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Abstract

The premise of semi-supervised learning (SSL) is that combining labeled and unla-
beled data yields significantly more accurate models. Despite empirical successes,
the theoretical understanding of SSL is still far from complete. In this work, we
study SSL for high dimensional sparse Gaussian classification. To construct an
accurate classifier a key task is feature selection, detecting the few variables that
separate the two classes. For this SSL setting, we analyze information theoretic
lower bounds for accurate feature selection as well as computational lower bounds,
assuming the low-degree likelihood hardness conjecture. Our key contribution is
the identification of a regime in the problem parameters (dimension, sparsity, num-
ber of labeled and unlabeled samples) where SSL is guaranteed to be advantageous
for classification. Specifically, there is a regime where it is possible to construct
in polynomial time an accurate SSL classifier. However, any computationally
efficient supervised or unsupervised learning schemes, that separately use only the
labeled or unlabeled data would fail. Our work highlights the provable benefits of
combining labeled and unlabeled data for classification and feature selection in
high dimensions. We present simulations that complement our theoretical analysis.

1 Introduction

The presumption underlying Semi-Supervised Learning (SSL) is that more accurate predictors may
be learned by leveraging both labeled and unlabeled data. Over the past 20 years, many SSL methods
have been proposed and studied (Chapelle et al., [2006; Zhu & Goldberg| 2009). Indeed, on many
datasets SSL yields significant improvements over supervised learning (SL) and over unsupervised
learning (UL). However, there are also cases where unlabeled data does not seem to help. A
fundamental theoretical issue in SSL is thus to understand under which settings can unlabeled data
help to construct more accurate predictors and under which its benefit, if any, is negligible.

To address this issue, SSL was studied theoretically under various models. Several works proved
that under a cluster or a manifold assumption, with sufficient unlabeled data, SSL significantly
outperforms SL (Rigollet, 2007; |Singh et al.| |2008)). In some cases, however, SSL performs similarly
to UL (i.e., clustering, up to a label permutation ambiguity). In addition, Ben-David et al.| (2008)
described a family of distributions where SSL achieves the same error rate as SL.

In the context of the cluster assumption, a popular model for theoretical analysis is Gaussian
classification, in particular binary classification for a mixture of two spherical Gaussians. In this case,
the label Y € {41} has probabilities P(Y" = y) = m, and conditional on a label value y, the vector
x € RP follows a Gaussian distribution,

:l:|y NN(HyaIp) @))
where w1, t—1 € RP are both unknown. This model and related ones were studied theoretically in

supervised, unsupervised and semi-supervised settings, see for example |Li et al.| (2017); Tifrea et al.
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(2023); Wu & Zhou|(2021), and references therein. Without assuming structure on the vectors i, or
on their difference (such as sparsity), there are computationally efficient SL and UL algorithms that
achieve the corresponding minimax rates. Moreover, Tifrea et al.|(2023)) proved that for the model
(1), no SSL algorithm simultaneously improves upon the minimax-optimal error rates of SL and UL.
In simple words, there do not seem to be major benefits for SSL under the model (T)).

In this paper we consider a mixture of two Gaussians in a sparse high dimensional setting. Specifically,
we study balanced binary classification with a sparse difference in the class means, which is a specific
instance of (I). Here, the joint distribution of a labeled sample (x, y) is given by

y ~ Unif{+1}, z[y ~ N(py,1p). (2

The class means g1, —1 € RP are unknown, but their difference Ay = pq — p—1 is assumed to
be k-sparse, with k& < p. In a supervised setting, model (2) is closely related to the sparse normal
means problem, for which both minimax rates and computationally efficient (thresholding based)
algorithms have been developed and analyzed, see e.g. Johnstone| (1994} 2002). In an unsupervised
setting, inference on the model (@) is closely related to clustering and learning mixtures of Gaussians
(Azizyan et al.l 2013} Jin & Wang] [2016). A key finding is that in an unsupervised setting with a
sparsity assumption, there is a statistical-computational gap (Fan et al.,|2018}; [Loffler et al.| [2022)).
Specifically, from an information viewpoint a number of unlabeled samples n proportional to &
suffices to accurately cluster and to detect the support of Ap. However, under under various hardness
conjectures, unless n o< k2, no polynomial time algorithm is able to even detect if the data came from
one or from two Gaussians (namely, distinguish between Ap = 0 and ||Ap|| = O(1)).

In this work we study the model () in a SSL setting, given L labeled samples and n unlabeled
samples, all i.i.d. from (2)). Despite extensive works on the SL and UL settings for the model (2)),
the corresponding SSL setting has received relatively little attention so far. This gives rise to several
questions: On the theoretical front, what is the information lower bound for accurate classification
and for recovering the support of Ap? On the computational side, is there a computational-statistical
gap in SSL? In addition, are there values of L and n for which SSL is provably beneficial as compared
to SL and UL separately?

Our Contributions. (i) We derive information theoretic lower bounds for exact support recovery in
the SSL setting. As described in Section[2.2] our lower bounds characterize sets of values for the
number of labeled and unlabeled samples, where any estimator based on both types of data is unable
to recover the support. To derive these bounds, we view SSL as a data fusion problem involving the
merging of samples that come from two measurement modalities: the labeled set and the unlabeled
set. In Theorem [2.3] we present a general non-asymptotic information-theoretic result for recovering
a discrete parameter in this setting. This general result is applicable to other data fusion problems and
may thus be of independent interest.

(i) We present SSL computational lower bounds. These are based on the low-degree likelihood
ratio hardness conjecture (Hopkins & Steurer, 2017; Kunisky et al.,[2022)), in an asymptotic setting
where dimension p — oo and a suitable scaling of the sparsity k, and of the number of labeled and
unlabeled samples. Our main result is that there is a region of the number of labeled and unlabeled
samples, whereby in a SSL setting, accurate classification and feature selection are computationally
hard. Our analysis extends to the SSL case previous computational lower bounds that were derived
only in UL settings. In particular, if the number of the labeled samples is too small then the statistical-
computational gap still remains. To the best of our knowledge, our work is the first to extend this
framework to a SSL setting.

(iii) Building upon (i) and (ii), our key contribution is the identification of a region where SSL
is provably computationally advantageous for classification and feature selection. Specifically, in
Section 3| we develop a polynomial time SSL algorithm, denoted LSPCA, to recover the support of A g
and consequently construct a linear classifier. We then prove that in a suitable region for the number
of labeled and unlabeled samples, LSPCA succeeds in both feature selection and accurate classification.
In contrast, under the low degree ratio hardness conjecture, any computationally efficient SL or UL
schemes, that use only the labeled or unlabeled data separately, would fail. In Section 4] we show via
simulations the superiority of LSPCA, in both support recovery and classification error, in comparison
to several SL and UL methods, a self-training SSL scheme and the SSL method of |Zhao et al.| (2008]).

Figure [T] summarizes the picture emerging from our work in combination with previous papers that
analyzed the UL and SL settings of , namely, the z-axis and y-axis in Figure [I| As in prior
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Figure 1: Semi-supervised classification and support recovery regions. The red and green regions
follow from previous works. Contributions of our work include identification of the orange and the
blue regions.

works we consider a fixed separation A = ||Ap|3/4 = O(1), where Ap is k-sparse. The asymptotic
setting is that (k, L, n, p) all tend to infinity with the followmg scaling, which arises naturally for
this problem (see Sectlon : the number of labeled samples is L = |2k log(p)/A], the number of
unlabeled samples scales asn x k7 / A2, and the sparsity scales as k oc p for some a € (0,1/2).
The figure shows different regions in the (v, 3) plane, namely as a function of the number of
unlabeled and labeled samples, where classification and feature selection are either impossible, hard
or computationally easy. We say that classification is impossible if for any classifier there is a k-sparse
vector A whose corresponding accuracy is no better than random. Similarly, we say that feature

selection is impossible if for any estimator S of size k there is a k- sparse Ap with support S such
that |S ns \ /k — 0 as p — oo. Feature selection is easy if it is possible to construct in polynomial

time a set S of size k such that |S N S|/k — 1. This implies that the corresponding classifier has an
excess risk that asymptotically tends to zero. The green region v > 2 follows from Deshpande &
Montanari| (2014), since in this case support estimation is computationally feasible using only the
unlabeled data. The region depicted in red is where classification and support recovery are impossible.
The impossibility of support recovery follows from Ingster| (1997)); |Donoho & Jin|(2004), who proved
that support recovery is feasible if and only if 8 > 1 — «. The same condition holds for classification
as well, as described in the supplement. The orange and blue regions in Figure ] follow from novel
results of this paper. In the orange region, defined as § < 1 — a and 1 < v < 2, our computational
lower bound in Theorem [2.6] suggests that any polynomial-time scheme will not succeed in accurate
classification. In the blue region, characterized by 8 € (1 — ya,1 — ) and 1 < < 2, our proposed
polynomial time SSL method is guaranteed to construct an accurate classifier. This is proven in
Theorem[3.2] In addition, note that in this regime, the availability of unlabeled data allows to decrease
the number of labeled samples by a factor of ; 1—a Under the low degree hardness conjecture, in

this blue region no computationally efficient SL or UL method that separately analyze the labeled or
unlabeled samples, respectively, would succeed. We conjecture that in the remaining white region, no
polynomial-time algorithm exists that is able to recover the support or able to construct an accurate
classifier. In summary, our work highlights the provable computational benefits of combining labeled
and unlabeled data for classification and feature selection in a high dimensional sparse setting.

Notation For an integer p, we write [p] = {1, ..., p}. The cardinality of a set B is | B|. For a vector
v € RP, we denote its restriction to a subset 7' C [p] by v|r. For vectors a, b, their inner product
is {(a, b), and ||a|| denotes the ¢, norm. We say that f(p) = w(g(p)) if for any ¢ > 0, there exists
po > 1such that f(p) > cg(p) for every p > pg.
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2 Theoretical Results

In this section we present our first two contributions, namely an information-theoretic lower bound
for exact support recovery of Ay, and a computational lower bound for classification and support
recovery, in a SSL setting. To this end, in Section 2.1 we first review lower bounds for SL and
UL settings. As we were not able to find these precise results in the literature, for completeness we
present their proofs, based on Fano’s inequality, in the supplementary. Our main contribution here,
described in Section@ is a SSL lower bound. To derive it, we view SSL as a data fusion problem
with two types of data (the labeled set and the unlabeled set). The SSL lower bound then follows by a
combination of the lower bounds for SL and UL.

