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Abstract

Online experimentation with interference is a common challenge in modern appli-
cations such as e-commerce and adaptive clinical trials in medicine. For example,
in online marketplaces, the revenue of a good depends on discounts applied to
competing goods. Statistical inference with interference is widely studied in the
offline setting, but far less is known about how to adaptively assign treatments to
minimize regret. We address this gap by studying a multi-armed bandit (MAB)
problem where a learner (e-commerce platform) sequentially assigns one of pos-
sible A actions (discounts) to IV units (goods) over 7" rounds to minimize regret
(maximize revenue). Unlike traditional MAB problems, the reward of each unit
depends on the treatments assigned to other units, i.e., there is interference across
the underlying network of units. With A actions and N units, minimizing regret
is combinatorially difficult since the action space grows as .AY. To overcome
this issue, we study a sparse network interference model, where the reward of a
unit is only affected by the treatments assigned to s neighboring units. We use
tools from discrete Fourier analysis to develop a sparse linear representation of the
unit-specific reward r,, : [A]"Y — R, and propose simple, linear regression-based
algorithms to minimize regret. Importantly, our algorithms achieve provably low
regret both when the learner observes the interference neighborhood for all units
and when it is unknown. This significantly generalizes other works on this topic
which impose strict conditions on the strength of interference on a known network,
and also compare regret to a markedly weaker optimal action. Empirically, we
corroborate our theoretical findings via numerical simulations.

1 Introduction

Online experimentation is an indispensable tool for modern decision-makers in settings ranging from
e-commerce marketplaces [Li et al.,[2016| to adaptive clinical trials in medicine [Durand et al., 2018].
Despite the wide-spread use of online experimentation to assign treatments to units (e.g., individuals,
subgroups, or goods), a significant challenge in these settings is that outcomes of one unit are often
affected by treatments assigned to other units. That is, there is interference across the underlying
network of units. For example, in e-commerce, the revenue for a given good depends on discounts
applied to related or competing goods. In medicine, an individual’s risk of disease depends not only
on their own vaccination status but also on that of others in their network.

*The research presented in this paper was conducted independently and is entirely unrelated to the author’s
current appointment at Amazon.
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Figure 1: A visual representation of sparse network interference. In this toy example, we have N = 9 units,
and visualize the interference pattern. For unit 2 (orange), its outcomes are affected by the treatments of its
neighbours (blue) MV (2) = {1,2,3,6,7}.

Network interference often invalidates standard tools and algorithms for the design and analysis of
experiments. While there has been significant work done to develop tools for statistical inference in
the offline setting (see Section 2, this problem has mostly been unaddressed in the online learning
setting. In this paper, we address this gap by studying the multi-armed bandit (MAB) problem with
network interference. We consider the setting where a learner (online marketplace) assigns one of
possible A € N actions (varying discounts) to N units (goods) over 7' rounds to minimize average
regret. In our setting, the reward of a unitn € [N] := {1,..., N} depends on the actions assigned
to other unitsE] With N units and A actions, achieving low regret is difficult since there are AN
possible treatment assignments. Naively applying typical MAB methods such as the upper confidence
bound (UCB) algorithm [Auer et al., 2002] leads to regret that scales as O(v ANT'), which can be
prohibitively large due to the exponential dependence on V. Further, without any assumptions on the
interference pattern, regret scaling as (v ANT) is unavoidable due to lower bounds from the MAB
literature [Lattimore and Szepesvari, [2020].

To overcome this issue, we consider a natural and widely-studied model of sparse network inter-
ference, where the reward r,, : [A]"Y — R for unit n is affected by the treatment assignment of at
most s other units, i.e., neighbours. See Figure E] for a visualization. Under this model, we provide
algorithms that provably achieve low regret both when the learner observes the network (i.e., the
learner knows the s neighbors for all units n), and when it is unknown. Our results allow for more
general interference patterns and define regret with respect to a significantly stronger comparator
policy than existing results in the literature.

Contributions.

(i) For each unit n € [N], we use the Fourier analysis of discrete functions to re-express its

reward 7, : [A]" :— R as a linear function in the Fourier basis with coefficients 6,, € RA".
We show sparse network interference implies 0,, is A° sparse for all n € [N]. This sparse
linear representation motivates a simple ‘explore-then-commit’ style algorithm that uniformly
explores actions, then fits a linear model to estimate unit-specific rewards (i.e., 8,,).

(ii) With known interference (i.e., the learner knows the s neighbors for all n € [N]), our algorithm
exploits this knowledge to estimate r,, by performing ordinary least squares (OLS) locally (i.e.,
per unit) on the Fourier basis elements where 0,, is non-zero. Our analysis establishes regret

O((A*T)?/3) for this algorithm.
(iif) With unknown interference, we use the Lasso instead of OLS locally which adapts to sparsity
of @,, and establish regret O(N/3(A5T)2/3). We argue this 72/3 scaling cannot be improved.

(iv) Numerical simulations with network interference show our method outperforms baselines.

