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Abstract

Multi-block minimax bilevel optimization has been studied recently due to its great
potential in multi-task learning, robust machine learning, and few-shot learning.
However, due to the complex three-level optimization structure, existing algorithms
often suffer from issues such as high computing costs due to the second-order
model derivatives or high memory consumption in storing all blocks’ parameters.
In this paper, we tackle these challenges by proposing two novel fully first-order
algorithms named FOSL and MemCS. FOSL features a fully single-loop structure
by updating all three variables simultaneously, and MemCS is a memory-efficient
double-loop algorithm with cold-start initialization. We provide a comprehensive
convergence analysis for both algorithms under full and partial block participation,
and show that their sample complexities match or outperform those of the same
type of methods in standard bilevel optimization. We evaluate our methods in two
applications: the recently proposed multi-task deep AUC maximization and a novel
rank-based robust meta-learning. Our methods consistently improve over existing
methods with better performance over various datasets.

1 Introduction

In this paper, we study a general multi-block minimax bilevel optimization problem given by

min max F(z,y,z") := %Zfi(x,y,zf(x)) = %ZES [fl (m,y,zf(m);&)}
i=1 i=1

rERd yeR‘iy

s.t. 2 (z) = argmin g;(z, 2) = E¢ [g5(2, 25 ()] (1)
zER%=

where the upper- and lower-level function f; and g; for block 7 take the expectation form w.r.t. the
random variables &, ¢, and are jointly continuously differentiable, z* = (zik (), eeny z;(m)) € Rd=xn
contains all lower-level optimal solutions, and n is the number of blocks. The above problem has
various applications in machine learning, including deep AUC maximization [24, 23], meta-learning
[L6L 3], hyperparameter optimization [17]], and robust learning [[17]. This paper focuses on the setting
with a nonconvex-strongly-concave minimax upper-level problem and a strongly-convex lower-level
problem.

To date, barring a few works on optimizing special cases of this problem [[17, 24], the solution
algorithm to its general form has not been well studied. The primary obstacle lies in the significant
computational cost per iteration, arising from the inherent structure of multi-block minimax bilevel
optimization. To address this challenge, [17]] considered a special case where y is the simplex variable,
and introduced a single-loop gradient descent-ascent algorithm, based on the two-timescale bilevel
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framework in [22]. [24] proposed a single-loop matrix-vector-based algorithm for a special case of
our problem, where each upper-level function f; is evaluated only at the i, coordinate of y. However,
these methods require computing the expensive second-order derivatives (i.e., the Hessian matrix or
Hessian-vector product) per iteration, and the more efficient first-order approaches have not been
explored yet. In this paper, we propose two efficient first-order minimax bilevel algorithms and
further apply them to two novel ML applications. Our contributions are summarized as follows.

* By converting the original minimax bilevel problem into a simple minimax problem, we first
propose a fully first-order single-loop algorithm named FOSL, which is easy to implement by
updating z, y and z simultaneously, and is computationally efficient without the calculation
of any second-order Hessian or Jacobian matrices. We provide a convergence analysis for
FOSL under a practical block sampling without replacement setting and show that its sample
complexity matches the best-known result of the same type of methods in standard bilevel
optimization. Technically, we characterize the gap between the reformulated and original
problems and need to deal with the interplay among four variables in the error analysis.

* In the settings where the number of blocks is substantial (e.g., in few-shot meta-learning),
it becomes impractical to store all block-specific parameters to perform the single-loop
optimization. To this end, we also propose a memory-efficient method named MemCS via a
cold-start initialization, which randomly initializes a new weight for each sampled block,
without saving it for the next iteration. We then analyze the convergence of MemCS under
the partial-block and full-block participation, and show that it can achieve a better sample
complexity than the same type of methods in standard bilevel optimization.

* We further apply our approaches to two ML applications: deep AUC maximization and
robust meta-learning. The first application pertains to the established field of AUC Maxi-
mization, while the second explores a novel application known as Rank-based Robust Meta-
Learning. We show the effectiveness of our methods over a variety of datasets including
CIFAR100, CelebA, CheXpert, OGBG-MolPCBA, Mini-ImageNet and Tiered-ImageNet.

2 Related Work

(Minimax) bilevel optimization. Bilevel optimization, introduced in [2], has been extensively
studied, with constraint-based methods [[13}120L 50} 51] and gradient-based methods [1, 145, |14} 49}(57]]
emerging as two predominant types of approaches. The constraint-based methods (e.g., [34} 38, 30,
35, 154]) reformulated the lower-level problem as a value-function-based constraint, and solved it via
different constrained optimization algorithms. More recently, [16} 23] studied the minimax bilevel
optimization problem and proposed single-loop algorithms with applications to robust machine
learning and deep AUC maximization. In this paper, we propose two efficient, fully first-order
algorithms with solid performance guarantees. In recent years, there has been a growing interest
in gradient-based methods due to their efficiency in solving machine-learning problems. Within
this category, Iterative Differentiation (ITD) based methods [6} [7, (14} 39} 49, 27]] and Approximate
Implicit Differentiation (AID) based methods [1, 15, 133} 450141} |14} 27, 22]] are two important classes
distinguished by their approaches to approximating hypergradients.

Deep AUC maximization (DAM). DAM methods are aimed to mitigate the impact of imbalanced
data in binary classification by directly maximizing the area under the ROC curve (AUC), a perfor-
mance metric less affected by imbalanced data. As the AUC is difficult to optimize directly, research
on DAM primarily focuses on devising effective optimization methods for its continuous surrogates
[21L 14} 146l 18]. [37]] proposed to reformulate the deep AUC maximization problem as a minimax
optimization problem, providing the foundation for stochastic DAM algorithms developed in recent
years [59} 160} [18] 24]]. Among them, the most relevant work [24] formulated the DAM problem
as a multi-block minimax optimization problem. In this work, we will use this form of DAM to
demonstrate the effectiveness of our algorithm. A more comprehensive overview of DAM methods
can be found in the survey [56].

Robust meta-learning. Meta-learning provides effective solutions to multi-task learning in few-shot
learning settings. In meta-learning, one trains a meta-model that can be quickly turned into a model
that adapts to new tasks with only a few updates. Meta-learning algorithms in real-world applications
must be robust to handle corrupted or low-quality data such as outliers. The majority of robust meta-
learning methods encompass filtering [55]], re-weighting [48] 28| 31,136], and re-labeling[43} 152, |61]]
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on the sample level. Moreover, some other works focus on improving task-level robustness [28, 58]
In this work, we show that robust meta-learning can be formulated as a minimax bilevel optimization
problem and solved with the proposed algorithm.

3 Algorithms

3.1 Reformulation as a Minimax Problem

Motivated by [34} 138} 30] in single-machine bilevel optimization, we reformulate the lower-level
problem as a value-function-based constraint and aim to solve the following equivalent problem:

. 1 .
min max — S filwy,z) stogilw,z) - gilw,27) <0, @)
voia

where z} := arg min, g;(x, z). Inspired by [30], we form a Lagrangian £; with Lagrangian multiplier
A > 0 to approximate the original problem for each block i in eq. (2)), as

[’i('r)y7z’iavi) = fi(xay7zi) + A(gL(a?V?;’L) - gi(a:yvi))a

where v; is used to approximate the lower-level solution z; (x) of the i, block. Then, we turn to
solve the following surrogate minimax problem:

1 n
minmax L(z,y,2,V) := — E Li(x,y,ze;,ve;), 3)
n
i=1

r,z Y,V
where z = (21,...,2,) € R=*" v = (vq,...,v,) € R%*" and the standard basis vector e;
has only one non-zero element of 1 at the iy, coordinate. We show later in Section @] that the
gap between the gradients VF(z,y*(z),2z"(z)) and VL(z,y"(z),zx(z),2z"(z)) of the original and
surrogate problems can be effectively bounded by O(1/)\), where y* () denotes the maximize of
outer-objective F'(z, -, z"(x)) and each vector z3 ,(z) in z} (z) := (23 ; (%), ..., 2} ,, (7)) denotes the
minimizer of the Lagrangian function £;(z,y" (), -, v) (where z} ;(z) has not reliance on v). This

validates the effectiveness of the Lagrangian approximation for A sufficiently large. Next, we propose
two efficient algorithms, namely FOSL and MemCS, to solve the surrogate problem in eq. (3).

3.2 FOSL: Fully First-Order Single-Loop Method

As shown in Algorithm we first sample a subset I; C S := {1, ..., n} of blocks without replacement.
Noting that z; and v; are both block-specific variables, we then apply a stochastic ascent and descent
step to update v; and z; for all block ¢ € I as

Vig1 = Vit + o (= Vagi(ze, 05456, ;)

Zit+1l = Zit — nzvzﬁi (l"t,yt, Zity Ui,t;fi,i)»
where the gradient of £; w.r.t. z has no dependence on v. Since the solutions w.r.t. variables x and y

depend on all blocks, we use the average of stochastic gradient estimators from the selected blocks in
I; to update y and x as

1

Yt+1 = Yt + ﬂym Z Vyfi(xtv Yty Vi t; fgt“)
i€l
1
Tip1] = Tt — Uxm Z Vi Li(wt, Yt Zi,ty Vits ffm)
icl;

Note that our algorithm takes a simpler fully single-loop structure via updating {v; ¢, z;  }ic1, , Tt
and y; simultaneously at each iteration. Hence, it can also benefit from the hardware parallelism. In
addition, different from the methods in [[17, 24] that need to compute the higher order Hessian- or
Jacobian-vector products, our method only uses the first-order gradients.

3.3 MemCS: Memory-Efficient Cold-Start Method

Note that in the single-loop optimization of Algorithm [T} all block-specific parameters v; ; and z; ; of
blocks in I; need to be stored for the updates at iteration ¢ + 1. However, in some ML applications,
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Algorithm 1 Fully First-Order Single-Loop Method (FOSL)

1: Imput: initialization {x0,y0,20,v0 }, number of iteration rounds 7', learning rates {7z, 7y, 1>, v }
2: fort=0,1,2,...,T do

3:  Sample blocks I; C S

4 for: € I; do

5 Viyt41 = Vit — Do Vagi(Te, vi; € 5)

6: Zit+1 = 2zit — N2V Li(xe, ye, Zi,t:'Ui,t;gz,i)
7:  end for
8

9

10:

1 et
Yer1 = Yo + My g Zielt Vo fil@e, ye, vie; €y,)
Ter1 = Tt — Moy Lser, Vali(Te, Y, Zie, Vit €i)
end for

Algorithm 2 Memory-Efficient Cold-Start (MemCS)

1: Input: initialization {xo,yo }, number of iteration rounds 7', learning rates {1z, 1y, 7=, v }
2: fort=0,1,2,....,7T — 1do

3:  Sample blocks I; C S

4: fori e I do

5 Random initializations vg . zgt

6: fork=0,1,2,.... K —1do

7: of Tt = of, = 0o V.gi(ze,0f,)

8: Zﬁrl = Zlk,t - nzvzﬁi(‘zh Yt, Z’ﬁt’ Uf,t)
9: end for

10:  end for

L e = Yo+ 0y 1 Zaer, Vi@ ye, vil)
12: 441 = x4 — nzﬁ Zielt VeLi(ze, ye, Zi{{ty Uf{t)
13: end for

such as few-shot meta-learning, the number of blocks/tasks is often large, and hence Algorithm [I]
can suffer from significant memory consumption. To address this challenge, we propose a memory-
efficient method named MemCS in Algorithm [2] Differently from the single-loop updates in FOSL,
MemCS contains a sub-loop of K steps of gradient descenﬁﬁ in updating the block-specific variables
Uﬁt and zft for k =0, ..., K — 1 with random initialization vgt and z{,. After obtaining the outputs
vfft, Zth of this sub-loop, the remaining step is to update y; and x; via gradient ascent and descent
similarly as in FOSL.

4 Main Results

4.1 Assumptions

Definition 4.1. A mapping f is L-Lipschitz continuous if || f(x1) — f(z2)|| < L|/z1 — 22]|, for any
x1,x2. We say f is L-smooth if V f is L-Lipschitz continuous.

Since the overall objective is nonconvex w.r.t. z, we aim to find an e-accurate stationary point.

Definition 4.2. We call Z as an e-accurate stationary point of the objective function ®(x) if
E||V®(Z)||? < ¢, where € € (0, 1] and 7 is the output of an algorithm.

We use the following assumptions in the subsequent description. Note that these assumptions are
widely adopted in existing studies [24}[17].

Assumption 4.3. Forany 2 € R,y € R%, 2 € R% and i € {1,2,...,n}, fi(z,y) and g;(z,y)
are twice continuously differentiable, f;(x,y, z) is ps-strongly concave w.r.t. y and g;(x, z) is
fg-strongly convex w.r.t. z.

The following assumption imposes the Lipschitz continuity on the upper- and lower-level functions
and their derivatives.

"For MemCS, we focus on the few-shot setting such as meta-learning, where each block contains a small
number of samples, and hence we use gradient descent here. However, the algorithm can also be extended to the
stochastic setting.
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Assumption 4.4. For any x € R, z € R% and i € {1,2,...,n}, fi(z,y,2) is Ly o-Lipschitz
continuous w.r.t. x, g;(x, z) is L o-Lipschitz continuous w.r.t. z, f;(x,y, 2) is L 1-smooth and
gi(z,y) is Ly 1-smooth. In addition, the second-order derivatives V2 f;(z,y, z) and V2g;(x, y) are
Ly o-and Ly o-Lipschitz continuous.

