d” 1 Mol 24/ = ) = P dxeriyer, T T1RY =5 d

(b)
< 9r1+’r2 . 2€Xp (702(7"1 —+ r2)t2)
=2exp (—(r1 + r2)(cot? — l0g(9))) ,

(105)
where in (a) we use Lemmal[18] in (b) we apply a union bound over all x € M; andy € Mo.
Next, we bound ||R; || and ||R;||. Recall the QR-decompositions of M; and My:

M1 = U*lRl and M2 = U*2R27 (106)

which implies M] M; = R} R and Mj M, = R Ry, and consequently |R; || = o, (M;) "
and |R, || = o,,(M2)~". From Lemmal17]

2 Vd
PR > =) =P or (M) < - | <2exp(—cid). 107
(1R = ) <al< 1>_2><exp< erd) (107)
And similarly for | R;"||. Finally, for ¢ < \/%,
P(HU*IU*2’>415 “Z”)

. —TagT -1 rL+12
P(HRl M| MRy || > 4ty / y ) (108)

_ 2 _ 2 1 +
<P(IR 2 25) +P (IR > )+ <d|MIMz| >y /1 )

Vd Vd
<4exp(—c1d) + 2exp (—02(7“1 + 7“2)152) )

This completes the proof. O
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B.2 The Failure of Pooled Stochastic Gradient Descent

From Theorems[2]and 3] for the hard case in Theorem 3] we have a separation that Pooled Gradient
Descent fails to select out the invariant signal, whereas the HeteroSGD can succeed. This isolates the
implicit bias of online algorithms over heterogeneous data towards invariance and causality.

In this section, we give a rigorous proof for Theorem[3] We first demonstrate the failure of PooledGD

Theorem 6 (Negative Result for Pooled Gradient Descent). Under the assumptions of Theorem
for the certain case where U* 1. V* and EocpX(©) = I.,, if we perform GD over all samples from

all environments and ends with T = O(log d), then U, keeps approaching UrUr T +VvrvrTn
the sense that

[02rU7 ~ o T VT < 067 MRy + 6 M) = (1), (109)
F
during which forallt =0,1,...,T:
|0 U] —A*||, 2 Vi AT (110)
Proof of Theorem[] Firstly, we emphasis that Theorem [2] also applies to the case where there is

only one environment and no spurious signals, the m samples are generated as: (We use underlined
notations to distinguish this setting from others)

gi:<5iaA7*>ai:17-“7m (111)
In such cases, there is no randomness and QTH; deterministically learns A* and all the singular
values of R, grow at similar speeds.

Under the conditions in Theorem [6] we first construct a single-environment case. Let U* and V*
be defined as in Theorem E], we let the invariant signal A* = U*U*" + V*V* " and there is no
spurious signal. Then the updating rule is:

1 & .
Qt+1 =U,—n [m Z@iaﬂtﬁf —A >XL‘| U,

=1

(112)
=U, -1 (UU] - A*) U, —Eo (UU] - A)U,.

Using Theorem we can prove that U, U, continuously approaches A*T =U*U*" + V*V*T in
phase 1 & 2, during which:

« Inphase 1, |R,| < 1/2 therefore |U, U, — U*U*"||r > /7.
* In phase 2, all the singular values of |R,|| get larger than 1/6, from Weyl’s inequality, we
have that the top ry singular values of QtQtT —U*U* " are all larger than 1/6. Hence
|GGy ~ U0 p 2
Therefore, |[U, U, — U*U*"||p > \/ri Arg forallt =0,...,T.
Now we prove Theorem|[6] The updating rule can be written as
L Qe e
Uiy = U — nEeup [ S, U U] - A - AO)X| )] U,
mis
—U, -1 (UtUtT A EeNDA(e)> U, — Eep [Ee o (UtUtT A A<6>)] U,
—U,—9 (UtUtT - (U*U*T + V*V*T)) U, — nEe"p [Ee o (UtUtT . A<e>)} U,.

