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Abstract

We consider the problem of learning an e-optimal policy in controlled dynamical
systems with low-rank latent structure. For this problem, we present LoRa-PI
(Low-Rank Policy Iteration), a model-free learning algorithm alternating between
policy improvement and policy evaluation steps. In the latter, the algorithm esti-
mates the low-rank matrix corresponding to the (state, action) value function of
the current policy using the following two-phase procedure. The entries of the
matrix are first sampled uniformly at random to estimate, via a spectral method,
the leverage scores of its rows and columns. These scores are then used to extract a
few important rows and columns whose entries are further sampled. The algorithm
exploits these new samples to complete the matrix estimation using a CUR-like
method. For this leveraged matrix estimation procedure, we establish entry-wise
guarantees that remarkably, do not depend on the coherence of the matrix but only
on its spikiness. These guarantees imply that LoRa-PT learns an e-optimal policy

using O(W) samples where S (resp. A) denotes the number of states
(resp. actions) and + the discount factor. Our algorithm achieves this order-optimal

(in S, A and ¢) sample complexity under milder conditions than those assumed in
previously proposed approaches.

1 Introduction

Reinforcement Learning (RL) methods when applied to dynamical systems with large state and action
spaces suffer from the curse of dimensionality. For example, learning an e-optimal policy in tabular
discounted Markov Decision Processes (MDPs) with S states and A actions requires a number of
samples scaling at least as = 3 s [17, 36]. Fortunately, many real-world systems exhibit a latent
structure that if learnt and explmted could drastically improve the statistical efficiency of RL methods
[25, 38]. In this paper, we are interested in developing methods to leverage low-rank latent structures.
These structures have attracted a lot of attention recently, see e.g. [22, 11, 15, 28, 16, 45, 39, 2, 29,
40, 32, 35, 37, 34]. Here, we consider a structure where the (state, action) value functions of policies,
viewed as S X A matrices, are low-rank. This structure has been empirically motivated and studied
in [35, 34, 43, 33]. The hope is that when exploiting it optimally, learning an e-optimal policy would
only require O(%) samples. Such an improvement would also imply significant statistical
gains in MDPs with continuous state and action spaces. If these spaces are of dimensions d; and
ds, under natural smoothness conditions and using an appropriate discretization [35], the sample
complexity would indeed be reduced from —=r5= (Without structure) t0 —rarazr7s -
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In this paper, we present LoRa-PI (Low Rank Policy Iteration), a model-free algorithm that learns
and exploits an initially hidden low-rank structure in MDPs. Unlike existing algorithms, LoRa-PI
does not require any prior information on the structure. Yet, the algorithm offers the promised

statistical gains: its sample complexity essentially exhibits an order-optimal dependence in S, A and

~ A
£ (ie., 553,

Contributions. Our algorithm LoRa-PI relies on approximate policy iteration [4]. As such, it
alternates between policy evaluation and policy improvement steps. The design and performance
analysis of these two steps constitute our main contributions.

1. Leveraged matrix estimation with entry-wise guarantees. LoRa-PI sequentially updates a candidate
policy whose (state, action) value function has to be estimated. This function can be seen as an .S x A
matrix that we consider to be low rank. The policy evaluation step then boils down to a novel low-rank
matrix estimation procedure. We have two main constraints for this procedure. (i) To be sample
efficient, the matrix should be estimated from noisy observations of only a few of its entries. (ii)
For RL purposes (when integrated to LoRa-PI), the procedure should offer entry-wise performance
guarantees. We present LME (Leveraged Matrix Estimation), a low-rank matrix estimation algorithm
that meets these constraints. LME does not require knowledge of a priori unknown parameters of
the matrix (such as its rank, condition number, spikiness, or coherence), and it is the first algorithm
enjoying non-vacuous entry-wise guarantees even for coherent matrices.

I Method Err. Guarantees Sampling Assumption Complexity ||
LME (ours) entry-wise adaptive bounded spikiness a?(S+ A)/é
Algorithm 1 [35] entry-wise apriori fixed anchors anchors apriori known (S + A)/€?
LR-EVI (Thm 9 [34]) entry-wise unif. anchors incoherence p2a?(S + A)/é
NNM [9] (Thm 21 [34]) entry-wise unif. anchors incoherence pra(S + A)/é
Two-phase MC [7] exact recovery adaptive noiseless not applicable

Table 1: Comparison of methods with entry-wise guarantees. For brevity, the factors (1 — )™, &
and d are omitted. NNM: nuclear norm minimization, MC: matrix completion.

More precisely, LME guarantees an entry-wise estimation error within ¢ using only

~ 2
0 (;g4a2 %) samples, where « and x denote the spikiness and the condition number of

the matrix, respectively. Note that in particular, this sample complexity does not depend on the
coherence of the matrix. Its dependence in S, A and ¢ cannot be improved. To reach this level of
performance, LME relies on an adaptive sampling strategy. It first estimates, via a spectral method, the
so-called leverage scores of the matrix. These scores quantify the amount of information about the
matrix available in the different rows and columns. The algorithm then exploits the leverage scores to
adapt its strategy and in turn, drive the sampling process towards more informative entries.

2. Design and sample complexity of LoRa-PI. Our RL algorithm LoRa-PI is a policy iteration
algorithm that relies on LME to perform policy evaluation steps. The algorithm inherits the advantages
of LME. In contrast to existing algorithms, it is parameter-free and its performance can be analyzed
and guaranteed under mild assumptions on the (state, actions) value functions. In particular, the
corresponding low-rank matrices do not need to be incoherent. We establish that LoRa-PI learns

an e¢-optimal policy using 9] (/@4042%) samples, where o and x are upper bounds on the

spikiness and the condition number of the (state, action) value functions.

3. Numerical experiments. We illustrate numerically the performance of our algorithms, LME
and LoRa-PI, using synthetically generated low-rank MDPs. The experiments are presented in
Appendix A due to space constraints.

Notation. We denote the Euclidean norm of a vector x by ||z||2. Let M be an m X n matrix. We
we denote its i-th row (resp. j-th column) by M; . (resp. by M. ;). We denote its operator norm
by || M]|op, it Frobenius norm by || M|, its infinity norm by || M ||oc = maxX;c(m] jen) |Mi;], and
its two-to-infinity norm by || M||2—0c = maXiesm, | M;.||2. We denote by MT the Moore-Penrose
inverse of M. For given subsets Z € [m], J € [n], we denote by Mz, 7 the sub-matrix whose entries
are {M;; : (4,7) € Z x J}. Finally, we use a A b = min(a, b) and ¢ V b = max(a, b).
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2 Related Work

Low-rank MDPs. MDPs with low-rank latent structure have been extensively studied recently. We
may categorize these studies according to the type of the underlying low-rank structure and to the
nature of the algorithms used to learn this structure.

The most studied low-rank structure concerns MDPs whose transition kernels and the expected
reward functions are low-rank. For instance, it is assumed that the transition probabilities can be
written as p(s'|s,a) = ¢(s,a) " u(s'), where ¢(s,a) and p(s') are d-dimensional feature maps
[22, 11, 15,28, 16, 45, 39, 2, 29, 40, 32]. These work additionally assume that the feature map ¢ (and
similarly for 1) belongs to a rich function class . In this setting, the typical upper bounds derived

for the sample complexity of identifying an e-optimal policy scale as poly(A, (1 — 7)_1)10%,‘3'”.
When no restrictions are imposed on the class #, one can find a low-rank structure such that log ||
scales as the number S of states [20]. In this case, the aforementioned upper bounds are the same
those for MDPs without structure. We also note that most algorithms using this framework rely on
strong computational oracles (e.g., empirical risk minimizers, maximum likelihood estimators), see
[23, 18, 44] for detailed discussions. In this paper, we do not limit our analysis to low-rank structures

based on a given restricted class of functions, and our algorithms do not rely on any kind of oracle.

The low-rank structure we consider is similar to that in [35, 34] and just assumes that the (state, action)
value functions are low-rank. Actually, [35] considers the case where only the optimal Q-function
is low-rank, say of rank d. As shown in [35], such a structure naturally arises when discretizing
smooth MDPs with continuous state and action spaces. In both papers [35, 34], the authors devise
algorithms with a minimax-optimal sample complexity to identify an e-optimal policy roughly scaling
as (S + A)/e2. But the analysis presented in [35] suffers from the following important limitations.
1. First, it is assumed that the learner is aware of a set Z (resp. J) of so-called anchors states (resp.
actions), such that the rank of the matrix Q7,7 := (Q(S,a))(s,a)ezxs is the same as that of the
entire matrix @). Such anchors are however initially unknown (since () is unknown). Importantly, the
proposed RL algorithms rely on a low-rank matrix estimation procedure whose performance strongly
depends on the smallest singular value 04(Qz,7) of Qz, 7. The authors circumvent this difficulty
by actually parametrizing their algorithms using o4(Qz, 7). But again, the latter is unknown, and it
remains unclear how one can avoid this issue. 2. The second limitation is that the analysis is valid for
small values of the discount factor  (the authors need to impose an upper bound on v/c4(Qz,7))
When 04(Qz,7) is small, the analysis is limited to very short horizons. Note that in addition, [35]
assumes that the collected rewards are deterministic, which together with the short horizon issue,
greatly simplifies the learning problem.

To address the first limitation, the authors of [34] propose to sample rows and columns uniformly at
random to get anchors. This solution requires to sample at least dp? states and actions (Lemma 10
in [34]) where  is the (unknown) coherence of the matrix to be estimated. Hence this essentially
amounts to sampling almost the whole matrix for coherent matrices. The authors of [34] also propose
a solution to the second limitation, but at the expense of imposing additional restrictive conditions. In
this paper, we address both limitations and devise RL algorithms that rely on a new low-rank matrix
estimation procedure that works without imposing the incoherence of the matrix and that does not
require knowledge on a priori unknown parameters of this matrix.

Low-rank matrix estimation with entry-wise guarantees. Until recently, most results on low-rank
matrix recovery concerned guarantees with respect to the spectral or Frobenius norms, see e.g. [12]
and references therein. Over the past few years, methods to derive entry-wise guarantees have been
developed. These include spectral approaches [1, 8, 37], nuclear-norm penalization and convex
optimization techniques [9], CUR-based (or Nystrom-like) methods [35, 3, 34].

