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Abstract

Adversarial training has emerged as a popular approach for training models that are
robust to inference-time adversarial attacks. However, our theoretical understanding
of why and when it works remains limited. Prior work has offered generalization
analysis of adversarial training, but they are either restricted to the Neural Tangent
Kernel (NTK) regime or they make restrictive assumptions about data such as
(noisy) linear separability or robust realizability. In this work, we study the stability
and generalization of adversarial training for two-layer networks without any
data distribution assumptions and beyond the NTK regime. Our findings
suggest that for networks with any given initialization and sufficiently large width,
the generalization bound can be effectively controlled via early stopping. We
further improve the generalization bound by leveraging smoothing using Moreau’s
envelope.

1 Introduction

Despite the remarkable performance of over-parameterized deep networks in real-world applications,
recent studies have revealed that they are highly vulnerable to adversarial attacks. These attacks
use maliciously crafted imperceptible perturbations designed to deceive trained neural networks
during inference [Szegedy et al., 2013, Biggio et al., 2013]. The lack of adversarial robustness has
raised significant concerns for deploying neural network-based models in safety-critical applications.
Therefore, it is crucial to design algorithms to learn robust models that can make reliable predictions
on test data even in the presence of adversarial perturbations.

One principal approach to robust learning, adversarial training [Madry et al., 2018] (along with its
variants [Zhang et al., 2019, Wang et al., 2020]), has proven to be an effective empirical defense
mechanism against adversarial attacks. Naturally, this puts an emphasis on also developing a
theoretical understanding of robust learning. To study the generalization performance of robust
learning, one traditional approach is via uniform convergence [Khim and Loh, 2018, Yin et al.,
2019, Awasthi et al., 2020, Mustafa et al., 2022], which provides the worst-case type uniform
bounds for a given hypothesis class and are algorithm independent. Another line of work focuses
on analyzing the convergence and generalization guarantees of adversarial training, yet they either
focus on linear classifiers [Charles et al., 2019, Li et al., 2020, Zou et al., 2021, Chen et al., 2023], or
introduce restrictive distribution assumptions such as (noisy) linear separability [Wang et al., 2024b]
or robust realizability [Mianjy and Arora, 2024]. Therefore, it remains unclear whether we can derive
theoretical results for adversarial training that extend beyond these simplifying assumptions.

In this work, we leverage a different machinery by analyzing adversarial training algorithm through
the lens of uniform stability. Stability is a classical tool in learning theory that has been extensively
studied in the literature [Bousquet and Elisseeff, 2002, Hardt et al., 2016]. Uniform argument stability
measures the difference in output parameters when an algorithm is run on two training sets that
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differ by only one sample. In the standard (non-robust) setting, Hardt et al. [2016] show a uniform
stability bound of O(%) after T iterations of gradient descent with step size 17 on convex and smooth
losses using a training dataset of size n. They further provide a uniform stability bound of (’)(%q)

for smooth and non-convex losses with decaying step size n = (9(%) where ¢ € (0,1) is a constant.
The choice of decaying step size is common in the non-convex setting, as maintaining a constant step
size leads to an exponentially increasing bound on uniform stability.

When it comes to the robust setting, the primary challenge lies in the non-smoothness of the robust
(adversarial) loss. The robust loss is generally non-smooth even if the standard counterpart is
smooth [Xing et al., 2021a, Xiao et al., 2022a]. Previous work by Xing et al. [2021a] studied the
convex non-smooth adversarial losses and provide an additional term of O(nv/T') compared to the
convex and smooth losses. Later Xiao et al. [2022a] studied the general non-smooth adversarial losses
by leveraging the approximate co-coercivity of the gradient and provide the bound with an additional
term of O(nT ) that grows linearly in 7', where « is the size of adversarial perturbation in ¢, threat
models. These works, while partially addressing the issue, only focus on general convex / non-convex
functions. However, neural networks, which are a specific instance of non-convex functions and are
widely used in practice, require further investigation.

In this work, we study the stability and generalization guarantees of variants of adversarial training
algorithms. We focus on solving the binary classification problem using two-layer over-parameterized
neural networks with smooth activation functions and logistic loss. Our key contributions are as
follows:

1. We present a bound of O(\/nT" + % -+ +/nT') on the uniform argument stability of the gradient
descent-based adversarial training of over-parameterized network after 7" iterations with step size
7, where (3 represents the precision of generating adversarial examples at each iteration.

2. We provide robust generalization guarantees that depend on the Adversarial Regularized Empirical
Risk Minimization (ARERM) Oracle. Our results hold for any given initialization and any data
distribution. Specifically, if the learner is provided with a good initialization such that there
exist robust networks around this initialization, then a small robust test loss is achieved via early
stopping. Furthermore, our results can be extended to stochastic gradient descent-based adversarial
training.

3. We leverage Moreau’s envelope to construct a smooth loss that approximates robust empirical loss.
We present bounds on the stability and generalization error of gradient descent with Moreau’s
smoothing, and demonstrate its superiority compared with gradient descent-based adversarial
training algorithm.

1.1 Related Work

Stability Analysis. The notion of stability was initially introduced in Bousquet and Elisseeff [2002]
to study the generalization of statistical learning problems. More recently, a fine-grained analysis
has been presented by Feldman and Vondrak [2019] and Bousquet et al. [2020]. For smooth loss
functions, Hardt et al. [2016] explored the stability of SGD in both convex and non-convex settings,
which was later extended to convex non-smooth loss functions by Bassily et al. [2020] and the bound
incorporated an additional term of O(n\/f ) due to non-smoothness. Lei and Ying [2020] tackled
the non-smoothness differently by assuming the gradient of the loss to be Holder continuous. For
non-convex and non-smooth loss, Lei [2023] introduced the stability of sub-gradient, as convergence
to local minimizers is observed in this setting.

Robust Generalization Guarantee. The standard method of giving a generalization guarantee is
through uniform convergence. These theories typically yield an upper bound of O( %) and require a
large number of training samples in order to get a small generalization gap. Techniques in this category
include analyzing the Rademacher complexity [Yin et al., 2019, Khim and Loh, 2018, Awasthi et al.,
2020], VC dimension [Cullina et al., 2018, Montasser et al., 2020], covering number [Balda et al.,
2019, Mustafa et al., 2022, Li and Telgarsky, 2023], PAC Bayesian analysis [Farnia et al., 2018,
Viallard et al., 2021, Xiao et al., 2023] and margin-based analysis [Farnia et al., 2018].

Generalization Guarantee of Adversarial Training. Providing generalization guarantees for
adversarial training of neural networks is challenging due to its non-convex nature. A series of
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works [Charles et al., 2019, Li et al., 2020, Zou et al., 2021, Chen et al., 2023] have focused on
a simpler problem — adversarial training of linear models with a convex loss wherein generating
adversarial examples admits a closed-form solution. Several works bypass this challenge by con-
sidering a lazy training regime [Gao et al., 2019, Zhang et al., 2020, Li and Telgarsky, 2023] in
which the landscape of the neural network can be studied near certain random initialization, and
the generalization guarantee is usually obtained via uniform convergence. Unfortunately, Wang
et al. [2022] proved that adversarial robustness is at odds with lazy regime. Recently, Mianjy and
Arora [2024], Wang et al. [2024b] provide convergence and generalization guarantees for adversarial
training of neural networks, yet they make restrictive assumptions on the data distribution such as
(noisy) linear separability and robust realizability.

Another line of research investigates the generalization of adversarial training through algorithmic
stability analysis. Despite the smoothness of the standard loss, the adversarial loss remains non-
smooth [Liu et al., 2020, Xing et al., 2021a, Xiao et al., 2022b]. To resolve this issue, Farnia
and Ozdaglar [2021] make a strong assumption that the loss is concave in input x. Xing et al.
[2021a] provide adversarial training of convex and non-smooth losses, yielding an additional term

of O(\/n?T) compared to the standard non-robust counterpart. Xiao et al. [2022a] and Wang et al.
[2024a] leverage the idea of approximate smoothness and provide bounds that scale linearly with nT’
and the perturbation size. Cheng et al. [2024] consider generating adversarial examples via a single
step of gradient descent and demonstrate that such variant of adversarial training algorithm achieves
better stability. Farnia et al. [2018] also consider specific attack algorithms — these attacks while being
more practical and designed with continuity and Lipschitzness property, may differ significantly from
the worst-case attack, and do not yield a good bound on the robust generalization gap.

2 Problem Setup

Notation. Throughout the paper, we denote scalars, vectors, and matrices with lowercase italics,
lowercase bold, and uppercase bold Roman letters, respectively; e.g., u, u, and U. We use [m)]
to denote the set {1,2,...,m} and use both || - || and || - ||z for £3-norm. Given a matrix U =
[ui,...,u,) € R™™, weuse ||U||r and ||U|, to represent the Frobenius norm and spectral norm,
respectively. We use the standard O-notation (O, © and 2).