2 Related Work

Causal inference and bandits with interference. The problem of learning causal effects in the
presence of cross-unit interference has received significant study from the causal inference com-

?For any positive integer z, we let [z] := {1,...z}.
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munity (see [Bajari et al.l [2023]] for a thorough overview). Cross-unit interference violates basic
assumptions for causal identifiability, invalidating standard designs and analysesE] As aresult, authors
have developed methodologies for estimating causal effects under several models of interference
such as intra-group interference |[Hudgens and Halloranl 2008, [Rosenbaum), 2007, interference
neighborhoods [Gao and Ding, 2023} [Ugander et al.| [2013| [Bhattacharya et al., {2020, Yu et al., 2022}
Cen et al.,2022], in bipartite graphs representative of modern online markets [Pouget-Abadie et al.|
2019, Bajari et al., 2021}, 2023], in panel data settings [Agarwal et al.,2022] as well as under a general
model of interference, generally encoded via “exposure mappings” [Aronow}, 2012} |Aronow and
Samii, |2017]]. Despite this large literature, there is much less work on learning with interference in
online settings. [Jia et al.|[2024]] take an important step towards addressing this gap by studying MABs
with network interference, but assume a known, grid-like interference pattern, where the strength
of the interference decays as the ¢; distance between units grows. Moreover, their focus — unlike
ours — is on establishing regret rates with respect to the best constant policy, i.e. the best policy that
assigns each unit the same treatment. We also note that the authors consider a setting more closely
aligned with the adversarial bandit literature, whereas the results in this paper are closer to those in
the stochastic bandit literature. See Section [3|for a detailed description of these differences.

Bandits with high-dimensional action spaces. In MAB problems, regret is typically lower bounded

by Q(/FActions - T'), where #Actions = A" in our setting. Typically, this curse of dimensionality
is addressed by sparsity constraints on the rewards, where only a small fraction of actions have
non-zero rewards [[Kwon et al.,|2017, |/Abbasi- Yadkori et al., 2012, |Hao et al., [2020]. Particularly
relevant to this paper is the work of [Hao et al.| [2020] who consider sparse linear bandits. The
authors utilize a “explore-then-commit” style algorithm to uniformly explore actions before using the
Lasso to estimate the sparse linear parameter. We utilize a similar algorithm but allow for arbitrary
interaction between neighboring units, instead using discrete Fourier analysis to linearly represent
rewards [Negahban and Shah, 2012, |O’Donnell, 2014, |Agarwal et al., [2023]]. This is similar to
kernel bandits [Srinivas et al., 2009} (Chowdhury and Gopalan, 2017, Whitehouse et al., 2024, which
assume there exists a feature map such that the rewards can be linearly represented (non-sparsely) in a
high-dimensional reproducing kernel Hilbert space. Also related are stochastic combinatorial bandits
[Chen et al.| 2013} |Cesa-Bianchi and Lugosi, [2012]], in which the action space is assumed to be a
subset of {0, 1}*' but rewards are typically inherently assumed to be linear in treatment assignments.
That is, these works typically assume the reward r = (6, a) for a € {0, 1}", with valid actions a
often having at most s non-zero components. Our work (with A = 2), considers an arbitrary function
r: {0,1}¥ — R, but explicitly constructs a feature map via discrete Fourier analysis such that
rewards can be represented linearly.

3 Model & Background

In this section, we first describe the problem setting, and our notion of regret. Then, we introduce
the requisite background on discrete Fourier analysis that we will use to motivate our algorithm and
theoretical analysis. Last, we introduce the model that we study in this paper. Throughout this paper,
we use boldface to represent vectors and matrices.

3.1 Problem Set-up

We consider an agent that sequentially interacts with an environment consisting of N individual
units over a series of 7" rounds. We index units n € [IN], and rounds ¢ € [T]. At each time step ¢,
the agent simultaneously administers each unit n action (or treatment) a € [A]. Let a,,; denote the
treatment received by unit n at time step ¢, and let a; = (ayy,...,ant) € [A N denote the entire
treatment vector. Each unit n possesses an unknown reward mapping r, : [A]" — [0, 1]. Note that
we allow the reward for a given unit n to depend on the treatments assigned to all other units, i.e., we
allow for cross-unit interference. After assigning a treatment to all units in round ¢, the agent then
observes the noisy reward for unit n as R,,; = r,(a;) + €,¢. Denote the vector of observed rewards
as Ry := (R - .. Rnt). We assume the following standard condition on the noise €,,;.

Assumption 1. (¢,; : n € [N],t € [T]) is a collection of mutually independent 1-sub-Gaussian
random variables.

3Specifically, it violates the stable unit treatment value assumption (SUTVA) [Rubinl |1978].
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Regret. To measure the performance of the learning agent, we define the average reward function
7 [AN — [0,1] by F(a) = + ij:l r(a). Then, for a sequence of (potentially random) treatment
assignments a; . .. ar, the regret at the horizon time 7" is defined as the quantity

T
)= > (). M

t=1 t=1

Mﬂ

Regr =

where a* € arg max,c 4~ 7(a). In Sectlonslandl we provide and analyse algorithms that achieve
small regret with high probability.

Comparison to other works. Previous works studying network bandits such as |Jia et al.| [2024]
measure regret with respect to the best constant action a’ := argmax,e4) 7(al) where 1 €
RY denotes the all 1 vector of dimension N. We compare regret to the optimal action a* €
arg maxae( )~ 7(a), which is combinatorially more difficult to minimize since the policy space is
exponentially larger (A" vs A). Our setup is also different than the traditional MAB setting since
the agent in this problem does not observe a single scalar reward, but one for each unit (similar to
semi-bandit feedback in the combinatorial bandits literature [Cesa-Bianchi and Lugosi, 2012]). As
we show later, this crucially allows us to exploit local, unit-specific information that allow for better
regret rates.

3.2 Background on Discrete Fourier Analysis

In this section, we provide background on discrete Fourier analysis, which we heavily employ in both
our algorithm and analysis. Specifically, these Fourier-analytic tools provide a linear representation
of the discrete unit-specific rewards r,, : [A]Y — [0, 1], which will allow us to leverage well-studied
linear bandit algorithms. For the rest of paper, assume A is a power of 2. If instead, if 2¢ < A < 2¢+1
for some ¢ > 0, we can redundantly encode actions to obtain A’ = 2641 total treatments. As seen
later, this encoding does not affect the overall regret.

