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Abstract

Deep learning models can exhibit what appears to be a sudden ability to solve a
new problem as training time, training data, or model size increases, a phenomenon
known as emergence. In this paper, we present a framework where each new ability
(a skill) is represented as a basis function. We solve a simple multi-linear model
in this skill-basis, finding analytic expressions for the emergence of new skills, as
well as for scaling laws of the loss with training time, data size, model size, and
optimal compute. We compare our detailed calculations to direct simulations of a
two-layer neural network trained on multitask sparse parity, where the tasks in the
dataset are distributed according to a power-law. Our simple model captures, using
a single fit parameter, the sigmoidal emergence of multiple new skills as training
time, data size or model size increases in the neural network.

1 Introduction

Emergence in large language models (LLMs) has attracted a lot of recent attention [1—4]. It motivates
the costly drive to train ever larger models on ever larger datasets, in the hope that new skills will
emerge. While the concept of emergence has been critiqued on the grounds that the sharpness of the
transition to acquiring a new skill may be sensitive to the measure being used [5], the observation
that important new skills are learned for larger models raises many challenging questions: when
the skills emerge and what drives the emergence. These questions are complicated by difficulties in
formally defining skills or capabilities [6], and by our general limited understanding of the internal
representations of deep neural networks [7].

Another widely observed property of deep learning models is that the loss improves predictably as a
power-law in the number of data points or the number of model parameters or simply in the amount
of compute thrown at a problem. These neural scaling laws [8, 9] have been widely observed across
different architectures and datasets [10—16]. While the scaling exponents can depend on these factors,
the general phenomena of scaling appear to be remarkably robust. This raises many interesting
questions such as: What causes the near-universal scaling behavior? How does the continuous scaling
of the loss relate to the discontinuous emergence of new skills?

A challenge in answering the questions raised by the phenomena of emergence and scaling laws arises
from the enormous scale and expense of training cutting-edge modern LLMs, which are optimized
for commercial applications, and not for answering scientific questions about how they work. One
way that progress can be made is to study simpler dataset/architecture combinations that are more
tractable. The current paper is inspired in part by recent work in this direction that proposed studying
emergence in learning the sparse parity problem [17, 18], which is easy to define, but known to be
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computationally hard. In particular, Michaud et al. [18] introduce the multiple unique sparse parity
problem — where tasks are distributed in the data through a power-law distribution of frequencies — as
a proxy for studying emergence and neural scaling in LLMs. For this data set, the authors empirically
measure the scaling laws of a 2-layer multilayer perceptron (MLP) as a function of training steps (1),
parameters (NV), and training samples (D). Based on their quanta model of abrupt skill acquisition,
they schematically derive neural scaling laws as a sum of emergences of new skills. However, no link
was established between the neural network dynamics and the quanta model.

In this paper, we introduce an analytically tractable model by defining a basis of orthogonal functions
for the multitask sparse parity problem. Each basis function corresponds to a skill that can be learned,
and their respective frequencies are distributed following a power-law with exponent o + 1. We
then propose a simple multilinear expansion in these orthogonal functions that introduces a layered
structure reminiscent of neural networks (NNs) and gives rise to the stage-like training dynamics [19].
With our simple model, we can analytically calculate full scaling laws, including pre-factors, as a
function of data exponents «, T, D, IV, and optimal compute C. Our simple model can, with just one
parameter calibrated to the emergence of the first skill, predict the ordered emergence of multiple
skills in a 2-layer MLP. We summarize our contributions as follows:

1. Skills as basis functions. We establish a framework for investigating emergence by repre-
senting skills as orthogonal functions that form a basis in function space (Section 2). We
apply our methods to controlled experiments on the multitask sparse parity dataset.

2. Multilinear model. We propose an analytically tractable model that is expanded in the basis
of skill functions, and is multilinear with respect to its parameters so that it possesses a
layerwise structure (Section 3). The multilinear nature of the model produces non-linear
dynamics, and the orthogonal basis decouples the dynamics of each skill.

3. Scaling laws. We derive scaling laws for our multilinear model, including the prefactor
constants, which relate the model’s performance to training time (7"), dataset size (D),
number of parameters (V), and optimal compute (C' = N x T'), see Section 4. We show
that the scaling exponents for these factors are —a/(a + 1), —a/(a+ 1), —a, —a/(a+ 2),
respectively, where o + 1 is the exponent of the power-law input data.

4. Predicting emergence. We demonstrate that our multilinear model captures the skill emer-
gence of an MLP with 2 layers for varying training time, dataset size, and number of
trainable parameters. Our results show that the multilinear model, calibrated only on the
first skill, can predict the emergence of subsequent skills in the 2-layer MLP, see Fig. 1
and Section 5. We obtain an equivalent result on the time emergence for a transformer
architecture (Fig. 4).
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Figure 1: Predicting emergence. The skill strength Ry, defined as the k‘" coefficient if a model is
expanded in the basis of the skill functions (g;,), measures how well the k™ skill is learned, and is
plotted against (a) time 7', (b) data set size D, and (c) number of parameters N (width of the hidden
layer). Ry, is normalized by the target scale S such that Ry /S = 1 means zero skill loss. The dashed
lines show the abrupt growth — emergence — of 5 skills for a 2-layer MLP (Appendix K) trained on
the multitask sparse parity problem with data power-law exponent o = 0.6 (shaded area indicate
1-standard deviation over at least 10 runs). Solid lines are the predictions (Egs. (14), (17) and (21),
respectively) from our multilinear model calibrated on the first skill (blue) only.
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Table 1: Multitask sparse parity dataset and skill basis functions. The control bits are n-
dimensional one-hot vectors encoding specific parity tasks, indexed in the first column. The frequency
of the distinct parity tasks follows a rank-frequency distribution with an inverse power law relation
(Eq. (1)). The skill bits are binary strings with m = 3 relevant sparse bits (highlighted in colors)
with their locations varying by skill. The y column shows the target scale S multiplied by the parity
computed from the relevant bit set M (i, z). The last columns show the values of the skill basis
functions gy (7, z), defined in Eq. (2).

Skillidx (I) Control bits _ Skill bits (X) y M6, 2) g1(ha) go(inz) ... o (io2)
1 1000000 110110000100 S  [1.1.0] 1 0 0
] 1000000 100101010001 —S [0.1.0] —1 0 0
2 0100000 001001011011 —S [0.0.1] 0 1.0
0000001 001010100110 —S |[I. 0 0o ... -1
2 Setup

In this section, we define the multitask sparse parity problem under the mean-squared error (MSE)
loss. We represent skills as orthogonal functions and measure their strength in a model by calculating
the linear correlation between the model output and the skill basis functions. For a comprehensive
list of notations, refer to the glossary in Appendix A. Our code is also available online.'

Multitask sparse parity problem. In the sparse parity problem, n; skill bits are presented to the
model. The target function is a parity function applied to a fixed subset of the input bits. The model
must detect the relevant m < n;, sparse bits and return the parity function on this subset (M (i, x),
see Table 1). Michaud et al. [18] introduced the multitask sparse parity problem by introducing n
unique sparse parity variants — or skills — with different sparse bits (for a representation, see Table 1).
Each skill is represented in the ng control bits as a one-hot string, and the model must solve the
specific sparse parity task indicated by the control bits (for more details, see Appendix B.1).

The n; skills (random variable I € {1,2,...,n}) follow a power law distribution P, and the skill
bits (random variable X € {0, 1}"*) are uniformly distributed. Because P, and P, are independent,
the input distribution P (I, X) follows a product of two distributions:

- i_(a+1) -n
Pl =1) = S (et Po(X =a):=2"",  P(I,X):=P(I)Py(X). (1)

-1
We denote A = (Z?;'lj‘(a“)) so that P, (i) 1= Ai~(@+1),

Skill basis functions. We represent the k‘" skill as a function g : {0, 1}7=+™ — {—1,0, 1} that
returns the parity ({—1,1}) on the k" skill’s sparse bits if i = k, but returns 0 if the control bit
mismatches that of the k%" skill (i # k):

(i, 7) = (—1)2s MiGo) g =
G\l T) == 0 otherwise ’

where M : {0,1}+m — {0,1}™ is the map that selects the relevant sparse bits for the i'"
skill (Table 1) and M; (i, x) is the j*® entry of M (i,z). Note that different skill functions have 0
correlation as the supports of skills functions are mutually exclusive:

@)

gk(i,l‘)gk/ (Z,I) = 6i,k5k’,k’- (3)

"https://github.com/yoonsoonam119/Skill_Eigenmode.git
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The target function. The target function is a sum over ng skill functions multiplied by a target
scale S:

N

frG @) =8 gli,). )
k=1

The target scale S is the norm of the target function (E; x [f*(I, X)f*(I, X)] = S?). Note that the
skill functions serve as ‘features’ or countable basis for describing the target function as in Hutter
[20].

MSE loss. We use MSE loss for analytic tractability:

L= LBy [(7(,X) — 11, X))) )

where f is the function expressed by a given model. We define the skill loss £}, as the loss when only
the k' skill is given, which can be weighted by their skill frequencies to express the total loss:

o= B [(FU=kX) - [T =k X)), L= PU=Rte  ©
k=1

Skill strength. The skill strength or the linear correlation between the k*” skill (g;) and a function
expressed by the model at time T (fr) is

Ri(T) == Ex [gr(I =k, X) fr(I =k, X)]. 7

The skill strength Ry, is the k" coefficient if a model is expanded in the basis of the skill functions
(gr)- The skill strength, like the test loss, can be accurately approximated by a sum (see Appendix K.3).
The skill loss £ (Eq. (6)) can be expressed by the skill strength and the norm of the learned function
for I = k:

1
Lip(T) = 3 (S* + Ex [fr(I =k, X)?] — 25Ri(fr)) . ®)
The skill loss becomes 0 if and only if fr(I =k, X) = Sgr(I =k, X).

Experimental setting. We use a 2-layer MLP that receives the ns + n;, bits as inputs and outputs a
scalar ({0, 1}"=*™ — R). In most of the experiments, the NN is trained with stochastic gradient
descent (SGD) with width 1000, using ny; = 5, m = 3, and n;, = 32, unless otherwise stated. A
decoder transformer is also used for the time emergent experiments. See Appendix K for details.

3 Multilinear model

We propose a simple multilinear model — multilinear with respect to the parameters — with the first N
most frequent skill functions gy (i, ) as the basis functions (features):

N
frli,asa,b) = ap(T)bk(T)gr(i, ), ©
k=1

where a,b € R are the parameters. The model has built-in skill functions gz — which transform
control bits and skill bits into the parity outputs of each skill — so the model only needs to scale the
parameters to axbr = S.

The multilinear structure (product of ay, by) is analogous to the layered structure of NNs and
results in emergent dynamics (Fig. 1(a)) different from a linear model with the same basis functions
(Appendix H). A similar model has been studied by Saxe et al. [19] in the context of linear neural
networks (Appendix B.2).

For the multilinear model, note that ay, (7)b;,(T') is the skill strength Ry, (Eq. (7)) and the skill loss
(Eq. (6)) is a function of S and R, only:

aw(TWR(T) = Ri(T),  Lu(T) = (S — Ru(T))*. (10)
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Assuming that we are training the model on D samples from P (I, X ), the empirical loss decomposes
into a sum of empirical skill losses because gj,’s supports are mutually exclusive. This decouples the
dynamics of each skill (R (7)), which is analytically solvable under gradient flow (Appendix C.1).

1 & Ry (T) 1
LONT) = 5= " di(S = Ri(T))?, P = | oan
2D ; S 14 (gl 1) e BT

where d, is the number of samples of the k'" skill (i.e., number of samples (i, z) with gy (i, z) # 0),
7 is the learning rate, and 0 < R (0) < S is the skill strength at initialization.

4 Scaling laws

Recent literature has extensively explored scaling laws; see Section 7 for an overview. In this section,
we derive the scaling laws of our multilinear model (Section 3) for time (7"), data (D), parameters
(V) and optimal compute (C'). We define compute as C' := T x N [21].

Table 2 shows our analytical scaling laws including their prefactor constants (Appendix J) and Fig. 2
compares the simulation of our model with our scaling law predictions. For the scaling law exponents,
we achieve the same exponent as in Hutter [20] for D and in Michaud et al. [18] for T, D, and N.
Assuming 0 < a < 1, the exponents are consistent with the small power-law exponents reported in
large-scale experiments, see, e.g., [9, 14, 22].

