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Abstract

This paper explores adaptive variance reduction methods for stochastic optimization
based on the STORM technique. Existing adaptive extensions of STORM rely
on strong assumptions like bounded gradients and bounded function values, or
suffer an additional O(logT') term in the convergence rate. To address these
limitations, we introduce a novel adaptive STORM method that achieves an optimal
convergence rate of O(T -1/ 3) for non-convex functions with our newly designed
learning rate strategy. Compared with existing approaches, our method requires
weaker assumptions and attains the optimal convergence rate without the additional
O(log T') term. We also extend the proposed technique to stochastic compositional
optimization, obtaining the same optimal rate of O(T~1/3). Furthermore, we
investigate the non-convex finite-sum problem and develop another innovative
adaptive variance reduction method that achieves an optimal convergence rate of
O(n'/*T~1/2), where n represents the number of component functions. Numerical
experiments across various tasks validate the effectiveness of our method.

1 Introduction

This paper investigates the stochastic optimization problem

i 1
min f(x), M
where f : R? — R is a smooth non-convex function. We assume that only noisy estimations of its
gradient V f(x) can be accessed, denoted as V f(x; £), where & represents the random sample drawn
from a stochastic oracle such that E[V f(x; §)] = V f(x).

Problem (I) has been comprehensively investigated in the literature [Duchi et al. [2011] [Kingmal
and Bal [2015| [Loshchilov and Hutter, 2017]], and it is well-known that the classical stochastic
gradient descent (SGD) achieves a convergence rate of O(T~1/4), where T denotes the iteration
number [Ghadimi and Lan, 2013]]. To further improve the convergence rate, variance reduction
methods have been developed, and attain an improved rate of @(7~'/3) under a slightly stronger
smoothness assumption [Fang et al.| 2018} Wang et al.,[2019]]. However, these methods necessitate
the use of a huge batch size in each iteration, which is often impractical to use. To eliminate the
need for large batches, a momentum-based variance reduction method — STORM [Cutkosky and
Orabonal, 2019] is introduced, which achieves a convergence rate of (’)(T’l/ 3 logT).

Although aforementioned methods are equipped with convergence guarantees, their analyses rely on
delicate configurations of hyper-parameters, such as the learning rate and the momentum parameter.
To set them properly, the algorithm typically needs to know the value of the smoothness parameter L,
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the gradient upper bound G, and the variance upper bound o, which are often unknown in practice.
Specifically, most algorithms require the learning rate 7; smaller than O(1/L), and for the STORM
method, setting the momentum parameter to O(L?n?) is crucial for ensuring convergence [Cutkosky
and Orabona, 2019].

To overcome this limitation, many adaptive algorithms have been developed, aiming to obtain
convergence guarantees without prior knowledge of problem-dependent parameters such as L, G
and 0. Based on the STORM method, |Levy et al.|[2021]] develop the STORM+ algorithm, which
attains the optimal O(T~'/?) convergence rate under the assumption of bounded function values
and gradients. To remove the need for the bounded function values assumption, Liu et al.| [2022]
propose the META-STORM algorithm to attain an O(7~'/?log T') convergence rate, but it still
requires the bounded gradients assumption and includes an additional O(log T') term. In summary,
despite advancements in this field, existing adaptive STORM-based methods either depend on strong
assumptions or suffer an extra O(log T') term compared with the lower bound [Arjevani et al.,2023].
Hence, a fundamental question to be addressed is:

Is it possible to develop an adaptive STORM method that achieves the optimal convergence rate
for non-convex functions under weaker assumptions?

We give an affirmative answer to the above question by devising a novel optimal Adaptive STORM
method (Ada-STORM). The learning rate of our algorithm is set to be inversely proportional to a
specific power of the iteration number 7' in the initial iterations, and then changes adaptively based
on the cumulative sum of past gradient estimations. In this way, we are able to adjust the learning rate
dynamically according to the property of stochastic gradients, and ensure a small learning rate in the
beginning. Leveraging this strategy, Ada-STORM achieves an optimal convergence rate of O(T‘l/ 3)
for non-convex functions. Notably, our analysis does not require the function to have bounded values
and bounded gradients, which is a significant advancement over existing methods [Levy et al.,[2021],
Liu et al.;[2022]. Additionally, our convergence rate does not contain the extra O(logT) term, which
is often present in STORM-based methods [Cutkosky and Orabona, 2019, [Liu et al., [2022]. To
highlight the versatility of our approach and its potential impact in the field of stochastic optimization,
we further extend our technique to develop optimal adaptive methods for compositional optimization.

Finally, we investigate adaptive variance reduction for the non-convex finite-sum problems. Inspired
by SAG algorithm [Roux et al.,[2012]], we incorporate an additional term in the STORM estimator,
which measures the difference of past gradients between the selected component function and the
overall objective. By changing the learning rate according to the sum of past gradient estimations,
we are able to obtain an optimal convergence rate of O(n~/4T~1/2) for finite-sum problems in an
adaptive manner, where n is the number of component functions. Our result is better than the previous
convergence rate of O(n~/4T~1/21og(nT)) obtained by adaptive SPIDER method [Kavis et al.,
2022]. In summary, compared with existing methods, this paper enjoys the following advantages:

* For stochastic non-convex optimization, our method achieves the optimal convergence rate
of O(T~'/3) under more relaxed assumptions. Specifically, it does not require the bounded
function values or the bounded gradients, and does not include the additional O(log T') term
in the convergence rate.

* QOur learning rate design and the analysis exhibit broad applicability. We substantiate this
claim by obtaining an optimal rate of @ (7' ~'/?) for stochastic compositional optimization,
using the technique proposed in this paper.

* For non-convex finite-sum optimization, we further improve our adaptive algorithm to attain
an optimal convergence rate of O(n'/*T~'/2), which outperforms the previous result by
eliminating the O(log(nT')) factor.

A comparison between our method and other STORM-based algorithms is shown in Table[T] Numeri-
cal experiments on different tasks also validate the effectiveness of the proposed method.

2 Related work

This section briefly reviews related work on stochastic variance reduction methods and adaptive
stochastic algorithms.
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Table 1: Summary of results for STORM-based methods. Here, NC denotes non-convex, Comp.
indicates compositional optimization, FS represents finite-sum optimization, and BG/BF refers to
requiring bounded gradients or bounded function values assumptions. Adaptive means the method
does not require to know problem-dependent parameters, i.e., L, G, and .

Method Setting Convergence Rate  Adaptive BG/BF
STORM [Cutkosky and Orabonal[2019] NC O (T 3logT X v
Super-ADAM [Huang et al.|[2021] NC O (T 3logT X -
STORM+ [Levy et al.|[2021] NC ] (T‘l/ 3 v v
META-STORM |Liu et al.| 2022 NC 0] (T*l/ 3 log T) v v
Theorem H NC o(r-3 v -
Theorem NC & Comp. o(r-/3 v -
Theorem NC&FS O (nl/‘*T*l/ 2) v -

2.1 Stochastic variance reduction methods

Variance reduction has been widely used in stochastic optimization to reduce the gradient estimation
error and thus improve the convergence rates. The idea of variance reduction can be traced back to
the SAG algorithm [Roux et al., 2012[], which incorporates a memory of previous gradient values
to ensure variance reduction and achieves a linear convergence rate for strongly convex finite-sum
optimization. To avoid the storage of past gradients, SVRG [Zhang et al.,[2013| Johnson and Zhang|
2013] proposes to calculate the full gradient periodically, obtaining the same convergence rate as the
SAG algorithm. Subsequent advancement has been made by the SARAH method [Nguyen et al.,
2017]], which derives better convergence for smooth convex functions.