Boolean encoding of action space. Since by assumption .4 is a power of 2, every action
a € [A] can be uniquely represented as a binary number using log,(.A) bits. Explicitly, let
v(a) = (01(a), . .. Diog,(a)(a)) € {0,1}°22(4) denote this vectorized binary representation. For
ease of analysis, we use the Boolean representation instead v(a) = 2v(a) — 1 € {—1,1}!°824
For a € [A]", define v(a) = (v(ai),...,v(an)) € {—1,1}V182(4) Note each action a € [A]N
corresponds to a unique Boolean vector v(a).

Boolean representation of discrete functions. Let 7 = {f : [A]Y — R} and Fgoot = {f :
{—1,1}N1e2(A) 5 R} be the collection of all real-values functions defined on the set [A]Y
and {—1, 1}V 1082(4) respectively. Since every a € [A]" has a uniquely Boolean representation

v(a) € {—1,1}V1082(4) the set of functions J can be naturally identified within Fgoo. Specifically,
any f € F can be identified with the function f € Fpool by f() = f(v(-)).

Fourier series of Boolean functions. This identification is key for our use since the space of Boolean
functions admits a number of attractive properties.

(1) Hilbert space. Fpoo forms a Hilbert space defined by the following inner product: for any
h,g € Fool» (h,g)p = AN er{_Ll}meM) h(x)g(x). This inner product induces the norm

(h,h)p = |l = AN Xy C1aye B2 (%).

(2) Simple orthonormal basis. For each subset S C [N log,(A)], define a basis function xg(x) =
[I;cgwi where xl is the ith coefficient of x € {—1,1}V82(4)  One can verify that for any
S C Nlog2 (xs,xs)p = 0 for any S # S. Since [{xs : S C
[N log, (A , the functlons X s are an orthonormal basis of Fpo,. We refer to x g as the
Fourier character for the subset S.

(3) Linear Fourier expansion of Fpye. Any h € Fpool can be expanded via the following Fourier
decomposition: h(x) =3 gy log, (A)] /s X5 (x), where the Fourier coefficient 0/ is given by 05 =

(h,xs) 5. For h € Fiecl, we refer to 8, = (05 : S C [Nlog,(A)]) € RA" as the vector of Fourier
coefficients associated with it. For x € {—1,1}V102:(4) et x(x) = (y5(x) : S € [Nlog,(A))]) €
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{-1, 1}AN be the vector of associated Fourier character outputs. For a € [A]", abbreviate y5(v(a))
and x(v(a)) as xs(a) and x(a) respectively.

3.3 Model: Sparse Network Interference

The unit-specific reward function 7, : [A] — R can be equivalently viewed as a real-valued Boolean
function over the hypercube {—1, 1}7V182(A) That s, r,, takes as input a vector of actions a € [A]",
converts it to a Boolean vector v(a) € {—1,1}N122(A) and outputs a reward r,(a). From the

discussion in Section we can represent unit n’s reward as r,,(a) = ZSC[N log, (A)] On.sxs(a) =
(0, x(a)), where 6,, = (6,5 : S C Nlog,(A)) € RA" is a vector of Fourier coefficients.

Without any assumptions on the nature of the interference pattern, achieving low regret is impossible
since it requires estimating A" Fourier coefficients per unit. To overcome this fundamental challenge,
we impose a natural structure on the interference pattern which assumes that the reward r,, only
depends on the the treatment assignment of a subset of s units. This assumption is often observed in
practice, e.g., the revenue of a good does not depend on discounts applied to all other goods, but only
those applied to similar or related ones.

Assumption 2. (Sparse Network Interference) For any unit n € [N, there exists a neighborhood
N (n) C [N] of size IN(n)| < s such that r,(a) = 7, (b) foralla,b € {—1, 1}V 1824 satisfying
(@m : m € N(n)) = (b, : m € N(n)).

We typically assume that n € A/(n), i.e. unit n’s reward depends on its own treatment. This model
allows for completely arbitrary interference between these s units, generalizing the results of Jia et al.
[2024]] who allow for interaction between all /V units but assume the strength of interference decays
with a particular notion of distance between units. Next, we show using our Fourier analytic tools,
that Assumption [2|implies that the reward can be re-expressed as a sparse linear model. We prove the
following in Appendix [A]

Proposition 3.1. Ler Assumption hold. Then, for any unit n, and action a € [A]N, we have the
following representation of the reward ry,(a) = (6, x(a)), where ||0,], < A°

Proposition 3.1 shows sparse network interference implies ), is .A® sparse with non-zero coordinates
corresponding to the interactions of treatments between units in A'(n). Indeed, the Boolean encoding
v(a) can be represented as blocks of log,(.A) dimensional Boolean vectors:

V(a) = (V(a)1:10g2(.A)a oo 7v(a) (i—1) logy (A)+1:ilog, (A)r - -+ 7v(a)(N71) logz(A)Jrl:Nlogz(A))'

Unit 1’s treatment Unit 4’s treatment Unit N’s treatment

Unit n’s reward depends on a small collection of these blocks, those indexed by its neighbors. Define

B(n) := {z € [Nlogy(A)] i € [(m —1)logy(A) + 1 : mlogy(A)] for some m € N(n)}

B(n) contains the indices of v(a) corresponding to treatments of units m € A(n) and the non-zero
entries of 6,, are indexed by subsets S C B(n). E.g., consider N = 3, A = 2, with (1) = {1, 2}.
Then B(1) = {1,2} and S C B(n) = {0,{1},{2},{1,2}}, where 0 is the empty set.