To derive lower bounds, it suffices to consider a specific instance of (2)), where the two Gaussian
means are symmetric around the origin, with py = —p_1 = . Hence,

y ~ Unif{x1}, z|y ~ N(yp,1,). 3)

Here, 1 € RP is an unknown k-sparse vector with 5 norm of v/A. We denote its support by
S = supp(p) = {i|p; # 0}, and by S the set of all () possible k-sparse support sets.We denote by

Dy, = {(z,y:)}, and D,, = {wi}iLIL”H the i.i.d. labeled and the unlabeled datasets, respectively.

To derive information and computational lower bounds for support recovery, it is necessary to impose
a lower bound on min;eg |p;|. As in|Amini & Wainwright (2009); |[Krauthgamer et al.| (2015), it
suffices to study the set of most difficult k-sparse vectors with such a lower bound on their entries. In
our case this translates to the nonzero entries of p belonging to {£+/\/k}. Clearly, if some signal
coordinates had magnitudes larger that \/\/k, then the problem of detecting them and constructing
an accurate classifier would both be easier. Throughout our analysis, we assume g is of this form and
the sparsity k is known. All proofs appear in the supplementary.

2.1 Information Lower Bounds (Supervised and Unsupervised)

The next theorem states a non-asymptotic result for exact support recovery in the SL case.
Theorem 2.1. Fix ¢ € (0,1). For any (L, p, k) such that

2(1 - 8)k

L<
A

log(p—k+1), “

log 2

and for any support estimator S based on Dy, it follows that maxgeg P (5’ #* S) >0 — Toalr—kT 1)

Donoho & Jin|(2004)) proved a similar result in an asymptotic regime. Specifically, they proved that
fork =p*and L = # log p, approximat.e support recovery is possible if and .only. if g>1-— Q.
Theorem [2.T]states a stronger non-asymptotic result for exact support recovery. It implies that even if
B8 > 1— q, itis still impossible to recover the exact support with probability tending to one if 5 < 1.

Next we present an information lower bound for exact support recovery in UL. Here we observe n
vectors x; from (3)) but not their labels y;.

Theorem 2.2. Fix ¢ € (0,1). For any (n,p, k) — oo with % — 0 and

for any support estimator S based on D,, as p — oo , then maxges P (5’ #* S) > 0.

The scaling in Eq. (B appeared in several prior works on related problems. [Azizyan et al|(2013)
showed that for A < 1, with number of samples n < C' % log(p/k), no clustering method can achieve
accuracy better than random. |Verzelen & Arias-Castro| (2017) studied hypothesis testing whether the
data came from a single Gaussian or from a mixture of two Gaussians. In Proposition 3 of their paper,
they proved that for n < 4% log(%2) max{1, A}, any testing procedure is asymptotically powerless.
Note that for £ = p® with o < 1, the lower bound derived in|Verzelen & Arias-Castro|(2017) has a
similar form to (3) with a factor of 1 — «, which is slightly smaller. Thus the bound in (3)) is sharper.
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2.2 Semi-Supervised Setting

In the SSL case, the observed data consists of two subsets, one with L labeled samples and the other
with n unlabeled ones. We now develop information-theoretic and computational lower bounds for
this setting. The information lower bound is based on the results in Section [2.1]for SL and UL settings.
The computational lower bound relies on the low-degree likelihood hardness conjecture. Over the
past 10 years, several authors studied statistical-computational gaps for various high dimensional
problems. For the sparse Gaussian mixture (EI) both [Fan et al.| (2018) and |Loffler et al.|(2022)) derived
such gaps in an UL setting. To the best of our knowledge, our work is amongst the first to explore
computational-statistical gaps in a SSL setting. Our analysis, described below, shows that with
relatively few labeled samples, the computational statistical gap continues to hold. In contrast, as we
describe in Section[3] with a sufficiently large number of labeled samples, but not enough so solve
the problem using only the labeled set, the computational-statistical gap is resolved. In particular, we
present a polynomial time SSL algorithm that bridges this gap.

Information Lower Bounds. Before presenting results for the mixture model (3)), we analyze a
more general case. We study the recovery of a latent variable .S that belongs to a large finite set S,
given measurements from two different modalities. Formally, the problem is to recover .S from two
independent sets of samples {a;}\, and {z;}}L, of the following form,

{zihily ~ fo(®]9),  {2;}7L1 ~ g:(219). ©)

Here, f,(x|S) and g, (z|S) are known probability density functions. These functions encode infor-
mation on S from the two types of measurements. In our SSL setting, x represents an unlabeled
sample, whereas z = (i, y) a labeled one, and S is the unknown support of p.

Our goal is to derive information lower bounds for this problem. To this end, we assume that .S
is a random variable uniformly distributed over a finite set S, and denote by I, = I(z;S5) and
I, = I(z; S) the mutual information of  with S and of z with S, respectively. Further, recall a
classical result in information theory that to recover S from NV i.i.d. samples of x, N must scale
at least linearly with @. A similar argument applies to z. For further details, see [Scarlett &
Cevher| (2021)). The following theorem states a general non-asymptotic information-theoretic result
for recovering S from the above two sets of samples. Hence, it is applicable to other problems
involving data fusion from multiple sources and may thus be of independent interest.

Theorem 2.3. Fix 0 € (0,1). Let N, M be integers that satisfy max{N - I,, M - I,} < (1 —

d)log|S|. Let N, = |gN| and M, = |(1 — q)M |, for q € [0,1]. Then, any estimator S based on
N M .

{xi}t; 2y and {z;}; 2 satisfies

log 2
log S|

P(S#S)>5—

This theorem implies that with any convex combination of samples from the two modalities, g/V from
the first and (1 — ¢) M from the second, accurate recovery of .S is not possible if N and M are both
too small. Essentially this follows from the additivity of mutual information.

Combining Theorem [2.3] with the proofs of Theorems [2.T]and [2.2] yields the following information
lower bound for the semi-supervised case.

Corollary 2.4. Let Dy, and D,, be sets of L and n i.i.d. labeled and unlabeled samples from the
mixture model B). Fix 6 € (0,1). Let (Lo, ng,p, k) — oo, with % — 0, be such that

2(1 - 0)k
)\2

2(1 - 8)k

Ly < \

log(p—k+1),no < log (p — k4 1) max {1, \}.

Suppose the number of labeled and unlabeled samples satisfy L = |qLo| and n = |(1 — q)ng ]| for
some q € [0,1]. Then, for any estimator S based on Dy, U Dy, as p — o0

s (545) s
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Computational Lower Bounds. Our SSL computational lower bound is based on the low-degree
framework, and its associated hardness conjecture (Hopkins & Steurer;, [2017} [Kunisky et al.| [2022).
This framework was used to derive computational lower bounds for various unsupervised high
dimensional problems including sparse-PCA and sparse Gaussian mixture models (Loffler et al.,
2022; Schramm & Weinl, 2022} |Ding et al., 2023)). To the best of our knowledge, our work is the first
to adapt this framework to a SSL setting.

For our paper to be self-contained, we first briefly describe this framework and its hardness conjecture.
We then present its adaptation to our SSL setting. The low degree likelihood framework focuses on
unsupervised detection problems, specifically the ability to distinguish between two distributions [P
and Q, given n i.i.d. samples. Specifically, denote the null distribution of n samples by Q,,, whereby
all z; ~ Q, and denote by IP,, the alternative distribution, with all ; ~ P.

Under the low-degree framework, one analyzes how well can the distributions P, and Q,, be
distinguished by a low-degree multivariate polynomial f : RP*™ — R. The idea is to construct
a polynomial f which attains large values for data from IP,, and small values for data from Q,,.
Specifically, the following metric plays a key role in this framework,

X~ (X))
deg(H<D \/Ex~q, [f(X)?]

I£5P1 =

n

; N

where the maximum is over polynomials f of degree at most D. The value || £ || characterizes how
well degree-D polynomials can distinguish P,, from Q,,. If || =P || = O(1), then P,, and Q,, cannot
be distinguished via a degree-D polynomial. Computational hardness results that use the low-degree
framework are based on the following conjecture, which we here state informally, and refer the reader
to|Loffler et al.| (2022) for its precise statement.

Conjecture 2.5 (Informal). Let QQ, and IP,, be two distinct distributions. Suppose that there exists
D = w(log(pn)) for which || £=P|| remains bounded as p — oo. Then, there is no polynomial-time
test 7' : RP*™ — {0, 1} that satisfies

Exwp, [T (X)]+Ex~qg, 1 - T(X)] = o(1).

In simple words, Conjecture states that if [|[LSP|| = O(1) as p — oo, then it is not possible to
distinguish between PP, and QQ,, using a polynomial-time algorithm, as no test has both a low false
alarm as well as a low mis-detection rate (the two terms in the equation above).

We now show how to extend this framework, focused on unsupervised detection, to our SSL setting.
To this end, consider L 4+ n samples, distributed according to either a null distribution Qy,,, or an
alternative distribution P74 ,,. In our case, the null distribution is

Qr+n : wi:éin(OvIP)v i € [L+n], @
whereas the alternative belongs to the following set of distributions,

x=p° + &, ielll
]P)L+nl

©)
zi=yip® +&, L<i<L+n.

Here, S is uniformly distributed over S, pu”(j) = \/% 1{j € S}, and y; are unobserved Rademacher
random variables.

The next theorem presents a low-degree bound for our SSL testing problem. The scalings of L, n and
k with p and A are motivated by those appearing in Theorems [2.1]and [2.2]

Theorem 2.6. Let k = [c1p®],L = L# log(p — k)], n = ch%j and D = (logp)?, for some
By, A\ 1,2 € Ry and o € (0, %) With the null and alternative distributions defined in (8) and @),
if < % —«aand~y < 2, then as p — oo

<D |2
L2 nll" = O).
Theorem [2.6]together with the hardness conjecture[2.5]extends to the SSL case previous computational

lower bounds that were derived only in UL settings (8 = 0) (Fan et al., 2018} |[Loffler et al., [2022).
Next, we make several remarks regarding the theorem.
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SSL statistical-computational gap. In the rectangular region § < % —aand 1 < 7y < 2,

depicted in orange in Figure [T} under the hardness conjecture [2.3] distinguishing between PP and Q is
computationally hard. Since testing is easier than variable selection and classification (Verzelen &
Arias-Castro, [2017} |[Fan et al.||2018)), in this region these tasks are computationally hard as well.