We compare this updating rule with (IT2). The only difference is the RIP error term. However,
the upper bounds for E, o (UtU;r — A" — A(e)) used in the proof also apply for the expectation
Ee~p [Ec 0 (U;U] — A* — A(®))]. So we can derive the same conclusion that

HUTU; ~ A" E,.pA®

<ol (113)
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for T = O(4 log(1/c)), during which we have that forall ¢t = 0,1, ..., 7"

|0 U = A*||, 2 Vi AT (114)
O
Now we are ready to prove Theorem[3] Assume that at each time ¢ = 0, .. ., 1, we receive m samples

{th)7 yz(t)}gil, each sample is independently sampled from environment e; ; ~ D, satisfying
yl(t) _ <X§t),A* + Aleni)y, (115)

and imply the Stochastic Gradient Descent
Ui = (L- 0= S0x0, uu)) - 5 0x ) o, (116)
m P 10 t % i

For technical convenience, we assume that X is the symmetric Gaussian matrix with diagonal

elements from N(0,1) and off-diagonal elements from N(0,1/2). We further assume th) is
independent of e; ;. This corresponds to the cases where each environment has infinitely many
samples and the linear measurements from different environments share the same distribution.

Proof of Theorem ] Denote A = E.cpA(®). Then we have

1 & _
U1 = <Id - Z;(<X§t)7UtUtT — A" - A>)Xz(-t)> U,

1 — L
+ (m S X, A - A>xgt>) u.

i=1

The first term is the dynamic of single environment matrix sensing problem, and the second term
is a zero-mean noise arising from SGD. Once we can prove that the second term is small with high
probability, then the dynamic will be similar to the dynamic of single environment matrix sensing
problem, thereby we can get a high-probability version of the result of Theorem 3]

Now we control the SGD noise term. Let M3 be a ;-net of the sphere S~ with [M3] < 9¢.
Then for any d x d matrix M, we have |[M|| < 4 maxye, |x' Mx|. For any fixed x € Ms,

one can see that <X§t), Afeti) — A)xTMx has zero mean and is the product of two sub-Gaussian
random variable with sub-Gaussian parameter no more than 2M; (11 + r2) and 2. Therefore, it is a
sub-exponential random variable with parameter no more than C'M;(r; + r2) for some universal
constant C' > 1. Then applying the Bernstein’s Inequality [47] and taking the union bound over M3,
we can obtain that

P| sup
xXEMs3
Setting ¢t = 10d and m = d poly(r1 + r2, M1 + Mz, log d), we can obtain that with probability over
1 — exp(—d),

_ tot
(XD Alen) A)xTMx’ > CMi (11 +72) (1) — + m)) 2. 9%exp(—t). (117)

m
LS 0, A~ A

m <
=1

1
< . 118
~ poly(r1 + ro, M7 + Ms,log d) (118)

Therefore, in this case the SGD error can be upper bounded in the same way as the RIP error at the
level of o(1/ poly(r1 + ro, My + Ms,log d)). This implies that the SGD error will not significantly
affect the dynamic with probability over 1 — T exp(—d). Therefore (T13)) and (T14) hold with
probability over 0.99.

O

Theorem [3]and Theorem [f]indicate that the failure is because the signal is averaged when calculating
gradients when we perform GD or SGD over pooled datasets. To the best of our knowledge, it is
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intrinsically hard to provide a rigorous statement when the batch size is small. We would like to
leave the theoretical analysis as a future work. In the following simulation, we aim to demonstrate
empirically that Pooled SGD fails to learn invariance with a small batch size. We consider the
|| = 2 case and the environments are generated by A1) = U*U*T + (s + M)V*V*T and
A® = U*U*" + (s — M)V*V* T where (U*, V*) is column orthonormal. Then the invariant
solution is A* = U*U*" and the spurious solution is A* + A = U*U*" + sV*V* . We set
(a,d,r1,79,8, M, m) = (1073, 30,5, 5,0.5,4,80), use Gaussian measurements as Sectlonland let
T be sufficiently large. The followmg shows the F-norm between U; U/ and A* or A* + A.

PooledSGD with Batch Size=80 PooledSGD with Batch Size=80
40 — p=001 40 — n=o0.01

.35 n=20.05

=30~ 1=0 30— N=01
I 25 <25
o 20 |
352, -
2 520
—15 215

1.0 1.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t/T t/T

Figure 6: These figures shows that when the batch size is small, the trajectory will be far away from
A* and A* 4 A, suggesting that the algorithm is not stable in this regime.