Graphical interpretation. Assumption 2can be interpreted graphically as follows. Let G = ([N],€)
denote a directed graph over the N units, where £ C [N] x [N] denotes the edges of G. For unit n,
we add to the edge set £ a directed edge (n, m) for each m € N'(n), thus justifying calling N'(n) the
neighborhood of n. That is, unit n’s reward is affected by the treatment of another unit m only if
there is a directed edge from n to m. See Figure|I|for an example of a network graph G.

4 Network Multi-Armed Bandits with Known Interference

We now present our algorithms and regret bounds when the interference pattern is known, i.e. the
learner observes G and knows A (n) for each unit n. The unknown case is analysed in Section
Assuming knowledge of G is reasonable in e-commerce, where the platform (learner) assigning
discounts (treatments) to goods (units) understands the underlying similarity between goods.

*For a vector x € R?, we define ||z||o := 327, 1(z; # 0)

=1
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Our algorithm requires the following additional notation: for a € [A]", let x*(B,,) = (xs(a) : S C

B(n)) € {—1,1}*", where xg(a) are the Fourier characteristics corresponding to subsets of B(n).
Further, let U/ ([A]") denote the uniform discrete distribution on the action space [.A]Y

Algorithm 1 Network Explore-Then-Commit with Known Interference

Input: Time horizon T, exploration steps E, interference graph G = ([N], ).
Sample ay, ..., ap ~iia U ([A]Y)
Observe reward vectors Ry = (Ryy, -+ , Ryy) fort € [E], where R,y = (0, x(a1)) + €nt.
for n € [N] do
Let X,, = (x*(Byn) : i € [E]) € {=1, 1} // x*(Ba) = (xs(a) : S € B(n))
Let Y, = (Rut...., Rup).
Set 8,, := arg mingcpas | Y, — X,.0]|3
Define §n by é\ns = 5715' if S C B(n) else set é\nS = 0. // Coordinates of 0,
indexed by subsets of B(n)
9: Set@:= NN 9,
10: Play a := arg maxae[ajv <§, x(a)) for the T' — E remaining rounds.

A A o

Algorithm[T]is a “explore-then-commit” style which operates in two phases. First, the learner assigns
units treatments uniformly at random for E rounds, and observes rewards for each unit. In the second
phase, the algorithm performs least squares regressions of the observed rewards against x2(B5,,)
for each unit n. This is because when G is known, the learner knows the positions of the non-zero
elements of @,, which are precisely the subsets of 5(n), Once the estimates 6,, are obtained for each
unit, they are aggregated to estimate the average reward for each action a € [A]". In the remaining
T — FE rounds, the learner greedily plays the action with the highest estimated average reward.

Determining exploration length £. Theoretically, we detail the length of E below to achieve low
regret in Theorem Practically, the learner can continue to explore and assess the error of the

learnt 8,, via cross-validation (CV). Once the CV error for all units falls below a (user-specified)
threshold, commit to the action with highest average reward. We use this approach for selecting E in
our simulations in Section [6l

4.1 Regret Analysis

Here, we establish high-probability regret bounds of Algorithmusing O(-) notation. We prove the
following in Appendix [B]

Theorem 4.1. Suppose Assumptionsand old. For T = Q (A%*[log(2N/6) + slog(A)]) and

any failure probability § € (0, 1), Algorithm|l|run with E = (T A*)?/3 [log (&) + slog (A)] Y3

satisfies
Regr = O ([slog(A/8)]/* (14%)?/7)
with probability at least 1 — §.

Establishing Theorem [4.1|requires trading-off the exploration time E to accurately estimate 6,, with
the exploitation time. It also requires 7" to be large enough such that we can accurately estimate 6,,.
Next, we compare regret of Algorithm [I|to other methods, ignoring any dependencies on logarithmic
factors to ease the discussion.

Comparison to other approaches.

(a) Naive MAB learner. A naive learner who treats the entire network of units as a single multi-

armed bandit system with A" actions will obtain regret 5(\/ T AN). For sparse networks with
s < Nand T < AYN, our regret bound is significantly tighter.

(b) Global estimation. An alternate algorithm would be to estimate Fourier coefficients 8 =
1/N Zivzl 0,, of 7 directly rather than estimate each 8,, (i.e., r,,) individually. That is, perform
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the least squares regression by compressing the observed, unit-specific rewards into R; :=
N1 22;1 Ry,,. An analysis similar to the one presented in Appendix [B|would yield rate of
O(s'/3(T N A®)?/3), which suffers an additional N'2/3 cost as compared to Theorem

Jia et al| [2024)]. Comparing regret to this work is difficult because they assume decaying
interference strength on a grid-like network structure and establish regret only with respect to
the best constant action, i.e., a’ := arg max,¢[4) 7(al). We also note that the framework of Jia
et al.|[[2024]] is closer to that of adversarial bandits, whereas our framework is closer to that of
stochastic bandits.

(c

~

5 Network Multi-Armed Bandits with Unknown Interference

Next, we consider the case in which the underlying network G governing interference is not known.
We present Algorithm [2] which extends Algorithm [I|to account for the fact that the learner does not
observe the network graph G and thus does not know A/ (n) for all n. Unknown network interference
is common in medical trials, e.g., vaccine roll-outs where an individual’s social network (i.e., G) is
unavailable to the learner.

Algorithm 2 Network Explore-Then-Commit with Unknown Interference

Ju—

Input: Time horizon 7', exploration steps F, regularization parameter A > 0
Sample ay, ..., ag ~iia U ([AV)
Observe reward vectors Ry = (Ry, -+ -, Ryy) fort € [E], where R,,; = (0, x(at)) + €nt-
Let X = (x(a;) : i € [E]) € {—1,1}ExAY
for n € [N] do
LetY, := (Run1,...,Rup).
Set 6, := argmingp 4~ {3511X6 — Y, |13+ X161}
Set@:=N"1YN 9,
Play a := arg maxacp4)~ (6, x(a)) for the T' — E remaining rounds.