Tightness of condition v < 2 in Theorem [2.6] This condition is sharp, since for v > 2, namely

n ’;\’—z, the support can be recovered by a polynomial-time algorithm, such as thresholding the

covariance matrix followed by PCA, see |Deshpande & Montanari| (2014) and Krauthgamer et al.
(2015).

Tightness of condition § < % — a. This condition is tight for detection, though not necessarily

for feature selection or classification. The reason is that for 8 > % — a, it is possible to distinguish
between P and @Q, using only the labeled data (Ingster} [1997; [Donoho & Jinl 2004).

Combining Theoremsleaves a rectangular region 1 < v < 2 and % —a < f<1—awhere
SSL support recovery is teasible from an information view, but we do not know if it possible in a
computationally efficient manner. In the next section we present a polynomial time SSL method that
in part of this rectangle, depicted in blue in Figure[l} is guaranteed to recover S and construct an
accurate classifier. We conclude with the following conjecture regarding the remaining white region:
Conjecture 2.71. Let Dy, D,, be sets of L and n i.i.d. labeled and unlabeled samples from the model
(B). Assume, as in Theoremthat kop* L= L# log(p — k)| and n ’;—; Then in the white
region depicted in Figure [I] no polynomial-time algorithm is able to recover the support .S or to
construct an accurate classifier.

3 Semi-Supervised Learning Scheme

We present a SSL scheme, denoted LSPCA, for the model (2), that is simple and has polynomial
runtime. In subsection[3.2)we prove that in the blue region of Figure[I]it recovers the support, and thus
constructs an accurate classifier. In this region, under the hardness conjecture [2.5] computationally
efficient algorithms that rely solely on either labeled or unlabeled data would fail.

Preliminaries. To motivate the derivation of LSPCA, we first briefly review some properties of the
sparse model (2). First, note that the covariance matrix of x is ¥, = %ANANT + I,. Thisisa
rank-one spiked covariance model, whose leading eigenvector is A, up to a + sign. Hence, with
enough unlabeled data, A can be estimated by vanilla PCA on the sample covariance or by some
sparse-PCA procedure taking advantage of the sparsity of Ap. Unfortunately, in high dimensions
with a limited number of samples, these procedures may output quite inaccurate estimates, see for
example [Nadler| (2008)); Birnbaum et al.| (2013). The main idea of our approach is to run these
procedures after an initial variable screening step that uses the labeled data to reduce the dimension.

3.1 The LSPCA Scheme

Our SSL scheme, denoted LSPCA, stands for Label Screening PCA. As described in Algorithm 1,

LSPCA has two input parameters: the sparsity k£ and a variable screening factor 8 < 1. The scheme
consists of two main steps: (i) removal of noise variables using the labeled samples; (ii) support
estimation from the remaining variables using the unlabeled samples via PCA. Finally, a linear
classifier is constructed via the leading eigenvector of the covariance matrix on the estimated support.

The first stage screens variables using only the labeled samples. While our setting is different,
this stage is similar in spirit to Sure Independence Screening (SIS), which was developed for high-
dimensional regression (Fan & Lv,[2008)). To this end, our scheme first constructs the vector,

1 1
o Z i:yZZI wo I i:ygfl o (10)

where L = |{i € [L] : y; = 1}| and L_ = L — L. With a balanced mixture P(Y = +1) = 1, it
follows that wy ~ Ap + \%N (0,1,). Hence, wy, can be viewed as a noisy estimate of Ap. If the

number of labeled samples were large enough, then the top k coordinates of w;, would coincide with
the support of Ap. With few labeled samples, while not necessarily the top-k, the entries of wy, at
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Algorithm 1 LSPCA

Input: Dy, = {(z,y:)},, Dy = {mz}fjﬂrl parameters k, 3
Step I: Labeled Data

Compute wy, via Eq. (10)

Select its top p' ~#) entries, denoted by Sy,

Step I1: Unlabeled Data

Compute the sample covariance 3|, by Eq. (TT)

Compute leading eigenvector Vpca of f]| Sy

Set S to be the top k entries of |¥pca|

Compute leading eigenvector v of i| B

Output: Estimated support S, and vector V.

the support indices still have relative large magnitudes. Given the input parameter 3 > 0, the scheme
retains the indices that correspond to the largest pI*B entries in absolute value of wy. We denote
this set by Sr.. Note that for any 5 > 0, this step significantly reduces the dimension (as 3 > 0 then
pl_g < p). In addition, as analyzed theoretically in the next section, for some parameter regimes,

this step retains in S, (nearly all of) the & support indices. These two properties are essential for the
success of the second stage, which we now describe.

The second step estimates the support .S using the unlabeled data. Specifically, LSPCA constructs the
sample covariance matrix restricted to the set St,,
1 n+L
3 = N\ T
Vo == > @i @)ls, (@i~ )3, (1)
i=L+1

where & = % Z:’;LL "1 &, is the empirical mean of the unlabeled data. Next, it computes the leading
eigenvector Vpca of f]| s, - The output support set S consists of the k indices of Vpca With largest
magnitude. Finally, the vector Ap is (up to scaling) estimated by the leading eigenvector of by
restricted to S, with its sign determined by the labeled data.

Remark 3.1. After the removal of variables in the first step, the input dimension to the second step is
much lower, = p'~#. Despite this reduction in dimension, as long as the vector Ay is sufficiently
sparse with k < p, or equivalently o < 1 — B then in the second step our goal is still to find a
sparse eigenvector. Hence, instead of vanilla PCA, we may replace the second step by any suitable
(polynomial time) sparse-PCA procedure. We refer to this approach as LS?PCA (Labeled Screening
Sparse-PCA). As illustrated in the simulations, for finite sample sizes, this can lead to improved
support recovery and lower classification errors.

3.2 Support Recovery and Classification Guarantees for LSPCA

Before presenting our main result, we first recall two standard evaluation metrics. The classification
error of a classifier C' : R? — {£1} is defined as R(C') = P(C(x) # y). Its excess risk is defined as

E(C) = R(C) = R* = R(C) — inf R(C"). (12)

As in [Verzelen & Arias-Castro| (2017), the accuracy of a support estimate S is defined by its

normalized overlap with the true support, namely |§ N S|/k. To simplify the analysis, we focus on
the symmetric setting where pt; = —p—; = . The next theorem presents theoretical guarantees for
LSPCA, in terms of support recovery and the excess risk of the corresponding classifier.

Theorem 3.2. Let Dy, D,, be labeled and unlabeled sets of L and n i.i.d. samples from (B) with a k-
sparse p whose non-zero entries are £/ \/k. Suppose that k = |¢1p®|, L = L@ loglp—k)],n =
L@%J,ﬁ)rsomeﬁxedo <a<1/2,0<B8<1l—a,v>1land )\ c1,c2 € Ry. Let S, be the
output of Algorithm 1 with input k and screening factor 8. If 8 >1—~yaand Be (1 —~va, B), then
hmp(@y—e):L Ve > 0, (13)

p—o0
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and the excess risk of the corresponding classifier C(x) = sign(v, x), satisfies
lim £(C) =0. (14)

p—o0

The interesting region where Theorem [3.2] provides a non-trivial recovery guarantee is the triangle
depicted in blue in Figure[T} Indeed, in this region, LSPCA recovers the support and constructs an
accurate classifier. In contrast, any SL algorithm would fail, and under the low degree hardness
conjecture, any computationally efficient UL scheme would fail as well. To the best of our knowl-
edge, our work is the first to rigorously prove the computational benefits of SSL, in bridging the
computational-statistical gap in high dimensions. As mentioned above, we conjecture that in the
remaining white region in Figure[T] it is not possible to construct in polynomial time an accurate SSL
classifier. The intuition underlying this conjecture is based on the work of |Donoho & Jin| (2004)),
where in the fully supervised (SL) setting, the authors show that there is a detection-recovery gap.
Namely for a range of number of labeled samples, it is possible to detect that a sparse signal is present,
but it is not possible to reliably recover its support. Intuitively, adding a few unlabeled samples should
not resolve this gap.

4 Simulation Results

We illustrate via several simulations some of our theoretical findings. Specifically, we compare LSPCA
and LS2PCA to various SL, UL and SSL schemes, in terms of both accuracy of support recovery and
classification error. The sparse PCA method used in LS?PCA was iteratively proxy update (IPU) (Tian
et al][2020) . We generate L + n labeled and unlabeled samples according to the model () with a
k-sparse p whose non-zero entries are ++/\/k. The quality of a support estimate S is measured by

its normalized accuracy |5’ N S|/k. For all methods compared we assume the sparsity k is known.
Hence, each method outputs a k—sparse unit norm vector f, so its corresponding linear classifier
is & > sign ({1, ). Given the model (3), its generalization error is ®¢({f, p)). We run our SSL
schemes with 8 = 8 — (8 — (1 —~a«))/4 which satisfies the requirements of Theorem We present
experiments with p = 10%,k = p”* = 100 and A = 3, though the behavior is similar for other
settings as well. The error of the Bayes classifier is @C(ﬁ) ~ 0.042. We report the average (with
+1 standard deviation) of the support recovery accuracy and the classification error over M = 50
random realizations. All experiments were run on a Intel i7 CPU 2.10 GHz.

We empirically evaluate the benefit of L = 200 labeled samples in addition to » unlabeled ones. We
compare our SSL schemes LSPCA and LS2PCA to the following UL methods, taking all L +n samples
as unlabeled: ASPCA (Birnbaum et al.,|2013)), and IPU (Tian et al.| [2020). The SSL methods that we
compare are LSDF (Zhao et al., [2008)), and self-training (self-train). The self-training algorithm
is similar to the approach in Oymak & Gulcu|(2021)), but explicitly accounts for the known sparsity k:

(i) compute wy, of using the labeled samples, and keep its k largest entries, denote the result by

w(L ), (ii) compute the dot products ¢; = <w(Lk), x;) and the pseudo labels g; = sign(c;); (iii) let neg

be the cardinality of the set {i : |¢;| > I'}, for some threshold value I > 0; (iv) estimate the support
by the top-k coordinates in absolute value of the following vector:

L+n
g 1 il > r g
Wself = L T et (;y T; + Z {lc | }y Ly )

i=L+1

In the experiments we used I' = 0.8, which gave the best performance. Also, we implemented the SL
scheme Top-K Labeled that selects the indices of the top-k entries of |wy| of (I0). As shown in
the supplementary, this is the maximum-likelihood estimator for S based on the labeled data.

