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Abstract

Learn-to-Defer is a paradigm that enables learning algorithms to work not in iso-
lation but as a team with human experts. In this paradigm, we permit the system
to defer a subset of its tasks to the expert. Although there are currently systems
that follow this paradigm and are designed to optimize the accuracy of the final
human-Al team, the general methodology for developing such systems under a
set of constraints (e.g., algorithmic fairness, expert intervention budget, defer of
anomaly, etc.) remains largely unexplored. In this paper, using a d-dimensional
generalization to the fundamental lemma of Neyman and Pearson (d-GNP), we
obtain the Bayes optimal solution for learn-to-defer systems under various con-
straints. Furthermore, we design a generalizable algorithm to estimate that solution
and apply this algorithm to the COMPAS, Hatespeech, and ACSIncome datasets.
Our algorithm shows improvements in terms of constraint violation over a set of
learn-to-defer baselines and can control multiple constraint violations at once. The
use of d-GNP is beyond learn-to-defer applications and can potentially obtain a so-
lution to decision-making problems with a set of controlled expected performance
measures.

1 Introduction

Machine learning algorithms are increasingly used in diverse fields, including critical applications,
such as medical diagnostics [[72] and predicting optimal prognostics [63]]. To address the sensitivity of
such tasks, existing approaches suggest keeping the human expert in the loop and using the machine
learning prediction as advice [35]], or playing a supportive role by taking over the tasks on which
machine learning is uncertain 39,160l 4]. The abstention of the classifier in making decisions, and
letting the human expert do so, is where the paradigm of learn-to-defer (L2D) started to exist.

The development of L2D algorithms has mainly revolved around optimizing the accuracy of the final
system under such paradigm [60, 50]. Although they achieve better accuracy than either the machine
learning algorithm or the human expert in isolation, these works provide inherently single-objective
solutions to the L2D problem. In the critical tasks that are mentioned earlier, more often than not,
we face a challenging multi-objective problem of ensuring the safety, algorithmic fairness, and
practicality of the final solution. In such settings, we seek to limit the cost of incorrect decisions
[46]], algorithmic biases [13], or human expert intervention [57], while optimizing the accuracy of
the system. Although the seminal paper that introduced the first L2D algorithm targeted an instance
of such multi-objective problem [44], a general solution to such class of problems, besides specific
examples [26} 157,151 152]), has remained unknown to date. Multi-objective machine learning extends
beyond the realm of L2D problems. A prime example that is extensively studied in various settings is
ensuring algorithmic fairness [18] while optimizing accuracy. Recent advances in the algorithmic
fairness literature have suggested the superiority of post-processing methodology for tackling this

38th Conference on Neural Information Processing Systems (NeurIPS 2024).

23705 https://doi.org/10.52202/079017-0748



Train Validation

supy,, E[Laes (h(x), r(x))] ¥
s.t. E[W;(x, h(x),r(x))] < 6;

number of
constraints

wo(x) Wi (X)
true labels and Embed_d\ng
expert decisions FU"AC"D"

{(deer, horse), (frog, frog), (dog, bird), ... (deer, deer)}

[Xurain | = Pirain

Figure 1: Diagram of applying d-GNP to solve multi-objective L2D problem. The role of randomness
is neglected due to simplicity of presentation.

multi-objective problem [73} |14} 20, [76]]. Post-processing algorithms operate in two steps: first, they
find a calibrated estimation of a set of probability scores for each input via learning algorithms, and
then they obtain the optimal predictor as a function of these scores. Similarly, in a recent set of
works, optimal algorithms to reject the decision-making under a variety of secondary objectives are
determined via post-processing algorithms [51,52], which is in line with classical results such as
Chow’s rule [16] that is the simplest form of a post-processing method, thresholding the likelihood.

Inspired by the above works, in this paper, we fully characterize the solution to multi-objective L2D
problems using a post-processing framework. In particular, we consider a deferral system together
with a set of conditional performance measures {Uy,..., ¥,,} that are functions of the system

outcome Y, the target label Y, and the input X . The goal is to optimize the average value of ¥ over
data distribution while keeping the average value of the rest of performance measures ¥y, ..., ¥,,
for all inputs under control. As an example, in binary classification, ¥ can be the 0 — 1 deferral loss
function, while ¥; can be the difference between positive prediction rates of Y for all instances of X
that belong to demographic group A = 0 or A = 1. The solution for which we aim optimizes the
accuracy while assuring that the demographic parity measure between the two groups is bounded by
a tolerance value 0, € [0, 1].

To provide the optimal solution, we move beyond staged learning [[12] methodology, in which the
classifier h(z) is trained in the absence of human decision-makers, and then the optimal rejection
function r(x) is obtained for that classifier to decide when the human expert should intervene
(r(x) = 1). Instead, we jointly obtain the classifier and rejection function. The reason that we avoid
this methodology is that firstly, objectives such as algorithmic fairness are not compositional, i.e.,
even if the classifier and the human are fair, due to the emergence of Yule’s effect [62] the obtained
deferral system is not necessarily fair (see Appendix [A), and in fact abstention systems can deter
the algorithmic biases [36]]. Secondly, the feasibility of constraints is not guaranteed under staged
learning methodology [74], e.g., there can be cases in which achieving a purely fair solution is
impossible, while this occurs neither in vanilla classification [20] nor in our solution.

This paper shows that the joint learning of classifier and rejection function for finding the optimal
multi-objective L2D solution boils down to a generalization of the fundamental Neyman-Pearson
lemma [S5]. This lemma is initially introduced in studying hypothesis testing problems and char-
acterizes the most powerful test (i.e., the test with the highest true positive rate) while keeping the
significance level (true negative rate) under control. As a natural extension to this paradigm, we con-
sider a multi-hypothesis setting where for each true positive prediction and false negative prediction,
we receive a reward and loss, respectively. Then, we show that the extension of Neyman-Pearson
lemma to this setting provides us with a solution for our multi-objective L2D problem.

In summary, the contribution of this paper is as below:

* In Section 3] we show that obtaining the optimal deterministic classifier and rejection function
under a constraint is, in general, an NP-Hard problem, then
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* by introducing randomness, we rephrase the multi-objective L2D problem into a functional linear
programming.

* In Section ] we show that such linear programming problem is an instance of d-dimensional
generalized Neyman-Pearson (d-GNP) problem, then

» we characterize the solution to d-GNP problem, and we particularly derive the corresponding
parameters of the solution when the optimization is restricted by a single constraint.

* In Section [5] we show that a post-processing algorithm that is based on d-GNP solution
generalizes in constraints and objective with the rate O(y/logn/n,/log(1/€)/n,€') and
O((logn/n)'/27, (log(1/€)/n)1/?7,€'), respectively, with probability at least 1 — ¢ where n
is the size of the set using which we fine-tune the algorithm, ¢/ measures the accuracy of learned
post-processing scores, and -y is a parameter that measures the sensitivity of the constraint to the
change of the predictor. Then,

» we show that the use of in-processing methods in L2D problem does not necessarily generalize to
the unobserved data, and finally

e we experiment our post-processing algorithm on two tabular datasets and a text dataset, and
observe its performance compared to the baselines for ensuring demographic parity and equality
of opportunity on final predictions.

Lastly, the d-GNP theorem has potential use cases beyond the L2D problem, particularly in vanilla
classification problems under constraints. However, such applications are beyond the scope of this
paper, and except for a brief explanation of the use of d-GNP in algorithmic fairness for multiclass
classification, we leave them to future works.

2 Related Works

Human and ML’s collaboration in decision-making has been demonstrated to enhance the accuracy
of final decisions compared to predictions that are made solely by humans or ML [37, 168]. This
overperformance is due to the ability to estimate the accuracy and confidence of each agent on
different regions of data and subsequently allocate instances between human and ML to optimize
the overall accuracy [2]. Since the introduction of the L2D problem, the implementation of its
optimal rule has been the focus of interest in this field [8, 150, [12] |51} 9] 43| |48 45]. The multi-
objective classification with abstention problems is studied for specific objectives in [44, 57, 48]]
via in-processing methods. The application of Neyman-Pearson lemma for learning problems with
fairness criteria is recently introduced in [[75].

We refer the reader to Appendix [B]for further discussion on related works.

3 Problem Setting

Assume that we are given input features z; € X, corresponding labels y; € ¥ = {1,..., L}, and
the human expert decision m; for such input, and assume that these are i.i.d. realizations of random
variables X, Y, M ~ u = pxy . Since there exists randomness in the human decision-making
process, for the sake of generality, we treat M as a random variable similar to Y and do not assume
that m; = m(z;) for some function m. Further, assume that for the true label y and a certain feature
vector z, the cost of incorrect predictions is measured by a loss function £ 47 (y, h(x)) for the classifier
prediction h(z), and a loss function £z (y, m) for human’s prediction m. The question that we tackle
in this paper is the following: What is an optimal classifier and otherwise an optimal way of deferring
the decision to the human when there are constraints that limit the decision-making? The constraints
above can be algorithmic fairness constraints (e.g., demographic parity, equality of opportunity,
equalized odds), expert intervention constraints (e.g., when the human expert can classify up to b
proportion of the data), or spatial constraints to enforce deferral on certain inputs, or any combination
thereof.

Let us put the above question in a formal optimization form. To that end, let r(z) € {0, 1} be the
rejection functimﬂ i.e., when r(z) = 0 the classifier makes the decision for input « and otherwise z
is deferred to the expert. We obtain the deferral loss on x and given a label y and the expert decision
m as

Lact(y, m, h(x),r(x)) = r(@)ly(y,m) + (1 —r(x))lar(y, h(z)).

'The rejection here differs from hypothesis rejection and indicates that the classifier rejects making a decision
and defers the decision to the human expert.
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Table 1: A list of embedding functions corresponding to the constraints that are discussed in
Section [3] This list is a version of the results in Appendix [D] when we assume that the input

feature contains demographic group identifier A. To simplify the notations, we define ¢(A,y) :=

Ta=1 _ Ta=o
Pr(Y=y,A=1) Pr(Y=y,A=0)"

Name Embedding Function v, (z)

Accuracy [Pr(Y =0|z),...,Pr(Y = n|z), Pr(Y = M|x)]
Expert Intervention Budget [57] [O0,...,0,1]

0OD Detection [53]] [0,...,0, J}B’é‘é‘f(%)}

K Pr(Y#1,YEG,|X=x) K Pr(YA£LY€EG:|X=x)
_[Zizl - o; Pr(Y€Gy) D DA @ Pr(YeGy) - O]

Long-Tail Classification [52] and

Pr(YeG;|X=z) [1 1 O] a;

Pr(YeG;) T K

Bound on Type-K Error [69] %[1, 0 0 1LPr(M #£EK|Y =k, )]
k-th
Demographic Parity [28]] (PTH(AA:;U PT,(A =) )[0,1, Pr(M = 1|z)]

Equality of Opportunity [34] t(A4,1)[0,Pr(Y = 1|x),Pr(M = 1,Y = 1|2)]

t(A4,1)[0,Pr(Y = 1|x),Pr(M = 1,Y = 1|2)]
Equalized Odds [134] and
t(A4,0)[Pr(Y =0|z),0,Pr(M =0,Y = 0]z)]

Therefore, we can find the average deferral loss on distribution y as
L'LdLef(h, T’) = EX,Y,MN/L [gdef(Y, M, h(X), T’(X))] . (1)

We aim to find a randomized algorithm A that defines a probability distribution p 4 on H x R that
solves the optimization problem

pa € argminEy, .04 [ LA (R, )],
1A

st ExyMepyBnmena [ Vi (X, Y, M, h(X),r(X))] <6 )

where U, is a performance measure that induces the desired constraint in our optimization problem.
We assume that ¥, similar to £q.¢, is an outcome-dependent function, i.e., if the deferral occurs, the
outcome of the classifier does not change ¥;, and otherwise, if deferral does not occur, the human
decision does not change ;. In other words, the value of the constraints can only be a function of
input feature z and of the deferral system prediction Y = r(z) M + (1 —r(x))h(z). Here, Y is the
expert decision when deferral occurs, and is the classifier decision otherwise.

Types of constraints. Before we discuss our methodology to solve (2), it is beneficial to review the
types of constraints with which we are concerned: (1) expert intervention budget that can be written
in form of Pr (r(X )= 1) < 4, limits the rejection function to defer up to § proportion of the instance,
(2) demographic parity that is formulated as [P(Y = 1|A = 0) — P(Y = 1|4 = 0)| < 4, ensures
that the proportion of positive predictions for the first demographic group (A = 0) is comparable
to that for the second demographic group (A = 1). (3) equality of opportunity that is defined as
|Pr(Y =1|A=1,Y = 1) — Pr(Y|A = 0,Y = 1)| < ¢ limits the differences between correct
positive predictions among two demographic groups, (4) equalized odds that is similar to equality
of opportunity but targets the differences of correct positive and negative predictions among two
groups, i.e., maxy—o,1 |Pr =1|[A=1,Y =y) - Pr(Y =1|A=0,Y =y)| <4, (5) out-of-
distribution (OOD) detection that is written as Pryu(r(X) = 0) < 0 limits the prediction of the
classifier on points that are outside its training distribution and incentivizes deferral in such cases, (6)
long-tail classification deals with high class imbalances. This method aims to minimize a balanced
error of classifier prediction on instances where deferral does not occur. Achieving this objective as
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mentioned in [53] is equivalent to minimizing Zfil ai Pr(Y # h(X),r(X) =0]Y € G;) when
the feasible set is Pr(r(X) = 0,Y € G;) = %, and where {G,}, is a partition of classes, and
finally (7) type-k error bounds that is a generalization of Type-I and Type-II errors, limits errors of
a specific class k using Pr(Y # k|Y = k) < 6.

All above constraints are expected values of outcome-dependent functions (see Appendix [D| for
proof). To put it informally, if we change the classifier outcome after the rejection, such constraints
do not vary.

Linear Programming Equivalent to (Z). The outcome-dependence property helps us to show that
(see Appendix [C)) obtaining the optimal classifier and rejection function is equivalent to obtaining the
solution of

=1 1€ argmaxE[(f(X)71p0(X)>], s.t. E[(f(;v),wl(x»] <d,ie[l:m] (3

feay

where A, is a simplex of d dimensions, d = L + 1, and ¢; : X — R? is defined as
$i(@) = By, xa H@(m Y, M, 1,0),. ., Wilw, Y, M, 1,0), Wi, Y, M, 0, 1>]H *

that we name the embedding ﬁmctiorﬂ corresponding to the performance measure U; for i € [0 : m],
where for simplifying the notation we define ¥y = —/{4.¢. Furthermore, the optimal algorithm
is obtained by predicting h(x) = 4 with normalized probability of f(x)/ E?;ll fi(z), where
Z?;ll f#(z) # 0, and rejecting r(x) = 1 with probability fj(z). In case of Z?;% fi(z) = 0 the
classifier is defined arbitrarily. A list of embedding functions for the mentioned constraints and
objectives is provided in Table[I] (See Appendix [D|for derivations).

Hardness. We first derive the following negative result for the optimal deterministic predictor in (3).
We use the similarity between (3]) and 0—1 Knapsack problem (see [538] pp. 374]) to show that there are
cases in which solving the former is equivalent to solving an NP-Hard problem. More particularly, if
we assume that the distribution of X contains finite atoms x1, . . . , ,,, each of which have probability
of Pr(X = ;) = p;, and if we set ¢y (z;) = [0, 3] and o (z;) = [0, ;] for v;, w; € RT, then (3)
reduces in argmax >, f!(x;)v; subjected to f* : X — {0,1} and >, f!(2;)w; < &1, which is the
main form of the Knapsack problem. In the following theorem, we show that a similar result can be
obtained if we choose 1)y and 1)1 to be embedding functions corresponding to accuracy and expert
intervention budget. All proofs of theorems can be found in the appendix.

Theorem 3.1 (NP-Hardness of (2))). Ler the human expert and the classifier induce 0 — 1 losses
and assume X to be finite. Finding an optimal deterministic classifier and rejection function for a
bounded expert intervention budget is an NP-Hard problem.

Note that the above finding is different from the complexity results for deferral problems in [49,
Theorem 1] and [23| Theorem 1]. NP-hardness results in these settings are consequences of restricting
the search to a specific space of models, i.e., the intersection of half-spaces and linear models on
a subset of the data. However, in our theorem, the hardness arises due to a possibly complex data
distribution and not because of the complex model space.

The above hardness theorem for deterministic predictors justifies our choice of using randomized
algorithms to solve multi-objective L2D. In the next section, by finding a closed-form solution for the
randomized algorithm, we show that such relaxation indeed simplifies the problem.