The aforementioned literature provides guarantees not for all low-rank matrices, but for those typically
enjoying additional structural properties such as incoherence. Relaxing the incoherence assumption
is not easy, but can be achieved using adaptive sampling [24, 7, 41]. As far as we are aware, all
results applicable to somewhat coherent matrices provide guarantees with respect to the spectral or
Frobenius norms. In this paper, we develop a first adaptive matrix estimation method with provable
entry-wise guarantees, valid for matrices with well-defined spikiness but not necessarily incoherent.
Refer to [26, 30] and to §3.2 for a detailed discussion about the notion of spikiness.
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3 Preliminaries

3.1 Low-rank Markov Decision Processes

We consider a discounted MDP with finite state and action spaces S and .A. These spaces are of
cardinality S and A, respectively. The dynamics are described by the transition kernel p where
p(s’|s,a) denotes the probability to move to state s’ given current state s and that the action a
is selected. The collected rewards are random but bounded by 7ax, and 7(s, a) is the expected
reward collected when action a is selected in state s. A deterministic Markovian policy 7 is
described by a mapping from S to A. We denote by V™ the state value function of m: for all
s €8, V™(s) = E[)_;2y7'r(sT,aT)|s§ = s], where s7 and af are, at time ¢, the state and the
action selected under 7. Similarly, the (state, action) value function of 7 is defined by: for all
(s,a) € S x A, Q7(s,a) =7r(s,a) +v> , p(s'|s,a)V™(s"). Q™ can be seen as a S x A matrix,
referred to as the value matrix of  in the remainder of the paper. Let ., denote the condition number
of ™. Finally, let V* be the value function of the MDP (the value function of the optimal policy).

The objective is to learn an e-optimal policy by interacting with the MDP. Such a policy satisfies:
forall s € S, V™ (s) > V*(s) — . Without any assumption on the structure of the MDP, to identify
such a policy, the learner needs to gather, even with a generative model, a number of samples' that
scales as % [17, 36]. The hope is that exploiting an a-priori known structure in the MDP may
considerably accelerate the learning process. In this paper, we focus on a low-rank latent structure.

Formally, we define:

Definition 1 (Rank of a policy, rank of the MDP). The rank d. of a deterministic policy 7 is the rank
of its value matrix Q™. The rank of an MDP is then defined as d = max, d,, where the maximum is
over all deterministic policies.

Throughout the paper, we assume that the MDP is low-rank: its rank d satisfies d < (S + A). This
assumption is merely made to simplify the exposition of our results and proof techniques. As we
shall argue in Appendix E, our findings can naturally be extended to MDPs that are only low-rank in
an approximate and well-precised sense.

3.2 Matrix estimation: coherence and spikiness

Our learning algorithm relies on the approximate policy iteration method, and in particular, in each
iteration, it needs to estimate the low-rank value matrix of the current policy. To be sample efficient,
the algorithm will estimate the matrix from the noisy observations of a few of its entries. Recovering
a low-rank matrix from a few of its entries is not always possible (see e.g. [12] for a survey), and
conditions on the degree to which information about a single entry is spread out across a matrix must
be imposed. Examples of such conditions pertain to the coherence [6, 31] or the spikiness [30] of the
matrix.

Matrix coherence. Let () be a rank-d S x A matrix with SVD ULW T. The coherence of Q is

defined as u(Q) = max{\/S/d||U||l2=00, /A/d||W ||2=00 }. @ is pu-coherent if ;1(Q) < p. Low
coherence means that the energy of U and W are not concentrated around a few rows and columns.

Matrix spikiness. The spikiness of Q is defined as a(Q) = VSA||Q||s/||Qllr € [1,VSA]. Q is
a-spiky if @(Q) < «. A matrix has low spikiness if the amplitude of its maximal entry is not much
larger than the average amplitude of its entries, in which case, it is intuitively easier to estimate.

Most existing guarantees for low-rank matrix estimation are expressed through the spectral or Frobe-
nius norm of the error matrix. For this type of guarantees, the estimation error scales polynomially
either with the matrix coherence or with its spikiness [12, 30]. The matrix spikiness was introduced
in the matrix completion literature [30] to obtain guarantees under less restrictive conditions than
the incoherence conditions imposed in previous work. Indeed, there are matrices with bounded
spikiness but high coherence (say close to 1/.5/d, in which case the aforementioned coherence-based
guarantees are vacuous). In contrast, bounded incoherence provides an upper bound on spikiness

since &(Q) = VSAQ|loo/1QllF < VSAUll2-00 | Qllop W ll2-500/[|Q I < 1(Q)d.

"Here a sample refers to an experience (s,a,r,s’), the observation of the collected reward r and the next
state s’, starting with a given (state, action) pair (s, a). Under a generative model, the learner can adapt the
choice of (s, a) for the next observed experience without any constraint.
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For RL purposes, we need to derive entry-wise guarantees for the estimate of the value matrix of some
policy as demonstrated in [35, 37, 21]. Existing upper bounds for the entry-wise estimation error
exhibit a strong dependence in the matrix coherence and its condition number, see e.g. [9, 8, 37]. For
instance, in [9], this dependence comes as a multiplicative factor 1(Q)?a(Q)?#(Q)? in the number
of samples required for a given level of estimation accuracy. As far as we are aware, our matrix
estimation method is the first able to yield entry-wise guarantees that do not exhibit a dependence on
the matrix coherence but only on its spikiness (see Table 1). Our algorithm is better by a factor of
1(Q)? than algorithms based on uniform sampling (studied in [34]), and requires the same sample
complexity as the algorithm of [35], which has prior knowledge of anchor states. It remains however
unclear whether the dependence of the entry-wise estimation error in the condition number can be
avoided. This last observation guides the design of RL algorithms for low-rank MDPs as we discuss
next.

3.3 Policy vs. Value Iteration: the condition number issue

We aim at devising an algorithm learning an efficient policy with provable guarantees while imposing
conditions on the MDP that are as mild as possible. To this aim, one may think of applying either a
policy iteration approach, as we do, or a value iteration approach.

Policy Iteration. Using this approach, in each iteration, we need to estimate the low-rank value matrix
of the current candidate policy. As mentioned above, the entry-wise error of this estimation procedure
depends on the condition number of the matrix. Note that this matrix belongs to the finite set of (state,
action) value functions of deterministic policies. As shown in [10, 42], this set can be seen as the
vertices of a simple polytope P. Hence to get performance guarantees when applying a PI approach,
it is sufficient to impose an upper bound on the condition numbers ., for all deterministic policies 7,
or equivalently, on the condition numbers of matrices corresponding to the vertices of P.

Value Iteration. Here, we would maintain, in iteration ¢, an estimate V®) of the value function
V*, and samples would be used to compute V1), an estimate of 7*(V(*)), where 7* denotes
Bellman’s operator. More precisely, starting from V*), we would estimate the low-rank matrix
QU = F(V®) defined by for all (s,a), F(V®)(s,a) = r(s,a) + 7>, p(s'|s,a)VO(s).
Then we would define V**1) as the value function of the greedy policy with respect to Q(+1).
Hence to get provable performance guarantees using a value iteration approach, we would need to
impose an upper bound on the condition number of Q(*) in all iterations ¢. The main issue is that the
set of matrices {Q(), ¢ > 1} is stochastic and hard to predict. Indeed, we have no way of confining
the iterates Q(*1) to the polytope P: as shown in [10], the polytope is not stable by Bellman’s
operator. As a consequence, if we wish to get performance guarantees for a value iteration approach,
we would need to impose an upper bound on the condition number of all possible matrices of the
form F (V') for some vector V.

In summary, policy iteration approaches offer a theoretical advantage compared to value iteration. It
requires the control of the condition numbers of matrices in a set much smaller than that for value
iteration. This advantage is illustrated in Figure 1 on a toy example of an MDP. Refer to Appendix A
for additional numerical experiments (with larger MDPs).

4 Leveraged Matrix Estimation

In this section, we present Leveraged Matrix Estimation (LME), an algorithm that estimates the value
matrix Q™ of a policy 7. The algorithm relies on an active strategy for sampling the entries of the
matrix based on its estimated leverage scores as defined below. This active strategy accelerates the
learning process and allows us to obtain entry-wise guarantees that do not depend on the coherence
of the matrix but on its spikiness only.

Definition 2 (Leverage scores?). Let Q be a rank-d S x A matrix with SVD USW T, Its left and
right leverage scores { and p are defined as U5 = ||Us .||3/d for all s € S, and p, = |W,..||3/d for
alla € A

LME only takes as inputs a policy 7 and a sampling budget 7'. It proceeds in two phases: first, it uses
half of the sampling budget to estimate the leverage scores of Q™ via singular subspace recovery.

2Our definition of leverage scores is consistent up to a scale factor with that used in the literature [5, 13, 7].
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Figure 1: Consider an MDP with two states and two actions (see Appendix A.1 for details). The 4
black crosses correspond to the value function of the 4 possible policies. When combining policy
iteration with a low rank estimation procedure, we just need to control the condition number of the 4
corresponding value matrices. The red dots correspond to the successive estimates V) of V* when
running value iteration. When applying a value iteration approach, we would need to upper bound the
condition number of all the corresponding matrices Q) = F(V (=) for t > 1. For a given V, the
background color in the figure indicates the value of the condition number of F(V'). We see that the
dynamics of V() under the value iteration algorithm are such that the trajectory (Q(*),¢ > 1) has to
go through regions where the condition number is very high. Hence on this example, a value iteration
approach would not work well.

Second, it selects a few anchor rows and columns sampled using the estimated leverage scores, and
uses the remaining budget to sample the entries of these rows and columns. It finally completes the
matrix estimation using a CUR-based method. The full pseudo-code of LME is presented in Appendix
C. Observe that LME is parameter-free: it does not require knowledge of the policy rank d., nor upper
bounds on unknown parameters such as x, or a(Q™) or u(Q™). Throughout this section, when
presenting our guarantees, we will abuse notation and use d, k and «, instead of d, k., and (Q7).

4.1 Preliminaries

LME exploits a natural empirical estimator of Q7 entries at numerous stages. This empirical
estimator is essentially based on Monte-Carlo rollouts with truncation as described next. De-
fine the truncated value matrix at a horizon 7 as follows: for all (s,a) € S x A, Q7(s,a) =
E Yo vre(sT,af ) Liz<sy|s§ = s,af = a]. By choosing 7 appropriately, we may control the
level of the approximation error QT — Q™. We make this observation precise in the following lemma,
proved in Appendix F.1.

Lemma 1. Forany e > 0 and any T > ﬁ log (({f;")e), we have |Q™ — QT ||« < e

In view of the above, to estimate an entry, say (s, a), of @™, we will use an empirical estimator based

on trajectories of length 7 + 1 of the system under 7 and starting with (state, action) pair (s, a). In
our algorithms, this length is chosen to get an appropriate accuracy level. Specifically, we choose €

and 7 as follows:
max 1 T
eer and T:’Vl_,ylog(l_’y)-‘. ()

These choices will become apparent from our analysis.