Using Egs. (6), (10) and (11), we derive the loss as a function of time (7'), data (D), parameters (NV),

and the number of observations for each skill [dy, - - , d,_]:
52 N 1 Ng
L= Palk) - Z Py( (12)
k=1 <1 + (72 - 1) B eznngT) k=N+1
k

Under suitable assumptions (e.g., for the T scaling law, we take D, N — oo and di,/D — Ps(k)),
we can use Eq. (12) to derive the scaling laws. For T, D, and N, we used Eq. (11) — decoupled
dynamics induced the basis functions g, — to decouple the evolution of each skill loss:

1. For the time scaling law, each £, shares the same dynamics with T" scaled by P (k).
2. For the data scaling law, each £;, depends only on the observation the k" skill (d > 0).

3. For the parameter scaling law, each £ depends on whether the model has g as a basis
function.

For the optimal compute scaling law, we show in Corollary 4 (Appendix J) that the optimal tradeoff
between T and N for given C'is when T'is large enough to fit the N*" skill (Fig. 3). In Appendix J, we
show rigorous derivations of all scaling laws, including the prefactors, error bounds, and conditions
(e.g., how large N must be compared to 7 to be treated as infinity). For simplified derivations for the
exponents only, see Appendix E. For an intuitive derivation (stage-like training) and connection to
Michaud et al. [18], see Appendix D.

5 Predicting emergence

The literature on emergence has rapidly expanded lately; for a review of these developments, see
Section 7. In this section, we analyze the emergence of a 2-layer NN (Section 2) and discuss to
what degree the emergence in NNs can be described with our model. At initialization, NNs lack the
information about the data and must ‘discover’ each g;. To take this effect into account in our model,
we add an extra parameter which we calibrate (fit) on an NN trained on one skill (n; = 1) system
and use it to predict the emergence of subsequent skills for the ns = 5 setup (Fig. 1).

5.1 Time emergence

In our multilinear model, the layerwise structure — the product of parameters arby — leads to a
sigmoidal saturation where an update of one layer hastens the update of the other layer. Feature
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Figure 2: Scaling laws. The learning curve (£ is the MSE loss) of the multilinear model (solid) and
the theoretical power-law (dotted) for (a) time 7', (b) data D, and (c) parameters N. Lower left legends
show the condition (top) and the scaling law (bottom) where o + 1 is the exponent of the power-law
input data (Eq. (1)). See the appendices for 1) rigorous derivations of the theoretical scaling laws
including the exponents, prefactors (e.g., An for L = Ay N~%), and conditions (Appendix J); 2)
simplified derivations of the exponent only (Appendix E); 3) details of the experiment (Appendix K.4).

Table 2: Summary of the scaling laws for the multilinear model. The leftmost column indicates
the bottleneck resource while the next two columns are the conditions for the ‘large resources’ — large
enough to be treated as infinity. The fourth column is the bottleneck resource’s scaling law exponent
for the loss. The last two columns show the statement for the prefactor constant and the scaling law
(with the assumptions and explicit error terms) in Appendix J.

Bottleneck Condition 1 Condition 2 Exponent  Prefactor Scaling law
Time (T') D> NT? T3 Netl>T  —a/(a+1) Thm4 Thms.2,3
Data (D) T> D(logD)'*¢ N°t'>D —a/(a+1) Thm5 Thm.5

Parameter (V) D> T3 N+l = o(T) e Thm.1 Thm.1
Compute (C) D>1T3 Netl~T  —a/(a+2) Cor5 Cor. 4
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Figure 3: Scaling law for optimal compute. The solid lines are the learning curves of the multilinear
model as a function of compute C' = T' x N with varying parameters N from 10! (top plateau) to
10* (bottom plateau). The dotted lines are optimal compute scaling laws with exponent —a./(a + 2)
(Appendix E.4) and calculated prefactor constants (Appendix J). See Appendix K.4 for details of the
experiment. For a given C, we achieve the optimal tradeoff when 7" is large enough to fit all V skills
(i.e. when the solid lines plateau). For the case o = 0.3, the optimal C' for the model decays faster
than the power-law, see Appendix E.1.
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learning dynamics in a 2-layer MLP shares the positive feedback between the layers but require a
non-trivial update of parameters to express gy.

Extended model. Given that feature learning, though nonlinear, involves parameter updates, we
compensate for the additional delay in feature-learning by multiplying g;, by a calibration constant
0<B<

fr(i,z;a,b) Zak T)Bgx (i, z), 0<B<1 (13)

The calibration constant 3 rescales the dynamlcs in T (Eq. (11)):
T 1
R’“S( ) — (14)
1+ (W _ 1) o—2nPs (k)B2ST

where dj, /D — P (k) because we assume D — co. We observe that B2 = 1/22 fits the NN trained
on one skill (see Fig. 11 in Appendix I), and the calibrated model predicts emergence in the ng = 5
system (Fig. 1(a)): suggesting that the dynamics of feature-learning gj, in 2-layers NNs is similar to
that of parameter learning (axbg) in a simple multilinear model. For further intuition of the extended
model, see an example of time emergence in an NN in Appendix G.

5.2 Data point emergence

Our multilinear model can learn the k*" skill with a single observation of the skill because the skill
functions gy, are built in (see Corollary 1 in Appendix C.2). NNs, without the fixed basis functions,
must ‘discover’ each g, which requires multiple samples from the k*" skill.

Extended model. To make our model a D,-shot learner, we extend it by replacing g, with the ey, ;
basis:

fr(i,z;a, B) Zak ZB’” Jew (i, x), (15)

where the matrix B € RY*P¢ is an extension of b € RY in Eq. (9), D, is a fixed scalar, and

ex1(i, ) : {0,1}™=+™ — R are functions with the following properties:

D.
Exjr—r lekierr] = 0w,  exa(I#kz)=0, Y (16)
!

1
€kl = .
:1*/E k.l = Gk

The first property states that e’s, when I = k, are orthonormal in X. The second property asserts
that, similar to gj, (Eq. (2)), ex; is non-zero only when I = k, and fitting of the k*" skill only occurs
among ey, ;’s, keeping the skills decoupled. The third property states that g, can be expressed using
€kl-

For the k'" skill, the extended model overfits g;, when there are fewer observations (dj,) than the
dimension of the ey, ; basis (D), and fits g when dj, > D., making our model a D, shot learner.

D.. shot learner. [f we initialize the extended model in Eq. (15) with sufficiently small initialization
and if the conditions in Eq. (16) are satisfied, then the skill strength after training (T — o) on D

datapoints is
Ri(o0) = {S(1,/1dk/Dc) - dy < D, an

S :dkch'

The number dy, is the number of samples in the training set for the k'" skill (i.e., datapoints with
Proof See Appendix F.3. ]

Using Eq. (17), we can calculate the emergence of Ry /S as a function of D. Note that Eq. (17)
is similar to the model in Michaud et al. [18] in that, to learn a skill, the model requires a certain
number of samples from the skill.
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The derivation of Eq. (17) follows trivially from the dynamics of the extended model (Eq. (15))
and well-known results in linear/kernel regression [23-27]. To be more specific, the model finds
the minimum norm solution as if we performed ridgeless regression on g, with basis functions
lek1,- ek p,]. See Appendix F.3 for details.

We observe that D. = 800 approximates the data emergence for the ng = 1 system (see Fig. 11 in
Appendix I) and also the emergence for n; = 5 system (Fig. 1(b)), suggesting that the NN discovers
g when it observes D, samples from the k*" skill.

5.3 Parameter emergence

Since our multilinear model has g, ’s as the basis functions, it requires only one basis function (2
parameters) to express a skill (see Corollary 2 in Appendix C.3). A 2-layer NN cannot express a skill
with a single hidden node (i.e., a hidden layer with width 1); it requires multiple hidden nodes to
express a single skill.

Extended model. To compensate for the need for multiple hidden nodes in expressing one skill,
we extend our model similarly to Eq. (15). Because the number of parameters is now a bottleneck,
we ensure the model has IV basis functions (e, ;’s):

g—1 N,
f Z x;a, B ZZak Bkl ekl Z x + Zaq ql’ eq,l/(i,x), (18)
k=11=1 '=1

where IV, is the number of basis functions needed to express a skill, quotient ¢ is [ (N — 1)/N.] + 1
and remainder r is such that (¢ — 1) N, 4+ r = N. In short, the N basis functions are

[e1,1, " ,€1N., €21, €2 N, €q1y s €qr] (19)
Similar to Eq. (16), the basis functions satisfy the following properties

NC
Exr—entenr] = 0w, exiI #kax)=0, Y (20)
=

1
—~—€k,l = Jk-
=1 NC

NN, basis functions for a skill. For the extended model in Eq. (18), the skill strength at T, D — oo
for a given N becomes

0 tk>q
Ri(o0) =45n, k=4 2D
k<g.
Proof See Appendix F.4. |
The model can express the k'" skill based on the number of available basis functions for the given
skill (Eq. (21)). For example, skills with & < ¢ have all N, basis functions [ex 1, , e n,] tO

express the k" skill (Eq. (20)), while for k = ¢, only r of the N, basis functions are available.

We observe that N, = 4 fits the parameter emergence for the n, = 1 system (see Fig. 11 in
Appendix I) and also the emergence for the ny; = 5 system (Fig. 1(c)), suggesting that the NN
requires 4 nodes in expressing g;. The results also suggest that an NN, while lacking the ordering
of basis functions (Eq. (19)), prefers to use the hidden neuron in fitting more frequent skills. The
‘preference’ toward frequent skills agrees with Fig. 1(a) where the NN learns more frequent skills first.
Note that for the parameter emergence experiment, Adam [28] was used, instead of SGD, to increase
the chance of escaping the near-flat saddle points induced by an insufficient number of parameters.

5.4 Time emergence in a transformer

To test whether our conceptual framework extends to other architectures, we perform a time emergence
experiment with a transformer (Fig. 4). Note that the emergent time T¢ynerge — When the skill strength
is sufficiently larger than 0 — follows the same power-law relationship as Eq. (11): Temerge (k) kotl
(see Fig. 6 in Appendix D for a discussion on emergent time). This suggests that, in the multitask
sparse parity setup, other architectures may follow similar decoupled dynamics (Eq. (11)) and the
consequent scaling laws (Section 4) and emergence (Section 5). An in-depth study of these findings
across different architectures is left for future work.
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Figure 4: Transformer on multitask sparse parity task. We trained a transformer on the multitask
sparse parity task with o = 0.9; see Appendix K for details. Left: An example of the time emergence
(measued in steps) for the transformer in the n, = 5 setup. See Appendix I for enlarged plots showing
the saturation of each skill in linear scale. Right: The Eth skill’s emergent time Temerge (k) (i.€.
Ri(Temerge(k))/S = 0.05) as a function of % (error bars indicate 1-standard deviation over 5 runs).
The emergent times follow a power law of k%1, following the same relationship in the multilinear
model (Eq. (11)).

5.5 Limitations of the multilinear model

The strength of our extended multilinear model comes from the decoupled dynamics for each skill:
leading to the prediction of the time, data, and parameter emergence with a single calibration. The
weakness of our model is that it simplifies the more complex dynamics of NNs.

Time emergence. We note that the NN and the multilinear model emerge at similar instances, but
the NN takes longer to saturate fully. This is because, for a given skill, the dynamics of the NN is not
one sigmoidal saturation but a sum of multiple sigmoidal dynamics with different saturation times.
To express the parity function, the NN must use multiple hidden neurons, and the skill strength can
be divided into the skill strength from each neuron whose dynamics follow a sigmoidal saturation.
Because of the non-linearity and the function it expresses, each neuron is updated at different rates,
and the slowly saturating neurons result in a longer tail compared to our multilinear model. For an
example, see Fig. 8 in Appendix G.

Data point emergence. Our extended model (Eq. (17)) deviates from NNs when d;, < D, and
NNs show a more abrupt change in Ry as a function of D. This is because our model asserts strict
decoupling among the skills: even a few dj, will contribute to learning g from ey ;. This differs
from the NN, which lacks strict decoupling among the samples from different skills. We speculate
that because NNs can perform benign [29] or tempered [30] overfitting, they treat a few data points
from less frequent skills as ‘noise’ from more frequent skills: requiring more samples to learn the
infrequent skills.