WX RN AE R

Algorithm [2] is similar to Algorithm [T} but differs in how it learns 8,,. Since G is unknown, the
learner cannot identify the Fourier characteristics which correspond to the non-zero elements of 6,,.
Therefore, we regress against the entire Fourier characteristic x(a), using Lasso instead of ordinary
least squares to adapt to the underlying sparsity of 6,,. A similar CV approach, as discussed after
Algorithm |1} can be used to determine both the exploration length F, and regularization parameter \.

Low-order interactions. When A" is very large, the computational cost of running the Lasso can
be large. Further, if the underlying network is indeed believed to be sparse, one can regress against
all characteristics xs where |S| < d. A similar approach is explored in Yu et al.|[2022]. In practice,
one can choose degree d via CV.

Partially observed network graph G. In many settings, network interference graphs G are partially
observed. For example, on e-commerce platforms, interference patterns between established classes
of goods is well-understood, but might be less so for newer products. Our framework can naturally
be adapted to this setting by running Algorithm [I]on the observed portion of G, and Algorithm [Z]on
the unobserved graph. Specifically, if N'(n) is observed for unit n, replace the Lasso in line 7 of
Algorithm 2] with OLS (i.e., line 8) in Algorithm [I]

5.1 Regret Analysis

We now establish high-probability bounds on the regret for Algorithm [2)in Theorem[5.1} We prove
the following in Appendix [C]

Theorem 5.1. Suppose Assumptionsand hold, and assume T = Q(A?® [log(N/8) + N log(A)]).
Then, with failure probability 5 € (0,1), Algorithm 2| run with X = 4\/E~1log(2AN) +

4y/E-"log (2Y) where E = (TA*)?/3 [log (£) + N log(A)] 1/3 satisfies

Regy = O ([N log(4/8)]"/* (T4°)?/%)
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with probability at least 1 — 0.

We note the regret bound requires the horizon 7 to be sufficiently large in order to learn the network
graph G — a necessary detail in order to ensure Lasso convergence. This is because the proof of
Theorem [5.T|requires establishing that the matrix of Fourier coefficients for the sampled actions (i.e.,
design matrix X) satisfies the the necessary regularity conditions to learn 8,, accurately. Specifically,
we show that X is incoherent, i.e., approximately orthogonal, with high probability. See Appendix
E] for a formal definition of incoherence, and Rigollet and Hiitter|[2023]], Wainwright [2019]] for a
detailed study of the Lasso.

Comparison to other approaches. Algorithm[2]achieves the same dependence in A, s, T as in the
known interference case, but pays a factor of N'/% as compared to s'/2. This additional cost which
is logarithmic in the ambient dimension A" is typical in sparse online learning. This regret rate is
still significantly lower than naive approaches that scale as O(v ANT') when one assumes 7' is much
smaller then A" . Further, as argued before, estimating per-unit rewards (i.e., 6,,) results in lower
regret as compared to directly estimating 7 by a factor of N2/3,

Dependence on horizon 7'. Generally, the dependence on 7' cannot be improved. [Hao et al.|[2020]

lower bound regret for sparse linear bandits as Q((sparsity - T')2/3), i.e., Q((A* - T')%/3) in our setting.
They show improved dependence on 7' can only be achieved under stronger assumptions on the size
of non-zero coefficients of 6,,.

6 Simulations

In this section, we perform simulations to empirically validate our algorithms and theoretical findings.
We compare Algorithms|[T]and[2]to UCB. We could not compare to Jia et al.| [2024] since we did not
find a public implementation. For our Algorithms, we choose all hyper-parameters via 3-fold CV,
and use the scikit-learn implementation of the Lasso. Code for our methods and experiments
can be found at https://github.com/aagarwal1996/NetworkMAB. Our experimental setup and
results are described below.

Data Generating Process. We generate interference patterns with varying number of units N €
{5,...,10}, and A = 2. For each N, we use s = 4. We generate rewards r,, = (0,,, x(a)), where
the non-zero elements of 6,, (i.e., 9, s for S C B,) are drawn uniform from [0, 1]. We normalize
rewards so that they are contained in [0, 1], and add 1 sub-gaussian noise to sampled rewards. We
measure regret as we vary 7', and set a max horizon of Tj,,x = 10 - 2N for each N. Classical MAB
algorithms need the horizon T to satisfy 7' > 2% since they first explore by pulling all 2V arms. We
emphasize that these time horizons scaling as T = C - A" are often unreasonable in practice, as
even for A = 2 and N = 100 there would already be ~ 1.27¢3° actions to explore. We include such
large time horizons for the sake of making a complete comparison. Our methods circumvent the need
for exponentially large exploration times by effectively exploiting sparsity.

Results. We plot the regret at the maximum horizon time as a function of N, and the cumulative
regret as we vary T for N = 13 in Figure 2] below. Our results are averaged over 5 repetitions, with
shaded regions representing 1 standard deviation measured across repetitions. Algorithms [I)and 2] are
denoted by Network MAB (Known) and Network MAB (Unknown) respectively. We discuss both
sets of plot separately below.