FigureZ]illustrates our key theoretical result - that in certain cases SSL can yield accurate classification
and feature selection where SL and UL simultaneously fail. The left panel of Figure 2] shows the
average accuracies of support estimation for the different schemes as a function of number of
unlabeled samples n. Except at small values of n, LS?PCA achieved the best accuracy out of all
methods compared. The right panel shows the classification errors of the different methods. The
black horizontal line is the error of the Bayes optimal (Oracle) classifier. As seen in the figure, our
SSL schemes come close to the Bayes error while SL and UL schemes have much higher errors.

We present further experiments that empirically illustrate the benefit of using a fixed number of
n = 1000 unlabeled samples while varying the number of labeled samples L. Specifically, we
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Figure 2: Empirical simulation results. (Left) Support recovery, (Right) Classification error.
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Figure 3: Empirical simulation results. (Left) Support recovery, (Right) Classification error.

compare our SSL algorithms LSPCA and LS2PCA to the SSL methods self-train and LSDF, as well
as to the SL scheme Top-K Labeled, which uses only the L labeled samples. Figure 3] illustrates
the support recovery accuracies and the classification error as a function of the number of labeled
samples L. As seen in the figure, adding n = 1000 unlabeled samples significantly improves the
classification and support recovery accuracies.

5 Summary and Discussion

In this work, we analyzed classification of a mixture of two Gaussians in a sparse high dimensional
setting. Our analysis highlighted provable computational benefits of SSL. Two notable limitations
of our work are that we studied a mixture of only two components, both of which are spherical
Gaussians. It is thus of interest to extend our analysis to more components and to other distributions.

From a broader perspective, many SSL methods for feature selection have been proposed and shown
empirically to be beneficial, see for example the review by (Sheikhpour et al.l2017)). An interesting
open problem is to theoretically prove their benefits, over purely SL or UL. In particular it would
be interesting to find cases where SSL improves over both SL and UL in its error rates, not only
computationally.
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A Auxiliary Lemmas

We first present several auxiliary lemmas used to prove our theorems. We denote the complement
of the standard normal cumulative distribution function by ®¢(t) = P (Z > t), where Z ~ N(0, 1).
The following lemma states a well known upper bound on ®°.

Lemma A.1. Foranyt > 1,

1 >
de(t) < \/%fe_t 2, (15)

Lemma A.2 (Chernoffi (1952)). Suppose {x;}_, are i.i.d. Bernoulli random variables, with
Pr[z; = 1] = q. Let X denote their sum. Then, for any § > 0,

P(X > (1+06)ng) < e =+, (16)
and for any § € [0,1]
P(X < (1—8)ng) < e 3. (17)

A common approach to prove lower bounds is using Fano’s inequality. Here, we use the following
version of Fano’s lemma, see Yang & Barron|(1999).

Lemma A.3. Let 6 be a random variable uniformly distributed over a finite set ©. Let z1, 2o, . .., Zn
be n i.i.d. samples from a density f(z|0). Then, for any estimator 0(z1, ..., z,) € O,
A 1(6; Z™) + log 2
P(gﬂ)zlfw? (18)
log |©]
where 1(0; Z™) is the mutual information between 0 and the samples Z™ = (21, z2, ..., Zy).

In our proofs we use several well known properties of the entropy function. For convenience we here
state some of them. First, we recall the explicit expression for the entropy of a multivariate Gaussian.

Lemma A.4. Let x ~ N (p,X). Then, its entropy is given by

H(z) = g(l + log(2m)) + %logdet(z). (19)

Next, the following lemma states that the multivariate Gaussian distribution maximizes the entropy
over all continuous distributions with the same covariance (Cover & Thomas, 2006, pg. 254).

Lemma A.5. Let x be a continuous random variable with mean p € RP and covariance Y. € RP*P,
and let y ~ N (., X). If the support of x is all of RP then

H(x) < H(y). (20)
The next lemma states the sub-additive property of the entropy function.

Lemma A.6. Let x and y be jointly distributed random variables. Then,
H(z,y) < H(x) + H(y). 2D

To prove Theorem [2.2] we use the following lemma.

Lemma A.7. Let A € (0,1), and let k be a positive integer. Then, for w ~ N (0, %)

E [tanh()\ +Vw) — %tanhQ (A + ﬁw)] < % (A + 3\/W) 22)

Proof of Lemma[&.7} Let q(w) = tanh(\ + v w) — tanh®(\ 4+ v Aw). In terms of g(w), the left
hand side of (22) may be written as follows

1

E {tanh()\ +Vw) — %tanh2 ()\ + \Aw)] =3 (]E [tanh()\ + \E\w)} +E [q(w)]) . (23)
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We now upper bound the two terms in the RHS of (23). We start by showing that E [¢(w)] < 31/A/k.
Let L, = maxycr |¢’(w)| be the Lipschitz constant of the function g(w). It is easy to show that

L, < 3v/\. Let z ~ N(0,1) be independent of w. Using the first order Taylor expansion yields

E,. {q (w) —q (w + %z)] < Lq% E. [|2]) = 3\/5\5 <3/ME @4

Next, note that (w -+ ﬁz) ~ N(0,1). Therefore

o )] [

= /700 (tanh()\ +VAv) — tanh?(\ + \f)\U)) e\/ﬂ

Making a change of variables = \ + v/v, gives

1 &) 5 e—(@=X)?/2X
Ey.» w4+ —=2z :/ tanh(x) — tanh®(z)) ——dx.
: {q( N )} _ (tanh() @) —7%=

—v?/2
dv.

—(x— 2 2
Define ¢5(z) = (tanh(z) — tanh®(z)) % Note that ¢ (z) is an absolutely integrable
function which satisfies ¢ (x) = —t,(—x) for any \. Therefore, the above integral is equal to zero,
namely [~ ty(z)dz = 0. Inserting this into (Z4) gives
Ey [q (w)] < 3v/Mk. (25)

Next, we upper bound the first term on the RHS of Eq. (Z3). Denote by fy (w) the probability
density function of w ~ N(0, %) Then, writing the expectation explicitly gives

E [tanh(/\ + \f)\w)} = /OO tanh(\ + vV Aw) fr (w)dw.

— 0o

Making the change of variables z = A + v/ Aw yields
1 [ N
7 /_Oo tanh(z) fiy ( K ) dz
L * z=A) _ T+
\F)\/o tanh(z) (fw(ﬁ) fw(ﬂ))dx.

Since A > 0, it follows that fy (%) — fw (f}/\’\) > 0, for all z > 0. Therefore, to bound this

expectation it suffices to construct a function g(z) such that g(x) > tanh(x) for any x > 0 and for
which we can compute explicitly the corresponding integral. Consider the function g(z) = z. Itis
well-known that « > tanh(z), for all z > 0. Thus,

e o vio] < 5 [ (o (52) v () 2= 35 [ ot ()

Substituting w = (z — \)/+v/\, yields

E {tanh()\ + \/Xw)]

E [tanh(A + ﬁw)} < /_ " O+ Vo) fu (w)dw = E [A + \/Xw} =\ (26)
Combining (23),(23) and (26) gives

E [tanh()\ +Vw) — %tanh2 (/\ + ﬁw)} <

(A+3\/A/7).

DO =
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Lemma A.8. Consider a sequence of classification problem of the form,
Yy~ Umf{:l:l}, x|y ~ N(ylhlp),

where the dimension p — oo but ||p|| = VX is fixed. Let fip be a sequence of unit norm estimators
and T, (xz) = sign(f1p, ) the corresponding classifier. Assume that every € > 0

lim P((n/VA, fiy) > 1€ =1. 27)
p—00
Then, the excess risk of the classifier T,(x) = sign{fi,, x) tends to zero as p tends to infinity.

Proof. By definition, the excess risk of the classifier 7}, that corresponds to fi, can be written as

E(Ty) = Pean(or,)((fip, s+ &) < 0) — DE(VN).

Since & is independent of f1,, and fi,, has unit norm, then z = (f1,, &) ~ N (0, 1), and the excess risk
may be written as

E(Ty) =Pz > {fap, w)) — (I)c(ﬁ)
Let ¢ > 0, and consider the event A, = {{u/V/\, f1,) > 1 — €}. Then,

E(T,) < (VA1 —€)) — ®¢(v/A)  with probability P(A,)
o L with probability 1 — P(A,)

Since by assumption P(A.) — 1 for any € > 0, then the excess risk tends to zero as p — oc. O

B Lower Bounds - Proofs of Results in Section

B.1 Proof of Theorem 2.1]

Our proof relies on Fano’s inequality, and is conceptually similar to the proof of Theorem 3 in Amini
& Wainwright (2009). First, note that for any sub-collection S C S, we have the following

un® ($£5) > 2P (545).

The right hand side in the above display is the error probability of an estimator S, where S is
considered as a random variable uniformly distributed over the set S. In other words, the right hand
side may be written as follows,

P(error):ZIP(S¢s|S:s).P(S:s).
se§

In our proof, we consider the following sub-collection

S:={TreS:1,....k—1€T}, (28)
which consists of all k-element subsets that contain the first & — 1 support indices {1,...,k — 1}
and one from {k, ..., p}. To lower bound the probability of error, we focus on a specific class of

means: given the support S, the mean entries have the form p; = \/% 1{j € S}. So, with S known,

1t is deterministic and we write it as .