Parameter emergence. Note that Fig. 1(c) has high variance compared to other emergence plots
in Fig. 1; this is because the NN sparsely, over many repeated trials, uses the hidden neurons to
learn less frequent skills over more frequent ones (see Table 5 in Appendix I for an example of such
outliers). Because NN are less strictly biased toward frequent skills than our model, we speculate
that initial conditions favoring less frequent skills may contribute to the outliers.

6 Discussion and conclusion

This work demonstrated scaling laws and predicted emergence in a 2-layer MLP using a tractable
multilinear model. We found that representing skills as mutually exclusive functions leads to the
decoupled dynamics, resulting in the scaling laws observed in a 2-layer MLP. The layerwise structure
leads to emergent (sigmoidal) saturation of the skill strength, similar to what is observed in 2-layer
MLPs.

Despite lacking explicit skill functions, NNs exhibit similar emergence patterns. We speculate that
the model’s layerwise structure and power-law frequencies of the skills induce stage-like dynamics
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(Appendix D) in NNs. The parameters relevant for expressing more frequent skills are updated
significantly faster than those for less frequent skills. When skill ‘discovery’ operates on different
time scales with minimal interaction, the skill dynamics effectively become decoupled, justifying
our model setup.

Our results suggest a link between feature learning and emergence [6] driven by decoupled, stage-like
dynamics. The layerwise dynamics leading to sigmoidal saturation may also disentangle the problem
into skills (features) of varying importance (frequencies). Then feature learning, or discovering
the basis functions that describe the target function [31, 32] (for recent studies, see [33—-38]), likely
occurs in stages. Investigating this connection through layerwise dynamics is left for future work.

Similar to many prior works (see, e.g., [20, 18]), we studied a simple model on an idealized power-
law distributed dataset. Also, our model cannot capture the complex non-linear interactions among
multiple skills but can express any linear superposition of skills. In future work, we will explore
‘complex skills’ in language as a superposition of linearly independent skills. By validating our
findings in language tasks, we aim to contribute to a broader understanding of how neural networks
acquire and exhibit complex behaviors.

7 Related works

In this section, we review the literature on scaling laws and emergence in NNs. Focusing on data
scaling, Hutter [20] develops a model with a discrete set of features. Under the assumption of a
power-law distribution of features, this model demonstrates that the error decreases as a power law
with increasing data size. In a related vein, Michaud et al. [18] propose a model of neural scaling laws
in which the loss is decomposed into a sum over ‘quanta’. Their model aims to reconcile the apparent
discrepancy between loss metrics’ regular power-law scaling and the abrupt development of novel
capabilities in large-scale models. Various other models for neural scaling laws have been proposed
in recent research, including connecting neural scaling exponents to the data manifold’s dimension
[39] and their relation with kernels [40], proposing solvable random-feature models [41, 21], and
developing data scaling models using kernel methods [42, 43, 25].

Closely related to the study of neural scaling laws is the understanding of emergent abilities in large
language models. Several studies [1-4] document examples of such emergent abilities. Arora and
Goyal [44] propose a framework for the emergence of tuples of skills in language models, in which
the task of predicting text requires combining different skills from an underlying set of language
abilities. Okawa et al. [45] demonstrate that a capability composed of smoothly scaling skills will
exhibit emergent scaling due to the multiplicative effect of the underlying skills’ performance. Other
works related to the skill acquisition include Yu et al. [46], who introduce a new evaluation to measure
the ability to combine skills and develop a methodology for grading such evaluations, and Chen et al.
[47], who formalize the notion of skills and their natural acquisition order in language models.
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A Glossary

A Normalization constant for P, such that P, (k) = Ak~ (@+1)

T Time or step

D Number of data points

N Number of parameters (skill basis functions in the model for the
multilinear model; the width of hidden layer for MLP)

C The computation cost 7' x N

Mg The number of skills in the multitask sparse parity problem

I Random variable of the control bits

X Random variable of the skill bits

Ps Probability of skills (control bits)

Py Probability of skill bits

S The target scale or the norm of the target function

Re Skill strength of the k" skill (Eq. (7))

L Total (generalization) loss

£P) Empirical loss for D samples

Ly, Skill loss of the k*" skill (Eq. (6))

dy, Number of observation of the k*" skill (i.e. number of training points

fr Target function f* : {0, 1}t — {—S S} (Eq. (4))

T The k*" skill basis function gy, : {0, 1}%+" — {—1,0,1} (Eq. (2))
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Table 3: Representation of the multitask sparse parity as presented in [18]. The control bits are
one-hot vectors encoding a specific parity task. The frequency of the different tasks follows a power-
law distribution. In this example, there are ns = 10 tasks, and skill bits are length n;, = 15. The
y column is the resulting parity computed from m = 3 bits (highlighted in colors). The multitask
dataset provides a controlled experimental setting designed to investigate skills.

Control bits Skill bits Y
10000000000 110001000001010 1
01000000000 010100100001000 0
00100000000 001101010110101 1
0000000000 00010001001100 1

B Background

In this section, we review the multitask sparse parity dataset, as described by Michaud et al. [18] and
discuss the nonlinear dynamics of two-layer linear networks, following the work of Saxe et al. [19].

B.1 Multitask sparse parity

The sparse parity task can be stated as follows: for a bit string of length n;, the goal is to determine
the parity (sum mod 2) of a predetermined subset of m bits within that string. The multitask sparse
parity [18] extends this problem by introducing ns unique sparse parity variants in the dataset. The
input bit strings have a length of n; + n;. The first ng bits function as indicators by assigning a
specific task. The frequency of the distinct parity tasks follows a rank-frequency distribution with an
inverse power law relation (power-law distribution). The last n, bits are uniformly distributed. This
sets a binary classification problem {0, 1}"*™ — {0, 1} where only a single bit of the initial 7
bits is nonzero. In Table 3, the many distinct parity tasks represent different skills. 2

The proposal in [18] aims to reconcile the regularity of scaling laws with the emergence of abilities
with scale using three key hypotheses: (i) skills, represented as a finite set of computations, are
distinct and separate; (ii) these skills differ in their effectiveness, leading to a ranking based on their
utility to reduce the loss; and (iii) the pattern of how frequently these skills are used in prediction
follows a power-law distribution. Interestingly, the multitask problem has a consistent pattern across
scaling curves: each parity displays a distinct transition, characterized by a sharp decrease in loss at a
specific scale of parameters, data, or training step. Such a sudden shift occurs after an initial phase of
no noticeable improvement, leading to reverse sigmoid-shaped learning curves. Michaud et al. [18]
empirically show that for a one-hidden-layer neural network with ReLU activation, trained using
cross-entropy loss and the Adam optimizer, these transitions happen at different scales for distinct
tasks. This results in a smooth decrease in the overall loss as the number of skill levels increases.

B.2 Nonlinear dynamics of linear neural network

Saxe et al. [19] have solved the exact dynamics for two-layer linear neural networks with gradient
descent under MSE loss (Fig. 5(a)).> The dynamics decompose into independent modes that show
sigmoidal growth at different timescales (Fig. 5(c)). The setup assumes orthogonal input features
X € R% and input-output correlation matrix ¥ € R% %93 for target output f*(X) € R%:

EX [XZXJ] = (Si]‘, Y= EX [Xf*T(X)] (22)

*Note that here we follow the even/odd parity convention used in [18], i.e., {0, 1}, instead of {1, —1} as
used in the main text.
3To be specific, it is under gradient flow or the continuous limit of full batch gradient descent.
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Figure 5: Nonlinear dynamics of linear neural networks. (a): A two-layer undercomplete linear
neural network, which is a multiplication of two matrices, where d2 < d; and ds < ds. (b): The ds
independent modes of dynamics for linear neural network (Eq. (24)). The product of parameters ayby,
are learnable parameters and vectors ug, vy are obtained from SVD of the input-output correlation
matrix ¥ (Eq. (22)). (¢): The temporal evolution of ajby, under gradient descent, which follows
a sigmoidal growth (Eq. (25)). Note that smaller \; — the singular value of X — results in a more
delayed saturation of ayby.

By performing SVD (singular value decomposition) on input-output correlation matrix ¥ = UAV/,
the target function f* : R — R% becomes:

da
@)=Y oz,  UTAV =Ex [Xf(X)"] (23)
k=1

where uy, € R% v, € R9 are the row vectors of U, V and \j, € R are the singular values of A.

Saxe et al. [19] have shown that the dynamics of a two-layer (one-hidden-layer) undercomplete (the
width of the hidden layer is smaller than the width of the input and output) linear neural network
decomposes into that of the following ‘modes’:

U]{f(l';a, b) = Gkbkugx ke {1727 T adQ}' (24)

where ay,, by, € R are the parameters. Note that Eq. (24) are ds decoupled functions v} f(x) : R% —
R (Fig. 5(b)). Assuming small and positive initialization (0 < ax(0)bs(0) < Ag), the dynamics
of Eq. (24) under gradient descent with learning rate 77 can be solved analytically; the product of
parameters aby grows sigmoidally with saturation time proportional to /\,;1 (Fig. 5(c)):

ax(T)br(T)

1

Ak B 1+ (Aik) _ 1) e— 20kt ’

a;(0)b; (0

(25)

Using the analytic equation of the multilinear model, Saxe et al. [19] have empirically demonstrated
that the dynamics of both linear and nonlinear neural networks closely resemble that of the multilinear

model (Eq. (25)).
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C Derivation of the multilinear model

In this section, we provide derivations of how the skill loss of our multilinear model evolves with
a given resource: time (Lemma 1), data (Corollary 1), and parameters (Corollary 2). Note that
two corollaries for data and parameters (Corollaries 1 and 2) follow from the decoupled dynamics
(Lemma 1).

C.1 Decoupled dynamics of the multilinear model

Lemma 1. Let the multilinear model Eq. (9) be trained with gradient flow on D i.i.d samples for the
setup in Section 2 (input distribution: Eq. (1), target function: Eq. (4), and MSE loss: Eq. (5)). Let
k < N be a skill index in the multilinear model and the input distribution (k < ng). Then assuming
the following initialization a;,(0) = by(0) and 0 < ax(0)bx(0) < S, the dynamics of the k" skill
strength (Ry) is
S
Ri(T) = s —ons kT (26)
1 + (W — 1) e “"° D

and the skill loss is
52
Li(T) = ) 27

N2
<1+( R (0) 1) e%ng)

where 1 is the learning rate and dy, is the number of observations with g, (I = k, x(jk)) #0.

Proof For j = 1,---, D, denote (i(j), a:(j)) be the j** data point in the training set. Then the
empirical loss for D datapoints is given as
ro) L () ) ORNONS )%
—w;(m aD) = 1(iD,2D)) " 8)
We note that
2 s 2
(f*(z‘(j),x(j)) _ f(i(j),x(j))) — (Z(S _ akbk)gk(i(j),x<j))>
k=1

= (S = a;) by )i (19, )2

= (S — a;in by ),

i) € {1,—1} and gx (i, 5) = 0 for i # k. So if we denote dj;, the number of data points with

%]
k, then we can conclude

as g;(i
():

D) —

HMU

1 &
— b))’ = 55 > di(S — axbr)?, (29)
k=1

which is the decoupled loss in the main text (Eq. (11)). Using the gradient descent equation and
Eq. (29), we obtain

dak - dﬁD
at ~ da 30)
= —n%bk(akbk — S) 3

Likewise, we can obtain the equation for by, as

d __ ds

dt —nﬁak(akbk — S) (32)
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Because of symmetry between a and b (See Appendix B.2 or [19]), assuming ax(0) = b, (0), and
ax(0)bg(0) > 0 results in a, (1) = by (T) for all T'. The equation for Ry = ayby is

dRy day, dby, dy,

_ ek, D — % 52 4 a2)(arby — S 33
7 Ny bk + ak—y 77D(}<;+ak)(akk ) (33)
d

= 207 Ri(Ric = 5). (34)

Assuming a(0)by(0) < S, we can solve the differential equation to obtain

S
Ri(T) = — (35)
1+ (i — 1) e BT

The equation for Ly, follows from Eq. (10). |

C.2 One-shot learner
Corollary 1. For the setup in Lemma 1, the k*" skill loss (L1,) at T, N — oo is
0 td >0

Li(o0) = {(s CR(0)2/2 5 522 :dy =0, (36)
where dy, is the number of k'" skill’s observations.
Proof The corollary follows directly from Lemma 1. By taking T, N — oo,
- S cdp >0
We obtain the result by using the relationship between R and Ly in Eq. (10). |

C.3 Equivalence between a basis function and a skill

Corollary 2. Let the multilinear model Eq. (9) be trained with gradient flow on D i.i.d samples for
the setup in Section 3 (input distribution: Eq. (1), target function: Eq. (4), and MSE loss: Eq. (5)).
Assume ay,(0) = bi(0), 0 < ar(0)by(0) < S, and that the model has the N most frequent skills as
basis functions. Then Ry, for the k' < n skill at T, D — oo is

0 k<N
o) ={ by TREN @)
Proof The corollary follows directly from Lemma 1. By taking 7', D — oo,

S k<N
Re(o0) = {Rk(O) k>N (39)

We obtain the result by using the relationship between Ry, and L in Eq. (10) and R (0) < S. H
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D Stage-like training: intuitive derivation of the scaling laws

Even though we provide more detailed (Appendix E) and rigorous (Appendix J) derivation of the
scaling laws, a less general yet more intuitive solution aids in understanding the scaling laws of our
model and NNs. In this section, we define stage-like training — one skill is completely learned before
the next skill initiates learning (Fig. 6(a)) — and state the conditions for it to occur. We provide an
example of how stage-like training results in the time scaling law and explain how the model in
Michaud et al. [18] may arise from the NN dynamics. Finally, we discuss the stage-like training’s
role in emergence in NNs.