We consider a binary classification problem with a bounded input space & inside a Euclidean ball
of radius C,, and label space ) = {£1}. We assume that data are drawn according to an unknown
probability distribution D on X x ). The learner has access to n training data drawn i.i.d. from D;
ie., S ={z; = (x4,y;)}{, ~ D". We do not make any restrictive distributional assumptions such
as realizability [Mianjy and Arora, 2024] or (noisy) linearly separability [Wang et al., 2024b].

We focus on learning two-layer neural networks, parameterized by a pair of weight matrices (a, W):

F(x) = F W) = S agd((we,x)).
Here, m is a positive integer representing the number of hidden units, i.e., the width of the networks.
¢ : R — R is a 1-Lipschitz, H-smooth activation function. Formally, Vz,z € R,|¢'(z)] <
1,|¢'(2) — ¢'(2')| < H|z— 2'|. The smoothness property of activation functions is commonly
assumed in algorithmic stability literature and in theory of deep learning and covers a wide range
of activation functions such as smoothed ReLU and smoothed leaky ReLU [Frei et al., 2022].
The weight matrices at the top and bottom layer are denoted as a = [aq,...,a,,] € R™ and
W = [Wi,..., W] € R¥X™ respectively. The top layer weights are initialized such that |a;| =

ﬁ, Vi € [m], and are kept fixed throughout the training process. Prior works [Du et al., 2018, Arora

et al., 2019, Ji and Telgarsky, 2019] often initialize a; to be uniformly sampled from {iTlfn}’ which

can be seen as a special instance of ours. We do not make any assumption on the initialization of the
bottom layer matrix, i.e., Wy can be either a standard Gaussian [Du et al., 2018, Ji and Telgarsky,
2019], or a vanishing initialization [Ba et al., 2019, Xing et al., 2021b], or a pre-trained model.

Adversarial Attacks. We consider a general threat model where the adversary’s perturbation set is
defined as B : X — 2. Given an input x, B(x) represents the set of all possible perturbations of x
that an adversary can choose from. This broader definition of attack includes both the standard ¢,
threat models with perturbation size of «, i.e., B(x) = {X : ||X — x||, < a}, as well as a discrete set
of large-norm transformations. Unlike prior works [Mianjy and Arora, 2024, Wang et al., 2024b], we
do not make any assumptions on the perturbation size.

16162 https://doi.org/10.52202/079017-0515



In this work, we focus on logistic loss, £(z) = In(1 4+ e~#), which serves as a smooth and convex
surrogate loss for the 0-1 loss. With a slight abuse of notation, for a fixed sample z = (x, y), we define
0(z, W) := £(yf(x; W)). The population and empirical loss w.r.t. £(-) are denoted, respectively, as

L(W) = Eguyyonl(f (s W), EOW:8) = — 5 Uy f (x5 W).
i=1

Given B, for a fixed sample z = (x, y), we define the robust loss as £,.,,(z, W) := ~mfléx(x) Ly f(X; W)).
xeb(x

The robust population and empirical loss w.r.t. £(-) are defined as
n

_ 1 N
Lyob(W) = E(x y)~D igll%ﬁ(yf (X; W) Lyop(W; S) := - 2 iiglg(};)é(yif(xﬁw))-

Adpversarial Training. During training, the network bottom layer weight W are updated using
gradient descent-based adversarial training (or its stochastic version). We denote the weight matrix
at the ¢-th iterate of adversarial training as W;. For each training example (x;, y;), at iteration ¢, we
generate a 31 -optimal adversarial example (X;(W), y; ), which satisfies the following condition:

(e f (W) W) = e £ (% We)) = . M

Setting 51 = 0 recovers the scenario where we have access to the worst-case adversarial attack.
As this may not be feasible in practice due to computational reason, the parameter 5, allows us
to capture the precision of the attack algorithm, which includes common attacks such as projected
gradient descent (PGD) [Madry et al., 2018]. We should regard 3, as a parameter we can choose. Our
results in Section 3 suggest that we can achieve better generalization by adding more computation
and making 3; smaller.

Algorithm 1 Variants of Adversarial Training Algorithms

Input: Step size n. Number of iterations 7'. Initial weight Wy. 5 > 0. > 0.
fort=0,...,7T—1do
GD: Vi € [n], compute a B;-optimal adversarial example X;(W;) that satisfies Equation (1).

Update Wt+1 = Wt - % Zl ng(ylf(f(z(wt),wt))
SGD: Compute a [3;-optimal aLdversarial example X;41(W,) that satisfies Equation (1).
Update Wi 1 = We = nVwl(ye1f (Xer1(We); We)).
Moreau Envelope: Compute a $2-optimal minimizer u" (W¢; S) that satisfies Equation (2).
Update Wy 1 = Wy — (W, — U"(Wy; §)).
end for
return: {W;},_,.

Optimizing the Moreau Envelope. Since the robust loss is non-smooth [Xiao et al., 2022a], we
utilize Moreau’s envelope to construct a smooth function that approximates the empirical robust loss.
Such an idea has previously been explored in Xiao et al. [2024]. Given training data S and p > 0, we
redefine the robust surrogate loss as follows:

A 1
04 (WsS) = g (Lon(Us8) + U= W3 )

Selecting 4 appropriately ensures that frob(U; S) + ﬁ [U — W||% is a strongly convex function

w.r.t. U. Given W and S, we define U*(W; S) = argmingcgaxm Lyop(Us S) + ﬁ |U—W]||2, which
can be obtained via subgradient-based method (solve a min-max optimization). The gradient of the
Moreau envelope can be simply calculated as Vw M*(W;.S) = %L(W — U¥*(W; S)). Given training

data S, at each iteration ¢, we generate a So-optimal minimizer u" (Wy¢; S) that satisfies

~ o~ 1 ~
Loop(U" (W45 9); S) + ﬂ||U“(Wt; S) = W% < Ba + M*(W; S). )
We remark that 35-optimal minimizer defined in Equation (2) and /31 -optimal adversarial example

defined in Equation (1) are approximating different quantities, which are not comparable. All the
algorithms described above are summarized in Algorithm 1.
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Uniform Argument Stability. Given a training set S = {z;};_, drawn i.i.d. from D, let S” denote
the training set obtained by replacing one example in S with an independently drawn example z' ~ D.
We refer to S, .S’ as neighboring samples and write S ~ S’. Given an algorithm A : (X x V)" — H,

where the hypothesis class # is parameterized using a parameter matrix W € R4*™ we define the
uniform argument stability as

54(8,5") = [|A(S) = Al p-

For any L-Lipschitz loss function g, |g(A(S),z) —g(A(S"),z)| < Li4(S,S’). The standard stability
argument [Mobhri et al., 2018] relates the expected generalization gap to the uniform argument stability.

Eg~pregen(A(S)) :=Egupn (]EZ~D9 - = Zg ) <L Sup 64(8,5). (3)

In this paper, we consider robust generalization using 10g1stlc loss, so function g(W,z) = £,.0p(z, W),
and €gen (W) = E,op[lrop(z, W)] — % Z?zl Lrop(zi, W). We also remark that a high probability
bound for stabile algorithms can be given based on Feldman and Vondrak [2019]. For simplicity, our
generalization bounds in this paper are only in expectation.

3 Main Result

In this section, we present our main results, providing theoretical guarantees for adver-
sarial training of two-layer neural networks with smooth activation functions. We dis-
cuss (stochastic) adversarial training in Section 3.1 and gradient descent-based Moreau’s
smoothing in Section 3.2. Our generalization bounds rely on a key quantity, the
Adversarial Regularized Empirical Risk Minimization (ARERM) Oracle defined as

2|W — Wol|7
nT '

Given a sample, A%°!° returns the minimal empirical risk in the vicinity of an initialization W.

WeRdxm

A%rade = min <ZT’Ob(W; S) +

3.1 Generalization Guarantees for Adversarial Training

We begin by presenting a bound on the uniform argument stability (UAS) of Algorithm 1 with GD.

Theorem 3.1. Assume that the network width satisfies m > H2C4n?(T + 1)2. Then, after T
iterations of Algorithm 1 with GD, for any neighboring datasets S, S’, we have

sup 04(9,5") < O(C sz+c = + V BinT).

S~S’'

Remarkably, setting 3, = 0 yields a bound of O(nv/T + %) on the UAS of Algorithm 1, thereby
recovering the result in prior work of Xing et al. [2021a]. However, note that Xing et al. [2021a]
show the result only for convex learning problems, whereas we consider training two-layer neural
networks using logistic loss, which is non-convex and non-smooth. Further note that we assume that
the networks are sufficiently over-parameterized, i.e., m > Q(n2T2), a condition that is commonly
assumed in deep learning theory. We can also regard this condition as early stopping, wherein

T<O ( Hc”; ) This view is also consistent with several empirical studies [Caruana et al., 2000,
Rice et al., 2020, Pang et al., 2021].

