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Abstract

Finding specific preference-guided Pareto solutions that represent different trade-
offs among multiple objectives is critical yet challenging in multi-objective prob-
lems. Existing methods are restrictive in preference definitions and/or their theoret-
ical guarantees. In this work, we introduce a Flexible framEwork for pREfeRence-
guided multi-Objective learning (FERERO) by casting it as a constrained vector
optimization problem. Specifically, two types of preferences are incorporated into
this formulation — the relative preference defined by the partial ordering induced
by a polyhedral cone, and the absolute preference defined by constraints that are
linear functions of the objectives. To solve this problem, convergent algorithms
are developed with both single-loop and stochastic variants. Notably, this is the
first single-loop primal algorithm for constrained optimization to our knowledge.
The proposed algorithms adaptively adjust to both constraint and objective values,
eliminating the need to solve different subproblems at different stages of con-
straint satisfaction. Experiments on multiple benchmarks demonstrate the proposed
method is very competitive in finding preference-guided optimal solutions. Code is
available at https://github.com/lisha-chen/FERERO/.

1 Introduction

Many machine learning tasks inherently involve multiple objectives, which can be different perfor-
mance metrics such as accuracy, fairness, and privacy; or, the same metrics defined on different
data [52, 42]. To tackle such multi-objective problems, it is common to learn a shared model that
simultaneously performs well on all the objectives. Compared to learning one model for each objec-
tive, learning a shared model has the benefit of reducing both the model size and the inference time.
This can be achieved through multi-objective optimization [52, 59, 35], which is to learn a model that
minimizes the vector-valued objective. In practical applications, it is of interest to learn solutions
with controlled trade-offs or preferences. To further illustrate, we give two examples below.

In fairness-aware machine learning, a trade-off exists between the fairness ft,i.(f) and accuracy
face(0) [42, 371, see also Figure 1a. With  denoting the model parameter, and C' denoting the partial
order cone, to find the optimal models that consider different trade-offs, one can solve the following
problem with different thresholds e [9]

maximizec (face(6), frair(0)) " s.t. frair(0) > €. (1.1)
Another example is in drug or molecule design, where the goal is to design drugs or molecules with

multiple desired properties f1(6), f2(6), ..., far(0). Aiming to align the values of the properties F'(6)
with a predefined preference vector v as in Figure 1b, one can solve the following problem [40, 1, 61]

maximizec F(60) == (f1(0), ..., fu(0)) " st. BF(6) = Bv, Bu=0 (1.2)

where B € RM=DXM g f]] row rank.
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Table 1: Comparison to existing methods. “Flexibility” represents preference modeling, such as
by using weights, preference vectors (rays), or constraints. “Exactness” represents the ability to
align with a preference vector exactly. “Deter.”, “Stoch.” represent deterministic and stochastic,
respectively. “X” means not provided in the corresponding work, and “-”” means not relevant.

Method Preference Controlled  Single Convergence
Flexibility Exactness ascent loop Deter. Stoch.
Linear Scalarization weight - X v Tt T3
(Smooth) Tchebycheff [32] weight - X v non-asymptotic X
PMTL [33] inequalities (absolute) X X X asymptotic X
EPO [41] r~ ! ray (ratio, absolute) v v X asymptotic X
(X)WC-MGDA [44] shifted ray (absolute) v X X X X
1
FERERO (ours) relative & absolute v v v 71 T 2
Then a natural question arises: S . ! ”
q . L / " preference
|0 /] 7 vector v
Can we develop P \pareto front S _
. . . -
a principled framework to capture flexible | e | Seair ‘- fi
preferences and admit provably convergent
deterministic and stochastic algorithms? (@) (b)

. o . Figure 1: Illustration of preferences in different ex-
Our answer to this question is affirmative. Rec-  amples. The solid red curves represent the Pareto

ognizing that all the aforementioned applica- front, dashed lines represent preference constraints.
tions can be addressed within a unified frame-

work, we formulate preference-guided multi-objective learning (PMOL) as a constrained vector
optimization problem. Specifically, given a model § € R, and the objectives f,, : R? = R, m =
1,..., M, we define the constrained vector optimization problem as

min F(6) = (A(6)..., fu(0)", st G(6) <0, H®) =0 (PMOL)

where G(6) and H (#) are the vector-valued preference constraints such as the examples in (1.1)
and (1.2). Here “<” and “=" are element-wise relations on the vectors, with each row representing
one constraint. In these examples, the preferences are directly defined in the objective space, as
intersections of half-spaces defined by the hyperplanes; see Figure 1. Thus, G(-) and H (-) in (PMOL)
can be expressed as linear functions of F'(), given by

G(0) = ByF(0) + by, H(0) = BLF(0) + by, (1.3)

where B, € RMa*M B, e RMixM and b, € RMs b, € RMn. Different B, By, by, by, corre-
spond to different preferences, and thus different trade-offs among the objectives.

A comparison of our methods to existing methods is summarized in Table 1. Specifically, our
contributions are listed as follows:

C1) We cast the PMOL problem as a constrained vector optimization problem, and develop the
FERERO framework to capture flexible preferences.

C2) Under the FERERO framework, we develop a meta primal algorithm with a unified subpro-
gram adaptive to both objectives and constraints to meet flexible preferences, eliminating
the need for multiple subprograms under different active constraints.

C3) Under the FERERO framework, we develop a practical single-loop algorithm with non-
asymptotic convergence guarantees. To our best knowledge, this is the first single-loop
primal algorithm in constrained vector optimization with convergence guarantees.

C4) We apply the proposed algorithms to various synthetic and real-world image and speech
datasets to demonstrate its ability to find flexible preference-guided optimal models.

In our theoretical analysis, we address the following technical challenges.

T1) The commonly used constraint qualification assumptions do not generally hold for the
PMOL problem. We overcome this challenge by leveraging the specific structure that the
constraints are linear functions of F' to prove the calmness condition holds for PMOL. See
more details in Lemma 2.

T2) The convergence of the single-loop algorithm is slower with the commonly-used merit
functions. We provide a sharper analysis by introducing a different merit/Lyapunov function
and exploiting the algorithm properties under additional assumptions. See Theorem 3.
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T3) The convergence analysis often relies on assumptions on bounded functions or bounded
constraints. We remove such assumptions by applying similar techniques in [7] with proper
choice of Lyapunov functions, and exploiting algorithm properties. See Theorems 2 and 3.

2 Problem Setup and A Meta Algorithm

To characterize the optimality conditions of PMOL, we introduce the generalized notion of dominance
and the related concept of optimality. We then present a meta-algorithm to solve PMOL.

2.1 Problem setup and preliminaries f2 f2

We first introduce optimality definitions for o ®

PMOL that go beyond the standard definitions Pareto front f

of Pareto optimality [15, 11, 36]. Given two fi, 1,
vectors v and w, we use v < w and v < w to

denote v; < w; for all 4, and v; < w; for all 4, (@ (b)
respectively. We use v < w to denote v < w  Figure 2: Illustration of C 4-dominance. The solid
and v # w, and define >, >, > analogously.  red curves are the Pareto fronts, green dots are the
Definition 1 (C 4-dominance [12, 27]). Given Teference points, gray shaded regions are the set of
v,w € RM, A € RM*M and Cy = {y € objectives dominating the reference points, under
RM | Ay > 0} # 0, we say v strictly domi- different C'y in (a) and (b).

nates w based on C 4 if and only if A(v — w) < 0.

The generalized dominance defines a partial order on RM  i.e., the relation between two vectors.
Mlustrations of different partial orders are given in Figure 2. Figure 2a shows the dominance relation
under the widely used non-negative orthant cone with C'4 = ]Ri‘(f , corresponding to Pareto optimality.
However, as illustrated by the figure, given the initial green reference point, a descent method such as
MGDA [15] cannot find points on the Pareto front but outside of the gray shaded region. This poses a
critical challenge for applications where specific preference-guided solutions on the Pareto front are
needed. Nevertheless, this issue can be addressed by substituting Rﬂff with a more general definition
of C4 as displayed in Figure 2b. Under this partial order, a general descent method is able to reach
any points on the Pareto front starting from the green reference point.

Based on the partial order, one can then find the minimum or optimal elements in the vector-valued
objective space, whose formal definition is provided below.

Definition 2 (C 4-optimal). A point 6 € RY is C 4-optimal if there is no 6’ # 0 such that, AF(0") <
AF(0). A point 0 is weakly C a-optimal if there is no 0’ # 0 such that, AF (') < AF(9).

Note that, C'4 is a polyhedral cone, or the intersection of half-spaces defined by the rows of the
inequality Ay > 0. When A = I, an M x M identity matrix, Cy = Rf ={y € RM | Ym >
0 Vm € [M]}, then Definition 1 reduces to the commonly used notion of dominance associated with
Pareto optimality. The cone C4 can be interpreted as a relative preference that defines the objectives’
improvement directions, which generalizes the relative preference defined by Rf . In contrast, the
preference defined by constraints in (1.3) can be interpreted as an absolute preference that defines
the feasible or preferred set of objective function values. In practice, C'4 can be chosen based on
the requirements of specific applications. For example, when the controlled ascent of objectives is
needed [41], we can choose C4 such that the controlled ascent direction belongs to —C'4. We defer
the detailed implementation to Section 3.2. The C4-optimal set, denoted as P4, contains all the
C 4-optimal models. When A = Iy, P, is the Pareto optimal set P. The Pareto front is the set of
function values evaluated at Pareto optimal models, i.e., F = {F(0) | 0 € P}.

We make the following standard assumptions throughout the paper [15, 25, 7].

Assumption 1. 1. (Non-negative objectives) AF(0) > 0, and 1T AF(0) > car > 0 for all § € R
2. (Differentiable objectives) F' is twice continuously differentiable.

3. (Ordering cone with non-empty interior) C' 4 has a non-empty interior.

2.2 Find the preference-guided direction

In this section, we proceed to discuss an adaptive method to solve (PMOL). At iteration ¢, the
algorithm finds an update direction d; and performs the iterative update 0,1 = 0; + a;d; with a
step size . Ideally, the update direction d; is chosen to improve the objective F'(6) and to satisfy
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the preference constraints. It is desirable that when the constraints are not satisfied, d; decreases
the violation of constraints and improves the objectives in the general partial ordering sense; when
the constraints are satisfied, d; improves the objectives and ensures the constraints are satisfied. To
achieve this, we find a direction d*(#) that solves following subprogram

_°c
1T AF(9)
VG(0) d+c,G(0) <0, VH(0) d+ c, H(0) =0

() == min c+%||d|\2 st. AVF(0)Td < AF(0) 2.1

(d,c)E€RY xR

where || - || denotes the ¢5-norm, ¢, and ¢y, are pre-defined positive constants. Larger ¢, and ¢y,
put more emphasis on constraint satisfaction than objective improvement. We call this subprogram
adaptive since it deals with constraints in an adaptive way, which does not require the initial model
to be feasible, nor 6; to be feasible at each iteration. But rather, it finds an update direction that
decreases the constraint violation. Because of this, it neither requires solving different subprograms
at different stages nor requires different treatment of the active set of inequalities as in existing
works [33, 41, 44].

We then show in Lemma 1 that the desired Algorithm 1 A meta FERERO algorithm
properties can be satisfied.

1: Initialize ¢t = 0, 6y, step size {«; }; define A.
2: while ¢(6;) #0 do
: Compute gradient VF'(0;);
4 Compute \; by (approximately) solving (2.3);
5: Compute the update direction
6: dt = —VF(Ht)A;rg)\t;
7.
8
9:

Lemma 1. For the subprogram (2.1), the
following holds:

If 0 is a local optimal solution with
AF(6) > 0, then d*(0) = 0, ¥(0) = 0.
Otherwise, if 0 is not a local optimal solu-
tion, then d*(0) # 0, ¥(0) < 0, and when
0 is feasible,

20(0) < —d*®)* <0. (22

Update 9t by 9t+1 = 9t + atdt;
: Sett =1+ 1;
end while

Let 0 be a weak C 4-optimal solution, with
(AF(0))m = 0 for some m € [M)]. If there exists feasible and non-strictly improving directions at 0
with AVF(0)"d < 0, then d* () # 0, (0) < 0. Otherwise, d* () = 0, )(0) = 0.

By Lemma 1, ||d*(0)|| = 0 is a stationary condition for PMOL. Recall the feasibility condition
requires [G(0)]+ = 0 and |H(0)|ap = 0, where ]+ and | - |41, are entry-wise ReLU and absolute

functions, respectively. And the complementary slackness condition requires /\;T[—G 0)+ =

Thus ||d*(0)]|* + /\ZT[—G(Q)]+ + I[G(0)] 411 + || H(6)]]1 achieves zero if and only if the model
0 satisfies the first-order KKT condition. Besides the properties in Lemma 1, it has an additional
scale-invariant property that is deferred to Lemma 6 due to space limit.

By the Lagrangian of (2.1), the optimal update direction can be expressed in a simple form as a
weighted combination of the gradients, i.e. d*(0) = —VF(0)A],\*, with Aqy := [A; By; By], and

A € argmin ¢(A;0) = %HVF(G)AIQ)\HQ — cg)\;—G(G) —cpj H(0) (2.3)
AEQN(O)

where A = [Af; Ag; Anl, 2 (0) is the domain of the Lagrangian multipliers, given by !
00(0) = ), (0) x RY? x RMr | with Q,,(0) == {A € RY | \TAF(0) = 1],AF(6)}. (2.4)

Our goal is to design an algorithm that converges to a KKT solution based on (2.1). However, the KKT
condition is not necessary unless certain constraint qualifications (CQs) hold. Prior works [20, 33]
assume certain CQs hold, e.g., the Linear Independence Constraint Qualification (LICQ). However,
the LICQ assumption (c.f., [20, Section 3.1, (A2)]) does not generally hold at a local optimal solution
for problem (PMOL), c.f., Example 1 in Appendix D.3.2. Though some commonly used CQs do not
hold generally, in our case, leveraging the specific structure that the constraints are linear functions of
F, we can justify the calmness CQ in Definition 10 tailored for our problem in Lemma 2, thus the
KKT condition is a necessary optimality condition. The proof is deferred to Appendix D.3.2.

'Note that, our formulation and analysis cover the constrained MOO problem with a simplified subprogram,
where {15, = AM  which is detailed in Remark 4 in Appendix D.1.
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Lemma 2. Let § € RY be a global solution to (PMOL). Define %(p, q) == {y € RM | Byy + b, <
D, Bry + bn, = q}. If X(p, q) is a line, the PMOL calmness condition in Definition 10 is satisfied
for (PMOL) at 0 if A € RM*M s full rank, H(0), G(0) defined by (1.3) satisfy [B,l B;] £ 0, and
By, By are full row rank. Consequently, the KKT condition is a necessary optimality condition.
Lemma 2 provides a sufficient condition for the KKT condition to be a necessary optimality condition
without relying on unjustified assumptions. The requirement that the constraint set is a line in the
objective space is common for applications such as alignment to a preference vector.

We then discuss a generic preference-guided multi-objective algorithm based on the subprogram.

2.3 A meta algorithm for preference-guided multi-objective learning

Given the model 6; at iteration ¢, one can then solve (2.3) to obtain \;. The direction d; =
—VF (Gt)A;rg)\t is used to update the model 6; by 0;,1 = 0; + o, d; iteratively until convergence.
The full procedure of this meta algorithm is summarized in Algorithm 1, where Step 4 is a generic
step and can be customized in Section 3.

To establish the non-asymptotic convergence rate, we use the following standard smoothness assump-
tion that has been commonly used in prior works for multi-objective learning [7, 36].

Assumption 2 (Smooth objectives). Forall m € [M], V f,,,(0) is £s 1-Lipschitz continuous.

We then state the convergence result for Algorithm 1 in Theorem 1.

Theorem 1 (Convergence of the generic FERERO algorithm). Suppose Assumptions 1, 2 hold.
Let {0:} be the sequences produced by Algorithm 1, with d; being an e-optimal solution to the

subprogram (2.1). If | A* (6|1 < ex, ap < min{m,cgl,cgl}, and oy = O(1), then

% i [VE(6:) AagX™ (00)1° + X5(0:) " [=G(6:)]+ + [[G(O)]+ Il + | H(0:)], = O(T ™" +¢). (2.5)

stationarity complementary slackness feasibility

Theorem 1 guarantees the non-asymptotic convergence for the generic FERERO algorithm. In
Algorithm 1, \; can be solved through projected gradient descent or Frank Wolfe algorithm iteratively
within an inner loop. In practice, we usually do not need to solve the subprogram exactly. Next, we
discuss the efficient single-loop approximate algorithm based on Algorithm 1.