In the proof we consider an equivalent model of (3]), whose observations are divided by VA,
mi:yi05+0-€i7 izlv"'aLa

where 07 (j) = ﬁl{j € S},o= % and & ~ N(0,1I,). Since for each observation x; we also
know its corresponding label y; € {—1, 1}, we may consider the following transformed observations
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where &; = y;£; has the same distribution as &;. Denote by X~ X~ YL the sets of L i.i.d. samples
{z}E | {&,}£ | and {y;}L |, respectively. To apply Fano’s lemma, we consider the joint mutual
information I ((X Lyl S). Note that,

I((XEYE);8) =1 ((XL,YL) ;S) _y (XL;S) ,

where the last equality follows from the fact that the labels YT are independent of the support S and
the observations X ©. Hence, it is enough to consider the samples X~ from the model in (29).

Let S be a subset chosen uniformly at random from S. Then, from Lemma it follows that

I(XL;S)—i-logZ_l_I(XL;S)—HogZ 30)
log |S| log(p —k+1)

P (error) > 1 —

‘We now derive an upper bound on 1 (f( L. S). First, from the relation between mutual information
and conditional entropy, I(X%;S) = H(X*%) — H(XL|S). By the sub-additivity of the entropy
function H(X%) < LH(%). Also, since the samples &; are conditionally independent given S, the
joint entropy H (X *|S) can be expressed as
H(X"S) =" H(&|S) = LH(%|S).
1€[L]

where  is a single observation from the model (29). Therefore,

I(X*8) < L(H(z) - H(Z|9)). 31

By the definition of conditional entropy,

H(@l$) =~ 3 P(S =5 [ f(alS)los f(alS)d,
se8
where f(Z|S) the probability density function of a single random sample & given S. For any S € S,
the vector (Z | S) is a p-dimensional Gaussian with mean 8° and covariance matrix o-L,,. Its entropy
is independent of its mean, and is given by § (1 + 10g(27r02)). Hence,

H(%|S) = g (1 +log(27) + log(0?)) . (32)

The final step is to upper bound H (&). To this end, note that & is distributed as a mixture of (p—k+1)
Gaussians, each centered at 8° for S € S. Let us denote its mean and covariance by v, = E [%]

and X =E [(@ — v,)(@ — v,)T], respectively. By the maximum entropy property of the Gaussian
distribution (Lemmal[A.5), and Eq. for the entropy of a multivariate Gaussian, we have

H(@) < HNV (22, 5)) = 2 (1 + log(2m)) + %log det (%) (33)
Combining (31), (32) and (33) gives
I(xt;s) < g (log det(X) — plogo?) . (34)

The following lemma, proved in Appendix @ provides an upper bound for log det(X).

Lemma B.1. Let ¥ be the covariance matrix of the random vector & of Eq. @9, with the set S
uniformly distributed on S of Eq. (28)). Then,

< 2 - 14— ).
logdet (¥) < plog(c°) + (p — k + 1) log ( + Wkt 1)02> (35)
Substituting this upper bound into (34) leads to
~ L 1 L L\
IXES)==(p—k+1log(1 < === 36
(X58) =5 —k+ )Og( +k(pk+1)02>_2k02 ok (36)

where the last inequality follows from log(1 + z) < x, for all z > 0. Inserting (36) into (30),
implies that a sufficient condition for the error probability to be greater than § — log 2

log(p—k+1) is
LT/\ < 2(1 —d)log(p — k + 1), which completes the proof.
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B.2 Proof of Theorem2.2]

To prove Theorem [2.2] we use the following lemma, proven in Appendix

Lemma B.2. Let x be a random vector from the model (@), with a vector u®, where the random

variable S is uniformly distributed over the set S of Eq. @8), and let I(x;S) be their mutual
information. Consider an asymptotic setting where p — oo and k/p — oo. Then, for A < 1, and for
p and k sufficiently large with k /p sufficiently small

2

I(@:8) < +

< 551+ o(1). @

First, note that for A > 1, the information lower bounds proven in Theorem [2.1]and those we aim to
prove in Theorem@] commde Clearly, Theorem [2.] which considers all possible estimators based
on {(x;, ;) }£ ,, includes in particular all unsupervised estimators that ignore the labels. Hence, for
A > 1, Theorem [2.2] follows from Theorem[2.1} Therefore, we consider the case A < 1.

The proof, similar to that of Theorem 1, is also based on Fano’s inequality. To lower bound the
probability of error, we view S as a subset uniformly distributed over S, where S is the sub-collection
of support sets defined in (Z8)). Then, using the same arguments as in the proof of Theorem 1,

I(X™; 8) +1og2

- , 38
log; 5] 9

N 1 N
> — >1-
e (64) 2 Xr(549)
Ses
where X" = (1, ..., ,) and I(X™;S) is the mutual information between the n unlabeled samples

and S.

We now derive an upper bound for /(X ";.S). The sub-additivity of the entropy function, and the fact
that x; are conditionally independent given S' = s, imply

I(X"™; ) <n(H(z) - H(x|S)) = nl(;5), (39)

where x is a single sample from the model (3). Hence, for p and k sufficiently large, with k/p
sufficiently small, combining (37) and (39) gives I(X™;S) < nA” (14 o(1)). By Fano’s bound in

> ok
(38)), the error probability is at least J if n < 2(1 5) log(lp—k+1).

B.3 Proof of Theorem 2.3

Recall that the random variable S is uniformly distributed over the set S. For X Ve = {;}¥* and
ZMa = {2;}Ms | their combined mutual information with the random variable S is

(XN, ZMe; §) = H(X N, ZMe) — H(X N>, ZMe|9).
Since the two sets of samples {x;} 7, {2;} jj‘/ial are conditionally independent given S = s, then

I(XNe zMo. 8y = H(XNe zMo)y — H(XN|S) — H(ZM=|S)

= H(XNe, ZMe) — N, H(2|S) — M H(2|S). (40)
By the sub-additivity property of the entropy function,
H(XxNe zMey < H(XNe) + H(ZM>) < NoH(z) + Mo H(2). (41)
Hence, combining and yields
I(XNe zMa: 8Y < N, - I, + M, - I.. (42)

Combining Fano’s inequality with the upper bound in (2) gives

N Ny -1+ M, -1, +log?2
> —_
P(S#S) 21 log [S]

Finally, the assumption max{N - I,, M - I,} < (1 — §)log|S| yields that P (5' # S) >4 — 1£°§|§|
(I
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B.4 Proof of Corollary2.4]

To lower bound the error probability, we view .S as a random variable uniformly distributed over the
discrete set S defined in (28). By the same arguments as in the proofs of Theorems 1 and 2,

maxP (5 #5) 2 Pg_yq (5#5).

Ses

We apply Theorem [2.3] with the set «; of i.i.d. unlabeled samples from (3), and the second set
z; = (@, y;) of i.i.d. labeled samples from model ().

Next, in the proofs of Theorems [2.1] and [2.2] the following upper bounds for I, and I, were derived,
L<2 1< 2 min{lA}(1+o(1)). (3)
=< o < 2 % min 0

Finally, by the conditions of the Corollary, the number of labeled and unlabeled samples sat-

isty L = |qLo) and n = [(1 — q)ng), with Ly < 2059k 5) log(p—k+1) and ny <
M log (p — k 4+ 1) max{1, A}. Hence, for sufficient large p, combmlng these conditions with
gives

Lo-I.,,ng -Ip<(1—0)log(p—k+1)

Therefore, by Theorem 2.3|the error probability is at least d. ]

B.5 Proof of Theorem 2.6]

Even though we analyze a SSL setting, the observed data still belongs to the additive Gaussian noise
model (see Section 2 in Kunisky et al.|(2022)). This key point allows to simplify the low-degree norm
in our setting. Specifically, let Z = (z1, ..., z14+,) be the following set of random vectors, which
are the noise-free underlying signals from the alternative P11, of Eq. (9) in the main text,

{us, ie L],
zZi = s .
yp”, L<i<L+n.

In the equation above, S is uniformly distributed on S (the set of all size-k subsets over p variables),

p® is a k-sparse vector with support S and non-zero entries \/\/k and y; are Rademacher random
variables. Similarly, let Z = (21,...,Z54+,) be an independent set of the underlying noise-free

signals, with a possibly different support .S, and independent labels y;. Then, by Theorem 1 in
Kunisky et al[(2022) the low degree norm || L7, || can be expressed as

L+n d
H£L+n||2 = ZZ Zd' (Z Zz>2i>>

Inserting the expressions for z; and z; into the equation above, gives
L+n 5 d
1Ll = Z S E <Z <u ' > > <yius7z}ius>) :
=1 i=L+1

where the expectation is over the two random sets 5, S and over the random labels y; and y;. Since
all these random variables are independent, the right hand side above simplifies to

[ - L+n 5 d
E <L<us,us>+ > yi@i<ﬂsaﬂ's>>

i=L+1

& =

(e 5 )
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Denote R; = v;7;, and note that R; are Rademacher random variables, independent of S and S.
Thus, the expectation above can be factored into the product of two separate expectations,

2 Z 1 s S d &
1EPenll? = 3" S B [(B505) | By, | [ L+ D0 R |- (44)
d=0 i=L+1

We now separately analyze each of these two expectations, starting from the second one. By the

Binomial formula,
Ltn d o L+n ¢
_ d—¢
<L+ 3 Ri> S (f)pre (z R>

i=L+1 =0 i=L+1

Note that for any odd integer ¢, the /-th moment of the Rademacher’s sum is zero. Therefore,

L4n a1 w2, Lin 2
_ d—2¢
(10 35 n) [= 3 (4)ee|( X a)
i=L+1 =0 i=L+1
As analyzed in|Loffler et al.| (2022, pg. 1274)

L4n 2¢
( > RZ-) < nf(20-1)1,

i=L+1
where (20 — 1)1l = (20 — 1)(2( — 3) ---3- 1= 29! Thus,
L+n d ld/2] Ld/2)
d! n \* d n \*¢ (d—20)!
_ < 7d @ N gd oy a9
Lt D Re) | <) o (3pz) =142 <g) (52) (d—20)!
i=L+1 £=0 £=0

Since {0 = (d =€)+ (d — 2+ 1) < d’, then

L+n d de/2J d ,
<L+ > Rz-) <> (§) ()

i=L+1 £=0
d nd\*
Z (24) =L7(1+24) = (L+2=) . (45)
2L
Next, we analyze the first expectation Eg 5 [(u® s )] in . Recall that H; \/% 1{j € S}.