In the context of non-convex objectives, Fang et al.|[2018]] introduce the SPIDER estimator, which im-
proves the convergence rate from O(7~/4) to O(T~'/?) in stochastic settings, and to O(n!/4T~1/2)
in finite-sum scenarios, with n representing the number of components in the finite-sum. Following
this, the SpiderBoost algorithm [Wang et al.,[2019] refines the SPIDER approach by employing a
larger constant step size and adapting it for composite optimization problems. However, a common
limitation among these methods is their reliance on large batch sizes for each iteration, posing practi-
cal challenges due to high computational demands. To mitigate this issue, Cutkosky and Orabona
[2019] introduce the STORM method, a momentum-based technique that achieves an O(T~'/?log T)
convergence rate without using large batches. Concurrently, [Tran-Dinh et al.|[2019] obtain the same
result using a similar algorithm but through a different analysis.

2.2 Adaptive stochastic algorithms

For stochastic optimization, it is well-known that the SGD algorithm can obtain a convergence rate
of O(T~'/*) for non-convex objective functions with well-designed learning rates [Ghadimi and
Lan| [2013|]. Instead of using pre-defined iteration-based learning rates, many stochastic methods
propose to adjust the learning rate based on past stochastic gradients. One of the foundational works
is the AdaGrad algorithm [Duchi et al.|[2011]], which proves to be effective for sparse data. Further
advancements include RMSprop [Tieleman and Hinton, 2012]] and Adam [Kingma and Ba, |2015]],
demonstrating broad effectiveness across a wide range of machine learning problems. Later, the
Super-Adam [Huang et al.,|2021]] algorithm further improves the Adam algorithm via the variance
reduction technique STORM [Cutkosky and Orabonal, |2019]] and obtains a convergence rate of
O(T~'/31og T'). Nevertheless, to obtain the corresponding convergence rates, these methods still
require knowledge of certain problem-dependent parameters to set hyper-parameters accurately, hence
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Algorithm 1 STORM Algorithm
1: Input: time step 7', initial point x;
2: for time stept = 1to 7 do
Set hyper-parameters 3; and 7,
Compute v, according to equation (2)
Update the decision variable: x;41 = Xy — NV
end for
: Choose 7 uniformly at random from {1,...,7T'}
. Return x,

w

A

not adaptiveE] To solve this problem, many research aims to develop fully adaptive SGD methods
that maintain the optimal convergence rate without knowing problem-specific parameters [Orabonal
2014} (Chen et al., 2022} |Carmon and Hinder}, 2022} Ivgi et al., [2023] | Yang et al., 2023]].

Recently, adaptive adaptations of STORM have received considerable attention. A notable develop-
ment is the introduction of STORM+ [Levy et al.,2021]], which presents a fully adaptive version of
STORM while attaining an optimal convergence rate. To circumvent the bounded function values
assumption in STORM+, the META-STORM [Liu et al.| [2022]] approach is developed, equipped with
a nearly optimal bound. However, META-STORM still requires the bounded gradients assumption,
and it includes an additional O(log T') in the convergence rate. Consequently, adaptive STORM with
the optimal convergence rate and under mild assumptions still needs further explorations.

3 Adaptive variance reduction for non-convex optimization

In this section, we develop an adaptive STORM method for non-convex functions. We first outline
the assumptions used, and then present our proposed method and analyze its convergence rate.

3.1 Assumptions

We introduce the following assumptions, which are standard and commonly adopted in the stochastic
optimization [Nguyen et al.| 2017, [Fang et al.,|2018| |Cutkosky and Orabona, [2019, L1 et al., [2021]].

Assumption 1 (Average smoothness)
E[IVf(x:€) - V(v OIP] < L2x - v
Assumption 2 (Bounded variance)
E[IVfGxi¢) ~ V)] <o
Assumption 3 f, =inf, f(x) > —oco and f (x1) — f. < Ay for the initial solution x;.

Note that some additional assumptions are required in other STORM-based methods. Specifically,
STORM [[Cutkosky and Orabonal |2019], STORM+ [Levy et al.,2021]], and META-STORM [Liu
et al.,2022]] assume the bounded gradients. Moreover, STORM+ makes an additional assumption of
the bounded function values.

3.2 The proposed method

In this subsection, we aim to develop an adaptive STORM method that achieves an optimal conver-
gence rate for non-convex functions under weaker assumptions. Our algorithm framework is the
same as the original STORM [Cutkosky and Orabona, [2019]], and the only difference is the setup
of the momentum parameter 3; and the learning rate 7. First, we present the STORM algorithm in
Algorithm 1]

*In this paper, adaptive means the algorithm does not require problem-dependent parameters to set up
hyper-parameters such as the learning rate and the momentum parameter.
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The core idea of STORM lies in a carefully devised variance reduced estimator v, which effectively
tracks the gradient V f(x;). For the first iteration (t = 1), we set vi = Zf:ol B%)Vf(xl; £1), which
is estimated within a batch By = T"'/3. Note that we use large batch only in the first iteration, and
constant batch size in other iterations. In subsequent iterations (¢t > 2), estimator v, is defined as:

vi=(1=B)vie1+ BV f(xe;:8) + (1= Be) (Vf(xe56) — VI (xe-1581)) 2
where the first two terms are similar to the momentum SGD, and the last term serves as the error
correction, which ensures the variance reduction effect. By choosing the values of 3; and n; carefully,
STORM ensures that the estimation error E[||v; — V f(x¢)||?] would decrease gradually. In the
original STORM paper, these parameters are set up as:

k
173
(w+ Sl IV 7Gx 01°)
where k = O(G?*/3L~1), w = O(G?) and ¢ = O(L?). The settings of these hyper-parameters are

crucial to the convergence analysis of STORM. However, it is worth noting that L is the smoothness
parameter and G is the gradient upper bound, which are often difficult to determine in practice.

Ui 5t=077t2,

To address this problem, our approach defines the hyper-parameters as follows:

1

) @ (> ﬂt =pB= T72/3’ 3)
T rasays (S vill)

7y = min

where 0 < « < 1/3. Notably, our method does not rely on the parameters L and GG, and also does
not need the bounded gradients or bounded function values assumptions that are common in other
methods. Although our formulation initially requires knowledge of the iteration number 7', this
can be effectively circumvented using the doubling trick, which will be explained later. The above
learning rate 7, can also be expressed in an alternative, more illustrative manner:

. 2
Ti7s if Y25y [lvill® < TV

n =
else.

1
TO=)/3(3E_ [lvi|?)”

This formulation ensures that the learning rate starts sufficiently small in the initial stages and then
changes dynamically based on the gradient estimator v;. This design makes our learning rate setup
and convergence analysis distinctly different from previous methods. Next, we present the following
theoretical guarantee for our algorithm.