10 13.0 b
LS P (I=k)
0.8 =
12.5
w0
5 0.6 y 12.0
= 182P,(1) +O(e)
© 0.4 115 2
A7) (e
0.2 11.0 (e
0.01 : — P ‘ ‘ 10.5 ‘ ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
T T
(a) Emergent and saturation time (b) Loss change between emergences

Figure 6: Stage-like training. The multilinear model is trained on the multitask sparse parity problem
with @« = 0.6 and S = 5. (a): Skill strength of the model as a function of time. The emergent
time T,ge) (€) is the time required for the k*" skill to reach Ry, /S = e. The saturation time T,gs) (¢)
is the time required for Ry /S to saturate from ¢ to 1 — e. The model shows stage-like training if
the emergent time interval T]Ej_)l (e) — T,Ee) (€) is larger than the saturation time T,Es) (¢) for sufficiently
small € (0.05 in the figure). (b): The loss as a function of time for the same system as (a). For
stage-like training, the change in the loss for the k' emergence is P,(k)Ly + O(¢) and the interval

for the next emergence is A7(%) (¢) = T,ij_)l (e) — T,Ee) ().

D.1 Stage-like training

When a model exhibits an emergence behavior — when saturation of skill occurs abruptly after a delay
— and the intervals between each emergence are sufficiently large, the model admits stage-like training.
The multilinear model (sigmoidal saturation of skills strength, Eq. (11)) in the multitask sparse parity
dataset (power-law decay of skill frequencies, Eq. (1)) can satisfy such conditions: In Fig. 6(a), we
observe the stage-like training in time in which one skill saturates (reaches Ry /S & 1) before the
next skill initiates its emergence. To quantify this behavior, we define two intervals for each skill (see
Fig. 6(a)):

* The emergent time T,Ee) (€): the time for Ry, /S to reach €;

* The saturation time T,is) (€): the time for Ry, /S to saturate from e to 1 — e.

Using the dynamics equation (Eq. (11)) and that d, /D — Ps(k), the emergent time and saturation
time of the k'” skill becomes

_s __1
(OF AN SN () a+1 OV S O S atl
Ty (€) 277735(k)sn< [ )cxk: , 7 (€) nPS(k)Sn ; o kAT

(40)

For sufficiently small initialization (R (0) < S), we get a stage-like training:
T,ES)(e) < T]gi)l (e) — T,Ee) (e), ek 1. 41)
where the model finishes learning (saturating) the k*" skill before starting to learn (emerging) the

next skill.
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D.2 Time scaling law from stage-like training

Assuming our model satisfies the stage-like training for all k of interest, we can derive the time
scaling law from the stage-like training.

At T,Ee) (€), because of stage-like training, all skills with index up to but not including & have saturated
(Ri<k = 8), or equivalently £;;, ~ 0 (Eq. (10)). The total loss, the sum of £; weighted by

Pa(j) o j~@FD (Eq. (6)), becomes Y2, P (I = j)S?/2 (Fig. 6(b)). The saturation of the k™"
skill results in a loss difference of Ps(I = k)S? /2. Thus, we obtain

AL P(I=k) k0 (et .
L2 P=j) Y2t [ j=etgj
= —ak™ + 06 (43)
Accordingly, the emergent interval between the k and k 4 1 skills relative to the 7',56) (e) is

AT 7h(@ =7 (k4 1)t — gt (44)

N € B a+1

T 0 =
= (a+ Dk~ +0(k™?). 45)

Assuming k > 1 and combining Eq. (43) and Eq. (45) to the largest order, we have the equation for
the power-law with exponent —a/(« + 1) in Fig. 2(a):
AL AT
i el (46)
L a+1 T
If the stage-like training holds for any resource (e.g., time, data, or parameters), the scaling law can
be derived using the ratio of change in loss per skill (Eq. (43)) and the ratio of change with respect to
the resource (given by the emergent time in Eq. (45)). The quanta model in Michaud et al. [18] is an
example where the stage-like training holds for all resources.

D.3 Discussion on the effective decoupling of skills in neural networks

In Section 5, we have empirically demonstrated that the multilinear model predicts the emergence of a
2-layer NN (Fig. 1). In Section 6, we briefly discussed why NNs, despite their lack of the decoupling
among the skills, behave similarly to the decoupled model with gxs as fixed basis functions: the
stage-like training in NNs — induced by the model’s layerwise structure and power-law frequencies
of the skills — effectively decouples the skills. In this subsection, we extend the discussion in more
detail.

In NN, even though gxs are ‘discovered’ (feature learned) by non-tractable dynamics, we speculate
that similar stage-like dynamics also hold in ‘discovering’ (feature learning) gxs: parameters ‘useful’
for expressing more frequent skills will be updated significantly faster than parameters useful for
expressing less frequent skills.

If skill discovery and saturation dynamics operate at different time scales (stages), with negligible
interaction among the skills, the skill dynamics become effectively decoupled. Because the dynamics
are decoupled in stages, NNs repeat the feature learning process — using the limited resource (time,
data, parameters) to express the skill — for all skills with each iteration varying only in the scale of the
resource (e.g. training time, number of observations, and number of hidden layer neurons): resulting
in a similar emergence to our multilinear model.

A more concrete understanding of our speculation that feature learning also occurs in stages due to a
layerwise structure is left for future work.

E Derivation of the scaling law exponents

This section provides a detailed derivation of the scaling laws up to a rigor common in physics and
engineering. For example, we approximate the Riemann sum as integral or treat k, the number of
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skills, as a differentiable parameter. For more general and rigorous derivations including the prefactor
constants, see Appendix J. Instead, for more intuition and the relationship to the quanta model in
Michaud et al. [18], see Appendix D.

Table 4: Summary of the scaling laws. The leftmost column shows the bottleneck of the scaling
law. The middle three columns show the resource values in terms of the bottleneck (either taken to
infinity or proportional to the bottleneck). The last column shows the scaling exponent for the loss as
power-law of the bottleneck where o 4 1 is the exponent of the Zipfian input data (Eq. (1)).

Bottleneck Time Data Parameter Exponent
Time (T) T 00 00 —a/(a+1)
Data (D) 00 D 00 —a/(a+1)

Parameter (V) ) 00 N -
Compute (C) Cloth/(a+2) o cY(e+2)  _q/(a+2)

E.1 Time scaling law exponent

To derive the time scaling law exponent, we assume the time as the bottleneck and take N, D — oo.
By using the decoupled dynamics of each skill loss (Lemma 1),

S2

Ly = : 5 (47)
- dyp,
(04 () o)
Noting that d, /D — Ps(k) as D — oo, where P, (k) = Ak~ (@t we have
S2
Ly = — 5. (48)
2 (1 + (RS(O) - 1) eQWA’C(Hl)ST)
k
This is a function of k~(*+*1)T only, suggesting the decoupling dynamics for each skill. Thus,
ac k ac

b * Tk (49)

dT  (a+1)T dk’

Using Eq. (6) and taking N, n, — oo at the same rate,* we can approximate the loss as an integral
instead of a sum over k:

N
L~ lim Ak~ (et £, dk, (50)

N—oo Jq

where A is the normalization constant for Ps. We can differentiate the loss and use Eq. (49) to express
the equation in terms of k:

dc N dc 1 N dc
RindRu T —(tDE%F i — —a ™k
7 th . Ak 7 dk A}lm @t D) /1 Ak Ik dk. (51)

Integrating by parts, we obtain

% = — lim ;[

1 1 o
=— lim O N %= o — L. 53
N s ( T) * (T6T> (a+1)T ©3)
The first term goes to 0 as N — oo and the second term goes to 0 exponentially faster compared to
the last term for 7' >> 1, which leads to the scaling law with exponent —« /(v + 1):
dc(T drT
(D ___a dT (54)
L(T) a+1T
*We take N and n to oo at the same rate since we do not want the number of parameters to be a bottleneck
in this setup.

N
—a N a —(a+1)
Ak~ L] ngo (a+1)T/1 Ak Lr.dk (52)
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Finite N correction for small a. In Fig. 7, we observe that our model with a = 0.1 deviates
from the expected power-law with exponent —«/(« + 1). The deviation can be explained by the
antiderivative term in Eq. (52):

— a=0.1 a=0.3 — a=0.5 — a=0.7

10!

— simulation

1007 power law(corrected)

= power law

10° 10! 102 103
T

Figure 7: Scaling law and corrected predictions. A simulation of our multilinear model with
N = 50,000 (solid), a scaling law with exponent —«/(a + 1) (dotted), and a corrected scaling
law considering finite N (dashed, Eq. (56)). The finite /V corrected scaling law better predicts the
dynamics, especially for smaller .

N

1 S2A ko 1 1
fm g (o (v L) —o (7))
N—o00 2(0[ —+ 1) (1 + 1 eQnSAk*(QJrl)T) T N—o0 T Te
S/ Rk (0)—1 1
(55)

The second term (k = 1) goes to 0 faster than O(T~!) for sufficiently larger 7" but the first term
(kK = N) may not decay fast enough for finite N and sufficiently small «. For example, N = 50, 000
and o = 0.1 leads to N~ = 0.3, which is not negligibly small.

Assuming finite /V and small « such that the first term in Eq. (55) is non-negligible, we can rewrite
Eq. (52) as

%N_ a L+ Lc
ar = (a+1) T

Lo~ S?AN™/2aq, (56)

where we assumed a small initialization S/R(0) > 1 and sufficiently large number of parameters
Ne*l > T to approximate Lc. Because the total loss at initialization is £(0) = S2/2, L¢ is
non-negligible compared to the loss for sufficiently small «. Thus considering £, we obtain the
corrected power-law which better approximates the time scaling law (dashed lines in Fig. 7). For
a rigorous and comprehensive analysis of the time scaling law, see Theorem 2 and Theorem 3 in
Appendix J.

E.2 Data scaling law exponent

In this section, we derive the data scaling law exponent. The data scaling law assumes 7' — oo
and N — oo with data as the bottleneck. From the decoupled dynamics of the multilinear model
(Lemma 1), we can show that our model is a one-shot learner (Corollary 1):

One shot learner. Given that N > k, T' — oo, and dy, is the number of samples from the training
set with gy, (i, z) # 0, the k*" skill loss after training is

0 2dp >0

Ly (00) = {(S —Ri(0))?/2~ S%/2 :dj =0. ©n

Proof See Appendix C.2. [ ]
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Our model requires only one sample from the k*" skill to learn such a skill, similar to how language
models are few-shot learners at inference.’ The model can one-shot learn a skill since it has g as the
basis functions, and the dynamics among different skills are decoupled. A similar one-shot learner
has been studied in Hutter [20] where the error depends on a single ‘observation’ of a feature.