C Neural Networks with Quadratic Activations

In this section we discuss how to apply our results to nerral networks with quadratic activations. In
particular, Example[I] As discussed above,

00 =S g% )+ 3 aPglalx?) - < ! e”ia]aj £ Y ala >

j=1 j=ri+1 j=rit+l
(119)
and it is equivalent to matrix sensing problem with
T
Zaj a; LA = Z a a]a and X( 9= xge)xge) . (120)

j=ri+1

The main difference is that, when the samples x; are i.i.d. N (0, 1), the set of linear measurements
{x1X{,...,%XnX, } no longer satisfies the RIP property. However, the following lemma tells that,
with proper truncation, the set of measurements enjoys similar properties.

Lemma 20 (Lemma 5.1 of Li et al. [31]). Let (Xi,...,X,,) = {x1X1 ", ..., XX, } where x;’s
are i.i.d. ~ N(0,I). Let R = log (%) Then, for every q,0 € [0,0.01] and m > dlog* {%/(52, with
probability at least 1 — q, we have that for every symmetric matrix A.:

m

1
m Z<Xi7A>Xil\<Xi7A>\§R —2A —tr(A)I

i=1

< O[|Al.. 121

If A has rank at most r and operator norm at most 1, we have:

1 m
Hm Z(Xi, A)Xi1x. )<k — 2A — tr(A)I|| < 76 (122)

i=1

To accommodate this difference, we adopt the modified version of loss function and algorithm from

Li et al. [31]].
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Algorithm 4 Modified Algorithm For Neural Network with Quadratic Activations

Set Ug = aly, where « is a small positive constant.
Set step size 77.
fort=1,. —1do

Recelve m samples (x; from current environment e;.
Calculate y§e’) =1" (Utxget)), 1=1,2,....m

Calculate modified loss function £,(U;) = + Ly ( jler) — l(pt)) U0 2 <R
Gradient Descent U; = U, — Y fg(Ut).

Let 7 = ||A* + A(ed)].

Shrinkage Uy =

(Pt) (ez))

1—77(HUt\va—n)Ut
end for
Output: Urp.

Remark 1. Here we encounter the same caveat that Algorithm H| requires our knowledge on ;.
As discussed in Li et al. [31], the algorithm is likely to be robust if T, is replaced by its moment
estimation.

Now we outline the proof sketch of Example

Theorem 7 (Two-Layer NN with Quadratic Activation). Let ay,--- ,a, € R? be independent
random vectors sampled from normal distribution N (0, éId). For environment e € &, suppose the
target function is determined by ry invariant features and ro variant admits that for each sample

(" y):
a e e T
an}x Z a()q(a ()>_< > ZagajJr Z a aj j> (123)
j=ri+1 j=ri+1
Suppose we train the following two-layer NN:
d
=Y _a(wx), (124)
j=1
and the initialization of parameters {u;} satisfies ijl uju;'— = al If {age)}jye satisfies

sup, ;{la\®[}-max; {1+|Ecal”|}
min;{Var, [aj(.e)]}

< c¢o for some absolute constant cy, sample complexity m >

dpoly(r,log(d), supeyj{|a§€)|}), a€ (d*,d ) andn ~ % then Algorithm | re-
turns solution that satisfies
H}jw —A%|[r <o(1) (125)

with probability over 0.99.

Proof. similar to the proof of Theorem 1.2 of Li et al. [31]], the modified algorithm is in fact equivalent

to (ZI)) with RIP parameter (r, ) when m = Q(dr?6=2). Hence it is fully reduced to the matrix
sensing problem.

Now we verify the conditions for A* = Y7'', a;a and A = Y77 a( )ajajT. Since
u;,? = 1,...,r are independently and uniformly sampled from sphere, we have that

» With high probability over the randomness of {a;};, the eigenvalues of A* lie within

(1 — O(y/r1/Vd), 1+ O(ﬁ/\/&)) (See Theorem 4.6.1 of Vershynin [47]).

* The angle between Col(A*) and Col(A(®)) is of O(y/r1 + r2/V/d) order.
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Therefore we can construct two column orthogonal matrix U* and V* such that UV =0
and sin(col(U*), col(A*)), sin(col(V*), col(A(9)) < /r1 + r2//d. Hence we can apply The-
orem 2/ on A* := U*U*' and A(®) = V*diag(a (e))V*T. Such approximation only raises
O(+/r1 + r2/+/d) multiplicative error, which is negligible. And we can easily verify A (©) satisfies
Assumption 2] Then this result follows from the proof of Theorem 9] O

D The x(A*) > 1 Case

In this section we show how to generalize our results to the x(A*) > 1 case by leveraging the adaptive
subspace technique proposed by Li et al. [31] for single environment setting. This framework mainly
consists of the following steps:

First, instead of using the fixed subspace col(U*), we use an adaptive one Sy, where Sy = col(U*)
and Sy = (I—nM;)S; where M; = il Z 11X, U, U, — A*)X;. And we denote Z; = Idg, U,
and H; = (Id — Idg, )U;. Which makes the updating of H; substantially disentangled from Z;.