4 d-dimensional Generalization of Neyman-Pearson Lemma

The idea behind minimizing an expected error while keeping another expected error bounded is
naturally related to the problem that is designed by Neyman and Pearson [55]. They consider two
hypotheses Hy, H; as two distributions with density functions go(x) and g, (x) for which a given
point « can be drawn. Then, they maximize the probability of correctly rejecting Hy, while bounding
the probability of incorrectly rejecting Hy, i.e., for a test T'(x) € [0, 1] that rejects the null hypothesis
when T'(x) = 1, they solved the problem

Tg[l(?ii]x Exeg [T(X)], st. Exeg, [T(X)] < a. )

*We named this an embedding function because it embeds the constraint or loss of the optimization problem
into a vector function.
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They concluded that thresholding the likelihood ratio is a solution to the above problem. Formally,
they show that all optimal hypothesis tests take the value T'(x) = 1 when ¢, (z)/go(x) > k and take
the value T'(z) = 0 when g1 (x)/go(x) < k, where k is a scalar and dependent on .

Multi-hypothesis testing with rewards. In this section, we aim to solve (3) as a generalization
of Neyman-Pearson lemma for binary testing to the case of multi-hypothesis testing, in which
correctly and incorrectly rejecting each hypothesis has a certain reward and loss. To clarify how the
extension of this setting and the problem (3) are equivalent, assume the general case of d hypotheses
Hy, ..., Hy_1, each of which corresponding to X being drawn from the density function g;(z) for
i €{0,...,d — 1}. Further, assume that for each hypothesis H;, in case of true positive, we receive
the reward r;(x), and in case of false negative, we receive the loss ¢;(z). Assume that we aim to
find atest f : X — Ay that for each input x € X rejects d — 1 hypotheses, each hypothesis H;
with probability 1 — f%(x) and maximizes a sum of true positive rewards, and that keeps the sum of

false negative losses under control. Then, this is equivalent to argmax Z;.tol Ex~g, [ f Z(m)n(:c)}
feay

subjected to Zf;ol Exng, [(1 — fi(x))e; (x)] < ¢ which in turns is equivalent to

d—1

d—
argmax Ex.,, [Zfi(w)m(x) gi(ﬂ:)} s.t. Exng, {Zfi(x) > () gégx)

feay i=0 90() i= i 90(w)

Ju

<o ©

This problem can be seen as instance of (3), when we set ¢¥o(x) = [ro(z),...,rq—1(x) 9‘;;(11(;;0)]

and ¢1(z) = [, éj(x)%, D itd Ej(x)Z;EiH Similarly, we can show that for all
Yo(x), ¥1(x) in (@) there exists a set of densities g1 (z), . .., g4—1(z) and rewards and losses such
that (6) and (3) are equivalent. This can be done by setting g; = go and noting that the mapping from
¢;s and r;s into 1y and )5 is invertible.

The formulation of (3)) can be seen as an extension of the setting in [69] when we move beyond type-k
error bounds to a general set of constraints. That work achieves the optimal test by applying strong
duality on the Lagrangian form of the constrained optimization problem. However, we avoided using
this approach in proving our solution, since finding f*, and not the optimal objective, is possible via
strong duality only when we know apriori that the Lagrangian has a single saddle point (for more
details and fallacy of such approach, see Section[E). As another improvement to the duality method,
we not only find a solution to (3)), but also show that there is no other solution that works as well as
ours.

Before we express our solution in the following theorem, we define an import notation as an extension
of the argmax function that helps us articulate the optimal predictor. In fact, we define

To={r:R*xR* - Ay Z (r(x1,)) (@) =1} M

t:x;=max{x1,...,Tq}

that is a set of functions that result in one-hot encoded argmax when there is a clear maximum, and
otherwise, based on its second argument, results in a probability distribution on all components that
achieved the maximum value.

Theorem 4.1 (d-GNP). For a set of functions 1; where i € [0, m], assume that (61, ..., 0n) is an
interiorpoin.ﬂofthe set F = {(E[(r(m), V()] .. EBl{r(z), vm(@))]) : f € A;}/}. Then, there
is a set of fixed values k1, . . . , k., and T € Ty such that the predictor
f*(LIJ) :T(w0($) _Zkiwi(x)aaj)? ®
i=1

obtains the optimal solution of sup ;¢ AX ]E[( I (l’),i/)o(l'))], subjected to the constraints being

achieved tightly, i.e., when for i € [1 : m] we have E[(f(x),v¥;(x))| = 6;. If k1,..., kn, are
further non-negative, then f*(z) is the optimal solution to (@B). Moreover, all optimal solutions of
that tightly achieve the constraints are in form of @) almost everywhere on X.

Example 1 (L2D with Demographic Parity). In the setting that we have a deferral system and we
aim for controlling demographic disparity under the tolerance 6, we can set ¢o(z) = [Pr(Y =

3A point is an interior point of a set, if the set contains an open neighborhood of that point.
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0l2),Pr(Y = 1|z), Pr(Y = M|z)] and ¢, (z) = s(A)[0,1, Pr(M = 1|z)], using Table[1] where
s(A) == ( PTH( ey E(‘;io) ). Therefore, d-GNP, together with the discussion after (@) shows that
the optimal classifier and rejection function are obtained as

_ 1+ks(A)
hz) :{ 1 Pr(y = 1jz) > L)

1+ks(A ’
0 Pr(Y = 1jz) < )

and

0 Pr(Y =M|x)—ks(A)Pr(M = 1]z) < M(A,z) ’

for a fixed value £ € R, and where A\(4, z) := max{Pr(Y = 0|z),Pr(Y = 1|z) — ks(A)}. The
above identities imply that the optimal fair classifier for the deferral system thresholds the scores
for different demographic groups using two thresholds ks(0) and ks(1). This is similar in form to
the optimal fair classifier in vanilla classification problem [14} 20]. However, the rejection function
does not merely threshold the scores for different groups, but adds an input-dependent threshold
ks(A) Pr(M = 1|z) to the unconstrained deferral system scores.

It is important to note that although we have a thresholding rule for the classifier, the thresholds are
not necessarily the same as of isolated classifier under fairness criteria. Furthermore, the deferral
rule is dependent on the thresholds that we use for the classifier. Therefore, we cannot train the
classifier for a certain demographic parity and a rejection function in two independent stages. This
further affirms the lack of compositionality of algorithmic fairness that we discussed earlier in the
introduction of this paper.

r(z) = { 1 Pr(Y = Mlz) — ks(A) Pr(M = 1|z) > A(A, z)

Example 2 (L2D with Equality of Opportunity). Here, similar to the previous example, we can obtain
the embedding function for accuracy and equality of opportunity constraint as ¢ (x) = [pg , DL, pi”]

and ¢y (z) = t(A,1)[0,p}, Pr(M = 1,Y = 1|z)], respectively, where p. := Pr(Y = i|z) for
i € {1,2} and similarly pM = Pr(Y = M|z). Therefore, the characterization of optimal classifier
and rejection function using d-GNP results in

_ 1
h(z) = 1 (2—kt(A, 1));0;f >1
0 (2—kt(A1)pl <1
and
rz) = 1 pw M1 = kt(A, 1) Pr(M =1|Y = M,z)) > v(A, )
0 pM(1—Fkt(A,1)Pr(M =1)Y = M,2)) <v(A,z) ’

for k € R and where v/(A, z) := max{p?, (1 — kt(A,1))pL}. Assuming 2 — kt(A, 1) takes positive
values for all choices of A, we conclude that the optimal classifier is to threshold positive scores

differently for different demographic groups. However, the optimal deferral is a function of probability
of positive prediction by human expert.

Example 3 (Algorithmic Fairness for Multiclass Classification). In addition to addressing the L2D
problem, the formulation of d-GNP in Theorem [.1]allows for finding the optimal solution in vanilla
classification. In fact, for an L-class classifier, if we aim to set constraints on demographic parity

| Pr(Y Y = O\A =0)—Pr(Y =0]4 = 1)| < 4 or equality of opportunity | Pr(Y = 0]Y = 0,4 =
0)—Pr(Y =0|Y =0,4 = 1)| < 6 on Class 0, then we can follow similar steps as in Appendix
@to find the embedding functions as ¥pp = s(A) [1, 0,... ,0} and Ygo = t(A4, 0)[ 0.0,... ,O] ,
where p’, := Pr(Y =i|x) fori € [L].

As aresult, since the accuracy embedding function is ¢o(z) = [p2,...,pL], then, by neglecting the
effect of randomness, the optimal classifier under such constraints are as

hDP(I) :argmax{pg 7k$( 7pra"'7pr}
and

hpo(z) = argmax {p) (1 — kt(A,0)),ps, ..., p5}.
Equivalently, for demographic parity, the optimal classifier includes a shift on the score of Class 0
as a function of demographic group, and for equality of opportunity, the optimal classifier includes
a multiplication of the score of Class 0 with a value that is a function of demographic group. It is
easy to show that under condition of positivity of the multiplied value, these classifiers both reduce to
thresholding rules in binary setting.
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Note that although Theorem [.] characterizes the optimal solution of (3), it leaves us uninformed
regarding parameters k1, . . ., k.,,, and further does not give us the form of the optimal solution when
Yo(z) — >oit, kiwi(x) has more than one maximizer. In the following theorem, we address these
issues for the case that we have a single constraint.

Theorem 4.2 (d-GNP with a single constraint). The optimal solution (8)) of the optimization problem
(B) with one constraint is equal to f;; (v) = 7 (vo(x) — ki1 (x), x) where T is a member of Ty such

that if there is a non-singleton set T of maximizers of a vector'y € R%, then we have (7’(y7 x)) (i)=p
and (7(y,z))(j) = 1—p, where i and j are the first indices in T that minimizes V1 (), and maximizes

Yo(x), respectively. In this case, k is a member of the set K = {t : 6 € [limq4 C(7), C(t)]}

where C(t) = E[(ffo(x),¢o(x))] is the expected constraint of the predictor ;. Moreover, p =
C(k)+j;c_c(7—)’ if C(+) is lower-discontinuous at k, and otherwise p = 0.

This theorem reduces the complexity of finding k;s from the complexity of an exhaustive search to
the complexity of finding the root of the monotone function C(t) — § (see Lemma for the proof
of monotonicity), and further finds the randomized response for the cases that Theorem [.1]leaves
undetermined.

Before we proceed to the designed algorithm based on d-GNP, we should address two issues. Firstly,
during the course of optimization, it can occur that the solution of Theorem .1 does not compute
non-negative values k; for an ¢ € [1 : m|. This means that the constraints are not achieved tightly in
the final solution of (3). Therefore, we are able to achieve the optimal solution with the constraint
d; < &;. Now, if we can assure that the constraint tuples are still inner points of 7 when we substitute
8; by 0}, then Theorem[4.1]shows that (8) is still an optimal solution to (3).

Secondly, for tackling various objectives that are defined in Section [3] we usually need to upper- and
lower-bound a performance measure by J and —J. However, since both bounds cannot hold tightly
and simultaneously unless the tolerance is § = 0, then we can use only one of the constraints in turn
and apply the result of Theorem[4.2]and check whether the constraint is active in the final solution.
In the next section, we design an algorithm based on these results and show its generalization to the
unseen data.

5 Empirical d-GNP and its Statistical Generalization

In previous sections, we obtained the optimal solution to the constrained optimization problem (3)
using d-GNP. Based on this optimal solution, we can design a plug-in method (see Algorithm I]in
Appendix[F) to solve the constrained learning problem using empirical data. This algorithm varies
from many Lagrangian-based algorithms for solving constrained learning problem (e.g., Primal-Dual
method [[10]) in which the optimal predictor parameter and constraint penalties are dependent to
each other, and therefore we should learn them iterativaly. However, as we saw in Theorem
(respectively in Algorithm[I)), the solution of d-GNP is a mere thresholding on the corresponding
embedding functions, where the threshold is obtained in a post-hoc manner and from validation
dataset. Therefore, although Lagrangian-based algorithms can lead to oscillations or converge with
a large computational cost, the d-GNP can potentially reduce such complexity costs and improve
convergence conditions. To show such convergence, we bound the generalization error of the objective
and constraints based on this solution. These results are extensions of the generalization results for
Neyman-Pearson [1} 71] and further hold when multiple constraints should be controlled at once. The
first result is the following theorem that shows if the solution to our plug-in method meets constraints
of the optimization problem on training data, this generalizes to the unseen data.

Theorem 5.1 (Generalization of the Constraints). For the approximation of the Neyman-Pearson
solution fj, ;(x) in Algorithmsuch that Egn [{ f; 5(@), Vi(2))] < 8; fori € [1:m), if we assume

that embedding functions are bounded, then for d,,(¢) ~ O(log%nlogl/e)

E, [(fkp(x), Vi(2))] <8 + dn(5) for all i € [1 : m] and with probability at least 1 — e.

In the above theorem, we show that the optimal empirical solution for the constraint, probably
and approximately satisfies the constraint on true distribution. Therefore, if we assume that we
have an approximation ; (z) in hand where ||{;(z) — 1;()||so < € with high probability, this
theorem together with Holder’s inequality shows that we need to assure Egn [( f;;yi,(x), 1/%(:1:)}} <
§ — dn(55) — € to achieve the corresponding generalization with high probability.

and S™ ~ | we have
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Figure 2: Performance of d-GNP on COMPAS dataset (left), and ACSIncome (center and right)

Next, we ask whether the objectives of the empirical optimal solution and the true optimal solution
are close. We answer to this question positively in the following theorem. First, however, let us
define the notions of (y, A)-sensitivity condition as the following. This is an extension to detection
condition in [[71] and assumes that changing the parameter in predictor leads to a detectable change
in constraints.

Definition 5.2. For an embedding function 11, and a distribution 1 x on X', we refer to a function
ri(x) as a prediction with (y, A)-sensitivity around k, if there exists C' € R™ such that for all
§ € (0, A] we have

[y [(ra(@) = rirs(@), 1 (2)]| = €67, ©
Now, we express the following generalization theorem for predictors that address the above conditions:
Theorem 5.3 (Generalization of Objective). Assume that (§ — €;,0 + €,) is a subset of of all
achievable constraints E[(f(x), 11 (x))], and that ||;(2)||ec < 1 fori = 1,2. Further, let the size

n of validation data be large enough such that d,,(6/3) < 5. Now, if the optimal predictor fj; ()
is (v, A)-sensitive around optimal k* for A ~ Q(d,l/’y(é/?))?éé/h, 6}/27) and v < 1, then for
n > ? log %, and with probability at least 1 — 0, the optimal empirical classifier; as of Algorithm

has an objective that is at most O( }/A’((S/?)), 55”, 63/2, 5}/2, c—, C’_l/2)—farfr0m the true
optimal objective.

Now that we have proven generalization of our post-processing method, we should briefly compare
this to other possible algorithms to learn an approximation of the optimal classifier and rejection
function pair. A possible method is to find the appropriate *defer’ or ‘no defer’ value for each instance
in the training dataset, and for a given set of constraints. Although these types of in-processing
algorithms can perform computationally efficient (e.g., O(nlogn) complexity for %—suboptimal
solution for human intervention budget as shown in Theorem [G.T), they do not necessarily generalize
to unseen data. In particular, we can show that for all algorithms that estimate deferral labels from
empirical data, there exist two underlying distributions on the data on which the algorithm results
in similar deferral labels, while the optimal rejection functions for these two distributions are not
interchangeable. This argument is further formalized in the following proposition:

Proposition 5.4 (Impossibility of generalization of deferral labels). For every deterministic deferral
rule 7 for empirical distributions and based on the two losses 1,2y and 1y, (5y+,, there exist two
probability measures (11 and o on X X Y x M such that the corresponding (7, X) for both
measures is distributed equally. However, the optimal deferral r;, and r),, for these measures are
not interchangeable, that is L% (h,r7,) < 5 while Ly (h, ) = 2fori=1,2andj #i.

In a nutshell, this proposition implies that, every algorithm that reduces the two-bit data of human
accuracy and Al accuracy for an input into a single-bit data of ‘defer’ or ‘no defer’ looses the
information that is important for obtaining the optimal rejection function that generalizes to the unseen
data. This is a drawback of in-processing algorithms that are used in multi-objective L2D problems.
We refer the reader to Appendix [M] for more details and proof of aforementioned proposition.

6 Experiments

COMPAS dataset. We implemented E] Algorithm (1} first for COMPAS dataset [27] in which the
recidivism rate of 7214 criminal defendants is predicted. The human assessment is done in this

*The code is available in https: //github.com/AminChrs/PostProcess/,
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Figure 3: Prediction of d-GNP on Hatespeech dataset [22] and for tweets with predicted African-
American (left), and Non-African-American (center) dialect and the disparity between groups (right).

dataset on 1000 cases by giving humans a description of the case and asking them whether the
defendant would recidivate within two years of their most recent crimeﬂ The demographic parity
is assessed for two racial groups of white and non-white defendants. Figure[2]shows the average
performance of d-GNP over 10 random seeds compared to two baselines: (1) Madras et al. [44]
in which a demographic parity regularizer is added to the surrogate loss, and over a variation of
100 regularizer coefficient, and (2) Mozannar et al. [50] in which after training the classifier and
rejector pair, we shift the corresponding scores to find a new thresholding rule. All scores, classifiers,
and rejection functions are trained on a 1-layer feed-forward neural network. The figure shows that
achieving better fairness criteria is possible using d-GNP, while this might not lead to better accuracy
when the constraint violation is not of interest.