Because the k" skill loss only depends on dj; (number of observations for the k" skill), we can
calculate the expectation of the skill loss for D data points from P,pserved (k| D) or the probability
that d, > 0:

Pobse7‘ved(k|D) =1- (1 - P&(k))D . (58)
Using the one-shot learning property (Eq. (57)), the probability of observing the k%" skill (Eq. (58)),
and the decomposition of the loss into skill losses (Eq. (6)), the expected loss for D datapoints is

1 oo
Ep [;C} = § Z Szps(k)(l - Pobserved(k)) (59)
k=1
= 38 AY K (1 - Py (60)
k=1
o) D
~Llg2y / B (1— Ak D) ", 61)
2” 7 ),

where the expectation Ep is over all possible training sets of size D, and A is the normalization
constant such that P(k) = Ak~ (®*t1)_ The difference in the loss AL = Ep 1 [£] — Ep [£] is

AL = %SQA /100 R (1- Ak*(O‘*l))D (1= Ar—@ ) 1) an (62)

oo D
- 7152,42/ fp—2(at1) (1 fAk*(a“)) dk. (63)
2 1
We can integrate AL by parts.

1 S2Ak— D+1
e Dl o —(a+1)
AL 2 { (a+1)(D+1) (1 Ak ) L

52 Aa oo D+1
- [ kD1 - gD dk
2(oz—|—1)(D—|—1)/1 ( )

S? A e D
~ O ((1 =P, (1)P+) — —/ f—(e+D) (1 _ Ak*(a“)) (1 7 Ak*(o‘“)) dk
(0P gy
@ @
~—-—————FEp|[L]+ — AL
i+ G Do

In the second line, the first term goes to 0 for D > 1. In the last line, we used the expression for AL

(Eq. (62)) and Ep [£] (Eq. (59)). Rearranging the equation above and using that D >> 1, we obtain

the scaling law with exponent —«/ (v + 1):

oo

AL « « 1
Ep[f]  1+(a+1)D " (a+1)D 64)
a AD
=i D (65)

where in the last line, AD/D = 1/D as the change in the number of data points relative to D is one.

E.3 Parameter scaling law exponent

The parameter scaling law assumes 7" — oo and D — oo, with the parameters N < ng as the
bottleneck. Because our model is a one-shot learner (Eq. (57)), learning of the k'" skill only depends
on the existence of gy in the model; the model with [g1, - - - , gn] will learn all & < N skills with
Ly =0.

The L}, dependence on gy, is formalized in Corollary 2, which we repeat here.

SFew-shot learning is typically discussed in the context of models that have undergone pre-training (see, e.g.
[1]). We speculate that expanding in the basis gy, in our framework can model aspects of the pre-training process.

https://doi.org/10.52202/079017-1253 39655



Equivalence between a basis function and a skill. Given T', D — oo and if the multilinear model
has the N most frequent skill functions as a basis,

0 k<N
£ilo0) = {52/2 k>N, (66)
Proof See Appendix C.3. n
Using Eq. (66) and Eq. (6), we can express the total loss as function of N:
52 [
L~ 7/ Ak~ @Dk o (N +1)7°, (67)
2 Ny

By approximating N ~ N + 1 for N > 1, we obtain the power-law with exponent —a.

E.4 Optimal compute scaling law

For analytical tractability, we define compute as C' := T x N. We start from Eq. (12) with D — oo

N S2 Ng
L~ / Ak~ Lydk + lim = / Ak~ k. (68)
1 ng—oo 2 N
We can use Eq. (56) to calculate the first term and integrate the last term to get
S2A
L~ (LO)+ Lo)T™/ D) _po 4 SN (69)
~ O(T~*/(*TD) 4 O(N—), (70)

where we used that £(0) > L and S2A/(2a) — L > 0. Intuitively, the approximation shows
the tradeoff between 1" — when increased, decreases the loss of the first IV skills — and N — when
increased, decreases the loss at sufficiently large T" — for fixed compute C. For a comprehensive
analysis of the approximation above, see Appendix J.

Removing the irrelevant constant terms,
L =T/t 4 N—o (71)

We can use the method of Lagrangian multiplier to obtain

(07

*THT%Y/(QHH +AN =0, (72)
—aN~(+t) L AT =0, (73)
NT - C =0, (74)

where )\ is the Lagrange multiplier and C' is compute. We can solve the above set of equations to
obtain T%*! & N or equivalently

T o Ot/ (@) N o 01/(a+2) (75)

We can plug it in Eq. (71) to get
L oc C/let2), (76)
This derivation is similar to that of Bordelon et al. [21] (see Appendix N: Compute Optimal Scaling

from Sum of Power-Laws in [21]). For a rigorous derivation of the optimal compute scaling law, see
Corollary 4 and Appendix J.
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F Derivation of the extended multilinear model

In this section, we show the derivation for the extended multilinear model.

F.1 Gradient flow in the extended multilinear model

Lemma 2. Let the extended multilinear model Eq. (15) be trained with gradient flow on D i.i.d
samples for the setup in Section 2 (input distribution: Eq. (1), target function: Eq. (4), and MSE loss:
Eq. (5)). For the skill index k < N be a skill index in the multilinear model, let the feature matrix
® € RP*4 for the k" skill be

Oy = ex (1Y) = k,z), (77)
and SVD on ® = USV. Assuming that the system is overparametrized (dy, < D.), the gradient
on B, € RP- ([Bk.1,-++ » Bk.p.]) is contained in the column space of semi-orthogonal matrix
U € RPexdx;

dB,  dBj
vut—t = —%, 78
dt dt (78)

Proof Similar to Lemma 1, the total loss can be decomposed into each skill such that the dynamics
of By, ; relies only on dj, observations of the Et skill:

2
— (J) (J) () .(9)
Lo wZZ( )= FGD,29)) 79)
k=1j=1
ng D. 2
=5p Z Z (Sgk (k, 2U%)) ZakBkJ@k,l(k?’l‘(jk))) (80)
k=1 jr=1 =1

Nns 2
~ 9D Z Z (Z —== — ke Br)er(k, x““)) : (81)

k=1 Jk 1
In the second line, we used Eq. (16) that ey ;(I # k, x) = 0 and the orthogonality of gi (Eq. (3)). In

the last line, we used Eq. (16) that g;, = Dc_l/ 2 > 1 €k,1- We can find the gradient descent equation
of By from Eq. (81):

dB - S
ki _ (J) (9
=— E ager,(k, E (axBry — —==)ew(k,x )] ) (82)
dt 2D l L VD.
which in the matrix form is
dgk nak T §
— =——0%" [ B — 83
7 KOk N A (83)
where D, dimensional vectors gk and S are [By.1, -+, By.p,] and [S, -, S] respectively. It

(@), which is contained in im(U') (immediate from & = USV).

AsUUT(Uz) = U(UTU)Z = Uz, UUT acts as identity on image of U, showing that UUT% =
dBy,
dt -

F.2 Conserved quantity of extended multilinear model

Lemma 3. In the setup of Lemma 2, ai — |By|? is conserved over time.

Proof We can use Eq. (81) to find the equation for ag:

da S ,
J = —772 ZBk en(k, o )Z(akBk,l’ - ﬁ)ek,z'(k,ﬁ(J)) ; (84)

I'=1
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which in the matrix form is

day N sr-x7 [ 3 S
— = ——=B; dO° | Brap — . 85
it~ D" k=D, (85)
Then
day _ MAk 372 T S
—* = _T*Bree” | Bray, —
“ D Kk D, (50
~rdB
T k
—_— 87
where we used Eq. (83) in the last line. Thus, ai — |§k|2 is conserved during the dynamics. ]

F.3 D. shot learner

Proposition 1. Let the setup be as that in Lemma 2. Suppose that ay,(T') is eventually bounded away
from zero, i.e. there exists 6 > 0 and M > 0 such that T > M = |ay(T)| > 6. Also assume that

U~L-component of Bi;(0)ay(0) and By, (0)S is negligible. Then the skill strength Ry, is

R (00) = {dk <D.: §(1-T=d/D.) 58)

deDCZ S

Proof First, we show that % < 0 with equality only holding when the gradient is O.

dﬁk dﬁk dak dﬁk dB]C i
el e, 89
dt dak dt Z dBk i dt ( )
dﬁk d/:,k dﬁk dﬁk
D <dak day, Z By, dBy, | = G0)
The equality holds only when
d[:k dak dck dBk 7
P — d = L —=0. 91
day, _ dt W B, Tt oD
We show that both a;, and ék are bounded throughout whole dynamics. As
5 2 5 2
Ly = |® | Brax — 2louT | Bray, — 92
k ( kak \/E) ( K \/D—c> (92)

for o2 the smallest nonzero eigenvalue of ®PT where ® = USV. This shows that

_ s
UUT | Bray, — 93
( KOk \/ﬁ) 93)
is bounded, so UU Ték ay, is bounded. Meanwhile, in Lemma 2, we showed that (1—UU T) d%’“ =0,

s0 (1 — UUT)Byay is bounded. This shows that Bjay, is bounded. As ai — | Bi|? is constant
(Lemma 3) and | Brax| = |ax||Bx| is bounded, this shows that both aj, and | B| are bounded.

The dynamics moving in some bounded region always has at least one accumulation point, which
we denote as p. We will show that ‘m" = 0 at p. The function L (¢) in ¢ is a decreasing differential

d? Ek(t)

function which is positive. We also note that is globally bounded, as it can be expressed in

polynomial expression in (ax, By,) and we showed that (ag(t), Bi(t)) is bounded. From Taylor’s
theorem, one can obtain
Ly,

t3
b))+ M (94)

inf Ly (t) < Lyp(tr +t2) < Li(tr) +ta—— 5
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for M = sup| & £’“ )| Choosing ty = —%(tl)M’l shows that

1 (de,,, \° .
- >
cattn) = 5y (@) zir 0 ©5)
and letting t; — oo here gives
L1 (dL g .
tllgr(l)o BYYi (dtk(tl)> < tllgr})o(ﬁk(tl) —inf Li(t)) =0 (96)

SO dL &= — 0 ast — oo. Meanwhile, as p is accumulation point of (ay, By), %(p) is accumulation

pomt of Lk (qy(t), Br(t)). As limy_, o0 4L (4) = 0, the only accumulation point of %%k (¢) is zero,
which shows that 2£& (p) = 0.

We have seen that a} — | Bx|? and (I —UUT) B}, are conserved in our dynamics. A quantity conserved
in dynamics should also be conserved at p, so p = (a, B ) should satisfy the following conditions:

e« a2 — | B2 = a;,(0)2 — | B(0)|? (Lemma 3);

« (I-UUT)B = (I -UUT)B(0) (Lemma 2);

dLly
dt

(a, B) = 0, or equivalently the gradient is 0 at p.