Next, we show that stable robust learning rules do not overfit.
Theorem 3.2. Define oy (1, T) := O(C2n\/T + C2 1 + C,.\/BinT). Assume that the width of the

z n

networks satisfies m > H2C2n?(T +1)?, and oy (n, T') < 1. Then, after T iterations of Algorithm 1
with GD, we have

. 17a1(n, T) [ e, C2n }
min  Egoprn€gen(Wi) < ———————— |Egopn AYT?® + —Z- ,
P S Egen(Wy) < o, 1) S~pnAg 5 B1
and
1 C2n
Egwpn Lyop (W — | EgopnA%acle 4 Zz! .
Ogng S~ Lyob(We) < = on(n. ) { R A +51}
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The result above bounds the robust generalization gap and the robust loss in terms of the ARERM
oracle, a step size-dependent term O(n), and the precision of the adversarial examples 3;. Note
though that the bound holds for the minimum over the last few iterates (past iterates), rather than
for the last iteration. This distinction arises because, unlike standard gradient descent for neural
networks, we cannot guarantee a decreasing robust training loss without additional assumptions on
the data distributions owing to the non-smooth nature of the robust loss. The step size-dependent
term arises for the same reason. A direct corollary gives us a bound on the expected robust loss.

Corollary 3.3. After T < O(min{n?, 5—12}) iterations of Algorithm 1 with GD using a step size of
1

n=06( 021\/7) on a network with width m > Q(T), for any weight matrix W

. C2[W = Wo 2 |
n <1. —=r — .
Og}flgnT Es~p Lmb(Wt) <1 1Lmb(W) + O ( \/T + 0O \/T

Since corollary 3.3 holds for any Wy, it underscores the importance of initialization for robust
learning. Given a good initialization, such as a pre-trained model, and assuming that there exists
a robust network W, in the vicinity of the initialization (i.e., |W, — Wy ||, = O(1)) that achieves
a small robust loss Lo, (W) & 0, we have that the minimum expected robust loss over all iterates

approaches O (ﬁ) Further, if 3; is small enough and m > n?, then T can be of the order ©(n?),
leading to a O(1/n) upper bound on the robust test loss.

We remark that by a similar analysis, our result can be reduced to the standard (non-robust) setting for
gradient descent training of two-layer networks by setting the perturbation set B(x) = {x},Vx € X,

B1 = 0, and redefining oy (n, T) = O(Cg%) In this context, we can show that gradient descent for

the binary classification problem can achieve excess risk bound of O(1/4/n) by taking T = O(y/n)
if m 2 n and assuming ||W, — Wq||r = O(1), where W,, € argmin L;.;,(W).
W

Next, we extend our result to the stochastic adversarial training.

Theorem 3.4. After T iterations of Algorithm 1 with SGD on a network of width m > H2C2n*(T +
1)? we have that for any weight matrix W,

W — Woll

E Looy(W) < L
0<mtlgT {11,y Lrob (W) < Liop (W) + (T +1) + 2 T4 B

Similar to the discussion following Corollary 3.3, we assert that if we assume that there exists an
over-parameterized robust network with small robust loss, then using a step size of n = 1/v/T,
stochastic adversarial training yields an excess risk bound of O(1/v/T).

3.2 Generalization Guarantees for Gradient Descent on Moreau’s Envelope

We now present a bound on the uniform argument stability of gradient descent with smoothing based
on Moreau’s envelope.

Theorem 3 S. After T iterations of Algorithm 1 with Moreau Envelope with step-size n <
min{p, Y2 shoz)t < QQQ, on a network of width m > H2C2n?T?, for any neighboring datasets
S, S’, we have

sup 04(5,59) <O (C — +nT BQ)
S~S’ M

Setting 32 = 0 yields a bound of O(%) on the UAS of Algorithm 1, thereby recovering the result in
prior work of [Hardt et al., 2016, Xiao et al., 2024] for convex and smooth functions. Note that by

using Moreau’s envolope, we are able to shave off the O(nﬁ ) term that appears in Theorem 3.1.

Although inspired by Xiao et al. [2024], Theorem 3.5 differs from the non-convex setting of Xiao et al.
[2024]. Our result utilizes the specific structure of over-parameterized neural networks that exhibit
weakly convex properties, a special instance of non-convex functions, and allows for a constant
step size. In contrast, [Xiao et al., 2024, Theorem 4.7] follows the traditional stability argument for
non-convex and smooth functions in Hardt et al. [2016], considering a decaying step size n; < &.
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Such a condition might be impractical if x4 is chosen to be sufficiently small. In fact, our results
indicate that it is necessary to select a sufficiently small x so that the robust training loss is well
approximated by the Moreau envelope (see Lemma C.1 in the Appendix).

Even though the gradient descent-based algorithm with Moreau’s smoothing achieves better stability
guarantees compared to gradient descent-based adversarial training when 31 = 2 = 0, it requires
more computational resources. Specifically, for the calculation of the gradient at each step, we need to
solve a min-max optimization problem with a strongly convex and non-smooth objective to obtain a
[B-optimal minimizer. Additionally, for every step of this min-max optimization, we need to generate
adversarial examples and apply sub-gradient descent.

Theorem 3.6. Define aa(n,T) := (’)(C’ﬁ% + ConTy/ %) Assume ay(n,T) < 1. Then, after

T > 8 iterations of Algorithm Moreau Envelope with step-size < p on a network of width
m > H2C4n?T?, we have

. 550[2(7]77_') |: 1 2 ﬂ2:|
Eg.pre W) < ——————2 |Eguprn AT+ Cop+2n(T +1)— |,
B (V0 € 20y [Bomon 8l 0T+
and ) 8
: " < " oracle 2 2 .
1rSntlSnTE5ND Lyop(Wy) < T o) o) {ESND AFEEC + Cop+2n(T + 1)M]

Similar to Theorem 3.2, the result above shows that both the robust generalization gap as well as the
robust loss can be bounded in terms of the ARERM oracle, parameter  in Moreau’s envelope, and a
term of O(nT'B2/1) dependent on the precision of generating the minimizer of Moreau envelope.
While the bound above is on the minimum expected generalization gap (and expected robust test loss)
over the last few iterates (past iterates), we can give a bound for the the last iterate for the case when
B2 = 0. We conclude the section by presenting the following direct corollary.

Corollary 3.7. After T < O(min{n?, #}) iterations of Algorithm 1 with Moreau Envelope with
2

1
2T

step-size n = p = O( ) on a network of width m > Q(T'), we have for any weight matrix W,

| W — Woll3 1
n W.) <1. W z .
1§mtlélTESND Lrob( t) = 1 1Lrob( ) + @ ( \/T + 0 \/T

4 Proof Sketch

We begin by providing a high level intuition behind our analysis technique, and then we highlight the
key ideas in the proofs of the main theorems. For simplicity, we assume that the learner can generate
optimal attacks during adversarial training, i.e., we consider §; = 0, 82 = 0 in this section. We refer
the reader to the Appendix for proofs of the more general case.

Our analysis relies on a key lemma demonstrating that the objective function (i.e., the robust empirical
risk) being minimized in adversarial training of two-layer neural networks with smooth activation
functions using the logistic loss function is “almost” convex.

Definition 4.1. Let ! > 0. A function f(z) is said to be —I-weakly convex if f(z) + L||z|]3 is convex
inz.

Lemma 4.2. (Restatement of Lemma A.4) For any weight matrices W' and W2,

He?
2y/m

Erob(w2; S) Z -/L\rob(wl; S) + <szrob(wl;s)awz - W1> - ||w2 - Wl”%’

Equivalently, Emb(w; S)is — HO;

NG -weakly convex.

We borrow many ideas from Xiao et al. [2024] and Xing et al. [2021a] in our proofs. These papers
primarily focus on the convex setting, while only giving a general result for non-convex functions.
We extend their results to a special case of learning neural networks. We argue that by specializing
our analysis to neural networks would lead to sharper results than a general non-convex function
class, as we will be able to leverage the “almost” convexity of neural network training [Richards
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and Rabbat, 2021, Richards and Kuzborskij, 2021]. This allows us to get stability and optimization
guarantees that are similar to the convex setting when we consider an over-parameterized network
m > poly(nT'). An additional challenge we face is that the robust loss is non-smooth even if its
standard counterpart (logistic loss) is smooth, making the analysis more complicated than the standard
(non-robust) scenario. Nevertheless, we can still leverage the “almost” convex nature of the loss to
establish the stability of adversarial training.