Hence, (5, pS) = 218N S|. Denote by G = |S N S| the size of the overlap between the sets. Then
G is a hypergeometric random variable with the following probability distribution, for 0 < m < k,

ro-w - ()00

From (Johnson et al.| 2005} pg.268) this probability is upper bounded as follows

ro-ms (1) 5)"
d

A ca] AL
= S E[Isn 5| :ET;md (€

Therefore,

&.‘&

Eq s [(1°,1%)"] mzk_: ( )(ka{)m

(46)
Inserting (@3) and {6) into @]) gives

s () ) )

m=0

20150 https://doi.org/10.52202/079017-0636



In the above expression, since d < D, we may upper bound nd/2L by nD/2L. Furthermore,
changing the order of summation between the two sums above, gives

et X (5) () S (n (2 52))

d=0
k E\™ LA  nAD
< — —Z4+==).
< () G5) e (7 50))
According to the conditions of the Theorem, L = L# log(p—Fk)| andn = |co ')%J for some c3 > 0

and v < 2. Hence, for sufficiently large p, L > % log(p — k). Then, inserting these values into the
above gives

el = 32 () (52) "o (e (st 0+ i)

Setting D = (log(p — k))?, yields

122 <5 (FY ()" exp (mlogo— 1) (254 2 )
Lol = 2 ) (o) e (mieste 2ﬁk27

Since v < 2, for any fixed € > 0 it follows that ‘23?3]22 < e for sufficiently large k. Therefore
1

exp (m log(p — k) (26 +55 k27>> < exp (mlog(p — k) (28 + €)) = (p — k)™(2+9)

Combining the above two displays gives

L+n||2<z( ) (2 )m<p N

‘Z< ) (=== = (1+ Gmgymm=) -

Finally, recall that by the assumptions of the theorem, k = |c;p®| for some o € (0,1),¢1 > 0 and
that 8 < % — a. Choosing € = % —a— >0, gives

L 2< (1 F '
L2 nl% < +W .

Since k = |c1p® ], then as p — oo, the above behaves as

fe

(14 smtiramn)

Therefore, for 3 < 3 — a,as p — oo, |[LP [ = O(1). O

C SSL Algorithm

C.1 Proof of Theorem

We prove the theorem, assuming that LSPCA is run with the correct sparsity k£ and with a slightly

smaller screening factor B = B — & for a fixed (though potentially arbitrarily small) € > 0, which
implies the first stage retains a bit more than p'~# of the original p variables.

Our proof relies on the following two key properties: (i) The set Sy, of size 5 = [p'~#], which is
the output of the first step of LSPCA, contains nearly all indices of the true support; (ii) since the
reduced dimension p < n, the leading eigenvector of PCA is asymptotically consistent, thus allowing
recovery nearly all support indices.

The following lemma formally states the first property. Its proof appears in Appendix
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Lemma C.1. Let {(x;,y;)}2; be L i.i.d. labeled samples from the mixture model (3) with a vector
W of sparsity k = | c1p® | and nonzero entries 1/ A/ k. Suppose that L = [%@_kq , for some

Be(0,1—a). Let_ﬁ~ = 8 — & where € > 0 is sufficiently small so that 3 > 0. Let Sy, be the indices
of the top p = [p'~P] entries of the vector wy, of Eq. (T0). Then, for any e > 0,

lim P(mlck%Zl—e):l. an

p—o0

Proof of Theorem[3.2] As described above, we run LSPCA with B = B — ¢ and denote by S, the set
found by the first step of the algorithm. By Lemmathis set satisfies Eq. (7). Denote by X|g,

and & |s, the population and sample covariance matrices restricted to the set of indices Sy,. Note that,
T
Hence, up to sign, the leading eigenvector of X|g, is % Denote by Vpca the unit norm leading
L

eigenvector of the sample covariance ﬁl| 5. - We now show that these two eigenvectors are close to

each other. Indeed, since 5 > 1 — oy, we have n/p = p®7/A%(p'~#") — oo, as p — oo. Then,
combining this observation with Theorem 2.3 in (Nadler, |2008)), implies that with probability tending

to 1,
lim ‘<\AIPCA, H[|SL >‘ =1
p—oo el |

Since p € R? is a k-sparse with non-zero entries +,/ %, Eq. implies that |||, || — VA, as
p — oo. Hence,

. ~ IJ‘|SL _
plggo ‘<VPCA7 I >' =1, (48)
which implies that with the correct sign,
: & _ Hls L —
Jim [oren = 25 =0

From now we extend Vpca which originally had dimension |Sy, to a p—dimensional vector with
zeros in S§ . Hence, since ||p|se || — 0, it follows

lim
pA)OO

. I
- —l=o 49
VPpCA \/XH ( )

Next, let us assume by contradiction that there exist €, g € (0, 1) such that for every p € N, with
probability at least dg
1SN S|
k

where $ is the set of top-k coordinates of |Vpca|. Combining this assumption and Eq. (@9), with
probability at least &g

<1—60.

1SN S|

. . 2 1 2 1 2 .
Jim [[Vecals||” = lim S lulg]” = lim +lpulsas|” = lim Sl—e, (50
where the last inequality follows from the above assumption and |x;| = \/A/k, forall j € S.

Next, from and (@9) it follows that for any subset 7" that satisfies S, NS C T' C S, and |T'| = F,

o 1 . |Sns
lim [[Vpealr]® = lim < |ju|r||” = lim 1505y, (51)
p—00 p—oo \ p—00

However, since S is the set of the top-k indices of |Vpcal, for any |T'| = k, T C S,

VAL > [9FA ||
C . .. . . |SNS|
which is a contradiction to (50) and (51)). Hence, for any € > 0, as p tends to infinity, P (T >
1-— e) — 1, which completes the first part of the proof.
The second part of the proof follows from combining (48) and Lemmal[A.§]
O
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D Proofs of Additional Lemmas

Proof of Lemma First, note that the mean v, = E [&] = Eg [6°] is given by

. 1<j<k-1
Vk p—k+1 =) =P

To derive an explicit expression for the covariance matrix X we use the law of total expectation

= k+1ZE )& —v,) | S =s]. (52)
where 5; = [k — 1] U {5} is a member of S. By definition,

o€ 53
\f \f(p k:Jrl)uJr ¢ (53)

where u = [Ok 15 1; & " and {e;}jep) denote the standard basis of RP. Since ¢ is independent
of S, inserting (53) into gives

- p—iHZE KJE (& 5=em) +€) (72 (- =) *"@T]

(@ —v,)|S=s;)= (0% —v,) +0€ =

1 p
= k - T 2]:
Kp—Fk 1 1) (p—k+1 Jz:]:ce]e ujz;e —&-Ze] +uu | +0°l,
Note that 3°7_, e; = u. Thus,
1 P
_ T T 2
1 p
L — el +0°1
= k(pkarl)j_EkEJej + o071y
_ 1 { Ok—1)x(k—1) Ok—1)x(p—k+1) } + 021
k(p—k-+1) [Op—k+D)xk-1) Tp-k+1)x(p—k+1) P

Therefore,

p—k-+1
log det (%) < log <<f’2>‘° (1 " m> )

1
_ 2 _
_plog(o)—l—(p k+1)log<1+k(p_k+1)a2>.

O

Proof of Lemma[B.2] By definition I(x;S) = H(x) — (w|S) Hence, we first derlve expressions
for these two terms. Since x follows the mixture model (3), it is of the form x = yp® + €. Given

S = s, p° is deterministic with pf = \/% 1{j € s}. Thus, the vector (x|S = s) is distributed as a
mixture of two Gaussians with centers +p+° and identity covariance matrix. Its density is

FalS = s) 1 e~llm=ptlP/2 4 o—llotnt®/2) - lel 2 (@) | o)
7 (2m)p/2 2 - (2m)p/? 2 '

(54)
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By the definition of conditional entropy,

H(z|S) = ZP s)/f(:c\S:s)logf(:c\S:s)dm

se§
Given the structure of the vectors p® for all s € S, all the integrals in the sum above give the same
value. Therefore, it suffices to consider a single set so = {1,...,k},
H(z|S) = - / J (@] = s0) log (xS = so)da. (55)

Inserting (54) into (33)), gives

_ =242
e” 2 s
H(z|S) = :c|50 llog ((277)”/2 cosh((z, p >)>] .
Note that for any s € S, E [ll[|?| S=s] = A+ p. Thus,
H(zx|S) = C(p, ) — Eg|s, [log cosh({z, u*))] . (56)
where C'(p, \) = A + 5(1 + log(27)).

Consider the following two independent random variables, w = f S i1 L& ~ N (0,52) and
§ =& ~ N(0,1). For S = s,

VA

T, ) = (Y + &, p%) = Ay + Vw + —=
(@, 1) = (yp™ + & p™) = Ny NG

&.
Inserting the above into (36) gives

H(z|S)=C(p,\) — E [logcosh()\y +Vw + \/Wf)} ;

where the expectation is over w, y and £. Note that w, y and £ are independent random variables with
zero mean and symmetric distributions around zero. Further, recall that y attains the values -1 with
equal probabilities. Hence, by a symmetry argument we may set y = 1 and take the expectation only
over w and £. This gives

H(x|S) =X+ g (1+1log2m) —E {logcosh (/\ +Vw + \//\/kf)] . (57)

Next, we derive an expression for (x). Recall that x depends on a vector w® with S distributed

uniformly at random from S of size p — k + 1. Note that S = [ J}_, s, where s, = [k — 1] U {¢}. By
the law of total probability

1 P .

||Zf:c|S—s 7k+12f(w|5':s).

s€ES =k
Using the same analysis as before, it follows that

fo) - | XP: T Ry

Co@mp? p-k+14 2

H(w) = —E[log f(x)] = C(p, ) —E

14 14

]_ p 67(:1:,;1.5 > + 6<‘Bvll's >
lo 58
& <p "kt 1 Z:Zk 2 (58)

We now simplify the expectation in (58)). First, by a symmetry argument, we may assume the label
that corresponds to x is simply y = 1. Let us simplify the inner product (x, 45¢).