We will solve for p satisfying those three conditions. The third condition is equivalent to that

- S
aUUT | Ba — =0. (97)
As ay(T) is eventually bounded away from zero, we have a # 0, so
UU" | Ba — S\ 0 (98)
vD.)
It follows that
. . . S .
=UUTB+ (I1-UU"B=UU" L (I -UUT)B(0 99
and substituting to first condition gives
1 s | 2
@ 3 |VUT | = |~ UUTBO) = a0 - |By(O)* (100)
This is equivalent to a quadratic equation in a2, and has a following solution of
D) _ .
2 _ TR 2\2 2 _ T3, (0)2
e o S| 4 @2 - WUTBOP? | a0 - UTBOR o
VD, 4 2

This shows that there are two candidates for p, with a given as two square roots of Eq. (101) and B
determined from a by Eq. (99). It is impossible for £ (¢) to have accumulation points both in regions
a > 0and a < 0, as it would imply ag(¢) = 0 happens infinitely many often, contradicting that a
is eventually bounded away from zero. Thus it follows that £ (¢) can only have one accumulation
point. As dynamics having unique accumulation point should converge, it follows that

(a, B) = (ag(c0), Bi(c0)). (102)
One can check that the U~-component of B, (co)ay(co) is given as
(I —UUT)Bp(c0)ax(o0) = (I — UUT) B, (0)ax(0) (103)

and this is bounded by |(1 — UUT)By(0)|(S + ax(0)), so by our assumption this is negligible.
Thus, we find that By (co)ay(00) is the pseudo-inverse solution, which is also found by the linear
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model with ey, ; as basis functions. We can calculate £j(c0) using the result from kernel (linear)
regression [23-27] (for a summary, see tables 1 and 2 in appendix A of [27]). Using the terminology
in table 1 of [27], the sample size is dj; the number of parameters is D.; ridge and noise are absent;
the eigenfunctions are [ex 1, - - , ex,p.]; the eigen coefficients are Ex [ey, ;(x)Sgi(z)] = SDc_l/2
(Eq. (16)); eigenvalues are uniform; the learnability is dy, /D, for all i; and the overfitting coefficient
is (1 — dx/D.)~!. Taking into account that we have halved the MSE loss (Eq. (5)), the test loss is

2
Li(c0) = % (1 - %) . (104)

We obtain the result by using Eq. (10). |

F.4 NN, basis functions for a skill

Proposition 2. Let the extended multilinear model Eq. (18) be trained with gradient flow on D — oo
i.i.d samples for the setup in Section 3 with ny — oo (input distribution: Eq. (1), target function:
Eq. (4), and MSE loss: Eq. (5), initialization: that of Proposition 1). For a model with the following
finite N basis functions

le1,1, -+, e1N., €21, s gl (105)
where quotient ¢ = |(N — 1)/N.| + 1 and remainder r is such that (¢ — 1)N. +r = N. The skill
strength at T — oo becomes

k>q: O
Ri(co) = k=q: Sx (106)
k<gq: S

Proof Because we have D — oo and because [e 1, - - - ek, | can express g (Eq. (20)), it is trivial
to show that Ry (co0) = S for k < ¢. For k = ¢, the gradient descent dynamics (Eq. (83)) leads to

dék nag T = S"
—=———90 B - — 107
7 ) < KOk T\’c> (107)

where the matrix & € R"*% and vector ék € R" are the feature matrix(Eq. (77)) and parameters for
the k*" skill respectively. As D — oo, the matrix ®®7 becomes a rank 7 identity matrix scaled by
the frequency of the skill:

|
lim 5(<I><I>T)”, =Erx [eri(k, X)exry (k, X)] = P(k)dyp. (108)

D— o0
Plugging in 7,

dBy
dt

= —nP(k)ak (Bk,lak - \/5]'\7> . (109)

Assuming the initialization in Proposition 1, we can show that ay(00) By ;(00) = S/+/N, forl <.
From Eq. (7), the skill strength R (c0) is

T S
R = —E k, X k, X 110
k(00) ; B lex,i(k, X) gk (K, X)] (110)
r
=9— 111
Sy ()
where we used Eq. (20) for the linear correlation between ey, ; and gj,. [ |
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G Time emergence example in NN

In this section, we discuss an example for the time emergence case (Fig. 1(a)) in which the saturation
of skill in an NN consists of multiple saturating ‘modes’ as in Fig. 8.

1.0

0.81

g 0.6

0 2 mode 1
0‘ f(’L, QJ) ® 0.4/ mode 2
\ — mode 3

e& 9 0.2 — NN
--- MulLin

0.0 -
0 250 500 750 1000
T
(a) neuron modes for a parity function (b) mode/skill strength

Figure 8: Modes in NN. A 2-layer MLP with ReLU activations with a width of 3 and weight sharing
(Eq. (114)) is trained to fit the parity function. (a): The skill strength R, because of the last layer’s
linearity, can be decomposed into skill strength from each hidden neuron or each ‘mode’ (shown in
different colors, Eq. (119)). (b): The skill strength for each mode follows a near-sigmoidal curve
with different emergent/saturation times (colors) whose sum results in the total skill strength (solid
black). Note that different saturation times of each mode result in a deviation from the prediction of
the multilinear model with B2 = 1 /3 (dashed black).

Task. We assume an input X € R3*® (note that we are not using X as a random variable) that is
all 8 possible inputs for bits with dimension 3. The target Y is the parity function scaled by S.

00001111

X =(00110011 Y=(8S-5-55-S588-58 112
9
01010101

NN. We assume a 2-layer width 3 NN with ReLU activation with the input dimension 3 (Fig. 8(a)).
The NN has 16 parameters, but to simplify the argument, we use weight sharing so NN has only 4

parameters:
f(@;0,8,7,¢) =w'o(Wz +b) +c (113)
where o is the ReLU activation and W, b, w are
—a ax —« 0 —2«a
W= (-8 8 -8), b=(58), =(5). 114
(28 5) (2), w=(5) (114)

Modes. Itis easy to see that « = § = 7 = v/25 and ¢ = —S leads to the target parity function.

We note that one parameter except c (i.e. «, 3,y) maps to one neuron or a mode (colors in Fig. 8(a)).
We define the first mode (1) as

fO(z) = wo(Wlz + b)) = —20%0 (2 — 1 — x3) (115)

= —2a2hy(2), hi(z) = o(xe — 21 — x3), (116)

where w1, by are the first entry of w, b respectively and W is the first row of 1. Note that f()(z)

takes a form similar to the multilinear model (Eq. (9)) but with h, as the respective basis. We define
f® | £ similarly, and the sum of modes becomes the NN:

3

fl@)=>"f@) +e (117)

q=1

which resembles the multilinear model with different skills.
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Mode strength. Analogous to the skill strength in Eq. (7), we define mode ¢’s strength R(9) as
1
—YTf@(x 118
8 SQ f ( ) ) ( )

where f(0(X) = [f@(X;), -, f(9(Xg)] and X are the j*" column of X. By the linearity of the
expectation,

R@ —

3
R=) R, (119)
g=1
Note that constant ¢ always has zero correlation (inner product) to the target (V).

Analysis. The dynamics of each mode R(@) (z) differs from that of the multilinear model (Eq. (11))
because h,(x) often depends on the parameter, and the dynamics are no longer decoupled among
each mode. Nevertheless, each mode follows a sigmoid-like growth (Fig. 8(b)). We note that each
mode has a different saturation time scale or is updated at different frequencies. A mode with a longer
time scale leads to a longer ‘tail’ of saturation as discussed in the main text.

Update frequency. Because of the non-linearity, each mode differs in the gradients it receives. We
can explicitly calculate the gradient for each parameter as:

dOé2 2 2 2

o 2na® (=S — (—2a° + 26° + ¢)) (120)

dp? 2 2 s g2

S = —n8%(S — (~20% + 54 + 50)) (121)

d 2

=S = (P +0) (122)
X - n(20? 55— —s0). (123)

We immediately notice that ¢ will grow the fastest for small initialization («, 3,7, ¢ < 1) because it
saturates exponentially while other parameters saturate sigmoidally. Considering that .S is always
the largest term and c saturate to S quickly, we notice that the saturation is in the order of o
(= 25 +2c ~ 49), B2 (= —S + 5c ~ 45), and v%(=~ 25). We observe that our crude approximation
holds in Fig. 8(b): the first (o) and the second (5) modes saturate at similar timescale, while the third
mode () requires approximately twice the time for saturation.
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H Details of the multilinear model

The multilinear model (Fig. 9(a)) has two identifying properties: 1) the layerwise structure and 2) gy,
as the basis functions. In this section, we discuss the role of each property in more detail.

— d,/D=05 dy/D=02 — dy/D=0.1

al b1
g1(i, ) = 0.6

f(i,z;a,b) ® 0.4
an bN

gn (i, ) 0.2

0 25 50 75 100
T

(a) Multilinear model illustration (b) Decoupled dynamics

Figure 9: Multilinear model. (a): An illustration of the multilinear model which is multilinear in
terms of parameters, generating a layerwise structure. The model also has the skill functions gs as
basis functions. (b): The dynamics of the multilinear model are decoupled and each skill strength
(R) shows a sigmoidal growth in time. Note that less frequent skills have a more delayed growth.

Multilinearity. The product of two parameters (aby) creates the layerwise structure (Fig. 9(a))
that gives rise to the emerging dynamics (sudden saturation or sigmoidal growth) in Fig. 9(b). The
time emergence of NN is well-described by the sigmoidal dynamics (Fig. 1(a)); a non-sigmoidal
saturation dynamics, for example, that of linear models (Fig. 10(a)), would inadequately describe the
time emergence. Such dynamics have first been studied by Saxe et al. [19] (See Appendix B.2 for an
ovVerview).

Assuming a sufficiently fast decay of dj, for the skills, the sigmoidal growth results in a stage-like
training (Appendix D) where one skill fully saturates before the next skill emerges. In Appendix D,
we discuss how the stage-like training can describe the quanta model [18] and how NN, without
explicit gxs, decouple each skill.

Finally, note that even though sigmoidal saturation has a resemblance to the test accuracy in grokking
[48], our model is irrelevant to grokking because R — which is defined over the expectation over the
Et skill (Eq. (7)) — appears both in the empirical loss (Eq. (11)) and the test loss: failing to describe
the discrepancy between train and test accuracy in grokking.

Connection to linear models. In Section 4 and Appendix E, we have shown how the scaling laws
follow from the basis functions gy, that decouples the loss. To analyze the role of gj, we can ask
whether a simpler linear model with g;, as basis functions (Eq. (124)) also recovers the scaling laws.
The answer is yes and we outline how a linear model can recover all scaling laws. In addition, we
also outline how extended linear models — extended similar to Section 5 such that skills are decoupled
— can recover all emergence behaviors shown in Appendix F except the time emergence.

By replacing ay by with wy, we obtain the linear model with skill basis functions:

N
fri,aw) = wp(T)gu(i, ). (124)
k=1

The dynamics of the linear model under gradient flow is

Ri(T) = wi(T) = 8(1 — e 7T, (125)

where we assumed wy(0) = 0. The linear model follows an exponential saturation of the skill
strength in contrast to the sigmoidal saturation of the multilinear model (Fig. 10).

https://doi.org/10.52202/079017-1253 39663
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Figure 10: Dynamics of linear and multilinear model. (a): Skill strength dynamics of the linear
model (Eq. (125)) (b): Skill strength dynamics of the multilinear model (Eq. (11)). For the linear
model, Ry, emerges from T' = 0 for all d,/D > 0: obstructing the stage-like training. For the
multilinear model, R, shows a delayed emergence depending on dj/D: allowing the stage-like
training and describing the sigmoidal time emergence in Fig. 1(a).

Nevertheless, the linear model Eq. (125) results in the same scaling laws in Section 4. For the time
scaling law, we recover the relationship between dLy/dT" and dLy/dk in Appendix E.1 because
Ry (T) is a function of 7T only (where dj,/D = P, (k) for D — o0). For the data scaling law,
we recover Corollary 1 because each wy, (i.e. Ry) is decoupled. For the parameter scaling law, we
recover Corollary 2 trivially as the linear model shares the same basis functions.

The data and parameter emergence in Section 5 can be obtained from the linear model in Eq. (124) if
we extend the model analogous to Eqgs. (15) and (18). For example, we can extend the model for data
emergence as

D.

(i,2; W) ZZW’” ek (i, x), (126)

k=11=1

where the matrix W € RV*De is an extension of w € R¥ in Eq. (124), D, is a fixed scalar, and
ex1(i, ) : {0,1}™=+™ — R are functions with the following properties:

Exr=k [exerv] = 0w, exi(I #k, ) Z \/—ekl = k- (127)

The equivalence can be shown by Lemma 2 which states that the multilinear model finds the minimum
norm solution: the solution that the linear model finds in a ridgeless regression setup.

Thus, for our setup, the basis functions play a critical role in the scaling laws and data/parameter
emergences. The choice of basis functions, also known as the task-model alignment (see [23, 27]),
determines the linear model’s scaling laws and emergence behaviors. See Bordelon et al. [21] for a
study of the scaling laws in linear models.
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I Additional plots and tables

— NN -- extended model
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(a) Time calibration (b) Data calibration (c) Parameter calibration

Figure 11: Calibration and prediction on emergence. The calibration of the extended multilinear
model (solid) on the 2-layer NN (dashed) for ny = 1 system. For the calibrated parameters, we have
B2 = 1/22 for time (Eq. (14)), D. = 800 for data (Eq. (17)), and N, = 4 for hidden layer width
(Eq. (21)).