Regret Scaling with N. We plot the cumulative regret when 7" = T,y for N = 9 in Figure[2] (a).
Classical MAB algorithms such as UCB see an exponential growth in the regret as IV increases.
Both Algorithm[I]and Algorithm [2lhave much milder scaling with V. Algorithm[I]uses G to reduce
the ambient dimension of the regression, hence suffering less dependence on N as compared to
Algorithm 2]

Regret Scaling with T. We plot the cumulative regret for N = 9 in Figure[2](b). Despite the poorer
scaling of our regret bounds with 7', our algorithms lead to significantly better regret than UCB
which takes a large horizon to converge. Algorithm|I]is able to end its exploration phase earlier than
algorithm 2] since it does not need additional samples to learn the sparsity unlike the Lasso.
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Figure 2: We simulate rewards via a sparse network interference pattern, and plot the cumulative regret as a
function of N and 7. Our Network MAB algorithms out-perform UCB, irrespective of knowledge of G, and
does not suffer exponential dependence in number of units N. The results also confirm our theoretical results
that knowledge of G leads AlgorithmE]to have milder dependence in /N and better regret than Algorithm

7 Conclusion

This paper introduces a framework for regret minimization in MABs with network interference,
a ubiquitous problem in practice. We study this problem under a natural sparsity assumption on
the interference pattern and provide simple algorithms both when the network graph is known
and unknown. Our analysis establishes low regret for these algorithms and numerical simulations
corroborate our theoretical findings. The results in this paper also significantly generalize previous
works on MABs with network interference by allowing for arbitrary and unknown (neighbourhood)
interference, as well as comparing to a combinatorially more difficult optimal policy. This paper also
suggests future directions for research such as designing algorithms that achieve better dependence on
T in the known graph setting. Establishing lower bounds to understand optimal algorithms will also
be valuable future work. Further extensions could also include considering interference in contextual
bandits or reinforcement learning problems. We also hope this work serves as a bridge between
online learning and discrete Fourier analysis.
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A Proof of Proposition 3.1]

By the discussion in Section [3} recall that for any action a € [A]"Y and unit n, the reward can be
expressed as 7, = (0,,, x(a)). To establish the proof, it suffices to show that for any S C [N log,(A)]
satisfying S\ B(n) # 0, (xs,mn)5 = 0. Leti € S\ B(n) be an arbitrary index, then, we have,

{(xs,ra)p =AY > n(¥)xs(x)

xe{_Ll}Nlogg(A)

=AY Yo mlxsG)+ Y ra(xs(x)
xe{_Ll}Nlogz(A) xe{_Ll}Nlqu(_A)
=AY Z T (X)X s\ {3} (X) + Z T (X)X 9\ {3} (X)
xe{—1,1}N leg2(A) xe{—1,1}V leg2(A)
Ii:]. Ii:—l
=AY Z rn(X)XS\{i}(X) - Z Tn(X)XS\{i}(X)
xe{—l,l}”lOgZ(A) xE{_171}N10g2(A)
zi=1 r;=—1

where the final equality follows from the fact that, by Assumption 2} 7,,(x) = r,,(x’) when x and x’
differ only in positions indexed by i ¢ B(n). Thus, the only subsets S C [N log,(A)] where we can
have (ry,, xs)p # 0 are those satisfying S C B(n), which proves the desired result.

B Proofs for for Known Interference
In this section, we prove Theorem [d.1] We establish helper lemmas before proving Theorem 4.1}

B.1 Helper Lemmas

Recall the following notation before establishing our results. We defined B(n) := {i € [N log,(A)] :
i € [(m—1)logy(A) + 1 : mlogy(A)] form € N(n)} as the set of indices of the treatment
vector v(a) € {—1,1}V1°82(A) belonging to neighbors m € N (n). Additionally, X,, = (x® (B,,) :
i € [E]) € {~1,1}F*A", where x2(B,) = (xs(a) : S C B(n)) € {~1,1}*". For a matrix
A € RV¥*4 et 01, (A) denote its minimum singular value. To proceed, we quote the following
theorem.

Lemma B.1 (Theorem 5.41 in |Vershynin| [2018]). Let A € RN*? such that its rows A; are
independent isotropic random vectors in R®. If [|A;||2 < \/m almost surely for all i € [N, then,
with probability at least 1 — 0, one has

Tmin(A) > VN — \/emlog(2d/5)

for universal constant ¢ > 0.

Lemma B.2 (Minimum Eigenvalue of Fourier Characteristics). There exists a positive constant
C4 > 0 such that if E > Cy A% log(2.A%/6), then,

(xgxn) 1
Omin 2

E 2’
with probability at least 1 — 0.

Proof. We begin by showing the conditions for Lemma |B.1| are satisfied. First, we prove X,
is isotropic, i.e., E[x®(Bn) (x*(B,))"] = I-, where the expectation is taken over uniformly
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sampling actions a uniformly and random from [A]". This follows since for any two subsets
5,5 C [Nlogy(A),

Elxs(a)xs(@)] = 57 O xs(@)xs(a)

ac AN
= (xs;xs ) = 1[S = 5]
Since, x*(B,,) € {—1,1}*" for all actions a € [A]V, |[x2(B,)|l2 < V/A*. Hence, by Lemma
Omin(Xn) > VE — \/clog(2A4/5) As. Next, using the fact that omin (X2 X,,) = 02,,(X,), we

get that
o (XZX,L> - E —2./cEAslog(2.A45 /)
min E p E
Finally, plugging in A® log(2.4° /) < E/C for an appropriate C' gives us the claimed result. [

We quote the following theorem regarding the || - ||2 error of 0,,.

Lemma B.3. [Theorem 2.2 in|Rigollet and Hiitter [2023|]] Assume that Y = X0* + ¢, where e is 1
sub-Gaussian, where X € REX If d < E, and covariance matrix X x = (X' X)/E has rank d,
then we have with probability at least 1 — 0,

d +log(1/0)

E )
where @ = arg mingega ||[Y —X6|3 is the least squares estimator, and Cy > 0 is a positive universal
constant.