Theorem 1 Under Assumptions and 3} Algorithm [I|with hyper-parameters in equation

guarantees that:

1
2(1—a)

Af -i—aﬁ + Lo

E[IVf(x-)[] <O T1/3

Remark: To ensure that E[||V f(x,)||] < e, the overall complexity is O(e~?), which is known to
be optimal up to constant factors [Arjevani et al., [2023]]. Compared with existing STORM-based
algorithms [Cutkosky and Orabona, 2019, [Levy et al.l 2021} [Liu et al., 2022]], our method does not
have the extra O(logT') term in the convergence rate, and our analysis does not require bounded
gradients or bounded function values assumptions. Also note that the selection of o does not affect the
order of T, and larger « leads to better dependence on parameter L and worse reliance on parameters
A and 0. Considering we require that 0 < o < 1/3, we can simply set & = 0.3 in practice.

3.3 The doubling trick
While we have attained the optimal convergence rate using the proposed adaptive STORM method, it

requires knowing the total number of iterations 7 in advance. Here, we show that we can avoid this
requirement by using the doubling trick, which divides the algorithm into several stages and increases
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the iteration number in each stage gradually. Specifically, we design a multi-stage algorithm over
k=1{1,2,---, K} stages. At the beginning of each new stage, we reset x; = Xg. In each stage k,
the STORM algorithm is executed for 2°~ iterations, effectively doubling the iteration numbers
after each stage. In any step ¢, we first identify the current stage as 1 + |log ¢| and then calculate the
iteration number for this stage as I, = 2U1°8t) Then, we can set the hyper-parameters as:

: 1 1 —2/3 llog t]
T = min 1/3° 1—a)/3 : 9 @ ) 51‘/ = It ) It =2 . (4)
L (S, vl

This approach eliminates the need to predetermine the iteration number 7. By using the doubling
trick, we can still obtain the same optimal convergence rate as stated in the following theorem.

Theorem 2 Under Assumptions [I} 2] and [3] Algorithm [I) with hyper-parameters in equation (@)
guarantees that:

1
2(1—a)

AT 4 oTw + L
T1/3

B[Vl <0

4 Extension to stochastic compositional optimization

To demonstrate the broad applicability of our proposed technique, we extend it to stochastic composi-
tional optimization [Wang et al.,2017alb, |Yuan et al., 2019} |Zhang and Xiao, |2019, 2021} |Jiang et al.|
2023l 120244a], formulated as:

min F(x) = f(g(x)), ®)

x€R4

where f and g are smooth functions. We assume that we can only access to unbiased estimations of
Vf(x), Vg(x) and g(x), denoted as V f(x; ), Vg(x; ¢) and g(x; ). Here £ and ¢ symbolize the
random sample drawn for a stochastic oracle such that E[V f(x;£)] = V f(x), E[g(x; ()] = g(x),
and E[Vg(x; ()] = Vg(x).

Existing variance reduction methods [[Hu et al., 2019, Zhang and Xiao, 2019} Q1 et al.,|2021] are able
to obtain optimal O(T -1/ 3) convergence rates for problem , but they require the knowledge of
smoothness parameter and the gradient upper bound to set up hyper-parameters. In this section, we
aim to achieve the same optimal convergence rate without prior knowledge of problem-dependent
parameters. We develop our adaptive algorithm for this problem as follows. In each step ¢, the
algorithm maintains an inner function estimator u, in the style of STORM, i.e.,

u = (1= B)u—1 +9(x;¢) — (1= B)g(xi—1; ). (6)

Then, we construct a gradient estimator v; based on u; also in the style of STORM:
vi=(1—=B)vi1+ V[f(us&)Ve(xe;¢) — (1= B)Vf(ue—1;6)Vg(xi—1; (). @)

After that, we apply gradient descent using the gradient estimator v;. The whole algorithm is presented
in Algorithm 2] and hyper-parameters are set the same as in equation (3). For the first iteration, we

simply set u; = ?:01 Biog(xl; ¢H)and vy = Zf:“l B%)Vf(ul;fi)Vg(xl; (1), where By = T1/3.
Next, we list common assumptions used in the literature of compositional optimization [Wang et al.|
2017albl |Yuan et al., 2019, [Zhang and Xiao} 2019} 2021].
Assumption 4 (Average smoothness and Lipschitz continuity)
EIVf(x:6) = VI OIP] < Lix =y E [1£6:6) - Fv: 01| < Cllx -yl
E[IVg(x; ) = Va(y; O] < Llix = yI% E [llg(x: ) = 93; O IIP] < Clix = y 1%

Assumption 5 (Bounded variance)

E[llgtx; Q) = 9] < o%E [[V9(x: Q) = Vo)I?] < 0% E [IVF(x:6) — V()] < 02,
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Algorithm 2 Compositional STORM
1: Input: time step 7', initial point x;
2: for time stept = 1to 7 do
3:  Compute u; according to equation (6]

4:  Compute v, according to equation

5:  Update the decision variable: x;411 = X; — 7 V¢
6: end for

7: Choose 7 uniformly at random from {1,...,7}

8: Return x,

Assumption 6 F, = infy F(x) > —oo and F (x1) — Fyx < Ap for the initial solution x;.

Remark: In Assumption[d] we further require standard Lipschitz continuity assumption, which is
essential and widely required in the literature for stochastic compositional optimization [Wang et al.,
2017b, [Yuan et al.l 2019, Jiang et al., 2022alb]]. This assumption is inherently introduced by the
compositional optimization itself rather than by our adaptive techniques.

With the above assumptions, our algorithm enjoys the following guarantee.
Theorem 3 Under Assumptions and|6] our Algorithm[2]ensures that:
E[[VF(x,)] <0 (T77).

Remark: This rate matches the state-of-the-art (SOTA) results in stochastic compositional opti-
mization [Hu et al.l 2019, Zhang and Xiaol 2019, Qi et al.| 2021]], and our method achieve this in
an adaptive manner. Note that our convergence rate aligns with the lower bound for single-level
problems [Arjevani et al.|[2023]] and is thus unimprovable.

5 Adaptive variance reduction for finite-sum optimization

In this section, we further improve our adaptive variance reduction method to obtain an enhanced
convergence rate for non-convex finite-sum optimization, which is in the form of

1 n
i F == 7 3
)1(16111}1 (x) - ZE 1 fi(x)

where each f;(-) is a smooth non-convex function. Existing adaptive method for this problem [Kavis

et al., 2022] achieves a convergence rate of O(n'/*T~1/21og(nT)) based on the variance reduction
technique SPIDER [Fang et al.,[2018],, suffering from an extra O(log(nT")) term compared with the
corresponding lower bound [Fang et al., 2018 |Li et al.| 2021].

To obtain the optimal convergence rate for finite-sum optimization, we incorporate techniques from
the SAG algorithm [Roux et al.,[2012] into the STORM estimator. Specifically, in each step ¢, we
start by randomly sample é; from the set {1,2,--- ,n}. Then, we construct a variance reduction
gradient estimator as

vi=1=B)vi1+Vfi,(x) = (1 = B)Vfi,(xe-1) = B (92" - izgi) ; ®
i=1

where the first three terms align with the original STORM method, and the last term, inspired by the
SAG algorithm, deals with the finite-sum structure. Here, g, tracks the gradient as

i _ ) Vifi(x) i=i
Gty1 = { gz‘ X 9
By such a design, we can ensure that the estimation error E[||v; — VF(x,)||’] reduces gradually.
The whole algorithm is stated in Algorithm[3] In this case, we set the hyper-parameters as:

1 1
o . o\ ﬁ = 57
n'F (S vil?)