Hatespeech dataset. The next experiment is on flagging offensive tweets in Hatespeech dataset
[22]. This dataset contains 24,802 tweets that are labeled by at least three crowd workers as hate
speech, offensive but not hate speech, or neither hate speech nor offensive. We used a pre-trained
model [3] to detect whether the tweet contains an African-American dialect. Next, we used d-GNP
method to control the demographic disparity of predicting a tweet hate speech or offensive bounded
by s = 0.1 and 6o = 0.01. In the result of this experiment that is displayed in Figure[3|we can
observe the following points: (i) in test-time the resulting demographic disparity for both classes are
bounded as expected, (ii) the accuracy of d-GNP method is bounded by the vanilla deferral method,
while stricter constraint control (in here offensive prediction parity) keeps the accuracy lower, and
(iii) interestingly, the performance of d-GNP for controlled offensive prediction parity copies that of
human. Therefore, a good strategy for obtaining such constrained learn-to-defer system seems to be
to defer the offensive tweet prediction to human, when the tweet contains African-American dialect,
and otherwise either bias the classifier scores or use a mixture of human and classifier involvement to
achieve the final controlled disparity.

ACS dataset. We further tested our method on folktables dataset that contains an income
prediction task based on 1.6M rows of American Community Survey data. Since we had no access to
human expert data, we simulated a human expert that has different accuracy on two racial groups of
white and non-white individuals (85% and 60%, respectively). We considered the L2D problem with
bounded equalized odds violation. Figure 2] shows our method’s accuracy and constraint violation,
coupled with a confidence bound that is obtained using ten iterations of bootstrapping. This figure
shows that violation bounds are accurately met for the test data, and the performance increases when
these bounds are loosened.

7 Conclusion

The d-GNP is a general framework that obtains the optimal solution to various constrained learning
problems, including but not limited to multi-objective L2D problems. Using this post-processing
framework, we can first estimate the scores related to our problem and then find a linear rule of
these scores by fine-tuning for specific violation tolerances. This method reduces the computational
complexity of in-processing methods while guaranteeing achieving a near-optimal solution in a large
data regime.

>This is as opposed to the experiment in where the human decision is simulated.
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A Lack of Compositionality of Fairness Criteria

Here, we show an example of lack of compositionality of fairness criteria for learn-to-defer problems.
This falls in line with [29], where the authors studied the effect of the operators such as ‘OR’ or
‘AND’. Here, we show that a similar non-compositionality holds for the operator ‘DEFER’. The
following example is found based on the insight that a fair predictor is fair over all the space X', and
if it could take a decision over only a subset of X it will not necessarily be a fair predictor. This can
be seen as a particular application of Yule’s effect [62] which explains that vanishing correlation
in a mixture of distributions does not necessarily concludes vanishing correlation on each of such
distributions.

Let us assume that the space X" contains only four points 1, x2, T3, and x4, and that the input takes
these values with probability Pr(X = z1) = Pr(X = zs) = Pr(X = 23) = Pr(X = 24) = 1.
The first two points 1, x5 are corresponded to the demographic group A = 0 and the last two points
are corresponded to the demographic group A = 1. Further, assume that the conditional target
probability is Pr(Y = 1|x1) = Pr(Y = 1|z2) = Pr(Y = 1|x3) = Pr(Y = 1|z4) = 1. Moreover,
we consider the equality of opportunity as the measure of fairness. Now, assume that the classifier
h(:) : X — {0,1} is taking values h(z1) = 1, h(z2) = 0, h(xz3) = 1, and h(z4) = 0 and the
human decision maker predicts M = 0 conditioned on 1, M = 1 conditioned on x5, and M =1
conditioned on x3, and M = 0 conditioned on x4. Therefore, both classifier and human expert have
accuracy of 1 on the data.

Following the above assumptions, we can find the fairness measure for classifier as

Pr(h(X)=1Y =1,A=0) - Pr(h(X) =1]Y =1, A = 1)
=Pr(h(X)=1Y =1,A=0,X =21)Pr(X =21|Y =1,4A=0)
+Pr(h(X)=1Y =1,A=0,X =22) Pr(X =23]Y =1,A=0)
—Pr(h(X)=1Y =1,A=1,X =a3)Pr(X =x3]Y =1,A=1)
(h(

1 1
“Pr(h(X) =1y =1L A=1LX =2)Pr(X =ay[Y = 1LA=1) = 40— -0=0,

2
(10)
which means that the classifier is fully fair. We can derive a similar result for the human expert, i.e.,
Pr(M=1Y=1,A=0)-Pr(M=1Y=1,A=1)=0. (11

Now that we established a fair classifier and a fair expert, we take the step to find an optimal deferral
solution, i.e., a deferral system that minimizes the overall loss. We can observe that for z; the
classifier is accurate, while for x5 the human expert is accurate. Furthermore, for 3 and x4 they both
are equally inaccurate. Therefore, an optimal solution is not to defer for x1, and defer for x5, and
take an arbitrary decision for x5 and z4. Now, if we find the fairness measure of the resulting deferral
predictor, we have

Pri =1lY =1,A=0)-PrY =1|Y =1,A=1)
=Pr(h(X)=1Y =1,A=0,X=21)Pr(X =21V =1, A=0)

+Pr(M=1Y =1,A=0,X =29) Pr(X =22V =1, A =0)
—Pr(h(X)=1Y =1,A=1,X=23)Pr(X =23V =1,A=1)
1 1 1 1
(12)

or equivalently the resulting predictor is unfair for the demographic group A = 1. This means the
‘DEFER’ composition of the predictors does not preserve fairness. One can further easily show that
no deferral system from the above classifier and human expert that has the accuracy better than % is
fair.

B Extended Related Works

The deferral problem has been studied under a variety of conditions. Rejection learning [[19} 13 [11} [15]]
or selective classification [30, 133, 32]], assumes that a fixed cost is incurred to the overall loss, when
ML decides not to make a prediction on an input. The first Bayes optimal rule for rejection learning
was derived in [16]. Assuming that the accuracy of human, and consequently the cost of deferring to
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the human, can vary for different inputs, [50]] obtained the Bayes optimal deferral rule. The deferral
problem is further studied assuming that the number of available instances for deferral are bounded
and a near-optimal classifier and deferral rule is required as a solution of empirical risk minimization
[23L 24]]. Most recently, the implementation of deferral rules using neural networks and surrogate
losses is studied for binary and multi-class classification [} 50} 12} |51} 19, 43} 48 145]]. A possible
shift in human expert for L2D methods recently studied in [[67]. The problem multi-objective L2D
and rejection learning is mainly studied in an in-processing approach. A few instances of tackling
such problems can be found in [57} 152} 153]] and [74}41] for L2D and rejection learning, respectively.
Neyman-Pearson’s fundamental lemma is introduced in [S5] originally for binary hypothesis testing
and later was generalized in [56] to give a close-form formulation for a variety of binary constrained
optimization problems. Later, [21] found conditions for which Neyman and Pearson solution exists
and is unique. The generalization error of the empirical solution to Neyman-Pearson problem
is studied in two lines of works: (i) the generalization of direct (in-processing) solutions to the
optimization problem [65 164} 61]], and (ii) the generalization of plug-in methods [71] that first
approximate the score functions and then use Neyman-Pearson lemma to approximate the predictor.
The generalization of Neyman-Pearson lemma to multiclass setting is first empirically studied in
[40] and under strong duality assumption is proved in [69]. Our lemma d-GNP extends these
works in order to (i) be able to control a general set of constraints instead of Type-K errors, and
(ii) be valid in absence of strong duality assumption. Further, the idea of using Neyman-Pearson
lemma for controlling fairness criteria originally dates back to [76l] (later as [[75]). More recently, a
similar post-processing method is introduced in [[14] using cost-sensitive learning and strong duality
technique. Although these works cover binary classification problem, in this paper we focus on
solving multi-class classification problem, and particularly in a deferral system.

Moreover, his work differs from multi-class classification with complex performance metrics [[54]
in the sense that they consider constraints that are non-linear functions of confusion matrix, while
ignoring the dependence on input x. In our setting, the constraints are linear in terms of confusion
matrix when conditioned on the input, but the linear coefficients vary with the input.

Finally, the work [[70] has recently studied an extension of post-processing method to other constrained
learning problems. The difference of that work with our method is threefold: (i) while we prove
that the optimal post-processing method is a linear combination of scores, they have no such claim,
(i1) we have no assumption on the format of the loss function, while they assume a particular set of
strictly convex loss functions, (iii) we have no bound on our hypothesis class while they assume the
representation of the predictor with a multidimensional vector and a fixed dimension.

C Rephrasing (2)) into Linear Functional Programming

Here, we first characterize functions that are outcome-dependent. To that end, we define ¢(x) as

v = [Lr@)=oln(z)=1> - - - Lr(z)=0Th(z) =L Lr(z)=1] - (13)
This function can retrieve the value of r(x) and can retrieve the value of h(z) only if r(z) = 0. In
fact, we can obtain r(z) = (u(z))(L + 1) and h(z) = i if r(z) = 0 and (¢(x)) (i) = 1. Therefore,
for a function W(z, h(z),r(x)) = Ey arx—s [¥(z, Y, M, h(z),r(z))] and laes(z, h(z), 7(2)) =
Ey, mx=c [Zdef(az, Y, M, h(z), r(x))] to be outcome dependent, it must only be a function of = and
1(z). In fact, we must have

‘I/i(:v,h(x),r(x)) = \I/;($7Z(l‘))7 (14)
and
Zdef(l‘, h(x),r(x)) = g:ief(mvl(m))v (15)

for a choice of ¥’ and ¢/,.;, where lae (2, h(z),7(2)) = By, pr)x =z [Cact (z, Y, M, h(z),r(z))].
Now, we can check that «(x) can take L + 1 different values, in each of which one of its components
takes the value 1 and others take the value 0. Therefore, by conditioning on each of these L + 1
values we have

L+1

() = 3@ 0 L 0D (@) D) = 0@ @), (6)

%
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where 1;(z) is defined as

vile) = [Wi(a (1,0, 0. W (e, 0,0, 1))
= [¥;(2,1,0),...,P;(z, L,0), T;(x,0,1)]. (17)

Similarly, we can show that

giicf(fvz(x)) = <Z(x)>zdcf(x)>a (18)
where lye¢ () is defined as

Edef(z) = [Zdef('ra 1, 0)7 s 7zdef(xa L7 0)7 Zdef(:E7 07 1)] . (19)
Next, we know that due to the randomization of A, the vector () can take various values on each

instance z. This, however, is not the case for 1;(z) and lae¢(2), since they are defined independent
of r(x) and h(x). Therefore, the average of constraints and loss can be rewritten as

E iyt [ Wiz, h(x), r(2))] = Egpyma [(i(2),1(2))] = (f(2), ¥i(2)), (20)

and
By nymt [Lact (@, 1(2), 7(2))] = Erpy o [(Caet(2), 2(2))] = (f(2), laet(2)), 21
where f(z) is defined as

f(@) =EQ(z)] = [Pr(r(z) =0,h(z) =1),...,Pr(r(z) = 0,h(z) = L), Pr(r(z) = 1)]. (22)

Therefore, the optimization problem in (2)) is effectively reduced to the linear programming problem
in (3). Moreover, if f*(z) is the solution to that linear program, then the corresponding r(z)
should be distributed as Pr(r(z) = 1) = (f*(z))(L + 1), where h(x) should be distributed

. . F(@)) ()
asPrhx:z:Prhx:zrxzoz(i
(h(w) = i) = Pr(h(z) = ibr(x) = 0) = O
independence of h(x) and r(z) comes with no loss of generality, since the value of h(z) does not
variate the loss or constraints in the system when we have r(z) = 1.

. Note that the assumption of

D Derivation of Embedding Functions

In this appendix we derive the embedding functions in Table([T]that are corresponded to the constraints
of choice, as named in Section[3] The trick that we use for all these constraints is that we first rewrite
the constraint in terms of the expected value of a function over the randomness of the algorithm .4 and
the input variable X, and then we use to transform that function into the embedding function.

* Overall Loss: To find the embedding function that is corresponded to the overall loss of

the system, we should first note that by loss we mean the probability of incorrectness of Y.
Therefore, the corresponding ¢4 ¢ (z, h(z), r(x)) in this case, as defined in (I)) is obtained
as

Lacs (2, h(2),r(2)) =By ar)x =z [Lr)=1In2y + Lrey=oln(z)2y ]
=L ()=1 Pr(M =YX = 2) + I, (4)=0 Pr(Y # h(z)|X = ).
Therefore, using we find £, as
laet = [Pr(Y # 11X = 2),...,Pr(Y #n|X = 2),Pr(Y # M|X = z)].

» Expert intervention budget: In this case, similar to the case before, we first derive
U (x, h(x),r(x)). To that end, we first note that the expert intervention constraint in Section
Blis equivalent with

PI‘(T(X) = 1) = Ea:Nux,(’r,h)NA [Hr(x)zl] < 57
which in turn suggests that
@umuxw@rzmmﬂ.
Next, we find ¢(z) using (T7), as
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* OOD Detection: To obtain the corresponding embedding function to the OOD detection
constraint in Section we can rewrite Proy; (T’(X )= 1) as
_ _ L.ox)=1/% (X)
Pr (r(X) =1) = Exepge rmpma [lro=1] = Bxmgn, i~ [ 505 )
where the last equation holds when X and X, are absolutely continuous distributions, and
therefore have probability density functions. A similar assumption is made by [53]. This
results in W (z, h(zx), r(x)) being obtained as
13 (X)

U(z, h(z),r(x)) = H“X(X)

Therefore, we conclude that the embedding function can be calculated using as

_ 2 X)
Y(z) =[0,...,0, A

f}?(m) FiB(z)<e

In the simple case that fQ'(z) = T e’
X FiB(z)<e

the embedding function is equal to

Tpin (<.
W(x)=[0,...,0 (@)=

7 Prin( m(X)ge)]'

* Long-Tail Classification: This methodology aims to minimize the balanced loss
X
% D Pr(Y #M(X)|r(X) =0,Y € G,).
i=1
However, as mentioned in [52], this optimization problem can be rewritten as

K
Ppiitia h<X>’TOEZ_X) WV EG) (X)) =0y € Gy) = =3

i=1
Therefore, the objective can rewritten as

By [PIY # h(X),r(X) = 0.Y € Gi|X = X')]

; o Pr(Y S Gz) ’
which together with (T7) shows that
K
Pr(Y £1Y € GilX =) r(Y £ LY € Gy|X =)
_ ,0}.
Yo(2) [Z a; Pr(Y € Gy) Z a; Pr(Y € Gy)

i=1
The reason that we use negative sign is because in the definition of (3) we aim to maximize
the objective.

Similarly, we can rewrite the objectives as
E(rhymd, xrmpx [ PT(r(X) =0,Y € Gi|X = X') — % Pr(Y € Gy)]
Pr(Y c Gz) '
Therefore, using we can obtain i; () as

o = P EGE ] -2
* Type-k Error Bound: We first rewrite Type-k constraint in [3|as
N Pr(Y £k Y =k
Pr(Y £ kY =k) = (P:(EY 5 )
(@ Exmpy [Pr(Y # kY = | X = 2)]
Pr(Y =k)
_ Exoux [Pr(Y # kY =k, X = 2) Pr(Y = k|X = )] o4

Pr(Y = k) ’
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where (a) is followed by chain rule.

Next, we condition Pr(Y # k|Y = k, X = 2) on r(X) being 1 and 0, which concludes
that

Pr(Y £ klY =k, X =2) =Pr(Y # k,r(z) =1|Y =k, X = x)
+Pr(Y #k,r(x) =0]Y =k, X =)
=Pr(M #k,r(x)=1Y =k, X =1)
+Pr(h(x) £ k,r(x) =0Y =k, X = 1)
=E ¢ n)ymt M| X =2,y =k Ikl (=1 + Tn(e)k L (z)=o]
= E(rp)md| X o,y =k [ PT(M # k| X =2,V = k)L (5)=1
+ In () ke (z)=0) -
Therefore, using (24) we conclude that
Exmpn,(rmymd | Ln(x)=1 Pr(M # kY = k|X = X')]
Pr(Y = k)
EX’N;LX,(T‘,h)N.A []Ih(Xl);ék‘HT(Xl):O PI‘(Y = le = X/):I
Pr(Y =k) ’
which together with (T7) shows that the embedding function is obtained as
_ Pr(Y =k[X =)
V) = —hw=n

Pr(Y #k|Y = k) =

+

[1,...,1, 0 ,1,...,1,Pr(M # k| X :x,Y:k)}.

~—
k

Note that here we used the assumption that (Y, M) and A are independent for each choice

of X, i.e., the value noise that is introduced in .4 for each X = z is generated independent

of the value of Y and M, which is the true assumption, since the algorithm only has access

to X and not true label or the human label.

* Demographic Parity: We know that the demographic parity constraint in Section [3|can be
written as
—§<Pr(Y =1A=0)—Pr(Y =1]4A=1) <. (25)
Here, we find the corresponding embedding function ¢ () for the upper-bound in the above
inequality. For the lower-bound, we can use —(z) and follow the steps that are proposed
in the main text of the manuscript.