Next, we make a bounded variance assumption for the gradients in the stochastic setting.

Assumption 4.5. There exist constants oy and o, such that the variances E|V f;(z,y,z) —
Vfi(mvya Zaf)Hz < 0]2” and E||v91(xv Z) - v.gl(‘ra z3 C)H2 < ‘73-

The following assumption on block heterogeneity measures the similarities of the upper-level gradients
V., fi(z, ) for all 5. This has not been discussed in previous works, but it is necessary for our approach
as we explore a more general outer-maximization solution y*(x) for F, rather than for single f;.

Assumption 4.6. For any x € R%, z € R?, there exist constants S, > 1 and o4, > 0 such that

1 n
= BV i,y 2P < BREIV,F,y, )| + 0,

i=1

We have 3y, = 1 and oy, = 0 when all g;’s are identical.

4.2 Convergence analysis

For simplicity, we fix the number of involved blocks |I;| = P for all ¢. Let y* () be the maximizer
of F' function w.r.t. y. Then, the overall objective of the original problem in eq. (I) w.r.t. z is given by

O(x) = F(x,y*(x),z*(x)),

where z* (z) is the lower-level minimizer and y* () is the maximizer of F'(z, -, z*(z)). In addition,
recall that the objective function of the surrogate problem in eq. w.r.t. z is given by L*(x) :=
L(z,y*(z),2}(x),2z* (). We next characterize the difference between the gradients of the original
and the surrogate problems.

Proposition 4.7. Under Assumptions[4.3] the gap between NV ®(x) and V L*(x) can be bounded
as

|V®(x) — VL (2)|| = O1/N).

Due to the limit of space, the proof of Proposition.7|can be found in Lemma[D.5]in the appendix. For
a properly large A, Proposition 4.7| guarantees that the stationary points of the original and surrogate
problems are close to each other. However, too large A can explode the gradient estimation variance,
resulting in a much slower convergence rate. This trade-off makes the selection of A important, as
shown in our theorems later.

We next give an upper bound on the gradient norm E||V L*(z;)||?
bl := Vo Li(xe, ye, 2°, 0" €L ;) and its expectation as A .

Proposition 4.8. Under Assumptions the consecutive iterates of Algorithm |l satisfy:

of the surrogate problem. Denote

* 2 * * T * 2
E[[V.L* (2| SU*E[ﬁ (@e41) = L (@0)] = B |* + 0o LanEIIRG]* + 3L 1 El|ye — y* (a0
x

3L2 n
772\’1 ZEMZzt - zf\J(xt)HQ + |Jvie — zl*(a:t)HZ}

=1

forallt € {0,1,....,T — 1}, where Ly 1 and L, 1 are given in Lemmaand Lemma@in the
appendix respectively.

The proof of Proposition 4.8|can be found in Lemma in the appendix. The same result can be
obtained for Algorithmby replacing v; ; and z; ; with v“ and let This proposition shows that the
convergence rate of our algorithm relies on how fast the iterates v, z; ; and v; ; converge to their
optimal solutions at each iteration ¢. We next characterize the distance of y; to its optimal solution.
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Proposition 4.9. Under Assumptions 4.3 the iterates of y; generated according to Algo-
rithm[I] satisfy

2
Elya—y @)~ Elye — " @l < ~0(n) Bl v @l + 07 ) - (0} + )

3l = =l + o 2 eI+ oE s
Y

forallt € {0,....,T — 1}.

The proof of Proposition .9 refers to Lemma [E3|in the appendix. It can be seen that with properly
small stepsizes 7, and 7,,, there exists a descent of the optimal distance E||y; — y*(z¢)||?, which is
critical for the final convergence analysis. Similar results are obtained for v; ; and z; ;. Combining
the above propositions and the auxiliary lemmas in the appendix, we get the following result
for Algorithm I}

Theorem 4.10 (Convergence of FOSL). Suppose Assumpnons K3 E4 - H.6\are sansﬁed Set

parameters n, = O(T~7), n, = O(T~ ), 0. = O %), ny = O(T~7) and A = O(T*). Then,
we have

Wy | AW —Wr) A ) me | X N
= SB[ Vo) <55 + R +-—)C
z V()| < o P o 0N e )

+4(ny + (=223 +7,)0%) Cs
<O(r7),
where Cyq,, is defined in Lemma Cy, C5 are defined in eq. @ in the appendix, and V; =
L (xe) + KyBllye — y* (@o)? + Koy 20y Ellzie — 25 4 (@) 1P + Kot Yoy Elloiy — 25 (20)]1%

Next, we characterize the sample complexity for FOSL.

Corollary 4.11. Under the same setting of TheoremH. 10} our algorithm finds an e-accurate stationary
solution after T' = (’)(6’%) interactions. The total sample complexity for all involved blocks is
PT = O(Pe3).

Compared with existing works [17, 24]], our algorithm is free from second-order derivative computa-
tions. In addition, the sample complexity of our algorithm matches the best result [30] of the same
type of methods in standard single-block bilevel optimization.

Next, we analyze the convergence for Algorithm [Junder the partial- and full-block participation.

Theorem 4.12 (Convergence of MemCS). Suppose Assumptions are satisfied.
Assume there exists some B > 0 such that ||z (z,)|| < B for any xy, i = 1,...,N. For the

partial-block participation, by setting parameters 1, = O(P%T*%), Ny = O(P*%T’%), N, =
O(P~10T75), 5, = O(1), A = O(P10T%) and taking ey, = O(P~3T~3), we have

1 2= 2Cy0  2(Vo— Up) 4nzA2(

E[|V® (x| <
T; [Velr)lF <=5 + =5 — +—p

24L% 07
)C’Jrn—y £1%th
P py

Ty

4
4(3L§1 + 12L2f’1>esub§(’)(P_éT_§),

Ky
where Ly 1 1= 3\Lg 1, Cyqp is defined by Lemmain the appendix and U, := L*(z,)+ K E||y; —
y*(z¢)||?. For the full-block participation, by setting n, = O(1), n, = O(1), n, = O(T—2),
Ny = O(1), A = O(T2) and taking ey, = O(T~2), we have

T-1 4
4(Wg— U 4L

7 BVl <5+ W01 (B4 e < 0T
T ’ Wy

Note that the assumption ||z} (z:)|| < B can be removed when the domain of z is a closed convex
set and projected gradient descent is used to update = [12, [15]. We next characterize the sample
complexity for MemCS.
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Corollary 4.13. Under the same setting of Theorem

 For partial-block participation, our algorithm finds an e-accurate stationary solution of
®(x) after T = O(P~5¢3) outer iterations and K = O(log L) inner iterations. The total
sample complexity for all involved blocks is PKT = O(P3e™3).

o For full-block participation, our algorithm finds an e-accurate stationary solution of ®(x)
after T = O(e™ ') outer iterations and K = O(log 1) inner iterations. The total sample

complexity for all involved blocks is n KT = (5(116_1).

Note that the per-block sample complexity of our MemCS algorithm takes an order of ¢!, which
improves that of the same-type F2SA [30] by an order of ¢, based on a refined analysis on the
smoothness of the overall objective function. Corollary i.13] also shows that MemCS achieves a
linear convergence speedup w.r.t. the number P of blocks. As far as we know, this is the first linear
speedup result in multi-block minimax bilevel optimization.

5 Applications and Experiments

In this section, we conduct extensive experiments in two applications: deep AUC maximization and
rank-based robust meta-learning. More experimental results such as time and space comparison are
provided in Appendix

5.1 Deep AUC Maximization

5.1.1 Formulation

Deep AUC Maximization (DAM) addresses machine learning challenges presented by imbalanced
datasets. In particular, the AUC (Area Under the ROC Curve) measures the likelihood that a positive
sample’s prediction score will be higher than that of a negative sample. As outlined by [24], the DAM
issue is structured as a multi-block minimax bilevel optimization problem:

m
min max Y ®;(uj(w;),a;,b;,a;) s.t.uj(w;) = argmin g;(u;, wy),
w,a,b « = u;
~ 2
where g;(u;, w;) := %Huj — (wj — nVLAvg(wj))| , Lava(w;) == %E?:l w24, y:), £

denotes the task loss (e.g., the cross-entropy loss in binary classification tasks), and ®; denotes the
sample-level AUC loss function. The detailed formulation can be found in Appendix [A.T] With the
method in Section 3] we reformulate this problem as a single-level minimax optimization problem:

min max L(w,u,a,b, o, V),
w,u,a,b a,v

m

where £(w,u,a,b,a,v) := YT, ®;(uj,a5,b5,05) + Mgi(uj, w;) — g;(vj,w;)) is the La-
grangian function of AUC loss function, and v; is the approximate optimal solution of g;.

5.1.2 Results

Settings. Following the work [24]], we assess our methodology using four datasets, namely CIFAR100
[29]], CelebA [40], CheXpert [26] and OGBG-MolPCBA [25]], whose details are provided in Ap-
pendix We evaluate the effectiveness of our algorithm by comparing it with direct optimization
on multi-block minimax AUC loss (mAUC) and compositional training on mAUC loss (mAUC-CT).
The test AUC scores of mAUC and mAUC-CT for different datasets in Table [Tl are derived from the
original paper. Detailed configuration of experiments can be found in Appendix

Results. The results of deep AUC maximization on different datasets are shown in Table|l} The
results indicate that our FOSL outperforms the mAUC method in terms of test AUC scores on all
datasets and achieves comparative or better performance than mAUC-CT on various datasets. We
proceed to visualize the AUC loss during the initial stages of training for all methods on CelebA, as
depicted in Figure[laland[Ib} The figures illustrate that, in the initial stage, our method and mAUC-CT
[24] exhibit a faster loss drop than mAUC, and our method achieves the fastest overall convergence
rate. Furthermore, our approach exhibits a smaller fluctuation compared to other baseline methods.
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Table 1: Test AUC score with 95% confidence interval on different datasets for AUC maximization.

CIFAR100 CelebA CheXpert OGBG-MolPCBA

mAUC[24] 0.9044 (0.0015)  0.9062 (0.0042) 0.8084 (0.1455)  0.7793 (0.0028)
mAUC-CT[24] 0.9272 (0.0014) 0.9192 (0.0004)  0.8198 (0.1495)  0.8406 (0.0044)
FOSL(ours)  0.9540 (0.0009) 0.9267 (0.0018) 0.8166 (0.0051)  0.8516 (0.0014)

CIFAR100 CelebA

mAUC-CT
—— mAUC
— FOSL

Train AUC Loss (10-)
Train AUC Loss (10-%)

A=0.
=2
A=4
2=6
2=8

(a) (b) (d)

Figure 1: Visualization results of FOSL experiments. (a) Training AUC loss over iteration rounds
during the initial stages of training. (b) Training AUC loss over time during the initial training phase.
(c) Impact of A on test AUC score throughout training on the CIFAR100 dataset. (d) Impact of A on
test AUC score throughout training on the CelebA dataset.

Impact of \. To evaluate the impact of the hyper-parameter A on training with FOSL algorithm, we
conduct an ablation study on the CIFAR100 and the CelebA datasets. The test AUC scores along
with training are depicted in Figure[IcJand[Id] As shown in Figure[Ic] our method sustains robust
performance across a wide range of choices for A. For example, training within a A range of [2, 8]
shows that the speed of convergence and the final test performance are not sensitive to the change of
A. A similar observation also holds for the CelebA dataset as shown in Figure[Td]

5.2 Robust Meta-learning with Rank-based Loss
5.2.1 Formulation

Our objective is to devise a robust meta-learning approach wherein, during each iteration, tasks with
large loss values are filtered out, and the meta-model is updated with the remaining tasks. This
approach effectively reduces the impact of tasks with noisy samples (noisy tasks), because deep
learning models tend to acquire clean and simple patterns in their initial training stages [[19]], such
that noisy samples/tasks often have large loss values. Further justification can be found in Figure 2]

We first define g, as the iy, largest element of the set G = {g1, g2, ..., gn }» such that g,,) < g1 <

... < gp]- Denote the task-specific loss as g; (¢, w;), where ¢ is the parameter of the meta-model and
w; 1s the task-specific parameter. The proposed formulation is then given by:

n

minF(o,w) = 1 Y0 g (6ufy(6) sn wi(6) = argmingi (o),

1=n—k-+1

where g1 (&, wf;y(¢)) is the iy, largest task-specific loss given w* := [w}(¢), ..., wj;(qb)]T, and
wf‘i] (¢) is the corresponding optimal task-specific parameter.

With the Lemma 1 in [42]], by introducing an auxiliary variable v, we can reformulate the problem as:

n

. . 1 < . 1 < . . n—k
minma F(6,w",) = £ 3 (0 wi(0)0) = £ 32 {9:(6) = 1g7(&) = 7]+ = ==}

s.t. w; (¢) = argmin g; (¢, w;).