The following lemma gives a relationship between stability and generalization which is useful in
both standard adversarial training as well as gradient descent with Moreau’s envelope. When the

robust training loss E,,.O(,(WT; S) is small, Lemma 4.3 provides a tighter bound than directly applying
Equation (3). See Proposition A.3 for both results.

Lemma 4.3. (Restatement of Proposition A.3) The robust test loss satisfies the following:
1

1—Cy - sup 64(S,9)
S8

ESND"LT()b(WT) < Egpn E7"ob(va; S)

This result gives a way to bound the expected robust loss. Say you want to bound the expected robust

test loss by (1 + ¢) times the expected training loss. Then, to ensure m <1+ ¢, we need

a1(n,T) < 15 = O(e).Since a1 (n, T) = O(n\/T-i-%-l-\/ B1nT), we can set different parameters
in more than one way to ensure that oy (n,T) = O(e). We can set 5 = O(e%), n = ©(1/¢),
€

T =0(1/€%),n = O(7); orset B = O( 3,),n =0(1/2), T =0(1/*),n = (\;T)

4.1 Generalization Guarantees for Gradient-Based Adversarial Training

The stability guarantee we give in the following Theorem 4.4 is similar to the result in the convex
case [Xing et al., 2021a]. While [Xing et al., 2021a] use the monotone subgradient condition
of the convex functions, we show that the subgradients of an “almost” convex loss function are
“almost” monotone. We do incur an additional term of exp (2HC?yT'/\/m), which is small for
over-parameterized neural networks (m > ploy(nT)).

Theorem 4.4. (Restatement of Theorem 3.1) Let S and .S’ be any two neighboring data sets, i.e., they
differ only in one example. Let W and W/ denote the weight matrices returned after 7" iterations of
Algorithm 1 with GD on S and ', respectively. Then, we have

2QHC2T
7\/%77 ) : <4C§n2(T+ 1)+

We next provide an intermediate lemma that lead us to Theorem 3.2.

AC202(T + 1)2>

[Wa — Wil < exp (1 ; !

n

Lemma 4.5. (Restatement of Theorem B.2) Set k = (1 + H\Cﬁ" ) . Then after T < H\/cﬁz77 -1
iterations of Algorithm 1 with GD, 4
T
C2
- Z kt Wt, < A%racle ;77 )
Z t=0

Richards and Kuzborskij [2021] (see Lemma 2 in their paper) give an optimization guarantee
by providing an upper bound on the averaged training loss & Zt 1 (Wf, S) of all iterates. In
Lemma 4.5 we use a more refined analysis by considering the welghted average of the training loss.
Specifically, for any weight matrix W, we follow the standard technique in the convex case and upper
bound the following:

W =Wt |[3 = [W = Wel| % + 172 Vw Lo (W S)||3 + 29 <VWZrob(Wt; S), W — Wt> :

The second term on the right hand side is bounded by the Lipschitzness of the logistic loss. The

inner product in the third term is bounded by Lmb(W S) — mb(Wt, S) +

Lemma A.4. We finish the proof by telescoping. The weighted telescoping technique removes all of
the |[W — W¢||% terms (¢ > 0) in the upper bound, thereby giving a simpler result. The term C27/2
in the upper bound stems from the non-smoothness of the robust loss, and is unavoidable even if the
robust loss is convex. Finally, Theorem 3.2 follows from Theorem 4.4 and Lemmas 4.3 and 4.5.

||§J using
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4.2 Generalization Guarantees for Gradient-Descent on Moreau’s Envelope

Below we give the key lemmas for bounding the generalization error of GD with Moreau’s envelope.
The proof technique here is similar to that for standard adversarial training (in the previous section),
except that we get to utilize the smoothness of Moreau’s envelope. Specifically, Lemma 4.6 leverages
the fact that the gradient is “almost” co-coercive to control the uniform argument stability.
Theorem 4.6. (Restatement of Theorem C.4) Let S ~ S’ be any two neighboring data sets, i.e., S
and S’ differ only in one example. For any n < min{y, %} < %, let Wz and W' be the
weight matrices obtained by 7 iterations of gradient descent with Moreau’s envelopes on datasets .S
and S’, respectively. Then, we have that

HC2T\ 160202 (T +1)?
||wT—w'T2F<exp<1+8 2 ) 6Con (T +1)°

Jm 2

Lemma 4.7 also leverages smoothness due to Moreau’s envelope and yields a bound that does not
involve the additional term C27/2 compared with Lemma 4.5.

n

1
Lemma 4.7. (Restatement of Theorem C.6) Set k = (1 4 2 ") . After T iterations of

m
Algorithm 1 with Moreau Envelope with nn < p < 2@2 and T' < H*/C: , we have

T
= Z M/l Wt7 < Agl’acle.
Z: t=1

Theorem 3.6 is naturally derived via Theorem 4.6, Lemma 4.3 and 4.7.

5 Conclusion

In this work, we establish the generalization guarantees for variants of adversarial training applied
to two-layer networks with smooth activation functions. For over-parameterized neural networks,
we present robust generalization bound that are controlled by the Adversarial Regularized Empirical
Risk Minimization (ARERM) oracle, applicable to any given initialization and any data distributions.
One future direction is to extend our analysis to deep neural networks and beyond neural networks
with smooth activation functions.
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Supplementary Material

A Technical Theorems and Lemmas
Lemma A.1. Let £(z) = In(1 + e~ *) be the logistic loss function. We have |¢'(z)| < min{1,¢(z)}.

Proof of Lemma A. 1.

p y L [n (e* >0)
(@) =—l() = < In(1 + e~%). (1+x<1n(1—|—x))
O
Lemma A.2. For any sample z = (x, y), and any weight matrices W and W’, we have
lrop(2, W) — Lyop(2, W) < C|[W — W'||2 - min{1, 4,05 (z, W) }.
Proof of Lemma A.2.
‘€T‘Ob(z7 W) - (Tob(Z,W/)
= 14 X;W)) — 14 X W
o (yf(X;W)) o (yf(X; W)
< Inax (Lyf (X W)) — Ly f (X W)))
< fmax, 1 (yf X W) - (yf (K W) —yf (XK W))] (¢ is convex)
xeb(x
= W s 59X s
irenBaé) "(yf(x; (Zaqﬁ ((w Za¢ )’
< W)) is 1-Li
< max Uy f(x; (Z | {w |> ‘ (¢ is 1-Lip)
< max X; W)) X (Cauchy’s inequality)
e |€/(y.( ; y’s inequality
< o [€(uf (5 W) - [W = Wl - 5]
<Cy[W =Wz - max [€'(yf(%;W))|
XeB(x)
<C.|[[W —W'||2 - min{1, ~ml?(x) Ly f(x; W)} (Lemma A.1)
xeb(x
:CxHW — W/Hg . min{l, é,.ob(z,W)}.
O

In the following proposition, we build the relationship between the generalization gap and uniform
stability.

Proposition A.3. Let S and S’ be any two neighboring data sets that differ only in one example. Let
W; = A(S), W, = A(S") be the weight returned after running algorithm A for ¢ steps using S and
57, respectively. 6.4(5,5") = [|A(S) — A(S")||p. Then if sup 6.4(S,5’) < &, we have

S8 *

1 ~
EN"LT‘O \\ SEN" Lro W,S 4
s~ Lron (We) S D TG sup 0408, 9) (W5 5) “
S5
and
Es~pn Lrop(Wi) < Esopn Lrop(We; S) + C - sup 3(S,5"): )
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Proof of Proposition A.3. Let S and S’ differ in one example, and z’ = S’\ S.

Es~pn (Lrob(wt) — Lyon(Wy; 5)) = Esupryopntt [(brov(Z', We) — lrop (2, WE))] . (6)
Combining Lemma A.2 and Equation (6) we get
Esnn (Lroo(W) = Lrop (Wi S) ) SEsis gy [Co[We= Wi lo ming 1L, rop (2, W)}
Based on the definition of § 4,
Eson (Lro(We) = Lyob(Wi; S))
< Cy - sup 64(8,8')-E
)-

S~S’

< C, - sup 64(S,9
SN /

SU{z'}~Dn+1 min{1, £,0p (2, W)}
min{1, Es~pn Lyos(W¢)}.

Simplifying this inequality, we get
1

1—C, - sup 64(S,95)
Sns

Escpn Loy (W) < Egapn Lyob(We; S)

and

Es~pn Lroy(Wt) < Esapn Loy (W3 ) + Cy - sup 64(S,S").
S~S7

O

The following lemma gives the weakly convex property of the robust loss (by considering the special
case of 5; = 0).