To find the embedding function that corresponds to the upper-bound of (23)), we first rewrite

PrY =114A=0)-Pr(Y =1|A=1)as

Pr(V =1|A=0)—Pr(Y =1|[A=1) = Pr(l}fr(: Al’:AO): 0 _ Pr(i:r(: AL:Al): D

Now, similar to what we did in previous section, we condition Pr(Y =1,A = a) for
a € {0,1} on the value of h(z) and r(x), and we conclude

Pr(Y =1,A=a)=Pr(Y =1, A=0a,7(X)=1)+Pr(Y =1,A = a,7(X) = 0)
=Pr(M=1A=0a,r(X)=1)+Pr(h(X)=1,A=10qa,r(X) =0)
= Ex am4[Iv=1Ta=alr(x)=1 + In(x)=1la=alr (x)=0)
= ExﬁA[Pr(M =1,A=a|X = 2)l,(x)=1

+Pr(A=a|X = CU)Hh(X):l]Ir(X):O]- (27)

Here, we used the assumption of independence of X and (M,Y") given a choice of X.
As aresult of (26), (27), and (T7) we can find the embedding function as

[, Pr(iA=1X=2) Pr(A=0[X=u1)
(@) = [0’ Pr(A=1)  Pr(A=0)
PriM=1A=1X=2) Pr(iM=1,A=0X=x)
Pr(A=1) B Pr(A =0)
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* (In-)Equality of Opportunity: Similar to the previous items, we rewrite equality of
opportunity constraint in Section [3]as

<PV =1y =1,A=1)-Pr(Y =1]Y = 1,A=0) < 4.

Again, we only consider the upper-bound and rewrite Pr(Y = 1|Y =1, A = 1) — Pr(Y =
1Y =1,A=0)as

Pr(Y =1y =1,A=1)-Pr(Y =1|]Y = 1,4 =0)

Py =1Y=1A4=1) Pr(Y=1Y=1A4=0)
- Pr(Y=1A4=1) Pr(Y =1,A=0)

Next, by conditioning on 7(X) = 1 and r(X) = 0, we rewrite Pr(Y = 1,Y = 1,4 = a)
fora € {0,1} as

(28)

Pr(Y =1,Y =1,A=a)=Pr(Y =1,Y =1, A=qa,r7(X) =1)
+Pr(Y =1,Y =1,A=a,7(X) =0)
=Pr(M=1Y=1,A=qa,r(X)=1)
+Pr(h(X)=1,Y=1,A=a,r(X)=0)
=Ex,v,ma,4[In=1ly—1la—al,(x)=1
+ In(x)=1ly=11a=al,(x)=0]
=Exa[lx)=1 Pr(M =1,Y =1, A=a|X =2x)
+ Inxy=1 L (x)=o Pr(Y = 1, A = a| X = z)], (29)
where the last identity is followed by the assumption of independence of A and (Y, M, A)
given an instance X = z.

As a result of (28)), (29), and we can obtain the embedding function as

PrY =1,A=1X=2) Pr(Y=1,A4A=0/X=1x)
v(@) = o, Py =LA=1) Py =1,4=0)
PriM=1Y=1,A=1X=2) Pr(M=1Y = 1,A:O|X:x)}
Pr(Y =1,A=1) Pr(Y =1,A=0) ’

* (In-)Equality of Odds: This induces the same constraint as that of equality of opportunity,
and further induces an extra constraint that is in nature similar to equality of opportunity
with the difference that it uses Y = 0 instead of Y = 1. Therefore, we have two embedding
functions, one is similar to that of equality of opportunity as

PrY =1,A=1X=2) Pr(Y=1,4A=0X =1)
) = o Py —LA=1) Py =14-0)
Pr(M=1Y=1A=1X=ga) Pr(M:l,Y:l,A:O|X:z)]
Pr(Y =1,A=1) Pr(Y =1,A=0) ’

and another similar to that with changing Y = 1 into Y = 0, and therefore as

PrlY =0,A=1X=2) Pr(Y =0,A=0X =1x)
wQ(:”):[ PrY =0, A=1) PV =04=0) "
Pr(M=1Y =0,A=1X =z) Pr(M= 1,Y:0,A=0|X=a:)]
Pr(Y =0,A=1) Pr(Y =0,A=0) ’

E Limitations of Cost-Sentitive Methods

A variety of works have tackled constrained classification problems using cost-sensitive modeling
[42,[17,157]. In other words, they use the expected loss that is penalized with the constraints and solve
that for certain coefficients for those constraints (a.k.a., they form Lagrangian from that problem). In
the next step, they optimize the coefficients and obtain the optimal predictor. The issue that we discuss
further in the following we concern is that during this process, the optimal predictor is achieved only
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when the corresponding cost-sensitive Lagrangian has a single saddle point in terms of coefficients
and predictors. Such assumption, unless by analyzing the Lagrangian closely, is hard to be validated.
However, our results in this paper have no such assumption, and instead use statistical hypothesis
testing methods to show their optimality.

To further clarify the issue with such methodology, we bring an example of L2D problem when
human intervention budget is controlled. Suppose that the features in X’ are distributed with an
atomless probability measure yx (e.g., normal or uniform distribution)E] Further, assume that the
human has perfect information of the label, i.e. Y = M, while the input features have no information
of the label, i.e., Pr(Y = 1|X = x) = 1/2 for all x € X. Moreover, let the classifier and the human
induce the 0 — 1 loss function. In this case, we can see that the optimal classifier is the maximizer of
the scores (see the early discussion of Section , which in this case, since there is no clear maximizer,
without loss of generality can be set to h(z) = 1.

For such assumptions, if we write the Lagrangian in form of

1 1
L(X\r) =LY (h,r)+ MNE[r(X)] —b) = 3~ iE[r(X)] + ME[r(X)] —b),
then strong duality shows that
min max L(A\,7) =max min L(\ 1), (30)
ref0,1]% A>0 A>0 r€[0,1]%

or to put it informally, the objective is invariant under the interchange of minimum and maximum over
Lagrange multipliers and the variable of interest. However, this does not prove the interchangeability
of the saddle points in these settings, i.e., we cannot guarantee argmin, g 1) L(A*,7) = f*, where
A* € argmax, min,¢[oq) L(A,7), and f* € argmin, ¢ o 1] Maxy L(A, 7). In fact, this guarantee
holds only in particular examples, e.g., when L(A*, r) is strictly convex [[7, page 8].

1 A<3

0 otherwise °

Therefore, A* can be obtained as \* = argmax(A — 1/2)~ — Ab where (z)~ := min{x, 0}. This
A>0

In fact, if we optimize r for all A as in RHS of (30), we can show that r)(z) = {

can be rewritten as

1 1
—s=Ab—-1) 0<A<3
A* = 2 - -2 =
ar%ﬁ,“{ — b A>1
Hence, the condition A < 1/2 is never satisfied and we have r»« (z) = 0, i.e., we should never defer.
For the deferral rule -, the deferral loss (T)) is

N | =

R 1
Lie(h: f) = Ex v [Car(Y. h(X), X)] = 5.
To show that ry~ is not optimal, we provide random and deterministic deferral rules f* and r** that
satisfy the constraint in (), while having a smaller deferral loss:
o Let f*(z) = b, that is a random deferral rule that defers with probability b everywhere on
X. Therefore, on average b proportion of inquiries are deferred and thus it satisfies the
constraint in . The deferral loss for f*(x) is equal to
Laeg(h, f7) = Elr(X)] - E[u (Y, M)]
—— N——

0

b
[

FE[L—r(X)]-E[lar(Y, h(X))]
1—b 3

o 1-b 1

T2 T

¢ The second example is a deterministic deferral rule. Since the probability measure on X is
atomless, for all b € [0, 1] there exists a set A such that Pr(X € .A) = b [31] Proposition
215D]. Hence, defining 7**(x) = 1,c.4 the constraint in (2) is met. Similar to the last
example L ;(h,r™) = 152 < 1.
The above two examples show that the deferral rule 7y« is sub-optimal. The reason is that, for
optimality of 5+ we should make sure that L(\}, ) has a single minimizer of r. However, in our
example we had L(%,r) = —Ab has infinite number of minimizers in terms of 7(z). Therefore, the
equality of the solutions to minimax problem and maximin problem is not guaranteed.

SIf we have a probability measure that contains atoms, one can follow the same steps for the first counterex-
ample.
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F d-GNP Learning Algorithm

Algorithm 1 Finding Optimal Classifier and Rejection Function

Require: The formulation of lge¢(-,-,-) and {U;(-,-,-)}",, and the datasets Diain =
{(z%,a’,m*,y" )}, Dy = {(2, ', m’, y*) } o™ and tolerances {6; }17,
Ensure: Optimal deferral rule r*(z) and classifier h* (z)
1: Parameters: ¢ = le — 8

2: procedure CONSTRAINEDDEFER(Yqef, {¥;}7 1, Dirains Dval)

3: Obtain closed-form of {¢;(x)}™, using £qef and ¥;s via @) and in terms of the scores as in
Table[T]
4: Estimate the scores in TableE] using classification/regression methods on Dy,
5: Find estimate {zﬁz m » using estimated scores in previous step and closed-form of Step 3
6: if m = 2 then ) . A
7: Define routine fy ,(2) := 7(¢o(x) — ktp1 (), 2) for 7 in Theorem
8: Define routine C'(t) := Ep_, {(fk7o(a:i), Uy (a:z)>]
9: Find k = min k over the feasibility set C(t) < &,
10: if - = () then
11: Return ‘Not Feasible’
12: else .
13: if C(k —¢) — C(k*) < le — 3 then
14: p+0
15: else 5_c
. —C(k
16: P Eh—o-ck)
17: end if
18: end if
19: s(z) = f; ;(@)
20: else . .
21: Optimize (@) for Dy, and for f(x) = 7(¢o(z) — > i, ¥i(x), x) for 7 as in Theorem
and via exhaustive search over {ky, ..., k,,} and randomizations of 7 and find s(z) := f()
22: end if
23: h*(z) := argmax s;(x)
i€[0:L—1]
24: r*(x) 1= argmax [y« (1) (), sp.(z)]
1€{0,1}

25: Return h*(x), r*(x)
26: end procedure

G On Failure of In-Processing Methods

One might think that the need of using post-processing methods does not necessarily appear in some
examples of multi-objective L2D problem. As an instance, for the expert intervention budget we can
rank samples based on the difference between machine and human loss and defer the top b-proportion
of samples for which the machine loss is higher than the human one. This method is illustrated in
Algorithm 2] Indeed, in the following we show that the sub-optimality of such deterministic deferral
rule, compared to the optimal deferral rule diminishes as the size of training set increases.

Theorem G.1 (Optimal Deferral for Empirical Distribution). For a classifier h(x) and dataset

D = {(zi,y:,m) Y, where we assume x; # xj, i # j, the deterministic deferral rule as

in Algorithm 2| is (i) the optimal deterministic deferral rule for the empirical distribution on D
1

and bounded expert intervention budget, and (ii) at most ---suboptimal (in terms of deferral loss)

compared to the optimal random deferral rule for the empirical distribution on D.

Next in the following, we show that such policy does not provide sufficient information to determine
the optimal deferral rule for the true distribution. To that end, we first recall that in classification tasks,
the optimal classifier typically thresholds an estimation of conditional probability of the label Y given
X that is obtained using the available dataset. As a result, if we observe enough pairs of (x;, y;), then
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Algorithm 2 Deterministic Algorithm for Deferring Tasks to Human or Al for the Empirical Distri-
bution and Expert Intervention Budget

Input: The dataset D, he human and classifier loss £ and £ 4; and available proportion b of
instances to defer
Output: Labels of “defer" or "no defer" for each instance in D
1: procedure DEFERTASKS(D, £y, f a1,b)
2 Make the set A = {(x,y,m) € D: Ly (y,m) — Las(y, h(z)) < 0}
3 if |A| > b|D| then
4: Defer all tasks in A to human
5: else
6 Defer the b|D| tasks with the lowest £y (z,y, m) — £a7(z,y) to human
7 end if
8: end procedure

we improve upon such estimation of conditional probability and increase the accuracy of the obtained
classifier. However, we argue that this paradigm is inapplicable in the case of deferral rule as follows.
Although the output 7 of Algorithm [2]for each feature x is a deterministic 0 or 1 label, it varies with
the choice of the dataset D. Hence, if we draw datasets from a distribution y, the outcome of 7
becomes probabilistic. In the following, we introduce two probability distributions p; and po over
(X,Y, M) such that for random draws of the dataset from p;, the conditional probability of such
optimal deferral label 7 given X is equal, yet the optimal deferral rule for the true distribution is
different.

Although the following discussion bears some resemblance with the No-Free-Lunch theorem [e.g.
66|, there exists the following difference between the two. The No-Free-Lunch theorem states that for
each learning algorithm, there exists a data distribution on which the algorithm does not generalize
well. However, in the following discussion, we assume that we can observe infinite number of
datasets and indeed, we can find the underlying probability of the deferral labels. In fact, we show
that the limiting factor for finding the optimal deferral for the true distribution is that we only use
deferral labels and if we use values of both losses, we can accordingly find the optimal deferral rule
as suggested in Theorem[4.1]

Assume that we have a dataset D = {(x;, y;, m;) }_, that contains i.i.d. samples from the distribution
wxy - Further, assume that we have no budget constraint, thatis b = 1 in Algorithm Therefore,
the optimal randomized deferral rule over the empirical distribution is the solution of the problem

n

mrg[lor,ll] =1 i A z);éyl( T)

It is easy to see that the solution to this problem is given by 7; = 0if 1 (,)y, < L,y and 7 =1
if Tpy(,)£y; > Lim,y,- As aresult, the optimal deferral is obtained as

1 m; =y, h(zi) # yi
Py = 0 m; # yi, h(z;) = yi - €2))
any value in [0, 1] o.w.

Among all the possible policies, we can choose

R { L m; =y &h(x;) # v

r, =
0 o.w.

Next, we assume that we have a classifier h and two probability distributions

and po over (X,Y,M). For both distributions X is uniformly distributed over
[0,1], and we have (Y =M,h(X)=Y)=2, (Y = MMWX) # Y)=3% and
pe(Y #MWMX)=Y) =2 (Y = M,h(X) # Y)= 1. We can see that although the ob-

served 7s are fixed for a given choice of D, since D is randomly drawn, 7 values are randomly
distributed. Furthermore, the distribution of Pr(#|X) is according to Bern(3), since in both cases
we have 1;(Y = M h(X) #Y) = % However, the optimal deferral rule for the first distribution
is 7 (z) = 1 forall z € X, since we have L}!;(h,r}) = 0, while for the second case the optimal

deferral rule is r3 () = O forall z € X because we have L/ (h, 3) = 1. Furthermore, such deferral
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rules are not interchangeable, because we have Ly’ (h,73) = L% (h,r7) = 2. As aresult, Pr(7|X)
does not provide sufficient information for obtaining optimal deferral rule on true distribution.

For an arbitrary choice of deterministic deferral rule for empirical distribution, we state the following
proposition as a proof of insufficiency of deferral labels for obtaining optimal deferral rule over the
true distribution.

Proposition G.2 (Impossibility of generalization of deferral labels). For every deterministic deferral
rule 7 for empirical distributions and based on the two losses 1,2y and 1y, (5y+,, there exist two

probability measures (11 and o on X X Y x M such that the corresponding (7, X) for both
measures is distributed equally. However, the optimal deferral v}, and r,,, for these measures are

not interchangeable, that is L% (h,r7, ) < 5 while Lyl (h, ) = 2fori=1,2andj #i.

Proof. As mentioned in (31), there are four possibilities of a deterministic deferral rule for empirical
distribution based on the events h(X) # Y and M # Y. The reason is that

s ) 0 h@)=y,m#y
a h(z)#y,m#y ’
b hiz)=y,m=y

the parameters ¢ and b can take binary values. One of the cases in which a = b = 0 is analyzed
previously in this section. We study the other cases as follows:

1. a=1,b = 0: In this case we have

{4 Mty

o0.Ww.

If we define a measure w1 such that
1 2

and a measure o such that

1 2
p2(h(X)#£Y, M =Y) = 3 pe(M(X) =Y, M =Y) = 3
then on one hand one can see that 7 is according to Bern(%) in both cases. On the other

hand, because the probability of classifier accuracy is larger than human accuracy in pq and
is smaller than human accuracy in p12, we have r; (z) = 0 while r;_(z) = 1. Therefore,
we conclude that
41 * 1

Léef(rul ) h‘) = gy
and

Lg‘gf(r;wh) =0,
while the losses with interchanging deferral policies are equal to

2

Lﬁéf(r* h) = Lgéf(r* h) = 3

w2 B2

2. a= 0,b = 1: In this case, the deferral rule is as

s_ 0 mFy
11 ow.
Next, if we set two probability measures 11 and po such that
1 2
(M £ Y.R(X) =Y) = 2, (M =Y,h(X) £Y) = 3,
and
1 2
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then 7 is according to Bern(%) in both cases. However, r;, = 1 while r;,, = 0. Further-

more, the expected deferral losses are equal to
1
3 b

while after interchanging the deferral policies we have

Lﬁéf (rh,,h) =

p1?