Table 5: Samples of skill strength R /S. The table shows the skill strength at N = 10 for 10
different runs of the parameter emergence experiment (Fig. 1(c)). Note that the variance of Ry /S
is amplified by the outliers — shaded columns — that learn a less frequent skill at the cost of a more
frequent skill (second column) or fail to learn a skill (seventh column).

k=11 098 098 098 098 0.98 0.98 098 098 098 0.98
45 095 095 095 096 0.96 0.04 096 0.96 0.95
k=31 06 0.0 072 09 092 064 088 0.8 058 0.52
k=41 00 078 00 00 00 00 00 00 00 0.0
k=500 00 00 00 00 00 00 00 00 0.0
0.8 E ] 4 i
R R R RS ﬁgﬂwaEEETESE.S?E§

Figure 12: Enlarged emergence. Enlarged view of skill emergence from Fig. 4, showing that
saturations also follow a sigmoidal pattern. The x-axis is measured in steps.
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J Rigorous derivation of the scaling laws

In Appendix E, we discussed the scaling laws in simplified settings, favoring intuition over mathe-
matical rigor. Building upon the intuitive understanding developed in Appendix E, we now turn our
attention to a rigorous analysis of the scaling laws. In this section, we will derive general scaling
laws by considering a comprehensive set of parameters and variables. Our goal is to establish the
conditions under which these scaling laws hold and to quantify the associated error terms. By
explicitly analyzing the error terms, this section aims to provide a rigorous assessment of the validity
and limitations of our scaling law estimates.

Table 6: Scaling laws and their conditions. The leftmost column indicates the condition for the
‘large resource’ — large enough to be treated as infinity, while the second column is the condition
between the other two resources for the scaling law (third column). The last two columns show where
the statement for the prefactor constant (e.g. Ay for scaling law £ = Ay N %) and the scaling law
(with the assumptions and explicit error terms) are given. Note that whenever T appears in theorems
and corollaries, 7.5 is multiplied to make it dimensionless.

Large resource Condition Scaling law Constant Statement

D> T3 Netl = o(T) L=AyN—® Theorem 1 Theorem 1
D> NT?, T3 Netls T L= ApT—*/(e+)  Theorem4 Theorems 2 and 3

D>1T3 Netlx T L =AcC~*/(@+2)  Corollary 5 Corollary 4

T > D(log D)'*¢  Notl = o(D) L=ANN"" Theorem 5 Theorem 5

T > D(logD)'*¢  N°*'s> D L=ApD~/(*1)  Theorem 5 Theorem 5

J.1 General set up, repeated

We go back to the most general settings possible. Our starting point is Eq. (27), which describes the
dynamics of Ry, and Ly, valid for k < V:

2
Ly = 5 (27)

-, 2
S xS
2(1+('Rk(0)1) 6277D T)

We do not use skills for indices £ > N in our model, but we can still denote

SQ
Ri=0 and Ly ="-. (128)
For P (k) = Ak=*~1, the total loss is given as
N N N 52
L= Puk)Le=> P(k)Le+ Y, Pa(k) S (129)
k=1 k=1 k=N+1

When ng, N, T are all set, their dependency with the data is only determined by the statistics dj,
the number of data with i) = k. We assumed that (i, ) € I x {0, 1}™¢ was collected as random
samples with ¢ following the Zipfian distribution of size ns and exponent o + 1, or equivalently
P(i=k) =Ps(k) = Ak~ Lfor1 < k < n,. Then (dq,- -+ ,d,,) is a vector denoting the number
of occurrences in D independent sampling from that distribution. It follows that d; follows binomial
distribution B(D, Ps(k)).
In this complete perspective, our loss is dependent on all of those parameters and variables
L=L(ns,D,Rinit, N, T) (130)

where Rinit = (R1(0),- -+, Rn(0)) denotes the vector representing initial condition. We will also
simply denote 7, = Ry (0). We will not assume much on 7, but we absolutely need 0 < 74, < S for
dynamics to hold, and we also should have

S Pu(k)rd = B[f(0)?] < 5. (131)
k=1
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We will not impose any particular distribution on R;,,;;. Instead, we will try to identify sufficient
conditions on 7, for our desired result to hold, and those conditions will differ by the situation we are
considering. For example, in Theorems 2 and 3 where we prove time scaling law £ = @(T’O‘/ (O‘“))
for large enough D and bottleneck T, we only require € < r, < S/2 for some € > 0. However, the
exact constant depends on the distribution of r, and figuring out the explicit constant seems to be
only feasible when we fix r; = 7 as in Theorem 4.

J.2 Estimates for large D

We will first consider the situation where D becomes the ‘large resource’ so that its effect on the
loss function is negligible. The number of data dj, follows binomial distribution B(D, P(k)), so
dx /D converges to P, (k) for large enough D. So taking the limit of £ when we let D — oo has the
effect of replacing dy /D by Ps(k) in the expression of £. We will establish an explicit inequality
comparing the difference between £ and this limit.

Lemma 4. For a function F : R — R with its total variation V (F') bounded, we have
di, ] V(F)
Ep |F(—=)| — E.~ P (k) (1P, F(2)]| <
’ D { (H) NP P a=ay/ o) PR < T

where N (11, 0?) denotes normal distribution of mean i and variance o>.

(132)

Proof This is just an application of the Berry-Esseen inequality (with constant 1, see [49] for modern
treatment) applied to dj, following binomial distribution B(D, P (k)). |

Lemma 5. Let F : R — R be a C? function such that F" is bounded. Then we have

Py (k) (1 — Py(k))

1B (P (k)P (k) 1P, () D) [F(2)] = F(Ps(k))| < sup|F"[.  (133)

2D
Proof First, we apply Taylor’s theorem to show that
— Py (k)2
1) = FP. (k) — F'Pu) Gz~ Pkl < PO oy a3y

Taking expectation when z follows normal distribution N (P (k), M) gives
B [F(2) — F(Ps(k))|l = B [F(2) — F(Ps(k)) — F'(Ps(k))(z = Ps(k))]l  (135)
<E. [|[F(2) = F(Ps(k)) = F'(Ps(k))(z = Ps(K))[]  (136)

(z — Ps(k))?
2

<E, sup | F"| (137)

= F"|. 1
2D sup|F"| (138)
[ |
Proposition 3. We have
S? 2952 484212 P,(k
Ep [Cr] — — 7| < L 5 ) (139
2 (1 n (ﬁ - 1) eQTIPS(k)ST) Pa(k)
Tk
Proof Consider the function ' : R — R given as
52

F(z) = (140)

- 7
2 (1 +(£-1) e?ﬁSTz)

This function is monotone decreasing and C'? on the whole domain, and its supremum and infimum

are given as
2

supF = lim F(z)= % and inf F = lim F(z) =0. (141)

Z—r—00 Z—r00
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This implies that
2

S
V(F)=supF —inf F = -5 (142)
Also, we will show that F"’ is globally bounded. We first calculate

27
- ZnSTz(l _ % _ %eQnSTz>

e
F'(2) = —48%r,(1 — =)2n*T? (143)
S (1_ %+%62nSTz)4
We consider the following inequalities
S r r
STz 2 (1 Tk Tk 217STz) 144
N S A (144)
Tk 2Tk opsT: ’ Tk ‘ 2k ansT ( Tk 2nSTz )
1——= — —e7 <|1— =+ —=e" <2(14 —(e*" -1 145
‘ g g ¢ < 5 + g e + 5 (e ) (145)
to show that
25 (1 _ e 4 Tk o29ST2)?
+ Ze
|F"(2)| < 48%r,(1 — %’“)21721“2 e - 5 - S . 4) < 85%n*T? (146)
(=% +3e7)
for all z. Thus we can apply both Lemma 4 and Lemma 5 to this function F' and we have
dk :| ‘ V(F) Ps(k)(l B Ps(k)) "
Ep |F(=)| — F(Ps(k))| < + sup|F'
o |FB)] - PO < 5o - 7]
< S? 4P, (k)S4n>T?
2@\/7Ds(k)(l - Ps(k)) D
9« 2 4 4 2T2
S Ps(k)S™n (147)
DPy(k) D
where the last line follows from that we always have
g—(a+l) 1 ...y n;(aJrl) 9—(a+1) 1
— >1— = .
1—="Ps(k) >1-="Ps(1) =) 4 g @D > 12D > 52(atD) (148)
]
Lemma 6. For any integer N and o > 1/2 and o # 1, we have
al —0o lea' —0
>k =)+ T— +O(N) (149)
k=1

where ( is the Riemann zeta function (defined over the whole complex plane except 1 via analytic
continuation). In addition,

N
d kTl =logN+~y+ON") (150)
k=1
where v = 0.5772156649... is Euler’s constant.
Proof See Corollary 1.15 of [50], or other analytic number theory textbooks. |
Proposition 4. (Large D approximation) We have
N 52 s 52
Ep[L] - > Pu(k) — 5= > PRS- (s
k=1 9 (1 n (i _ 1) eryPS(k)ST) k=N+1
Tk
-0 (Sszl/Qfa(N) n S4n2T2D*1) (152)
where
1 ifa>1
fa(N) =< log N ifa=1 (153)

NO=/2 ifa < 1.

The constant on the O term only depends on .
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Proof From the description of £ in Eq. (129), we have

ad 52 s 52
Ep[L] - > Pu(k) — Y Puk)% (154)
=1 2 (1 + (,i - 1) eQWP.e(k)ST) k=N+1

Tk

N §2
=Y Pu(k) | Ep[Li] - — 5 (155)
k=1 9 (1 + (i _ 1) eznps(k)ST>
Tk
We apply Proposition 3 to give
N N
S? 2062 484> T?Py(k
ST P (k) | EplLe] - — ;| < s<k>< o Lk ”).
k=1 2 (1 + (% - 1) eQWPs(k)ST> k=1 °
(156)

Each of these sum involving P, (k) is bounded as

> Pu(k)? < (Z Ps(k:)> <1 (157)
k=1

k=1
and
N N
D VP(k) <Y kI = O(fo(N)) (158)
k=1 k=1

which follows from Lemma 6. Combining those two gives

N
2,52 S42T2P, (k) N _
P,k =0 (82D~ Y2f,(N)+ S*n*T?D~ 1) . (159
2 U( DR | D ( Ja(N) + 57 ). (59

While Proposition 4 holds for any D, it becomes only meaningful if the resulting error terms are less
than the main term we desire. We will revisit this when the exact main term is found, and determine
the sufficient size of D for error terms to become small enough.

J.3 Estimates for not too small ng

We next discuss the effect of n;. When ng — oo heuristically, then intuitively we have Pg(k) —
E=(@+1) /¢(a + 1). We will discuss the difference between when we regard n, as co and when we
do not.

Proposition 5. The following equations hold:

A~ = Zsk—(a-‘rl) — C(Oé + 1) _ nia n O(ns—a—l) (160)
k=1
B k—oz—l ns_a o
Ps(k) = CES <1+ oo 1)O(ns )) (161)
.- N~ —n;“ .
Ps(k) = 5 1L O(N~ min(a+1,2a) 162
k§+1 (k) al(a+1) ( ) (162)

All implied constants on O only depend on .
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Proof The first statement Eq. (160) follows from substituting ¢ = « + 1 in Lemma 6. As Ps(k) =
Ak~(@+1)the second statement Eq. (161) immediately follows. If we substitute n, = N into
Eq. (160) and calculate differences between them, we obtain

Ns N—a_ ,_a
Y okel= T" +O(N—1), (163)
k=N+1

Thus we have
i Py(k) = A Z p—(atl) M +0 (N*afl + (N7 — n;a)n;a) . (164)
k=N-+1 k=N+1 ag(a +1)

Regardless of the size of ng, We always have

a2 —2a
(N=% = ng)ng® < <N2 ) = N: (165)
so the third statement Eq. (162) follows. |
We go back to the description of total loss given in Eq. (129) as
L 3 3 5
= ’; Ps(k) Ly, + k:zNjH Ps(k) (129)
and we take its expectation in D. Proposition 4 suggests that its limit when D — oo is given as
lim Ep[L 3 k 5 3 k 5 166
Dgnoo D[ ] ’;PS( )2(1+(7"S1>_162nPs(k)ST)2+k;+1PS( ) 2 ( )
k
Denote
4 3 Ps(k 5 167
1 I; s( )2 (1 N (% 1) 1 eQnPS(k)ST>2 ( )
2= 3 P 68
2 gvjﬂn( )5 (168)

We discuss the effect of n, in % and %5, by comparing limit of .} and % when ny; — oo and
their original values.