3 Efficient Single-loop Algorithms

. . . . Algorithm 2 FERERO-SA

In this section, we first discuss algorithm devel-

opment with the approximate single-loop update ~ 1: Initialize ¢ = 0, o, Ao, step sizes {ow, e}

and practical choice of preferences. We focus define A, number of iterations T'.

on (PMOL) with equality constraints only, i.e., 2: fort=0,...,7—1 do

M, = 0. Building upon this, we then discuss 3 Compute gradient VF'(6;);

the stochastic variants of the algorithms that can ~ 4: Compute direction d; = —VF (Gt)A;rg At
5
6
7:

be applied to large-scale learning problems. Update 0, by 0,1 = 60 + ady;
Update )\ by (3.1);

3.1 Single-loop approximate algorithm end for

In practice, if one only requires the converging solutions generated by the algorithm to be feasible,
but not all the iterates, then further approximations can be made to the subprogram (2.3). At iteration
t, to obtain an approximate direction d;, we adopt the following update

Aty1 = g, ()\t — Y Vap(As; 9t))~ (3.1

The single-loop algorithm with the approximate solution is summarized in Algorithm 2. We name it
FERERO with Single-loop Approximate update (FERERO-SA) algorithm.

We make the following additional assumption of Lipschitz objectives to prove the convergence of
Algorithm 2, which is standard in optimization literature.

Assumption 3 (Lipschitz objectives). Forall m € [M], f.,(0) is {;-Lipschitz continuous.
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To prove the convergence of Algorithm 2, we can use the same merit function with ¢;-norm of

H(0;), which leads to a slow convergence rate of (’)(T‘é). See Theorem 2 below and its proof in
Appendix F.2, where the proof follows similar ideas of the proofs of Theorem 3 and Theorem 5 in [7].

Theorem 2 (Convergence of the FERERO-SA algorithm). Suppose Assumptions 1, 2, 3 hold, and
My = 0. Let {0, },{\¢} be the sequences produced by Algorithm 2 with A = I and Q2 ,(0) = AM
(c.f. Remark 4). Assume i, \*(0;), and X(0;) = argminycq. @(X; 0;) + 5||A||*> are bounded.

With properly chosen step sizes o = @(ng ), ¥ = @(T’%), and hyperparameters, it holds that

T-1

1 1

= D IVF@) AT M2+ [H ) = O(T7%). (3.2)
t=0

To obtain a sharper convergence rate, we consider a different merit function with /5-norm of the
constraint H(6;), and under additional assumptions listed below.

Definition 3 (Proximal PL inequality). Define Dy~ ();6) = —2 minyea, {(Vap(Xi0),\ = X) +
% [N = N2 }. We say o(X; 0) satisfies the p,-proximal PL inequality on the point (X, 0), if there
exists some constant i, > 0 such that Dy (X;0) > 11, ((X;0) — ©(A*(6);6)).

Assumption 4. For 6 € {0;:},\ € {\:} on the trajectory of Algorithm 2, the following hold:
1. ©(+;0) is p,-proximal PL in Definition 3;
2. Forallm € [M], V2 f,(0) is {1 o-Lipschitz continuous.

Assumption 4-1 essentially requires some regularity conditions of ¢(+; 6) on the trajectory of Algo-
rithm 2. Leveraging the fact that ¢(+; 0) is convex, it has been discussed in e.g., [28, Appendix B] that
if the smallest non-zero singular value of the Hessian is bounded away from zero, then Assumption 4-1
holds. This could be satisfied when the gradients VF(Ht)A;q have lower-bounded non-zero singular
values on the trajectory. A more detailed analysis of the sufficient conditions for Assumption 4-1 to

hold is left for furture work.

We then provide a sharper convergence analysis in Theorem 3. The detailed proof and choices of step
sizes and hyperparameters are deferred to Appendix F.3.

Theorem 3 (Sharper convergence of the FERERO-SA algorithm). Suppose Assumptions 1, 2, 3, 4
hold, and My, = 0. Let {0,},{\:} be the sequences produced by Algorithm 2 with A = I and
Qa,(0) = AM (c.f. Remark 4). With properly chosen step sizes oy = O(1), v = ©(1), and
hyperparameters, it holds that

T-1

1 _

7 D IVF@) AL + [HO)| = o(T7). (3.3)
t=0

Theorem 3 states that {6;} produced by Algorithm 2 converges to a KKT solution of the PMOL
problem in the general nonconvex case. Moreover, both ||d; || and || H (6;)]|?> converge to zero at a
rate of O(T~1), implying the convergence of both the objective values and the preference constraints.
Note that, the convergence in terms of || H (6;)||? at a rate of O(T~!) is weaker compared to the one
with || H (6;)]|1 at the same rate for Algorithm 1. This is reasonable since Algorithm 2 only uses a
one-step approximate update of \; instead of exactly solving the subprogram.

The stochastic variant. We employ a stochastic variant of Algorithm 2 based on the double sampling
techniques developed in the recent work [7]. The update is given by

Ori1 =0r + VFe, , (0:) Aughe (3.4a)
A1 =lla, (>\z — %@/\90()\1&; 91&)) (3.4b)
Va@(Ai; 00) =AagVFe, ,(0:) 'V Fe, , (0:)Agghe — [0, cnHe, ,(00)7]" (3.4¢)

where V is the unbiased stochastic estimate of the gradient, and &, ; and &; » are two independent
stochastic samples obtained at iteration ¢.

https://doi.org/10.52202/079017-0595 18763



The full description of the stochastic algorithm and its convergence guarantee are deferred to Ap-
pendix G. We provide a converegnce rate guarantee that matches the rate of SGD under additional
assumptions on the bounded variance of the stochastic gradients.

3.2 Choice of relative preferences

As briefly discussed in Section 2.1, the ordering cone and the corresponding matrix A can be specified
according to practical needs. We first discuss how to obtain matrix A for the relative preference given
the set of improvement directions. Then we discuss how to choose the relative preference to allow
controlled ascent update, which is useful for touring the Pareto front [41].

Ordering cone generation. In practice, to obtain the polyhedral cone that defines the partial
order, one can usually first define the extreme rays of the polyhedral cone. We then show how to
convert the extreme ray description of the cone to the half-space description given by matrix A4, i.e.,
Ca = {y € RM | Ay > 0}, by showing how to compute A from the extreme rays.

LetY = [y;---yn) € RM*M be a matrix that contains all the extreme rays of C'4 as its column
vectors, then C’ 4 ={YX| A >0} Leta,, € R™M denote the row vectors of A for all m € [M].
Then all a,,, can be found by a that solves the following linear feasibility program
find st YA=c, ca=0, Y'a>0. 3.5)
a#0,A>0
Choice of C'4 for controlled ascent. If C4 is not pre-specified, and the decision maker wants
to choose Cy4 to allow controlled ascent, it can be achieved with the following procedure. Let
Fy = F(6y) be the objective of the initial iterate of the algorithm, and F}, be the target function
value along the controlled ascent direction. To ensure Fy, — Fy € —C4 for controlled ascent, we
include (Fy — Fiy)/||Fo — Figl| in the set of extreme rays, then take the extreme rays of the convex
hull of the new set to form the columns of Y. Finally, we obtain C 4 by solving (3.5).

4 Related Works

To put our work in context, we review the most relevant literature in (preference-guided) multi-
objective optimization, constrained optimization, with a focus on gradient-based approaches.

Multi-objective optimization (MOO). A straightforward approach of MOO is to use scalarization to
transform MOO into a single-objective optimization problem [43]. Another popular approach focuses
on finding update directions which avoid conflicts with the gradients of the objectives [52, 59, 35].
A foundational algorithm in this domain is the Multiple Gradient Descent Algorithm (MGDA)
[15, 17, 11, 36], which dynamically weights gradients to find a steepest common descent direction
for all objectives. Later on, variants of MGDA are developed, which are discussed in detail in
Appendix B.1 and [7]. However, solutions based on MGDA usually cannot capture pre-defined user
preferences that represent various trade-offs on the Pareto front. This motivates the development of
preference-guided multi-objective optimization methods.

Preferences can be modeled through weights or thresholds assigned to different objectives [43]. For
example, scalarization-based methods use the ¢,-norm of the weighted vector-valued objective to
convert the vector-valued objective into a scalar-valued objective, e.g., Linear scalarization (LS),
Tchebycheff scalarization; see e.g., [32]. Then the problem can be solved by single-objective
optimization on the scalar objective. The e-constraint methods enforce threshold constraints on
different objectives, then solve the problem by constrained optimization; see e.g., [9]. More recently,
preferences have been modeled by preference vectors defined in the objective space. Then the
problem can be formulated as finding Pareto optimal solutions satisfying the constraints defined by
the preference vectors [33], or optimizing the distance to the preference vectors [41, 44]. The key
difference between FERERO and these works is that FERERO can capture more flexible preferences
based on a general partial order, and general inequality/equality constraints. Moreover, we provide
convergence rate guarantees for the proposed algorithms. A detailed comparison is summarized in
Table 1 in Section 1 and Table 5 in Appendix B.2.

Constrained optimization. Constrained optimization methods include primal methods, penalty and
barrier methods, and primal-dual methods [4, 39]. Our proposed method is related to the primal
method that finds an update direction to ensure the models are feasible and improving along the
optimization trajectory. To address the limitation that it usually requires a stage-one procedure to
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Figure 3: Converging solutions (blue dots) and optimization trajectories (blue lines) on the objective
space of different methods on synthetic objectives given in (5.1). Dashed arrows represent pre-
specified preference vectors. The green dots represent initial objective values.

& 133 i <

(a) PMTL (b) EPO (c) FERERO (d) PMTL (e) EPO (f) FERERO

Figure 4: Outputs (colored markers) and optimization trajectories (colored lines) of different methods
when initial objectives are near the Pareto front. Different colors represent different preferences.

ensure the initialization is feasible, we use an adaptive approach to ensure the constraint violation is
decreasing and converging to zero. This idea can also be found in sequential quadratic programming
(SQP). SQP has been widely applied to solve constrained single-objective optimization [2 1, 6]. Later
on, it has also been applied to constrained MOO [16]. Compared to SQP, we use an identity matrix to
approximate the Hessian of each objective, and we propose an adaptive variant that automatically
adjust the descent amount of objectives. Furthermore, existing SQP algorithms typically require an
inner loop to solve the optimal Lagrangian multiplier, resulting in double-loop algorithms. In contrast,
we develop a single-loop algorithm which can be more efficient.

Vector optimization. Vector optimization [12, 27] generalizes multi-objective optimization by
substituting the commonly used component-wise partial order with a more general partial order, such
as a general convex-cone induced partial order used in this paper. In the unconstrained setting, the
MGDA method is extended to a steepest cone descent method in the vector optimization setting
in [25]. In the constrained setting, the first-order optimality conditions are studied in [23, 57].
Algorithms based on projected gradient [24, 18, 19] or conditional gradient [8] are developed to solve
vector optimization with parameters in a constraint set, to name a few. Besides gradient-based vector
optimization, another line of works focus on black-box vector optimization with discrete design
space; see e.g. [3, 2]. To our best knowledge, we are the first to design gradient-based single-loop
(stochastic) primal algorithms for constrained vector optimization with convergence rate guarantees.

S Experiments

In this section, we conduct experiments to verify our theory and show the applicability of the
algorithms to preference-guided multi-task learning, and multi-objective finetuning of large multi-
lingual speech recognition models. We use Linear scalarization (LS), MGDA [52], PMTL [33],
EPO [41], XWC-MGDA [44] as baselines for comparison.

Metrics. Objective loss and accuracy. We report the objective losses and accuracies in classification.
Relative loss profile. We use the element-wise product of the preference vector and the objective
values as a measure of the relative loss profile. Hypervolume. Let F’ € RM denote a reference point,
and S denote a set of objective function values of the obtained models. Hypervolume measures the
size of the dominated space of S relative to F”, which can be computed by H(S) = A({qg € RM |
JF € S: F < q < F'}), where A(-) denotes the Lebesgue measure. For a fair comparison, we use
the Nadir point, i.e., the worst performance on single-task baselines, as the reference point F”.

Additional details. The implementation and additional experiments can be found in Appendix H.
5.1 Synthetic data

Following [33, 41, 44], the first objective we consider is
F(0) = (1—e 107 vatI3 om0+ 5105 5.1)

The objective has a nonconvex Pareto front (PF). See the results of different methods in Figure 3.
With uniformly generated weights from a simplex, LS only finds extreme points on the PF with one
objective minimized. MGDA can only find points close to the center of the PF. PMTL can find points
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Figure 5: Training losses and accuracies of various methods with different preferences across three
image datasets. The horizontal and vertical axes represent results for objective 1 and objective 2,
respectively. Different colored dashed arrows indicate various preference vectors. Different markers
denote the solutions obtained by different methods, with marker colors matching the preferences.

in the subregions but not aligned well with the exact preference vectors. Similar to EPO, in Figure 3e,
our method finds points that align well with the exact preferences; and in Figure 3f, our method can
handle different definitions of preferences.

We conduct another experiment in a more difficult setting where the initial objectives are close to

the PF. In Figures 4a-4c, we consider a relatively easier case where the initial model is not too
: ! 1.2 2.1

close to the Pareto optimal. For our method, by solving (3.5), a; = [ﬁ’ %}, ag = [%7 ﬁ] The

corresponding matrix A is given by A = [a;,a»] . In this setting, all methods converge to the PF,
and our method takes the least number of iterations (PMTL takes 100, EPO Search takes 60, and our
method takes only 10 iterations). PMTL does not align exactly with the preference vectors, while
EPO and our method do. In Figures 4d-4f, PMTL and our method take 200 iterations, EPO Search
takes 80 iterations. Results show that for the green and yellow preferences, PMTL moves further
away from the PF in the first stage, and does not perform any update in the second stage. It converges
to the PF only in 2 out of 4 cases. In contrast, with controlled ascent updates, EPO and our method
can converge to the PF and trace the PF until the objectives align exactly with the preferences.

5.2 Real data

Multi-patch image classification. Following [33, 41, 44], we consider three datasets for image
classification, including Multi-MNIST, Multi-Fashion, and Multi-Fashion+MNIST. The two tasks or
objectives in all three datasets are to classify the top-left and the bottom-right images, respectively. For
a fair comparison, we use LeNet as the backbone neural network. The training losses and accuracies
of different methods given different preference vectors are plotted in Figure 5. Experiments for our
method are repeated 5 times. Hypervolumes with means and standard deviations are reported in
Table 2. The results for other methods in Table 2 are referenced from [44].

Table 2: Hypervolumes of different methods (x10~2)

Datasets ‘ LS PMTL [33] EPO[41] XWC-MGDA [44] FERERO
Multi-MNIST loss 1.68 1.41 1.35 1.42 1.97+0.21
Multi-Fashion loss 6.75 5.90 6.02 6.77 7.76-+0.18
Multi-F+M loss 3.63 3.03 3.76 3.89 3.82+021
Multi-MNIST accuracy | 0.19 0.15 0.15 0.16 0.24-+0.04
Multi-Fashion accuracy | 0.99 0.87 0.87 0.99 1.17+0.07
Multi-F+M accuracy 0.48 0.40 0.50 0.52 0.53-+0.04
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Figure 6: Losses and preferences of FERERO when the initial objective is close to the Pareto front.

One limitation of EPO is that the preference is defined as a ray from the origin in the objective space,
whose corresponding objectives can be unattainable, e.g., the yellow preferences in Figure 5. As a
result, the losses of all methods are far away from the preference vectors. In this case, a more flexible
choice of preferences is helpful to ensure preference satisfaction. To demonstrate this, we conduct
experiments with more flexible preferences; see the results in Figure 6, where the obtained solutions
align better with the preference lines compared to those in Figure 5. Moreover, it can perform
controlled ascent updates during optimization, which cannot be achieved by PMTL or XWC-MGDA.

Multi-lingual speech recognition. We Table 3: WERs (%) on Librispeech and AISHELL v1.
further apply the proposed method to the

multi-objective finetuning of pre-trained Method | English  Chinese  Average
multi-lingual speech models. We use Komatsu et al. [29] 711 - -
the Librispeech (100 hours) [47], and w/o CPC [51] 11.8 10.2 11.0
AISHELL v1 [5] datasets for multi-lingual Init. (M2ASR) [51] 73 6.2 6.7
speech recognition. A conformer with 8 LS-FT 6.8 59 6.4
blocks is used as the model architecture. FERERO-FT 5.4 4.9 5.1

The total number of parameters is around
64.5M with 58.4M encoder layer parameters and the rest being the classification layer parameters.
We consider the objectives associated with the speech recognition Connectionist Temporal Classifi-
cation (CTC) losses in Chinese and English, denoted as f{* and f£", respectively. We also use the
self-supervised Contrastive Predictive Coding (CPC) loss f,, for representation learning; that is

min  F(6) := (£o(0), F(0), £ (0) T st £o(0) < ex, f(0) = £7(0) = 2 (5.2)

where the first constraint ensures to learn a good representation with €; = 1.2, and the second con-
straint avoids one language loss dominates the other with e; = 0.5; see more details in Appendix H.1.