Details about the derivation of the above formulation can be found in Appendix [A2] This for-
mulation poses a non-convex optimization challenge for the primal variable ¢, making it chal-
lenging to address using conventional optimization methods. Nevertheless, our proposed algo-
rithm enables efficient resolution of this problem by reformulating the problem into a single-
level minimax optimization problem as: ming w max, v £(¢, w,7,V), where L(¢, w,v,v) =
LS fild,wi, )+ A(gi (¢, wi) —gi(¢, vs)) is the Lagrangian function of the rank based loss function,

n

v is an approximate optimal task-specific parameter of the lower-level problem.
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Table 2: Test accuracy (%) on the Mini- Table 3: Test accuracy (%) on Mini-ImageNet
ImageNet and the Tiered-ImageNet datasets for and Tiered-ImageNet with different noisy ratio

meta-learning. for Flip setting.
Dataset Method Clean Flip Rand Dataset Method Noisy ratio
Mini MAML 64.75 5275 52.50 0 02 04 06 08
MemCS(ours) 69.25 57.50  60.25 Mini  MAML 6475 5050 5650 5275 42.00
MemCS 69.25 65.00 6175 57.50 53.50
Tiered MAML 66.25 44.75 5425 MAML 66.25 63.75 5325 4475 39.00

MemCS(ours)  67.25  57.00  59.75 Tiered  \emCS 6725 66.50 6275 57.00  54.50
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Figure 2: The portion of tasks being noisy during training for MAML and MemCS on Mini-ImageNet.

5.2.2 Results

Settings. We perform meta-learning experiments on few-shot learning tasks, focusing on the
capability of rapid adaptation to new tasks with limited samples. Adhering to standard few-shot
learning configurations, we carry out 5-ways 5-shot learning experiments on Mini-ImageNet [|53]]
(referred to as Mini in Table [2)) and Tiered-ImageNet [47] (referred to as Tiered in Table[2), where
each task involves a 5-class classification task, with five samples per class used as training data. Since
our robust meta-learning formulation is built on that of MAML [6], we compare our method with
MAML on both clean dataset and noisy dataset to evaluate the effectiveness and robustness of our
algorithm. In the noisy setting, we adopt a standard noisy training scheme in meta-learning, where
the labels in a noisy task are randomly flipped. Specifically, we employ two label flipping strategies:
Flip, where in each iteration, a certain portion of tasks (60% in Table [2) are designated as noisy, and
each sample within the task is assigned to one of all labels with equal probability; and Rand, where a
random noisy ratio is assigned to each task in every iteration, determining the proportion of samples
to be flipped by randomly assigning another label to them. Detailed configuration of experiments can

be found in Appendix

Results. Table[2]displays the test accuracies. These results show that in the presence of noisy tasks,
both MAML and our MemCS method undergo a decline in performance across both datasets, yet
our approach manages to sustain a reasonable performance. To further evaluate the resilience of our
MemCS method against MAML, we executed additional experiments with escalating noise levels
in the Flip scenario, with these findings detailed in Table[3] The data clearly show a performance
decrease for both methodologies as the noise ratio intensifies. Nonetheless, our approach exhibits a
notably more gradual decline in performance as the noise ratio escalates, especially at higher noise
levels, signifying superior robustness compared to MAML.

Discussion. To show the effectiveness of our approach in facilitating robust learning, we have
visualized the average losses for both clean and noisy tasks separately within the MAML training
framework, as demonstrated in Figure[2] The graphical representation uncovers a consistent pattern
where the losses associated with noisy tasks consistently exceed those related to clean tasks throughout
the training period. This pattern underscores our approach’s capacity to lessen the detrimental effects
of noisy tasks. Further, we examine the noisy tasks in the update mechanism at five distinct intervals
during the training phase, illustrated in Figure[2] The findings show that our methodology successfully
deters the influence of noisy tasks on the meta-model’s updates across both Rand and Flip scenarios,
maintaining this protective measure throughout the training duration.

6 Conclusion

In this paper, we propose two fully first-order algorithms designed to address the challenges posed
by multi-block minimax bilevel optimization problems: a fully single-loop algorithm, FOSL, and a
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memory-efficient double-loop algorithm with cold-start initialization, MemCS. We show that our
methods can achieve comparative and even better per-block sample complexities than other methods
with the same type in standard bilevel optimization. The experimental results indicate that our
methods consistently demonstrate superior performance and robustness in applications on deep AUC
maximization and robust meta-learning.
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A Specifications of Applications
In this section, we provide a detailed introduction to the formulation utilized in Section E}

A.1 Deep AUC Maximization (DAM)

For a classifier model f(w), we have the AUC score function as
AUC(f(w)) = Pr(f(wiz) > f(wiz')ly = Ly = ~1),
where Pr(X) denote probability of an event X being true. One of the surrogate loss (AUC square

loss [9]) is given by:
2
S (e (Fwiws) — fwszy)) )

yi=1 y_]:_l

min
wonin_

where n and n_ are the numbers of positive examples and negative examples, respectively, and
c is the margin parameter. One can transfer this problem into an equivalent minimax optimization
problem according to Proposition 1 in [37] by:

min max ®(w, a, b, )

w,a,b «

i (w,a,b, a; 24, 9:),

3\*—‘

where
d(w,a,b, 025, y;) =(1 = p) (f(wi ;) —a)” - Tymy + p(f(wi) =) - Tye 1 — p(1 — p)a®
+2a(p(1 = p)e+pf(wi ) - Ty=—1 — (1= p) f(w; ;) - Ty, =1),

where a, b are margin parameters, p = n /n. This formulation decomposed the individual examples,
which is more favorable in stochastic scenarios. [S9] proposed a compositional training algorithm for
this problem. The compositional objective function is formulated as:

min max ®(w — aVLayg(w),a,b, @),

w,a,b «

where Ly g = % S l(wi g, y;), € denotes task loss, e.g. cross-entropy in classification tasks.
Consider a multi-block problem with m tasks. This problem can be reformulated as a multi-block
minimax bi-level optimization problem [24]:

mm maxz <I> (w;),aj,b;j, aj) s.t. uj(w;) = arg min g; (u;, w;),
j=1 i

where gj(Uj,Wj) = %Hu]‘ — (Wj — ﬁVLAvg(Wj)) ||2
A.2 Robust Meta-learning

Consider the formulation of Robust Meta-learning in Section 5.2}

n

1
mRF(w") 1= [6)) st wi(@) = argmingi(6,w),
where g, (gb, ) < g[n 1 ( ) <9 ((j), wi (¢)) denotes task-specific losses.
We define g (¢) := g; (d), ) for s1mphc1ty in later formulations. The summation of the bottom-k

losses is equivalent to the sum of all task losses subtracted by the sum of the top-(n-k) losses:

1 n n—Fk
Fow) = (L o) - L o))

With the Lemma 1 in [42], we have:

297 = min {(n = k) + 3 lai (6) =) }.
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Now we can convert the original upper-level problem to:

. - —k
min max F(¢, w", ) kZ{gz 7 (@) =+ — )

The problem of robust meta-learning is then formulated as:

minmgxm,w*,v) %Z{mxwr,w = 01(0) — [gi (¢) ) - o)

é P "

w; (¢) = argmin g; (¢, w;),
where ¢ is the parameter of meta-model, and w = [w;, ..., w,]? is the vector of task specific
parameters.

Inspired by [10]], we introduce a smoothed version of the upper-level loss function by incorporating
Gaussian noise into the indicator function for alignment with the assumption of our MemCS algorithm:

[ * 1 . * * * —k
F(o,w' ) = 2 3 {£i6wi,y) = g:(6) = [0 (6) =7 + eZ]4 = ==},
i=1
where € > 0 is the smoothing parameter, and Z ~ A (0, 1) is standard normal random variable.

B Implementation Details and Extra Experimental Results

B.1 Datasets Description

Deep AUC Maximization. We assess our methodology using four datasets. The first dataset,
CIFARIO00 [29], serves primarily for classification endeavors. Within the context of the multi-block
deep AUC maximization challenge, we treat each of the 100 categories as an individual block, with
samples belonging to a specific category considered positive for that block. This dataset comprises
60, 000 images, each measuring 32 x 32 pixels, divided into 50, 000 training and 10, 000 testing
images. The CelebA [40] dataset encompasses 202,599 facial images, each annotated with a diverse
set of attributes from 40 different features. The CheXpert [26] dataset includes 224, 316 chest
radiograph images from 65,240 patients, marked for 14 distinct observations. Adhering to the
methodology proposed in [24], we employ a simplified version of CheXpert with a reduced image
resolution and omit the Fracture observation due to insufficient positive samples. Lastly, the OGBG-
MolPCBA [25] dataset is employed to predict molecular properties, representing each molecule as a
graph with atoms as nodes and chemical bonds as edges, featuring 437, 929 such graphs annotated
across 128 properties.

Robust Meta-learning. Our experiments are conducted over two popular datasets for few-shot
learning: Mini-ImageNet [53]] and Tiered-ImageNet [47]. Both datasets are subsets of the ILSVRC-
12 dataset. Mini-ImageNet comprises 100 classes, each containing 600 images with dimensions of
84 x 84 pixels. The 100 classes are distributed among training, validation, and testing sets with a
ratio of 64:16:20, respectively. In contrast, Tiered-ImageNet is a more extensive and challenging
dataset, featuring 779,165 images annotated across 608 classes. These classes are further organized
into 34 categories, with 20 categories designated for training, 6 for validation, and 8 for testing.

B.2 Implementation Details

Deep AUC Maximization. For the CIFAR100 and the CelebA datasets, we use the ResNet18
architecture. For the large-scale CheXpert dataset, we opt for the DenseNet121 model pre-trained on
ImageNet. When dealing with the OGBG-MolPCBA graph dataset, the Graph Isomorphism Network
(GIN) is used for training. All experimental runs are performed using a single NVIDIA RTX 6000
GPU. Regarding hyperparameters, we set the total training epoch to 2000 for the CIFAR100 and 100
for the OGBG-MolPCBA datasets, adjust it to 40 for CelebA, and reduce it to 6 for CheXpert. The
learning rate for the optimal approximator v is uniformly set to 1, = 0.1 across all experiments, with
Nw = Tu = 7Nv/A to maintain gradient magnitude consistency between u and v. This consistency is
vital due to the influence of the A parameter in the Lagrangian function on the update process for u.
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Figure Al: Test AUC score along with training FOSL 0.55s/8.2h  0.78s/7.3h
epochs on the CIFAR100 (left) and the CelebA ~ AUC-CT[24]  0.69s/10.3h ~ 0.83s/7.7h
(right) datasets.

Table A2: Comparison between FOSL and MemCS on robust meta-learning task.

Algorithm  Best Test Accuracy Model Parameter Size  Average Iteration Time

MemCS 69.25 0.433MB 3.15s
FOSL 67.75 611.167MB 1.42s

Learning rate decay is applied to CelebA starting at the 30th epoch and to CheXpert at the 4th epoch,
whereas no decay strategy is applied for CIFAR100 and OGBG-MolPCBA.

Robust Meta-learning. We adopt the Adam optimizer to update the meta-model in the context
of MAML. For the hyper-parameters of MAML, we set the learning rate of meta-model update as
Nmeta = 0.02, and set the learning rate of fast adaptation as 7)q4qp: = 0.02, with an adaptation step
of 15. To be consistent with the DAM experiments, we configure the learning rate of the optimal
approximator as 7y = Nadapt = 0.02, and the learning rate of w and meta-model parameter ¢ as
Ny = Nw = T/ A in the implementation. In practice, setting \ to 3 results in favorable performance.
All experiments are conducted on a single NVIDIA RTX 6000 GPU using a widely used lightweight
model featuring 4 convolutional layers (CNN4).

B.3 Extra Results on Deep AUC Maximization

This section presents the visualization of statistics throughout the training process and compares
the computational costs with our method and AUC-CT [24]. To better grasp the training dynamics,
we charted the test AUC scores across various training epochs for both the CIFAR100 and CelebA
datasets, as shown in Figure[AT] The findings demonstrate that our method not only exhibits enhanced
generalization capabilities but also greater stability.

Moreover, to assess efficiency across varying dataset scales, we examined the average iteration times
and total training time of our FOSL algorithm and AUC-CT [24] on different-sized datasets (32 x 32
in CIFARI100 vs. 224 x 224 in CheXpert) as detailed in Table Note that the training time
largely depends on the implementation and hyperparameters, such as the number of sampled tasks
and batch sizes per task, suggesting that computational costs can be adjusted by modifying these
hyperparameters according to the dataset. The result in Table [AT|shows the ability to control training
costs for datasets of various scales, which is indicated by the small gap between the total training
time on CelebA and CheXpert datasets. Additionally, our method demonstrated a faster training
pace compared to AUC-CT [24] under the same training settings. Note that the implementation of
AUC-CT [24]] avoided the calculation of second-order matrices so that the computational cost is more
controllable with an increased dataset scale.

B.4 Comparison between FOSL and MemCS

In this section, we compare our two proposed methods within the same experimental setting, i.e.
robust meta-learning. To make it compatible with our FOSL algorithm, we slightly adjusted our
training setting so that the number of training tasks in the dataset is known (20000 tasks) while
maintaining the same testing procedures as those used with the MemCS algorithm. The results,
including test accuracy, memory cost, and computational cost, are detailed in Table The result
shows that using FOSL in a robust meta-learning setting can introduce a greatly increased memory
cost, which is especially significant for a small model. However, the single-loop nature of FOSL
can drastically shorten the average iteration time during training. This makes the FOSL algorithm a
potentially advantageous choice in scenarios involving larger base models and fewer blocks.
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C Notations

The original problem we solve here is

min max F(w Y, Z Zfz f » Yy %4

z€Rx ycRYY

== ZEg [fi (2, 2] (@): &)

s.t. 27 (z) = arg ndlingi(z, z) =E¢ [gi(:c, z; Cz)]
z€Rz

Moreover, we define z5 () = argmin, £;(x,y*(x), z,v) and y*(x) = arg max, F(z,y,z* (x)).
For the convenience of proof, we also define

o(z) = F(z,y" (x) Zfl z,y* (), 2 (2)).