=
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Algorithm 3 STORM for Finite-sum Optimization (SAG-type)
: Input: time step 7', initial point x;
: for time stept = 1to 7" do
Sample i; randomly from {1,2,--- ,n}
Compute estimator v, according to equation (8]
Update g1 according to equation (9)
Update the decision variable: x;11 = x; — m; vy
end for
: Choose 7 uniformly at random from {1,...,T}
: Return x,

—

R AN A

where 0 < a < 1/3. The learning rate 7, is non-increasing and changes according to the gradient
estimations, and the momentum parameter 5 remains unchanged throughout the learning process.
Next, we show that our method enjoys the optimal convergence rate under the following assumptions,
which are standard and widely adopted in existing literature [Fang et al.|[2018| Wang et al.,[2019} |L1
et al.,[2021].

Assumption 7 (Smoothness) For eachi € {1,2,--- ,m}, function f; is L-smooth such that
IVfi(x) = Vi) < Lix =y
Assumption 8 F, = infy F(x) > —oco and F (x1) — F. < A for the initial solution x;.

Theorem 4 Under Assumptions|[7|and|[8} our Algorithm 3| guarantees that:

n1/4 # )
E[|[VF(x,)]] < O (TUQ (AF( = L>> .

Remark: Our result matches the lower bound for non-convex finite-sum problems [Fang et al.|
2018}, L1 et al. 2021f], and makes an improvement over the existing adaptive method, i.e.,
AdaSpider [Kavis et al., 2022]]. Specifically, the convergence rate of the AdaSpider algorithm
is O (n'/4T=12 (L2 + Ap) -log (1 + nT'L)), and our result is better than theirs when $ < o < 2.

We can avoid storing past gradients by following the SVRG method [Zhang et al., [2013} Johnson
and Zhang| 2013] to compute the full gradient periodically and incorporate it into STORM estimator.
Instead of storing the past gradients as in SAG algorithm, we can avoid this storage cost by incorpo-
rating elements from the SVRG method. Specifically, we compute a full batch gradient at the first
step and every [ iteration (we set I = n):

VIG) = 2 Y V),

For other iterations, we randomly select an index i, from the set {1,2,--- ,n} and compute:

vi=(1=B)vic1 + Vi, (x¢) = (1 = B)V fi,(x¢-1) = B(Vfi,(xr) = Vf(x)).  (10)

Note that the first three terms match the original STORM estimator, and the last term, inspired from

SVRG, deals with the finite-sum structure. Compared with equation (§) in Algorithm[3] the difference
is that we use (V f;,(x;) — Vf(x;)) instead of (g;* — 1 37" | i) in the last term. The detailed
procedure is outlined in Algorithm 4] This strategy maintains the same optimal rate, as stated below:

Theorem 5 Under Assumptions|[7|and|[8} our Algorithm{| guarantees that:

n1/4 ﬁ 1
E[IVF(x.)|l] <O <T1/2 (AF = +L2a>).

Remark: The obtained convergence rate is in the same order as the results in Theorem |4} and
Algorithm ] does not require storing past gradients anymore.
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Algorithm 4 STORM for Finite-sum Optimization (SVRG-type)
1: Input: time step 7', initial point x;
2: for time stept = 1to 7 do
3: ift mod I == 0 then

4: Sett = 7 and compute V f(x,) = 23" | V fi(x;)
5.  endif

6:  Sample i; randomly from {1,2,--- ,n}

7:  Compute v, according to equation (I0)

8:  Update the decision variable: x;y1 = Xy — vy
9: end for
10: Select 7 uniformly at random from {1,...,7T'}
11: Return x,

©
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© @
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Testing loss (log scale)

o ® o
]

]
) 50 100 150 200 ) 50 100 150 200 50 100 150 2 50 100 150 200

Epoch Epoch Epoch Epoch
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Adam  —=- AdaBelief =~ —=- SGD  —:- STORM  —:- STORM+ META-STORM ~ —— Ada-STORM

Figure 1: Results for CIFAR-10 dataset.

6 Experiments

In this section, we evaluate the performance of the proposed Ada-STORM method via numerical ex-
periments on image classification tasks and language modeling tasks. In the experiments, we compare
our method with STORM [Cutkosky and Orabona, 2019], STORM+ [Levy et al.,2021]] and META-
STORM |[Liu et al., [2022], as well as SGD, Adam [Kingma and Ba, 2015]] and AdaBelief [Zhuang
et al.| |2020]. We use the default implementation of SGD and Adam from Pytorch [[Paszke et al.,|2019].
For STORM+, we follow its original implementatiorﬂ and build STORM, META-STORM and our
Ada-STORM based on it. When it comes to hyper-parameter tuning, we simply set o = 0.3 for our
algorithm. For other methods, we either set the hyper-parameters as recommended in the original
papers or tune them by grid search. For example, we search the learning rate of SGD, Adam and
AdaBelief from the set {le—5,1e—4, 1e—3, le—2, le—1} and select the best one for each method.
All the experiments are conducted on eight NVIDIA Tesla V100 GPUs.

Image classification task First, we conduct numerical experiments on multi-class image classifica-
tion tasks to evaluate the performance of the proposed method. Specifically, we train ResNet18 and
ResNet34 models [He et al.,2016] on the CIFAR-10 and CIFAR-100 datasets [Krizhevsky, 2009]
respectively. For all optimizers, we set the batch size as 256 and train for 200 epochs. We plot the
loss value and the accuracy against the epochs on the CIFAR-10 and CIFAR-100 datasets in Figure|[T]
and Figure 2] It is observed that, for training loss and training accuracy, our Ada-STORM algorithm
achieves comparable performance with respect to other methods, and it outperforms the others in
terms of testing loss and thus obtains a better testing accuracy.

Language modeling task Then, we perform experiments on language modeling tasks. Concretely,
we train a 2-layer Transformer [[Vaswani et al.,[2017] over the WiKi-Text2 dataset [Merity, |2016].
We use 256 dimensional word embeddings, 512 hidden unites and 2 heads. The batch size is set as 20
and all methods are trained for 40 epochs with dropout rate 0.1. We also clip the gradients by norm
0.25 in case of the exploding gradient. We report both the loss and perplexity versus the number of
epochs in Figure 3] From the results, we observe that our method converges more quickly than other

*https://github.com/LIONS-EPFL/storm-plus-code
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Figure 3: Results for WikiText-2 dataset.

methods and obtains a slightly better perplexity compared with others, indicating the effectiveness of
the proposed method.

7 Conclusion

In this paper, we propose an adaptive STORM method to achieve the optimal convergence rate for non-
convex functions. Compared with existing methods, our algorithm requires weaker assumptions and
does not have the additional O(log T') term in the convergence rate. The proposed technique can also
be employed to develop optimal adaptive algorithms for compositional optimization. Furthermore,
we investigate an adaptive method for non-convex finite-sum optimization, obtaining an improved
convergence rate of O(n'/*T~1/2). Given that STORM algorithm has already been used in many
areas such as bi-level optimization [Yang et al., [2021]], federated learning [Das et al., |2022]], min-max
optimization [Xian et al.l [2021]], sign-based optimization [Jiang et al., [2024b], etc., the proposed
methods may also inspire the development of adaptive algorithms in these fields.
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A Proof of Theorem (1]

First, we introduce the following lemma, which is frequently used in our proof.

Lemma 1 Suppose c; is positive fori = {1,2,--- ,n}, and let 0 < oo < 1. We can ensure that:

n 11—« n n l—«
(o) St (Te)
i=1 i=1 ( : Cj) I=a\iH

2 j=1

Proof 1 The proof mainly follows \McMahan and Streeter [2010|] and a similar analysis also appears
in|Levy et al.|[2021)]. First, we prove the right part by Induction.