Results on the word error rate (WER) are reported in Table 3. The baselines include the state-of-the-art
result from Komatsu et al. [29] without an additional large language model, our own implementation
of training using only the sum of supervised CTC losses (w/o CPC), the initial pre-trained M2ASR
model [51] (init.), linear scalarization of all three objectives for finetuning a pre-trained model with
the CPC loss (LS-FT). Results show that considering CPC loss besides the supervised CTC loss
improves the average WER by 4.2%, and this can be further improved by 0.3% by finetuning with
linear scalarization. However, the LS-FT model has a much better performance in Chinese compared
to English. With our proposed approach, the performance gap between different languages is reduced,
and the average WER is further improved by 1.3%.

6 Conclusions

In this work, we frame preference-guided multi-objective learning as a constrained vector opti-
mization problem. Specifically, we introduce constraints and partial order to capture the absolute
and relative preferences. Under this framework, we develop algorithms to solve the constrained
vector optimization problem. Our proposed algorithms use a unified formulation without solving
different subprograms at different stages. And they enjoy the benefit of allowing controlled ascent
and escaping weak optimal solutions. Theoretical guarantees on the non-asymptotic convergence of
the deterministic algorithms and their stochastic variants are provided. Experiments on benchmark
datasets demonstrate the broad applicability of the proposed algorithms.
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Broader Impacts and Limitations

This paper casts the preference-guided multi-objective learning as a constrained vector optimization
problem and proposes an algorithm with single-loop and stochastic variants to solve the problem,
which have non-asymptotic convergence guarantees. The proposed method is applied to image
classification and speech recognition. The positive impact is that it is a principled method with
efficient implementations that has broad applications across various domains. There is no negative
social impact.

The proposed algorithm is able to model flexible preferences but at a cost of higher per-iteration
complexity compared to scalarization methods. The theoretical guarantees make standard assump-
tions that the objectives are lower bounded, Lipschitz continuous and smooth. These are common
assumptions in the optimization literature, and can be satisfied for neural networks with smooth
activation functions.
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A Notations

A summary of notations used in this work is listed in Table 4 for ease of reference.

Recall that given vectors v, w, we use v < w and v < w to denote v; < w; for all 4, and v; < w;
for all 4, respectively. We use v < w to denote v < w and v # w, and define >, >, > analogously.
In the proof, we use || - || to denote the ¢5-norm, and || - ||; to denote the ¢;-norm. We use | - |ap, to
denote the operator that takes element-wise absolute value of a matrix. We use 1 and 0 to denote the
all-one and all-zero vectors, respectively. Their dimensions are specified only when they are not clear
in the context. We use [v, w] to represent column concatenation of matrices or vectors, and use [v; w]
to represent row concatenation of matrices or vectors.

B Related Works and Comparison

In this section, we provide a detailed review and comparison of additional related works in multi-
task/objective learning, vector optimization, and Pareto front approximation.
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Table 4: Notations and their descriptions.

Notations ‘ Descriptions
0 € R? Model parameter, or decision variable
I3 Stochastic samples during training

A scalar-valued objective function evaluated on data point &,

Jem(0), fm (6) with fe n, : R? — R, or on dataset D, f,,, with f,,, = ﬁ deD fem(6)
V fm(6) Gradient of fp,(6), with V f,,, : R? — RY

A vector-valued objective function evaluated on data point &,

Fe(0), (6) with F; : R? — R™ or on dataset D, with F' := ﬁ > eep Fe(0)
VF(0) Gradient of F(0), with VF : R? — R?*M

@ Step size to update model parameter 0

ol Step size to update multiplier A

B.1 Extended related works

In this section, we provide an extended discussion of the works that are closely related to ours.

Variants and analysis of MGDA. MGDA [15, 11] finds non-conflicting or the steepest common
descent direction at each iteration, which we term as conflict-avoidant (CA) direction. Our work is
related to MGDA in the unconstrained setting since when C'y = Rf , My = M), =0, i.e., there are
no constraints, and Q2 , (6) = AM for the subprogram, our Algorithm 1 reduces to MGDA. Non-
asymptotic convergence analysis for the deterministic MGDA was first provided in [17]. Convergence
of the proximal algorithm was discussed in [54]. Later on, stochastic variants of MGDA were
developed with convergence analysis [36, 60, 14, 7, 55, 13]. A critical challenge in developing
convergent stochastic MGDA is that the CA directions can be biased even if they are calculated
from unbiased stochastic gradients of the objectives. This issue can be mitigated using variance
reduction techniques on the stochastic gradients. For example, one can use increased batch size [36],
or momentum-based methods [60, 14, 13]. Alternatively, one can also use double (independent)
sampling [7, 55]. Among these MGDA variants, [60, 14, 13, 7] also use single-loop updates, where,
instead of exactly solving the weight to combine the objective gradients, the weight is approximately
updated only once at each iteration. One benefit of such gradient-based single-loop update is that
the approximation approach proposed in [34, Section 3.2] can be applied to largely improve the
per-iteration complexity by eliminating the need to compute multiple gradients.

Convergence rate to Pareto stationarity of the above MGDA variants is discussed in existing literature.
Specifically, the analysis in [36] focuses on the convex case, while the rest [60, 14, 7, 55, 13] focus
on the nonconvex case. However, with merely convergence to the Pareto stationarity, the theoretical
benefit of MGDA variants over linear scalarization is unclear. To address this, convergence of the
stochastic approximate CA direction to the deterministic optimal CA direction besides convergence
to the Pareto stationarity is first analyzed in [14], and later improved in [7] with relaxed assumptions
and/or faster convergence rate. Some of the improved analysis techniques in [7] has been applied
in [13] to further improve the convergence rate with a momentum-based algorithm, and in [55] with a
double-loop algorithm. Moreover, it is discussed in [7] that the analysis technique is widely applicable
to other algorithms, such as the SMG algorithm [36] in the nonconvex case for both convergence
to Pareto stationarity and to the CA direction. In our proof of Theorem 2, the convergence of the
single-loop algorithm, we use similar techniques as in [7], which are detailed in Appendix F.2.

Pareto front approximation. Pareto front approximation aims to find multiple different solutions
whose objective values approximate the Pareto front. Scalarization-based methods can be used to
approximate the Pareto front by enumerating different weights of the objectives. However, they
cannot find solutions on the nonconvex part of the Pareto front [43]. Decomposition-based methods
partition the objective space into different subsets with constraints that represent different trade-off
preferences, and solve the resulting constrained multi-objective optimization problems with gradient-
based or evolutionary algorithms [33, 22]. Probabilistic inference methods update a set of models
following a distribution that converges to Pareto stationary [38, 49]. The expected update direction
of the models typically follows the steepest common descent direction for all objectives. Pareto set
learning methods use a neural network to learn a mapping from user preferences to corresponding
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models. The learned neural network is able to generate different models with different input user
preferences [45, 56, 30, 31]. Although we do not focus on Pareto front approximation in this work,
our algorithm can be applied to generate different models based on different diverse preferences to
approximate the Pareto front, as in [33].

B.2 A detailed comparison with existing works

Preferences as linear constraints of objectives. Different constraints .S partition the objectives
into sub-regions, as shown in Figure 1. Many preferences can be modeled by linear equality or
inequality constraints [33, 41, 44]. For example, below we list different choices of C for different
methods in Figure 1.

(a) B(] = [07[2:]\1]T S R]\/IX]W,b = _[07627' e 7€M]T;
(b) By, € RM=XM 1y — 0

In Figure 1a, the preferences are based on the function values of f; controlled by different thresholds,
corresponding to the inequality constraints defined by (a). In Figure 1b, the constraints are that the
objectives F'(#) should lie on one of the preference vectors v, therefore should satisfy the equality
constraint B, F'(0) = 0.

Detailed comparison with the most relevant works. Below we provide a fine-grained comparison
with some existing works in Table 5, as an extension of Table 1.

In terms of preference modeling, the scalarization-based methods such as Linear Scalarization and
Smooth Tchebycheff scalarization use weight of different objectives to model preferences. They
are not flexible enough to capture preferences illustrated in Figure 1. PMTL uses a constrained
multi-objective optimization formulation, with preferences modeled by inequalities. EPO models the
preference by an ! ray, same as the example given in Figure 1b. (X)WC-MGDA uses a shifted
ray not necessarily from the origin to model the preferences. In all of these works, they only model
the absolute preferences that define the preferred objective values. In contrast, we also consider the
relative preference that define the relative improvement directions of objectives.

In addition to the comparison in Table 1, our framework enjoys additional benefits including the ability
to escape weak optimal solutions and to maintain scale-invariance. These abilities are attributed to
the subprogram that is adaptive to the objective values, as detailed in Lemma 6.

Table 5: Comparison to existing PMOL methods, extension of Table 1.

Handle General Single subprogram Scale Escape weak Provable
Method N ) I . . .
nonconvex PF partial order w/o computing active index invariance optimal CcQ
Linear Scalarization X X 4 X X
(Smooth) Tchebycheff [32] v X v X X -
PMTL [33] v X X X X assume LICQ
EPO [41] 4 X X X v X
(X)WC-MGDA [44] 4 X X X v X
FERERO (ours) v v v v v prove calmness

’

Below, we further summarize the reasons behind the benefits of our proposed method. We use “—
to indicate the reasons on the left and the corresponding benefits on the right.

relative preference
(by general — allow controlled ascent
Flexible partial order)

preference handle nonconvex Pareto Front
absolute preference

(by constraints) — { equality constraints — align exactly to preference vector

constraints are linear functions of objectives — provable CQ

adaptive to objectives — SR RO
Adaptive plv Jectiv

subprogram

ability to escape weak optimality

single subprogram w/o

; S — non-asymptotic convergence
computing active indices

adaptive to constraints —
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C Preliminaries

In this section we introduce preliminaries on the general cone-induced partial ordering and the
corresponding optimality conditions for completeness since we use these concepts in our proofs.
Then we discuss the relation between the Pareto optimality and the optimality induced by a general
polyhedral cone.

C.1 General cone-induced partial ordering

In this section, we introduce basic definitions, lemmas, propositions, and theorems in vector opti-
mization, including the cone-induced partial ordering, the minimum and weakly minimum associated
with the partial ordering in real linear space, and necessary conditions for minimum. These concepts
are defined in [27]. We restate them following our notations for completeness. We denote 7 as a real
linear space, C, S as subsets in Z, and w, x, y, z as points or elements in Z, 0z as the zero vector in
the space Z.

Definition 4 (Cone). Let C be a nonempty subset of a real linear space Z.
The set C' is called a cone, ify € C,A > 0= Ay € C.

Lemma 3 (Convex cone). A cone C'in a real linear space is convex if and only if C' + C C C.

Definition 5 (Partially ordered linear space). A real linear space equipped with a partial ordering is
a partially ordered linear space.

Proposition 1. (a) If < is a partial ordering on Z, then the set C := {z € Z | 0z < z} is a convex
cone. If, in addition, < is antisymmetric, then C' is pointed.

(b) If C is a convex cone in Z, then the binary relation <¢:={(z,y) € Zx Z |y—x € C}isa
partial ordering on Z. If, in addition, C is pointed, then < is antisymmetric.

Definition 6 (Ordering cone). A convex cone characterizing a partial ordering in a real linear space
is an ordering cone.

Definition 7 (Cone-induced partial ordering). Let C be a closed pointed convex cone of RM, with
nonempty interior. The partial order in R induced by C, <c is defined by

u<cw, if v—uecdC. (C.1)
The relation induced by int(C) in RM, < is defined by
u<cv, if v—u € int(C). (C.2)

Definition 8 (C-minimum and C-weakly minimum). Let S be a nonempty subset of a partially
ordered linear space with an ordering cone C, then

(a) an element z € S is called a C-minimum of the set S, if ({z} — C)NS C {z} + C, in other
words, there exists no other 2’ € S with 2’ <¢ z and 2’ # z;

(b) an element z € S is called a C-weakly minimum of the set S, if ({z} — int(C)) NS = 0, where
int(C') # () is the algebraic interior of C, in other words, there exists no other z' € S with 2 <¢ z
and 2 # z.

Definition 9 (C-stationary). A point 8 € RY is C-stationary if there is no first-order common descent
direction d € R? that VF(0)Td € —int(C), i.e., range(VF(0) ") N (—int(C)) = 0.

C.2 Necessary and sufficient conditions for C-optimality

Note that, when C = RY := {z € R™ | 2,,, > 0 forall m € [M]}, C-minimum and C-weakly
minimum in Definition 8§ are Pareto minimum and weakly Pareto minimum, respectively. Recall
that F : R? — RM is a continuously differentiable function. The problem we consider is to find
the unconstrained C-minimizers of F, denoted as min¢ F'() with § € R?. We then proceed to
introduce the relation between C'-stationarity and Pareto stationarity in this section.

Proposition 2. Let C' be a closed convex pointed cone.

1) Suppose C C Rf . If 0 is Pareto stationary, 6 is C-stationary. In other words, C-stationarity is a
necessary condition for Pareto stationarity.

2) Suppose R{\F/[ C C. if 0 is C-stationary, 0 is Pareto stationary. In other words, C-stationarity is a
sufficient condition for Pareto stationarity.
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Proof of Proposition 2. 1) By definition, if 0 is Pareto stationary, then range(VFEF(6)T) N
(—int(RY)) = 0. Since C C RY, then —int(C) C —int(R%’), and we have

range(VF(0) ") N (—int(C)) C range(VF(0) ") N (—int(RY)) = 0. (C.3)
Therefore, 6 is C-stationary.

Following similar arguments, 2) can also be proved. O

D Proof of Auxiliary Lemmas
In this section, we provide proof of the main theoretical results in this paper.

D.1 Lagrangian of the subprogram
Proof of subprogram reformulation. Define the Lagrangian function
Lc,d, Af, Mgy An) ==c + %HdHQ + A (AVF(0)"d— c(1TAF(0)) " AF(0))
+ Ay (ByVE(0) d+ c,G(0)) + Ay (BAVF(0)Td+cpH(0)) (D.1)

where Ay € Ri‘_/[ s Ag € Rfa , Ap € RMn, By the first-order optimality condition w.r.t. d and ¢, we
can obtain that

d* + VF(0)(ATX} 4+ By Xl + By M) = 0; (D.2)

1TAF(0) — N; TAF(0) = 0. (D.3)

Combining the last equation with Ay € R/, we obtain Ap €y, (0). Plugging the above results into

the Lagrangian function gives

1
A5 A Anl € argmin —|[VE(O)(ATAf + B, Ag + By An)|1?
[AridgiAn]€Q ()

— cghg G(6) — cphy H(0) (D.4)

which leads to the dual form in (2.3). Since (2.1) is a constrained convex optimization problem where
the Slater’s condition holds, therefore, the duality gap is zero. O

Remark 4. Note that we can also have a simplified subprogram with A = I, and without adaptation
to the objective values, as defined below

: Lo T

= — .t. < .

¥(0) (d,c?é]ll@ch_F 2||dH st. VF(0) ' d<cl (D.3)
VG(0)"d+c,G(H) <0, VH(0)"d + cp, H(H) = 0.

This formulation corresponds to the SQP method applied to the constrained MOO problem [16].
Then the corresponding Lagrangian function becomes

L(c,d, Af, Ay, An) =c + %HdHQ +A; (VF(0)"d - cl)
+ Ay (BgVE(0) d+ cgG(0)) + Ay (BAVF(0) d+ cpH(0)). (D.6)
By the first-order optimality condition w.r.t. ¢, (D.3) can be replaced by
1-x"1=0. (D.7)

And the rest results remain the same, i.e., (D.2) and (D.4) still hold, while 2y, = AM,

D.2 First-order necessary optimality conditions

We then discuss the first-order necessary optimality conditions for problem (PMOL). We begin the
discussion with the geometric notions of improving and feasible directions.
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Improving directions. The improvement directions are defined as generalized common descent
directions so that the iterates strictly improve or dominate the previous iterates based on C'4, i.e.,
F(6;) — F(0¢+1) € int(C4). Denote d; € RY as an update direction at iteration ¢, and «; > 0
as the step size at the ¢-th iteration. The general update equation given update direction d; is
0:+1 = 6; + ad;. Based on first-order Taylor expansion, the amount of improvement at iteration ¢
can be approximately expressed as F'(0;) — F(0;41) ~ —a;VEF(0;)Td; € int(C4). We term such
directions the general C4-improving directions. The cone of C'4-improving directions at x is

Do, ={d€R?|VF(#) d e —int(Ca)}. (D.8)

When A = I, they are common descent directions.