Lage(rh,»h) =0,

p2?

Lgéf(r;27 h) = Lgé(’l‘;l ) h) =

3. a=1,b = 1: In this case, the deferral rule is as

7 {0 h(ﬂ?):y,m#y

- 1 0.w.

Next, if we set two probability measures 11 and po such that

(M #Y,h(X)=Y) = % p (M =Y, h(X) #Y) = ;
and
pa(M £ Y h(X) = Y) = (M £ Y, h(X) £ ) = pa(M = Y, h(X) = ¥) = 2,

then we can see that 7 has the distribution Bern(%). However, one can find the optimal
deferral policies for the true distributions are r*l =1and r; , = 0. Furthermore, we have

o
H1 * 1
Ldef(vah) = ga
and
" 2
Lg;f(T#27h) = ga
while
M1 * 1 2 * 1
Ldef(Tul’ h) = 3’ Ldef(rm, h) = 3

H Proof of Theorem 3.1

Let X = {z1,...,z,}and Y = {1,...,n}. We first show that obtaining the optimal classifier
is of O(n) complexity, since in this case is equivalent to obtaining the Bayes optimal classifier in
isolation. The reason is that, the unconstrained Bayes optimal classifier is a deterministic classifier
that minimizes

h*(z) € argminE,, . [Car(Y,9,X)|X =z],
]

for all x € X. This is regardless of whether the deferral occurs or not. Therefore, this solution is
further the solution to

h*(z) € argminE,,,. (1= 7(X))lar(Y, 9, X)|X = ]

=argminE,, . [(1=r(X)lar(Y,9,X) +7r(X)lu(Y,M,X)|X =z,
g
for every rejection function r, including the optimal rejection function of the constrained optimization
problem. In the particular case of expert intervention budget, the constraint is further independent of
h and is only a function of r. Therefore, the unconstrained Bayes classifier is an optimal classifier for
the constrained L2D problem with human intervention budget.
Next, we consider a specific case in which E,, [a;(V,1, X)X = =z >

Epy x [€ar(Y,0,X)|X = z] for all z € X, and therefore h(z) = 1 over all input space.
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Further, we assume the data distribution has the property pxya = pxyd(M =Y),ie. M =Y on
all the data. In this case, we know that

B[ (Y, M, X)|X = ;] = E[1ypy|X = 2] =0,
and we define

E[lar(Y,h(X),X)|X = z;] =E[ly.u|X =z;] =¢,.
Now, if we set Pr(X = z;) = p;, and r(z;) = r;, then the optimization problem

[ = argmin LY (h,7),
r(-)e{0,1}*

is equivalent to

n
argmmZpl XOX7r;+px (1—r) %, st Zpin- <b,
TZE{O 1} i=1 .

that is equivalent to

argmaprzn i, S.t. Zpln < b. (32)
r€{0,1} ;3 i—1

Next, we show that the above problem spans all instances of the 0 — 1 knapsack problem, which is
known to be NP-hard (Theorem 15.8 of [58]). Let

argrru:u(chZ7 s.t. Zwm <K, (33)
r:€{0,1} =1 =1

be an instance of the 0 — 1 knapsack problem E] with w;,¢; > 0, ¢ € [n], and K > 0. With
CL/wb 5

b = s~ Di = s and b = Z" &> problem (33) can be written in the form of (32).
Because of Zz:l l = lel pl = 1 this y1elds indeed a valid problem.

I Proof of Theorem 4d.1]

We start this proof by introducing a few useful lemmas:

Lemma L1. The set F = A:X of all functions that map X to an n—dimensional probability is weakly
compact, i.e., for each sequence { f,,}°°_,, there is a sub-sequence { f,,,} and a function f* € F such
that for all measurable embedding functions 1, we have

lim E[(fu,,9)] = E[(f*,9)].

Proof. We know that all components of each element of the function sequence is bounded by 1. We

define {f" }5°_, as the sequence of the ith component of the function sequence. Therefore, using

[42} Theorem A.5.1] we know that there is a sub-sequence { f71n1 }92 , and a non-negative 1-bounded
k

function f;, such that for each p-integrable function ) (z) we have
Tim B, (£, (20 (2)] = B[ (2 ()],

Next, we can repeat the same process for { f , }7°| where i € [2 : n], and we can find a sub-sequence
k

mi of m} and a non-negative 1—bounded function f; "1 for which

hm E,L [fZ Z+1( Jip1(2)] = By [fig @)y (2)].

Now, since all sub-sequences of a converging sequence converges to the same limit, we can use m};
that is the intersection of all sequences and show that

klggo o [f;nk (x)qﬁi(x)] =E, [fi* (x)wi(x)] ’

"Note that in case that w; = 0 the Knapsack problem has a degenerate solution of 7; = 1. Hence, we could
drop that point and without loss of generality assume that w; is non-zero.
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forall ¢ € [1 : n] and integrable functions ;. As a result, due to interchangeability of limit and
summation, when the sum is over a finite set of elements, it is easy to show that

Jim E[(fg )] = Jim E[Y frp (@)i(@)] = 3 Jim E[f7 (2)()]

Next, we need to show that f* € F. We already know that all components of f* is 1-bounded
and non-negative. Therefore, we only need to prove that all elements of f* sum up to 1 almost
everywhere. If not, then assume that there is a non-zero set A where p1(A) > 0 and there exists [ > 0
such that | ), f* —1| > [ forall z € A. We know that there is either a subset B C A with ;1(B) > 0
such that for all z € B we have ) . f(x) > 141, or similarly a subset for which ) . f(z) <1 —1.
The reason is that otherwise a non-zero measure set A is a union of two zero-measure set, which is a
contradiction. Without loss of generality we assume the first, which means >, f*(x) > 1 4 [ for

& € B. Now, if we define ¢)(z) = [1,...,1] for z € B and otherwise ¢(z) = [0, ..., 0], then we
have
Ey[(f*(2),d(2))] > (1 +Du(B),
while
Eu [<fm}j (1‘), QZ}>] =1,
for all £ € N. This is a contradction, because the limit of a constant sequence is not different from
that constant value. Hence, f* sums up to 1 almost everywhere, and that completes the proof.

Proof of Theorem 4.1} We prove the theorem using the following steps: (i) for the class C of
prediction functions for which E[(f(z), ¢;(x))] = §; fori € [1 : m], we show that the supremum of

the objective function E [(f (), 1o (z))] is a maximum, (ii) we show that it is sufficient for a predictor
f € C to be in form of (8) to achieve the maximum objective E[(f(z),10(z))] in C and also for all
predictors with E [( f (), ¢;(2))] < §;, (iii) we show that the space of all possible constraints for any

prediction function in Adx is convex and compact, and (iv) we show that if the tuple of constraints is
an interior point of all possible tuples of constraints, then a point in C achieves its maximum if and
only if it follows the thresholding rule (8) almost everywhere.

e Step (i): Due to the definition of supremum, we know that for each ¢ > 0, there exists a
function f. in C such that E[(fe, 1o (z))] > supsec E [(f,%0(z))] — €. Equivalently, there
is a sequence of functions f,, for which lim,, ., E [(fn, Yo (x)}] =supsec E [(f, ¢0($)>]-
Using weakly-compactness of the function class A;¥ 11 as in Lemma , we know that for
the sequence f,,, there exists a subsequence f,, and a function f* € A7, | such that

klggoEKfnkvmerl(m»] = E[(f* (‘T)a "/}m+1(x)>]'

Furthermore, we know that each subsequence a,,, of a converging sequence a,, has the same
limit as the limit of the mother sequence a,, [S9, Chapter 2, Theorem 1]. Therefore, we have

E[(f*(2), ¥mi1(2))] = ?EIEEW’ Ym+1(2))]

which means that the supremum of the objective is achievable by f*.
Moreover, for ¢;(x) where i € [1 : m], we have E[(f,,1;(z))] = §; for all n, which
concludes

0; = klggoEKfnk’wz‘(x))] =E[(f*(x),¥i(x))].

This means that the equality constraints holds for f*, i.e., f* € C, if it holds for each
predictor f,.

* Step (ii): Assume that there is a predictor f such that E [( f , M)] < 9;. In this step, we show
that if exists a predictor f in form of (8) and in C, then f always has smaller objective than
f- To that end, consider the following expression:

A=E[(f(z) - f(x),v0o(x) - Z kivi())].
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Now, we know that

E[( Z kb @) = ks (B[ (0, 01(2))] — E[(f (@) 03()])
Y k(0 E[(f (@), via))]) 2 0.
where (a) holds because f € C. As aresult, if A > 0, then we could show that
E[(f(z) = f(x), v0(x))] > 0, (34)

and complete the proof.
To that end, first note that both f and f are in A§ , and therefore

(f(x),[1,...,1]) = (f(x),[1,...,1]) = 1.

As a result, for any fixed scalar ¢, we have
m
(f(z) = f(@),v0(z) = D kitpi(x)) = (f(z) — Z kii(z) —c). (35)
i=1
Next, we fix ¢ to be the maximum component of the vector ¥ (z) — > v, kit;(z), i.e.,

c = max {¢(x Z kﬂ/}l

16[1 d]

Now, we rewrite A using (33)) as

A=E[(f(z) = flw), Yolw) = I kiti(x) — )]
i=1

d m
= 3 E[U0) - enwhto) - 3 kwito) - )

Now, we consider two cases for which E? (z) : fi(z) > fi(x ) and Ei(x) : fi(z) < fi(x).
If fi(x) > fi(z), then we have fi(z) > 0, because 1 > fy(x) > 0 foralli € [1 : d.
Therefore, using the definition of S; and because f € S; we have

x) =Y kii(x) = max {yj(x) = Y ki(x)} = (36)
j=1 j=1

E[ld

Consequently, we have

m

A= Z]E[fl ij’(/) ~ )]

=Y E[(fi(a) - Zw O)|EL (@)] Pr (Bi(2)

=

d
+ > E|(fil) - ZW )| By()] Pr (Ej(x))

d
SB[ (filw) - f )= 3 k(o) - B Pr (Eie)

=1 7j=1

where (a) holds due to (36) and (b) holds because f;(z) < fi(x) and i (z) —

PO kjk(z) < ¢ = max;ems1) {¥h, 1 () — >t kjk(x)}. As aresult, we have
A > 0 that concludes (34) and completes the proof of this step.
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Figure 4: If an interior point of A has one corresponding point at M, then so are all interior points of
N

* Step (iii): In this step, we show that the space of joint set of expected inner-products

G = {(BUS @) 1 (@), . Elf (@), bm(@)]) : ] € AT},

is compact under Euclidean metric, and convex.
To show the compactness of that space, assume that there is a sequence {g,}>2 ; such
that lim,, ,., g, = ¢, or accordingly there is a sequence of f, € AdX for which

limy, o0 (E[(fr(2), ¥1(2))], .., E[fn(2), ¥m(z)]) = (g1,...,9m). Since the metric is
Euclidean, this is equivalent to lim,, o, E[(f,(z),%;(x))] = g; forall ¢ € [1 : m]. The
weak compactness of Ajf , as proved in Lemma shows that there exists f* and a sub-
sequence f,, such that limy_,o E[(f, (2),¥i(2))] = E[{(f*,¢i(x))] foralli € [1 : d].
Therefore, because of the choice of Euclidean metric, we have

i (E[(fo (2), 1) El(f (@), 0 (2))])
= (BLS 1@, - ELS Y@

which is equivalent to compactness of G.
To show the convexity of G, it is enough to prove the convexity of AdX . The reason is that
g(f) = (E[{f(z),¢1(z))],...,E[f(x), ¥ (x)]) is a linear functional of f, and a linear
functional images a convex set to another convex set.
To prove the convexity of A, let f, f/ € A:X. This means that f;(z), f/(z) € [0, 1] for all
i€[l:d]and Zf filx) = Zf 1 f’( ) = 1. Consequently, a f;(x) + (1 —a)fl(z) >0,
since a,1 —a > 0. Moreover, Z _iafilz)+ (1 —a)f/(zx) = azl Lfile) + (1 —

a) Zi:l fl(z) =a+1—a=1. As aresult of these two facts, af + (1 —a)f' € A, and
the proof of this step is completed.

* Step (iv): In this step we show that if the tuple of constraints is an interior points of all
possible achievable tuples of constraints using different prediction functions, then a point in
C achieves its supremum in terms of objective E[(f(z),0(x)] if and only if it is in form of
(8) almost everywhere. This is an extension to [21, Theorem 3.1] and its proof resembles to
the proof that is provided there. The sufficiency is already shown in Step (ii). Therefore, we
only need to show that if a prediction function in C maximizes the objective, then it is in
form of (g).

Firstly, using Step (iii)), we know that the space N of all points

(E [(f( ) 1/)1( W, E[f(x),¥m(x)]) and the space M of all points
(E[(f( 1(@)], ... E[f(2),10(z)]) are compact and convex. Now, assume that
v = (51, e 5m) is an interior point of N. Then, the corresponding set in M, i.e.,
B, = {(do,...,9m) € M : §y € R} has a supremum and an infimum of the first compo-
nent that we name §** and 6*. Now, since M is compact, then v** = (§**,d1,...,d,,) and
v* = (6*,61,...,0n) are contained in M. Next, assume the following two cases:
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1. 6** = 6*: In this case for all other points ¥ = (&1, ..,8,,) of A, the corresponding
set B, in ./\/l is a single point. The reason is that, if it is not s0, then we have two points

T = (8 ,01,...,0m)and T* = (3 ,01,...,0m) where & > . Now, since v is
an interior point of N, then on any d1rect10n in a small neighborhood around v there
exists a point v’ within V. Let that direction be opposite the connecting line of v and 7,
i.e., let v be on a connecting line of v’ and 7*. Now, make a convex hull using the three
points v/, 7**, and v*, which are all in M. Because of the convexity of M, the convex
hull is also a subset of M. Since v is an interior point of the convex hull, this means
that a neighborhood of v along any direction is inside M. Now, if we set (m + 1)th
axis to be that direction, we contradict with the fact that 6* = §**. (See Figure {4))

Now, we know that in such case all points within A have one corresponding point
in M. Because of the convexity of M this is equivalent to M being a subset of
a hyperplane with the generating formula xg = >..*, k;z; + ko. Therefore, we

have E[(f,vo)| = E[(f, Y% kiti)] + ko for all f € A;f. Therefore, for d > 2,

if we set f; = (ﬁ,.. % 1—17(1‘),%,...7 0 ,%,...,%) and fo =
- - A -
i J
p(z) p(z) 0 p(z) 1— M Mf 0.11%
L, e TN p(x), 5= , or p(x , , then we
(55 N ’()d —) for p(z) € [0,1]
J
have
E[{f1,%0)] — fl,zkzw E[(f2,%0)] —E[(fa, ) kitb)]
i=1

or equivalently

E[(1 - p kat — (2 +Zktwt =0,

for all function p(z) € A7 . A similar result can be achieved for d = 2 and by setting
f1=(p(x),1 —p(x))and fo = (1 — p(z),p(z)). As aresult, we have

= k(@) = () = Y kel ()
t=1 t=1
foralli # j € [1 : d], and consequently

Z ktwt = maX {% Z ktwt

foralli € [1 : n+ 1]. As aresult, there is a set of ki, ..., k,, such that ¢g(z) —
Z:L ki1;(z) has equal components almost everywhere. As a result, due to the
freedom of choice for 7(vo(x) — Y.°, kiti(x),z) where 7 € Sy and when we
have more than one maximizer component, then, without loss of generality we can
assume that every prediction function f almost everywhere is in form of 7 ()., 11 (z) —
Yimy kihi(z), ).

2. §** > ¢*: In such case, for all y € [§*,5**], we can show that v = (60, ey Om) s
an interior point of M. To show that, we first find m points v1, ..., v}, € N that are
linearly independent and such that their convex hull include (d1, .. ., d,,). Using the
definition of M, for each of these points v, = (&;",...,d.,"), there exists h} € R such
that v/’ = (h},8,",...,d,,") is within M. Now, we add the two points v** and v* to
these sets of points. It is easy to see that v/'s are linearly independent. Furthermore, we
know that (d1, ..., d,,) is a convex combination of vs, i.e., Z a;v; = (51, ceeyOm).
As a result, if ), bjv) —v*™* = (0,...,0), then we have b; = a, fori € [1 : m|.
Furthermore, we have Y a;h, = > b h’ = 0", Similarly, if >, ¢;v) —v* =
(0,...,0) we have ¢; = a; and Zazh = Zczh’ = ¢*. As aresult, since 0* # §** at
least one of these cases would not occur, or equivalently, the dimension of the convex

EES

hull of v, ... v ,v**, v* is of dimension m + 1. As a result, v is an interior point of
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this convex hull, and because the convex hull is (m + 1)-dimensional, it is an interior
point of M.