For the notational convenience of FOSL, we define the estimators of client set I; as

1
h; L= = Z h;,i = vrﬁi(xhytazi,tavi,t;gi,i)}7
|It| i€l
1
h; = Z h;i = vyfi(xt;ytavi,ﬁgz,i)},
|| =
1
hi = — Z h;,i = vzﬁi($t7ytazi,t;§i,i):|7
1| i€l
1
ht = || > hf,ﬂ- = vzgi(xt7vi,t;§1t;,i):|’ )
t i€l

Since we sample tasks without replacement and our estimators are unbiased, we have the expectations
of estimators as

?L; L= E[htz] = :L; Etxz = Vzﬁi(xtvytazi,tavi,t)]a

EZ L= E[h;] = %z": E;z = Vyf(fl?t,yth‘,t)},
i=1

Ei :=E[nl] = %Zn: Eiz = Vzﬁi(xtayhzi,tavut)]a
i=1

B =Bl = L3[R = Vgt ©)
i=1

We also define the optimal Lagrangian estimator of = and its gradients as

Li(w,y"(2), 2 (), 2] (2)),

o
*
=
[
S|
M:

1

-
Il

[%z (1) o= Vol (29" (@), 5,4(2), 27 (@)

X
*
s
I
.
=

1

-
Il

[Vafilw,y (@),25,4(@) + M(Vagi (2. 53,(0)) = Vagi (0,7 (@) )| ©)

Il
S|

1

©
Il
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D Proofs of Preliminary Lemmas

D.1 Some basic properties
Lemma D.1. Under Assumptions for VA > %’ both L;(z,y, z,v) and L(x,y, z,v) are
(gﬂ)—strongly convex in z and Ly 1-smooth in (x,y, z), where Ly 1 := 3ALg 1.

Proof. Since A > 2Lf L > 2LLf L we have that

A
19230, 2 0)| = V2 Fil, v, 2) + AV2 0002, 2)| 2 INV2gi(, 2)| = [ 92 il s 2) | = 22,

A
I92.L(, 9, 2,0)]| = IVEF(2,9,2) + AVEG(@, 2)]| > IAVEG(, 2)| ~ V2 F(,9,2)] > 24

IV2Li(z,y, z,0)|| = |V fi(z, ¥, 2) + AV gi(x, 2) — AV gi(x,v)|| < Ly, +2MLg1 < 3BALg1 =: L1,
HVQL’(x,y, z,0)|| = HVQF(a:,y7 z) + )\V2G(.T,Z) — )\VQG(Q;‘,U)H < Ly, +2XLg1 <3ALg1 =: L.

Then the proof is complete. O
2
Lemma D.2. Under Assumptions for A > max { 2%,1 ,(1+ Llf; ) SHLffL’;l }, we have
. X 12041 % Lga )\ Lsa
V27 ()] < @) < et and |Vy ()] < (14 Ba) e,

Proof. Recall that we define 2] () := arg min, g;(w, 2) and 23 ;(z) := argmin, £;(z,y* (), z,v).
Then we have V.g;(z, 2 (z)) = 0 and V.L;(z,y*(x), 25 ;(x),v) = 0. Via implicit function
theorem, we obtain

V2,9i(w, 2 (@) + (V27 (2)) V2,0i (2, 2 () = 0,
V2, Li(,yt (@), 250(2), 0) + (V' (@) T V2L (2,47 (2), 25.4(2), v)
+(V23,02)) V2L (25" (@), 25,4(2),v) = 0. ™

To measure that Lipschitz continuity of z(z) and 25 ,(z) w.r.t. x, we take spectral norm of Vz}(z)
and Vz} ,(x) as

-1 (a) 1
1v2 (@)1 =] —Vizm(m,zﬂw)) [V2gi(2.25@)] || < Lu
V2302 =] = V3.Li(2,y" (2), 23,4(2), ) [VE.L; (x,y*(gc%Z;’i(a;)’v)]_l

- (Vy ((E)) szﬁi(:c,y,zf\’i(x),v) [Vﬁzﬁi(x7y*(m)vz;,i(x)vv)]ilHa (8)

where (a) uses Assumption Similarly, for y*(z), we have V, F (z,y*(x),2z*(z)) = 0. Via
implicit function theorem, we have

Z[ i@,y (@), 2 (@) + (V" (@) V2, fie.y7 (@), (@)
+ (V@) V2, £y (). (@) = 0, ©
which indicates

19 @l <2 3 [V e 0,25 0) + (V21 ) V(o )21 0)|

V5 F (@) @)] 7
<( ZH[ (0,21 0) + (V21 0) V(o ()220
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Ve F ey @)

(a) Lyi\L
(1 n ) £
Hg Hf
where (a) uses Assumption f.3]and Assumption [#4} Back to the second equation in eq. (8), with

Vy* (@)l < (1+ Llf:)LJfl we have

IV23i@)l <||V2.Li(w,y" (@), 234(2), ) (Vy*(w))TVZZEi(x,y,Zi,i(l’),v)||

s

H[ (l‘ay*(@" 2@ )] H

< {BALg,1+( Lo, )i;g}f

(i) 12L,44
T Ky
2
where (a) uses Lemma and (b) uses A > ( Lo ) B#LffL’l -. Then the proof is complete. [

Lemma D.3. Under Assumptions? 4.4} the optimal solutions 2} (), 2} ;(x) and y; (z) are L, -,
L, .,- and L, ,-smooth respectively, where we define L, ,, L. ., and L. , as

L L, L L 12L
L, =292 (1 n ) L, = (1 (1 ) 2Ry gvl),
Hg Hg Ky 7 Hf Hg

Ly LoiNLii\°L Lya\*LjiL
by = (1 0y (1 ) B0 R () ot
:“g Hg 1233 1253 Hg Hflg

2
for any i € {l,..,n}, where we assume A\ > {2Lf71/ug,(1 + Llfg’l)?)MLffL';l,(l +
Lg)l)Lf,lLf’2 Lf,lL*,y

Ly Ly, 12L,1\—1 L,y Ly, Ly,
) gt e (L (L 5o 3 + =) (L 52 22 + 1) 22 )

Proof. Since z}(z) = argmin, g;(z, z), we have Vg, (z, 2*(z)) = 0, which indicates that

V2.9i(z,2*(x)) + V2*(2)V2,9i(z,2"(z)) = 0.

For any x1, 75 € R%, we have

IVzi(z1) = Vi (z2)||

|| ¥2.01(1, 21 (@00)) [P, 25 @0)] = Tagi (2, 2 (22) [T (02, 27 (02)] |
<[ (V201,25 @) = Vg, 20 (22)) [V2egi (o1, @0)] |
92,01 (02,27 (22) (V2200 21 00)] ™ = (V2200220 (22)] )|
2 gi(on 20 ) — V2gi (w2, 20 2) | || V2200, 27 20))) |
V2,01 (w2, ()| | [V, 25 @0)] 7 = (V22,27 22))] |

<— ‘Vizgi (21,2 (1)) = Vi.9i (w2, 2 (v2)) H

IA
+ T4+

||szgz(xz,zz (xQ)) vizgi(xlaz;(xl))n

E ) loy = ol + [|25 (1) - Z*(xz)m
b1

(b)L
- ) [y — 2], (10)
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where (a) uses Assumption - H 4.4 and (A1 1) = A7Y(B — A)B~1; (b) follows from
Lemma[D.2] Next, plug = z; and z = x5 into eq. (E[) and differentiate these two equations, then
we get
* T * * * T * *
(Vy (xl)) szF(xl,y (z1), 2] (iﬂl)) - (Vy (902)) V?,yF(mz,y (w2), 2 (552))
* * T * *
= (Vy* (1) — Vy*(22)) Vo, F (215" (x1), 27 (1))
* T * * * *
+ (Vy* (22)) (Vin(ﬂﬁhy (1), 2 (21)) — VZyF(l‘z,y (r2), 2] (552)))7 (1)

and by using eq. (9), we get

(V8 @) Va7 @), o) = (9 (02)) 3 ol 02) 55 0)]

:% > |:viyfi (21, ¥ (21), 27 (21)) — V2, fi(22, y" (22), 27 (2))
=1

(V27 (@1) = V2i (22) V2, filwy7 (@0). 7 (21))
+ (V2 (@0) " (V2 filwny (@), 21 (@) = V2, filwny (@), 2 (@) )] (12)
By combining eq. (I1), eq. (I2) and taking norm, we have
[ Vy* (1) = Vy* (o)

<[ [V2,F (21,57 (@0), 2 (@0))] |
. ( ‘% ZViyf, (z1,y"(x1), 2} (z1)) — Viyfi (2, y" (22), 2] (x2)) H
i=1

1 n
[ 2 (7 ) = e ) s )z )|

2 2 (@) (P ). 55 @) = T ey @), 5 e)) |

+ HVy Z3) H ZV fz x1,y" (1), Z:(.’L‘l)) — V?Jyfz(xmy*(xz),ZZ‘(.Z‘Q))H)

(@ 1 Ly Ly L
§(1++(1+ ) fl)Lf,z
My Hg Hg 7 Hf

* * 1 - * *
(llzy =l + ly"@1) =y @)l 4+ D 127 (1) = = (@2)]])
=1
Lf1
HfZVz x1) — Vz(x2) ’
=1
(b) Ly, L L L L LsyL

[<1+ +(1+ g,1) f,1> f,2+<1Jr 9.1 ) 11 92}||$1—$2||7

Hg Hg 7 Hf K Hg Hilg

where (a) uses Assumption[#.4Jand Lemma[D.2} (b) follows from Assumption 4] Lemma[D.2] and
€q. @) Similarly to eq. (I0), from eq. (7), if we simplify the notation as

V E(wl, “(21), 234 (x ),vl) ( *(z )) V £(ac1, (a:l),zf\)i(x),vl),
Li(x1,y"(x1), 23 i (1), v1)
(x *(xz),zf\ﬂ(xg),vz)—k( ) V E(xg, (ml),z;‘\,i(:ﬁ),vz)
Li(z2,y"(2), 23 s (w2), v2),

then we have
V25 (1) = V23 ;(w2)l = A1By ' — A2 By |
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<[(Ar = A2) By + || A2(Br ! = By )|
<[|Ar = Ao - B + (142l - 1By = By |
<Ay — Ao BT+ Asl - 1B - B3 - 1By — Ball. - (13)
For the first term in eq. (I3), via Lemma|D.1] we have
[ A1 — Aq|
<BALg,1 (1 — x| + [y (1) — y™ (@)l + (|23 5 (x1) — 233 (z2)])
+ Ll Vy*(z1) — Vy*(z2)]|
+ Lyo[Vy*(@2)| - (lz1 — 22l + ly* (21) =y (z2)[| + 123, (x1) — 23 ;(22)]])

L LsyL X * * *
(BALgl F(re )= ;f”) (ler = @all + 1y (21) =y (@)l + 123 s(@1) = 23 3 (@2)1])
Hg

+ LeallVy* (z1) = Vy*(z2) ||
Lg’1> Lf’l + 12Lg’1

(b)
orLy (14 (1+ Vit = 2all + gLy s = aa

Hg Hg

(c) L L 12L

<9NL, 1 <1 + (1 + g,1> £l 971)||x1 — 2| (14)
Hg 7 Hf Hg

LoiyLpiLgo.
where (a) uses Lemmam (b) follows from Lemmas and A>(1+ 59 ) 3;fthf1 (c)
uses A > M[l + (14 %)w + mig'l}fl. By using Lemma we have || B; || < s

223 Hg
B2l < 520 1By = Bl < 3ALglw1 — || and
|A2|—||V i(22,y" (22), 23 4 (w2),v2) + (Vy*(z )) V2. Li(xa,y" (1), Z;i( ),v2) ||
<||V2.Li (2, 5" (22), 23 i (22),v2) || + VY™ (22) ||V i@,y (1), 25 () ||
(@ Lo\ L2y ©
<(Lj1+ALg1)+ (1+ - ) s INLy.1. (15)

where (a) uses Assumptionand Lemma 2t (b) uses A > ((1 + L/f’l ) Lpa 4 1) ff L. We also
have

| By — Ba|| =3ALg 1 (|l1 — 22| + lly*(21) — y* (@2)ll + l|23 s (21) — 254 (2z2) )

(a) Lyi\Lpi 121
<3\L,, (1 + (1 + 9’1) f1y 9,1) 1 — @2, (16)
Hg 7 Hf Hg

where (a) uses Lemma|[D.2] Combining eq. (T4), eq. (I3), eq. (I6) with the results in Lemma[D.1] we
have

IV23i(21) = Va3 (@)l < Ax = Aol - BT+ ([ Azl - BT - 1B |- (| Br — Ball

18L 2412 L L 12L
g(“ - 29’1) (1 (1 me) 2L 9’1) ey — @]
Hg Hg Hg 1233 Hg

Thus, the proof is complete. O

D.2 Gap of Lower-level Optimal Points

Lemma D.4. Under Assumptwns- for any gzven x and , the gap between the optimal solutions
of the lower-level problem z} (x) and the surrogate minimax problem zM(sc) can be bounded as