Feasible directions. Similar to the concept in constrained single objective optimization, the feasible
directions are those that ensure F'(6; + a:d;) € S. We rewrite problem (PMOL) with explicit
C 4-induced partial ordering as

min ¢, F(6) s.t. G(#) <0, H(#) =0. PMOL

where G : R? — RMg,H : R? — RMn» are linear functions of F, and are differentiable. Let
I = {i | G;(6) = 0} be the index set of the active inequality constraints in G(f), and G;(6) =
[-+,Gi(0),---]7 fori € I. A subset of the feasible directions described by the gradients of the
equality and active inequality constraints at € is given by

Dy ={d€R?|VG(0)"d<0}, Dy={dcR?|VH()"d=0}. (D.9)

A necessary optimality condition is that there exists no feasible and improving directions at 6, i.e.,
D¢, N Dy N Dy, = . An algebraic description of the necessary optimality conditions for (PMOL)
is summarized below.

Proposition 3 (First-order necessary optimality conditions for (PMOL)). Ler C4 = {y € RM |
Ay > 0} that satisfies int(Ca) # 0. If O solves (PMOL) locally, then there exists Ay € R,

Ay € RYY [ApiAg] # 0, and Ny, € RMn that
VF(0)ATAf +VG(O)Ag + VH(O)Ar =0, and X\ [-G(0)]+ =0 (D.10)

Proof of Proposition 3. The geometric description D¢, N Dy N Dy, = ) is equivalent to that the
linear system below w.r.t. d is inconsistent

[AVF(é)T

VGI(é)T] d<0and VH(A)"d=0. (D.11)

By the Motzkin’s transposition theorem, system (D.11) being inconsistent is equivalent to that the
following linear system w.r.t. p, A;, has a solution with p > 0

[VF(0)AT VG(0)]p+ VH(O)\, = 0. (D.12)

Letting p = [Ap; Ag 1], where Ag 1 = [+ ;Ag4;---],4 € I, and Ay ;» = 0, for all ¢’ ¢ I completes
the proof. O

Remark S. Notice that, Proposition 3 provides a Fritz John (FJ)-type first-order necessary optimality
condition, which has been discussed in prior works such as [57, Theorem 1.2] with additional
variational inequality constraints, and [23, Section 3, (2)-(5)] with inequality constraints only. We
provide the derivation for our problem here for completeness. In the FJ-type necessary optimality
condition, the multiplier \; associated with the objective F(0) can be zero if |I| > 1, which is
undesirable. We need additional constraint qualifications to ensure the condition in (D.10) with
Af # 0, i.e., the KKT condition, is also a necessary optimality condition. This is equivalent to j19 = 1,
and without considering the variational inequality constraints in [57, Theorem 1.2]. The constraint
qualification is discussed in detail in Appendix D.3.2.

D.3 Properties of PMOL

In this section, we discuss the properties of PMOL and their proofs. These include the properties of
the subprogram in Lemma 1, and the calmness CQ of PMOL in Lemma 2.
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D.3.1 Proof of Lemma 1: properties of the subprogram

Lemma 6 (Additional properties of the subprogram). For the subprogram (2.3), the following
properties hold:
1. The solution d*(0) is unique.
2. If 0 is a local weak optimal solution with AF(0) > 0, then d*(0) = 0, ¢¥/(0) = 0. Otherwise, if 0
is not a local weak optimal solution, then d*(0) # 0, 1(0) < 0, and when 0 is feasible,

24(0) < —||d*(0)||* < 0. (D.13)
3. (Ability to escape weak optimal solutions). Let 0 be a weak optimal solution, with (AF(0)),, =
0 for some m € [M)]. If there exists feasible and non-strictly improving directions at 0 with
AVFE(0)Td <0, then d*(0) # 0, 1(0) < 0. Otherwise, if there exists no feasible and non-strictly
improving directions at 0 with AVF(0)"d < 0, then d*(6) = 0, 1(6) = 0.
4. (Scale invariance) Suppose there are only equality constraints, i.e., My = 0, and My, = M — 1,
By, is full row rank and is selected such that By,(F(61) — F(02)) = 0 with F(0,), F(03) being two
different reference points in the objective space. For all 0 € RY that are feasible, i.e., H(0) = 0,

when A = I, the normalized solution d*(0)/||d*(0)|| does not change when the objective F(0) is
scaled by an arbitrary positive diagonal matrix.

Proof of Lemma 6. For Property-1, the uniqueness of d*(6) follows from the strict convexity of the
objective function w.r.t. the direction d.

For Property-2, in the first case if 6 is a local optimal solution, by definition, there exists no feasible
and improving directions d such that AVF(0)"d < 0. Let 4(6) be the set of d € R that satisfy
the constraints in (2.1), i.e.,

Qa(0) :={d €RY| B,VF(0)"d + c,G(0) <0,B,VF()"d+ c, H(0) = 0}. (D.14)

Then, since AF'(0) > 0, for all d € Q4(0),

max (AVF(0)"d),, >0 (D.15)
me[M]

and m?ﬂ)}](AVF(G)Td)m/(AF(Q))m > 0. (D.16)
me

And since AF'(6) > 0, it holds that

1
0) = i —||1d||?
v (o) (d,c)er?lldr%G)XRC—i_ 2” I

1
_ . T T - 2 > .
S mrrel?ﬁ](AVF(@ d)m (17 AF(9))/(AF(0))m + 5 |1d]” 2 0 (D.17)

with ¢(0) = 0 attainable by taking d = 0 € Q4(6). The first case of Property-2 is proved.

In the second case, if 4 is not a local weak optimal solution, then there exists d € €4(6) such that
AVF(G)Td < 0. Taking o0 = — maxme[M](AVF(G)Td)m(lTAF(Q))/((AF((‘)))de||2), and
d, = od, then

. : 1 2
v(o) = (d,c)enslzldréo)xu@c + 2 il

1
= mi AVF(0)"d),,(LTAF(0))/(AF(0)),n + =||d||?
dégf(le)m“é?ﬁ]( () d)m( (0))/(AF(0))m + 2|| [

= max (AVF(0)"d"(0)),m(1TAF(0))/(AF (0))m + %Hd"(Q)II2

me[M]

< max (AVF(0) T do)n (1T AF(0)/(AF(0)) -+ 5 |

=0 m?ﬁ](AVF(O)Td)m(lTAF(H))/(AF(G))m + %02\|d||2 = —%UQHCZHQ <0. (D.18)
me

Thus d*(#) # 0. Recall that
d*(0) = —VF(9) (AT S+ BIA + By A;;) (D.19)
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where by the feasibility and optimality conditions,

An T (BRVE0)Td*(0) + cp, H(9)) =0, (D.20a)
AT (ByVE(9 )Td*(o) + ¢,G(8)) =0, (D.20b)
XiT(AVE(0)Td* (0) — ¢* (1, AF(0)) Y AF(6)) =0. (D.20c)
Combining the above with (D.19), we have
la* @)1 = — a*(6) VF(©) (AT} + BJ Ay + B ;)
=—d*(0) ' VE(O)AT X} + e\ TH(0) + cgA; G (6)
< — M (O)ATAF(0) TN TAF(9) = —c*(6) (D.21)
where the last inequality uses the fact that 0 is feasible, and G(6) < 0, H(6) = 0.
Then it holds that
20(0) = 2¢*(0) + |d*(9)]|* < —[|d*(8)|1* < 0. (D.22)

Therefore, Property-2 holds.

For Property-3, let I C [M] be the set such that (AF(0)),, = 0 for all m € I, then (2.1) is
equivalent to

0) = i
w( ) (d,cgrelg}lxﬂi

st. (AVF(0) d), — c(1TAF(0)) Y (AF(0)),, <0, forallm € [M]\ I
(AVF(0)"d),, <0, forallm €I
ByVF(6)"d+¢,G(0) <0
By VF(0) d+ c, H) =0

1
+ —||d||2 SP1w

In the first case, if there exists feasible and non-strictly improving directions at § with AVEF(0)Td <
0, then such d # 0, d € €4 Following similar arguments as (D.18) by taking ¢ =
—maxX,ep 1 (AVF(0) " d)im(1TAF(6))/((AF(6))m]|d]|*), and dy = od, then

1
() = min c+ §Hd||2

(d,c)eQq(0) xR

1
— m AVF(0)T 1TAF AF —||d|?
der{%ﬁ?e)mé?%\z( VE(0) d)m( (0))/( (9))m+2lldl\

1
< mg[l]%}](\l(AVF(o)Tda)m(1TAF(9))/(AF(9))m + 3 [EAE

—o max (AVF() ), (1T AF()/(AF(©), + Sl =~ Jo?dl? <0 (D23
me

And the corresponding d*(6) # 0.

In the second case, if there exists no feasible and non-strictly improving directions at 6, then for all

de Qd(G),
AVF(0) d),, >0 D.24
mg[l%\z( 0) d)m > (D.24)
and max (AVF(0)"d)n/(AF(6))m > 0. (D.25)
me[M]\I

And since (AF(0)),, > 0 forall m € [M]\ I, it holds that

1
(@)=  min ¢+ §||d||2

(d,c)€eQq(0) xR

: T T Lo
_ - > )
G mg[%\l(AVF(ﬂ) d)m (17 AF(0))/(AF(0))m + S ]ld]” 2 0 (D.26)
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with ¥(0) = 0 if and only if d = 0 € Q4(6).
Combining the above arguments, Property-3 is proved.

For Property-4, let d* (6) be the solution to the original problem (2.1) without inequality constraints.
Using the fact that H(#) = 0, and letting A = AT)\f + B,j/\h =Ar+ B;)\h, then the original dual
problem can be written as

d*(0) = —VF(O)\*

1
s.t. A* € argminp(\; 0) == = ||[VF(9)\|? (D.27)
AEQ5 (0) 2

where Q;\(Q) = (QAf (9)) + B;(RM"), and Q)\f (0) = {/\f S Rf | /\fTF(H) = 1TF(9)}.

Suppose the objective is scaled by a positive diagonal matrix A € RM > then the scaled subprogram
has a dual given by
d*(0) = =VF(0)AX*
1
s.t. A* € argmin p(\;0) = =||[VF(0)AN|? (D.28)
AEQs (B;7) 2

where Q5 (6;A) = (Q,(6;A)) + By T (RM), and Qy,(6;A) = {A\; € RY | \fTAF(9) =
1TAF()}. Letting \' = A\, then

d*(0) = —VF(O)N*

1
st. N* € argmin @\ 0) = = |[VEO)N | (D.29)
NEQs, (0;A) 2

where Q5,(6; A) = A(Q, (6; A)) + AB;T (RM#). The set A(€2y,(6; A)) can be written as
A0, (0;0)) ={ANs | Ay e RN TAF(0) = 1TAF(0)}
={N; eRY | F(0)T A =1TAF(0)}. (D.30)
Notice that,
FO)" N =1TAF(0) =1"F(0)c, (D.31)
where ¢, = 1TAF(0)/(17 F(6)). Therefore, A(, (6; A)) = ¢s (2, (6)).
Also note that, B, € RM~=D>M jg fyll row rank, and is selected based on F'(6), which satisfies
Bu(F(61) - F(62)) = 0 (D.32)

where F'(61), F(62) are two reference points which fully defines the kernel of Bj,. Similarly, when
F(0) is scaled by A, the corresponding Bj, satisfies

B, A(F(61) — F(62)) = 0. (D.33)
This further implies

AB}, T (RM) = range(AB), ') = ker(B},A)* = ker(B;,)* = By (RM) = ¢,B,(RM"). (D.34)

Combining with A (2, (6; A)) = ¢, (2, (6)), it holds that
05, (6;A) = ¢,Q5(0). (D.35)

Therefore, the solution of A and )’ is only subject to a scaling factor, which does not change the
direction of d* (). This proves Property-4, the scale invariance. O

Remark 7. Note that, Property 3, the ability to escape weak optimal solutions, and Property 4,
the scale invariance, come from the subprogram design that is adaptive to the objectives. For the
simplified subprogram that is not adaptive to the objectives, these two properties no longer hold, but
Properties I and 2 still hold.
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D.3.2 Proof of Lemma 2: calmness of PMOL
Example 1. Let F : RY — R2. Consider the problem below as a special case of (PMOL), given by
mingz F(0) s.t. f2(0) = min f2(0). (D.36)

For 0 = arg mingers f2(6), we have V f2(0) = 0, and 0 satisfies (D.10) with A = [0,1]T # 0 and
A = 1. However, VH (0) = V f2(0) = 0 violates the LICQ, the Slater’s CQ, and the MFCQ.

Below we restate the definition of the Calmness condition for PMOL [57], which generalizes the
calmness condition in single-objective optimization.

Definition 10 (Calmness condition for PMOL [57, Restatement of Definition 4.5]). Let 6 be a local
solution to (PMOL). We say the PMOL problem satisfies the calmness condition at 0 provided that
there exists € > 0 and a Lipschitz function ¢ : RMstMn — RM satisfying ¢(0,0) = 0 such that
there exists no (0,p,q) € [(6,0,0) + eB]/{(0,0,0)} satisfying

GO +p< o (D.37a)
H) +q= (D.37b)
F(h) — F(é) —|—¢(p, q) € —int(Ca). (D.37¢)

Our proof relies on the following relative form of Hoffman error bound, which bounds the distance
of a point to a nonempty solution set defined by constraints by a measure of the constraint violation
of the point.

Lemma 8 (Relative form of Hoffman error bound [48, Proposition 5]). Given B, € RF#*M b, ¢
RF, By € RF*M b, € R¥S, define ©(p, q) = {y € R | Byy + by < p, Bpy + by, = ¢}, and
dom ¥ == {(p,q) | 2(p,q) # 0}. Let Qr C RM be a reference polyhedron (e.g., one defined by
the intersection of half-spaces). Then for all uw € Qg, and (p,q) € dom X, there exists a relative
Hoffiman constant cyor depending only on By, By, Qg such that

(Bgu + by — P)+]

Bru+b, —q (D-38)

dist (1, 5(p, 6) 0 Q) < cnor(By, Ba | ) H {

where (Bgu + by — p)4 = max{0, Byu + b, — p} which replaces each negative component of
Bgu + by — p by zero, and dist(u, ) = inf,/cq [|u — o]

Proof of Lemma 2. We first construct ¢(p, q) = Cnot||[p",q "] " ||A~114s, where Gpor is the Hoffman
constant upper bound in Lemma 8. Then ¢(0,0) = 0, and ¢(p, ¢) is Lipschitz because

lé(. ) = o, )| <aorM A~ ‘H {p] H _ H [2’1]

<Ch0fM||A 1|| H |:q _ q :| ’ (D39)

Next we prove the PMOL calmness condition holds by contradiction. Suppose for every € > 0, there
exists (6, p,q) € [(0,0,0) + eB]/{(6,0,0)} satisfying (D.37).

Define Qp, = {F(0) € £(0,0) | # € RY} # ), there exists § € RY such that F(f) € Qp, and
| F(8)]| < oo. We then consider the following two cases:

Case 1: F(0) € $(0,0). In this case, (6, p,q) = (6,0,0) # (6,0,0), thus  # 6. Take 6 = 0 # 6.
Case 2: F(0) ¢ ¥(0,0). Take 6 such that F() € Qp,, then F(0) # F(0).

In both cases, let Q2 be the convex hull of {F(0), F(6)}, i.e., Qg = conv({F(f), F(#)}). Then
Qp is a line segment (or reduces to a point in case 1), thus a polyhedron. Since (0, 0) is a line,

F(0) € £(0,0) N Qg, thus $(0,0) N Qg = Qr = {F()} in case I, and (0,0) N Qr = {F(A)}
in case 2. Therefore, in both cases,

|F(6) — F(9)| = dist(F(6),(0,0) N Qg) (D.40)
where dist(F, Q) = infprcq ||F — F'|.
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We also have

R (a)
dist(F (), £(0,0) N Qr) <cnot(Qr)

(]

Tllesllll e

where (a) follows from Lemma 8; (b) follows from (D.37) that 0 < (B, F(0) + by)y < (—p) 4,

B F(6) + b, = —q, and that cpof(Qr) < Chor for different bounded Q. Multiplying || A||1,; on
both sides of the above inequality yields

(b)
<Chof

14| dist (F(8), £(0,0) N Qr)Lar < Ad(p,q)- (D.42)
It can then be derived that
AF(6) — AF(0) <||AF(0) — AF(9)|[1as < |A[IIF(8) — F(6)[1ns
<||A||dist(F (), 2(0,0) N Qr)1ar < Ad(p, q)- (D.43)
By rearranging the above inequality and applying (D.37c), we have that
AF(0) < AF(0) + A¢(p,q) < AF(0) (D.44)

which contradicts to that § is a global solution to (PMOL).
Therefore, the PMOL calmness condition in Definition 10 is satisfied. O

E Proof of Theorem 1: convergence of Algorithm 1
Recall that, we let A = [Ap; Ag; Ap] € RM+AMatMu A = [A; B,; By] € RMFMa+Mu)xM Japd
use the following concise notation

d*(0) = =V F(0) Au,\" (0)

s.t. A*(0) € argmin p(\; 0) fHVF 0)A ;'—g)\||2 - cg)\;—G(Q) — e\ H(0) (E.1)
AEQL(0)

where Q,(6) = Qy, (6) x RY? x RMr, and Qy, (8) = {A; € RM | \; T AF(0) = 1T AF(6)}.
In the following discussion in this section, we first present the supporting lemmas and their proofs,
then provide the proof of Theorem 1.