Lemma A.4. Given any data (x, y), for model with weight W, let X(W) € B(x) be an /3;-optimal
adversarial examples such that £(y f (X(W), W)) > ~mém(x) L(yf(X, W))— 1. Then for any two weight
xeb(x

matrices Wl, W2 € R we have

g((i(w2)7y)aw2) Z g((i(wl)vy)vwl) + <VW€((i(W1)7y)7W1)7W2 - W1> - ﬁ ||W2 Wl”%

\/7
Proof of Lemma A.4.

f((i(WQ) ) WQ) - E(( ( )’y)? 1 <VW€(( >7y)7wl)7w2 - W1> +61
=0(yfw2 (X(W?))) = Ly fwr (R(W1))) — <wa(( (W), ), WH, W2 = Wh) + 3,
> max ((yfw2(X)) — Ly fw (RW)) = (Vwl((R(W'), ), W), W2 = W')

XeB(x)
(By definition of 51-optimal adversarial examples)

>0y fw2 (X(W1))) = Ly fwr (RW))) = (Vwl((R(W?), ), W), W? — W)

>0 (yfwr RW)) - (yfwe (RWD) = yfwn (R(W))) = (Vwl((X(W), ), W), W? Z€W1> :
1S convex

=y for (W) D s (S((W2W'))) = B((wh. X(W1))) — ' ((wh KW))) (w2 — wh Z(W1)))
— 1€ (yfwr (X(Wh)))| Z Lm ‘ g <W§ - W;7>~<(W1)>2 (¢ is H-smooth)

> G W= WTROV (Lemma A.1)

=" %W - W5, (RWl2 < C)

O
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The following lemma tells us the gradient has a universal upper bound.

Lemma A.5. For any data (x, y) and any weight matrix W,
IVwl(yf(x; W))l|r < Cs.

Proof of Lemma A.5. Since Vw/(yf(x; W)) = [0'(yf(x; W))yas¢' ((ws, x))x] 1,

IVwl(uf (s WIE = | D 10w f (x W))yasd (W, x))x|3

s=1
< =G U(yf(xs W) (Jas| = 7=.¢" < L |Ix[2 < Ca)
< C,. (Lemma A.1)
O

B Missing Proofs in Section 3.1

Now we give the uniform argument stability upper bound.

Theorem B.1. (Restatement of Theorem 3.1) Let S and S only differ in the i-th data. W and
W¥) denote the weight matrices returned after after running Algorithm GD for 7" iterations on .S and
S| respectively. Then we have

. 2HC2nT 4C2 2 T4+1 2
[Wr = W[5 < e (4czn2<T +1)+ D g 1)) .

Proof of Theorem B.1. For any weight matrix W and any perturbation of the j-th data X; € B(x;)
(j # 1), define Lg\i (W;{X;};4) = = > £(y; f(X;; W)) to be the loss of the (perturbed) data set
J#i

without including the i-th data. Let X;(W,) denote the 3;-optimal adversarial example of x; given

W, and X; (Wii)) denote the 3;-optimal adversarial example of x; given Wti). We first show that the
gradient is an “almost” monotone operator, which is derived from the weakly convex property of the
robust loss (see Lemma A .4).

HC? i ~
Pt 2\/m||wt o Wg )H%‘ + Ls\i(wt; {xj(Wt)}j;éi)
1 HC? . ~

J#i
! % @ i < i i i
202 V(yﬂ‘f("j(wg W) + <wa(yjf(Xj(W§ W))Wy — Wi )ﬂ (Lemma A.4)
J#i
=L (W] (55 (W] )) + (VL W75 (55,000 ), We = WD)
Similarly, we get
HC?
2y/m
ZLS\i(Wt§ {)N(j (Wt)}j;ﬁi) + <VWLS\i(Wt; {ij (Wt)}j;éi),wgi) o wt> .

Bi + Wy = W2+ L (W5 {x; (W)} 20)

Adding these two inequalities together, we get

<VWLS\1(W1E,Z)5 (WD} j20) — VwLgn (We; {&; (W) o), We — Wt>

HC? ;
T Wi = Wi ™

> =283 —
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Now we start upper bounding |W; — ng) |-
[Weer = Wil 7
- n -
=IWe = nVwLgvi(Wes (X5 (We) bje) — - Vwl(yif (Xi(We); We))

i i), rs i n = i i
= Wi nVw Lo (W {55 (W) 0) + - Vel F(RWS): WD) [

2nC,, 2
n

(Lemma A.5)

< (nwt — 9VwLg (Wi (R (W) }izi) — W+ VL (W5 {5 (W)} 20)

T+2 - i i), r= i
< IWe = VWL (Wes (%5 (W) }jzi) = Wi 9w L (W3 (% (W) o) [

417202

+(T+2)—= ((a+b)* < (L+p)a®+ (1 +1/p)b* forp > 0.)

T+2

T+2 i
= W= W lE 4 e IV L (Wes {85 (Wa)dj) = n¥wLisns (W15 {55 (Wi) )0l
T+ 2

— 25 1 <Vst\7( DR W Y zi) — VL (Wes {Z5(Wo) b i), WL — Wt>
4 202
+(T+2) L=

T—|—2
_T+1

T+2 T+2 2HC? i 202
4PC2 + D[ We — W2 + (T +2)2

4
T Cet g W+ =2
(Lemma A.5 and Equation (7))

W, — W2+

T+2 2HC’2

[ — (1 +

T+1 vm
2HC?

Define v = (1 + 1), then the inequality above can be written as

i 202
DIV~ Wl + P2+ 450 + (74 )LL),

T+2
T+1

. . 202
W1 — W12 < 4w, — W2 4+ (477202+4ﬂ1n+(T+1) )

Dividing both sides by ~!*!

[Weir = Wil _ [We = WillE | T2 40PCF + 4B + (T + 1) 27

A+ = At T+1 At
Summing up this inequality for¢ = 0,1, ...,7 — 1, we obtain
2,2 2c:
()12 T T+24T]C —|—4ﬂ177+(T+1)7
||WT - W ||F = Z T+1 ,Yt—',-l
T 2,12
vt T+2 9 2 An°Cs
C;+4 T+1
ST T+1( 4+ (T + 1) ==
T+2 4n*C?
< (T + 1)TT1 <@fc2+4&n+«T+1) )
T+2 1 2H(C? an*C?
T+1 T+ —== 4n°C2 44 T+1
= (T )G ) (402 g+ (7 + )
2HC r]T 4 202
<(T+1)e-e (477202 +48in+ (T'+1) ) 14z <€)

2HC2nT

40202 (T
_ R @@ﬁ@+n+(wwﬁ+)

+4B1n(T + 1)) :
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2HC2nT
The proof of Theorem 3.1 is immediately obtained from Theorem B.1 by observing TV < el

Next we give an optimization guarantee. We show that when 7' is sufficiently large, the robust training
loss can approach the adversarial regularized empirical risk minimization oracle. We do not need
early stopping in the Theorem below.

Theorem B.2. After running Algorithm GD for 7T iterations, we have

HC? C?

min Emb(Wt;S)< min fmb(W; S) +

< . N T
0<t<T WeRIX 2y/m(1 — (1+HC n)T+1)

Proof of Theorem B.2. For any given W, we have
W — W[5
=[[W — W, + nVwL(Wy; {K:(Wo) Yo |1 F
=W = WellF + 02 Vw L(Wes {Zs (We) o) 17 + 20 (VwL(Wes {Xi(We) Fp), W — W)
HC?%p

T I + 20Lrob (W3 S) — 20L(Wes {Ki(We) 1y

(Lemma A.5 and Lemma A .4)

<|W = W[ + n?C2 +

02

= tiF n T)Lirob — 0 ty 1 Xi t)fi=1
(1+ NG TYIW = Wi |2 + n2C2 + 20L,00(W; S) — 20L(We; {&i(We)}y).
Dividing both sides by (1 + %)t“ we get
W= Wil _ W= W7 n*C; 21)(Lyob (W3 ) — L(Wes {X:(We) }i 1))
(1+ 2%y~ (14 2y (14 ELen 1+ By '
m
(3)
Taking the sum for ¢ = 0, 1,...,T we get
rob W S 2 202
2n Z Hc2 it + W= Wollz +Z Hf’i Jer
L(Wy; {X; (W)}
gy 2 {Hc g ®
o (1+ Ve )
T 7
Z rob Wta Bl
HC?
— (1+ f”)t+1
T 1 T 3
Lo 1
> -9 . - - _ .k
_2n02]t‘lélTLT‘0b(Wt7S) ; (1 + H\/C‘én)t+1 2”; (1 + H\/C'é’r])f_;’_l
Simplifying the above inequality, we have
N HC2 c?
Ognn LTOb(Wt?S) SLrob(W;S)+2 1 7 ||W7WO||%‘+T”7+51
vm(l = ——)
(A+—7=)"
O