* * LfO
23, (2) — 27 (@) < —=F,
* HgA
* . 1 |1 (LyoLgpe Lgi\Lysa
I923,4(@) - Vi @) <+ [—(’—’u ,1(1+ 14 Loty L)
R N i ! 0+
4 6Lon (1 ) ( Lfong)]
1 Hg 7
. L3
Sforanyi € {1,...,n}, where we assume \ > max { 2Lf L (1 Lug )3Mleg 1}
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Proof. For each block, we can have that

[[23,:(2) = 27 ()| <*||Vzgz(’£ 23.4(2)) = Vagi(2, 2 (2) |

A
3}

)

~

Y1y *(x), % 12
_@H zfi(xay ($)7Z)\7z(x))H lffg>\,

IN

where (a) uses Assumption (b) follows from the definition of z;(x) and 23 ,;(x); (c) uses
*(x), zf\l(m)) =0, we

Assumption For the second part, since V. g;(z, 2 (z)) =0, V.L;(z,y

have
V2.9i(x, 2 (2)) + V2 (2)VZ,gi(z, 2 (z)) =0,
\Es (m Yy 2y i ( )) +Vy*(m)Vf/ZEi(x,y,z;i(m)) + Vzi,i(ac)vzzﬁi(m Yy 2y i ( )) =0,

which indicates that
—1

Vzi(z) = =Vi.gi(z, 2 () [V2.9i (%, 2 (2)]
V(@) = —[V5Li(,y" (2),23,4(0) + V' (@) V3. Li(2,9, 23,0(2))] [VELi(,y" (@), 22 ()]
[VZLi(z,y" (2), 23,:(2)) + Vy* (@) V5. Li(z,y, 23.,:(2))] [VELi (2,57 ( )wi,i(w))}l
A A '
Then the gap can be displayed as
ViLi(z,y"(2), 25,:(2) + Vy* (2)Vi.Li(2,y, 23,:(x)) H
A

IV25(x) — Vi ()| sHvizgi (2,25 (@) -

. ‘ V2. Li(x,y" (2), 25 (2)) + Vy* (@) V2. Li (2, y, 25.4(x)) H

A
-1 {Vﬁzﬁi@,y*(x),z;,i(x))}1
© L 2 * 2 *

S — |:||sz91 (x’ Zi (CL‘)) - szgz (IE, Z/\’,L'(.TL’)) H

N H V2. fi (2,57 (), 255 () + Vy* (@) V2. fi(2,y, 25.:(7)) M
A
Lo\

+3Lg’1(1 i, )) ME
Lg 1 ) Lysa ):|

Ly (1+ 1+
H /\ I ( Hg 123

—1

1
gu—g[ pallZa(e) - = (o

1 6L, LeoL
3 (1 Se) - (Lo + =272)
1 1 [LysoLgye Lg Lf1:|
< —|—/——+Ls1(14+(1+
A g[ Hg ( ( g)uf)
1 ) 6Lg,1 Lf ()ng
N (1 0 gE) - (L =),

where (a) can be satisfied because

VE3.Li(w,y"(2), 25,(2)) } -

Viaast(@)] - | ;
_ Vi Li(z,y*(z), 23 ;(x
-t o] DD o)
H ) i)
25011
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@) 2 <Hv2 ile gt (@), 235, (@) H
A

7“9

L
< 2 (Mg,
Hg

9205 (0)) — Tags (21 (0) n)

~2i(@)])

A
< 2Ly 4 P02 ’OLg’Q)l,
M Hg A
where (a.1) uses Assumption[4.3]and Lemma|[D.I] Then, the proof is complete. O
Lemma D.5. Under Assumptions[4.3] the gap between V() and H*(x) can be bounded as
[Va) () < Sz
where Cyop = ( L“) (ﬂ)Q + (1 + L‘z’él)?’Lg”l (Lf'°>4 and we assume \ >
g 2 Ig
max { 2Lf L1+ Ifgl ) 3HLfleg - }

Proof. By the definitions of VF(z,y*(z),z*(x)) and H*(z), we have

IVF(, y*( ), 2" (x)) fH*mHQ
2
vay 2 (@) = VL (2,y7 (2), 244(2), 25 ()
<- Zva:y (@) = VLi(z,y* (@), 25.4(2), 25 (@) || (17)

For any i € {1,...,n}, we have

A ngz(x 23.4(®)) = Vagi(z, 27 (2)))]
<3| Vafi(z,y* (2), 2 () = Vafi(z, v (2), 25 (2 )H
+3[|V2.gi (.5 (2)) [VE0i (2, -<x>>] (v filw,y" (@), 23,4(2) = V- filw,y7 (@), 2 (@) |
+3| = V20i (2, 27 (2)) [V20i (2, 2 (2)) ] Ve fi(, 57 (2), 25.4(2))
~ M(Vagi (2, 25 ,(x)) — xgz(aaz:‘(x NI
< SHV fl(x,y*(x),zf(x)) —Vgcfl(x y* (), 23, )H2
+ 3| V2,01 (2, 27 (1)) [V2.01 (2, 27 ()] (V- fz(x v (@), 244(2)) — Vafi(ey (). 25 (@) |
+ 3| AVZ, g (2, 27 (0)) [V2.0i (2, 25 (2) ] Vagi (0, 25.4(2))
= MVagi(z, 23 (2) = Vaegi(z, 2 (x) ))H

(a) L
< 2 2
3(1+ 25 ) Lhalto) — 2 @)

+ 6)\2vaz91( (-73)) [ zzgl( (x))]
[Vagi(@25.4(2) = Vagi(, 2 (2) = V2,03 (2, 23,4(0)) (.4(2) — 27 (@) ]|
+ 6)\2vazgl (.’L’ Z/\ z(x)) (Z)\ Z( ) - Z;k (1‘)) - Vmgi ((,C7 Zi,z(x> - vfﬂgi (Qj, Z: (l‘)) H2

7 () — 2 (@)

IV fi (25 (@), 25 (2)) = VL (2,57 (@), 24 4(2), 2 (2)) ||
= Hfol(x,y*(a:),zf(x)) _vizQZ( €, i(x))[vzzgl( ) z(x))}ilefl(xvy*(x)’Z:(I))
Vil (), 24,4() ~ A( i
(

2

)
(

(b) L 1 L21 L 1 2
< 3(1+—f )L2 25, T 2+6)\2(1+—g’ )(—" )
2 7all2%,i (@) = 2 (@)l 2 5
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(e) L2 Leon2 L2 \3L2, /L:oN\%] 1
< [3( P I3, (F20) + (14 =5t ) =t (210) }2, (18)
g :U'g p“g 2 :U'g >\

where (a) follows from Assumptilﬁ @-4)and eq. (7); (b) follows from Assumption % and
€q

Lemma 1 in [44]; (c) uses Lemma The proof is finished by substituting eq. (I8) into O

Lemma D.6. Under AssumptionsH.3) the gradient of Lagrangian function with optimal solutions

H*(x) is L. 1-Lipschitz continuous in x, where we define L, 1 := (1+ 12Lo1 4 (1+ ) %;) Liq+
Lfong LfOLg2 LoayLin GLgl

(1+ ) +L,, { ( +Lf1(1+(1+ 2t) ))+ (1+(

1y )) <Lf’1+
v 2 L, L L L L*
%)} andweaSSWHEA>{2Lf1/,Uga( )3Hflel’(1+ -g )ﬁ’%(lJr(lJr
Loio L 12 L L
LI)L“F*;I) ((1+ I )l%flJrl)ﬁ}

14
Hg 34 H

ng

Proof. Recall that in eq. (6),

n

H* (z) = % Z {szl (1’, y*(x), z;z(x)) + A(Vmgi (as, zf\ﬂ(x)) —Va29i (x, z! (x)))}

i=1

Then we have
) @2 Z V2, Filw (@), 24:(0)) + (Vo () V2, fi(w, 7 (2), 24,4(2))

+ (VZA,i(x))Tviwfi(x, y (), 23,4(2) + MViagi(@, 23,:(2) — Viggi(w, 2] (2)))
A(V2,:@) V2gi(@, 5 .4(@) = (V5 (@) VEa0:(2, 2 (2) ). (19)
By taking norm, we have

n

VA (@)l <~ ZHV il @), @) [+ S Iy @2, fi oy @), 25,400)) |

i=1

1 — . . .
+o DAV @V fi (2, v (2), 25, (@) |
A n
oy [Hvixgi (2.1 i(2)) = V,g:(2, 2 @) |
=1
+ va )=V ( vagl(w 22.4@)|]
@
a (1 N 12041 " (1 + Lgal)Lf’l>Lf’1 +)\(1 + LQJ)L fi(@) — 25 (@)l
Hg Hg 7 Hf Hg
+ ALga[IV23 i (2) — Vzi(2)||
(_?<1+ 12041 , (1+ Lg,l)Lﬂ)Lf1 N <1+ Ly, )Lfong
Hg Hg 7 Hf Hg Hg
+ Ly, [1 (Lf’OLg’Q FLpa (1 L“”)Lfl)>
Hg Hg K 1223
6Ly, Ly LyoLgs }
+ == (1+ (1+ =2 Lyi+ =21,
I ( ( Iig )) ( Iig )

where (a) uses Assumption f-4]and Lemma[D.2} (b) follows from Lemma [D.4] Then, the proof is
complete. O

https://doi.org/10.52202/079017-0788 25013



E Proofs of Theorem 4.10|and and Corollary 4.11]

E.1 Descent in Objective Function

Lemma E.1. Under Assumptions . . u 4.5|and Lemma @ for L, 1-smooth L*(x), the consecu-
tive iterates of Algorithm[|satisfy:

E[L*(z141) — L (24)]

= ’L. 3Nz
<~ BB ) - BRI + Bl mpn 4+ Mgy, — g o)
3 zL
# PR3 e e 3 D e m»rﬂ
forallt € {0,1,....,T — 1}, where we assume \ > %

Proof. Recall the definitions of £*(x) and H*(z) in eq. (6). By using the smoothness of £*(x;) in
Lemma|[D:6] we have that

E[ﬁ*($t+1)]
L,
SE[L(x4)] +EH (24), Tp1 — x4) + 2’1E||$t+1 —a?
« x t U;EL* 1 t 2
=E[L*(20)] — nE(H (24), hy) + == E[h |

* * Tt W?:L*,l t2
=E[L"(x1)] — na(H (), hy) + = Ellha]
2
" Nz % Ne 7 Nz * 7 %L*,
B[ ()] — RN @)~ EEIRLI? + B (z) B2 + g2

(@) * Nz * N o7 nzL*,l 377EL 1
SE[L(z0)] = SEIH (@)]* — FEIRI? + Z5=EllRG1* + LR |y -y ()|

3IL
L Mt n Mg { ZHZ” 23 iz H—!— ZHU”_Z Tt ||]

where (a) follows from

E|[H* (z:) — BL |
1 n . . 2
=K n Z VaLi(we, y* (20), 23 4 (@0), 27 (21)) = VaLi (20, Ye, Zit, Vi)
i—1

) 1 —
o ZEHVmﬂi ($t7y*(90t)7 Z:k\,i(ft)a Z:(xt)) = VoL, (xtvyta Zits Uinf) H2

(a.2) 1 n 1 "
< aLaB v w0l 3I3E 5 Y- e = ol + 5 2 e w0
i=1 i=1

and (a.1) uses Jensen inequality; (a.2) follows from Assumption[d.4]and Lemma[D.T} Then, the proof
is complete. O

E.2 Bounds of Estimators

Lemma E.2. Under Assumptions4.3) the estimators of v;, z;, y and x can be bounded
as

Ellb% 4|12 < 22, Ellos, — 2 (w0) |2 + 202,
EllB 12 < 4(E3 1 + A2L2 ) (Ellys — y* (20l + Ellzi — 23,4 @)I1?) + 4(0% + A%02),
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2 o f (n |It‘)0h Bh 2,
Ellhg |12 < m+(_71)u;|+(1+|;|) (Elly =y @0l + ZEnv” s@)l?),

— |14])
- 1)|I|

Sforanyi € {1, ,n} andt € {0,1,...,T — 1}.

3
(Jf +2)\2 2)

Bl < B+ -

(Lo +2XL2,) +

Proof. By using the definition of z} (), we can have that
Bl l1* < 2B(V.gi(e,vi,6:€81) = Viagi(e, vio)I” + 2B Vogi(e, vie) = Vagi(@e, 27 (20)) ||
< 2L§71E||viyt — 2 () |]? + 203.
Similarly, we have
E||hiz||2 < Q]EHVin(iUtaytvzi,tvvz‘,t) - V.L; (mtaytvzz Vi85 § )||2
+ 2E(| Vo Li(2e, yt, zit, Vi) — VaLi(Tr,y (xt)vzx,i(wt),vi,t)HQ
<45+ 02L2 ) (Ellzig — 2 (@0l + Ellge - y* (@)]7) + 4(0% + A202).