Now, since v** is a border point in M and due to the convexity of M there is a
hyperplane P such that it passes v** and it lays above all points of M. Since v is
an interior point of M, a neighborhood of v is laid under the hyperplane P, hence
v cannot be laid on the hyperplane. Therefore, if the generating formula of such
hyperplane is " o k;z; = Y., kid; + kod**, since v is not laid on the hyperplane
we assure that Y ;" | k;6; +kobo # e kid; +kod™*, or equivalently ko # 0. Hence,
without loss of generality assume that kg = —1. This shows that for all points in
(uoy - ., uUm) € M we have

o — i kiug <6 — i kids,
i=1 i=1
or equivalently, by the definition of M, for all prediction function f, we have
E[(F(@).vo(x) — 3 kn(@)] <67 — 3 k.
i=1 i=1
Assuming that f € C maximizes the objective, we have
E[(F (), vole) — S kiti(@))] < BL(F) do(a) =S k()] G
i=1 1=1

This shows that almost everywhere when there is a unique maximizing component j
invo(z) — > i~ kiti(x), then f;(x) = 1. The reason is that otherwise and if there

1=

is a set A such that yi(A) > 0 and for € A and a choice of [ € [0,1), € € R, and
all t # j we have ¢ (@) — D1 kil () > e + oL, (@) — D01 kl(2) while

fj <1 —1, then we can make a function f(x) thatis f(z) = f(x) forz € X\ A and
f(z)=10,..., 1 ... 0] forxz € A. Such function leads to

J
E[(f(2),vo(x) = Y kithi(2))] = elu(A) +E[(f(x), do(z) = Y kithi())],
i=1 i=1
that is in contradiction with (37). This completes the proof of this step.

J Proof of Theorem 4.2

In the following, we introduce a few lemmas that are useful in our proofs.
Lemma J.1. For every random variable X on R we have
lim Pr(r < X <t)= 1im+Pr(t <X<7)=0
T—t

Tt

Proof. For each increasing sequence {7;}5°, we show that the first limit is zero, which proves the
claim that the function of 7 has a zero limit.
We define

S’i = [Ti7t)a

and notice that

Further, we note that

i=1
As a result
SfCssc...,
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and

s
i=1

Next, because probability measure is o-additive, we conclude its lower-semicontinuity [38, Theorem
13.6], and therefore we have

lim Pr(X € &) =Pr(X € U2, 85) =1,

i—00

which proves lim; ., Pr(X € §;) = 0.
We could take similar steps to show that since ()=, (¢, 7/) = () for decreasing 7/ we have
0.

lim Pr(X € (¢,7)))
71— 00

O

Lemma J.2. Let ) : X — R? be a bounded function. Further, we define two functions C(k) =

E[(fro(x),¥1(x))], D(k) = E[(f7 1(x),%1(x))], and F(k) = E[(f}; 1 (x),0(x))], where f;; , is
defined in Theorem Then,

1. C(k) is monotonically non-increasing,

2. C(k) is upper semi-continuous,

3. F(k) is monotonically non-decreasing,

4. D(k) is lower semi-continuous, and we have
5. hmk’Tk C(k‘) = hmk’Th D(k)

Proof. 1. Firstly, let us define ¢ (x) = ¢o(z) — k¢1(z). For the setting where p = 0, the
prediction function f; (z) is defined as

1 i=min{ argmin (¢¥1(2))()}
frolx,p) = j€argmax £y () : (38)
otherwise

Further, for k1, ko such that k; < ko, let us define j; and js as the only non-zero index of
fi,0(x,p) and f5 o(x, p), respectively. To show that C'(k) is monotonically non-increasing

we only need to show that (¢1(z))(j1) = (fio@)si(x)) > (fi,0(@), 1(x)) =
(1/}1 (x)) (j2)- Assume that this does not occur, or equivalently (1/11 (ac)) (1) < (¢1 (:c)) (Jo2)-

In such case we have
max by, () < (£, (2)) (G2)
= (lr, (2) = (k2 — k1)1 (2)) (j2)
< (k1 — k2) (Y1 (@) (j2) + max (0r, (2)) (5)

D (hy = ko) (1 () () + (s (2)) (G1)

9 (ky — B (61@)) (1) + (6, (@) (1)

= (lr, (2)) (J2), (39)

where (a) and (b) holds due to the definition of j; and j,, and (¢) holds due to the assumption
(v1(2))(j1) < (¥1(2))(j2). The last inequality is clearly a contradiction, and shows that
(i, 0@)s1(x)) > (fi, 0(®),¥1(z)), and therefore C'(k1) > C(k2).

2. Let us divide the space X into two subsets

Ay = {fc ex: |arg1inax(£k(x))(i)| = d},

By = {x eX: |argrinax(€k(x))(i)| ell:d— 1]}
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For each z € Aj, we know

1= minfargmin (v1(2)) ()}
(fz,()(z))(i){ i (4(0))
0 otherwise

Using previous part, we know that by increasing k we have no increase in (f}; ,(z), ¢1(2)),
and in this case since (f; ;(z),¥1(z)) = min; (11 (x)) (), then this value cannot reduce
with the change of k. Therefore, (f; 5(z), %1 (x)) is a constant function for all &" > k, and
consequently ]EJ[(]”;,7()(x)7 Y1 (z))|z € Ai] Pr(z € Ay) is a constant function for k' > k.

If z € By, then for j ¢ argmax ({(x))(i) and | € argmax ({x(z))(i), we have

(lk(2))(j) < (£x(x))(1). Define the set Cs for d > 0 as

Using Lemma [J.T| we know that
lim Pr(By \ C5) = 0,

or equivalently for all € > 0, there exists  such that
Pr(Bg \ Cs) < €.

Therefore, if without loss of generality, we assume that v; () is bounded by 1, then there
exists 6 > 0 such that we have

E[(fi o(x),v1(2))|z € By \ Cs] Pr(z €By, \ Cs)

(a)
< [l1(2)]loo Pr(z € By \ Cs) < €/2,

where (a) holds due to Holder’s inequality.
If € Cj, and because we assumed |11 (x)||s < 1, then we know that by increasing & to
kK e€lk—4d/2,k+§/2), we have

7 = argmax £ () C argmax i (z) = J. (40)
This means that

(fro(@),v1(z)) = min (¢1(2))(7) < min (1 ()) (5) = (fi50(2), ¥1 ().

JjE

This, together with the previous part in which we showed (f} ,(z),%0(z)) >

(f#r.0(x),bo(z)), concludes that (f; 5(z),vo(x)) = (fi o(z),%0(z)). This means that
E[(f{ o(2), ¢o(x))|z € C5] Pr(x € Cs) is a constant function for all k' > k .
Finally, since we have

C(K') =E[(fir o(2), v1(2))] =E[{f o (@), ¥1(2))|o € Ax] Pr(z € Ay)
+E[(fi o(@),¥1(2))|z € Bi \ Cs] Pr(a € By, \ C)
+E[(fi o(@), ¥1(2)) |z € Cs] Pr(x € Cs),

and because the first term and the third term in RHS are constant in terms of k’ and for
k' > k, and the second term is diminishing, then we have

|C(K") = C(k)| = [E[(fi o (@), ¢1(2)) |z € Bi \ Cs] Pr(z € By, \ Cs)
—E[(fio(x), Y1(x))|z € B \ Cs] Pr(z € By \ Cs)| < ¢/2+¢/2,
which is equivalent to say that limy/, C (k') = C(k).

3. For p = 1, we know that the prediction function f; (z) is obtained as

1 i=min{ argmax (1/10(17))(3')}
flj,l(x) = j€argmax l ()
0 otherwise
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If we define ¢} (x) := —1)o(x), then we have
. 1 i=min{ argmin (¢{(z))(j)}
fia(@) =

j€E€argmax £y (x)
0 otherwise

Since the above is equal to (38), then using the first part of this lemma, we know that
E[(fi (x),¥)(x))] = —E[(f{(2),vo(2))] is monotonically non-increasing, which is
equivalent to F'(k) = E|( fii(x), ¥o(x))] being monotonically non-decreasing.
4. This part is similar to the second part of the proof. In fact, if x € A, then we have

1 i = min{argmax (o(x))(j)}
(2 (@) (i) = { 5 ‘( (@} (1)
0 otherwise

For k' < k and because of the third part of this lemma, we know that (f, ; (z), ¥o(x)) >

(fi1(z),%0(x)). Furthermore, because of @I) we know that (f;,(z),v0(x))
max 1o(), and therefore by reducing &, the prediction function f}; ; (z) stays constant.

As aresult, E[(fy, | (), ¢1(x))|x € Ax] Pr(z € Ay) is a constant function for k" < k.
Furthermore, similar to the second part of this lemma, we can show that for each € > 0,
there exists 0’ > 0 such that for all 0 < ¢ < 4’ we have

E[(fi1(2),¢1(x))|z € By \ Cs] Pr(z €By. \ Cs)

(a)
< [[¥1(2)]loc Pr(z € By \ C5) < €/4, (42)
Moreover, for the case of x € Cj, since in this case J C Z, then we know that

(fi1(2), Yo(@)) = max (vo()) () < max (Yo(2))(j) = (i1 (2): vo(@).  (43)

Next, using the third part of this lemma, we know that for &’ < % we have
(fir1(@),d0(2)) < (fi1(%),%0(x)), which together with (3) concludes that

(fi1(@),v0(x)) = (fir1(x),40(x)). Next, because (vo(z) — k1 (x)) (i) = (to(z) —
ki () (j) for i,j € J, then we know that ‘(ﬁk/(a@))(z) - (Ek/(x))(j)‘ = |k -

k’)((wl( N(3E) — (1/}1( N )) < 2|k — k'|. Therefore, if for 4,5 € J we know that
(¢o(2)) (i) = (vo(z))(j), then the difference between ¢; for those indices is bounded as

[ @) @) ~ (@) )] < 7| @o(@) ()~ (o) G)
(@) () - () )

< 2|k — K. (44)
Now, we know that because = € Cs, then (f;,(2),¢1(2)) = (¥1(x))(@) for i €
argmax (¥o(2)) (4). and (fi7 1 (@), ¥1(2)) = (¥1(2))( )fOIJ € argmaX( 0(2))(j)
Hence, we can see that ¢ € J C 7 and j € Z, and because ( o(2)) (@) =

(fi1 (@), vo(x)) = (fir 1 (x), Po(2)) = (to(2))(j). and due to @) we have

(i1 @)s 01 @) = (s @)1 (@) < 20k = K,
aslong as k' € [k — 0/2, k). Therefore, if we set § = max{d’, e¢/2} we have
[{fr 1 (@), v1(2)) = (i1 (@), e (@))] < /2,

and therefore
B[ 0@, 1@ € Cs]~E[{ff 1), da (@) € G5

< B[40 @) bo(@)) — (fioa @) bo@)]] < /2
(45)
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Finally, we can rewrite D(k’) as

D(K') = E[(fir1(2), ¢o(2))] =E[{fi 1(2), v0(2))]x € Ax] Pr(z € Ay)
+E[(fi 1 (), v0(x))|x € B\ Cs] Pr(z € By \ Cs)
+E[{fi1(2), %o(2)) |z € Cs] Pr(z € Cs),

and because of (@2) and (@3), and since the first term is a constant function in terms of &’
and for all ¥’ € [k — §/2, k], then we have

ID(K') — D(K)| < /4 + /4 +¢/2 = . (46)

This shows that D(k’) is lower semi-continuous around k' = k.
. To prove this part, we first divide X" into two subsets

G — {g; € X : | argmax(fy (2))(i)| = 1}, (47)

and Hy = X \ Gy. We know that for z € Gy we have

Fieale) = fieala) = { 17U S et ()) @8)
This concludes that

E[(firo(x), v1(2)|@ € Gi] =E[{fi 1 (2),1(2))| = € Gy]. (49)
Moreover, let us define the set ‘I/’f/ = {z € X : 3Jc € RV €

argmax £y (2), (¢1(2)) (j) = ¢} . We show that sum of the probabilities of Hy \ %" is
always bounded by 2¢ for a set of choices for k', or equivalently

> Pr(z e Hy \ W) <2, (50)
k'eK
for all finite or countably infinite choice of X C RT. In fact, we know that for each instance
x, argmax ({;(z))(j) can take up to 27 cases of all subsets of {1,...,d}. Therefore, we
JE€[1:d]

need to show that there cannot exist two values of k, k' such that for x € (H E\ \D’f) N
(Hp \ T¥') we have

argmax (i) (j) = argmax (e () (5)- (51

J J

If we prove such identity, then due to pigeonhole principle, we have

d
Z ]la;er,\\p’;" <25 (52)
k€K

which by integration over all values of z concludes in (30). We prove this claim by

contradiction. If we assume k, k' € K such that for 2 € (Hj, \ ¥¥) N (Hy \ ¥¥') the

identity (51) holds, then because z € Hj, N Hy, then the size of argmax (¢ (z))(j) and
J

argmax (£ (z))(4) is at least 2. This concludes that
J

(Yo(@) = kih1(2))(6) = (vo(@) — kib1(2))(5)

as well as
(o(x) — K91 (2)) (i) = (do(x) — K91 (2))(5)

for all choices of ¢, j € argmax ¢, (). As a result, we have

(k= 1) ((¥1(2)) () = 1) () =0,
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and because k' # k, we have
(1 (2)) (@) = ¥1(2)) (),

for all 4, j € argmax £y (z). Therefore, z € \I!’f/ and that is a contradiction.

Now that we know that the sum of the probabilities of Pr(z € Hys \ W¥") is bounded, we
can renormalize that and make a probability measure as

ZkeA,Pr(a:er\‘lﬂf)>o Pr(z € Hy, \ ¥F)
Zk:Pr(mer\\I/’f)>0 PI‘(ZE € Hk \ \Il’f)
Due to Lemma([J.1] for all € > 0 we can find a small enough & > 0 such that g([k — 6, k)) <

€/29%1 and therefore for all k' € [k — §, k) we have

Pr(z € Hy \ UF) < > Pr(z € H, \ %)
telk—6,k),Pr(z€H,\V1)>0]

=g([k — 0,k)) > Pr(z € Hy, \ UY)

k:Pr(z€H,\¥Y)>0

29 = ¢/2,

9(A) = (53)

€
= 9d+1

where the last inequality holds because of (50).

Now, using this and due to (#9), and by defining g;(x) = (f; ;(x), 1o (x)) fori = 1,2, we

can bound the difference of D (k) and C(k) as

|D(k) — C(k)| = ’E[gl(x) — go(2)| @ € Hy] Pr(z € Hy)

< Pr(z € Hp \ 9|z € Hy)[E[g1(2) — go(w)| = € Hyo \ 94|

+Pr(z € Hy N U |z € Hy)

E[g1(2) - go(@)] @ € Hy 1 04|

< 2(e/2) + Bl @) — @) v € B 1 94|
(b)

= €,
where (a) holds because || f; o — fi 1ll1 < [[fioll1 + [1f51]ln = 2 and because of Holder
inequality we have | (£ o(2) — £ 1.91(2))| < 1o — £2all 1 (2)loe < 2. Moreover,

to show that (b) holds we know that for z € ¥* we have (V1(2)) (@) = (v1(2)) ()
for all ¢,j € argmax ¢y (x). Therefore, because we know gg( ) (v ( ))( ) fori €
argmin (V1(2))(5) C argrlnax (6rr(2)) (1) and g1 (z) = (¢Y1(2))(j) for j €

anrgllnax L (2) ) (1)
argmax (¢o(2))(j) C argmax (£ (z)) (1), we have go(z) = g1(z). The above
anrggnax (Zk/(x)) ) !

inequality proves that the limit of C(k’) and D(k’) for k' 1 k are equal and that completes
the proof.

O

To prove this theorem, we take the following steps: (i) We show that the set /C has a non-negative
member, (ii) we show that the prediction function f; | (z) achieves the inequality constraint tightly,
and by Theorem.we can conclude that f} p( x) is the optimal solution.

« step (i): It is easy to see that the Bayes optimal solution of the prediction function in (3]
without any constraint is

1 (¥o(2)) (i) > (vo(z))(j) forall j # i
(f*(2)) (i) = 0 (¢o(x)) (@) < max; (Yo(x)) ()

pi(x) otherwise

https://doi.org/10.52202/079017-0748 23742



where p;(x) € Ay is an arbitrary vector. We can see that by setting

1 j=min{ argmin (¢1(z))(t)}
(@) ) = tcargma (s ,
0 otherwise

then the two prediction functions f*(x) and f§ () are equal (See statement of Theorem

Now, in the first and second part of Lemmanwe have shown that E|[( Tro(@), i (z))] is

upper semi-continuous and monotonically non-increasing. Therefore, for all £ € R we
have

E[{fio(@), ¢1(2))] SE[(f50(@),¥1(2))] = E[(f*(x),91(2))].