Theorem 3.2. Define a1 (1, T) := O(C2nV'T + C21L + C,\/FinT). Assume that the width of the
networks satisfies m > H2Cin?(T +1)2, and o1 (1, T) < 1. Then, after T iterations of Algorithm 1
with GD, we have

3 17&1(777 ) 1 027’]
min  Egupnégen(Wy) < ———D" 2 |Eg pnAQacte 4 Z2l 4 ’
[§51<t<T s Egen(We) < 1—oy(n,T) | P75 2 A
and
1 0277
EgwpnLyop (W E— P . Aoracle z .
OI<I}‘1§T s~ Lrop(We) < 1—ai(n,T) { S~Dn RS Ty +51}
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Proof of Theorem 3.2. Define to := [35] and k := T@ From equation (9), we have
2 rob W S W_W 202
Z Hc2 it + 0HF+Z “ (1 + HC2n nyetL
.
L(W; {Xz Wi)is,)
>
2n Z ( HC n)t+1
t=to \/7
rob Wta 61
>2 Z HC 7] t+1 '

t=to

Taking minimum over all weight matrices W,

T
Z ktJrl (Erob(wt; S) - /81)
t=to
T

(Z k1 Lyop(W; S) +

t=0

<min ”W

2

- Woll%

W — Woll%

T 2
nC; t+1
+D 5k
t=0

)

2n

M=

kit omvén Emb(W; S)+

-
Il
=]

IN

T
277 Z kt+1

(W — Wo|%

N Czn
2

t=0

(m > H?Cin?(T +1)%)

Kt mv\i/n (Emb(w; S)+ |

)

Taking the expectation on both sides, we get

Z Lt

t=to

C2n
2

IN

1~ 1+

kt+1 . (A%rade +

t

Il
=

(t min Eg.pn Lrob(wta S) —
0>

<t<T

Simplifying the equation above, we get

min ESN’D"Lrob(Wt, ) § 61 + =0

to<t<T

n(T+1)

Czn
2

T
< Z kt+1 (ES~’D”Erob(Wt§ S) - 51)

t=to

T
< Z kt+1 . (ESNDnA%raCIe +

#)

Czn
2

N
EkJr C?n

> (10)

)

. <]ES D"A%racle +
g: kt+1

t=to

<B+ (Z
9
§ 61 =+ (Z 61T0> . <ESND"L A%racle +
r=0

< B+ 17 (ESNDnA%Tade +

https://doi.org/10.52202/079017-0515

T+1

1\" 10
)

2 Czn

2

(

r=0

) . (ESNDTLAC;&CIE + >
Cin
2
(m > H*Cin*(T 4+ 1)?)
Cin

'

2
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Equation (4) gives us for any t < T, Eg.pn&gen (W) < MESNDTL Lrob (Wy; S). Therefore,

= 1l—ai(n,T)
041(777T)
2y B cyen (W) < 720 0 1o B Lron (Wi )
ar(n,T) acte | C21l
< — 77 7 17 EN nAorace —xl .
< r2y (17 (B4

The proof of the second statement takes a similar approach. Following the same procedure, we can
replace ¢y by 0 in equation (10), and get

C2y
min Eg.pn Lmb(Wt, S) < Egopn Agmcle 4+ ==

0<t<T - 2 + 5

Combining with equation (4),

1
i n < — ~pDn Lo ;
OE?TES”D Lyop(Wy) < o T) OglgTEs D Lrop(We; S)
1 C?n
< E N 7LAora.cle x .
_1—041(77,T)< sprBs T +ﬂ1)

O

Corollary 3.3. After T < O(min{n?, %}) iterations of Algorithm 1 with GD using a step size of

n=6( & \F) on a network with width m > Q(T), for any weight matrix W

C2HW — W0||2F
n VV < —|— —_— —— .
r<r}51n EgND Lrob( t) 1. ].L,«ob( ) O ( f ) + O (\/—)

Proof of Corollary 3.3. Under the conditions of the corollary, we have m > H2C2n*(T + 1)?, and
ai(n,T) = O(C2V/T + C2"L + C,+/BinT) can be small enough so that Ty < 1.1 Then
it is clear that this corollary is a special case of Theorem 3.2. O

We now extend the previous ideas to stochastic adversarial training.
Lemma B.3. After 7T iterations of Algorithm 1 with SGD, for any weight matrix W,

HC’2 C?
IW = Wo| %+ =21 4 3,.

min (érob(zt—i-hwt) - érob(zt—i-lvw)) 9

0<t<T T 2¢/m(1 - %2)

HCzn YT+1
Vm

Proof of Lemma B.3. The proof proceeds similarly as Theorem B.2.
W — W7
=W = W, + nVwl((Xe1(We), %e41), Wo) |7
=[IW = We||% + n?[| Vwe(( it+1(Wt) Y1) Wo) |7 + 20 (Vwl((Xes1(We), yer1), We), W — W)
HC -
<IW = Wel[5 +1°C + \/» ||W W% + 20lrob(Zeg1, W) — 200((Res1(We), yes1), We)
(Lemma A.5 and Lemma A .4)

HC?n
Jm

Dividing both sides by (1 + %Tin)t“’ we get

<(1+ )HW Wel|% + 10°C3 + 20lrob (2641, W) — 20y (2641, W) + 21

W — Wt+1||%«“ < W — Wt||2F 77202 + 20lrob (2t 41, W) — 20l (Ze 41, We) + 27)ﬁ1

HC? - HC? HC?
(1+ \/n%n)t-u (1+ \/%W)t (1+ rﬂ)t-f-l
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Taking the sum of the above equation fort = 0,1,...,T"

T 202
w1 S P
[W —Wollz + (14 HC2ny+1
v m

t=0
T
érob(ZtJrlaWt) - frob(ZtJrl,W)
2200 S i an
t=0 Jm

- i OI_<1}51§HT (Erob (Zt—i-l 5 Wt) - Erob (Zt—i-l 5 W))
- 7] (1 + Hcgn)t_;'_l
t=0 vm

m

Simplifying the above inequality we have

in_ (£rob( W) — Lrob( W)) < G W — Woll7 + Cen +5

min (byop(Ze41, — Lrop (241, < — )

o<p<r ORI T bl%t+1 PN ——— ollp + — 1
(t+=7=)"+

O

Theorem 3.4. After T iterations of Algorithm 1 with SGD on a network of width m > H2C2n*(T +
1)? we have that for any weight matrix W,
W —Wo|% | Cin

. ) < 2 |
OISI?SHT E{Zl,...,lt}N'D Lrob(wt) > Lrob(W) + n(T + 1) + 2 + ﬁl

Proof of Theorem 3.4. Taking the expectation over S ~ D" on both sides of Equation (11), we
obtain

T 22
2 n-C; + 218
HW7W0HF+Z( Hcgﬂ)t_t,-l
t=0 Jm

T
2277 Z E{zl ..... 24 }~Dt Ezt+1~D£r0b(Zt;g2Wt) - ]Ezt+1~'D€rob (Zt+1 5 W)
(1+ 2y

—9 L E{zl,...,zt}N'DtLrob<Wt) - Lrob(w)
- nz HC2nv\p11
(1+ W) *

T min E{zl,.“,zt}NDtLrob(Wt) — Lrob(w)

0<t<T
22772 — HC?
t=0 (1+ 7\/,,%77)“1
Simplifying the above inequality, we get
HC? 0277
minEz...sztLrobw < Lrop(W) + £ W —-W 2+ L —i—ﬂ
0<t<T {z1,.,2e}~D (W) (W) 2/m(l — (HHclgz)TH) ol 9 1
W-—Wl%  C2?
SLrob(W)"’_ |’I’}(T+(i|)|F+ 277+ﬂ1

(m > H?Can*(T + 1)?)
O

C Missing Proofs in Section 3.2

From Lemma A.4, for any p < %, Loy (U) + ﬁ |U — W||% is strongly convex in U. Recall that
the Moreau envelope is defined as

. o~ 1
M“(W; S) = m[}n (Lrob(U; S) + E”U - W”%) :
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The minimizer of the optimization problem above is denoted as
~ 1
U#(W; S) = argmin (Lmb(U; S)+ Q—HU - W||%> .
U 12

We borrow a few properties of the Moreau envelope from Xiao et al. [2024].

v/m

Lemma C.1. For any u < 77z,

1. m“i,n M*(W; S) has the same global solution set as n%\i/n Lyop(W; ).
2. The gradient of M*(W; S) is VwMH*(W; S) = i (W —U*(W;9)).
3. MH(W;S) + AWIE i convex.

2( 42

vm

4. U*(W; ) is —=“2—Lipschitz in W w.r.t the Frobenius norm.

wcz M
6. Lrop(W; 5) — i< < MH(W; ) < Lyop(W; 5)
2<Z_ ﬁ)

7. |IVwM*(W; S)||r < Cs.