Second, we reason about the updating rule of Z,. Since the subspace is updated at each step, the
updating rule of Z; becomes indirect. We introduce Z; = (Id — nHtZtT)Zt(Id —2nZ; 1ds, M H;)
so that Zf+1 ~ 7 — nVE(Zt). It can be shown o,;, (Z¢) continually increases until it gets larger

than 5 f

During this iteration, we can keep Zt is near Z; for each ¢ and the principal angle 6; between S; and
col(U™) satisfies sin(6;) < npt where p = é(%)

Finally, when o,i, (Z;) is sufficiently large and principal angle is small, we can use the local restricted
strongly convex property of £ around A* to prove ||U,U;||% converges with rate 1 — ©(n/x).

For the multi-environment setting, we have the following result under a slightly stronger assumption
on the heterogeneity:

Theorem 8 (General Theorem). Under Assumptlon[Z]andl suppose the heterogeneity parameter
My 2 r2, €1 < 6. and the RIP parameter § < S o log(d) TR We choose the n €

(24M5 ' EMT A %) and o € (1/d*,1/d%), then running Algorlthmm T = O(log(a™1)/n)

steps, the algorithm outputs U~ that satisfies

U7 U7 — A%|lp < o(1) (126)
with probability over 0.99.

Since the full proof of the adaptive subspace technique is involved, for clear representation, we point
out the main differences from the single-environment case. We need to address the following three
issues: (1) How to introduce the spurious component Q; into the original framework; (2) Whether
the spurious signal A (®) significantly perturbs the dynamic of Z,; and (3) How to give a phase 2
analysis when there is no local restricted strongly convexity around A*?

We first cope with (1). With abuse of notation, we adopt the M, Z;, H; and additionally define
Vgada) = Idv+H; and Eiada) = (Id — Idv+)H;. We can prove that

Vi = (1dvs +nAC) + O0movTMy + (140 sin(@,)) (Vi + E{)

~ (Idv* + nA(e‘)> V§“d“) + small terms,
(127

E{{1") = (Idwes + O(ndv/rMy + (1 -+ M) sin(0,))) (Vi) + E{**)).

~ Egada)

+ small terms.

If we can ensure sin(6;) < d poly(r, My + Ms,log(d)), we can get similar dynamics as and24]

then apply similar techniques in Section [A.4] and Section [A.5]to ensure V; and E; are no more

than § poly(r, My + My, log(d)). w.h.p. Moreover, the dynamics in (I127) is multiplicative, which

means if we decrease « by comparmg to Theorem 2] V; and E; can be further upper bounded by
d=1§ poly(r, My + Ma,log(d)) in phase 1.
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For issue (2), the spurious signal A.(®) brings error about 1-+O((§+€1)+/r M, +) multiplicative factor,
which can be absorbed by the inherent RIP error of A*. Another difference is that, at the beginning
[[V¢]| or || E¢|| may be substantially larger than Z; due to the oscillation. We emphasis that such
interference happens in RIP error term or non-orthogonal error tegm, multiplied by 4, sin(6;) or ;. We

can ensure such interference is negligible when § < ooly (rlog(d) My T M R) - Therefore, the dynamic

of Z; is benign, and the principal angle can be bounded by 6 poly(r, log(d), M1 + My, k) < 1.
Finally for issue (3), when oin(Z:) > ﬁ and sin(6;) = dpoly(r,log(d), M1 + Ma, k) < 1.
We get back to the original subspace col(U*) and col(V*). We have U; = Z; + O(sin(6;)),
V, = VI 4 O(sin(6,)), By = B + O(sin(6,)) and |E, — B ||z < \/rsin(6;). Then
we can use the technique from phase 2 analysis (Theorem [3)) to complete the proof. We leave the
extension of this theorem for the case where M7, M> are constant level for future studies.
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 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
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paperswithcode.com/datasets

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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