4.2 Phase 1: Leverage scores estimation via spectral subspace recovery

The first phase of LME is devoted to the estimation of the leverage scores of Q™. To this aim, using
half of the sampling budget 7'/2, we estimate the singular subspaces of the matrix via a spectral
method.

https://doi.org/10.52202/079017-0972 30891



Phase la. Data collection and the empirical truncated value matrix. As suggested in §4.1, to estimate
individual entries of @™, we sample system trajectories of length 7 + 1. More precisely, for each
of the N := T'/(2(7 + 1)) trajectories, we first sample the starting (state, action) pair uniformly at
random, and then observe the trajectory obtained under the policy 7 and initiated at this pair. The
data collected this way is D = {(s} o, af o: T g5 - -+ Sk 1> OF T ) + k € [N]}. Using this data,
we construct an empirical estimate of the truncated value matrix as follows V(s,a) € S x A:

Qﬂsa NZ(Z’Y"J«f)]l{SkOvako) (s;a)}, 2

Phase 1b. Singular subspace recovery. We compute the SVD of the empirical truncated value matrix
Q7. We obtain QT = ZS/\lA &,azw where 01, ...,05a4 correspond, in decreasing order, to its
singular values and 4, . .., g (resp. Wi, ..., Wwa) to its left (resp. right) singular vectors. Using this
decomposition, we construct our estimate of Q’T as follows:

SAA
=Y &il{e: > pyagp] 3)

i=1
where 5 > 0 is a threshold that we will precise shortly. We view @“ as a biased estimate of ()™
with controlled bias through 7. We also use 3 to estimate the rank of Q™: d = ZSAA 1{5; > 5}
Finally, the estimated left (resp. right) singular subspace is denoted U = [i; --- ] € RSx4

(resp. W= [y -+ Wyl € RAX&). In the following proposition, we provide a choice for the
threshold 5 that yields appropriate guarantees regarding our subspace recovery.

Proposition 1. Let ¢ € (0, 1) and choose the threshold 3 as

. maxSA(S + A) 4 (S + A)T TmaxV SA
5‘¢ et () @
Then, provided that®:
722 SA (S + A))
T Q max 5
5( 2Q) 1—7) ©)

we have that events: E: dr, and forall s € S,

TmaxVSA d S+ A o ((S+A)T
U = 00O § 2 Se ([ <0, ||2\/T> og? ((527)

hold with probability at least 1 — §. An analogous result holds for w.

The precise statement (Theorem 4) and the proof are presented in Appendix B.3 and B 4.

Phase Ic. Leverage Scores Estimation. To conclude, using the recovered subspaces Tj' and W, we
. - ~ =1~ R =1~
estimate the leverage scores as follows ¢ = HEH , tand p= Hp” | P> where:

~ ~ d e~ d
VseS: l;= ||UST;H§\/§7 and Vae A: p, = ||Wa,:||§\/2. 6)

The performance of the estimation of the leverage scores is summarized in the following theorem,

proved in Appendix B.2.

Theorem 1 (Leverage Scores Estimation). Letr & € (0,1). Suppose the threshold ( is chosen as in

(4). Then, we have that: P(Vs € S, £ < 47, s) > 1 — 6, provided that

- (S )

An analogous result holds for p.

3To simplify the notation, all our sample complexity guarantees are expressed using Qs (+), the tilde-notation
may hide poly-log dependencies in 6, S, A, (1 —~) %, d, k, a, log(e/e), and Tmax.

30892 https://doi.org/10.52202/079017-0972



4.3 Phase 2: Leveraged CUR-based Matrix Completion

Before we proceed with the description of the second phase, we briefly recall the so-called CUR
decomposition [19, 27] for low-rank matrices. The decomposition says that for a given rank-d .S x A
matrix @, there always exists Z C [S], J C [A], with |Z| = |J| = d, such that the sub-matrix Q7,7
is full rank and for all entries (4, j), Q;; = QLJ(QI";])TQIJ‘. As in [35, 34, 3], we leverage this
decomposition in our matrix estimation procedure, but without any requirement such as knowledge
of Z, J for which 04(Qz,7) bounded away from zero or upper bounds on parameters like the matrix
coherence.

Phase 2a. Data collection to estimate the skeleton of the value matrix. We start by sampling
K := 64dlog(64d/) rows (resp. columns) without replacement according to 1 (resp. p) to form
a skeleton of the matrix. These rows and columns are referred to as anchors. We denote the set of
selected rows (resp. columns) by Z C S (resp. J C A). We use the remaining sample budget 7'/2
to get samples of the entries of Q™ in the skeleton. To this aim, we use the procedure described in
§4.1, and sample trajectories of length 7 + 1. For each entry (s,a) € Qg :=Z x J, we use Ny :=
T/(4(7 + 1) K?) trajectories to compute Q7 (s, a), an empirical estimate of Q™ (s, a) (see (2)). For
eachentry (s,a) € Q4 == ((S\Z)x J)U(Zx (A\T)), we use Ny := T/(4(1+1)(K (S+A)—2K?)
trajectories. Note that Ny < N (this plays a role in the analysis).

Phase 2b. CUR-based completion with Inverse Leverage Scores Weighting. First, using the leverage
scores, and the set of rows Z and columns .7, we define K x K diagonal matrices L and R as follows:

1

1
min{l,\/Kéi}’ min{1, /Kp;}’

Next, starting from the values of Q™ (s, a) for (s, a) in the skeleton, we perform a CUR matrix
completion to obtain Q7: (i) for all (s,a) € (S x J) U (Z x A), we set Q™ (s,a) = QT (s,a); (ii)
forall (s,a) € (S\Z) x (A\J), we set

VieZ, L= and Vj € J, R]‘j = @)

0" (s.0) = Q3. 7)R (LGIT. )R LI (T a). ®)

Note that the use of L and R in (8), referred to as Inverse Leverage Scores Weighting, corresponds
to an importance sampling procedure. It allows us to account for the fact that the skeleton has been
sampled using the (estimated) leverage scores.

The next theorem summarizes the performance guarantees under LME. Its proof is presented in
Appendix C.1.

Theorem 2. Let ¢ > 0, § € (0,1). Given a deterministic policy w, and a sampling budget T, the
algorithm LME ensures that P(||Q™ — Q7 ||co < €) > 1 — 0, provided that ¢ S ||Q7 || o and

~ [((S+A)+a3d
T =Qs (((1)7)362(7“1211“/@4042612)) :

Theorem 2 states that the sample complexity of LME to obtain entry-wise guarantees does not depend
on the coherence 1 of Q™ but rather on its spikiness « and condition number « only. Hence LME
provides entry-wise guarantees even for coherent matrices. In addition, its sample complexity scales

with S, A, ~ and ¢ optimally. Indeed if a, k = ©(1) and d < S + A, it scales as 52((551?)3. We also
wish to emphasize that LME is parameter-free, in the sense that it does not require knowledge of the
so-called anchor rows and columns, nor does it require upper bounds on unknown parameters such as

coherence, spikiness, rank or condition number. These properties are desirable for RL purposes.

5 Low-Rank Policy Iteration

In this section, we present and evaluate LoRa-PI (Low Rank Policy Iteration), a model-free variant of
the approximate policy iteration algorithm [4]. It alternates between policy improvement and policy
evaluation steps and uses LME, our low rank matrix estimation procedure for policy evaluation. Refer
to Algorithm 1 for the pseudo-code.
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Algorithm 1: Low-Rank Policy Iteration (LoRa-PI)

Input: sampling budget T', accuracy ¢, confidence level J, discount factor -y, rewards upper
bound 7yayx, 71 an initial deterministic policy

Set Nepochs < (1 — ) ™" log (4rmax) /(1 = 7)¢))
Set Teval — T/Nepochs
fort =1,2,..., Nepochs do

(Approximate policy evaluation). Obtain the value matrix of 7(: Q) «— LME(7(®) | Ty

(Policy improvement) Improve 7(*) using Q(t): Vs € S, m(H 1 (s) < arg maXqe 4 @(t)(S, a)
end
Output: Output 7 = 7(Nepoens+1),

The following theorem provides performance guarantees for LoRa-PI.

We state the results under the assumption that for any deterministic policy m, Q™ is «-spiky and has a
condition number upper bounded by «.

Theorem 3. Let 6 € (0,1) and ¢ = 5(HQ”(D||OO). Under LoRa-PI, we have
P([|[V* = V™o <€) > 1— 0, provided

~ S+ A) + a?d
T=Q; <( = ’)y)852 (rfnaxn4a2d2)> .

The proof of Theorem 3 is presented in Appendix D. Having entry-wise guarantees (as stated in
Theorem 2) at each iteration of the algorithm is critical to establish Theorem 3. In fact, the proof
starts from the observation (see Lemma 9) that

(L= IV* = Voo < 2y +2 max [Q - Q™"
€

lloo-
epochs

LoRa-PI combines numerous advantages. (i) It is parameter-free: it does not require the knowledge
of upper bounds on parameters such as the ranks, condition numbers, and spikiness of the value
matrices of policies. This is thanks to LME, which is itself parameter-free. (ii) Its sample complexity
does not depend on the coherence of the value matrices but only on their spikiness; which is an
important improvement over existing algorithms [34]. (iii) LoRa-PI offers performance guarantees
without having access to good anchor states and actions, without assuming that the rewards are
deterministic and that the discount factor is (far too) small, as in [35] (refer to Section 2 for a detailed
discussion). (iv) Its sample complexity has an order-optimal scaling in .S, A and . (v) Finally, since
LoRa-PI uses policy iteration, its theoretical guarantees can be established under milder assumptions
than if value iteration was used instead (see §3.3).

The dependence of order (1 — v)~3 is far from the ideal minimal dependence of order (1 — )3 that
one would typically obtain in RL without low-rank structure. This is an artifact of using a model-free
approach, and more specifically the Monte-Carlo estimator of entries of the value matrices. Avoiding
such high dependence requires further assumptions and a model-based approach.

Furthermore, it is worth mentioning that the guarantees enjoyed by LoRa-PI can be naturally extended
to MDPs that are low-rank only in an approximate sense. We refer the reader to Appendix E for
further details.