E.1 Auxiliary lemmas

Lemma 9 is a result from the smoothness of F'(#), and thus the smoothness of G/(#) and H (¢), whose
smoothness constants depend on B, and B}, respectively.

Lemma 9. Suppose Assumptions 1, 2 hold. Then for all 6,6 € R?, and all Ay € RM | we have

14 AT
N AF(,21) - X AF(8) <o AVF() dy + SHIA 22102 )
V4
G(0r1) — G(0:) <a,VG(0,) " dy + ~L207 |1 B [|oor[1di]|1 (E.3)
E
H(0p11) — H(0;) <oy VH(0,) " dy + f La2|| By (oo ||de]|?1. (E.4)

Proof. By Assumption 2, it holds that \; AF(6) is [|A" As||1£5,1-smooth. By the definition of
smoothness, we have

L LrallAT gl
2

AfAF(0111) < AfAF(60y) + oy AVF(6,) " d oZ||de|?. (E.5)
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Let By ., and By, ,, be the m-th row of B, and By, respectively, then by the ¢ ;-smoothness of
F(0), BgmF(0) is 1| Bg,m||1-smooth for all m € [M,]. Also because || By |1 < ||B;—||0071

where HBgTHOO,l = maxXmem, || Bgmll1ll, gm(0) is €f11||BgT||oo71—smooth for all m € [M,]. By
the definition of smoothness, it holds that

¢
G(0r11) — G(0)) < VG(0,) T dy + %afHB;Hm#lHdtHzl. (E.6)

Following similar arguments as the above for G(6), (E.4) can be proved. O
Lemma 10. For the subprogram (2.3) or equivalently (E.1), it holds that for any X € (),

(VE(0)Aj A\, VE6) Ay, A (0)) —[07,¢,G(0) T, crnH(0) ][N — X (8)) = [[VE(6) A, A*(0)]1%.
(E.7)

Proof of Lemma 10. Since ¢(\; 6) is a convex function w.r.t. A, by the first order optimality condition,
it holds that for all A € Q,(6)

(Vap(X*(0);0), A — A*(6)) > 0 (E.8)
which can be further written as

AT AggVEO) T VF(0)A N (0) = [07,¢G(0) T, cn H(O) T](A = A*(0)) > [|[VF(0)Aj,\*(0)]].
(E.9)

This completes the proof. O

We next prove Lemma 11, which can be viewed as a descent lemma for [G(0)]+ and | H (0)|a1, based
on the smoothness of G(#) and H (), as well as proper hyperparameter choices. This is crucial for
proving the convergence result in Theorem 1. One key technical challenge in proving the lemma is
that even though G(6) and H () are smooth, [G(0)]+ and | H (6)|a1, are not. We address this challenge
by exploiting the fact that VG (0;) " d*(0;) < —c,G(0;) and VH (0;) " d*(0;) = —cy,H (6y), as well
as choosing o; properly depending on ¢4 and cy,.

Lemma 11. Let € > 0 be a constant. Define [y = max{y, 0} which replaces each negative
component of y by zero, and |y|.p replaces each component of y by its absolute value. Let {0;}
be the sequence produced by Algorithm 1 with the update 0,11 = 0; + o dy, where d; satisfies the
constraints of the subprogram (2.1) up to an error of ¢, i.e.,

[VG(0:) " dy + c,G(0:)]4 < el, (E.10)
|VH(6;)"d; + cn H(0:)|ap < €l. (E.11)

If oy < min{c;l, c}jl}, then it holds that
(GOt~ (O] <~ ey GO+ L2 0?|B] |enldPL 1 ®12)
)~ [H Oy < — cienl HO o + L0 B oo |1 + el (E13)

Proof. By the smoothness of G(6) in Lemma 9 and VG(0) " d+c,G(0) < [VG(0) Td+c,G(0)]+ <
el, it holds that

{
G(0r11) — G(0:) < VG(0,) " dy + glaf|\B;||oo,1||dt||21 + el

0
< — e, G(6,) + ;,1 2B [|oo,1[lde|?1 + €. (E.14)

For all m € [M,), since G(6;) < [G(0)]+, it holds that

4
9 (0r41) = lgm (00)) 1 < (00) = [9m (B0 = ucygm (00) + 2B ool [* + € (E15)

14
< = [om (0] — arcogm(0) + =SB loealdill® +e (E16)
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It can be further derived that
_O‘tcggm(et):gm(ot) >0
—|—gm(0 — aCagm(6) =
[ g ( t)]+ tCqg ( t) {(1 _atcg)gm(et)7gm(9t) <0
< — arcg[gm (0)]+ (E.17)

where the last inequality holds since 1 — azcy > 0. Plugging this inequality back into (E.16), yields
that when g,, (0;41) > 0,

l
(9 Br))+ = [9m(O0))+ < — ey [gm (00)) + 5F | B [loc.a e + . (E.18)

When ¢,,,(0;:+1) < 0, we have

[9m (Or+1)]+ — [9m(01)]+ < = [gm (00)]+ < —aicylgm(0:)]+
lsa
2

< — eyl (00)]+ + 5= af || By oo, lde]|? + . (E.19)

Combining (E.18) and (E.19) proves (E.12).
By the smoothness of H(6) and [VH (0)"d + c;H(0)]an < €1, we have

4
[H (0111)ab <[H(6:) — ccnH (0r)]an + f2’1 | By lloo,1l1de|*1 + €1
L
=(1 = en) [H(B)lab + ~5- 07| By [loo [de*1 + €1 (E.20)
where the last equality holds because 1 — acp, > 0, which proves (E.13). O

E.2 Proof of Theorem 1

In this section, we prove Theorem 1. Similar to the proof techniques used in [7], we use )\]TAF (0:)

with a fixed Ay € Q,,(¢) as a part of the Lyapunov function, instead of using the dynamically
changing Ay ;. This eliminates the need to assume the objective values are bounded above in our
theorem.

Proof of Theorem 1. To consider both objective function minimization and constraint satisfaction, we
define a Lyapunov function below with a constant vector A = (Af, Ag, Ap) € Q,(6), where Ay = 1,

Ay € RY N, € RMe and Ay > A2 (6:), A, > j,(8,) for all ¢ € [T).

Vi = Af AF(0;) + Ay [G(61)]4 + Ay [H (61)]ab - (E.21)
A% A% \4
I gt h,t

Note that V; > 0 for all ¢ since AF(8) > 0, A\; > 0.

For notation simplicity, we let d; = d*(6;). From Assumption 2, the smoothness of the objectives,
and Lemma 9, based on the update 6,11 = 6; + aud;, it holds that

(@) I4
Viers = Vie < ad[AVF(0) T dy + ~LH0F AT ool *Af 1

(b) J4
SaA[AVE(0) dj + LR |AT [l lldf [PAF 1+ €1

() J4
< — alldi [P+ an(eg Xy (0)TGO) + Vi (00T H(0) + LLaZ AT ]2 + 1 ©22)

where (a) follows Lemma 9; (b) follows from that d; is an e-optimal solution to the subprogram; (¢)
follows from Lemma 10 with A = [Af; 0; 0] € () therein.

From Lemma 11, for a; < min{c;l, c; '}, it holds that

L
Vorer = Vor < = aueghg (G004 + 5E ]| B [l

d|PAJ1+en)1 (E.23)
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Ly
Viee1 = Vag < — aseny [H(0:)]an + 704 1By llooalldel*Ag 1+ ey 1. (E.24)

Combining the above inequalities for V¢,V ¢, V}, 1, we have

Vipr =V <= Olt||df||2 +ai(egy (6:) T G(8:) + en Xy (6:) T H(6:))

E
+L22 | AL dF 12 — aregh) [G(0)]4 — cwcndy |H(6:)|ab + €A1
<—at||d 12 = areg(Ng — X5(00) TIG(0:)]+ — arcg i (6) T [-G(6:)]

V4
—aven(n = N (0)) T[H (Bl + -SroF [ AL A 1d;* +eA™1 (B25)

where the last inequality holds because A} (6;) T G (0;) = X;(64) " [G(0,)]+ — A (0,) T [-G(01)] .

Taking telescoping sum of the above inequality from ¢ = 0,...,7T — 1 and rearranging, we have
T-1
* * T
S e (1= S IAT A a0 I + auey (g — X3(00) TGO + e, Ay (6 =GB
t=0
+ azen(An = A (00) T TH(0) |ap < Vo =V +TeXT1 < Vo + Te|| A1 (E.26)

Recall that oy < 1/(£51[|AJ,All1). Plugging this into the above inequality yields

T-1
1 * * *
> el di1” + aveg(Ng = A5(00) TIG(0)]1 + aregy(0:) ' [~G(0.)]+
t=0
+ aren(An — N (00) T1H (0) |ab < Vo + Te||A|]1- (E.27)
Taking a; = ©(1), then
T—
1 * 2 * T * T
Z SOOI + cg(hg = N5(00)) T IGO0+ + cgA5(01) ' [-G(01)]+
t=0
* T 1
+ enOn = M (0) T TH O] = O + ). (E28)
The proof is complete. O

Next we show that the subprogram converges with a projected gradient descent (PGD) algorithm on
A with K iterations.

Lemma 12 (Convergence of the subprogram with projected gradient descent). At the t-th iteration,
given 0y, let {\ . }1, be the sequence generated by the projected gradient descent algorithm to solve
the subprogram minycq, (g,) ©(A; 04), then

Ao — A (0,)]?
@(/\t,K;(gt) min (A 6;) < M.

E.29
AEQ(0:) 29K ( )

Proof. The result follows from the convergence result of projected gradient descent for convex
objective functions. Note that at each iteration ¢, given 0y, Q(0;) is fixed. O

Lemma 13. Suppose Assumption 3 holds. Due to the {, 1-smoothness and the convexity of the
subprogram, it holds for all \ € Q1 (0) that

IV (A:0) = Vap(A(0):0)[17 < 26y, 1 (9(A;0) — (A*(0):0)). (E.30)

Proof. Since the objectives f,,(6) are Lipschitz continuous for all m € [M], the subprogram
objective p(A; ) is £, 1-smooth w.r.t. A. By Proposition 1 (b) in [58], it holds that

IV (A 0) = Vap(AV(0): )17 + (Vap(A"(0):0), A = X*(0)) < 9(X;0) — o(X*(0);6).
(E:31)

2£$0x,1
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By the convexity of p(); 0) w.r.t. A, for all A € 2,(6),
(Vap(X*(8); 6), A — N (6)) > 0. (E32)

Combining the above two inequalities proves the result. O

Corollary 14 (Convergence of Algorithm 1 with K-iteration PGD for the subprogram). Suppose
Assumptions 1, 2 hold. Let {0;} be the sequence produced by Algorithm I with the update 0;,1 =
0; + ady, where d; is the e-optimal solution to the subprogram (2.1) obtained by K -iteration PGD
for the subprogram on \. Define \ = (Ay, \g, An) € Qx(0) with Ay > X5 (0) + 1, Ay > A (0) +1
forall § € RY. If the step size oy < 1/(Lg1[|AJ A1) and ay = O(1), then

S L1 + e — X0 TG+ Ny (60 [-Gl6)]
t=0
+en(An — A5 (00) TIH (8:)]ab = O(1). (E.33)

Proof. Fort =0,...,T — 1, we take K = T?, applying Lemma 12, we have

)k 2
POeri0) — min o(x0,) < 120 21T

E.34
AEQ (0:) 2~T? ( )

From Lemma 13, the above inequality implies

V4 A1 — N (0:)]I2
19000 0) — VoA (00): 01 < 2y 1 (9(0es 00) — 9(3*(0);01)) < Leatldemt = X O)IT

VT?
(E.35)
Plugging in the gradient Vio(\;; 0;), we have
IAVE(6,) " (de — d})II* + VG (8:) T (de — di)||* + [VG(6,) T (de — )|
ol =N (O] _ Aoyl (E.36)

- ~T? - AT?

2
4&/’)\11‘)\

S from Theorem 1, it holds that

Lete =

Vipr = Vi < —au||df||* + cveg (N (6:) — M) [G(O)]+ + ey () [=G(60,)] 4

1 1 E *
+ aren (N (00) = M) THO) b + €2 + Zvae|[VapOhs 01 + L [ AL AL ;1.

2
(E.37)
Taking telescoping sum of the above inequality from ¢ = 0,...,T — 1, rearranging, and letting
ar < 1/(IMls.1lAgglloc,1). we have
-1,
* * * T
Z §Qt||dt 12+ areg(Ag — A5 (00) T[G(00))4 + ueeg N (0:)  [—G(0)]+
t=T
+ apen(Nn = N (0)TIH(0)|ap < Vi + Te?. (E.38)
Letting oy = ©(1),vy = O(1) yields
T—1
L1124 g0y — A2(60) TIG(0 Xi(8,) ' [~G(O
ZgH 17+ cgAg = Ag(6:)) [G(O0)]4 + cgAg(0:) [=G(6:)]+
t=T
+ (A — A5 (0) TIH(0:)]ab = O(1). (E.39)
The proof is complete. O
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F Proof of Theorems 2 and 3: convergence of Algorithm 2

In this section, we prove the convergence of Algorithm 2 with single-loop updates. We focus on
the problem with equality constraints only, i.e., M, = 0. Furthermore, we consider the simplified
subprogram without adaptivity to the objectives, thus 2, (0) = AM,

We provide two theoretical results in Theorems 2 and 3, respectively. Specifically, Theorem 2 uses
the same merit function as Theorem 1, but provides a slower convergence rate. Theorem 3 uses a
different merit function, and provides a faster convergence rate than Theorem 1 under additional
assumptions.

F.1 Auxiliary lemmas

Lemma 15 (Smoothness of ¢ w.r.t. ). Suppose Assumptions 1 and 3 hold. ¢(X; ) is £, 1-smooth
wrt. A\ with g, 1 = M||Aag|\2€?r .

Proof. The Hessian of ¢(\; 8) w.r.t. A can be computed by
V3e(A;0) = AggVE(0) 'VF(0)A,,.
By Assumption 3, the Lipschitz continuity of F', it holds that
IV 0)| < | AagVE(0) TVF(0)Agyll < [[VF(0)Agyll* < M Aqgl* 65
The result is proved. O

Lemma 16 (||V,o(As; 0;)| is bounded by ||d¢||). Suppose Assumptions 1 and 3 hold. For {0}
produced by Algorithm 2, we have

IV 3,065 00)[| < AT [|oo, 1 lde |- (FD

Proof. The gradient of p(\;; 6;) w.r.t. Ay can be computed by
Va;0(Ae;0:) = AVE(0,) TVF(0;) Ay Ae = —AVEF(6;) " dy. (F2)
By Assumption 3, it holds that
IV, 0N 00) [l < 1A (o165 lde]- (E.3)
The proof is complete. O

Lemma 17. Let A\; = [\t .45 \pt). Consider the sequence {\:}1_, generated by the update (3.1).
Then for all A € Q(0;) with X = (Ag, Ap), it holds that

29 A pt = Aps Vi, oA 00)) < lIhpe = A2 = A pa1 = Ap 2+ 2711V, 0(Ae 00) 115
29 (Ant — Ay Vi, @A ) = [[Ane — Anll® = Anes1 = Al + 2 11VA oA 0) 7. (F4)

Proof. By the update of A ¢, and the non-expansiveness of projection, for all Ay € AM, we have
Arer1 = AP < Az = 7V 05 00) = A2

=Xt = A2 = 29 pe = Ar, Vi, 0(Ae 00)) + 92V, 0(Ae; 60) |12 (E5)
Rearranging the above inequality proves the first inequality.
By the update of A, ¢, for all constant \;, € RM» we have
V41 = Ml = 1t = %V, 0N 00)) = Anll®
=[ At = Anll® + 7NV a0 s 00) 17 = 29 (Ane = Ao Vi, 0 (At 6)).- (F.6)
Rearranging the above inequality proves the second inequality. O

Corollary 18. Let \; = [\f¢; A\ ¢]. Consider the sequence {\:}}—, generated by the update (3.1).
Then for all A € Q with X\ = (Ay, \p), it holds that

29t (9 (M5 00) — 9(X;00)) < [IAe = Al = [Aern = A + 22 IIVap(Ae; 60) |12 (E7)

Proof of Corollary 18. The result follows from combining the two inequalities in Lemma 17, and
applying the convexity property of ¢ w.r.t. A. O
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F.2 Analysis with the same merit function: proof of Theorem 2

In this section, we provide analysis with the same merit function as Theorem 1. The proof follows
similar ideas of the proofs of Theorem 3 (for convergence of the subprogram with the approximate
single-loop update) and Theorem 5 (for convergence of the main program) in [7]. We follow the
proofs in [7], as they provide, to the best of our knowledge, the fastest convergence rate guarantees
for single-loop MOQO algorithms under minimal assumptions.