(1) For n = 1, we can easily show that the hypothesis holds:

1
1—
- a Oégl—oz

C1 _
& cl-e

(87
1

(2) Next, assuming that the hypothesis holds for n =t — 1, then we show that it also holds for n = t.
Define Z = 22:1 c; and X = ci. Forn =t, we have

Z % = i G4 . S
5 (Eae) H (Sae) (Fao)

- zoxe s X,

Taking the derivative concerning x, we know that
aher) _ 11
dX ze  (Z—-X)~’
which indicates that h(X) decreases as X increasing. Since 0 < X < Z,

¢ -«
1 .1 |
oénxagzh(x)_h(o)_l—az Cl-a (ZQ) ’

i=1
which implies that the hypothesis is true for n = t.

Combining (1) and (2), we finish the proof for the right part. Then, we give the proof of the left part
as follows:

n o n o n 1-a
Z % > Z ﬁ = ( Ci) :
=1 (Z]:l Cj) =1 (Z]il C]) =1

Thus, we finish the proof of this lemma.
Next, we can obtain the following guarantee for our algorithm.

Lemma 2 Our method enjoys the following guarantee:

T
> [melvel?]
t=1

212 & )
— 77? [

+E +E
b=

T
2
LY nivel

t=1

< (285 +0%)+E

t=1

T
250’2 Z’Ot‘| .

(A) (B) ©
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Proof 2 According to the definition of estimator vy, we can deduce that:

E¢,, [IVFf(xt+1) = vera| }

=Ee, ., [H B)ve + Vf(xe4158e01) — (1= B)V (%45 &41) — Vf(Xt+1)H2}
= ]Eem (L= B)(ve = VI(xe)) + (Vf(xe) = VI (xer1) + VI (Xer15€e01) — VI I(%e5841))
(vf(xtvgt-&-l) Vi) ]

<Ee,,, [(1=B8)%|Ive = VF(x)I*] + B, [IVF(x0) = VF(Xe41)
+Vf(Xt+1,§t+1) VI (xe56e01) + BV (x05841) = VF(x0)) ]
< ]Eft+1 [( Hvt Vf(Xt)Hz]

+ 2Be,,, [[IVf(x¢) = Vf(xeq1) + VI (Xer1: Ev1) — VI (%03 &41) | ]
+ 2B, ., [[1B(Vf(xe56041) — VF(x0)) []7]
< (1= B)Ee,,, [Ivi = VFxIIP] +26%Ee,,, [V (xt:€e11) — VI (x0)II°]
+ 2E¢,,, [IVf(Xe15€e1) — V(x5 €41)]17]
< (1 =B)Ive = VF(x)I? +28%0% + 207 |[xe 11 — x|
(1=B)Ive = Vix)? +28%0% + 270 ||v4|*.

(1)

Note that 1 is independent of random variable £;1. So we can guarantee that:

Ee, ., [Wt IV f(xe41) — Vt+1||2} < (1= Bnellve = VI(x)IP +28%0%n, + 2L%0; || v *.
After rearranging, we have:
nellve =V f(x0)|”

L2
S% v — Vf(xo)|)* — Ee, ., [%t [Vir1 — Vf(Xt+1)||2] +2B80%n; + 3 =0} vell?

Letting H; be the history to time t, i.e., H; = {&1, -+ , &}, we ensure that

Ev, [ Vs = V7)) <B, [

212
+ 25021143% [ne] + 7

By summing up and noting that 1), is non-increasing such that n,+1 < n;, we have:

Ive - Vf<xt>||2] B, [Z‘f Vers = V£ i)

2
En, [} Ivill°] -

ZT:IEM [ lve = V7)1

t=1

202 &
SMETE Vf<xl>||}+2ﬂa2zmt w+ 2> [t il
t=1

t=1

(12)

Since we use a large batch size in the first iteration, that is, By = T'/3, we can now ensure that
Ey, [||v1 Vf(x1)]] ] < Bo = T1/3 Due to the fact that 1, < T~/ and B = T~2/3, the first

term of the above inequality is less than 0. So, we can finally have:

T

T 9 T
SB[ v~ VF)I] < o 42802 S Bl + 25 SB[ vl 13)
t=1 t=1

t=1
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Also, due to the smoothness of f(x), we know that:
L
Fee1) < F0) (VS (%) X1 =) + 5 31— ]|
2
L
= F () = (VF () o vi) + 57 vl
= F () = (VF () ov) + 3 IV )P+ vl* = Z VS ()
2
L
= vl
Nt 2
= $0a) + L1976 = will? = IV F eI = 2 v 4+ T w2

By summing up and re-arranging, we have:

T T T
Domellvel® < 2f (1) = 2f (xran) + D e IV () = vall* + D mL vl (14)

t=1 t=1 t=1

Then, by using equation and the fact that f(x1) — f. < Ay, we have:

T T T 3 T
SR [ lwl?] <28, 40 + 200 S B ln] + 202 B | B il | + L3R 12 vl
t=1 t=1 t=1 B t=1
which finishes the proof of Lemma 2}

To effectively bound each term in the above lemma, we divide the algorithm into two stages. Suppose

that starting from iteration ¢ = s, the condition 3_/_, |vill> > T3 begins to hold. We refer to
iterations t = {1,2,--- ,s — 1} as the first stage, and t = {s,--- , T} as the second stage.

Bounding LHS: In the first stage, we know that

Znt [vel|” = TW Z [vell*.

For the second stage, our analysis leads to:

vl
Znt ||Vt|\ Z o p NG
=T (S vl

- vell”
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2T t=s

1 1 & 1 & e
. 2 2
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where the first inequality stems from Zf;ll [vel|> < T3, the second inequality results from
(x4 y)* <z + y for positive z,y and 0 < a < 1/3, and the forth inequality applies Lemmal[l]
Next, we bound (A), (B), (C) as follows.

Bounding (A): In the first stage, with n, = T-/3, 3 = T=2/3 and 3257} ||v||* < T'/3, we can
derive:

212
Zm lvel* = T1/3 Z lvil|* < 222,

For the second stage, the analysis gives:

T 1-3a

||Vt|| 217 1 2

Zm wl? <2023 — w < (g vlP)
= (S ) =

where the second inequality uses Lemma[I] Then we also have:

212 1 & R e 1 1 & e
2 1-3a 2
b — 24 - -
1— 3a <T1/3§|Vt” > 1_3 (8 Ol) ((8—240() Tl/gé”"t” )
1
212 e ) P 1 <& )
§3a(13a(8—24a) 0‘) +8T—1/3t;\|wll ,

where the inequality employs Young’s inequality, such that zy < 3z + (1-3a)y ™5 for positive
x,y. Very similarly, we have:

2L2 1 T , 1-3a
1—3a \ T3 > lvil
t=s

2 (soke) T (Lo ) (S e
- QL N~ A%
1—-3a 11—« 8 — 24« Tl/3t:S t
1-3a\ 34 T 1-a
2a 207 (8—24a)\ T 1{ 1 )
< Z
_1a<13a<1a) ) +8<T1/3§”V2€|> )

where the second inequality employs Young’s inequality, such that zy < 2%z 2 4 1=3ay =
for positive x, y. Combining all above, we know that

1-3a

2 2L2 1-3« Sla
(A) <227 4 3a ( ;5= (8  24a)
— oY

L2 (20 (8-2a Wﬁ
l—a\l=3a\ 1-—a 8’

Bounding (B): In the first stage, with the learning rate set at 7, = 7~ '/3 and Zf;ll [vel|® < T3,
we observe:

L
LGf lvell® = T2/3 ZHV"” = T1/3 = = L.