IX6* — X8|, < Cy

While the above lemma bounds the mean-squared error the least-squares estimate, in our applications

we can about bounding the ¢5 distance between 8* and 6. Simple rearrangement on the above implies
that, with probability at least 1 — §, we actually have

d +1log(1/90)

e i (UL
107 =0l = O B )

If, in particular, oy, (%) > 1/2, the above can be simplified to

d +log(1/9)
E
with probability at least 1 — ¢ for some new, appropriate universal constant Cy > 0.

16" — 82 < Cs

B.2 Proof of Theorem [d.1]

Proof. Recall the notation § = N—! 25:1 6,, and a = arg mMaXae[ AN (5, x(a)). The average
reward 7(a) can be bounded using the definition of a and Holder’s inequality as follows,

(a") —7(a) = (6, x(a") — x(a))
= (6 - 6,x(a") - x(3)) + (0. x(a") — x(d))

<0

IN

(60— 0,x(a") — x(3))

~

<0n - 977,7 X(a*) - X(a»

I
=
e

ﬁ
Il
-

<0n - §n7 Xa* (Bn) - Xa(Bn)>

I
=z~
\MZ

Q
Il
_

16, — Bnll2llx™ (Bn) — x*(Bu) |2

IA
2=
e

&
Il
—
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Using [|x?(By)||2 < v.A® then gives us
ey VAL -
ra’) - 7(@) < = ; 16, = Bl @)

Next, define “good” events for any unit n € [N] as

XTX, 1 0 VA
Gnl = {Umirl <7-IE> Z 2} and GHQ = {HO” - OnHQ S 02\/E_1 |:As +10g < 6A >:| } ,

where C; > 0 is as stated above. Notice that there exists a sufficiently large uni-
versal constant C3 > 0, such that T > Cj5(A*[log(2N/§) + slog(A)]) implies E =

(TA*)?/3 [log (&) + slog (A)]l/3 > C,A%log(4N.A%/5). Hence, for any given n € [N], we
have via Lemma that G,,; holds with probability 1 — % Conditioned on G,1, we get that
P(Gn2|G1) > 1 — 5% . Summarizing, we get that for any n € [V], the following holds

”an — 0,2 < Cz\/El {AS + log <4]\;AS>] < Cs\/ElAs log (41\;“45)7

with probability at least (1 — %)2 >1—0/N, where Cs > 0 is an appropriate constant. Taking a

union bound over all N units, and then substituting into (2) gives us

4NAS)

7(a*) —F(a) < C5A° \/E—l log (

Finally, using this, the cumulative regret can be upper bounded with probability 1 — ¢ as follows:

<FE+ C’5TA5\/E1 log <4]\;AS>

Substituting E as in the theorem statement completes the proof. O

C Proofs for Unknown Interference

In this appendix, we prove Theorem[5.1] Our proof requires the following lemmas.

C.1 Helper Lemmas for Theorem

The first lemma we prove details the (high-probability) incoherence guarantees of the uniformly
random design matrix under the Fourier basis. Recall the following notation before stating and
proving our results. We denote E as our exploration length, and x(a;) as the Fourier characteristic
associated with action a, € [A]V. Let X = (x(a;) : t € [E]) € {—1,1}2*A" Additionally, we
require the following definition of incoherence.

Definition C.1. We say a matrix A € R¥*% is s-incoherent if |AT A — 14||oc < 55, where 1y is
the identity matrix of dimension d.

Lemma C.2 (Incoherence of Fourier Characteristics). For E > 1, suppose ai,...,ag g
U{—1, +1}N1082(A)) Then,

XX
E

— Ian

|

oo
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where ||Al = max; ;|A; ;| denotes the maximum coordinates of a matrix. Thus, if E >
4096.4%* [log (%) + 2N log (A)], X is A®-incoherent with probability at least 1 — .

Proof. Recall that, for any a € [A]Y, x(a) := (xs, (a),. .., XS v (@), where S, ..., Sy~ is some

fixed enumeration of subsets S C [N log,(.A)]. Thus, each entry of (X TX)/FE can be viewed as
being indexed by subsets S, .S” C [N log,(A)].

To establish (C.2)), we first examine diagonal elements of (X' X)/E. For S C [N log,(.A)], we have

XTX 1 (& | E
< E >S7S - E <; X(at)(X(at))T> . == ZXS(at)XS(at) =1, 3)

t=1

where the last equality follows from the fact that (xs(a;))? = 1.

Next, we consider off-diagonal elements, and bound their magnitude. Before doing so, we require
the following. For subsets S, S’ C [N log,(A)], let SAS’ denote the symmetric difference of two
subsets. For any two subsets .S,.S” C [N log,(.A)], the product of their Fourier characteristics is,

xs(at)xs (at) (HV a;) ) <H V(at)i’> = H v(ag);.

icS €S’ i€ESAS’

Using this, for any distinct subsets .S, .S, we have

T E
F5). - ZXS au)xs: (@) = z I v
S,S"

=14i€SAS’

Since S # S, and a; ~ U({—1,1}V1°82(4)) the set of random variables {v(a;); : i € SAS'} are
independent Rademacher random variables. Applying Hoeffding’s inequality for € > 0 gives us

T 2
P (X X) >e] <2exp (—E6>
E S5 2

Applying the inequality above and taking a union bound over all A%" elements of (X' X)/E

P

XTX Eé?
) >e| <24V exp (—€> .
5,8 2

max
5,5"C[N log,(A)] ( E
S8’