Similar to [7], we first define the following auxiliary functions to assist our analysis. Note that the
functions are only used for analysis but not for the algorithm update.

Po(X50) 1= 93 0) + TIAIZ, A5(6) = argmin o, (3;). (E8)
A

We then present the following Lemmas that are useful for the proof of convergence of Algorithm 2.

Lemma 19. Suppose Assumption 3 holds, and \*(0) and X}(0) are bounded for 6 € {0, P
produced by Algorithm 2, i.e., ||\*(0)|| < e, [|A5(0)]| < cx. Then on the trajectory of Algorithm 2,
with 0 € {0, }]=.!, we have

(A, (0);:0) — p(A"(0);0) <

l\ﬂb

o5 (F.9)

Proof of Lemma 19. The proof follows the proof of [7, Lemma 13]. O

Corollary 20. Suppose Assumption 3 holds, and \*(6) and \;,(0) are bounded for 6 € {0, i

produced by Algorithm 2, i.e., |\*(0)| < cx, [|IA;(0)[| < cx. Then on the trajectory of Algorithm 2,
with 0 € {0;}]=", we have
IV, 0N 0)[17 < 264, 1 (0(X;0) — ©(X5(0):0)) + Ly, 1005 (F.10)

Proof of Corollary 20. By applying Lemma 13, and that V, o(\*(6); 0) = 0, we have
V205012 =[V 2, 0(X:8) = Vi, 0 (X (0); )2 < [[Vap(A; 0) — Vap(A (6); 6)]|?

Lemma 13

< 2 (p(N0) - min oA 0))- (E.11)

Applying Lemma 19, we can further derive
P(As0) = min o(A;0) =p(A;0) = o (A" (6); ) + o (A, (0); 0) = (A, (0); )

Lemma 19 1%
2

< (X 0) = p(N(0);0) + Sex (F.12)

Combining (F.11) and (F.12) yields the result. [
Lemma 21 (Continuity of )\;(9)). For )\;(9) defined in (F.8), and Q2 (0) = Q,, the following holds

IA5(0) = A5 (01 <p~HIVZe(A5(0);0) — Vip(As(0'); 0]
<20 My lsl|AggllZ 1110 — 6] (F.13)

Proof of Lemma 21. The proof follows the proof of [7, Lemma 12]. O

Lemma 22. Suppose Assumptions 1, 2, 3 hold. Let {6;},{\:} be the sequences produced by
Algorithm 2 with step sizes c, = o > 0, v = v > 0. Assume || X*(04) |, [\, (00)]], | Aell < e Then
for any p > 0, it holds that

~y T—
tor IVa@(Ae; 00) 1.

t=0

,_.

2c
v

>/\l\’>

= Z ©(Ae;6;) — )\*(et) ;) <

(1+2p 'aTls 1 03] A,

N

(F.14)
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Proof of Lemma 22. The proof follows the proof techniques of [7, Lemma 15].
First, applying Corollary 18 and y; = ~y yields
2’Y<<P()\t; 0r) — 90(/\2(90; 9t)) <A — )\:(et)||2 = A1 — AZ(@)HQ + 72||V/\<P()\t§ 9t)||2-

(F.15)
Taking telescoping sum of the above inequality and rearranging, we have
= =
T 2 200 — ;0300 <5 ( D e = K01 = s - (0011
t=0
J1
5 T—1
37 2 IVae(h )| (F.16)
t=0
where J; can be further bounded by
T—-2
Ti<[Ao = A (00)lI* = Az = Ap(O07—0)[* + D 120041 = A5 (0er1) = A (O0) [ A5(B+1) — A (00)]
t=0
T—-2 T—-2
<A +dex DN (Oea1) = Ap(00)l] < Ak +8cx D o ek byl Aag |2 1l
t=0 t=0

where the last inequality follows from Lemma 21 and the update of 6,.
Finally, taking oy = «, plugging the above bound for J; back into (F.16), and bounding ||d;|| by
Assumption 3 and that ||\;|| < ¢y prove the result. O

Proof of Theorem 2. We consider the following Lyapunov function with a constant vector A =
[/\f; /\h] € Q,, where )\f € AM’ A € RMn

(0% (0%
Vi = A AF(0) + A ra = Al + =l Ane = M2+ Ay H () + ey, [|HO) [l . (B.17)
~—— 2’)/0 2’70 —_— ——

A Vi1t Vh,3,¢
I VAf,t Vi,

Vh,t

Vit

Recall that A, = [Af4; Ap,], and the algorithm takes the update 6,11 = 6, + o d; with d, =
VF (Gt)A;rg A¢. From Assumption 2, the smoothness of the objectives, and Lemma 9, the function
)\JTAF(H) is smooth, thus

Viusr— Vi S(VF(0,)ATAp, 001 — 0,) + ;’1

ApllallOrsr — 6l
=0 (VFO)ATAs,di) + L2 a? | AT A 1 ] (E.18)
By Lemma 17, taking ¢ > 0 and rearranging, we have
(VPO)ATAr i) 3= (sa = M1 = g = AlP)
F5ulVa OG0 = D Va0 ). (BI9)
Combining (F.18) and (F.19), and choosing % = % for all t € [T], we have
Vierr = Vi + Va1 — Vs
<L ATA P + Va0 017 — s Vo o)) (B20)
By the smoothness of A\, H (), and V, p(\¢;0;) = —VH(0;) " d; — ¢, H(6;), it holds that

Y4
Vi1 — Vi <oy VH(0,)Tdy + f’ o | By Anllullde]|?
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= — auepdy H(0,) + L2 a2 || By Anll1 e
*Oét<)\hvv)\h§0(>\t;9t)>- (FZ])
Bounding the last term in the above inequality by Lemma 17, and taking ¢ > 0, we have

V4 1
Viat41 — Vi < — ovephy H(6y) + ];laf|\B;D\hH1||dt||2 + §Oét%||VAh<P()\t§ 0:) |

o
— ar(Ant, Va,o(Ae; 6:)) + i(ﬂ)\m = All? = At — >\h||2)~ (F.22)
¢

Adding up (F.20) and (F.22) yields
Vitrr = Vi + Vi = Ve + Vi 1041 — Vi

1
< — (A, Vap(Me; 01)) + §%Oft||VA<P()\t§ 0|17 — aven ) H(6:) + L1a? | AL, GAlalldel?

1 /
< — oullde]|® + even (Mg — An) TH(0;) + 2%04t|WA<P(/\t, 0:)[|* + f’ af | AggAllalde]?
(E.23)

where the last inequality uses the fact that (\;, Vap(Ag; 6;)) = ||d¢||? — ch)\h H(6y).

Using the fact that Vy, p(A\s;0;) = —VH(6;) "d; — c;, H(6;), and with similar arguments as (E.20)
in Lemma 11, we can further derive that

|H(6141)|ab <IH(6:) — aren H(0;) — sV x, 0(A\i; 00)|ab + 222 || By [looa [|di |1

S(l — OétCh)|H(9t)

4
LL021B] ool + 0l ¥, 003 60l (R 24)

Therefore,

Ly,
Vi1 = Vi < —auency, [H(6) 1 + -5+ 2 cv, Mo || By llso i lldel|* + aeevs, [V, 0(e; 02) 1.

(F.25)
Combining (F.23) and (F.25), and by choosing step sizes o, 7y;, parameter cy, such that
14 14 1
L ev, My | B oo + SRl 4G Al < 3 (F.26)

we have
1 1
Vi1 =V, < — gatl\dtﬂ —aeen(ev, = [An = Anell)IH (001 + 5%0%@20 + aiey,, [[Va, (A 00) 1.
(E27)

Taking telescoping sum of the above inequality over ¢ = 0,...,7 — 1, and applying that
IV, oA 00)|l1 < VM|V, 0(As; 0;)]], we have

T—1 T—1
1
D Ve - Vf<21~ﬂmmn—%%@w—HM—Amanth+ il
t=0 t=0
+ arey, vV M ||V, (Ae; 00) || (F.28)

where Z || Vi, ©(Ag; 0¢)|| can be further bounded by applying Lemma 22 and Corollary 20 along
with J ensen s inequality as follows

T-1

T—1
%ZWM@%W<*ZWM&MH

Corolldry 20 1

Zze% (A3 6:) — (N5 (0:); 01)) + Loy 1pCx
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T—1
.,
14297 0Tl BIAL IR ) + o5 ST VAR 01 + ploy e
t=0

(F.29)

where [[Vao(A; 0) 12 = [V, 00 00) 12 + [V, 0(Ae 0017 < 1V, 0 (A 00) |7 + [|de . Plug-
ging the above inequality back into (F.28), choosing p = © ((%)%>, and rearranging yield

Lemma 22
1 C

1
ol

PN

T—
1 1 Q1
dy||? + ||H (0 O+ + (2 +7). F.30
tz Il + 1H @l = O + g + (7 (F30)
Choosing a = (T~ 8), v = (T~ ) proves the result. O

F.3 Sharper analysis with a different merit function: proof of Theorem 3

In this section, we provide an analysis of convergence of Algorithm 2 with a different merit function
and faster convergence rate. We first present the auxiliary lemmas and then prove Theorem 3.

Lemma 23. Suppose Assumptions 1 and 3 hold. For {0:},{\:} produced by Algorithm 2 with
My = 0and Qx,(0;) = AM, and for all t = 0,. .., T, ||d;|| can be bounded by

lde ]l < €111 Aq I ( 1), (E31)
and |V xp(A¢; 0:)|| can be bounded by
IVap (A )12 < 2[| Aag* MEF|de||* + 2c7 || H (6:)]]*. (E32)

Proof. Since dy = VF(0;)Aj M\, we have

ldell = IV F (0) Aag Al < LrallAggllliXells < €rallAgylla( 1) (F.33)
which proves (F.31).
Furthermore, invoking that Vo (\;; 0;) = AagVF(Qt)Tdt — cpH (), we have
IVx0(Ae; )1 = | Aag VF (0,) T de — e H(8)1?
<2 Aag VF(0) di|[? + 2en HO|? < 2| Auy |PMEd|? + 23 [HO)P  (E34)
which proves (F.32). O

Lemma 24. Suppose Assumptions 1, 2, and 3 hold, and My = 0. For {0.},{\:} produced by
Algorithm 2, further assume {1} are bounded on the trajectory, i.e., < cy,. Forall
t =0,...,T, choose a; such that ay < ——=——— and a;||H(0:)|| < cap for any 0 <

= LrallAd lli(T+en,)’
Ca,h < 00, then it holds that

1
I1H (041)|1> = |1H(O)|? < e2H(0,) T VH(0;) " dy + EQEEHQ,I,tHdtW
with Cp2 1, = 2M || By|*03 + 2(a;t +ly)canV'Mbs 1| By, and Ly = ||By||VMts. (F.35)

Co,h

Proof. By choosing a; < GATAL T (L) and invoking (F.31) in Lemma 23, we have
Olt”dt” S Ca,h- (F36)
By the mean-value theorem, for allt = 0, ..., T, there exists ét such that

1 - -
[H (001 = | H(0:)1* < cr2H (0:) T VH(6;) "y + 5@?\IV2(H(9t)TH(9t))HIIdtIIQ- (F37)

The term ||V2(H (6,) T H(6,))|| can be upper bounded by
IV?(H (6:) "H (6:))|| <2(|VH (8,)VH(0,) T || + 2/ VZH (6,)| || H (6,)]
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<2M||Bn|*¢5 + 2||H (0,) ||V My,

By (F.38)

Since H (6;) is £z-Lipschitz continuous with £ = || By|[v/M¢y, and 6, lies on the line segment of
0; and 0;41 with ||0;11 — 0¢|| = a||d¢||, therefore,

[H @) < I[H @) + crlullde]l < |[H O] + Lrrca,n- (F.39)
Plugging the above inequality into (F.37) yields

1 - N
[H (O )II” = 1 HO:)|1* < ar2H(6:) ' VH(6:) "dy + 5@4?\IVzlrf(t‘)t)Tlrf(%)||IIdtII2

1 -
<on2H(0,) ' VH(6,) " di + Sof (2M||Bh||2£§ +2(a; ' + eH)ca,h\/Mef,lthn) e[
(F.40)
The proof is complete. O

Lemma 25 (Smoothness of ¢ w.r.t. 0). Under Assumptions 2, 3, 4-2, p(X;0) is Ly, 1-smooth w.r.t.
0 for all X, 6 on the trajectory of Algorithm 2. with £, 1 = M (€3 | + L5 205)([|A]l + || Bnllea, )* +
cnen, | Brlllg,a-

Proof of Lemma 25. By the definition of ¢, its gradient w.r.t # can be computed by
Vop(\:0) = (VF(O)ALN) ' V2F(0) (AL N) — ea ] VH(0). (F41)
For brevity, let v = A‘L/\. Then for any 0, 6’ € {6;} on the trajectory of Algorithm 2, ||Vgp(\;6) —
Vop(A;0')|| can be further bounded by
Voo (X;0) = Vop(X;0')|| < [VF(0) = VEO )| [[o]|[V2F(0)v]|
+HIVE@)|[IV2E©O) = V2E@)|[lo]l + cnl M IVH(9) — VH(@')]

(MG [ol® + MEsLyo|lol” + cnl Al Bullesa) 16— €' (F42)
where the last inequality follows from Assumptions 2 and 3. Using the fact that Ay € AM and
[[An.t]] < ex, on the trajectory of Algorithm 2, for all A € {\;} on the trajectory of Algorithm 2,
[[v]| = | A ,All can be further bounded by

[AagAll < TATAL ]+ 1By Anll < 1Al + 1| B llex, - (E43)
Plugging the above inequality back into (F.42) completes the proof. O

Lemma 26 ([53, Lemma 4]). Let Q@ C RM be a closed convex set, and let Il denote Euclidean
projection to Q. Given any \ € Q,d € RM and v > 0, it holds that

1
Mo (A — vd) = argmin (d, ') + —[|X — \||. (F.44)
NeQ 2y

Lemma 27 (Proximal PL inequality implies proximal error bound and quadratic growth). Suppose

Assumptions 1, 3, and 4-1 hold. Then for X\, 0 on the trajectory of Algorithm 2, p(X; 0) + g(\), with

g(\) being an indicator function defined on the set )y, satisfies the ﬂi-proximal error bound (EB)
©

and the M#—quadmtic growth (QG) w.r.t. X for some i, u; > 0 depending on i, as defined below
®

ﬂidist()\, Sy(9)) < %H)\ —Ia, (A —=7Vap(X;8))]|  (proximal EB) (F.45)

%]

ﬂi,distZ()\, S,(0)) < (X 0) — p(A*(0);0) (QG) (F.46)
%2}

where S, (0) == {A € Qi | p(A;0) = p(A\*(9);0)}.

Proof of Lemma 27. By Lemma 15, ¢(\; 6) is smooth w.r.t. A. Furthermore, by [28, Appendix G,
and combined with Assumption 4-1, the proximal PL inequality, it implies that p(X;6) + g(\)
satisfies the proximal error bound. From [10, Corollary 3.6], the proximal error bound further implies
the quadratic growth, which proves the result. O
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Lemma 28 (Lipschitz continuity of A*(6), [53, Lemma 5]). Suppose Assumption 3 holds. If given
A€ Qy, and 0 € RY, o(\;§') satisfies the ﬁl -proximal error bound w.r.t. A. Then given 6 € RY,
@

for any X*(0) € argminycq, @(A;0), there exists \*(0') € argminyecq, ¢(X;0') such that
IA(8) = X" (6)]] < €x-16 — ¢

with Ly« = Ly, 1fip, and Ly, 1 defined in Lemma 15.

Lemma 29 (Danskin-type Lemma for proximal PL functions [53, Proposition 6]). Suppose Assump-
tions 1, 2, 3, 4 hold, then (\*(0); 0) is differentiable with the gradient computed by

V(A" (0);0) = Vop(A; 6), VA€ argminp(X;0). (E47)
AEQN

Moreover, o(AN*(0);0) is Ly 1-smooth with £« 1 = Ly, 1 (1 + £y-).
Below, Lemma 30 establishes the approximate descent or contraction of the subprogram after taking
one-step update on ;. This is crucial for a sharper analysis of convergence of Algorithm 2.