For the second stage, our analysis reveals:

1-2a

Ivel® Lo~ e

LGt HVtH <LZ pise ( 7 = 1—2a \ T1/3 Z”VtH ’
Sis Ivil’) =
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where the second inequality leverages Lemmal(l] and we have:
T 1-2«
L 1 2
t=s
T 12«
L 1 1
= 8 — 160))! 2 ?
=24 A T <T1/3 tz:: vell

o T
(8 — 16c)1 2oL\ 2= 1 )
<2 (1_2a + g ol

where the inequality is due to Young’s inequality, such that zy < 2az2s + (1 — 2a)y =7 for
positive x, y. Very similarly, we have:

L 1 T 1—2«

2
2 (T/Z vl )

t=s

1-2a 1-2a T 1-2a
o L 8_ 16a 1—o 1 — 1—o 1 ZH ||2
“1-2a\1-a 8 16a 7178 2V
Lo/so16en\ T2\ 5 11 & e
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< I
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—a 11—«
where the second inequality employs Young’s inequality, such that zy < ﬁxlT + %y T—2a
for positive x, y. Combining all the above, we know that

1 120\ —a>
(8 —16a)1"20L\* o L (8—16a) == r
B)<L+2 2% =& =
(B)<L+ O‘( 1-2a T e\ (T oa T3

Bounding (C): Given that 3 = T~2/3 and ; < T~'/3, we can easily know that (C) < 202,

So far, we bound all terms in Lemma 2} and we can deduce

s—1
1 2
ng [vell
T t=1

LHS > E

+E B] RHS<E[£] +Co,

where

2

1
2L 30\ ¥
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These suggest that

< CTY?; E[I) < 4Co.

s—1
£ [z il
t=1

With the definition of I, we know that

1 < 1 < o

: 2 2

E | min WZ”W” 7<T1/3Z”Vt” ) <40y,
t=s t=s

https://doi.org/10.52202/079017-0694 22064



which indicates the following by applying Jensen’s inequality:

T
1 1 1
T2 ||vtlll < max{(4Cp)*¥, (4Co) 7= }T71/5,

t=s

Also, because of Jensen’s inequality, we have:

1s—1 [ 18—1 2 1 s—1 2
F S| < 2| (35 ma) | = 2| (S
t=1 t=1

IN

t=1

IN
=

1 s—1
P ]
t=1

i s s—1
vl
\ L" =1

1 )
TcoTl/ﬁ = /CoT /3.

Summing up, we have proven that

t=1

1 T 1 1 1
T vtn] < max{3(Co)?, (Co)* + (4Cp) T T8, (16)

Finally, we finish our proof by introducing the following lemma.
Lemma 3 Supp()se 0 < B < 1, our method ensures that

ZE [Ive — 976 P] < 30173 4 |2

t=1

Zm [[vel 1

Proof 3 First note that we have already proven the following in equation ([[T)).

E[I197(cern) = venl?] < (1= BB [Ive = VS Geo)IP] +26%0° + 2L°E [?vil?]

After rearranging the items, we can get the following:

E[Ive = Vixol’] <5 (B [Iv: = VI0I’] = B [Ivesr = VS (xes)I]) +260°

+ 2R i vl

By summing up, we have:
T
S B [Ive = VEGol’] < 3E [l - Vs Gaa) ] + 28007 + 2 ZE [ Ive?]. am
t=1

Since we use a large batch size in the first iteration, that is, By = T'/3, we can now ensure that
2
E [Hvl — Vf(xl)Hﬂ <K= T1/3 Note that § = T21/3, so first term equals to o*T'/? and the

second term reduces to 202T/3. To this end, we ensure
T or2 I
SE [Ivi - VAx)IP] <3027 + 23T [0 vil?]
t=1 B t=1
Thus we finish the proof for this lemma.

2 .
Here, we bound the term % Zthl n? ||v¢||? as follows. In the first stage, with 7, = ﬁ we have:

Z 2 |vel® = ZT2/3 [vel|> < 2L2T/3.
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For the second stage, the analysis gives:

T 2
2 2 212/3 ([ vl
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where the second inequality uses Lemma[T} and the third one employs Young’s inequality, such that
2y < 20z + (1-2a)y =2 for positive z, y. We also know that
202 &
B

[v]”
77t Hvt” <2L2T2/3 -
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1-2a FTW T -«
a 212 1—2a \ @ a
< TY3 4+ TSI ?
_1a<12a ((1a)L) ) + 2 Il ’

1—2«

t=s
where the second inequality uses Lemmal(T] and the third one employs Young’s inequality, such that

zy < —x% + 1= 2(’yl 2« for positive z, y.

As a result, we have:

T
S E [Ive = Vsl

l1—a

- 1-2a\ 7% _ e\ e
< | 30% +40,L + L' %" <M) +Li< 2 (1 20‘) ) T3,

1 -2« 1—-2a\1—«

By integrating these findings, we can finally have:
T T
1 1 c’
T Z ||Vf(xt)||1 < TE lz [[v]]
t=1 t=1

1
Jrf va

T
SOV — vl
t=1

where

C' = max{3(Cp)?, (Co)? + (4Cp)za=1}

_ 12« i . 11:2(3 o
4 |8302 4 AC,L + LU <2(120‘)) +L;< 2 (1 2a> )

1 -2«

— O (A;(lla) + Uﬁ _|_ L210) ,
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with C defined in equation (I3). We find that larger « leads to better dependence on L and worse
reliance on parameters A and o. For o« — %, we can obtain that

A?}/4+U3/2+L3/2
E <0 .

T1/3

1 T
7 2 V)|
t=1

Since we require 0 < o < L in practice, we can use o = 0.3 instead, which leads to a convergence

AS,/7+0—10/7+L5/3
rate of O (le/S .

B Proof of Theorem

Since 20 + 2! + ... + 2K-1 < 2K running the algorithm for 7T iterations guarantees at least
K = |log(T)] complete stages. In the theoretical analysis, we can simply use the output of the last
complete stage K = [log(7T') |, which has been at least run for 25~ > T'/4 iterations. According to
the analysis of Theorem[1} we have already known that running the Algorithm for T'/4 iterations
leads to the following guarantee:

ATTT 4o 4 [ AT 4o 4 L
EfIVix)Il <O T/ =0 Ti/3 ;

which is on the same order of the original convergence rate.