6 Conclusion

In this work, we considered a class of MDPs where the Q-function, viewed as a state-action matrix,
admits a low-rank representation under any deterministic policy. We devised LoRa-PI, a model-free
learning algorithm based on approximate policy iteration, that provably exploits such low-rank
representation to output a near-optimal policy. Critical to the design and performance guarantee of
LoRa-PI is a novel low-rank matrix estimation procedure referred to as LME. LME is shown to enjoy
a tight entry-wise guarantee while being parameter-free, i.e., it does not require knowledge of the
so-called anchor rows and columns, nor upper bounds on unknown parameters such as spikiness,
coherence, rank, or condition number. More importantly, its sample complexity does not scale with
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the coherence but instead with the spikiness of the matrix. This allows us to estimate a wider class
of low-rank matrices with entry-wise guarantees than previous work. Such desirable properties are
what make LME appealing for RL purposes, and in particular what allows us to show that LoRa-PI is
sample-efficient under mild conditions. From a design perspective, LME and its analysis features many
interesting tools and ideas. Notably, (i) we derived instance-dependent row-wise singular subspace
recovery guarantees, and (ii) we combined the use of the so-called leverage scores with a CUR-based
approximation for matrix estimation. We believe such tools and ideas to be of independent interest.
Finally, we provided experimental results that suggest the superior performance of our proposed
algorithms.
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A Numerical Experiments

All experiments in this section were performed on HP EliteBook 830 G8 with an Intel i7 core and
16 GB of RAM. Each experiment’s runtime for individual realizations took at most 2-3 hours, and
reproducing all results is feasible within a day.

A.1 Parameters of the toy example in Figure 1

We considered an MDP with S = A = 2, v = 0.87, a reward matrix given by

~ [-0.46 —0.48
"=1-014 028 |°

and the following transition probabilities:

0.4 0.6]

0.29 0.71

P(s'ls,a=a) = [0.15 0.85

P(s]s,a = as) = {0.25 0.75}

We initialized VI with V(© = [2.86 2.98]"
[_VmaX7 Vmax]Q'

For this example, the condition numbers of the Q-functions induced by policies are
16.08,4.38,15.29, 12.07, while the maximum condition number during value iteration is ~ 2497.82.

. Note that Viax = 522 = 3.69 and thus VO ¢

We stress here that this MDP is full-rank, and the purpose of this example is to demonstrate the
potential instability of VI in the presence of large condition numbers. For low-rank MDPs, this
corresponds to the matrix Q™ having an effectively smaller rank than expected, and estimating all d
singular vectors despite o1 (Q™)/04(QT) — oo.

A.2 Matrix completion with leveraged anchors

We consider matrix completion with a fixed matrix M ™* to be estimated, testing four different methods.
First, we test a method based on CUR-approximation with anchors chosen uniformly at random.
Next, we have a method based on the estimation of leverage scores, where, for a given budget of
samples, we use half of them for estimating leverage scores as described in the main text. Then, we
consider a method with oracle anchors, where the anchors are chosen with respect to the true leverage
scores. Lastly, we consider standard SVD decomposition, where we keep only the first d largest
singular values of the matrix.

uniform anchors uniform anchors
leveraged anchors leveraged anchors
oracle anchors oracle anchors

SVD SVD

20

0.05

|
oL . . . . . . . . . 1 oL . . . . . . . . . i
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

number of samples x10° number of samples *10°

Figure 2: Matrix completion: matrix M™ is of size 1000 x 1000, rank d = 5 and sampled entries
have additive Gaussian noise with ¢ = 0.01. Number of anchors used was K = 10. All plots are
averaged over 30 simulations and a new random matrix M * was generated in every 5 simulations.

As expected, CUR-based methods depend heavily on the quality of anchor selection. The gap between
leverage-score-based anchors and oracle anchors is slight, even when half the samples are used to
estimate the leverage scores. While SVD shows a smaller Frobenius error, it has higher entrywise
error compared to CUR-based methods with good anchors.
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A.3 Leverage scores for VI and PI

We demonstrate the importance of choosing anchors based on leverage scores for value iteration
(VI) and policy iteration (PI). We postpone learning of the anchor states to the next subsections and
assume that the true leverage scores of matrices (Q(t))tzl are given. For methods with leveraged
anchors, anchors are chosen as those with the highest leverage scores (true leverage scores of Q(*)).
For uniform anchors, anchors are chosen uniformly without repetitions.

oracle anchors 251 oracle anchors | |
25} uniform anchors | 7 uniform anchors

o

0 . . . . P e = h
5 10 15 20 25 30 35 10 15 50 2 4 6 8 10 12 14 16 18 20
iteration number ¢ iteration number ¢

(a) Value iteration with anchors. (b) Policy iteration with anchors.

Figure 3: Matrix Q* is obtained from rank d = 5 rewards and transition matrices. Moreover,
S =70,A =50,y =0.9, and we choose number of anchors K = 15. Observations are noisy with
additive Gaussian noise with o = 0.01. Plots are averaged over 100 simulations, and new MDPs are
generated every 5 simulations, while the number of samples in an iteration ¢ is 10(1.1)%.

These results highlight that leveraged anchors reduce entrywise error significantly for general matrices.
In contrast, uniform anchors show significant randomness, although the error decreases in expectation
over iterations.

A.4 Low-rank Value Iteration

We evaluate a VI-based variant of Algorithm 1, that we refer to as LoRa-VI. We do not assume prior
knowledge of the matrices, and use samples to estimate leverage scores and matrices (Q(t))tzl.

11 T T T T 0.16

VI with leveraged anchors | | [ VI with leveraged anchors
VI with uniform anchors 0.14 - VI with uniform anchors
9+ full-matrix VI full-matrix VI

0.12
0.1}F

0.08 -

D= Q"

(S 0.06

0.04 |V

0.02 RAAWAY N

0 L L L L L L 0 L L L L L L
0 2 1 6 8 10 12 14 0 2 1 6 8 10 12 14

total number of samples %107 total number of samples %107

Figure 4: LoRa-VI: Q* generated from low-rank r and P of rank d = 4, S = A = 1000, v = 0.1.
We used K = 10 anchors, V(9 = 0, rewards are noisy with Gaussian noise o = 0.01. All plots are
averaged over 5 simulations, each consisting of 50 epochs, and the number of samples in an epoch ¢
is approximately 20(1.05)*(S + A)K.
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Even though we did not theoretically analyze the VI-based method in this work, for the reasons
mentioned in Section 3.3, we note that this method works well in practice for the settings considered
in this study. We consider three methods: VI with leveraged anchors, where we use half of the
experiences to estimate leverage scores and based on them sample the second half in a CUR-like
fashion. Next, we consider VI with uniform anchors, where anchors are chosen uniformly at random
without repetitions. And finally, we consider full-matrix VI, a standard VI approach without any
matrix completion steps, where each entry of the matrix gets observed a certain number of times.

We see in Figure 4 that VI with leveraged anchors achieves the best performance measured in
Frobenius and entrywise norm. On the other hand, VI with uniform-anchors does not recover specific
entries with high values well (as seen in the right figure), but because there are not too many entries
with high values, it achieves decent performance in the Frobenius norm. Finally, even though full-
matrix VI can observe all entries of the matrix, it still lags behind VI with leveraged anchors. We also
want to remind the reader that VI with leveraged anchors uses only half of the available samples for
matrix recovery, while the other half is used for learning the leverage scores.

The algorithm used in the experimental section of [35] closely resembles our LoRa-VI algorithm
when uniform anchors are applied. As a result, the numerical results from [35] can be reproduced
within our framework, which offers a more general and flexible setting.

A.5 Low-rank Policy Iteration

Finally, we experimentally study performance of the proposed algorithm LoRa-PI.

. 0.25

T T T r
PI with leveraged anchors| | | PI with leveraged anchors
PI with uniform anchors PI with uniform anchors
9k full-matrix PI 4 i full-matrix PI

QY — @*[lr
t) _ Q

ol < \ 0.05 |

) ‘ ‘ ‘ ‘ ‘ ) ‘ ‘ ‘ ‘ ‘ |
0 1 2 3 4 5 6 0 1 2 3 4 5 6
total number of trajectories x107 total number of trajectories x107

Figure 5: LoRa-PI: Q* generated from low-rank r and P of rank d = 4, .S = A = 1000, v = 0.1,
7 = 5. We used K = 10 anchors, uniformly random initial policy, and noisy rewards with Gaussian
noise ¢ = 0.01. Plots for PI with anchors are averaged over 3 simulations, while the one for full-
matrix PI is simulated once. Each simulation consisted of 20 epochs, and the number of samples in
an epoch ¢ is approximately 10(1.15)"(S + A)K.

Similarly as in the previous subsection we study performance of three different methods using PI
instead of VI this time, and the observed performance is similar to the one of VI-based methods. In
contrast to the other methods, using leverage scores seems to ensure that Frobenius error behaves
similarly to entrywise error, up to a scaling factor. This might be caused by uniform dispersion of the
estimation error over the entries with large values for PI/VI with leveraged anchors.

The choice of v = 0.1 is governed by an observation that this value of parameter - ensures that the
largest singular values of Q* are scaling similarly. In other words, it is a heuristic for ensuring small
x needed for CUR-like methods. Furthermore, we believe that performance could be improved if a
more tuned way of pseudoinversion is used. Namely, as Q(*) is effectively rank-deficient for many
epochs, it is crucial to implement a stable way of calculating the pseudoinverse of LQ(Z, J)R, and
make it dependent on the current epoch and the level of the estimation error.

Lastly, we believe that the performance of the proposed methods can be significantly improved
(compared to full-matrix methods) for larger state-action spaces, as well as by implementing a more
advanced way of distributing samples across epochs.
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B Leverage Scores Estimation Analysis

In this section we provide the proof of Theorem 1. The proof relies on a tight instance dependent
row-wise guarantee on the singular subspace recovery which is provided in Theorem 4 together with
a proof. Throughout this section and for brevity, we use the notation

T —L and d—rmax 54
T r4+1 1=y oq(QT)

in the entirety of this section to denote the number of sampled trajectories 7', and spikiness-related
parameter & (recall definition of spikiness « from Section 3.2). Furthermore, recall the truncated
value matrix Q)T defined in Section 4.1, and let us define its corresponding approximation error by

A=Qr-Qr.
B.1 Instance-dependent row-wise singular subspace recovery

Below, we present Theorem 4, which as highlighted before, is crucial in deriving Theorem 1.

Theorem 4. If T, = (@2(S+ A)) and ||Allop < 0a(Q™)/32, then we have that the event: for
everyi € [S], j € [A]

. ~| ( [d S+A\ VSF+A|A|sw [AYRS
Ui.—U;.Oz]2=0 |a — + &||U;.. + + &||U; . P
|| , , UH2 [ ( T, ” ) ”2 T, > O'd(QTr) H ) H2ad(Q7r)

([ 514\ VETAIAL NP
0 o (/2 s TR o a1 0l
a< =+ HIWle TT) e L P

holds with probability at least 1 — 6, where we define Op = UTU and Ow = WTw.