Choosing € = \/2E1 log (#) yields,

XX
P|  max ( ) > @
S,8'C[Nlog, (A \ B/ 5o
S#8’

To complete the proof, observe that (3)) implies that

H XX (XTX)

— I~ = max .
E o S:5'C[Nlog,(A)] E Jsg
5#5

Substituting this observation into (@) above completes the proof. O

In addition to the above lemma, we leverage the following Lasso convergence result. We state a
version that can be found in the book on high-dimensional probability due to Rigollet and Hiitter
[2023]].
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Lemma C.3 (Theorem 2.18 in [Rigollet and Hiitter} [2023]] ). Suppose that Y = X0* + ¢, where X €
RExd 9% ¢ R? is s-sparse, and € has independent 1-sub-Gaussian coordinates. Further, suppose

X;X is s-incoherent. Then, for any & € (0,1) and for A = 4,/E~1log(2d) + 4,/E~1log(6~1),
we have, with probability at least 1 — §

~ 2
10° — 8lls < O[5 log (j)

where 0 denotes the solution to the Lasso and C' > 0 is some absolute constant.

Using standard arguments (see the proof of Theorem 2.18 in [Rigollet and Hiitter| [2023] or the
statement of Theorem 7.3 in [Wainwright| [2019]), it can be further deduced that ||8* — 0]|; <
4./5)|6* — 8|2, so we actually have that, for any ¢ € (0, 1), with probability at least 1 — ¢,

—~ 2
Hm—omgcszwu%<gﬁ,

where C' > 0 is again some absolute constant.

C.2 Proof of Theorem

Proof. Define @ = N~ 9, Recall the notation 8 = N-'3" 9, and a =
arg maxae( A (0 0, x(a)). For any round t € {E +1,..., T}, we greedily play the action a. The
average reward 7(a) can be bounded using the deﬁnltlon of a and Holder’s inequality as follows,

(") —7(@) = (6, x(a") - x(a))
= (6 - 6,x(a") - x(3)) + (0. x(a") — x(d))

< (0 -8, x(a*) - x(a))
<6 8]1]x(a*) — X(&)||oc-

Next, substituting the definition of 6, 5
equation above gives us,

x(a)|loo = 1, and using the triangle inequality into the

F(a*) — 7(a) < 2/0 — 6], < 2

&)

9 N
SN U

Let us define the “good” events by

. . ~ AN AN
G, := {Xis A’-incoherent} and Gy:={Vn € [N], |60, —0,|1 < CA°/E~1log 5
where C' > 0 is the constant following the discussion of Lemma|[C.3] Let us define the global “good”
event by G := Gy N Gy. We show P(G) > 1 — 4.

First, there is a universal constant C’ > 0 such that E > 4096.4%¢ [log(4/3) + 2N log(A)] when
T > C' A**[log(N/8)+ N log(A)]. Thus, by Lemman we know the matrix X with x2, ..., x?Z

as its rows is A°-incoherent least 1 — 3, i.e. P(G1) > 1 — 3

Next, conditioning on G; and applying Lemma alongside a union bound over the N units yields

—~ N
Han - On”l < CAS\/El log <4N(;4 )7
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for all n € [N] with probability at least 1 — 3, i.e. P(G> | G1) > 1 — $. Thus, in total, we have

P(G) = P(G1)P(Gs | G1) > (1 —/2)? > 1 — 6. We assume we are operating on the good event
G going forward.

Plugging the per-unit ¢; norms into (3), the cumulative regret can be upper bounded with probability
1 — ¢ as follows:

T
Regr = Y _ (F(a") —7(a))

E T
=Y (Fa") - Fa) + Y (f(a*)—7(a))
t=1 t=E+1
N

(6)

N
< EJrQCT-AS\/Ellog <4NA >

Clearly, we should select F to roughly balance terms (up to multiplicative constants). In particular,
using the choice of E as

N 1/3
E = (T A%)%?3 [log <5> + Nlog(A)]
and substituting E into (6) gives us
Regy < O ((Nlog(AN/6))/4(TA%)%)

with probability at least 1 — §, precisely the claimed result. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: in the abstract/introduction, we claim that we contribute (a) a framework for
studying bandits with sparse interference, (b) algorithms for obtaining low regret under this
framework, and (c) simulations to empirically back up our theoretical findings. We present
these, respectively, in Section 3, Sections 4 and 5, and Section 6 of our paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss many shortcomings of our contributions. For instance, we note
that in the known interference setting, our main algorithm obtains a dependence on the time
horizon that grows as T2/, whereas one would ideally hope for 7/2 dependence. We also
address computational aspects of the Lasso in Section[5] providing heuristic approaches for
speedup.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

e The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We detail all of our assumptions either in Section [3|or in the statements of
theorems. We also provide full, rigorous proof of our results in the appendices.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We fully describe our theoretical framework, and painstakingly detail all
algorithms, including how to choose free parameters. In our experimentation section, we
provide full details on our setup.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We have attached our code as a supplement so it is viewable by reviewers. We
have redacted written where the link to the repo will be included upon acceptance.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We fully describe our simulations in Section[6]in our work.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide error bars for our simulation results and we describe the methodol-
ogy by which we produce our error bars.

Guidelines:
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8.

10.

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: Our experiments are extremely lightweight and can be run on any modern
laptop.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have read the code of ethics and have found no violations in our work.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
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Justification: There are no negative societal impacts of our work. We have mentioned as
positive societal impacts applicability of our results to tasks such as medical trials.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible

release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not produce any models or release any data that may be misused.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We do not use existing assets in our work.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.
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* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not introduce any new assets in our work.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not use crowdsourcing nor do we conduct research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Same as the justification for the above bullet point.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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