Next, for the estimator of x, we have

2
EIIhZIIQ _EHI Z Vo Li(@e, Y, Zits Viit; &)
8 Rt
(@ 1 ?
E‘ m Z [Vxl:i@t, Yt, Zi,tyvi,t;gzt) - Vmﬁi(It,yt, Zi,hvi,t)}
i€l
1e 2
EHIM D VaLi(e, yr 2, vin) (20)

i€l

where (a) uses unbiased estimation in Assumption[d.5] For the first part of eq. (20), since tasks are
selected without replacement, we have

1 2
]EH|I| Z [Vxﬁi(ﬂvt, Y, Zits Vit §p) — VaLi(@e, Yt 2t Ui,t):|
t] 2
(a)le“Vﬁz Zit,Vit; §ip) — Vali(z zv)2
‘It|2 ty Yty Zity Vit Sit ty Yty Zity Vit
i€l
3
< — (07 +2)\°07) (21)
11|
where (a) uses the unbiased estimation assumption in Assumption[4.5] For the second part of eq. (20)),
we have
1 2
EH Z Vxﬁi@m Yt Zits vi,t)
‘It|i61t
uLIER Y o Pt B o A
= TTr i aN - T~ € ) s “1,ty Ut 7 N A~ ) ) A1 7IUZ
L|n—1) ||n - ts Yty Zijt, Vit A n L ts Yty Zist Vit
‘ ( — L) o 272
B[ + )z Lo+ 2V L50) (22)

where (a) used the Lemma A.1 in [32]]; (b) uses Assumption[4.4] By combining eq. (22) with eq. (ZI),
the fourth inequality is proved. Last, for the estimator of y, we have

2

]E”h;”z = H ZV fz Tty Yty U tvgzt)

ZEI
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2

Z vyfi(xtaytavi,t)

2
1

+E|

i€l

1]

(a) 1
EHW Z Vyfi(xt,yt,vi,t;ézt) — Vyfil@e, ye, vit)

i€l

() 1 ,
|I |2 ’LGZIEHV fl Tty Yt, Ui t7§l t) v fl(l.t?yhvzt)H
+M]E lin.(x v»)2+u ZEfo v)2
|It|(n_1) ni:l yJilt: Yt Vit (n_l |It i: Z ty Yty Vit
©0} | (n=|L)ok, | n(Ll=1)+ B3 (n = |L) .
f t1)O¢h t th +
S7+ * ]E . v i\Tt, Yt, Vg
1] (n—1)| 4| [I|(n — 1) n; yfi(@e, ye, vie)
@oj (=L,
LI (n= 1|4
2

n( L] = 1) + B3, (n — 1)
[Ie(n — 1)

1 n
E n ;Vyfi('rtayty vit) = Vyfi (a:t,y*(xt), Zl*(%“t))

©0oF | (n—|L|)o},
T (n= DI

n(llt\ - 1) + 6152}1(” - |It|) 2 24
|It‘(TL — 1) Lf71 (EHyt - || E EHUZ t xt)” )
(f) 0% (n — |I|)o? B2
f t th 4 th 24 2
< ]_ L E — E 2,t T 9
ST il ( - |1|) ( v = v™(@)" + Z Pvie == xt)”)

4.6; (d) follows from definition y* () = arg max,, LN fi(z,y, 2 (2)); (e) uses Assumption m

where (a) uses Assumption[d.3} (b) follows from the Lemma A.1 in [32]; (c) uses Assumptlon
and (f) uses ;5 > 1. Then, the proof is complete

E.3 Descent in Approximation Errors

Lemma E.3. Under Assumptlons. M3\ |6 there exists 6,1, 0.,1,0,,1 such that the iterates
of Vi1, %t and yy in Algorlthmmsatz

E Z [EHUz’,t+1 - Z:(lft+1)|‘2 - EHUi,t - Z:(%)Hz]

i=1
( nvug+6 ZEHUM—% Tt H —1—2771,(1—1—5)
i=1
Lgl Tt Lﬁ,l L, . t 2
+ LB ot (S5 + L miad
LS [Bllsens = ol ~ Bl — (a0l
n v i,t+ i + i, i
z)\ 1 - * 2 ZL2 *
<(- 2t 1) ZEHW — )|+ (1 + 52)(?&7;1 + AL 1 )Ellye — y” (w0)”
144n2 L2 gl

2712
(14477ng,1 + 13Ls .z

B+ (ML T

t 2
o JEIRLIP +8(1 +6.)2X0,

Ellyesr — v (@es1)|* = Ellye — v (20) ||

2
4—%w+ﬁu+m@+%@ﬁiwﬂmm—fmm2

—|It])o? 02 Lya\’L}s
201 (n — [Li])oin = (1 9 fEt
eoittran (i o SR ) o 32 (10 Bt ) el

myLFq ( /Bth) 2 IR * 2
Ui nd BY 1422 )1 SN E|vi — 2
G (R O LA (ER AR S ERRE ]
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2
w2 (fe (14 L9’1)2—Lf’1 E|hL |,
2 g /o u3

forallt € {0,...,T — 1}, where we define 6,, := §,1 + 3"*L* z (L2 + 2)\2L3’0), 8 =0y +

2 2
W%EL%O—&—QVL;O), 0y = 5y’1+%@%0+2)\2 2 o) and we assume X > {2Ly 1/ g, (14
Lgay_Lia LgayLyalse LyalL. LgayLya 4 1205371 LoayLya Lya
- )3qu91 (1+ ‘ji )slaps, Boakes (14 (14 2ot ) 2ot 4 12hot )70 (14 Loty BLt gy 2o
o < 2L2 T S s

Proof. For the iterations of the lower-level problem, we have
Ellvit1 = 2 (@) I” =Ellvie1 — 27 (@)1 + Ell2] () — 2 (@e40)]|
+ 2B (v 141 — 25 (1), 25 (1) — 2 (@e41))- (23)
For the first term of eq. (23)), we have
Ellosas1 — 2 (@)l
=Elvis — 2/ (z:) — moh
=E|[vis — 2] (z,)|* + mEHh ll? = 20 E(vig — 2] (20), 1, 5)
=Ellvie — 25 (ze) | + miE( Rl 117 — 2B v e — 27 (24), Vg (26, vi0) — Vagi (e, 2 (1))

t ||2

a)
< (1 = 200pg)Ellvis — 27 (o) |I* + i El| S, 5|

)
< (1= 2nuptg + 202L2 )E|vie — 27 (24)]1? + 2020

©)
20— oty Bllvs — 21 )| + 20202, 29

where (a) follows from Assumptlon (b) uses Lemma (c) results from 7, < 5 ‘L‘g . For the
g,1
second term of eq. (23), we have

2 2712

nzLy,
— w1 )|? = 2R E||RL)2. (25)
g Hy

Ell2} (we) — 2] (zer)|I” <

For the last term of eq. @), we have
2E (i1 — 27 (), 27 (2) — 27 (2441))
= — 2E(vi 41 — 2 (@), Vi (20) (2141 — 24))
— 2B (i1 — 27 (), 27 (e41) — 2 (21) — Vi (@) (B0 — 24))
:2]E<U,»7t+1 — zi(x4), Vzf (xt)nmh >
= 2B (i1 — 2] (22), 2] (Te11) — 27 (20) = V2] () (@eq1 — 7))
<2]E||’ui t+1 le*(:ct)H EHVZ Ty nzh ||
+ QEHvl t+1 — 27 () H IEHz (e41) — 2] (x¢) — V2] (x8) (@841 — xt)H

(a) ~
22]EH’UZ t+1 — 25 (x4) H ~I['EHV2’-k (z¢ nmhin + ]EH’UZ"t+1 — zf(xt)H <Ly Ellxeyr — avt||2

zL 2L*z
<bunBlfvrais — 27 @) |* + FL3 B[R] + 2R ng 2

v, g
3 *,2 .
+ 77932 (L 0 + 2)‘2L52],0)E’|Ui,t+1 — 2 (xt)H2
:%LQ ~ 2L* R
o =@l + 5B+ %T’El\h§||27 26)
v,1g

where (a) use Lemma and Lemma 1 in [44]; (b) defines 6, := &, 1 + 3771 L (L2 +2X2L2 ).
By plugging eq. (24), eq. 1@' eq. (26) into eq. (23)), we have

Bl — = (e~ Bl - 2 o)
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. 77ng 1 Tt Lg,l *,2 t 2
<(=opag + 80)E[Jvie — 2 (20) | + 200(1 4 80 + 7 Ellh I e =+ E[hal".
v,1 g
Then we get
1 — " 2 « 2
gz [EHUz‘,tﬂ — 25 (@e1)||” = El|vie — 2 (1) | }
i=1

<(— nupg + 6v) ZEHvzt ) +215(1 + 8,)0;

A (L ¥ L*’Z)Em;n?.
1Mg g 2
Thus, the first inequality in the lemma is proved. Similarly, we have
El|zi11 = 23 i (@er)|? =El|zie1 — 235 (@) 1P + E[|23 5 (20) — 23 5 (o) [
+ 2B (201 — 250(20), A4 (20) — 23,4(2041))- 27)
We can bound the first term in eq. (27) similarly with eq. (24) as
Ellzit41 — 23,4 (o) |1
<Ellzi,t — 25 z(ﬂUt)H2 + U?Enht H2 - 2”2E<Zi,t - Z;,i(wt)v hiz>
=E| |zt — 2X,1 (o) | + nZEl| A |
= 2m:B(zie — 23i(2), VaLi(e, ye, zi, vie) — VaLi(e,ye, 23,6 (1), vit) )
—277zE<Zit _Z;\i(mi) V. 5'(xtayt72§\,i($t)7”i,t) V.Li (xt, “(x t)az:,i(xt)vvi,t»
=E||zi,t — 2X,1 (o) | + nZEl| AL |
= 2m:B(zip — 23(21), VaLi(e, ye, zin, i) — VaLi(e,yr, 23,5 (1), vit) )
= 20.E(zi 0 — 230 (20), Ve fi(ze,yr, 23,0(20)) — Ve fi@e, y™ (@), 23, (20)) )
<1 = n2Ag)Ellzie — 23,0 (o) |* + n2E | RL ;)12

2 z * *
U ]EHV Fixe,ye, 200(@e)) = Vafi(ze,y" (2e), 25,0(20) ||

ZA *
+ Rz — @)l + 5

277sz’1

Elly: —y" (21|
ey |

A *
<(1- BBz — Rala) ) + ZENRL]P +

(@) A . 2L} -
< (1= 5 Bl = St (S50 + SEN LG Bl — 0" o)

+ 802NL) 1 El|zie — 23,i(ze) | + 8n2X70;

(®) B . 2n. L3
g(17’747“9)E|\zi,tfzx,i(xt)||2+(%wnﬁxﬁg,l)nzuyﬁ (@) ? + 812202, (28)

where (a) uses Lernmaand A > max { Ly. 1 ' o } (b) uses N A < 32L2 - ; we bound the second
term in eq. (27) as

. . 14412 1447212
E[15,4(x) = 5 (@een)[P € 58 Bl — mal = S HEIRE @9)
g g

and we bound the last term in eq. (27) similarly with eq. (26) as

2E (2001 — 234(20), 23,4 (20) — 235 (@e41))

* 2 144773[/2 2L* 2
<O.E| zigq1 — 25 4(2)|” + ﬁ]EHht H MESLZSN 1AL (30)
z,1Hg
where §, := 0,1 + z)"L”A(L? + 2)\2L310). By plugging eq. , eq. , eq. into eq. ’

we have

E||zi 41 — Z;,i(xt+1)||2 —E||zi¢ — Z;,i(xt)||2
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A . 20-L] .
S( - 4’% + (52)EHzi,t - Z,\,i(l‘t)H + (140, )< )\ugfl - 8773)\2L§’1)E||yt —y @)l

Mo 4 (A2, 2L

T 2

JEIRLI2 +8(1 + 6.)n2A%02,
After telescoping, we obtain

n
% Z [E‘|Zi,t+1 - Z;\,z‘(xt-Fl)HQ - EHz” - Z;\z(xt)||2:|

i=1

2n.L3
S( 772)‘“9 ) ZE’ zit — 25, (@t H +(1+ &)(% + 8773)‘21/271)@'% —y ()|
g

144"7x g,1
+ o
Then the second inequality in the lemma is proved. Last, for y; and y*(z;), we have
=Ellyer1 — y" (@) I + Elly* (z:) — v (wer1) |2
+ 2B (Y1 — v (20), y" (20) — y* (2141))- (31
We can bound the first term in eq. (31)) as

B+ (s 4 B

g 2

JEIRLIP +8(1 + 6.)n2X 0.

Ellye+1 — v (zes1) [

Ellysr1 — y* (z0)||?