Corollary 1. If||A|lcc < min { ey / d(i/:A), g;%} and T, = (a2(S + A)), then w.h.p:

|Us: = Us(UTU)|2 = O [ (\/7 \/mHIIUz ||2>

An analogous inequality holds for |W; . — /I/IZ (/WTW)”Q

| ES—

W — Wj,:OWHQ =

)

It is a simple algebraic exercise to show that € = ||Al| from (1) satisfies condition of the corollary
above in given regime of 7.

B.2 Proof of Theorem 1

Proof. First we consider those states with ||Us .||3 > %. From Corollary 1 we obtain that for these
states and large enough 77-:

R d S+ A4 T-(S+A
||US,; _ Us7;(UTU)H2 < @ < Ti + \/T/{Us7:|2> 10g3/2 <(6))

w.h.p. and for some universal constant ¢; > 0. Since ||U,..[[2 > 1/ % this implies that ||U,.||» >

2/ W, we can simplify last inequality as follows:
~ S T,(S+A
U = Oes 070 < 210/ 2 20, g ()

‘Us,: - ﬁs,:(ijU)HQ S (1 -

Next, for T, > 50c2a%(S + A)x?log® (w), we have:

%) |Us..||2. Finally, using reverse triangle inequality we obtain:

2

”US ”2 (”US, ||2 - ”Us ( )” ) 2

| ‘ Syt

l\.')\»—l
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and thus:

~ ~ d ~ 1
ls = ||US||§ N g > HUSH% > §||US||§

Now we consider states with ||Us.||3 < ;%. Again, by means of Corollary 1 we get w.h.p:

A A d
U, — Uy (TT0) ||2<2010é/ﬂ/ \/S+ 3/2< RS+ )>S 1S

for T, > 16c3a%k%(S + A) log® (M) Thus we obtain that for all s with ||U; .||3 <

also holds:
o~ d
= U070l </ 5

Since by definition £, > <, we obtain that £; > ||U;_. |3 for states with [|U; . [|3 < %

d
1S’ 1t

10,12 < U,

Finally, we show similar inequalities hold for leverage scores ¢ and /. Namely, we have:

) gs > ES

ST d

||€||1 Z N0 2> HUv Hz "‘ZJ 0. J2<4 s
2
S b U3 _ 1,
Ei:l HUi,: |§+Sd 2d 4d 4

where we used first part of the proof for the final inequality.

B.3 Proof of Theorem 4

Proof is based on leave-one-out method used for proving entry.wise guarantees for singular vectors
of SVD estimates. We refer the interested reader to [8] for a comprehensive survey about the method.
Here, we repeat the main arguments of the proof and improve the analysis in the following two ways:

(1) We keep track of approximation error during the whole proof in order to be able to apply it
to approximately low rank matrix Q7;

(ii) Instead of showing guarantees in || - ||2—~, norm, we prove row/column specific guarantees.
Indeed, note that our guarantees do not depend explicitly on the incoherence parameter
but instead the guarantee specific to the row vector U, . of the singular subspace U, depends
only on its own incoherence parameter, i.e., ||U; . |2 “This enables us to do leverage score
analysis and obtain Theorem 1.

Leave-one-out method is applied to symmetric matrices, so we first redefine our matrices in this
context. For a matrix Q™ € R%*4 with SVD Q™ = ULW T define symmetrizated matrix M, as

follows:
v 0 @l_tfu vl o]itfu vl
TN o T BW —W|0 -3 B |W -W
—_———
U = uT
and similarly define symmetrized matrix M from QF, A from A, M\d from @“, and E from
E = QT — QF. Note that, using this notation, we have M = M, + A, with rank d’ = 2d matrix
My and ||Allco = [|Allcos HAHOP = ||Al|op. Assume observation matrix is given by M=M+E=

o~~~

My + A + E and note that Md =UXUT and Md MUTUT. Thus, in order to prove lemma, it is
sufficient to show:

U 0] max SA T-r S A
IUi: = U5 (CTO)lls § (VA + w0 [2VS + 4) £ L ((+>>

1 VThow (M 5
4 Y2 Tl VSJ'_AHA”OO HU || ||AH0P
oq (M) "oy (M)
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For now, let us assume that ||E||o, < o4 (M)/32, and prove that such inequality holds for 7’ large
enough (consequence of Proposition 2).

Define My = My + E. Fix any i € [S + A] and for any matrix A € R(S+4)X" define seminorm:
| All2.; = || As..||2- Now using that U = M;UE "1 = (Md —E)UX !, we have:
MU — T(UTU)E |5 n IEU 2.

oa (M) oa (M)

U — ﬁﬁTUHz,i <

To bound the numerator of the first term, note that U(UTU)E = UUT MU = UUT (M — A —
E)U. Since UTM=UTM;=3SU0T, we get

UU'Us=USUTU-UUT(E+A)U
=MUUTU-UUT(E+A)U
=M,UUTU+AUUTU-UU(E+A)U
= M,UUTU+A(UU'U-U)+AU-UU' (E+A)U

Consequently, for (x) := ||MygU — U(UTU)X||5,; we have:
() < [Ma(U = TUTU) |o,; + [E(U = UUTU) |z + | A(U = UUTU) |2,

+ AU + [[CUT(E + A)U||2,

Throughout the proof we use Davis-Kahan’s inequality (Corollary 2.8 in [8]): if ||E|, < (1 —
1/v/2)o 4 (M), then:

o 2|1 E],
U-Uu'u,, < e
” ||0P — O’d/(M)
Now, similarly to (39) in [37] and using that ||AB||2; <
~ IE3
My(U -~ UUU)|g; < 4[|U|J2,]|Z P
Ml Mz < UVl o 3oy
JAU -~ TOTU) s, < 2 Al L Elor
oa (M)

,'||U||0p =

Using these inequalities together with Lemma 3 and % < 1/16 we obtain:

[1%]op

(%) < 2] A2 + *IIUIIQZ e (M)

(IEllop + | Allop) + 2/ E(U = UUTU) |, + |EUJ2,

which in the end gives

I=o
(510t s (1Bl + 1A ) + [BU

+|E(U-TUU)|2,; + ||A||2,i) ©)

P 2
U-UU'U|,; <

Leave-one-out decomposition: Define matrix 1/ (?) as follows:

T M, ifj#iork#i
kTN My, otherwise

and let U® denote matrix of ¢’ dominant singular vectors of M (). Then, by triangle inequality we
can write:

|E(U - UUU)|2,; < |E(U - TDUD)TU) s, + |Ellop|[TD(UD)TU - TU U
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We bound the last term using Lemma 4 to obtain:

|E(U -~ TUTU) |, <2|E(U - UTDUD)TU)|2,

E o
1 Bl (HEUHM 2Bl (U] + U U(UTU>2,,->)
oa (M)
(10)
Substituting (10) into (9) we obtain:
PPN 12 1%]o
U-U00 Uy, < (U . P (I A EU|,
H o € s (10l (Bl + [ Allg) + BT,

T E(U - TO @) U)o, + ||A||2,z-)

Then we apply Proposition 2 on [|[EU||2,; and |[E(U—U® (UD)TU)||4,;. We use that ||U]|r < Vd'
and |[U — U®(U®)TU||g < 2v/d'. Finally, we use that ||A[|2; < v/S + A||Al|c, the fact that
Jd/(M) 2 (Td/(Md) — ”AHOP 2 O’d/(Md)(l - 1/32)

HEHOP H]\/IdHOP
and thus o0 (M) < 20'd/(Md) < 2k.

B.4 Rank estimation guarantee

s
T

Recall from Section 4.2 and Proposition 1 that, given the singular values (5;); of our estimates @
we estimate effective rank as follows: d = ZfﬁlA 1{6; > B} with

[ SAS A (STATY | w54
B_\/ (1 =7)°T lg<(1—7)5)+ T

Here we repeat first part of the Proposition 1 and prove it:

Lemma 2. IfT satisfies (5), then estimated rank d satisfies d = d with probability at least 1 — .

Proof. By our assumptions o;(Q™) > 0 only for i € [d,], and thus Vi > d; : &; < ||QT — Q™ lop
andVi < dr: 6; > 04, (Q") — ||QF — Q™ ||op. Recall that £ = QT — QT and A = QT — Q™, and
thus:

1QT = Q@ llop < [ Ellop + | Allop
We bound the second term by [|Allo, < VSA|Allo and use that ||Al[o < 5= from Lemma 1. The

first term is upper bounded by Proposition 2. Combining the two, we obtain that ||©Zf —Qlop <5
with high probability. Thus, for 28 < o4_(Q™) we are guaranteed to recover the true rank d., since
then Vi € [d,]:

6i > 0a.(QT) — Q7 = Q"llop 2 28— 8> 5
It is straightforward to check that, if
2 SA A AT
T_Q<Tmaxs 3(52+ ) Og4<(5+ ) )>
(1 =7)%0q(Q@") (1—=7)d
then first term in definition of 8 is < o4_(Q™)/4, and similar conclusion hold for the second term
after noting that %(S +A4)>1. O

B.5 Technical lemmas from the proof of Theorem 4

In this section we shortly present concentration results used in the proof of Theorem 4. We refer reader
to Section F.2 for discussion about equivalent noise model and Poisson approximation. Concentration
inequalities proposed are fairly standard (see for example [8]), but as discussed in [37] because
of the sampling pattern, entries of the matrix E are slightly dependent. A way to deal with these
dependencies has been discussed in [37], and we refer to the results from that paper here directly.
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Proposition 2. Let B be a (S + A) x 2d matrix independent of E. Then, we have for all 6 € (0,1),
forall T, > (S + A)log® ((S + A)/6), both events:

Tmax [SA : T.(S+A
[l 5 7225V Alog? (552

Tmax SA 3/2 TT(S + A)
7 _7||B||F\/ T log 5

Proof. Follows straightforwardly from proofs of Propositions 26 and 27 in [37] and using noise
equivalent model from Section F.2. Note that we keep the variance term upper bounded by || A2
in the proof of Proposition 27 as in [37], and make use of inequality || B||2—00 < || B||F to obtain
dependence on || B||r in the second inequality.

Lemma 3. If |E|| < o4 (M)/32, then for every i:

1Elop + | Allop
oa (M)

Vie[S+A]: |EiBlopS

hold with probability at least 1 — 0.