C Proof of Theorem 3

According to equation (I4)), we have already proven that
T T T
S onelvill® < 2F(x1) = 2F (k1) + Y me [IVF(xe) = val|* + > mf L[>
t=1 t=1 t=1
Then we bound the term Zthl m |V (x¢) — v||? as follows:
IVF(xi) = vil|* < 2(IV f(9(x0)Va(xs) = V() Vg(xo)||* + 2|V f(w) Vg(xe) — v
< 2C°L% |lg(xe) — wel|” +2 [ ve — V. f(ue) Vg(xo)|”
Define that Gy = V f(u;)Vg(x:), then we have:

T

T T
SOE [ I9FG) —vil?] 20202 3 E [ llg(x) — wl?] +2 3B [ v — Gil°] -
t=1

t=1 t=1 =

For the term 23:1 E {nt [|[ve — Gt ||2} , following the very similar analysis of equation , we have
the following guarantee:

Bey i [|\Vt+1 - Gt+1||2}
< (1=B) v = Gi?
+26%Be, 1y G [”Vf(utﬂ; §+1)Vg(Xet15 Cep1) — Vf(qu)Vg(xtH)Hz}
+2Ee, 41 ¢ {va(uwrl;ftﬂ)vﬂ(xtﬂ;Ct+1) - Vf(ut;ft+1)vg(xt;Ct+1)H2]

< (1= B) v = Gill” +4C%0%8* + AC2L?E [ |[vil’| + 4C° LK [[ju 1 — w?].
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That is to say:

iE [ llve = Gl

<E [771 lvi — G1]| ] +4C%c 251}3 lan

t=1

10212 &
B

E o vl

t=1

402L2
D [ uess -]

40212 & g 2] AC2L2 &
5 2B v+ =5

<(1+4C?%)0? + E [Tlt w1 — ut||2} )

t=1 t=1

where the last inequality due to the fact that 8 = T—2/3, n, < T—'/3, and we use a large batch size
T1/3 in the first iteration. Next, we further bound the term Zle E [nt_l luy — us_q ||2} . First, we
can ensure that:

Ee, [l —uea?]
= Eq, [[1B(g0xe: Go) = uem1) + (1= B)(g(xei ) — glxe-13 )|

= B, [I18(9(xi-1) = wim1) + (90x:G0) = 90xe-13G)) + Blo(xe-156) — g(x-1)]
< 382 lg(xim) — i |+ 3C%E, [[veea | + 3620

So we know that
T

S [m s = ]
t=1

T
§3[32 [TH llg(x:) — uel| ] +3C°E

‘Q\H

+ 380%E

- n;
2 % Il

£

t=1

So far, we have

T T
SCE [ IVF(x) = vilP] <26C2L% 3O [ flus — gl |
t=1 t=1

8C2I2 4+ 24042 &
B

E [nf ||vt||2} + (2 + 8C? + 24CL2)0?

t=1

Next, we can bound Zle e |[ag — g(x¢)||* following equation , as:

20277,52
B

1
lue = g6l < 5 (e = g(xo)lI* = Eco., [Jlaeer — gl |P]) + 2802 + =22 v

B

So we can have

T
Zm Jus = g(x.)] ] <E [”5 [ —g(xmﬂ +260°E lZm
t=1
202 &
< 30% + 5 ZE [nf ||Vt||2] ,

t=1

2 T
+ 2 SB[ ]
t=1

https://doi.org/10.52202/079017-0694 22068



where the last inequality due to the fact that § = T—2/3, n, < T—'/3, and we use a large batch size
T''/3 in the first iteration. Combining all, we have:

T
> E [nt ||Vt||2} < 2Ap + (24 8C?% +102C%L?)0?
t=1

+ (8C*L* + 76C*L*)E + LE

T 77 T

2
Z = vel? AN 1 :
t=1 t=1

Treating Ap, C, L, o as constant, the above inequality is very similar to Lemma[2} Thus following
the very similar analysis after Lemma[2] we can show that:

T

1

72 Ilvtlll <O(r 1),
t=1

According to previous analysis, we also have that

SE (19 £(xct) = velP’]
t=1

T
<26C2 L2 [|lug — g(xo)I| +
t=1

+ (24 8C% + 24C? L) *TY/3

8C?L? —|— 24(]4L2

T
e[St ]

<(24 802 +102C2L*)o?TY/? + 8C%L? + T6C*L*E

ZT: [[vell ]

which is similar to Lemma and leads to 23:1 E[||Vf(x:) — vil| /T] < O(T~/3) following the
same analysis. Combing all these together, we can deduce that

T
1 _
7 2 IVEG)| < o177,
t=1
which finishes the proof of Theorem 3]

D Proof of Theorem 4

Due to the smoothness of F'(x), we have proven the following in equation :

T T T
Y omelvel® < 2F(x1) = 2F (xp0) + Y [[VF(xe) = vl + Y nf L [[ve]|*.

t=1 t=1 t=1
For the LHS, we have the following guarantee:

vl 1z

t 2

zmnvtu z _ az(znvtn) |
Tt (T vl?) VRS

Then, we bound the terms in the RHS. First, we have the following lemma.

Lemma 4 Define that z; = V f;,(x;) — git + % St gi, we have:

T
> o IVF(xe41) — zeqa|*| + 2L°E

t=1

T
E Y mllVF(xi) - Vt||2] < 20E

t=1

T 3
Z% |Vt||2] .
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Proof 4 According to the definition of z,, the estimator v, can be expressed as
=1 =B)vi1+ Bz + (1= B) (Vfi,(x¢) = Vi, (x¢-1)) -

Note that E;, . | [2¢41] = VF(X¢41), and we have:

Eit+1 [HVF(XtJrl) - Vt+1||2]

= Eirp (|0 B)ve + Bauss + (1= B) (T iy (%041) = Yoy (0)) = VE(xe4)||]
=K, [I(1 = B)(vi = VF(x¢)) + B(z41 — VF(X¢41))

(1= B) (Virss (x41) = Viray (xe) + VE(xt) = VF(xt41)) ]
<N =B ve = VEG)I® +Eiyy [18(ze1 — VF(xt41))

(1= B) (V firis (%041) = Yy (%0) + VF(x2) = VF(x01)) ]

< (1= )2 Ive = V(x| + 26°Es,,, (201 = VF(xi0)]) a8)
21 = B)Eipsy [V i (ko) = Vi (0) + VF(xt) = VF(x11)|”]

< (1= B)? |ve = V)| + 26°Es,,, [le1 = VF(xi0)|)
21 = B)Eiey ||V iivur (ke1) = Vi (0)|]

< (=B |vi = VEG)|® +28°Escc, [z = VE (i) ] 4+ 2L [xis =i

< (L= ) Ve = VEG)|? + 26%E,., [llzsn — VEGesn) 2] + 2207 vil*

Rearrange the items and multiply the both sides by 1., we can get the following:

E [ lvi - VFGI] <B % fve = VFOI| - B | % fvers — TF O]

+208 [ s~ VF O] + 22 [a? ]

Note that 1, is non-increasing. By summing up, we have:
T

S E[mlve - V)]

t=1

<2 [ v, - VPG| + 20 38 [l - VP + 2 Z]E [t vel?].

t=1

Since we use a full batch in the first iteration, we can finish the proof of this lemma.

Next, we bound two terms in the above lemma.