=E|ly: + h, — y*(z4)|?
=Elly: — y* (@) I + myElR, 1> + 20y E(ye — y* (1), b))

(@)
=Elly: — v (o) |I” + nyEIIht |12

+ 2nyE<yt —y*(zy), - Z Vyfi(@e,ye,vie) — Vyfi(@e, e, Zf(xt))>
i=1

* 1 - * * *
+ 2nyE<yt ) ($t), n Zvyfi (xtaytazi (xt)) - vyfi (:I:tay (xt),zi ($t))>

i=1
(®) * 2 t2
<Ellys — y*(ze)|* + nJEllhg |

* 2 1 - * 2

+ 1y ( s Ellye — y" (20) |7 + le EH% Zvyfi(gct’ytv”i,t) - vyfi(irtvytvzi (%))H

i=1

— 20y Ellye — y* (2|

(o) N Ny Ly
< (1= nmyup)Ellye — y* (@) |* + myEllhy > + = f : ZEHUM*Z ()]

(&) 82 n—|I
052t e - 52450

L2
+ (Wyuff’ + 1y (1 + ﬁ”]) ) ZEHUZ e — 25 (x) |3, (32)

where (a) uses the definition of y*(z) and eq. ; (b) uses strong concavity of f; in y; (c) follows
from definition of y*(x;) and Assumption (d) uses Lemma We can bound the second term

in eq. (1) as
2

. i (a) L,1\2L%, L,\2L3%,
Elly* (@) - y* @) |2 < (14 Z28) LB oy — a2 = 2 (1+ =21 ) =LE|L 2,
Hg f Hg Y

(33)
where (a) follows from Lemma[D.2] Also, we can get the bound of the last term as

2E(yer1 — ¥ (2e),y" (1) — ¥ (we41))
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= — 2E(yr1 — y* (1), V" (ze) (@1 — 24))

= 2E(yi1 — ¥ (20), y" (weg1) — ¥ (21) = Vy* () (w41 — 21))
=28y — o7 ()| - [|0a Vi (2e) i |

+ 2E||yerr — v (@) || - |0 (1) — " (0) — VY (@) (g1 — ) |

(a) * 2 L91>2L?‘71 Tt2
=0, 1E — 1 —2=FE||h
y,1 Hyt+1 Y (xt)H + 5%1( + g M? H z”

+EHyt+1 - y*(xt)H 'L*,yHl"tJrl - xtHZ

(b) L 2L2 N
<o, 18l = |+ 32 (14 L) it
1 Wy

Hg

s

L,
By - |

L
+ =5 Bl =y @) e = ol

(c) 3773L* . 9
2 (S + 2L (13 42083, Bl — (a0

2 272 - 2
#7214 200 ) Bpi P+ i
6y,1 Hg :uf 2

(d) 2 Lo1\?L3 n2L,
<8,E||yes1 —y*(xt)|\2+(;7“’1<1+:’1> ufllEHhtH VR, 34
Yy g

where (a) uses Lemma|[D.2]and Lemma|[D.3} (b) use Lemma[D.3]and Lemma 1 in [44]; (c) follows
2
from Assumption (d) defines &, = 6,1 + %(L%O + 2)\%L2 ). By plugging eq. lb

eq. (33), eq. (34) into eq. (34), we get

Ellysr1 — v (e )1? — Ellye — y* ()|

e .
s[—nyw+n§<1+5y)(1+uj])Lfc,l + 6y | Ellge — y ()|

o2 I 2 L 212 _
+77y(1+6)< S e 1)L t|)0th)+"x<1+ 91) “LLE|RL)?

1] (n —1)| L] Oy,1 Hg M
nLis | Bn 12 2
+ Lp2(1+ )13, ) (1+6,) Bl
L. Lya\2 L5
(B e (14 L) f;)mmzrf.
2 Hg Hy
Then the last inequality is proved. Thus, the proof is complete. O

E.4 Descent in the Lyapunov Function and Proof of Theorem 4.10]

We define the Lyapunov function as

1 n
Wy =L () + KyEllye =y (@0)|* + K- D Bllzie — 25(x0)
i=1

1 n
+KUE§IE||UM — 25 () ||%, (35)

where the coefficients are given by

Ne 3L%, 216L;,L%, 864L%, nA% 54L7 nA? 54L7
Ky:—.f( - + ) K, =22 el g oo 2 TRl
Ty pf N 2 My Hg n=A g o Hg
Ty lbg N=Alg T lbg
1) = 52 = ’ 5’” = . 36
y,1 8 5 ,1 8 ,1 ~ 4 ( )
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For convenience, we define the following constants:

O e maX{L* 1 54L (Lq . L) 54L7 (144L§,1 L Les )

27 pg Ny 2 g 13 2
3(3@71 N 21612, L3 , N 864L§,1)(L*,y O+ Lgyl)QL;,l)}
py N2 uf; Iig 2 ng ' opp /)
62208L,, 16 (3L%, 216L; L%, 864L2, Lgi\2L%1
Ca ::max{ i 4 /7?«( 5+ ZS + Mgg )(1+ :g ) T?
864L% 02 4 /3L% 216L72 | L7 86412
Cs = max{ g’lgg,—( LELA g’; LA g‘1>(orj2c +at2h)}4 (37)
Hg pr N2 Mg Hg

We also constrain the conditions as below:

L? : 1L _
A {2Lf,17(1 Lg,l) g Lg,l)Lf,le’Lf,lL T4 (1 Lgl)L,1 N 12Lg,1) 3
Hg 3psLga g " 3psLgn 6Lgn Hg — Hf Hg
((+ gl)Lf1+1)Lf1 Liz Lyo o 16L7, <3L§c,1 216L§,1L§,1+864L§,1>}
tg ~ s Lga1’ Lg2" Lgo’ 09’ 2Tp3L5 1\ 2 I Itg ’

1 : a2i 1 ; Hg 4
Ne < = 7 Smln{ , }, nz/\gmm{ , ,
16C," " 8(L+BZ)LS, " (1 + B2 )y GALZ " 1y

2 2 2472
mgmin{ g 2}’ pNt < Mo e 1 o1 naA 1

- L?;,l’ 775 - 12027 772 - 126‘27 7712) - 126‘27

2412 2

Nz A . 1 Hf Nz A . 1 fof

a2 o L . <

Ty _mln{1601’36L*,yL;0 Ty =166 361, L2, J
2

2

. 1 Hf
< . 38
e =0 { 16C; 36L*,2L370} (38)

Plugging Lemma [ET} Lemma [E-3]into eq. (35) and using eq. (36), we have the descent in the
Lyapunov function as

2)\2 A2
\I/ —\IJ _7]E 2 77:6 1 ni T’ 7790 C L2 2
=S BB o (1 T )0 )
+ (nzny T N (772)‘))‘2 + 7730771))‘2)03' (39)

Proof. To simplify the problem, we assume |I;| = P fort = 0,...,7 — 1. By taking summation of
eq. (39) from¢t = 0to T — 1, we get

212 2 2
7 2 Nz ( Ne  NaA® | N )
= E IE H*( Uy — Up) + 1+ =+ + C.
IR @)ll” < ( 0= ¥r) P ny (A M ?

+ (nwny + Nz (nz)\)AQ + 77:707]1))\2)03 (40)
By using Lemma[D.5]and eq. (0), we have

= ZEHV@ a)|* < ZEHV‘P () w)|® + ZEIIH DII?

(a) _ 2 2 2
” ZCgap " 4(Tg—Tp)  dn A ( Ne  NaA ) >02

RS T, | P 1+%+(77z>‘)+ Uz
+ 4(77y + (772>‘))‘2 + 771))‘2)03
() )
<O(T77), 41)
where (a) uses eq. ; (b) takes n, = O(T~%), n, = O(T~ %), 1. = O(T~%), n, = O(T~7),
A = O(T'7), which satisfies eq. (38). Thus, Theoremls proved. O
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E.5 Proof of Corollary4.11]

Proof. From eq. @) to achieve e-accurate stationary point of the objective function ®(x) in
deﬁnition | we let t 0 IE||V<I>(:L’,5) |2 = O(T~7) < e. As a result, we can see that the epochs

number we need is T = O(e~ 2 ). The total sample complexity is PT = O(Pe~%). Then, we finish
the proof. O

F Proofs of Theoremd4.12]and Corollary 4.13]

F.1 Descent in Objective Function

Lemma F.1. Under Assumptlonsn - uand Lemma @ for L, 1-smooth L*(x), the consecu-
tive iterates of Algorithm 2] satisfy:

EI:E <$t+1> —L* (.’Etﬂ
Nz (5 NzLsn ?
<- *EIIH ()| = 3’61[*1Hh§5||2 +

K K
g Vo Li(Tt, Yty 24, Vig)

’ L]

i€l
377IL2 * 377ZL 1 - *
+ Tf’lEHyt —y (%&)HQ + A [ Z ”Zz t ZA (@) 2 + n Z Hvzl,(t % (xt)HQ]
i=1
forallt €{0,1,...,T — 1}, where we assume \ > —Qﬁi’l.

Proof. Recall the definitions of £* () and H*(z) in eq. (6). By using the smoothness of £*(x;) in
Lemma|[D:6] we have that

L,
E[L*(xe41)] SE[L™(20)] +EH (20), 241 — 20) + 2’1E||$t+1 — ||

1
1EHI| Z Vo lLi(ze, ye, Zii,(t’ ’Ufi‘/)
t

i€l
* Nz 7 N * 7
“E[£ ()] — I (w0 |2~ R + R ()~ B

2
=E[C*(21)] — neE(H" (1), BL) + 7 =

2

+ nﬂ? H|It szﬁi(ﬁtvytvzi{(ﬂvi[g)

i€l

* N * N T
E[L"(2)] = SEIH (@) - S ElRG

2 3771-[/2
+ S R e~y )|

377xL " 1 .
# P[5l skt + 5 3o = ]
i=1

+ T]aﬁ H|I vaﬁi('xhytazi{(tavi{(t)
t

where (a) uses

E|[#H (2 )—f? I?

Zv E Ita 'It) Z;i('xt)vz;‘(zt)) - vxﬁi(ztayt7zﬁ7vil(,t)

2

(1) 1
< g Z EHVI‘Cl (l‘h y*(xt)7 z;,i('rt)a Z:(xt)) - va:‘cz (xta Yt Zi{(fm vfft) H2
i=1
(a.2)

< I 1 o
< BL3Ey — v (@)l + 3L?\’1E{n DIl — P+ 3ol - Zi‘(wt>’|17
i=1 i=1

and (a.1) uses Jensen inequality; (a.2) follows from Lemma[D.1] Then, the proof is complete. [
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F.2 Bounds of Estimators

Lemma F.2. Under Assumptions we have the bounds of the estimators of y; and x; as

1 B
|l > Vyfile,ye vi) L+ T L3 (Ellye — y™ ()1 + Ellv” 27 () |2
L] 14|
i€l
, (n=1L)a?,
(n—=DL|
vE) t [Le]) 72 272
H'It ;V ‘C xtayta zt’ zt <EHh || W(Lf,()‘kQ)‘ Lg,O)
foranyie{l,..,n}andt € {0,1,....T — 1}.
Proof. For the estimator of y, we have
2
u— | ZV f’b mtaytavzt)
i€l
@n(|le] —1) || 1 < oL 1 2
:u(tu(;%liﬁ:”gzvyﬁ(xt,yuvﬁ) +(n_71|)r]|t|';ZEHVyfi(mt7ymvft)
i=1 i=1
O (n — Loty n( L] = 1) + B (n— L)) ]| 1§ |
< - . !
> (n71)|1t‘ |It|(’l’l*1) E nizz;vyfz(xtayhvz,t)

© (n ~ |L])o,

= (=1L
n([e] = 1) + B (n — |L]) || 1 Zn K . . :
|[t|(n_ 1) E E . vyfi(xt7yt7vi,t) - vyfi(‘rtyy (.’L't),zi (xt))
D (n— Loty | n(|le] = 1) + Bin(n — |1t]) o . 2, 1y K« 2
< — — . J— .
Sy A=y L (Bl =y @l + o 2 Elli A @ol?)

©(n — ‘It|)o't2h Bth 2
<\ PtU7th Zth

<o o () (Bl =y @l + 5 ZE””M @l?),
where (a) follows from the Lemma A.1 in [32]; (b) uses Assumptlon 4.5 14.6; (c) follows from
definition y* () = argmax, = >_" f;(z,y, 2] (x)); (d) uses Assumption[4.4and (e) uses By, > 1.
Next, for the estimator of y, we have

! 2@n(h] 1) 11 & 2
£ VoLi(w,y, 2 0fs)| =Bl = D> Vel K K
H ‘Itl ; It7yta it zt) |It|(7’L — 1) n ; T 1($t7yt’zz,tﬁvz,t)
n — ‘It| 1 n K K 2
SR I AT
t J 2 272
<E|[n4]|* + DT, |(Lf,o +202L2 ). (42)
Then, the proof is complete. 0

F.3 Bounds of Sub-loop Errors

Lemma F.3. Under Assumptions for¥s € R, we assume that ||z} (z;)|| < B for some
B < oo. Then we have

max {E[[vf% — 2 (2 Ell2 - (@01} < eous

L2
3(1120 117+ 575> +57)
2(J10¢,11°+52) oel gy
1 it 1 f.1 v 1
when K > max { T log — s WL log v , where n)} € (0, SToa ),

1 Ly,
nf € (0, 4/\L9,1)’ A > ng.
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Proof. From Lemma we have that £; is /\” 2 _strongly convex in z and we have that £; is

2L 1-Lipschitz continue in z when A > uf L also from Assumption q E we have that g;
is fug- strongly convex in v and Lg 1-smooth in v. According to Theore 6 1n [L1], by taking
0<n < and0<77t 4/\L T , we have

Ellofy — 2 (20)|” < (1= 1 ug) Ellvg, — 27 (z0) 1%,

NEAR
)F < (1 - %)KEIIZ?,

Ell2f — 23.i(xe = 2@

To make sure EHUZKt — 2 () ||* < €sup and ]E||zf(t — zj‘\l(xt)Hz < €gup fOr some €4, > 0, we let
(1 =07 1) “Ellod, — 2 () 1P < 20 = 0 pg) ™ (107,117 + B?) < €quns
and

N A .
(1- %)KEHZ% — 23 () |I?

nF AR . . .
<3(1 - u)K(IIZ?,tII2 + E|l2f (me) — 25 () |I? + Ell2) () |1)

(a) Z)\ L2
§3(1 Mt MQ)K( t||2+ 2f>7\02+32)