Similarly, we can show that for & — oo, the solution is equivalent to the Bayes minimizer of

£ (@) = argminE[(f (2), 1 (2))].

feAy
Therefore, since § is an interior point of all possible values, it lays on the inter-
val (E[(f**(z),¢1(x))], E[(f*(x),%1(x))]), due to the montonicity and upper semi-
continuity of E[(f; 5,1 (x))], we can find ¢ such that

E[(fio(@),v1(2)] <0 SHME[(f (), v1(2))]- (59)

Moreover, this ¢ should be a positive scalar, since otherwise we have

E[(ffo(x),v1(2))] = E[(f50(2),¥1(2))] = E[(f*(z), ¢1(2))] > 6,
which is a contradiction to (54).
* step (ii): In this step, we consider the following two cases:
- C(t) is continuous at ¢: In this case, (34) is equivalent to & = C(t) =
E[(ffo(x),%o(x))], which means that the prediction function fio(z) achieves the
constraint tightly, and therefore using Theorem f,’;o(x) is the optimal solution.

— C(t) is discontinuous at ¢: To show that we can achieve the highest constraint in
this case, we first condition the constraint into two events © € G, and xz € X \ Gy,
where GG}, is defined in @ We know that in the latter case x € X'\ G, the prediction
function f; , can be decomposed into two components

fip(@) = pfia(@) + (1 = p)fio(2), (55)
while for z € G, the prediction function f;; (z) = fi o(z) = f; ; () forall p € [0,1].
Therefore, in both cases (]3_3]) holds, and we have
E[(fip(@),¥1(2))] = E[(pfi1(2) + 1 = p)fi o(x), Y1 (2))]
= PE[(fi1(2), ¥1(2))] + (1 = p)E[(fi (@), ¥1(2))]
=pD(k) + (1 - p)C(k), (56)

where C(-) and D(-) are defined in LemmaJ.2} Using this lemma, we know that D(-)
is lower semi-continuous, and limy+j C'(k) = limy4; D (k). Therefore, together with
(36) and the definition of p in the statement of theorem, we have

E[(,(x), vo(@))] =p lim C(K) + (1 = p)C(k)
Ck)—c .

- lim

C(k) — hmk/Tk C(k/) k'Tk
¢ — limprqp C(K)

C(k) - limk/Tk C(k/)

Equivalently, the prediction function achieves the constraint inequality tightly, and

therefore by Theorem [.1]this is sufficient to be the optimal solution to the constrained
optimization problem.

k)

+ Ck)=c (57)
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K Proof of Theorem 5.1

Through the proof of this theorem, we use [6, Lemma 3.2.3] that implies that the class of multi-
plications of k binary functions f;(z) for i € [1 : k] within a hypothesis class with VC dimension
VC(f;) = d itself has a VC dimension that is bounded as

Hfz fi € Hi, VO(H;) = d}) < 2dklog 3k. (58)

i=1

’;_L/

In fact, we use a simple extension to this lemma for which the VC dimension of the functions is not d
itself but is bounded above by d. In such case we claim that (38) still holds. The starting point for
the proof to this lemma is bounding the size of the restriction II3(S) = |[{h NS : h € H}| for the
hypothesis class H by

em.d
)
where VC(H) = d and m = |S|. However, this inequality holds for the hypothesis classes that have
VC dimensions that are bounded by d. The reason is increasingly monotonicity of RHS of (39). In

I (S) < ( (59)

fact, by obtaining the gradient of (%) % in terms of d we have

d
a(em)!  g(etiosem/a) em . a
= =1 d—1)(—
L - (logem/d —1)(1)",
which is nonnegative as long as m > d. If we particularly set m* = 2dk log 3k, then m* > d and
therefore @I) holds. Next, similar to the proof of [6, Lemma 3.2.3], we can show that for the set S
with size m™ we have

em™\ dk .

My (8) < 1M, () < (=1-)

which means that S cannot be shattered by H’, and therefore the VC dimension of this hypothesis
class must be bounded by m*.

We further use the following lemma:
O

Lemma K.1. For arbitrary sets of functions {¢ (x)}?_, and {¢5(x)}"_, on R and for a given
d € R the hypothesis class

H= {Hsgn(qﬁ(x) — ko () —d) : ke R},

has the VC dimension of at most 4.

Proof. To prove this lemma, we show that the form of the product in the definition of H reduces
to the form of an interval on R, which is known to have VC dimension of 2. In fact, each term
sgn (¢t (z) — kb (x) — d) can be rewritten as

sen (6 (2) — koj () — d) =sgn(LE=L — k)sgn(9(x)) + sen(k — L )sen(— g (2))

+ sgn(6} (z) — d)gi ()—o-

As a result, by multiplying all terms we have

H sgn (¢} (x) — d),
i€Cy
(60)

where A, By, and C,, are defined as A, = {i € [1: n] : ¢4(z) >0}, B, ={i € [1:n] : ¢h(z) <
0},and C, = {i € [1 : n] : ¢4(x) = 0}. Now, we see that the first two terms define an interval

for k € (fi(x), f2(x)) where fi(z) = max;ep, %f?x 4 and fo(z) = minge, %@()) Next,
2

[ [ sen (@i (x) — koi(x) — d) = san(mip S5 — kysan(h — max ©
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we prove that the VC dimension of the hypothesis class of all such functions is less than the VC
dimension of G = {f : R x R — {0,1} : f(z,y) = sgn(z — k1)sgn(ks — y), k1, k2 € R}. The
reason is that if the aforementioned interval can shatter a set S, then we can find the corresponding
values of fi(x) and f(z) for each € S, and then form the pair (z;,y;) where x; = fi(x) and
yi = f2(x), and by setting k1 = ko = k, we can shatter the set {(z;, yl)}‘zil1 with G. Note that
here all pairs are identical. The reason is that if not, i.e., if f;(z) = fi(2’) and fo(z) = fo(2')
for z,2’ € S and z # 12/, then, for all possible k, we have sgn(k — fi(x))sgn(fa2(z) — k) =
sgn(k — f1(2"))sgn(f2(z") — k), and therefore we cannot shatter S by sgn(k — f1(z))sgn(f2(z) — k).
Therefore, the set {(z;,v;)} L‘ill has the same cardinality of S, which in consequence proves that the
VC dimension of all sgn(k — f1(x))sgn(f2(z) — k) is bounded by V C(G). Moreover, VC(G) < 4,
since for each 5 points in two-dimensional space, one is in the convex hull of the others, and in case
that all others are labeled as 1, the one in the convex hull also must be labeled as 1. As a result, G
cannot shatter 5 points, and therefore VC(G) < 4.

Up to now, we have shown that the class of functions equal to the first two terms of (60) has a VC
dimension that is bounded by 4. Next, we show that multiplying a hypothesis class H with a binary
function ¢ () does not increase the VC dimension of that class. More formally, if we define

H={¢(x)f(x) : feH},
then VC(H) < VC(H'). The reason is that if we can shatter a set S using H, then for each member
x € S there exists two members f1, fo of 1’ such that fi(z) = 1 and f2(z) = 0. This means that
@(x) # 0, because otherwise f1(x) = 1 would not be achievable. Therefore, ¢p(x) = 1 forall z € S,
and as a result similarly 7’ can shatter S, which proves that VC'(H) < VC(H').
Finally, since we know that the class of all functions in # is in form of sgn(k — f1(x))sgn(f2(x) — k)
multiplied with a binary function, then we conclude that VC(H) < 4. O

To prove the rest of the theorem, we need to show that for all choices of k and p the difference of the
empirical and the true loss is bounded. In fact, we should find a bound in form of

Pr (sup B [(72), Yo())] B[ o), vola)]| < o) 21—

Here, we divide the class X into two subsets G, and Hy = X \ G, where G}, is defined in 7).
Now, using the definition of f;  (z), we know that within G}, the inner-product (f; (z), ¥1(z))
can be rewritten as

(i p(@), (@) = (1(2) ) (argma (6x(x)) ()

7

<
Il
—
.
S
<

o5 (2)

Now, we can condition x on being a member of G, and therefore the maximum difference between
the two empirical and true expectation is as

Skl.ljf)) ‘]Esn [(flj,p(x)»%(z)) |z € Gk] -E, [(f,f’p(a:),wl(x» |z e Gk} ’

< isktg) ‘Es {(d’l(:ﬂ))(]) : @f(m) |z € Gk} -E, [(%(Sﬂ))(]) . q;?(x) |z € Gk} ’ 61)

Now, we bound the inner term of (61)) in a high probability setting. To that end, we use Rademacher’s
inequality in [66, Theorem 26.5], which shows that maximum difference between the expected value
of a function h € H over empirical distribution and the true distribution is 2R(H) + 4c¢ % where

R(H) is the Rademacher’s complexity of the class of function # and ¢ is maximum value that i can
take. By defining

h(z) = (¢¥1(2)) (5) - @5 (x),
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we have ¢ = || (¢1()) (j) || < 1. Therefore, we have for all h,

sup B [h(a)] — By [h(x)] < 2R(H) + 4] 224/€
heH n

(62)

with probability at least 1 — 5. Now, we can use contraction Lemma [66, Lemma 26.9] to show
that since || (¢1()) (j) oo < 1. then R(H) < R(F), where F = {®¥(z),k € R}. Moreover, F
contains functions that are all multiplication of d — 1 binary functions all in form of

sen( (¥1(2)) () = (¥2(2)) (0) = k[(Yo(@)) () — (vo(@)) ()] ).

Lemma [K.T| shows that the hypothesis class that contains products of all such function has a VC-
dimension that is bounded by 4. As a result, the Rademacher’s complexity of F is bounded using

[47, Corollary 3.8, Corollary3.18] as
R(F) < /410gen/47
n

and therefore together with (62)) for all h € H we have

Egn [h(x)] <2 \/m \/W

with probability at least 1 — <. Hence, using (61]) we have
[<f,:,,,<w>, vi(@)) |2 € Gi] — Eu[(fi (@), 01(2) | € Gu|

Y /410glel/4+4d 1n4ld/e’ 63)

with probability at least 1 — €. In the last inequality, we used Bonferroni’s inequality on €/d bad
events that each summand of is not within the concentration bound.

Next, we consider the region Hy, in which there are at least two maximizer components of ¢ (z). In
this case, by definition of f}, ,,(z), among these maximizers, we choose the first maximizer of 1o (z)
with probability p and the first minimizer of ; () with probability 1 — p. Therefore, by condition
on these cases, and if we define

B(k,p) = [Esn [(fep(@).v1(@) o € Hi] —Eu[(frp(@) ta@)) [e € Hi] |, (©4)
then we have
sup E(k,p) < suppE(k,1)+ (1 —p)E(k,0) < sup E(k,1) + sup E(k,0). (65)
k,p k,p k,p k,p
Now, to bound E(k, 1), we first rewrite the closed-form solution of f}, ; (z) as
(Fra(@)(0) = sgn( (6x(@)) (1) = ma (£ () —d) [Tt [Tust@,  ©6)

7<i Jj>1
where [;;(x) and u;;(x) are defined as

g (@) =1 =T ) (1< (o) ) (0n2)) G 2manes (n()) 1)

and

wi (@) =1 = H(wu))(z‘><(wo<m>)<a‘)ﬂ(zk<w>)( )>max; (¢x(2)) (1)

respectively. Note that the only difference between the definition of u;;(x) and I;; () is that u;;(x)
permits the equality of (1o(z)) (i) with other components, while that is not the case for I;;(z). This
difference lets us find the first component with the largest value of ¢ (x).

Now, we can rewrite sgn((ﬂk( ))(j) > max; ((x(z)) (t)) as the product

sen((64(2)) () = max (@) (6) = d) s= ] sen( (@) 0) = (G()0).

l€[1:d)
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As shown in Lemma the class of such function has VC dimension of at most 4. Further-
more, multiplying a hypothesis class with a function such as sgn((z/zo(a:)) (i) > (¢o(x))(4) ) and

sgn((wo(x)) (1) > (vo(x))(j )) does not increase the VC dimension (See proof of Lemma , and

neither does negation. Therefore, in RHS of (66) we can count d number of functions, each with a
hypothesis class with the VC dimension of at most 4, and therefore using the early discussions in

this proof (38), ( fi,1(x)) (i) is within a function class with the VC dimension of at most 8d log(3d).
Therefore, similar to (63) in previous part, we can bound supy, , E'(k, 1) as

\/Sd log(3d) log(en/(8dlog(3d))

n

+ aqy ) AYE 67)
n

for I > 8dlog(3d) with probability at least 1 — e.
We can similarly, show that sup,, ,, E(k, 0) is bounded as

\/Sdlog(?)d) log(en/((8n + 8) log(3d))

In4
L dgy Al 68)
n

Therefore, using (63), (©4), (63), (67), (63), and the application Bonferonni’s inequality we have
Esn [{fi (@), $o(@))] — By [(fi (), vo(@))]|

8dlog(3d) log grgit—mr In 124
< 6d\/ 1(8 1s(B3d) | 194 DT (69)

= dy(e), (70)
with probability at least 1 — €. Therefore, by assuming Egn [(f,j’p(x), P1(2))] < o — dy(e), we
assure that E,, [( fip ()51 (z))] < a, with probability at least 1 — ¢, and this completes the proof.

L Proof of Theorem

We first introduce three lemmas that are useful in proving this theorem.
Lemma L.1. If § is an e-interior point of the set C = {E,[(f(z),v1(x))] : f € A}, then § is
2

le

(¢/2)-interior point of D = {Egn [(f(z),v1(2))] : f € AJ} with probability 1 — 2e~ 7.

sup E(k,1) <2d

k,p

sup E(k,0) <2d
k,p

sup
k,p

Proof. The proof of this lemma is a direct application of Hoeffding’s inequality. In fact, for ||t [|cc <
C that inequality together with Holder’s inequality imply that

Pr (B [(f(2), 01 (2))] — Bse [(f(@), 61 ()] 2 €/2) < 7567,
Therefore, if there exists f; such that E,, [( f1(z),¢1(z))] = e, then with probability at least 1—e ™~ e
we have Egn [(f1(z),11(2))] € [¢/2,3¢/2]. Similarly, if f> exists such that E,, [(f1(z), 11 (2))] =
—e¢, then with probability 1 — ¢~ 37 we have Esn [(f2(x), ¥1(x))] € [~3€/2,—€/2]. As aresult

of Bonferroni’s inequality, with probability at least 1 — 2¢” 167 both these events happen, and
because of the convexity of the set D we can say that with such probability all values between
ag € [—3¢/2,—€/2] and a1 € [€/2,3¢/2] are in D too. This, of course at least contains the interval
[—€/2,¢/2]. O

Lemma L.2. Assume that we have an approximation - () of 11 (x) with the error bounded as
l1(x) — 1 (x)||oo < € Furtherlet € € R such that € > €. Now, if for o € {—€', €'} there exists
arule f € Ay such that B, [(f(z),¢1(x))] = 6 + o, then there exists k € R as well as p € [0, 1]

such that &, [(fkp(x), 77/;1 (x)}] =0+ %
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Proof. Firstly, because of Holder’s inequality we know that

B, [(f @), (@)] ~Eu[(f(@), b1 @) | < ellfip@)ls =€,
forall f € Aé‘ . Therefore, by setting o = ¢’ and ¢ = —¢’, we can show that for f; € Af such that

By [(fi(2), ¥1()))] =6 + ¢,

then
B [(fi(@),d1(x))] > 6+ —¢,

and where for fo € Ay

Ey[(f2(2), ¥1(2)))] =6 — ¢,

then

E [(fg(x) 1[)1(90)>] <§—€ +e.
Now, because of step (iii) of the proof of Theorem .1} we know that the set of constraints for
all rules within A7} is convex. Therefore, since we can achieve two points fi, f> such that the
constraint E, [(f;(z), e ))] can achieve two points above § + ¢ — € and below § — €’ + €, then
foreach c € [0 — € + €,6 + € — €] there exists f € A;} such that E, [(f(x),z/?l (z))] = c. Now,
letc=9+ 6/2—_6 In the following, we show that there exists & € R and p € [0, 1] such that further

E, [<fk,p(l’)7 A (x)] =c

To that end, we first remind that Lemma shows that £ [( fk o ] is monotomcally non-
increasing in terms of k. We show that for k¥ € R~ we have max 7,/11( ) - ( o), (z) < -2

The reason is that if j € argmax (1o (2) — kb1 (2)) (1) and j' € argmax( 1(z)) (1), then we have
!

(o(x) — kb (2)) (5) > (Polx) — ki () (57),

which concludes that

—k[(1(2))(5) — ($1(2)) ()] = (o(2))(G") = (Po(2)) (G) > —2.