Lemma 5 We can ensure that
T

T 3
26308 [0 IV FOxen) - zenl”] < 1202 3 | il

t=1 t=1
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Proof 5
]Eit+1 {77:& HVF(XtJrl) - Zt+1||2}

:Eit+1 Mt VF(XtJrl) Vf2t+1 (XtJrl + gtt+1 - thJrl
- , . 9
=Ei, oy |7 ||V firyn (Xe41) — gtf:ll - <VF(Xt+1) o Zﬁﬂ) (19)
i=1
[ Bt41 2
<Ei ., |m i (Xe41) = 9447
1 & _ 2
= Zm |V fi(xe41) — gia ||
i=1
where the last equation is due to the fact that i1 is randomly sample from {1,2,---  n}. Note that

we also have that

1 . i Gt41
- Zﬁt |V fi(xe1) — QZ+1H2 =K, {TH vai,,H(XtH) -9,
=1

]

[ 2 1 Gt41 2
SEit-H 77t(1 + 2”) ||Vfit+1(xt+1) - vfit+1(xt)|| + 77t(1 + %) vait+1(xt) gtJ:—l :|

[ 1 t+1 2
<Eipsy |1+ 200280 Vel + (L 4+ 50) || Vi (x0) — 912 ]

<E;

Tt4+1

1+ 20) 2203 v

+ % vait+1 (Xt) - vfit+1 (Xt)H2>:|

]

1 2t+1
sl 50 (0= 2|V -l

i {3711;217? ”th2 +m(l - 7) ”vfit+1 (xt) — gZH—l

<3nL?n} ||ve|? + (1 - ) Znt |V fi(x¢) 9%“2

That is to say, we can ensure that

1 & . n )
-~ Znt—&-l |V fi(xe41) — 9§+1||2 < Zﬁt |V fi(xeq1) — 9§+1||2
=1

<3nL%np} ||vt2+<1_) Zm 1V £i(x0) = gi]|”

By rearranging and summing up, we have

1 T 1 n ) T 1 n .
n > n > || Vi) - gi|” < 3nL? Do vell® + n > m || Vi) — aill”-
= "o i=1

t=1
Since we use a full batch n in the first iteration, the second term equals zero, and thus we obtain:

T ) T 6r2 T
; 2 2
ZEZmHVfi(Xt)—QiH §6n2LZZ77? [vel” = WZW? Vel

t=1 " =1 t=1 t=1
which leads to the result of this lemma.

Lemma 6 We have the following guarantee:

T 3 2 e\ = T e
W e 20 [ 2L (24— T2a)\ o 1 (1 .

21%) L < — | —= .
;ﬁ”"t” _1—a<1—3a 1-a to \/ﬁ;”“”
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Proof 6
T -
202 "t Vel
= B
T

. 2

2 vl

=20 o} ||vel* = 2L7 ) —— ' 2)%*
t=1 t=1n 2 (Zizl [[vill )

1-3«
212
<7 [vell?
(2
1-3a 1-3a T 1-3a
B 2L? 24 — T2\ == 1—a e 1 Z v ”2
1 -3« 1—« 24 — T2« ntz1 ¢

_ 11—«
2 902 (24— T2\ T )
. ~ — > lveli? ,
l—-a\l1-3a\ 1-«a \/ﬁ —

where the last inequality employs Young’s inequality, such that ry < 12_—";1:12%u + 1= 3O‘y 15 for
positive T, y.

Lemma 7 We can ensure the following guarantee:

T I f4—ga\FE\ T 1 & e
2 0} « « 2
E[Zn$L||vt||]sla<12a(la) ) B (nzvtn)
t=1

Proof 7

T T

2
) Ivil
YomLivel® =LY %
= e (S vl

s ()
1—
< ( Zmn)
1-2a 1—2a T 1—2«
L 4 —8a\ == 1—a ) = LGvuz
“1-2a\1-a 4—8a n K
a I /d—sa\TE\ " 1/1 & e
- 2
< i
_1—a<1—2a<1—a) ) *1 \/E;HWU ’

where the last inequality employs Young’s inequality, such that zy < ﬁx% + %y =4 for
positive x, y. Combing all these, we have already proven that

T

2
doaelvel
t=1

T 3 1 T -
S vl < Gy + SR <nz”"t'2> ,

t=1
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where

1-3a

o (212 (2-720\TE) T
Cs =207 + a( ( a) )

l—-a\l-3«a 11—«

l1—a

L a L [(4—8\T=)\ °
l—-a\l—-2a\1—«

E (\} > ||vt||2> < 4Cs.

t=1

So we can know that:

3

which indicate that
| I l1-a VD 1—a
2 n
E (thzl [[vell ) <403 (T ) .

as well as
1/4

T
1 1 n
Ty |vt||] < (405 T -
t=1

To finish the proof, we also have to show the following lemma.

E

Lemma 8

E

T
D IVEE) - thlzl

Ji (1402 [ 2—da \T< s T e
ay/n — 4« - nz 2

< ks

_1—a<1—2a ((1—a)L> ) T (;”W” )

Proof 8 According to the previous proof, we know that:

T
> E[IVFGa) - vl

T T 5 T
<28 Y B [IVF () - mal”] + 222 S8 | % el | < 14022 3 [ ]
t=1 t=1 t=1
Also, we can deduce that:
T

- 2
WUnL? Y o} [|ve]|* =14L%n% ) %
- =t (Zle [[vill )

14L2 T 1-2«
n® 2
A (S

t=1

1—2a o 1—2a 1—2«
_ 14L*n® 2—4a T ((1—a)n2L) - Z il
T 1-2a \(1—a)pnsL 2 — 4o K

t=1

1412 94 A A e
« n — 4o —a nz 5

<

“1-a (1—2a ((1—a)n§L> ) T (Z”V’f” >

t=1

l—a

where the last inequality employs Young’s inequality, such that vy < 2~x = + %y = for
positive ., .
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As a result, we can ensure that

1 1
E —
+T

N

T T
> lvill DIV Fxe) = vill
t=1 t=1

nl/4 412 [ 2—4a \ =) ° ,
STl/2 1 -2« ((1 - a)L> VAL UC)TES

gy L\ nt/t
:O (<AF( —a) _’_L2a> T1/2) .

E Proof of Theorem 3

1 T
= S E[IVF@)|] <

The analysis is very similar to that of Theorem[d] and the difference only appears in Lemma[5] For
this new method, we can also prove the same lemma:

Lemma 9

T T 3
n
28 E E [7715 IVE(xt41) — Zt+1H2} <1217 E E {ﬁt ||Vt|2} .
t=1 t=1

Proof 9 This time, we have z;11 = V fi, ., (X¢41) — V fi,., (X+) + VF(x;). And we can know that:
Eivys [ IV (x151) = 2117
“Eivy [ [V (i11) = Vi (541) + Vi (%) = V()]
<Ei,, {77:& |V firir (%e41) = i (Xf)fﬂ
<L [[xe1 — %

t
SUtLQIZ i1 — il

i=T
¢ t
2 2
SmLZIZm‘Q [vill” < LQIZTZ? [[vill ™
1=T i=T
By summing up, we have

T

283 E [m IV (xi41) = 2

t=1

T t
<26E lz L’ry n ||vi||2] < 28L°I°E
t=1 =T

W

T

2
Do vl
t=1

The other analysis is exactly the same as that of Theorem 4]

T
<2L%E |3 1 v, )7 .
=P
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims presented in the abstract and introduction accurately represent the
contributions and scope of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The theoretical results demonstrated in the paper rely on specific assumptions,
which have been clearly stated in the main text.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

22075 https://doi.org/10.52202/079017-0694



Answer: [Yes]
Justification: The paper provides assumptions and proofs for each theoretical result.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The paper discloses the information necessary to reproduce the main experi-
mental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:
Justification: Due to privacy concerns and ongoing research, we do not include the code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The paper describes the training and testing details.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: The paper reports error bars.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We have provided the relevant information.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms with the NeurIPS Code of
Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: This is primarily a theoretical paper with no potential negative social impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The creators or original owners of assets used in the paper are properly credited
and the license and terms of use explicitly are properly respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: the paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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