Proof of Lemma C.1. The first 5 statements are covered in the proof of [Xiao et al., 2024, Lemma
A.1]. For the statement 6,

~ ~ 1
Lrob(w; S) = Lrob(w; S) + E”W - W”%

~ 1

> mi ; —|U-W]|3
> i (L, (038) + U - WIE )
= MH*(W;S)

~ ~ ~ 1
= Lyop(W; S) + mUin (Lmb(U; S) — Lrop(W; S) + EHU — W||%>

~ - HC? | 9
= Lrob(w7 S) +H1[}H (<VWLTOZ)<W7 S>7U W> 2\/a||U WHF + 2‘LL||U WHF)

(“almost” convex robust loss from Lemma A.4)

~ ' HC? 2, 1 2
> ; — - - U — — U —
> Lon(W38) -+ ujn (~ClU = Wl = 202U~ WIE + LU - Wi )
(Lemma A.5)
- 2
:Lrob(w;s)_ z

G-
v Vm
Now we prove statement 7. For any v € (0, 1), from the definition of the Moreau envelope,

o~

1
Lrob(U#(W; S)a S) =+ EHU#(V\C S) - WH%‘

~ 1
SLrop((1 =)W + 70 (W; 8); ) + 5 [[(1 = )W +7UH(W; 5) - W%
(U#(W; S) obtains the minimum)

R 2
<Lrop(UH(W; 9); ) + Co(1 — 7)|[UH(W; S) — W[5 + ;—MHU“(W; ) — W3
(The robust loss is C,.-Lip from Lemma A.2)
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Simplifying the inequality above, we get

2uC,

UM (W;8) —W]r < .
0w $) - Wi < 35

Lety — 1, we get
1
[VwM*(W; S)||p = ;HU”(W; S) = Wlr < Cs.
O

Next we show a result similar as [Xiao et al., 2024, Lemma A.2]. They use the first-order optimal
condition to prove the result, which only holds for the smooth loss functions. Here we give a different
proof that doesn’t depend on the subgradient, so it can be applied to the robust loss.

Lemma C.2. Let U"(W; S) be any f3,-optimal minimizer of m[}n (Emb(U; S) + ﬁ U — W||%)

For two data sets S and S*) that differ in only one example and any weight matrix W, we have

: 2
UM (W3 8) = U (W SO)||p < ——— 5 ngm
n (ﬁ - 7%)

and

10" (W3 S) — UH(W; 9)|p <

Proof of Lemma C.2. From strong convexity of the regularized robust loss, we have
—~ , 1 .
Lyop(UH(W; 5); 9) + o 10" (W; SO) — W%
"

~ 1 1

> B(W: S): —JU*(W: S) — WI|2 iz (@) E(W: S)|12
_L'rob(U (W78)7S)+ 2[L||U (W7 S) W||F+(2,U, 2\/>)HU (W St ) U (W7 S)HF7

and similarly,
Loy (UM (W; S); SC )+f||U”(W S) - W%

1 HC?

o 2\F)IIU”(W ;) = U (W; 59|17

> Lyop (U (W3 5); SO) + EIIU”(W; SU) = WiE + (5

Adding these two inequalities,

(&~ Ejuws 5) — e ws 5O
<L o (U (W; SD); §)— T (UH SWHZ (UF(W; §); §O) = T, (UF (W 5);5)}
= [0, U (W5 5))— 1 (2, U (W s<l>>>}+%wmb< H(W: 5)) ~Lyop(zi, U (W: 5))]
=% [, U (W5 80)) 23, U (W5 )+ [ 21, UP (W3 ) = 21, U (W3 59|
<200 U (W3 8) U (W3 SO) . (Lemma A2)
Therefore,

2C,

ST (; - %) : (12)
pT

IU(W; 8) = U*(W; SO) | <
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From the strong convexity of the regularized robust loss, we also have
T 7+ . Q). L e . 2
62 2 LTOb(U (W7S)7S)+ﬂ”U (W7S)_WHF

~ 1
_ (Lmbw“(w; )15+ - |UH(W: ) - wn%)
1 HC?

> (— — U"(W; 9) — U(W; 9)|%.
We get |[U"(W; S) — UH(W; 9)||p < |—2. O
2“_2\/%

Now we show an upper bound that is key to bounding the stability of the weight matrix.
Lemma C.3. Forany n < pu < % and any weight matrices W1 and Wy,
Wl _ W2 2
W — nVwMH(W S) — W2 + nVw MH (W 9)||7 < W= = W lIk-

1— 4HC2n
Jm

Proof of Lemma C.3. Define 11 (W) = M*(W;S) — MH(W'; S) — (VwM* (W' S), W — W),

From Lemma C.1, ¢, (W) is i—smooth. From the standard descent lemma of smooth functions, for
any 1 < f,

Y1 (W2 = Vb1 (W2)) < (W) = 2 awein (W) 3

= 1 (W?) = [V M* (W2 ) = VM (W' 9)]}.

. w2 .
Since 11 (W) + AW _ s convex from Lemma C.1,
\ m
2 HCZ

P1(W? — nVwipr (W?))

2 2 1
>r (W) + (Vi (W), W2 — Vi (W?) — W) — W™ - an\;/%(W ) = WHIE
2 (s 1)

:wl(wl) _ ||W2 — WVW\;/E(W2) — WlH%‘
> (3 )

2 MH 2. _ 1 MH 1. 2
Z'L/)l(wl) _ ”W an (W aS) W +77VW (W 7S)HF

\/m
HC?

Combining the two inequalities above,

M*M(W?; 8) — MH (W' S) — (VwM* (W S), W? — W)
=11 (W?) — 1 (W1)

2 " 2. —wl o 1. 2
ngVWM#(WZ;S)*VwM'u(Wl;S)Hirf HW UVWM (W 75) W +77VW]\4 (W aS)”F

v m
HC?Z

Similarly, we can get the counterpart of this equation:
MH(WS) — MH (W2 S) — (VwMH(W? S), W — W?)
>

N3

1 1. 2 2,
||VWMM(W1;S)—VwM“(W2;S)H%‘— ”W _nVWMM(W 75)_W +77VWMM(W vS)H%

A\ m
HC?
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Adding these two inequalities, we get
(VwMH*(W?8) = VywM*(Wh 5), W? — W)
2 W~V w MH (W' S) — W24 Vo MH(W; ) 2

21)||Vw M* (W ) =V M* (W 8) |7~

Vm
HC?
Thus,
W = VWM (W S) = W? 4+ Vw M* (W S) || %
=W = W25 + 0P| VwM* (W' S) — Vw M* (W2 S) 17
— 20 (VwM*(W'; S) — VwM*(W?; S), W' — W?)
<[WH =W E + 02 [VwM* (W S) — VwM* (W2 S) |17
= 2% ||VwM* (W S) — VwM*(W?; )| %
AW — VW M* (W S) — W2 + VwM*(W?; )|
+ Jm
HC?
4HCO2n||W — nVwMH# (W S) — W2 4+ nVw MH(W?; ) ||2
SHWl_W2H%’+ 177” nvw ( ) ) +1nVw ( ) )HF
vm
We get the desired result by simplifying the above inequality. O

Theorem C.4. (Restatement of Theorem 3.5) For any 7 < min{u, %} < %, let W and

Wg) be the weight matrices returned after running Algorithm 1 with Moreau Envelope using .S and
S respectively for T iterations. Here S and S(*) only differ in the i-th data. We have

. 8H021]T 4C
(W = W lff < e (T 41)° ( 4 an i)

Proof of Theorem C.4.
Hwt-&-l t+1 ||F

1 ~ ; 1
=IWe = (W, 0" (Wy; 9)) — Wi

+ n;(Wi” —U* (W, 80|12

1 i 1 i i i 2
< ||wt—n;<wt—U#(Wt;s»—wiwn;(wE)—Uﬂ<w£>;s<>>>|| o e

- 1_ HCGE
wo/m
(Lemma C.2)
" (i) @ _ @ 2Can
<[ IWe —n— (Wi = U*(Wy; S)) — W7 +n—(W U* (W, wﬂ)“F"‘W
pn (Tﬁf)
2
2835
W vm
2
1 ; 1 S 4C,n
g(|wt—nu<wt—w<wt;s>>—wt>+nu<w“ ur(wWi; 9)) ,/ff)

2

T+1 7
((a+b)? < (1+p)a?+(1+ l/p)b2 for p > 0.)
T+2 1

2
(i) 12 A0 | B2
§T+1.1_4}j%nllwtfwt ||F+(T+2)< p +4n R (Lemma C.3)
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Define v = ;—ﬁ : 14+C§n, then the inequality above can be written as
s