Lemma 30 (Error of subprogram). Suppose Assumptions 1, 2, 3, 4 hold, M, = 0, and Q0 ; 0) = AM,

Let {6:},{\:} be the sequences produced by Algorithm 2 with step size vy < E;i,l' Then for any
Cp,d > 0, the following hold

P(Aer1;0:) — (N (0:);0:) < (1= Yepeo) (N3 01) — p(A*(61);61)) (F.48a)
OAe4150011) — (A" (O141); 0141) < (1 + Oét%,df?oe,wio) (@(/\t+1§ 01) — (A" (01); 9t))
At loga +lprq o 2
: : . F.4
+ (2% e 2l |y (F48b)

Proof of Lemma 30. We first prove (F.48a). Recall the definition of D, - (A; §) in Definition 3. By

the £, 1-smoothness of ¢ w.r.t. A and the update on )., and that y, < 8;3,1, we have

1
O(Ae4150) < ©(Ae501) + (Vap(Ae; 01), Ay — Ae) + gH)\tH = Aell?
t

<p(A;0¢) — %D%% (A\;0:) by Lemma 26 and Definition 3
<o(Ai3 00) — Yett (4,0(/\,5; 8,) — p(\"(8,): et)) by Assumption 4-1 and Definition 3 (F.49)
where the last inequality follows from the proximal PL inequality. Subtracting both sides of the above
inequality by p(\*(6;); 0:) proves (F.48a).
Next we prove (F.48b). We decompose the error on the left hand side of (F.48b) by
P(Atg1; O41) — (A" (Oe41); b141)

= P(Ni4150t41) — PN (Or41); 0141) — (P(Nig1501) — (N (01); 01)) +o(Aeg1; 01) — (A" (61);01)
J1

(E.50)
where we use the (£, 1 + £+ 1)-smoothness of p(X; §) — @ (A*(0); 0) w.r.t. 6 to further bound J; by

. Cog1 + Lo
I (Voparns 0) = VoA (0:); 00), Ors1 — 0.) + —2 =22 0041 — 6,
. oot + Lo
< —ar(Vop(Air1;00) — Vo (N (01);04), de) + %O@Hdtw
. oot + Lo
< af||Vop(Aey1;0:) — V(N (0:); 00) ||| de || + %aflldtllz- (F51)
Then we can further derive that
(@) e N o V4 + b
T < SV (Nri00) = VoA (0): 00| + 5o g+ 25 o
®,
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(b)

Q
< Oétcg;,dfig,lu; (©(Nig150:) — (X" (61);64)) + 5 :

Lpgn +Lox 1
4+ £ o
®,
(F.52)

where (a) is from Cauchy-Swartz inequality, and (b) holds because
Vo (Ae4130e) — Vo (A (0): 6041
<02, ) (dist(Apg1, A" (0,5)))2 by Lemma 29 and /., 1-Lipschitz continuity of Ve (); 0)
Sfig,l,u; (©(Aig150:) — (X" (61);64)) (F.53)
where the last inequality follows from Lemma 27, the A%,-quadratic growth of ©(+; 0).
)

Finally, plugging (F.52) back into (F.50) completes the proof of (F.48b). O

Corollary 31. Suppose Assumptions 1, 2, 3, 4 hold, and My = 0. Let {6}, {\:} be the sequences
produced by Algorithm 2 with step size v, < E;i,l. Then for any c, q > 0, it holds that

(P15 0041) — @A (Be41); 0041)) — (0(At;0:) — ©(A™(6:);64))

. l .
< <(1 + atc%dfiml,u;)(l — Yefhp) — 1) ((p()\t; 0:) — (A" (0:); 9,5)) + ( Qi 4 Leort » ’10z?>||dt||2.

ZC%d 2
(F.54)

Proof of Corollary 31. The proof directly follows by plugging (F.48a) into (F.48b). O

Ca,h

Lemma 32. If by choosing oy = min {m, ca} with 0 < cqo,p, o < 00, and from the algorithm
update and properties we can derive ou||H (0;)||? = O(1) is bounded, then ||H (6,)| is bounded.

Proof of Lemma 32. We prove by contradiction. Suppose ||H (6;)|| = w(1) is not bounded, then

. Ca,h Ca,h
op =min{ b\ Cah (F.55)
t {HH(Gt)H } 1 H (0)]
Furthermore,
al|H(O)|* = canll H(6:)] = O(1) (F.56)
which implies || H (0;)|| = O(1) and contradicts with || H(;)|| = w(1). Therefore, we have proved
||H (6:)]| is bounded. O

Remark 33. Lemma 32 uses the algorithm properties to prove that ||H (0;)|| is bounded, instead
of directly assuming ||H (0;)|| is bounded. This will be used in the proof of Theorem 3 to show that
[H (6:)|| is bounded on the trajectory of Algorithm 2.

Next we proceed to prove Theorem 3, the sharper convergence of Algorithm 2.

Proof of Theorem 3. We consider the following Lyapunov function with a constant vector Ay € AM.

«Q 1
Vi = \f AF(60;) + 270||)\f,t = AP+ AL H (0 + STHOD) I+ o(Ais 0:) — (A (6:); 61) -
—_——— Yo 2

——
\ \_VV_/ Vh,o,¢ Vi3t A
Mgt 3
Vit
FES57)
Following the same arguments from (F.18)-(F.20), and by choosing % = % = % forallt € [T,
we have Y
Vitrr — Vi + V,\f7t+1 — VAf,t
4 1
< fz’l aZ[|ATAs 1l el + Plagd AAVIC 00)11* — ar{Ape, Va, 00 0)). (F.58)
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Similarly, we can derive that

/
Vio,41 — Vior < — auenhy H(0y) +

SEad | B A el lldel]* — ae(hnr, Va0 (s )
+ (Anyta1 — Anye)  H(6y). (F.59)
Combining (F.58) and (F.59) yields
Vierr = Vie + Vi — Ve + Vaoertr — Vi < —au|de||

1 l
+ 50l a0 01 + L aZ(IAT Al + 1B dnoll)lldel? = 369, 0003 6) T H ().
(F.60)

Next we proceed to bound V, 5 111 — V}, 5. By Lemma 24, it holds that
Vigast = Viae < ol (6,) T VH(6:) dy + at Pl 1l (F61)
where {p2 1, = QME? + 2(0&;16a7h +lpcy)V MUy . Because Vy, (s 0;) = —VH(6;) " dy —
cnH(0y), the term H (0;) "V H(6;) T d; can be further written as
H(0,)"VH(0,) "de = — H(0;) " (Vn,0(A\i3 0¢) + cn H(6;))
= — cal [ H(0:)* = H(0:) "V, 0(M: 00)- (F62)
Plugging (F.62) into (F.61) yields
1 1 1
§||H(6’t+1)||2 - §\|H(9t)\|2 < —aen||H(00)|* — arH (6:) " Va, 0(Ai; 0) + ZOL?ZH2717t||dt||2.
(F.63)
Letting {1 = Lp1(]|AT |11 + || By} [l1cx,, ), and adding up (F.60) and (F.63), we have
Vierr = Vi 4+ Va1 — Va4 Vi — Vie < —aullde]|® — awen || H (02|
1 1
= (o +7)Vx (A 00) TH (00) + 57l Va0 00| + 702 (2brm + Laz)del® (Fo4)
where [[Vx,0(Ae; 01)[|? < [[Va@(As; 0,)]? is further bounded by Lemma 23, (F.32) as
IVa@(Ae; 00)117 < 2]| AqglI* M Ede* + 25| H (0)]1*. (F.65)
Plugging (F.65) back into (F.64) yields
Vierr — Vi + V,\f,t+1 - VAf,t + Va1 — Vi < —OétHdtHQ - atCh||H(9t)||2

1
— (o +7)Va,0(Ae: 0) "H(0y) + —a7 (20pm 1 + Lz, 0)||de|

4
J1
Agg||PMO2||de || 211 H(6,))) F.66
+ || Aagl|” MEs | de]|” + yeawcy [ H (6:) | (F.66)
Jo J3
. . . 1
where by choosing the step sizes a; < P e v¢ < min {W, Ter } it holds that

1 1
Ji < ZatHdtHQ, Jo < 04t||dt||2 Js < atch||H(9t)||2 (F.67)
Plugging (F.67) into (F.66), and rearranging, we have
Vi1 = Ve + Va1 =V, e+ Vi — Vi

1 1
—aucn|[H (01> = (o + 7)) Va, o(Ae; 0:) T H ()

< - iatHdtH2 ~3
(1+¢y,0)?
cn

1 1
<- iatHdtH2 - ZatchHH(@t)HQ + [V, 0N 0|2 (F.68)

where the last inequality follows from Cauchy-Schwarz inequality and that v; = ¢y o 0.
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2

Ccp.al !
By applying Corollary 31 with v; < E;Al oy < W and ¢, o > %”ltw’ we
) ©g, ¢*,1)Cp, ’ ©
further have that
1 N o
Voit1 = Vor S —ghee (P(Ae;0:) — @(X*(0:): 0:)) + CfthdtHQ- (F.69)
®,

Then note that from (F.11) we have ||V, (A; 01)[12 < 200, 1 (0(Ae; ) — (A" (64);6¢)). Adding
up (F.69) and (F.68) with properly chosen hyperparameters c;, > (1 + ¢y.q)%, ¢y,0 > 46::’1 , and
Cp,d = 4 yields

1 1
Vig1 =V < _Zat”dt”2 - ZatchHH(et)H2~

Taking telescoping sum of the above inequality overt = 0,...,T — 1 yields

T—1

> (Il + enl H@B)I?) < 4(Vo — Vi)

t=0

<AVio+4(M) oH(00) — Ay H(0r)) + 2| H(60)]]” + 4V 0 < 20 + 8ca, ca (E.70)

where the second last inequality follows from V;, > 0, choosing A\ = Ao, and V,; > 0, the
last inequality follows from choosing 6, Ag such that A;AF(@O), H(00), p(Xo;00) — o(A*(00); 60)
are bounded, thus 2V o + || H (0o) > + 2V, 0 < co < o0, A+ are bounded on the trajectory, and
H (00) 11, [1H (07) |1 < cr. thus 4(X; o H (00) — Ay 7 H(07)) < 8cx, e

1

We then summarize the best possible choices for oy, ;. Recall that we require oy < 50——57——.
2Ura1+H g2 4,

Rearranging this inequality with £g2 1, = 2M||BhH2£?¢' + 2(a; b + lgr)canV'Mey || Byl|, and
. _ 1 .
choosing ¢, 5, = WATE B yield
1
Olt(2€FH,1 + EHQ’Lt) :204t€FH,1 + QOAtMHBhHQZ? + 5(1 + oztfH) <1. (E71)
Then we can choose the following to ensure the above inequality holds
1
o < . (E72)
4(£FH,1 + MHBhHQf?) + 4y
To summarize, we can choose the following hyperparameters and step sizes
862 1/J/ 44 1 1
Cya > max{ —20® e L — (14 ¢,4)%, Cah= ——on————— (F.73a)
= { He He } h= (1 ene), can 4v/ Mg 1 || B
= Cy a0y, and o :min{ Couh !
T et ‘ max{||H(00)[l, €71l Adgll1 (1 + ex,)} 4(leg 1 + Lo 1)’
1 1 1 1 }
cralpy 1’ dcyallAaglPMEG " 2¢yach” 4(Crm, + MHB}LHW?) +eg
(E73b)
where (rp1 = Cp1(||AT |1 + | B |l1ca, ), and £ = || By, ||v/M£s. Then it holds that
T-1
>~ (Il + enll HB)F) = O(1). (E74)
t=0
Therefore, ascp,||H (6;)]|? are bounded for all t = 0, ..., T. Combining with Lemma 32, we have
||H (6:)|| are bounded for all ¢t = 0, ..., T, thus we can choose a; = §2(1), i.e., o is lower bounded

by a constant.

Collecting the results above, we have proved that we can choose a; = O(1), v, = ©(1) such that

1 T-1 1
=5 (Il + 1HE)IP) = 0(5)- (E75)
t=0

The proof is complete. O
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G Stochastic Algorithms

In this section, we discuss the single-loop stochastic algorithm and its convergence guarantees. Note
that, the extension of the analysis of the double-loop algorithm, i.e., Algorithm 1 and the extension of
the single-loop algorithm analysis in Theorem 2 to their stochastic variants with double sampling as
used in [7], are rather straightforward, thus we ommit the discussion in this paper, and only focus on
the single-loop stochastic algorithm with equality constraints only, i.e., M, = 0, and with a sharper
analysis as an extension of Theorem 3.

Let £ and £ be i.i.d. random variables. The stochastic constrained vector optimization problem is
defined as

;IGHJRI}I F(Q) = E[FE(G)L s.t. H(@) = E[HE/ (9)] = 0, with H&/(Q) = Bth/(é)) + bh- (Gl)

G.1 Algorithm summary

The stochastic algorithm is summarized in Algorithm 3. Note that, instead of computing
VFe, ,(0:), VFg, ,(0;), which requires 2M gradient computation at each iteration, we compute
VFe,,(0),V(F,,(0:) Al A:). which requires M + 1 gradient computation per iteration. This
saves nearly half of the per-iteration complexity compared to the most relevant existing stochastic
algorithm for multi-objective optimization [7]. Furthermore, with the gradient-based single-loop
update for \;, the approximation approach proposed in [34, Section 3.2] can be further applied to
largely reduce the per-iteration complexity, which we leave for future work.

Algorithm 3 Stochastic FERERO-SA

1: Initialize ¢ = 0, 8, \g, step sizes o, V¢;
2: fort=0,...,7—1 do
3: Compute the stochastic gradients V Fy, ,(6;), VFg, , (6;) Al s

g
4 Compute the stochastic estimate of the constraint Hy, | (6;);
5: Compute an update direction dy = V F, | (6;) A}, \;

6: Choose the step size o by a predefined schedule;

7 Update Gt by 9t+1 = Gt + O[tdt;

8: Update \; by (3.4);

9: end for

G.2 Proof of Theorem 4: convergence of Algorithm 3

We first introduce the supporting lemmas, and then present the main proofs. Denote F; as the
o-algebra generated by V¢ (6), Ve, (61), ..., VF, (0;), where § = {&;1,&2}. For brevity, we

let E;[-] = E[- | F1—1]. Also recall that V is the unbiased stochastic estimate of the gradient.
We make the following additional assumptions for proof of convergence.

Assumption 5. For {0, )\t}f:_ol on the trajectory of Algorithm 3, it holds that
1. The variance of V Fy, (0:) is bounded by .

2. The variance of@)\go()\t; 0;) is bounded by vl

3. The function | H (0;)|| is bounded by cp.

Note that the bounded variance assumption is common in optimization literature. However, for
sharp analysis here, we additionally require V x¢(\; 0;) has reduced variance in the order of O(v;),
which can be achieved using a large batch size. Note that, even without assuming reduced variance,
i.e., Assumption 5-2, the stochastic algorithm still converges, which can be proved by extending
Theorem 2 to the stochastic case using the same techniques in [7] for MoDo, a double-sampling-based
single-loop stochastic variant of MGDA. However, the convergence rate will be slower than O(T~ 3 ).
Here we use this additional assumption to achieve a faster convergence rate.

The following Lemma 34 extends Lemma 17 to the stochastic case.
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Lemma 34. Let \y = [\f+; A t|. Consider the stochastic sequence { )\ }]_, produced by Algorithm 3.
Then for all A = [Ag; Ap] € Qy, it holds that

2% B (At = Ar, Vi, 006 00))] < B[ Ar.e = Afl” = [IAree1 = Afl1? + 9711V, 0N 00)[17];
29 e [(Ane — Any Van @A 0)] < Bl A — Al = [ Mnier — Anll? + 97 [V, 0(Ae; 0)]7].
(G.2)

Proof. By the update of ), it holds that

Az = AP < Age = % Va oA 0) = Agl|?
=[xge = Al = 29 g = A Vs 0 (e 00)) + 97 [V, 0 (A )12, (G.3)
Taking expectation over the stochastic samples and rearranging the above inequality, we have
2% Ee[(Are — Ap, Vi, 0(Ae; 00))] = 20 Ee[(Age — Ap, Vi, 0(As; 04))]
<Eu[[[Age — Asll® = A g1 — ArlI® + 971V, 0(Ae; 00)]17]. (G4)

Following similar arguments, it holds that
Q’YtEtK/\h,t = A,y Vi, 0(As; 04))]
<Edfl[ A = Anll? = [ An 1 = All® 271V, 0 (A 00)[1%]- (G.5)
The proof is complete. O

Lemma 35 (Restatement of [50, Lemma 2]). Let ¢(z) = p(x) + h(x), where ¢ : R? — R is L-
smooth, and h : R? — R is nonsmooth but convex and relatively simple. Define y = prox,yh(a; —~d")
for some d' € RY. Then for y, the following inequality holds for all z € RY:

o(y) < @(2)+(y — 2, Vo(z) — d')

L 1 , L 1 , 1 )
2 )y - 24 )z =zl = =y - 2% G.6
HG gl =l + G+ gl -l — - (GO

The following Lemma 36 extends Lemma 30 to the stochastic case.