00T (E+ A)U|]5,; < 4 (101241 lop + 1A ]2,

+ [EU |, + |[M(U -~ OUTU)|Jo, )

Proof. Under condition ||E|| < o4/ (M)/32 we have o4/ (M) >oq (M) —||E|| > o4 (M)/2. Thus,
we have:

|[TUT(E + A)Ul|p; = |[M;US'UT(E + A)U|5; = [MUS'UT(E + A)U||2,,

L —= [|[E+A]
< MU [Z op U [lopl|E + Allop | Ullop < [[M Ui ——="2
o (M)
By + Al e
<2———————||[MUl|2; 11
= O'd/(M) || HQ-, ( )

Using Davis-Kahan’s inequality [8] we have:
|MU|lz,; = [|MUsgn(TTU)||2,,
< [MUUT Uy, + |MU|,[sgn(TTU) — UTU|op

e ~ E|?
< |[MUU'Uls,; + 16||MU 2]
< 2, + 16[[ M U][2,; o (M)?

e MU
<|IMUUTU|2,; + %

implying that ||Mﬁ\|21 < 2||MﬂﬁTUH22 Furthermore, we have:
|MTUTU o < [ MU +[|M (U~ TTTU)2,
< (1Ol Sllop + [I(E + A) U2 + [|M (U ~ UUTU) |2,

where we have used that MU = U3X. Substituting this expression back into (11) finishes the
proof. O

Lemma 4. Under assumptions | Allop < 04/ (M)/32 and ||E|op < oq(M)/32, we have with high
probability for every i:

[TOUO)TU - TU Uk < |2 + [E(U = TO(UD)TU)||a,

6
oa (M) (”EU

T 2By ([ U]l + U U(UTU>||2,Z->)

30906 https://doi.org/10.52202/079017-0972



Proof. Proof follows similar steps as Step 2.2 in the proof of Theorem 4.2 in [8], but we repeat it
here for the sake of completeness and focus on differences in the proof caused by A matrix. First,
we use that U is an orthogonal matrix (||U||o, = 1) and Davis-Kahan’s inequality to obtain:

(M — MOYUO) ||

ITDUD)TU - TUTUp < [UDOTD)T - TUT g < 2 —
o (M®) — o441 (M)

Note that under the assumption ||Allop < og (M) analysis of singular values stays the same as in [8],
since, for example:

. , 1
O'd/(M(l)) 2 O'd/(M) — ||E(7')||0p Z O'd/(M) (1 - 32)
a1 (MD) < 01 (M) + [EDlop < [|Allop + [[Bllop < 00 (M)/16

Thus, we can lower bound denominator in the inequality above by o4 (M)/2. Now, term in the
numerator can be written as:

(M~ MU =E; . UD + (E; — Ee;) U

and bounded in the same way as in [8]:
| — M TW | < BT
< [BUY)

20+ [Boi — Biello [ UD o
2,i + 2| Ellop[TD (T TU) 12,4

where we used that ||((U®)TU)~1||; < 2 under our assumptions. Finally, we obtain:

IUCTU - UO(UD) Uk < (IEUD |12, + 2| Ellop[U(TTU) 12,4

oy (M)
+2||E[lop[[UTTU - TO(UD) U )

and under condition ||E||o, < oq/(M)/32 we obtain result claimed in the lemma. O

B.6 Nuclear norm minimization for leverage scores estimation

The authors of [34] leveraged the guarantees for nuclear norm minimization from [9] to learn )
matrices. However, several factors make the application of nuclear norm minimization theoretically
challenging in our context:

* Approximate low-rank structure. As our algorithm is based on policy iteration, our
estimates )7 are only approximately low-rank. The result from [9] rely on non-convex opti-
mization, leaving it unclear how this approximation error affects the final guarantees of the
algorithm. In contrast, a more straightforward analysis using singular value decomposition
allows us to explicitly express our bounds in terms of the approximation error.

* Coherence-free subspace recovery. In our subspace recovery result (Theorem 4), we can

bound the subspace error ||U;,. — U; .Op||2 in relation to ||U;.[|o. It is uncertain whether
current guarantees for nuclear norm minimization can achieve a similar outcome, which
might instead depend on max;¢(g) ||U;,:||2. We believe this would introduce dependency on
the incoherence constant into the sample complexity of our algorithm.
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C Leveraged Matrix Estimation Analysis

In this appendix, we provide the proof of Theorem 2 corresponding to sample complexity guarantee
enjoyed by LME. First, we provide the pseudo-code of LME:

Algorithm 2: Leverage Matrix Estimation (LME)

Input: Deterministic policy 7, sampling budget 7'
SetT) « T/2, Ty + T/2
Sete:T"‘%,Te(l ,Y)log( )asin(l)
(Phase 1). Leverage Scores Estimation:
(Phase la.) Data Collection & Emprirical Truncated Value matrix.
Sample uniformly at random T3 /(7 + 1) trajectories of length 7 + 1 using policy 7 and
gather them in D
Use the collected dataset D, to construct Q7 as in (2)
(Phase 1b.) Singular Subspace Recovery
Set the threshold 3 as in (4) R
Compute the SVD of Q)7 and threshold with 3 as described in (3) to obtain d, U and Q™
(Phase Ic.) Leverage Scores.
Set the left (resp. right) leverage scores / (resp. p) as described in (6).
(Phase 2.) CUR-based Matrix Estimation with Leverage.
(Phase 2a.) Data Collection with Leverage & Empirical Truncated Value Matrix:
Set K « 64dlog(64d/6)
Sample K rows (resp. columns) Z C S (resp. J C .A) without replacement according to the
leverage scores i (resp. p)
Set Ny Q(Tfﬁ Na 2(7+1)(K(€2+A)—2K2)
For all (s,a) € Qg (resp. (s,a) € Q) sample N; (resp. N») trajectories of length 7 4 1
using policy 7 and construct the
empirical estimate Q7 (s, a) based on these trajectories
(Phase 2b. CUR-based Matrix estimation)
Set the matlices L and R as in (7)
Construct Q™ using a CUR-based approach as in (8)

Output: @”.

C.1 Proof of Theorem 2

Before showing the proof of Theorem 2 we present two intermediate results used in the proof. As an
immediate consequence of Hoeffding’s inequality we have:

Lemma 5. With probability at least 1 — 6 we have ¥(s,a) € (Z x A) U (S x J):
AT ™ Tmax 2 4K (S + A)
Q5(s.0) ~ Q(s.0) < %V og (545

where N = Ny if (s,a) € Qnor N = Ny if (s,a) € Q4.

Theorem 5. Let T and J be such that |Z|,|J| = K, and Q™ (Z,J) has rank d. Assume that for
some e, 4 > 0:

)+ 10T — Q7

a) Y(s,a) €T x T :|Q%(s,a) — Q™ (s,a)| < en, and
b) Y(s,a) € (T x AUSx I\ (T xT):|Q%(s,a) — Q™ (s,a)| < ey

Ifeq < 861163 U%) log ™ (554), ey < ||Q7 || and K > 64d1log(64d/5), then with probability

>1-4:

1Q™ — Q7[loo S 1Q  [lce+

VSA 2(S+A> . SA <S+A)
7@ "o ) I e
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Proof of Theorem 5 is deferred to C.2.

Proof of Theorem 2. First, by Theorem 1 we require at least
r2 Q™12 SA (S+ AT
> __max____ 2G4 Ay 0 oot () (12)
(1=7?lemi o3(Q) (1—=7)é

number of samples to recover leverage scores of Q™. During the whole proof of Theorem 2 we
condition on the event where Theorem 1 holds.

T
Ny = A+ 1) (K(5+A)—

_ Tmax ilo 4K(S+ A) _ Tmax 8 log 4K(S+ A)
slj_l—"y N1 & 1) ’ €+_1— N2 1) '

Note that by definitions of N; and Ny we have that e = € 4/ SJFAL&K. Next, recall that ||QT —

Q" ||o is upper-bounded by ™22 from (1). Combining this with Lemma 5 and our definition of
en, £+ we can see that the conditions a) and b) of Theorem 5 are met.

Recall that we use N1 = SR and define the following quantities:

__T
a(r+DK?>

Hence, by Theorem 5 we obtain that ||@7r — Q™o L eif:
5

Q7 oo 5555 Tog? (5524) (14 107 oo 50555 l08” (552) /545 )

Setting €4 to be equal to this value we obtain that is sufficient to have:

2 QTIRSA (. Q7RS4 K L(SHANY . 5 (d(S+ A)
> max o0 oo
N2 2 302 o2(Qm) <” 22(Q7) S+A—2K1°g( ; >)k’g< 5 )

e+ S

Using definition of N» and rewriting inequality above in terms of 7" gives the following condition:
r2..d Q™A SA < QT2 SA, 5 (S+A (S+AT
T3 T 22 (s as d G2t (252) 1o (ST
(1=7)%* 03(Qm) o3(Q) 0 5(1—7)

Combining this with condition (12) and using the fact that %

< k2a2d gives the final
condition:

52a2d(s+A) ( K2 +i+ d? )}
e (=92 Q™% & (S+A)e?

T8 |1

Finally we verlfy that e and e satisfy conditions from Theorem 5. Note that ||Q™ || avd (Q) >

HQWHO" HQ"H > 1, as well as log” (S+A) > 1forany § € (0,1). Thus we obtain that e, < ¢ and

thus, in order to have ¢ < [|Q™|| it is sufficient to assume that € < |[|Q™||w. Using the same
reasoning we have:

e K 54(Q™) Ko@) - <S+A>
RN ET A S g vS Al (A VST A~ J5A 6

whenever ¢ < ||Q7||oc and S + A 2 K.

C.2 Proof of Theorem 5

Note that (LQ™(Z, J)R)" # RT(Q™(Z, J))! L in general, and thus our estimation is different from
QT (s, I)(Q™(Z,T))TQT(Z,a) used in [35]. However, weighting estimates by inverse leverage
scores as proposed in Section 4.3 still provides unbiased estimates, in the following sense:

Lemma 6. Assume that |Z|,|J| = K and rank(Q™) = d. Then:
¥(s,a) €S x A Q(s,0) = Q(s, ) R(LQ™(T, J)R)' LQ" (T, a)
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Proof of Theorem 5. The proof follows from the proof of Proposition 13 of [35], to which we refer
the reader for a more detailed exposition. Based on Lemma 6 and following the proof of Proposition

13 in [35] (see (22) and (23) in [35]), we have V(s,a) € S X A and (x) := \@’T(s, a)— Q7 (s,a)l:
(*) < V2I(LQTZT)R) opl LIQT(Z, a) Q7 (5, T) — Q™(Z,a)Q™ (5, 7)) Rl|r
+(LQTZ, T)R) — (LQ™(Z, T)R)|op| LQ™(Z, @)Q™ (5, T) Rl (13)

We will repeatedly use result from Lemma 8 and condition on the event when given bounds on
|IL||op and || R|[op hold. We begin by bounding the first term in (13). Using the assumption that

V(s,a) € T x J: |Q7(s,a) — Q™ (s,a)| < e we obtain:
IL(QF(Z..T) = Q7(Z,T))Rllop < | LIopKQF(Z. T) = Q"(Z, T)loo | Rllop

A
< czcjaj\/SAlog2 (S—g> .