Therefore, since

E, [(argmax i (2), 01 (2))] = max E,[(f(x), 1 (@)] 2 5 +¢ — ¢,

reay
where the last inequality holds due to the existence of f, then for kK < —8/(¢’ — €) we have
2 e —e

E.[(fuo(@),v1(2))] >0+€ —e— YT >6+3

Similarly, if we let k > 8/(¢’ — €) we can prove that

"—€

E, [(fro(@),d1(2))] <6 —¢ +et20<6-3°

As aresult, thesetC = {k: E, [<fk,0($), U (z))] > c} is non-empty and bounded below by ——*

if E,[(fr,00(x),91(x))] is continuous at & = &, then we can show that E [(fk o(@), 91 (2))] = c.
If not, then as shown in step (ii) of the proof of Theorem 4.1} and in partlcular in (57). there exists p
such that E [(fk (@), ne: ))] = c. This completes the proof. O

Lemma L.3. If [0 — Yol < 00 and ||ty — Y1 oo < 01, and for k € [—K, K], and k' <
k— wﬂ)rT € R, then we have

E[(fr00(x) = firo(2), 1 (2))] <T.
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Proof. The proof of this lemma bears similarity to that of Lemma Here too, we define /;, (x) =
Yo(x) — k1 (x). Next, we have

1 4= min{ argmin U1 (2)}
fk:,O(x) = iGarggnax (ﬁk(x))(l) . (71)
0 otherwise

Next, we need to show that (1/)1(1’))(]1) = <Tk/’0(l‘),’l/J1($)> <fk0()({L‘) ¢0($)> - T =
(¢o(z))(j2) — T. Assume otherwise, meaning that (¢1(2))(j1) < (¥1(2))(j2) — T. In this
case, we have

max /j,(z) @ (Ak(f))(jz)
= (bw (2))(42) — (k = k') (¢ (2) ) (1&0 T/Jo )( 2) = k(th1(2) = 1) (52)

(b (2)) (G2) = (k = &) (1(2)) (j2) + (d0 + K1)

< (e () (j2) — (k= k") (1 (2)) (1) — (k = K")T + (0 + K1)
(1(2))
(Y1(2)) (4

—~
S
=

(j1) = (k = k)T + (60 + K1)
0o + Ko1
T
= (e (2)) (1) = (k = K") (11 (2)) (51) = (60 + K1)

T + (00 + K1)

)
) (1) = (60 + K61) — (do(z) — vo(2)) (1) + k(P (x) — ¥ (2)) (51)
(f)

< (Ck(2)) (1) — (60 + Kb1) + (80 + K1) = (L(2)) (j1),

which is a contradiction. Note that (a) holds because of definition of j and (7I), (b) holds due
to approximation assumptions |90 — ¥o|lcc < do and [[t)1 — ¥1]lee < I1, (¢) holds because
of the assumption (v1(2))(j1) < (¥1(2))(j2) — T, (d) is followed by the definition of j; on

maximizing ¢4 (), and (e) holds because k > k' + M ,and (f) is followed by approximation
assumptions. O

We first formally express Theorem 5.3]as following:

Theorem L.4. Assume that (0 — €,0 + €,) is a subset of of all achievable constraints
E[(f(z),¢1(2))], and that ||v;(z)|| < 1 for i = 1,2. Further, let the size n of validation

data be large enough such that d,(6/3) < G. Now, if the optimal predictor f;; \(x) is (v, A)-

1/~
(dex{dn(6/3 51}+y/2vC(50+K61 )
and v < 1, then for

n > 16 log 5, and with probability at least 1 — 6, the opnmal empirical classifier; as of Algorlthml

has an objective that is at most Dy-far from the true optimal objective where Dy, is defined as

sensitive around optimal k* for A >

B[(Ji. e (0),bo(a)] — E[(f (o), (o)) <22t by g [2H00 K00

where K is an upper-bound to the absolute value of k*.

In order to prove this theorem, we first define a measure of distance between two rules f1, fo € A]ff
as

Dy (f1, f2) =E[{fi(z) — fa(z),vo(z) — k1 (2))]. (73)
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Using this measure of distance, the difference of objectives between two rules f; and f> can be
written as

ERfl(f)ﬂ/Jo(x»] —E[<f2(x)»1/10($)>} :Dk*(flan)
+ & (E[(r(@). 1 @))] - E[(f2(e),wr(@))]). (4)

Therefore, if two rules achieve similar constraints, and if Dy (f1, f2) is small enough, we can prove
that the two rules achieve similar objectives too, since k is bounded above by K.

In fact, if we let f1(z) = f; ,(z) and fa(z) = fk 5> Where k and p are optimal solutions as in

Theorem then due to this optimality, and because E fk P (z))] < 6 with probability at least
1 — € as shown in Theorem 5.1} then LHS of is positive with at least the same probability. In this
proof, we show that how large is that term, and therefore, we show that how sub-optimal is ffc,ﬁ in
terms of the objective.

To that end, we first bound the difference between constraints. This bound can be achieved
similar to the proof of Theorem @ In fact, there we showed that if the empirical con-
straint Egn [(f,;,ﬁ,wl(a:)ﬂ < § — dp(m), then using the true expectation is bounded as
EM[<fA];7ﬁ,’(/)1(Z‘)>} < ¢ with probability at least 1 — 7. However, (69) is symmetric in empir-
ical and true constraint, i.e., if we show that Egn [(fl;’ﬁ,z/zl(m)ﬂ > § — d,(m), then we have
E,.[(fi. 5 ¢1(x))] > 6 — 2d,(w) with probability at least 1 — 7.

To show Egn [(f,;,@ Y1(z))] > 6 — d,, (), we follow three steps, (i) because § is (e, €, )-interior
point of the set of constraints, i.e., (§ — €,0 + €,) is a subset of all plausible constraints, then
§ — dp(m) is (e — dp(m), €, + dy(m))-interior point. Now, using Lemma and by setting
¢ = min{e; — d,(7), €, + d, ()} we can show that § — d, () is €’ /2-interior point of the empirical
constraints with probability at least 1 —2e~ #, (ii) using the first step and assuming d,, () < €;/2 we

conclude that § —d,, () is d,, (7) /2-interior point of the empirical constraints with the aforementioned
probability, (iii) because of Lemma we conclude that for e = d,,(7) /2, and with probability at

least 1 — 2¢~ ™5 there exists k € R and p € [0, 1] such that Egn [(fhp(a:), U (x))] =0 —dn(m) +
% = 0 — d,, (7). As a result of the above discussion we conclude that with probability at

least 1 — 7 — 2e~ "5 there exists k and p such that § > E[(frp(2), ¢1(x))] > & — 2d,, (7). Now,
since we know that E[(f1(z),¢1(z))] = E [(f,’;p(x), ¥1(x))] = 0, then we have

0 < E[{f1(2), ¢1(2))] — E[(fa2(2),91(2))] < 2di(), (75)

2

ne

with probability at least 1 — 7 — 2e™ "1 .
The above discussion together with (74) and the assumption of boundedness of k shows that the
difference of objectives is bounded with a high probability, if we bound Dy ( f1, f2). However, before

we proceed with bounding that term, we should derive a relationship between k and £* for the reasons
that we see in proving boundedness of Dy (f1, f2).

We have already shown that there exists p € [0, 1] such that 6 > E[(fk 5 V1 (z))] = 0 — 2dy().
Here, Lemmashows that for k' = k — 2(5%}{61) we have E[(fy o, 11(x))] > 6 —2dy(m) = T

!

with probability at least 1 — = — 2e~ “7. Moreover, using symmetry in Lemma and for
k' =k+ w we haveE[(f,j,,p(x) ffk(x),d}l(x»] < T'. Now, since ||1)1 (z) fz/zl(x)Hoo <
do. using Holder’s inequality we conclude that E[(f} o(z) — fi(z),¥1(2))] < T + 201, and
consequently E[(f; o(x), ¥1(2))] <5 +T + 25

Now that we have found a lower-bound on constraint of the rule f;_ q(x) for g = , then

if we find an upper bound on the constraint of the rule f;.,  (z) for an e € RT, then we can use
monotonicity of the constraint of f; in terms of k and prove a relationship between £ and £*. To that
end, we use detection assumption with which we can show that

ERfkwé(zdn(wHT)l/w’wl(x»] 0= 2de(m) =T,

2(80+K61)
T
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v . . . .
where we assume that d,, (7) < W Now, using previous discussions conclude that

E[<f;* 77/}1( )>] SEKf]:/’(),'l/Jl(‘T)ﬂ,
with probability at least 1 — 7 — 2e™ “5° This together with the first part of Lemma shows
that k' < k* + L (2d, () + T)'/7, or equivalently k < k* + 20tK0) 4 d(9q, (1) 4 7)1/

7L6/2 .
with probability at least 1 — m — 2¢~ "4 . Since we know that y is clamped above by 1, and
using the inequality (1 + 2)* < 1 + ax for a > 1 we can substitute the above inequality with

+ 35 (2dn (m) T/

1/
E < k*+ 2(50?&51) + (2‘1"(2)) (1+ (zdn{w))l/w)' Now optimizing over T leads in T' =

2vC(d9 + K1), which concludes that & < k* + A,k with the aforementioned probability, where

1/
Ayk = (2d"(g)) +2 2(6O,Y+CK61), if we have d,, () < @2y -y 230(60“(61)

Similarly, using sensitivity assumption, we have

E[<fk*+%(261+T)1/,Y(I)7d)l(x»] > 1) + 2(51 —+ 717

(26:4+T)/ "
C

where < A. Next, using previous discussions conclude that

ELU 1 gy (101 @0] 2 E[(fir (), 1 (),
with the aforementioned probability. This, again, together with the first part of Lemma [J.2] shows that
k' > k*—%(%l—i—T)l/V, or equivalently & > k*—i(251+T)1/”f M Therefore, by setting
T = /2vC(6o + K1) we conclude that k& > k* — Ajk where Ak = 251) 140 %,
and assuming (261+\/m) - <A.
Next, we turn into boundlng Dy~ (f1, f2). To that end, we first note that
to (k) := (fii- (@), Yo(@) = K1 (2)) = maux (o (2) — K41 (2)) (0), (76)
for all p € [0, 1]. This is followed by the definition of f;’. ,(-). Similarly, we can show that
fz(ff) = <f;;,p(37)>1/30($) - k%l(?«”» = max (1/30(1‘) — ki (fﬂ))(i)»
for all p € [0, 1]. Now, we can rewrite Dy~ (f1, f2) as
Dy (f1, f2) = E[{fin p(2) f;;ﬁ( ), %o — k1 (x))]
= Elto (k")] — E[(f; (), 0 — k41 ()]
Elt, (k)] = E[(f; 5(2), %—k U (x))]
—E[(fi (@), (Wo(@) = do()) -
 Blt (k)] — B[y (@), d0 — K (@)] + 50 + Ky
= E[t. (ki )] Eliz (k)] + (k" = K)E[(f; 5 (x), do())] + 60 + Kb
b

< Elto (k)] — E[fo (k)] + [k* — & + 6o + K61, (77)
where (a) and (b) hold due to Holder’s inequality.
Next, we show Lipschitzness of ¢(k) using its structure. In fact, due to its definition, ¢(k) is
the maximum of a set of lines with {t; = (vo(2)) (i) — k(¥1(2))(i)}7;" in terms of k with

slope m; = —(¢1(x)) (i) and y-intercept of b; = (vg(x))(i). Therefore, such piecewise-linear
function has a Lipschitz factor equal to the maximum slope of the lines, which in here is equal to

max; m; = max; ’(1/11 (z)) (z)‘ < 1. Therefore, ¢(k) is a 1-Lipschitz function. Therefore, using (77)
we can bound Dy« (f1, f2) as
Dy-(f1, f2) < Eltu(k) — £ (k)] + 2|k — k[ + 60 + K6

= E[max ($o(x) — ke () (4) — max (tho(x) — kb1 (x)) (3) + 2|k* — k| + 8o + K&

k(1 (x) — (@)

(a) .
< 2|k — k[ 4 2(do + Kd1),
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where (a) holds because each component of (1o (z) — I%zbl(x)) and (1/30(:10) - I%qﬁl(x)) is bounded
by &g + K d1, and because the maximum operator is a norm, and therefore satisfies sub-additivity.

Finally, since we have bounded A < k* — k < A; with probability at least 1 — 7 — 2e—n<”?/ 4. then
we have

Dk(f17 fz) < 2maX{A, Al} + 2(50 + K(Sl)

(2max{d, (x),8,})"” 250 + K61)
=2 Ny e e VA
C ~C
with such probability. This, together with and (73)) shows that

max{d,(m), 01 Al
E[(f1(z), o())] — E[(fa(x), Yo(z))] 2 {dé) "

2(50 + K51) + 2Kdn(7r),

2(00 + K1),

2(00 + K1)
~C

which completes the proof.

M Proof of Theorem

To prove this theorem, we first prove the following auxiliary lemma
Lemma M.1. For a, e > 0, the following holds

n

min E rid; — min E rid; < e- max |d;]
ri 20,30 rila = ri>0,5°0 m<a+6

i€[1:n]

Proof of lemma. We know that for every positive vector r w1th Yo, ri < a+ € we could rewrite
that as a sum of two vectors r = r’ + r’ for which

n

’
E r; < a,
i=1

and

n

1
E r; <€
i=1
. . n
As a result, we can rewrite min,,; >0 s°r | r,<ate 2i—1 Tidi a8
n
min E rid; > min min E (ri+7r)-d;
7‘Z>OE_17Z<a+e ri>0,5 0 ri<ar]>0,37"  ri’<e

i=1"1 — i=1
n
. / . 1
= min rid; + min E i d;.
ri=0,3°7  ri<a 20,35 i <e i
i 175 =17y SeT
Hence, we have that

n n
min g rid; — min rid; > — min E r;'d,;|
ri 20,30 ri<ate” . ri>0,>"0  rila r’>0,530 i <e ]
1= i - 1=
@ &,
>—Er-max|d|>—6 max|d|
i€[1:n] i€l
=
where (a) holds using Holder’s inequality. O

Next, we know that the optimal deterministic deferral policy should satisfy

min - r\T; EH(xu Yi, mz) 1- T(xz) : EAI(:Cia yi)
7‘(1‘1')6{0,1},%2 7(IL)<bn Z ( )

1
= Z@u(xuyi)

)<b%z eH xwyl)ml) _EAI('r“yl))

n

é 14 1y J1 i - 7 14 iy Y1y 11l —L ir9i) )
Z artee i) r(xi)e{o,l},%?ilr(m)gumjn;T<x)( (s ms) = Ear(ai )

r(z;)€{0, 1}, =y

B
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where (a) holds because r(z;) € {0, 1} and therefore Y r(z;) < bn if and only if > r(z;) < [bn].
Now, we turn to examining B. To that end, we first consider the following optimization problem:

n

1

min —
r(zi)€[0,1],> 7, r(z;)<[bn] N =

(i) (Cr (i, yis mi) — Car (i, yi)). (78)
1

For a minimizer r* of the above problem, we could form 1 as

. _{ ri(xi) Lr (T, yi,mi) —Lar(zi,y) <0
0 Crr(xi, yi,mg) — Lar(xi, ys) >0

r, =

One can see that () is also a minimizer of the above problem. Hence, without loss of generality, we
assume that there is an optimal deferral policy that has only non-zero value when (x,y,m) € A =
{(x,y,m) € D :}. Furthermore, we know that since 7(z;) < 1, then ), #(z;) < min{|nb], |A[}.
We argue that this inequality does not hold in a strict form, i.e., we have ) _, 7#(x;) = min{|nb], |A|}.
The reason is that otherwise one can find 7' (x) € [0, 1] such that D (i i mi) €A Fla) + 1 (2) =
min{nb, |A|} and because of negativity of £x (x;, y;, m;) — Lar(x;, y;), we can strictly reduce the
objective function that is a contradiction.

Next, we order (g (x;, yi, m;) — £ar(z;,y;) increasingly and we name them d;. In fact, we define
kj such that d; = £ (2x;, Yx;, mr;) — Lar(Tr;, yr,) and that dy < dy ... < dja) < 0. For the sake
of simplicity, we further define r; := r(xy, ). As a result, the optimization problem in (78)) can be
rewritten as

n

min T’zdl
r;€[0,1], 3272, ri=min{|nb],[A[} Z

i=1
Here, we show that the optimizer of the above problem is r; = 1;<min{|nb|,|4]}- To show that, we
consider r} € [0,1] such that .7, r/ = min{|nb],|A|}. Then, we have

1=1"1

Z Li<min{|nb],|A1}di — Z rid; = Z (Li<min{|nb),|A]} — 1) - di
=1 1=1

i Lj<min{[nb],|A|} —7; <0

+ Z (Li<min{|nb), |4} — 77) - di- (79)

i Li<min{|nb],|A|} —7T5>0

Now, since we know that ) 1;<min{|nb],|A|} = D_; T%» We can define a parameter () as

Q= Z Li<min{(nb), |41} — T = Z 7i = Licmin{|nb],|Al}-
@ Li<min{|nb],|a} —T{>0 i 1y <min{ [nb),| A} — 75 <O
(80)
. L —r! . .
Next, by defining p; := %W for is in which 1;<min{np), (4} — 7% > 0 and ¢; :=

w for is in which 1;<pin{|ns),1a]} — 77 < 0 and 0 otherwise, we conclude that {p; };
and {¢; }; are probability mass functions. Hence, using and (80), we have

min{|nb|,|Al} n

Z L <min{|nb), |4} di — ngdi =Q( Z pid; — Z ¢id;).-
=1 =1

i=1 i=min{|[nb],|A|}+1

The above identity contains the difference of two expected value over random variables that one is
always smaller than the other. As a result, we show that

Z]ligmin{[nbj,\fﬂ}di - dei <0,
=1 =1

which completes the proof.
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perimental results of the paper to the extent that it affects the main claims and/or conclusions
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Answer: Yes
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the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: Yes
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: Yes
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: NA

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: NA
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