() i Ay \ K¢ 012 4 LfO 2
<31 = B IP + g + B

§€sub,

where (a) uses Lemma (b) take A\ > % Both can be achieved by taking

1 2(””?15”24‘32) 1 (||Zzt||2 fo +B2)
K > max { —— log : y = log .
N g €sub Un Lf,l €sub
Then the proof is complete. O

Lemma F.4. Under the Assumptions the iterates of y, updates according to Algorithm[2]
satisfy

Ellyet1 = v (@) ” = Ellys — y*(20) ||
(n —|L])of,

e *
< { — Nytty + 7]5(1 + 5y)(1 + ﬂ)L?71 + 54]]*:”% ) (3315)”2 + 773(1 + dy) (n— 1)L

|1t
1y L7
+< yﬂff’ su(1+ fftDL?‘,l) L) ZEH“”_Z Sl

2 212 ~
e S =
y,1 Hg Mf

L. LyaN2 L7 1
+77:% 77y+ (1+L1) jg,l E 7va£i(ajtaytazi}§7vi{{t)
2 g Ky 1|

i€l

2

2
for any t € {0,..,T — 1}, where we assume X > {2Ly1/pg, (1 + Lo1) Lia 1+

) Kg /3purLga’
L Ls1L LyiL., Ly Ly, 12041\ — Lgan Ly, Ly,
G S (o (o B B ) (0 B B 1) )

Proof. For y and y*(z), we have

Ellysr1 — y* (@es1)1? =Ellyesr — v* @) |* + Elly* (z¢) — y* (ze41) 2
+ 2E<yt+1 =y (24),y" (21) — y*(:vt+1)>- 43)
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We can bound the first term in eq. (43) as

Ellyir1 — v ()|

2
E‘ymL i > OV filwryevf) =y (@)
| |z€1
2
Bl — v )| + 2E H 1 X Vi o)
i€l
+277yIE<yt xt |I| Zv fz Tty Yt, U 7,t)>
N
2

(a) «
Oy, — y <a:t>||2+nyEH| ST, filan e v
’Lelt

1 n
+ 277yE<yt —y (@), D Vufilze e vfe) = Vo filze v 2 (xt))>
=1

+ 2nyE<yt =y (zy), % Z Vyfi(we,ye, 25 (1)) — Vy fi(ze, y* (@), Zz*(wt))>

2

(b)
<Elly: — y* ()2 + 2 H SV fi yin o)
zEI

* 1 . *
1y (ufEnyt —y (@) + ME‘ - S Vil vls) = Vyfi(zeve 25 (20))
=1

)

=20y 1By — v (20) 2

(c) § 1 2
< —nypp)Ellye —y () ]1* + W;E T Z Vyfz‘(xuyt,vi{(t)

’ ‘It| i€l

77y 1
f : ZEnm ()|

(n —|Li])op,
(n = DL

nyL?”,l 6th 2
(B (e ) ZEHm (el @)

where (a) uses the definition of y*(x;) and eq. ; (b) uses strong concavity of f; in y; (c) follos
from definition of y*(x;) and Assumption (d) uses Lemma We can bound the second term
in eq. @3) as

@ 3 .
(1 — nytiy + 7, (1 + |Ith)Lfc,1>]E||yt — (@) |)* +

. . @ o Leay?Lj
Elly*(2) - y* (@) 2 < (1+ ;1) LBy — 24
g

2
N CN)

—7’]%(1+ HlIt Zv fz Tty Yty U 1t)

where (a) follows from Lemma[D.2] Also, we can get the bound of the last term as

Hg

2E(yeq1 — ¥ (@), ¥ (2¢) — y* (2e41))
= — 2E(yer1 — y*(21), VY () (w111 — 240))
= 2E(y1 — ¥ (@), ¥ (weg1) — " () — VY (we) (w41 — @)
=2E|[yr1 — 7 (2)|| - [[na V" (o) B |
+ 2E|yes1 — v (@) || - |y (@eg1) — v (20) — Vy* (@) (@41 — 30|
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(a) * 2 775 L9’1>2L}71 Tt 12
=,1E — 1 Efh
y,1 Hyt+1 Y (xt)H 5y1( + g Mfﬁ H m”

)

Bl =y @0l Lyl — el

2 L 2L2 .
S R e
Yy g

)

L. . L.,
LB~y @Ol e — o+ LB — o

(b) 32 L, " 2
< (6y,1 + =5 (L3 o+ 2)\2L§’0)>]E|]yt+1 —y*(z)||

L1 2L3‘1 Tt )2 77 ’
+ — 1+7g, ) —FE htl = *yE’H vx‘ci(xtayhzz'l(?’uil()
(1 ) s el 5 e

© 2 Lo \2 L2, o~
S e (R e
Y, g

2

+"71, ’yEH“. ZV ‘C xtaytv zt? 'LI(t) ) (46)
t

i€l

where (a) uses Lemmal]ZZL [D3]and Lemma 1 in [44]; (b) follows from Assumptlon (c) defines
8y =0y + 3"“72*”@}70 + 2X?L7 ). By plugging eq. (44), eq. (45), eq. 1nto eq. 4

Ellysr1 — v (o) |1? = Ellye — y* () |12

3), we get

< 2 146 1 /67152}1 L2 5| & * 2 2 146 (n_ ‘It|)0-152h
<| = pg (L4 8y) (14 1 1 0y | Bllye =y (@) 7+ my (L + 6y) ——=577 1
|1t (n =D)L
my L
+( PIRL 2 (1+ﬁth)L§,l) (1+6,) Z]Env” ()]
1y 1]
2 Lo \?L%,  ~
b (14 2ot ) g
Oy,1 Hg Ky
L. 2L 2
+m< ’y+(1+ ”) H ZVL ey, 25, 0%)
2 Ly | 1]
Then the proof is complete. O
F.4 Descent in the Lyapunov Function and Proof of Theorem [4.12]
We define the Lyapunov function as
W(z) = L7 (7) + KyEllye =y (20, (@7
where the coefficient is given by K, = 3:’7”” if L. We also constrain the conditions as below:

) 17 S ) 77 S mln{ ? }7
4 © 7 3L Y (L+ B3 )y’ 81+ 63,)L5

2\ -1
Mo o s K pi (Lay ( 6Lg,1 ) 2Lia
— < min , + (14 ——) —5- ,
My { 12L*,y(L?ﬁ0 + 2)‘21{12;,0) 18L?¢,1 ( 2 Hg H?c

2 -1
’r]i S qu (1 + 6L971> ,
Ty 6\/§Lf’1 Hg

A> maX{QLf 1/ g, (

5y71 =

2
L, 1) L%, 1 Lg,l)Lf,lLf,z
3ﬂng, Hg 3Hng,1’

25026 https://doi.org/10.52202/079017-0788



LiL, L1 L 12041\ -1 L1\ L L
SLomw (14 (14 222 ey (4 2e f’1+1)Lf’1}. (48)
6L, 1 Hg — Hf Hg Hg — 1 9.1

Plugging Lemma[FI} Lemma[E:3]into eq. (7)), we have the descent in the Lyapunov function as
Wi — Wy

x * ]. K o 4 L 11 2L2’ ~
L A R (R e
Hg Ky

2 Ty Ky
L. L. Ly L
+n§{ > y( 3 (1 ug> w3 )} H|It 2 ValLilwye 2 i)
—|I 377 L2 " 1 & "
+2Kyn§(?njf)‘|’gt|h g [ Zum zA,i<mt>||+n;uvg_zi(mu]

i€l
2
77ny1 Bth 2 K * 2
var, (B (H—)L, LS B sl
A ) F nz:: v

2

(@) 1 K 4 L,1\2L3 -
Nz * ynz g,1 f,1 t 12
< - = — M\ 7 — — —— ° a5 x
BB (@)~ n (2 e (14 o) S i
L.
wa[Bt e (B (1 By ) ey e
L*y ? 3(n—|I 2,2
Zh (L2, +2)°L
w5k (B (1 522)’ u;)hnlm rot 2 ko)
|It\)02h 3. L3, 1|l K
+2Ky Ty ( )|Itt| 2 n 4 i _Z)\z Tt) ||+ ZHvlt ‘Tt)”
4K, 0, L2
T L fl- ZEnm—z (@0)]?
®) . Lga\2L71\]3(n— |L))
< ——IE Y 1 L) £ o = 1)) ra ON2[2
ST m[ s (B (e o) SR ) B o)
— |LI|)o? 12L% 4
IK. 2(” |t th 37 f »
+ yTly (n_1)|]t| +7 )\1+ Nf €sub
(c) - 2 — 6L2 o2
Na * 2 2 N (n |It‘))‘ n |It| f,1Y%th
< — g2 (2| +nz(1+—)c4 + 1), ’
g ()] ) DI T S L] g
1204
+nz 3L/\1+ M €sub, (49)
f

where (a) uses Lemma[FE2} (b) uses eq. (48) and takes

K > max | S e A GOl S T o Pl 9120 L
- ¢ g & €sub 7 N Mg & €sub ’
2 2r2 2 2
s = ML) (B s (B (1272 ) s o,

F.5 Proof of Theorem 4.12

Proof. For partial block participation, we take the summation of eq. (@[) fromt = 0toT — 1. Then
we have

Na 2 Nz ( P))‘Q
fZ FEIH @l <¥(wo) = Wlaer) + 0 (1+ 1) Cor—

n—P 6Lf 1 th 5 12L1} 1
. | 3L ’ sub- 50
+77177y( “1)P oy 77£< At LL?: )6 ub (50

For partial block participation By using Lemma[D.3] we have

T—
2
— § :]E||V<I> z)|? < § 1E||V<b zy) — H () ||* + + 7 § IE||7-£ )|
t=0

https://doi.org/10.52202/079017-0788 25027



(n — P)A?

@200y 2(¥(w0) — ¥(z7))
< =
4

S 1y

n— P 24I2,0%, 1214,
+,,,] J +4<3L2 + 5 >€sub
Yn—-1)P M Mfc

+4773,(

®)2C,, 2(U(zg) — ¥(x 4ng A2 24L o3
< ngr((o) (T))+7I. ( C’Jr £,1%th
A2 1y P ny P [

1214
+4<3L?\)1 + 2f71>65ub
Ky
2C,q 2(U () — ¥(x Ay N2 . 24L2% 02
<2Ca (Y(x0) = W(or))  4n (1+1>C4+n 7100
A? T'n, P My P opy
1214
+4<9>\2L§ 1 + 2f,1>€sub
; 2
(©) IR
<O(P75T73). (51)

where (a) follows from eq. 1i (b) follows from 1 < P < n; (c) takes 7, = O(P%T_%),
Ny =OP 5T %), A= O(P1T5), € = O(P~3T75).

Next, for full block participation (n = P), we have the descent in the Lyapunov function for full
block participation as

N . 5 5 2L4
U(zpp1) — U(ze) < —EEHH (@ )I” +ma( 3L3 1 + T €sub- (52)
f
Taking summation of eq. (52)) from ¢ = 0 to 7' — 1, we have
Nz 2 2 2L4
T Z SEIH @I <o) — Wler) + 70 (3L30 + — 5 Jeous (53)
f

By using Lemma@] and eq. (33)), we have
T-1 o T-1

1
= ZEIIW (@)* <7 Z E|V®(zt) — H* (w:)|* + Z E|#H* (w0
2C, 4(¥(zo) — ¥(27)) AL},
< )\_z;ap + T + 12 Li,l + T} €sub
2Cgap . 4(¥(x0) — ¥(z7)) 0 o AL},
< ;; 2+ T +12( 9NL; | + 2 €sub
<Oo(T™). (54)

By taking n, = O(1), 1y = O(1), A = O(T?), €gup = O(T~2). Then Theoremis proved. [

F.6 Proof of Corollary 4.13|

Proof. For tasks participate in updates partially, by eq. (5I), we can find the e-stationary point
in definition once we take T' = O(P*%G*B). Note that we set the error of sub-loop as
€y = O(P3T73) = O(e2). According to Lemma once we take 7, = O(1) and
n. = O(P~ 10T~ %), we have the iteration number of sub-loop as K = O(log()). Thus, we
have the total sample complexity PKT = O(P3e 3 log(1)) = O(P3e3).

Similarly, by eq. (54), we can find the e-stationary point in deﬁmtlononce we take T = O(e1).
Note that we set the error of sub-loop as €z, = O(T~2) = O(e?). Once we take 1, = O(1) and
n. = O(T~2), we have the iteration number of sub-loop as K = O(log(1)). Thus, we have the

total sample complexity nKT = O(ne ! log(1)) = O(ne ). O
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction in this paper accurately reflect the paper’s
contributions and scope.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: The limitation of previous works is discussed in the Introduction part.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: We provide complete assumption in the main text and full proof in the appendix.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide detailed setting of the experiments in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide the code as the supplementary material.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Data and experimental settings are provided in the experiment part in the main
text.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Error bars are provided in the experiments in Table 1.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The computational resources are described in the implementation detail part in
the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.
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* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The authors have reviewed the Code of Ethics and make sure the research
conforms with it.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper focuses on the theoretical analysis of multi-block minimax bilevel
optimization problem, which does not have a social impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
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Answer: [NA]

Justification: The datasets used in this paper contain widely used real-world data; This
research does not use pre-trained LLM or other generative models.

Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have introduced all datasets with proper reference in the experiments part.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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