Combining this inequality with our assumption on e and Corollary 2 with n = 1/4 gives:
1

LO™ 7, R o = =
LT DB e = e T )

1
= 5dLQ" (T, I)R) — [LO5(T. 7) — @*(Z, 7)) Bl
< 8
~ 04(Q™)

Second term in (13) can be bounded as follows:

IL(QF (T, a)QF (s, T) — Q™(Z,a)Q" (s, 7)) Rllr
< N Lllopll QF(Z, )Q5 (5, T) = Q™(Z,@)Q (s, T) e[| Rllop

and then use that:

Q7 (Z.a)Q7(5,T) = Q(Z,a)Q" (5, T)lle < VT T |24 Q" oo + £7)

Combining this result with Lemma 8 we get:
~ ~ S+A
IL@HE. @ 5.9~ Q" T (5. DRl < creg (7 s + 22 )VEIog* (252)

Similarly to the proof of Proposition 13 in [35], we bound the third term from 13 using inequality
| Bt — AT < 255 min{ | AT[2,, [ BT2,}1B — Allop as follows:

I(ZQF(T, T)R) = (LQ™(T, T)R) o < 6401@025—5%571 log? (
d

@ (557)

0

And the last term from (13) can be bounded as follows:

ILQ™(Z,a)Q™ (s, T)Rlr < || Lllopl Q" (Z, @)Q" (s, T)[¥[| Rllop
S+A>

< ezeg VEAIQ I tog? (2

where we used that [|Q™(Z,a)Q™ (s, J)|[r < K||Q™||%.

Combining all derived inequalities we obtain:

~ SA S+ A
T _ N7 < T 2 2
107 ~ @l < Beres (217t + €8) s tog® (52
SA

. S+ A
+ 64C%CQJW5DHQ 12, log* <5>
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Proof of Lemma 6. First, define matrices Dy, Dy € RE*d by Dy = LUz and Dy = RWy .,
and note that Dy and Dy are not orthogonal. However, we claim and prove in the end of this proof
that:

(Du=Dy)t = (Dyy) 271D, (14)

Moreover, since Dy; and Dy have full column rank, we have that DEJDU = I4xq and DJV (DITV)T =
Iixq- Thus we have V(s,a) € S x A:

Q™ (s, J)R(LQ™(Z, T)R)'LQ™(T,a) = e] USDyy (Du XDy ) Dy =W e,
=] US(Dyy (D ) HE (D), Dy )W Te,
=e]USW e, = Q" (s,a)
Now we proceed with proving (14) following similar argument as in Lemma 1 in [14]. Let SVD of
Dy and Dy be given by Dy = Up, Xp,, WDTU and Dy = Up,, Xpy, WDTW. First, we use that Up,,
and Up,, are orthogonal matrices to get:
(DuEDy)' = (Upy S0, Wp, Wy S0y Up,, )
= UDW (EDU Wgu ZWDW ZDW )TU;U
Since Dy and Dy are matrices with full column rank, all matrices inside of the pseudoinverse are

of size d x d and full rank. Thus, their product is as well full rank and replacing pseudoinverse by
inverse we obtain:

(DyEDy)' = Up,, B! W, 57" Wp, S5 U, = (D) S7'D);

C.3 Concentration results for the proof of Theorem 5

2
Lemma 7. Assume that p is a probability measure on S such that p; > n% foralli € [S] and

some 1) € [0,1]. Let T be a set obtained by sampling K entries of S according to p i.e. for any
i € [S] : i € T with probability min{1, Kp; }. Define diagonal matrix L with entries m

fori € T and matrix Dy € RX*? given by Dy = LUz... Then, for any § € (0,1):

d 2d
HDEIDU - Id><d||0p S 2 Kink)g (5)

holds with probability at least 1 — § whenever K > 37071 log(2d/4).

Proof. First we argue that case p; > % is simple. Denote by S states for which p; < % Then, we
have:

DS Dy — Taxallop = 1UZ, LUz, — U Ullop

= Z §:(ZNTZzM0 2. Z ARWAR
€TINSy €5, o

where Z(*) are obtained from U by zeroing all rows except i-th, and d;’s are i.i.d. Bernoulli(Kp;) for
1 € §;. Now we can rewrite the first term:

§ 2(7(NT 712 _ E UT U
- 67, (Z ) Z Li,i - ' sz 61Ui,;Uz7:a
1€S 1€S,

and take expectation over d;’s to get E [Zie& 53(Z(i))TZ(i)L§,i} =Yics, (2T Zz®,
Now, define X9 = (6; — Kpi)%pUZI U;,. for i € Sy. Note that:

. 1 d
XD|op < —|Ui.|3 < —
1 X |op KpJ' <2 Kn
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by our assumption on p. Moreover, using that Var(d;) = Kp;(1 — Kp;) < Kp; we have:
, . 1 d
@O(xONT| = - N — s 12U U il T
5| 3 XOKO)T| = 3 B0 Kn)? s UV < e 3
1€S} €S, v €S,

implying that [[E[}, .5 X X)) op dn. Finally, noting that X () are symmetric matrices
Vi, we apply matrix Bernstein inequality to obtain:

Kn t?
T
(||DUDU*Id><d||0p>t H ZX Zt SQdexp <2dl+(t>
1€[S] 3
Setting right hand side equal to § finishes the proof. O

Corollary 2. If anchor states of size at least K > % log(4d/¢) are chosen according to Lemma 7,
we have with probability > 1 — 9.

04l LQ"(Z,T)B) = 0a(Du=DY) > 0a(Du)oal @ )ou(Dw) > 74(Q")

Note that we could use inequality above since Dy and Dyy have full column rank.

Lemma 8. Consider setting of Lemma 7. Then there exist universal constants cz,cy > 0 such that
with probability at least 1 — 0:

S S A A
Il < eryftoe (5) . Il < ey g 102 (5)

Proof. We note that if L;; = 1 (i.e. Kp; > 1), then obviously the inequality above holds for
S > K, and thus we consider only cases where L; ; = \/% Now, note that ||L{jop = [|L||op,

where L&' = ZS O e
E[5;

Z , and where 0; are i.i.d. Bernoulli(Xp;). Next, we have:
e;r] = «/Kplel and thus:

|[EL*lop = /K max p; <VK

Define Y (") = (§; — Kpi)ﬁeiej. We have E[Y () (Y()T] = (1 — Kp;)e;e; , and hence the
variance term in matrix Bernstein is upper bounded by 1. Lastly by our assumption on p we have for
all ¢ € [S]:

I NPy
VEp; *

S
1Y Oop < \ﬁ
By matrix Bernstein we obtain:
t2
P(|LS — EL™|lop > ¢) H Sy ® L2t sase | -2
i€ls] L+te,/2
Equating last term with ¢ and using that S, A > d we obtain statement of the lemma. O
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D Sample Complexity Analysis of LoRa-PI

In this appendix, we present the proof of Theorem 3. It is a direct consequence of the performance
guarantee of LME (see Theorem 2) and an error bound on approximate policy iteration, which we
provide in this appendix (see Lemma 9).

D.1 Proof of Theorem 3

Proof of Theorem 3. To start with, we first observe that, according to Lemma 9, LoRa-PT outputs 7
with ||V* — V7| < g, if it holds that

(Ne ochs)

. t—1 * eyl 27«max’7 P €
vy < HmaV T

G| oo < 2T < 2

g ~ 1—7)%

(”) HQ(t) - Q(t)HOO S ( 47) ) vt € [Nepochs]

where we introduce the notation Q) := Q’T(t) as a shorthand. Now, we note that condition (i) is

satisfied if
1 47 max
N, = 1
epochs [1 — % ((1 - v)eﬂ

which is already as chosen in LoRa-PI. Now, in order for (i7) to hold we use Theorem 2. We define
the events:

eo= {109 - @ < 1221

We show that Mie |, €t holds with high probability. To that end, it is sufficient to analyse for each
t € [Nepochs], the event £ conditionally on the event that (Nje[¢—1)x) holds. Indeed, by using the
elementary inequality P(£¢ U B¢) < P(€¢|B) 4+ P(B¢) in a recursive manner, we can write

P((MeeNaon] €)°) = P(Ute(Npon ) €5) < Y PIEF| Niefr—1 Ek) (15)
tE[Nepochs]

We will show that for all ¢ € [Nepochs)> P(EF| Nier—1] Ex) < 0/Nepochs, Which would entail that
P((Nte[Nuours] Et)°) < 6 and ensure that [|[V* — V7|, < 1 — & holds with probability at least 1 — 4.

Let ¢ € [Nepochs|- Note that by using Theorem 2, we can immediately show that P(Ef| Npepp—17 Ex) <
8/ Nepochs provided that

T _ 9 (7"12nax’€4042d2 ((S+A) + a?d) log? (Nepochs>>

Nepochs (1 - 7)752 )

which entails, by definition of Nepochs as chosen in LoRa-P1I, an equivalent sample complexity to

oG (rﬁlaxm“ozZ(deE(i):‘E;‘l) + a?d) log? <(1 _17)5 log ((1TT3;)5>> log ((11}_%;)5>>

_3 (rfnaxf#anQ ((S+ A) + a?d) log"(e/s) log(e/a)>

(1 —n)%e

where we emphasize that ﬁ() may hide poly-log dependencies on S, A, (1 — )7L, d, k, a, Tmax,
log(e/e), log(e/d). This the desired sample complexity in Theorem 3.

Note that Theorem 2 also requires that

1— 2
L2 < jou. (16)
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We show that this is satisfied by the condition ¢ < e. First, we show that under this condition, we
have |Q™M]| < 2[|Q®||s. Using Lemma 10, and conditionally on the event Nke[yEx holding, we
have that for all k < ¢,

()
Trv®) <y 4 26 g oo (e 2205 ey o 20€
1—7 1-— 1—7
where € = (172)28, implying, in particular, that
29(1 —~v)e
QW oo < Qg + 222

Summing the above inequalities from 1 to ¢ — 1, together with the fact that t — 1 < Nepochs, gives
M < 1o® YA =)t —1)e < lo® R} 4T max
100 < 100 e + T < Q0+ 0w )
In view of this inequality, we note that 2|[Q®)||oo > [|Q™M) | cc. if

4r
610 max < (1) -
retos (2 ) < @)
We can verify that the above condition is implied by:

4’}/ 1 < 1 67rmax
(

1R
(1) 08 2/|QM)
QWM |0 L—7)? [loo

16y max
2y log (=235 )

where we used the elementary fact © > 2alog(2a) + 20 = = > alog(x) + b forall a,b > 0.