(@, 1) = (VAp® + & p) =\ (k; Ly 1{5; S}> +vVw + :/[Z&-
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Hence, the expectation above can be written as
1 P 67(A@Jrﬁwﬂ/x/kwr%n{eesg n e<)\%+ﬁw+\/)\/k£z+%l{fes})
E (1
Bl —k+1 ;k 2

where the expectation is over S, w and {&,}}_, . Since S is uniformly distributed over S and for any

S = s7 the expectation is the same, we may thus set S = s* = [k], and take the expectation only
over w and {&})_,.

Next, we decompose the sum inside the logarithm as S7 + S, where

exp (—)\% — ﬁw)
2 p— k +1
exp (/\% + ﬁw)

— Ve 21{e=k}
52 2 P k+1ze

S Ze Via-ii=k

We now analyze each of these terms in an asymptotic setting where p, k — oo and k& = o(p). To this
end we write the sum in S as follows

p— k+1z eVt

By the central limit theorem, asymptotically, the first sum may be written as e*/2* +Op( \\ﬁ) which

L Ve (o2 )

p—k+

follows from the fact that E . x(o,1)[e'?] = €' */2_ The second term above is Op(‘,{—;), which is

A
6)\/2Ic <€F—1>

negligible w.r.t. to the previous O p term. Note that its expectation is finite and given by P

The sum S; can be analyzed similarly. In summary we obtain that

k—1 VA
S1 4 Sy = e*?k . cosh ()\k—k\&w) . <1+0P (\/@>>

Hence, the expectation above simplifies to

Elog(S1 + S»)] = % +E [logcosh ()\kk +Vw )} +0 (\}%)

Inserting the above into gives

H(z)=C(p,\) —E [log cosh (Ak;l + waﬂ +0 (\}%) : (59)

Next, we derive an upper-bound for the mutual information I (z; S) = H(z) — H(x|S). Combining
(®7) and (B9), the constant C'(p, A) cancels out, and we obtain

= E |logcosh <A+ﬁw+ \/52) — log cosh (}\(k;l) +ﬁw>] - % +0 (\%;p) .

9 <\/§z> ~ g (_M R (f;p) . (60)

where g, (t) = log cosh (/\ +VAw + t). For future use, note that 4 g,,(t) = tanh(\ + Vw4 t).
To upper bound I(x; S) we split the expectation in (60) into two parts as follows,

Guw (\/52) —gw(0)| +E [gw(O) — guw (—2)} — % +0 (%) . (61)

I(x; S)

=E

I(z;S)=E
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The Taylor expansion of g,,(t) is given by

i

3
Gu(t) = guw(0) + ttanh(A + VAw) + 5 1 — tanh®(\ + Vw)) + %g(?’) (1¢).

w

Here 7; is some number between 0 and ¢, and gg’)(n) = —2tanh(A + vV w + 1) + 2tanh®(\ +
Vaw + 7¢). Note that for all ¢ € R,

< 2|t3| tanh(\ + VAw + 1)
- 3!

Since z, w are independent and E[z] = 0, it follows that

() o]

<1E[V/22tanh(A+~¢Xw)—+é>z2(1—4anh2(A+~¢Xw)>4—2Xy2zﬂ]

2 3
(1 — tanh® (A 4+ Vaw 4+ 7)) < %

3
ﬁgw ) (Tt)

31k3/2

:%E {1 — tanh? ()\ + \f)\w)} +0 (\/f) . (62)

For the second term in (61)), for any value of w, by the mean value theorem, it follows that

A A A
9w (0) — guw (_k) == tanh(A + VAw + ¢y) < z tanh(\ + vV w)
where (,, € [-A/k, 0], and the last inequality follows from the fact that tanh(-) is a monotonically
increasing function. Hence,

E [gw(o) ~ Gu (—2)} < %E [tanh(A + ﬁw)} . (63)
Hence, combining (61), (62) and (63), yields
' A 2 A A AV
I(w;5) < - E [1 — tanh (A+ﬁw)} +2E [tanh(AJrﬁw)] —or tO ( =t \/@>
A 1, AV
—k]E{tanh(/\+ﬁw)—2tanh ()\—&—\f/\w)} +O< k3+¢%>' (64)

By Lemma[A.7] the expectation above can be bounded as follows:
1 1
E [tanh()\ +VAw) - - tanh® (/\ + ﬁw)} <3 </\ + 3\/)\/k) .

Hence, inserting this upper bound into (64), gives

12 VA
I(iL’;S)<2k+O<\/%+ )\3/k3>

(65)
Asymptotically, as p, k — oo with k/p — 0 then ¢ > ﬁ. Thus, the term %’\72 is asymptotically
larger than the O(+) terms in the display above. Hence, the inequality (37)) of the lemma follows. [

Proof of Lemma The main idea of the proof is to show that with a suitable choice of threshold
7, nearly all entries wy, (j) for j € S are above this threshold, in absolute value, whereas the number
of noise magnitudes above it is smaller than p — k. Since we prove the lemma for the case of
two symmetric Gaussians pt; = —p_; = p, for simplicity we consider the following formula
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forwy, = + Zle y;x;. With minor adaptations one can also prove the Lemma with the original
formula Q_ljf) ofwy.

Fix € > 0, and let Ay, denote the event that |S;, NS| > k(1 — ¢). For any threshold 7 define the
following two events,

B(r) = > Wwr () > 7} > k(1—€) o,

JjeSs
and
Cr) = D Hlwe()l > 7} <p—k
J¢s
By their definition, it follows that for any 7 > 0
B(r)nC(r) C Ap.

Furthermore, note that the two events B(7) and C(7) are independent. Hence, to prove that P(Af,) —
1, it suffices to prove that for a suitable threshold 7,

P(B(r)NC(r)) =P (B(r) - P (C(r)) 1 (66)
In other words, it suffices to show that each of these events occurs with probability tending to one.

We start by showing that Pr[B(7)] — 1. First, let us define an even simpler event, with the absolute
value removed,

B(r) = { 3 1sien(u;)wi (j) > 7} > k(1 — ¢
j€s
Clearly B(7) C B(7) and thus it suffices to show that P(B(7)) — 1 as p — oc.

To this end, we consider a threshold of the form 7 = \/%T, with the value of T specified below. By
the sparse mixture model (3), at support coordinates,

sen(uwn (1) = |3 + T

where &; ~ N(0, 1). Inserting this expression with L > w

the dependence on 7 in B(7), gives

into the above, and suppressing

1
P(B) > 1<¢1 T k(1 —
= P {4 > —(1-T)V2Blog(p— k)} > k(1—e) | . (67)
JjES
Next, we choose
T=1- ! (68)

(281log(p — k))1/*’
and define
a1 =P (N(0.1) > —(2Blog(p— k))"/*) .
Since the ;s are all independent and |S| = k, with this choice of T, Eq. simplifies to
B(B) >P(Bin(k.q) > k(1 - ¢))
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Note that lim,,_,, ¢1 = 1. Thus, for sufficiently large p, it holds that ¢; (1 — ¢/2) > 1 — e. Hence
instead of the right hand side above we may bound P(Bin(k,q1) > kq1(1 — €/2)). Indeed, by

Chernoff’s bound (17)),
2kqy
PB)>1—e5
which tends to one as p, k — oo.
Next, we show that the second term in Eq. (60), P also tends to one as p — oo. First of all,
f, and thus p — k < p/2. Hence, for p

since k = [c1p®|anda <1 - < 1—,8,thenk<<p
sufficiently large, we may instead consider the following event

— {Bin(p k,ga(7)) < g}

N’\’Uz

Clr)= > Uwe(i) > 7} <
J¢s
where ¢2(7) = 2@“(\/7') Clearly C(7) C C(), and we now prove that with 7 = [T and T

given in (68) P(C

To this end, we write

) — 1, by applying a Chernoff bound.

=q(p—k)(1+9)

N |3

—_p 1 _
where 6 = S 1 1.
To use Chernoff’s inequality we first need to show that § > 0. Indeed, as p — oo, with 7 = \/> T

and using Lemma [A.T| which bounds the tail function ®°

1-8

p
lim (6§ +1) = lim
( )= p—oo 2(p ) 2dc T\/QBlogp k))
_ V7B g, Tloel =) - o)

pP—o0
S VB log(p — k) _
T2 e (p—k)f exp(—Tzﬁlog(p —k)) 2 o (p—k)FmATe
Note that for sufficiently large p,
p 1 . 24 .
)/ (2~ amapm) € < @8loglp— ki <

2 2 2\~

lim (6 +1) > —— hm T+/log(p — k)

p—00

Since 3 < f3, for sufficiently large p, and T" given in (&8) it follows that 3 — BT < 0. Therefore, for
sufficiently large p, it follows that & > 0. By Chernoff’s bound (T6)

_52(212?)112 ' (70)

Combining the above and (69) gives

(e (Vi) = itk < o1+ 1

We now prove that the term in the exponent tends to infinity. First, note that since 4 — oo then

_ __p
1> -Fa Hence,

0% (p—k)ao p
_— = > I
plggo 249 plgrolo o = ke plglgo 4(p — k)q2

Combining the above and (70) gives lim, o, P (C (\/5 T) ) = 1 which completes the proof.
O

_ D
6 T 2(p—k)g=2
(p - k’)fh =00
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E The MLE in the Supervised Setting

The following proposition states the form of the maximum likelihood estimator (MLE) for the support
S in a SL setting, where the sparsity k is known, and the non-zero entries of 1 have magnitude

+/ k.

Proposition E.1. Let {(zi,y;)}L | be L i.i.d. labeled samples from model (B) where p is k-sparse
with non-zero entries ++/\/k, and let wy, = % Zie[L] Y; ;. Assuming the sparsity k is known, the
MLE for S = supp(u) is given by the indices corresponding to the top-k magnitudes of wi,.

Proof. Under our assumptions, the set of all possible vectors p has a one-to-one mapping to a support
set S € Sand a vector D € {—1,1}* containing the signs of the & non-zero entries of p1. We thus
denote § = (S, D), and p? by

o LR jes
(2 J¢s.
Let us denote by px y (&, y; 0) the joint probability density function of a single sample (x, y) from

the model (@) with parameter 6. Since y is a Rademacher random variable with a distribution not
dependent on 0, we may write

px,y (@, y;0) = px|v (x|y: 0) py () = 3px )y (®]y; 0).