Lemma 36 (Error of subprogram in the stochastic setting). Suppose Assumptions 1, 2, 3, 4, 5 hold,
and My = 0. Let {0, },{\:} be the sequences produced by Algorithm 3 with step size v, < K;Al’l.
Then for any c, q > 0, the following hold

Elp(Air1;0:) — (N (0:); 00)] < (1= ) E[0(As; 00) — (N (61); 04)] + 770 (G.7a)
Elp(Ai4150t41) — @A (O141); 0141)] < (1 + Oétcga,dfig,w;)E [SD(NH; 0:) — (A" (0:); 0,5)}
Qg KW&J + gw*,l 2 T 2 Esas,l +£sa*71 2 2
+(Goy + TRl JEIVEO) AL NIP) + =220 alo
(G.7b)

Proof of Lemma 36. The proof follows most of that of Lemma 30. We highlight the difference.

First we define A}, ; = IIg, (As — Va@(As;6;)) as an auxiliary variable. By the £,,, ;-smoothness
of p(+; ), we have

l 1
Elp(V 13 00] < Elp(hi 00) + (Z5= = )N = M) (GB)
Applying Lemma 35 with y = A1, 2 = Aj 1, & = A, and that ¢, A1, Aj; € Q) yields

Elp(At+1;0¢)] < E[@(AQH; 01) + (Aev1 — Mgr, Vag(e; 01) — Vap(he; 0))
ZW\J 7 1

+ (2t

Loy 1 1
S |5 VAP W [ R (2 CE R VAN WY 2 5 VAP 2].
3~ e = AP+ (R 4 N = A = 5 A = N

2 27
(G.9)
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Furthermore, following similar arguments as (F.49), by Assumption 4-1, and taking total expectation,

we have
Elp(3 13 00)]<E [0 (0 60) = a1, (9 (0 60) = 9(A* (60):60)) . (G.10)
Adding up 2 x (G.8), 1x (G.9), and § x (G.10) yields
Blo(vrif0)] <E[p0hi 80 + (T2 = )N = A+ (52 = ) = u?
— B () = X (1)381)) — 5N = NP
+ A1 — Moty Vag (O 02) — V(s 9t)>]' (G.11)
Choosing v; > ﬁ > ﬁ and applying Cauchy-Schwarz and Young’s inequality, we have

Elp(ree1:00) <E [0 0) = 2L (o(Ai: ) — (A (8:):61)
+ %IIVW(M;@) - @W(At;ét)llﬂ. (G.12)

The first inequality is proved. We then prove the second inequality. Note that (F.50) still holds here.
Following similar arguments in (F.51), E[J;] in (F.50) can be further bounded by

* 14 0 +€ *
E[A] < E[ = au(Vaw (A1 00) = V(A" (6:): 00), de) + 222221 a2 |, ]
* ¢ 0 + Lo
< B[ = ae{VoeAer1: 00) = Vo' (0.); 00), VE () Al M) + =222 2—L a2 d, 2]

* l 0 + Ly
< E[aelVop(Aei13 00) = VoA (00 0 IV F(0) AL Al + =222 02y 2.

2
(G.13)
Then following similar arguments in (F.52) and (F.53), we have
E[/1]<E [O‘tcv,dg?ag,llﬁ; (@()\tﬂ; 01) — (A" (01); et))
L + L
T 5 IVFB) AL A + mend 22l o2, 2], (G.14)
Cop,d 2

Plugging (G.14) back into (F.50) with total expectation completes the proof of the second inequality.
O

Next we proceed to state and prove Theorem 4, which generalizes Theorem 3 to its stochastic variants,
with a matching convergence rate to the unconstrained stochastic MOO algorithms and stochastic
gradient descent. This allows us to apply the algorithm to large-scale machine learning problems,
which we detail in Section 5. Its proof also extends that of Theorem 3. We ommit the similar
derivations and only highlight the difference.

Theorem 4 (Convergence of the single-loop stochastic FERERO algorithm). Suppose Assump-
tions 1,2, 3,4, 5 hold, and My = 0. Let {0:}, {\:} be the sequences produced by Algorithm 3 with

1

A=1TandQy,(0) = AM (c.f Remark 4). With properly chosen step sizes oy = o = (T~ 2),
Yo =~ = O(T~2), it holds that

1

Nl

). (G.15)

N

T}_j_lﬁ[nwwtng&n? +11H @] = o(T"

Proof of Theorem 4. Reuse the Lyapunov functions defined in (F.57). Let Ay = [Af4; Ap ). The
algorithm takes the update 0,11 = 6; + oud; with dy = VFg, | (Qt)AIg)\t. From Lemma 9, the
function )\JIAF () is ¢ 1||AT ||s-smooth. Then following similar arguments from (F.18)-(F.20),
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choosmg L = 7(? = % for all ¢ € [T, and taking total expectation, we have the stochastic version
oo

of (F.58) below
E[Viit1 — Vs + Vg1 — V)\f,t]

1 -
5 o E[|d:]*] + §at%E[||V/\f90(>\t§ 0)11*) — aEB[(A s, Va,0(Ai; 00))]. (G.16)
The stochastic version of (F.59) is
E[Vio1 — Viodl < — arenBIAT H(0)] + 2L |BY l1ex, Elllde]1”

— B[ Va, 0(Ae; 0))] — %E[Va, 0\ 0) TH(0,)].  (G.17)

By Lemma 24, and that Vx, p(\¢; 0;) = =V H(0,) " VF(0;)AJ A\ —cp H(0y), the stochastic version
of (F.63)is

1
EVhs41 — Vise] < E[H(0,)"VH(0,) " VE, 1(Ht)AT ] + 4ozt]E[

1)

< — B[ H(0)|%] — wE[H (0:) " Vi, 0 (A 00)] + Oét]E[sz Lelldell?] (G.18)

where (y2 1 = L2y = 2M || By |03 + 2(cu + KHcmh)\/ M 1]/ By by Assumption 5-3, and

lg = ||Bpl|VM{y . Letlpg 1 = Lra(||AT |1 + | B} |lica, ). Adding up (G.16), (G.17), and (G.18)
yields that

E[Vii1 — Vi + Voaseer = Ve +Vigor — Vil
1
Siaf(%FH,l + L2 1)E[|de]?] — o E[(Ae, Vap(Ae; 00))] — cwen BN H ()]

1 -
— o enB[|H (0,)]1%] — (o + ) E[H (6,) T Vx, 0(Ae; 0)] + §at%]E[HV/\f<P()\t§ 0:)|1%].
(G.19)
Further rearranging the above inequality, applying (F.65), invoking that v, = ¢, 4, and choosing

< mj 1 1 1
Q¢ = Tin { 2raaty2 0 Al AagPMEcy,a’ 2cney,a f° we have

E[Vf,t+1 — Ve + VAf t+1 — VAf t+ Vi1 — Vi

1 14 cyq)?
<~ JaBIVFOIALNI - g Bl O + 02l 0 5], 00
1
+ajc o’ + + 7 (lrma + Cprz ) ojo?. (G.20)
By applying Lemma 36, and choosing a; < min { éw,icv,a’ T 1+£1 e o 5% - } and ¢y o >
%‘li%w the stochastic version of (F.69) is

1
E[Vp 41— V] <= §N¢7tE[90(>\t§ 0:) — p(\*(0:); 61)]

+ %EHWF(@)ALMIQ] + (1422 )alo”. (G.21)
Adding up (G.20) and (G.21) with properly chosen hyperparameters c, > (14c¢y )2, Cy,a > 4‘;«:’7271’
and ¢, ¢ = 4, we have
E[Veer — Vil < — 1aBlIVF0)AL A — SowcEl|H(0,)])
+ (1+2c +atcva Z(QKFHJ +€H2,1)>af(72, (G.22)

With the same hyperparameters and step sizes summarized in (F.73), one can choose oo = @(T’%),
v = ©(T~2) to obtain

!

-1

E[IVF@) AT + 1G]] = 0(T71). (G.23)

Nl

t
The proof is complete. O

Il
=]
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H Implementation Details and Additional Experiment Results

In this section, we report the additional implementation details omitted from the main text in
Appendix H.1 and the additional experimental results in Appendix H.2.

H.1 Implementation details

Computation. All experiments were conducted on a server with an Intel i9-7920X CPU, two
NVIDIA A5000 GPUs and two NVIDIA A4500 GPUs.

For all the experiments reported in the main text except for the multi-lingual speech recognition
experiment, we exactly follow the settings from [4 ]. The implementations of the baselines including
LS, PMTL, and EPO are from the official code of the EPO paper in https://github.com/dbmptr/
EPOSearch with their default hyperparameters. The results of XWC-MGDA are directly referenced
from the paper due to lack of official implementation.

Synthetic data. For the results in both Figure 3 and Figure 4, the model parameter 6 has dimension
q = 20, the number of objectives is M = 2. The angles between the preference vectors and the
horizontal axis are generated between [%7@ %w] with equal angular distance. This experiment does
not involve stochastic optimization. For our method, we solve the subprogram using PGD with a step
size 0.1 up to an error of 10~° or with a maximum of 250 iterations. In the experiments, we set the
parameter c¢;, = 1 for the subprogram if not otherwise specified.

In Figure 3, for all preferences and all methods, the initial model parameter 6 is randomly generated
from a Gaussian distribution A/ (0, 1) for each dimension. In Table 6, we provide a summary of the
hyperparameters for the baselines and our methods for the experiments in Figure 3.

Table 6: Summary of hyper-parameters for the synthetic data experiments in Figure 3.
Hyperparameters | LS MGDA PMTL EPO Ours Figure 3¢ Ours Figure 3f

step size oy 0.1 0.2 0.2 0.1 0.05 0.05
max iterations 150 150 150 100 100 100

In Figures 4a-4c, the initial model parameters are randomly generated from a uniform distribution
between [—0.3, 0.3] for each dimension. In Figures 4d-4f, the initial model parameters are randomly
generated from a uniform distribution between [—0.5, —0.15] or [0.15,0.5] for each dimension.
Table 7 summarizes the hyperparameters for the experiments in Figure 4.

Table 7: Summary of hyper-parameters for the synthetic data experiments in Figure 4.

Hyperparameters | Figures 4a-4c Figures 4d-4f
| PMTL EPO Ours | PMTL EPO Ours
step size o 025 0.10 0.60 | 050 020 0.60
max iterations 100 60 10 200 120 200
ch - - 1 - - 0.01

Multi-patch image classification. For a fair comparison, we follow the same data splitting and
processing procedures as [4 1] using their official code. In each of the three datasets, there are 120k
samples for training and 20k samples for testing. There are two tasks on each dataset: 1) classifying
the top-left image, and 2) classifying the bottom-right image.

For all methods, we use the SGD optimizer with batch size 256. Note that, for our stochastic method,
we use batch size 128 for each batch in the double sampling. Thus the total number of samples
taken at each iteration is also 256. The hyperparameters are summarized in Table 8. The results of
XWC-MGDA are directly referenced from the paper.

We use the Pymoo 0.6.1 library to compute the hypervolume. The Nadir points, i.e., the worst
performance on single task baselines, used for the hypervolume computation are given in Table 9. For
a fair comparison, the Nadir points we use are the same with [44] inferred from Figure 4 in the paper.
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Table 8: Summary of hyper-parameter choices for multi-patch image classification experiments.

Hyperparameters \ Multi-MNIST Multi-Fashion Multi-Fashion+MNIST
[ LS PMTL EPO  Ours | LS PMTL EPO  Ours | LS PMTL  EPO  Ours

step size oy 1E-3 1E-3 1E-3 1E-3 1E-3 1E-3 1E-3  1E-3 1E-3 1E-3 1E-3  1E-3

step size ¢ - - - 1E-4 - - - 1E-4 - - - 1E-4
epochs 100 100 100 100 100 100 100 100 100 100 100 100
ch - - - 0.5 - - - 0.5 - - - 0.5

Table 9: Nadir points for the hypervolume computation

Dataset and metrics ‘ Nadir points, metrics on objective [1,..., M]
Multi-MNIST loss [0.500, 0.450]
Multi-Fashion loss [0.840, 0.800]
Multi-F+M loss [0.625, 0.575]
Multi-MNIST accuracy [0.830, 0.848]
Multi-Fashion accuracy [0.840, 0.800]
Multi-F+M accuracy [0.790, 0.785]

Multi-lingual speech recognition. We use two datasets, Librispeech and AISHELL v1. Librispeech
is an English speech dataset that consists of 960 hours of labeled audio data. For our experiments, we
use the "train-clean-100" subset of the Librispeech dataset for supervised training, which contains
100 hours of clean training data. Additionally, we use the full 960 hours of data for self-supervised
training. AISHELL vl is a 178-hour Mandarin speech corpus designed for various speech and speaker
processing tasks. We use the full AISHELL v1 dataset for both self-supervised and supervised training.
‘We combine these two datasets for our multi-lingual speech recognition experiments.

‘We use the conformer [26] model with 8 conformer blocks as the encoder. Each block contains 512
hidden units and 8 attention heads. Each attention head has dimension 64. The convolutional kernel
size is 31. Two classification heads are used. They contain two linear layers, one with 1000 output
size for English, and another with 5000 output size for Chinese.

The loss functions we use include the Contrastive ol
Predictive Coding (CPC) loss, and the Connection- os
ist Temporal Classification (CTC) loss. The CPC oo

loss [46] is a self-supervised loss to learn robust -] 7 -

representations from unlabeled speech data. The ood 7 oo

CPC loss is designed to maximize the probability 00 0z 04 05 08 to A 00 o2 04 06 os 1o A
of a future sample given a contextual representation (a) Without scale (b) With scale
generated from the current speech sequence. The ] ) ) ] ]
CTC loss is defined as the negative log-likelihood of Figure 7: Scale invariance verification.

the model parameter given the input sequence and the label sequence.

For all methods including the baselines, we use the step sizes a; 1 = 5 x 10~ for training backbone
conformer parameters and o o = 5 x 107> for training classification head parameters. The step size
¢ = 0.1 and the parameter c;, = 0.5.

H.2 Additional experiment results

Synthetic data. We conduct several additional experiments on the synthetic objectives to further
verify our theory. First, we conduct all the experiments on the synthetic objectives reported in the
main text, using the single-loop approximate algorithm described in Algorithm 2. The results are
plotted in Figure 8. The hyperparameters are the same unless otherwise specified.

From Figure 8a, we can see that Algorithm 2 with a one-step approximate update of \; also leads
to convergence and preference alignment. However, different from the results obtained by exactly
solving for A*(6;) at each iteration, the models on the optimization trajectories do not align exactly
with the preference. Similar observations can be found in Figure 8b. In Figure 8c, which is a difficult
case due to the initialization, A = I; does not work since it does not incorporate more general
relative preference to allow controlled ascent update. This is addressed in Figure 8d, where a general
A (the same as in prior experiments) is used. Compared with exactly solving for A*(6;) at each
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Figure 8: Synthetic experiment results with Algorithm 2.

iteration, the approximate algorithm takes more iterations to converge, but has smaller per-iteration
complexity, and smaller total time complexity.

Table 10: Summary of hyper-parameters for the synthetic data experiments in Figure 8.

Hyperparameters | Figure 8a Figure 8b  Figure 8c  Figure 8d

step size oy 0.10 0.06 0.15 0.15
max iterations 100 100 250 250
Ch 6 6 0.1 0.1

We conduct another experiment to verify that the scale invariance can be preserved. We use the same
objective as above, but scale the second one by 2. We use a fixed initialization 6y = 0.3-[1,/2; —14/2]
for this experiment. The other hyperparameters are the same as the default. We use both F'(6y) and
F(0) as the reference points and choose By, such that By, (F'(6y) — F'(0)) = 0. Results in Figure 7
show that for different scales, the trajectory and the converging solution are the same.

Table 11: Summary of average run time in seconds (s) or minutes (m) and number of iterations or
epochs of different methods on different datasets. We use Algorithm 1 for the synthetic experiments,
and Algorithm 3 for the other two experiments.

Datasets | Metrics | LS PMTL EPO FERERO
Synthetic, Figures 3(a-c) Iterations 100 100 60 10
Per-iteration run time | 3.50E-4s 7.67E-4s 4.93E-3s  7.50E-4s
Total run time 0.035s 0.0767s 0.296s 0.0075s
Synthetic, Figures 3(d-f) Iterations 100 200 80 200
Per-iteration run time | 3.10E-4s  7.65E-4s 4.93E-3s  7.30E-4s
Total run time 0.031s 0.153s 0.394s 0.146s
Multi-MNIST/Fashion/F+M Epochs 100 100 100 100
Per-epoch run time 3.54s 11.88s 9.66s 7.02s
Total run time 5.9m 19.8m 16.1m 11.7m
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