>

1 (17)
g

><:>€§

Thus, from (17) we conclude that the condition on ¢, (16), is satisfied if the following condition
holds:

. 1
€ <min | 1,

Q).
27log ((m)?\lch?ﬁnw)

This is the desired condition on € in Theorem 3. With this we have concluded the proof. O

D.2 Error Bound for Approximate Policy Iteration

The following result, a standard variant of Proposition 6.2 in [4], shows that the described approximate
policy iteration is guaranteed to converge within an e-accuracy.

Lemma 9. Let (ﬂ'(t))t21 be a sequence of deterministic policies selected recursively as described in

LoRa-PI, and denote V") = yr forallt > 1. Let € > 0 and suppose that for all t > 1, it holds
that

H@(t) QW] <e
Then, for all t > 1, we have
2¢
(1—7)%

The proof of Lemma 9 follows standard arguments, but we provide it for completeness.

[V = VEED <A Ve = Voo +

Lemma 10. Let 7 be a deterministic policy, and assume that |Q™ — Q™ ||oe < €. Assume that policy
' is selected greedily with respect to Q™, i.e., forall s € S, 7'(s) = argmax,c 4 Q™ (s, a), then

2¢

1.

V7T S T*(Vﬂ') S Vﬂ‘/ _|_ 1
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Proof of Lemma 10. Before we proceed with the proof, let us define the composition of a determinis-
tic policy 7" and a Q™ function, 7 0 Q™ (s) := Q™ (s, 7"’ (s)). We know that

VTi=m0Q" <max7”oQ" =T*(V")
where < is applied component-wise. Next, we have
VT < T*(Vw) _ m%XWH 0 Q" < m%Xﬂ'H o Q\‘n' + m%xﬂ// o (QT — @‘ﬂ')
<q7'o @ﬂ— + €l
Sﬂ_loQﬂ'_i_ﬂ_lo(@ﬂ_QTr)_i_el
<7l o Q™ + 2el
< T (V) + 21

where 7 is the Bellman policy evaluation operator. By monotonicity of the operator 7, we can
re-iterate

T (V™) < Tt (Trr (V™) + 2€1) < T2 (V™) + 27el.
Thus, we finally obtain
k
VTS THVT) < TEFL (V™) + 2¢ <Z¢) 1
t=0
Taking k — oo, we get

/ 2
VTS TV S To(VT) 421 < VT 4 =1,
O
Proof of Lemma 9. We start by noting that, thanks to Lemma 10, we have: forall ¢ > 1,
v L T 1> v ®),
L—vy
where > is applied component-wise. Thus, applying this inequality recursively we obtain
pern 2 g s (o 2 ) 29
1—7~ 1—7 1—7~
_ 2ey
> (792 (v 1)) _ 1
> (T7) ( 1—7
t—1
) - 2 ()
k=1
2
> (T*)t(v(l)) . ( - )1 + € 1,
(1=7)? -7
which gives at the end
2¢(1—1")
v s (ra@ @y -2 T
(T)OW ) - T
Thus, we have
2¢(1 —~t 2¢(1 —~t
vV — V(t+1) < V* — (T*)t(v(l)) + 6( 72) 1< (T*)t(v*) _ (T*)t(V(l)) + 6( ’72)1
(1=2) (1=2)
Thus, using the contraction property of 7*, and that 1 — ~% < 1, we have
2¢ 2¢
V* _ V(tJrl) < *\t V* _ *\ T V(l) < t V* _ V(l) .
|| oo < W0V = (T VOl + (=3 <7 oo + oy
O
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E Extension of Guarantees to Approximately-Low Rank MDPs

We consider the setting where the matrix Q™ is approximately low rank. Specifically, we define a
constant {4 such that (g = [|Q™ (s, a) — Q7 (s, a)|| s, Where Q7 is the best d-rank approximation of
Q7 in the operator norm. Note that (; < 044+1(Q™) < \/STlCCL In contrast to Theorem 4, where the
additional perturbation term A arises from a controllable quantity (through roll-out length 7), here
we assume that (g is fixed in advance and unknown. For simplicity, we omit terms stemming from
the A perturbation, but the results still hold in that setting. Here, we show that if:

Cd=6<0d(Qﬂ)min{5ﬁ47li\;ﬂ}> (Ay)

we can obtain similar guarantees for ||V* — V7|, as in Theorem 3 even in the approximate low

rank setting, with an additive error scaling with 19) (#Cddn%zz). Next, we show that our three main

1=y
theorems still hold in this setting.

Theorem 1: Leverage scores estimation. We can repeat the arguments from the proof of Theorem
4 to obtain, with high probability, Vs € [S]:

~ (/4 S+A) V/S+A oa+1(Q")
||Us,:—Us,:0U“2—O<a<VTT+"”US~”2 T >+ aa@) 1

it T, = Q (@?(S+ A)), and 0411(Q™) < 04(Q™)/64. New terms are highlighted in blue in the
inequality above. A similar inequality holds for the rows of the matrix of right singular vectors 1.

Under Assumption A and using that 0441 (Q™) < v .SA(4, we have:

WS+A ~( Vd . - oa1(Q)  ~
Ud(Q”) =0 (\/m)’ d HUs,:HZ Ud(Q”) —O(”US,:”2)

indicating that the contributions of the two newly added terms are negligible for leverage score
estimation and that Theorem 1 still holds in this setting.

Theorem 2: Complete matrix estimation. Theorem 5 holds with the same arguments. Instead of
Lemma 5, we have that with high probability: V(s,a) € (Z x A) U (S x J):

@5 (5,0) - @7(s,0)] < 1{7\/2 og (FEEA) 4,

N )

Note that our conditions on (4 and o441 (Q™) ensure that the conditions on e and €. in Theorem 5
(e0 < 24 10g™2 (554, &1 < [|Q7oo) still hold, as:
(=6 [YAa@) _ 5 (1€ _ 5 (VSRR _ 50 )
¢ S+A S+ A S+A o0

Then, the upper bound on ||Q™ — Q™|s from Theorem 5 will include an additive term:

T2 ~
(a2l e 0t (£54) = O (¢4dr2a?). Finally, under approximate low-rank structure, Theorem

Ud(QW)
2 guarantees that with high probability, if &¢ < [|Q™||oe and T = Qs (%(rﬁlmﬁ‘la%%),
we have Q™ — Q™[ < &+ O (Cudr®a?).

This aligns with Theorem 14 in [34], where the approximation error scales by terms corresponding to
T2
% in our setting, as both methods use CUR-like matrix recovery.
d
Theorem 3: Guarantee for LoRa-PI. Based on the approximate policy iteration theorem, which

claims:
()
[loo-

A=V = V7lloo < 2rmaxy™™> +2 max QY — Q"

epochs

we observe that the error from approximate low rank propagates through the second term, yielding an
additive error of magnitude ﬁ{ddnzoﬂ to the error of Theorem 3.
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F Miscellaneous Results

In this section, we provide some of the observations and results about the truncated value matrix.
More specifically, we present the proof to Lemma 1, and a discussion on the variance proxy of the
truncated discounted sum of rewards.

F.1 Truncated Value Matrix

Proof of Lemma 1. We know that Q™ satisfies the following identity: for all (s,a) € S x A,
& [z
t=0

e $

t=7+1

(570ra ag) = (Sa a)‘|

(s§,af) = (S,a)] .

Furthermore, note that

o
t Tmax
Srmaxgv i

Z y Ty

t=17+1

SO’GZJT) = (Sv a)]

and thus

’y Tmax Tmax
Q7 — Qoo < —— < exp(—7(1 —7)).
-7y " 1=

where we used that v < exp(y — 1) for v € (0, 1). Setting the right hand side of the last inequality
equal to € we obtain statement of the lemma.

O

F.2 Equivalent Noise Model

Recall definition of @f from (2):

Q” 3 a N Z (Z’y Tk t> 1{(5k07ak o)=(s,a)}> V(S,CL) €S x A.

Consider one of N sampled trajectories with index & starting from (s}, ,, af ;) = (s, a), and note that

lrIIlaX

< .
-

Moreover, since QT is given by:

Q%(s,a) = E

o0
t ™ T
E v rtIL{tST}’so =Ss,ay = af,
t=0

we have

T

t. mw
E D A rE el g a0 =(s.)}
t=0

(Sk: 0’ a’k 0) (5 a)] = Q:(Sv a)‘ﬂ{(sgvo,ago):(s,a)}

In other words, each term inside of the outer loop in definition of @: is uniformly bounded and equal
to Q7 (s, a)]l{(sg o.a7 o)=(s,a)} in expectation. Thus we can view estimate Q7 (s, a) equivalently as:

Qﬂ S a Z Qﬂ— 5 a +55ak)‘ﬂ{(sko,ak 0)=(s,a)}
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where £ o are i.i.d. across k, and |Q7(s,a) + &s.a k| < %, implying that &, , 5, are 2{1—’“1;‘-
subgaussian random variables.

Next note that the number of times N (s,a) = Zﬁzl 1{(sf ¢: af o) = (s, a)} that we sample entries
are random variables with multinomial distribution, since P((sf ,af o) = (s,a)) = g and
Z( sa) NV (s,a) = N. This weak dependence between the entries can be dealt with using the Poisson

approximation argument (see Section C.2 in [37]). Essentially, this enables us to rewrite matrix @2
as a matrix with i.i.d. entries. Namely, we have for all (s, a):

Y (s,a)
Qr(s0) = S Y (QF(5,0) + eas)
k=1
where Y (s, a) are i.i.d. Poisson random variables with parameter E[Y (s, a)] = 5. The fact that

the two noise models are equivalent is depicted in Lemma 20 in [37] claiming that probability of an

event under the multinomial model can be upper bounded by /T times probability of the same event
under the Poisson model. Practically, this adds a multiplicative factor of 7" in our probabilistic claims.
For more thorough exposition of this issue check Section C.2 in [37].
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: To the best of our ability, we believe this to be the case as can be seen in our
manuscript. Please refer to our theoretical results throughout our manuscript and Appendix
A for the numerical results.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Our work is primarily theoretical, and we have discussed our results and
assumptions whenever presented in our manuscript.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Please refer to the statements of our theoretical result and corresponding proofs
in the appendix. To the best of our ability, we believe the proofs to be correct.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Please refer to Appendix A and provided code in the supplementary material.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: Please refer to Appendix A and provided code in the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please refer to Appendix A and provided code in the supplementary material.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Please refer to Appendix A and see provided code in the supplementary
material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Please refer to Appendix A.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: To the best of our ability, we believe this to be the case.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper presents work that is primarily theoretical and whose goal is to
advance the field of Machine Learning. There are many potential societal consequences of
our work, none which we feel must be specifically highlighted here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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