2
i i 4C;n B2
||wt+1—w§+>1%m||wt—w§>||%+<T+2>< a2

Dividing both sides by 4**! and summing up the inequality, we get

2
7 T 40@
||wT—w<T>||%s,j_1<T+2>< —= ﬂ)
< AT+ 1)(T +2) (40 +4 ﬁ)

T

2

2
T+2 ) T+ 1 , [(4C.n Bs
== —_— T+1)* | —— +4ny/—
T+1 . 4HC2n ( n
1 T W
4HC2q .
I+ \4{;02 4C ﬁ ? ;
<e 14(T+1)2<””"+4n 2) L <et9)
n n -
, 2
S8HCInT
<tV 1)’ ( iy %) 0 < g
O
. . . 1+8HC§T,T
The proof of Theorem 3.5 is obvious from Theorem C.4 by observing e vm < e,

We have the following corollary by combining Theorem C.4, Lemma C.1-6 and Proposition A.3.
Corollary C.5. Assume the width of the networks satisfies m > H2C4n?T?. After T iterations of

Algorithm 1 with Moreau Envelope with < min{u, %} < Qg@g , we have

MH*(Wr; S) + Cap

1 - e5C,(T + 1) (—407;" + dn, /%)

Esapn Lyrot(Wr) < Egopn

and

n

4
Es~pn Lrob(Wr) < Egopn M*(Wr; S) + Cop+ €*°Co(T + 1) ( & o ﬁ) .

Now we derive an optimization guarantee of optimizing the Moreau envelope.
Theorem C.6. Assume the width of the networks satisfies m > H2Cn?>T?. After running Algo-

rithm 1 with Moreau Envelope for T iterations with n < p < we have

.
2HC2>

min  M*(W¢; S) < min (Lmb(W S) + —HW Wol|% +277(T+1)B2)

1<t<T w

Proof of Theorem C.6. From Lemma C.1, M*(W; S) is i smooth, so
MH* (W15 S)
1
SM”(Wt, S) + <Wt+1 - Wt, VWMM(Wt; S)> + EHW¢+1 - Wt”% (13)
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From the weakly convex property Lemma C.1-3,

M*(W; S)
w i HO:% 2
iz iz iz HC% 2
== M (Wt, S) + <VWM (Wt, S),W - Wt+1> + <Wt+1 - Wt, VWM (Wt, S)> \/7 ||Wt WHF
i " 1 , HC? 5
> M¥(Wii1;8) + (VwM* (Wi 8), W — Wiy) — ﬂ”wﬂrl = Willp — NG Wi — W%
(equation (13))
1 1 HC?
> M" (W13 S) + " (Wip1 = Wi, W — W) — 27}||Wt+1 - W% - \/»w [We — WIJ%
(e =>mn)

1 ~
- EHUH(WHS) - UH(WtE SF - Wepr — Wp (Lemma C.1-2.)

1 1 HC?
> M* (W13 S) + p (Wepr = Wi, Wi = W) — %||Wt+1 - Wil[% - Jm W — W%

B2

-2 [Wepr — Wp.
L

(Lemma C.2)

From the inequality above, for any weight matrix W,
[Wesr — W%

=Wy = W% = Wi = Wil + 2 (Wepr — Wi, Wepy — W)

2HC? /
SIWt—WII%+<277M“(W;S)—277M“(Wt+1,) \anWt WIE + oy [ = [Weer — WIIF>~

Simplifying the above inequality and combining with Lemma C.1-6 gives us

2H02n
wtﬂ—wn%s< po )nwt W||F+4n,/ R —

+ 2"7L7‘ob(\V S) - 277MM wt+17

2HCZn
< (14 220w Wi+

+ QUErob(W; S) - 277MM (Wt-‘rl; S)

Bo
——|[Wep1 = W[5+ 49*(T + )/L

Thus,

1 2HCO2y
Werr = Wi < (14 1) (1 2220w, - wi

w20 (1t 1) (TonWss) = A (Weni$) 20T+ 02 ) 19

t+1
Dividing both sides by (1 + %)Hl (1 + 21:(/(12 ) and summing up the inequality for t =
0,1,...

,T'— 1, we get

R W — Wol2
1121<I1TM“(W15,S) SLrob(W§S)+277(T+1)&+ ||T OHF
27 (1+ 7) '

< Drop(W: S>+—||w wo||F+2n<T+1>%
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Theorem 3.6. Define aa(n,T) := O(C’g% + CunT %) Assume ay(n,T) < 1. Then, after

T > 8 iterations of Algorithm Moreau Envelope with step-size 7 < p on a network of width
m > H?C4n?T?, we have

. 550‘2(777T) 1 2 62
Egpnegen(Wi) < — 202 ) g pn A2 4 02 4 9(T + 1
o Esopneg (We) < T (1) | 887+ Cont n(T + )
and
oracle 2 ﬂ2
1r<ntl<nTES~D"Lrob(Wt) S T T) {ESND"A +Cop+2n(T + 1) M]
Proof of Theorem 3.6. Define to := [95] and k := 1 Dividing both sides of

(1+2) (1+2Hff > .
2HC2n

t+1
and summing up, we have
f ) g p’

equation (14) by (1+ %) (1+
( ) Zkt (Amb (W3 8) +2n(T + 1>/32> + W = Wol%

1 t 4 .
> (1 + T) Z kMM (Wy; S).

t=to

Taking minimum over all weight matrices W,

( ) Z k! ( rob(We; §) — C;"u)

t=to

<2 < 1> Z kMM (Wy; S) (Lemma C.1-6.)

t=to

< min <2n( )Zk ( robws)+2n(T+1>52>+||w—wo%>
SQ??( )Zkt mm( rob(W; S) +f|\w W0||F+2n(T+1)ﬂ2>

_ l t oracle 62
=2 <1+T> ;k (A +2n(T + )ﬂ)

Taking the expectation on both sides, we get

T T
Z kt ( min ESND"Lrob(Wh S) - Cg,u) < Z kt (ESND"Erob(Wt; S) - Ciﬂ)

to<t<T
t=to t=to

T
<>k (Eswn AZEe 4 9p(T 4+ 1) %)

Simplifying the equation above, we get

T

>k 8
Join Es~pr Lyob(Wis S) < C2p+ 21 (IEISNDHAW‘C“e +2n(T +1) 2) (15)
0>

>k

t=to

9 rL
1 10
<C2u+ (Z <k> ) (ESND AZale L on(T + 1)%)

r=0
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9
< C?%u+ (Z 6?6‘> <]ESNDH Agacle L on(T + 1)ﬂ2)

r=0
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Equation (4) gives us for any ¢ < T, Egpnégen(Wi) < %ESNDW Lo, (Wy; S). Therefore,

042(77aT)
W22 Bsrocqen (W) S 707y oy, B Lroa (Wi §)
az(n, T) 2 1 B2
—————— [ Cip+ 55 | Egupn AG° + 2n(T + 1
_1—a2(777T)( " P + 20l +)u

The proof of the second statement takes a similar approach. Following the same procedure, we can
replace ty by 0 in equation (15), and get

oD, B~ Lrop(We; S) < Egapn AZ™ 4+ C2p + 2(T + 1) ba

Combining with equation (4),

1
i Es~ "Lro PN Y ~Dntro )
ogmtlgT §~P o(We) 1—ae(n,T) or<%1<nTES P L b(We; 5)

1 Ba
— (Esupe AT 4 O 4 2(T + 1
_1—0&2(777T)(SD S Con o+ 20 +)u>

O

Corollary 3.7. After T' < O(min{n?, P —1=}) iterations of Algorithm 1 with Moreau Envelope with

step-size n = u = O( )ona network of width m > Q(T'), we have for any weight matrix W,

cgﬁ

CZIW — Wy 7 1
o < Zzll TP TONFE _
12@ Es~p L7ob(wt) L. 1L7ob( ) +0 < \/T +0 \/T :

Proof of Corollary 3.7. Under the conditions of the corollary, we have m > H?C4n?T?, and
as(n, T) = 0(03% + ConT '82) can be small enough so that + < 1.1. Then it is

(n,T)
clear that this corollary is a special case of Theorem 3.6. O
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NeurlIPS Paper Checklist
A. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We further expand on the claims made in Abstract and Introduction in Section 3.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

B. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The paper discussed the limitations in the Conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

C. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The paper provide the full set of assumptions and a complete and correct proof
for each theoretical result. Please see Appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

D. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

E. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: The paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
F. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
G. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
H. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

1. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conform with the NeurIPS Code of Ethics
in every respect. The theoretical nature of the results means there are minimal ethical
concerns.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
J. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: The societal impacts of the paper is overall positive.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

https://doi.org/10.52202/079017-0515 16191


https://neurips.cc/public/EthicsGuidelines

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

K. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

L. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

M. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

N. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

O. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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