Since |y ~ N (yp, I,,), the conditional density p x|y (x|y; #) simplifies to

1
pX7y(£L'|y,9) = WeXp (—Hg:—yp,aHQ/Q)_ 71

By definition, the maximum-likelihood estimator of @ is given by

L

HML) — arg max Z logpx.y (x,y;0),
o =

Inserting into the above, and using ||| = V') (fixed for all 6), gives
L , L
OMY) — arg maxz (— l|lz: — yird|| ) = argmaxz (yimi, p’) = argmax (wr, p’) .
A 0 =1 o

Therefore, the maximum value of <w L u9> is obtained for SM™") being the set of indices correspond-
ing to the k largest magnitude entries of wy,, and DM = {sign(wy,); : j € SM}. O

The next proposition shows that with sufficient number of labeled samples the MLE for .S has
significant overlap with the true support set S.

Proposition E.2. Let Dy, = {(z,y;)}, be a set of L i.i.d. labeled samples from the model (3)
with a k-sparse vector p whose non-zero entries are ++/\/k. Assume that for some o € (0,1),

k = |c1p®] and that L = [w—‘,for some 3 € (0,1). Let Sy, be the indices of the k largest
magnitudes of the vector wy, = % Eie[L] yix;. If B> 1 — «, then for every € € (0, 1),
lim P<m>1e> =1

p— k

Proof. Fix € > 0, and let Ay, denote the event that |Sz, N S| > k(1 — €). For any threshold 7 define
the following two events,

B(r)=14> Hlwe(i) >} >k(l—¢) ¢, Clr)=1> Hwr()| > 7} <ke

jes J¢Ss
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By their definition, it follows that for any 7 > 0, B(r)NC(r) C Ay. Since the two events B(7) and
C(7) are independent,

P(AL) > P (B(T) N é(T)) —P (B(T)) P (é(T)) (72)

Hence, for P(A) — 1, it suffices that for a suitable threshold 7, both probabilities on the right hand

side tend to one, We start with Pr(B(7)). To this end, we define an even simpler event, with the
absolute value removed,

B(r) =Y Ifsign(u)wr(j) > 7} > k(1 —¢)
JjeS

Clearly B(t) C B(r) and thus it suffices to show that P(B(7)) — 1 as p — co. By the sparse
mixture model (3)), for j € S,

A
sin(uwn () =\ + 2,
where £; ~ N(0,1). Combining a threshold value 7 = %1’2‘lﬁ+ﬁ and the assumption that

L> w with this expression, gives that

P(B(r)) > P Zn{gj>—<f— M>\/210gp}>k(1—6) . (73)

JES

Let ¢; be the probabiity of each event in the above sum,

—P (N(O,l) > <\f— Hﬁ) \/210gp> .

Since the ;s are all independent and |S| = k, with this choice of 7, Eq. simplifies to
P(B(r)) = P(Bin(k,q1) > k(1 —¢€)).

Note that since § > 1 — «, then lim, ., ¢1 = 1. Thus, for sufficiently large p, it holds that
q1(1 —€/2) > 1 — e. Hence, the right hand side above may be bounded by P(Bin(k,q1) >
kq1(1 — €/2)). Indeed, by Chernoff’s bound (T7), P(B(7)) — 1 as p, k — o0, since

2kqq

PB)>1—e "3

Next, we show that the second term in Eq. , P(é ), also tends to one as p — co. First, note that
é(T) ={Bin(p — k,q2(7)) < ke}

where go(7) = 20¢(VL7) = 20¢(1/(1 — a + ) log(p — k)). We now prove that P(C(7)) — 1, by
applying a Chernoff bound. To this end, we write

ke = qa(p — k)(1 +9)

where 6 = (pkek) -~ — 1. To use Chernoff’s inequality we first need to show that § > 0. Indeed, as
p — 00, using Lemma@]whlch bounds the tail function ®¢,
k 1
lim (6 +1) > lim <
p—0 p—=oo p—k2&c(\/(1—a+ B)log(p — k))
1-— 1 —k
> e rl-a+pB) . ?g(pw )
2 p=oe pl=@ exp(— =5 log(p — k))
rl—a+48) . log(p — k)
= €cy 5 lim s = 00,

p—o0 p p]
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where the last equality follows from 5 > 1 — . By Chernoff’s bound (T6)

5 2(p—k)as
P (C (7')) =P (Bin(p—k,q2) < @2(p—k)(1+9)) >1— e TEE (74)
We now prove that the term in the exponent tends to infinity. Since § — oo it follows that
.=k : (40— k) . ke
_——— — > -— = —_—=
ATy O e 2 i Ay =

Combining the above and (74) gives that lim,,_, ., P (é (7')) = 1, which completes the proof. [

The above proposition implies the following result regarding accurate classification: Let T'(x) =
sign{f, ), with 1 = wy|s, , be a linear classifier that is constructed using only the set of labeled
samples Dy,. If 5 > 1 — «, then combining Proposition|[E.2]and Lemma[A.8]implies that the excess
risk of T" tends to zero as p — oo.

E.1 Impossibility of Classification

In this section we prove a lower bound for classification in the SL setting. To do that, we consider a
slightly different model, known as the rare and weak model. Here the sparsity of the vector p is

not fixed at exactly k. Instead the vector is generated randomly with entries ;1; = \/A/kB;, where

B; ~ Ber(e,) are i.i.d. Bernoulli random variables with €, = % = p~(1=%). The next theorem

implies that in the red region (impossible) of figure[I] indeed there exists (approximately) k-sparse
vectors for which any classifier would asymptotically be no better than random.

Theorem E.3. Let Dy, = {(x;,y;)}, be set of L i.i.d. labeled samples from the rare weak model
N (yp, I) where all non-zero entries of p are ++/\/k. Suppose L = [M] and k « p®, for
some o < 1. If B < 1 — « then the classification error of any classifier based on Dy, tends to 1/2 as
p — 00.

Proof. This proof is similar to the one of [Jin| (2009). First, let us denote the vector of z-scores
by z = % > ie[r) YiTi- Since the entries of p are generated independently under the rare-weak
model, the entries of z are also independent and all have the same density, which we denote by
f(2). Given z, we denote the conditional probability that the j-th entry contains a feature by
n=DP(j € S|z) =P(j € S|z; = z). By Bayes theorem,

n(z) = DU EDIE€5) 0z~ 73)
f(z) (1—6)0(2) + 60(z — 1)

where 7, = \/L\/k = /28 1log p, and ¢ is the density of N (0, 1).

From Lemmas 1,2 and 4 in Jin| (2009), the misclassification error of any classifier 7' constructed
using the set Dy, can be bounded as

P(T(x) #y) — 1/2| < C (1 — (E.[H(2)]))"/?, (75)

1/2
where H(z) = E, {(1 +n(z)(eVAke=A/2k 1)) ] with # ~ N(0,1), and z ~ (1 —
ep)N(0,1) + eN(7p, 1).
Our goal is to show that E,[H(z)] = 1 + o(1/p), which implies that asymptotically the accuracy
of T is no better than random. First, combining that E,, {e VAkz=X/2k _ 1} = 0 and the inequality

V1+t—1—1t/2| < Ct? foranyt > —1, gives
|H(z) — 1| = ’H(z) — 1 — L E[n(z)] E[eVMre—M/2k _ 1}‘

< 0772(2) E, [(eMI—A/Qk B 1)2:| _ CnQ(Z)(eA/k —1).
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For sufficiently large p, e*/* — 1 < 2)\/k. Since k o p®, then, |H(z) — 1| < C‘ 17 2(z). Hence,
to prove that E,[H(2)] = 1 + o(1/p), it suffices to show that E, [1?(2)] = o(p~1=%)) = o(e,). To
this end, we first note

E[n*(2)] = (1 = &) Ely* (w)] + & E[n* (w + 7)] < Bl (w)] + ¢ B[ (w + 7)),

where w ~ N(0,1). Write E(n?(z)) = I + II + III + IV, where we have split each of the
expectations into two separate integrals, with the split at suitably chosen values ¢; and to,

1= [ e, 1= [ @,

— o0 t1
and
t2 o0
IIT = ep/ n*(w + ) p(w)dw, IV = e,,/ n?(w + ) p(w)dw,
— 00 t2
As we see below, the following values will be suitable to derive the required bounds: ¢; = 172‘)‘;5 Tp
and t9 = 175‘67571,.

Starting with I, note that

= (e )) stwiin s [ <M) ol

For large enough p, the above can be bounded via

I<22 h ¢2( ) ( )d C h 21u7p—73—w2/2d (76)
<2 | Fgapyowdu =06, | e “”

where the equality follows from the definition of ¢(w). Completing the square, the above can be
written as

ty
1< 06127/ e~ (W=2m)*/2 T2 .

Changing the variable x = w — 27, reads h
I< Cef,eTﬁ /f1 T e 20y = CEieTS‘I)C(QTp —t) < CeieTEe_(ZTP_“V/Q a7
—oo
Finally, since 3 < 1 — q, it follows that C’ef,eTz%e_(QTT'_tl)Z/2 = o(ep).
Next, since n(w) < 1 it follows that
H:/Oon() dz</ p(w)dw = () < e~ 11/2. (78)
t1
Similar to the above, under the condition 3 < 1 — it holds that e=*1/2 = o(ep).

Next, note that

1= /oo (7 e T o) ) “otuo

t 2
2 epp(w)
<o | _(T=sotumsy) oo
For large enough p

b2 € qi)(w) 2 t2 2 2
IIT < Cfp/ (gbp)) P(w)dw = Cef,/ T T, W 2 gy,

—o0 (w + Tp —oco

Completing the square reads

to
IIT < 062637—5/ e—('w—27—p)2/2dw _ 062637—5@0(27}, _ tz) < 063 3TP6 (27p—1t2)2 /2

—00
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Since 5 < 1 — ait holds that I11 = o(e,).
Finally, since n(w) < 1, IV can be bounded as follows

1V = ep/ d(w)dw = €,P(t2) < epeftg/Q.
ta

Again, by <1 —, IV = 0(ep).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification:
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See Section 3
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All the assumptions are clearly stated at the beginning of Section[2} The proofs
can be found in the supplemental material.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Section 4]
Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:
Justification:
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All the necessary details regarding the experimental settings are provided in
Section

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: See Section 4]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: As mentioned in Section 4] the experiments were run on a CPU Intel i7 2.10
GHz.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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