* For the term %}, the change of letting ng as finite value from ny; — oo has effect of
multiplying T by 1+n,*/(al(a+1)), and multiplying whole £ by 1+n_“/(al(a+1)).
It can be equivalently put as

—Q

L(ns, N, T) = (1 + m + 0(n5a1)> 2 (oo,N,T (1 + ﬁil) + O(nsal))> .

(169)
We always have ngs > N and N — oo eventually, so if dependency of .#; with respect
to T is at most polynomial order, then change of main term of %} is negligible. We can’t
establish exact statements yet without the descriptions of size of L.

* The term %, only depends on N and ng, not on 7. Applying Proposition 5 (especially
Eq. (162)) gives
N—® _—n;o§? ;

Ly(ng, N,T) = ———— = 4 Q(N~min(a+1,20) g2 170

2(77/ ) ) ) CYC(CY+1) 9 + ( ) ( )

When n grows faster than IV then n_“ part is totally negligible, and when n, has same

order as N then n; ¢ affects the constant for main term of .%». Things might get little
complicated when ny = N 4 o(N), where N~% — n_* = o(N~%) can happen then.
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» Comparing size of .2} and .%, mainly depends on time. The term % is fixed, and %}
decreases as T increases. For T' = oo we have £ = 0, s0 % having order N ~% dominates
(this proves scaling law for N of exponent «), so restriction on ns becomes quite substantial.
For small 7" and large N where the size of %5 is small, we can expect the restriction on 74
to be less substantial. For example, in the extreme case N = oo, we have .%5 = 0, and n
does not matter at all (except that, of course, it should satisfy ny > N).

For such reasons, it is hard to quantify exact conditions for n4 such that error terms are controlled,
unless we specify relative growth of (N, T). However, n, = w(N) suffices to assure that setting
ng = oo has zero effect on the main term. We will not worry about n, in this setting anymore too,
and come back to this at the very end to determine enough n.

J.4 Estimating main terms
We assume D = oo and ng = oo — virtually implying that di,/D = Ps(k) and Ps(k) =
k=2=1/¢(a + 1) (calculated by rule of n, = co). We decomposed our main term into

lim lim Ep[f] =% +.% (171)

ng—00 D—oo

where
L =) Pu(k) — > (172)
k=1 9 (1 n (i _ 1) eZnPS(k)ST>
Tk
and
Ly= ) Pulk)5 (173)
E=N+1
By Proposition 5, L9 is determined almost completely as
SQNfa
=————+ON"*). 174
2 2ac(a+ 1) + O( ) (174)
Now focus on .%;. For
52
z) = (175)

3 2
2 <1 + (% - 1) eQnSTZ)

(note: it really depends on 7, so it is correct to write F}, but for convenience we will keep using F'.)
one can express %] as

N
L= Pu(k)F(Ps(k)). (176)
k=1

Lemma 7. Ler F'(z) be defined as Eq. (175).

1. (Estimate for large z) We have
)2 2
0< F(z2) < wmin (1, ‘S;e—‘l"STZ) . (177)
Tk

2. (Estimate for small z) For z > 0, we have

(S —11)? B 8nS3TZ

(S — ’r‘k)2
2 27 '

2

< F(z) < (178)

Proof
1. The left side is obvious. For the right side, F'(z) < (S — 74)?/2 follows from noting that
2 2
F(0) = @ and proving F/(z) < 0, and F(z) < %%eﬁnsn follows from

just replacing 1 + (% - 1) 21577 in the denominator of F' by (% - 1) e2n5T=
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2. For the left side, it suffices to show —F”(z) < #. One can calculate

F'(2) = —28%m,(1 — Ey2pr il (179)
S (14 2 (e205T= — 1))3
and
F'(2) = —48%ru(1 = 5)2P T Gl Uik %e%sfz) (180)
S (14 & (e2n5T= — 1))
so F' has unique inflection point at
1—%—%@2””2:0 N 62nSTZ:% (i_1> (181)

and this point is where —F”(z) obtains maximum. Substituting this to the expression of

F'(z) gives —F'(z2) = 8"§;T.

Our threshold for distinguishing two approximation methods will be set as z = zg = ({(a +
1)nST)~!, where both two error terms are bounded by O(S?). The constant ¢ (a + 1) is set to make
later calculations much easier. Applying Lemma 7 gives

N
L1 =) Po(k)F(Ps(k)) (182)
k=1

)2
_ 3 (S =) 5 e, (k)

1<k<N,Pq(k)<zo

2
+0 | nS°T Z P.(k)? + 52 Z P (k)min <1, 526_4"ST775(’“)>
k

1<k<N,Ps(k)<zo 1<k<N,Ps(k)>zo

(183)
Denote
S —rp)?
M= > %Pg(k) (184)
1<k<N,Ps(k)<zo
& =nS3T > Py(k)? (185)
1<k<N,P,(k)<zo
. 52 nSTP.(k
&=5" Y Pyk)min (17 e 4nSTPs( >> : (186)

1<k<N,P.(k)>z0

Proposition 6. Suppose that there exists 0 < r < /S such that v < 1}, < S/2 for all k. In the
decomposition of

Iim lim ED[[:] =M+ L+ 0(601 + ngg) (187)

ns—00 D—oo

given as above, we have the following bound.
1. If (pST)Y/(@+1) > N, then

SQN—(x

_ 2a7T—a—1
Ly = 20t ¥ D +O(S2N— 1) (188)
M=6E =0 (189)
& = 0 (82 (10g(s/r)™ ) (ysT) =/ *+1) (190)
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2. If (nST)Y/ (et < N, then

Lo+ M =0 |5 > Py(k) | = ©(S%(nsST)~ /et (191)
k>(nST)L/(at1)

& =0 (SQ(WST)*“/ <a+1>) (192)

£ = O (% (log(8/r) "/ (gsT) =2/ (0 D) (193)

Here all constants in O and © terms are absolute with respect ton, S, T, N. (They may depend on
a.)

Proof We first note that the condition Py (k) < 29 = (((a + 1)nST)~! is equivalent to

1
Po(k) < z0=(Cla+1)nST) ™' & k< — & k> STV, (194)

nST
Thus we can rephrase the descriptions of terms as
- (S — Tk-)2
M= Z 5 Ps(k) (195)
(nST)1/ (a+1) <K< N
& =nS°T > P, (k)? (196)
(nST)1/(e+) <k <N
2
& = 52 > P, (k)min <1, 5264’75”’4’“)) . (197)
k<min((nST)1/(=+1),N) "
Applying Proposition 5 easily shows that
SQN—a
L= ———— +O(SEN"*). 198
2T %allatD) ( ) (198)

For .# and &, we will consider them by dividing two cases depending on whether (nST)'/(*+1) >
N or (nST)Y/(e+1) < N. If (pST)"/(@*+D > N, then the condition (nST)'/(**+D) < k < N is
never satisfied, so .# = & = 0. Now suppose (nST)'/(@t1) < N. We first note that

Lo+ M= 3 S-r)p k) + > “p (k) (199)
2 - 2 s 2 s .
(nST)Y/ (e+) <k<N k>N
As (S —r)? = ©(5?%), we can let
Lo+ M =052 > Py (k) (200)

k>(nST)1/(a+1)

and using Proposition 5 gives the desired estimate .% + .# = ©(S?(nST)~*/(®+1). For &,
estimating sum of P,(k)? using Lemma 6 gives

s=o0ns*T Y k2| =0 (52(nST)_C’/(“+1)) . (201)
E>(nST)1/(e+D)
For & we always have
. s2
& < 52 > P, (k)min (1, e 4"ST7’s<k>> (202)
k<(nST)L/(at1)

regardless of the size of N, so it suffices to bound this sum. If we denote [ = (nST)/(“+1) and
define

2
F5(2) = min (17 ie_MSTZ) , (203)
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it suffices to show the bound
> Puk)E2(P (k) = O ((log($/m)*/ ™ (gsT)~e/ (o)) (204)
k<l

We will approximate this sum as

_ B Ps (k)
ngPs(k:)Fg(Ps(k)) = ng(Ps(k:) Py (k + 1))Ps(k P Fy(Ps(k)) (205)
k.—a—l
- ng(Ps(k) —P(k+1)) T D21 T 00T Fy(Ps(k)) (206)
=0 | Y (Pa(k) = Pu(k + 1)) P (k) "/ TV Ey(Py(k)) | - (207)
k<l

to obtain the form of Riemann sum approximation for the integral of
/ VOt By (2)d (208)
z=Ps(1)

at Ps(l) < Ps(l —1) < --- < Ps(1). As Fz(z) is decreasing function, this Riemann sum is always
less than the integral, so we obtain

> " Pu(k)Fa(Ps(k)) = O ( / 2V <a+1>F2(z)dz> . (209)
k<l z=Ps(l)
We note that Ps(l) = ({(a + 1)nST) L. The threshold for F»(z) to become 1 is given at
sz, 1 S
g 4nSTz _ 1 =_—log —. 210
r2 ¢ < 2nST0gr 210)
As 7 < /S, this value is always greater than Ps(1). Thus we can divide our integral as
/ Vet By (2)dz (211)
(C(a+1)nsST)~!
(2nST) " tlog(S/r) &) S2
:/ z /et g, 4 / z_l/(“+1)—26_4"STzdz. (212)
(Ca+1)nST) =1 (20ST) =" log(5/r) "
The first part is bounded by
(2nST) ' log(S/r)
/ Vet = 0 (((QUST)_l log(S/r))a/(aH)) (213)
(C(at+1)nST)~1

which can be shown to be O ((log(S/r))a/(aH)(nST)_O‘/(aH)). For the second part, we apply
substitution of w = 4nSTz to show

oo 2 2 )
/ Z—l/(a+1)ie—4nSTde :i(4nST)—a/(a+l)/ w—l/(a—i—l)e—wdw
(2nST)~1log(S/r) 72 2 2log(S/r)
(214)
S? «a S
=" (4nST) =/ [ —— 2log = 21
5 (4nST) 12l (215)

and applying the asymptotic I'(s, z) = O(x*~te~%) suggests that this is bounded by
S° 1 AN 2log(S 1
< 5 (4nST) "/ (+D <1og r) e 2los(5/m) = O ((nST)*a/<a+ >) . (216)
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Theorem 1. (Parameter scaling law) Assume the following conditions: ng > N with lim(N/ns) =

v < 1 (v can be zero), and there exists 0 < r < /S such that r < Ri(0) < S/2 for all k. If
N, T — oo while satisfying N“t! = o(T), the expected loss Ep|L] for all datasets D of size D

satisfies

52(1 — ,.ya) —a

Epll] = 2al(a+ 1)N

+ 0 (SENT (12 4 52 (10g(s/r))*/ (D (pST) o/ (01

) (SQD‘1/2fa(N) + S4n2T2D‘1> : 217)
where

1 ifa>1
fa(N) =< log N ifa=1 (218)

NO=/2 ifa < 1.

The constant on the O term only depends on . When D > T3, then all the error terms involving D
are negligible.

Proof In the situation n; = oo and D = oo, Proposition 6 shows that
52
2a((a+1)
We consider the effect of n; first. As %) becomes an error term in this estimation, letting n; as a
finite value has no effect on overall estimation. The term %5 accounts for the main term, and letting

ns as finite value changes it to

N=* —p o 52 ;

s B O(N~ m1n(a+1,2a)52 ) 220
af(a+1) 2 +0( ) (220)
This accounts for the factor (1 — 4*) on the main term and O(N~ ™in(e+1,20) §2) added to the
error term. The effect of D is exactly described in Proposition 4, contributing the error term of
O (52D=12f,(N) + §*p*T?D~"). Regarding the sufficient condition for D, if D >> T then we
have

Ep|(] = N—° +o(s2 —(a+1) 4 62 (10g(S/r))*/ (@FD) (ST =/ a+1>). (219)

ST?D™! < T/t S22 f(N) <« TNV < T (221)
so all error terms involving D are less than O(7—</(a+1)), [ |
For the situation 7' = O(N®*1) however, the error terms & and &, are of same size, so we can only
say that the main term is of O(S?(nST)~*/(a+1),

Theorem 2. (Upper bound for the time scaling law) Assume the following conditions: ns > N, and

there exists there exists 0 < r < /S such that r < Ry(0) < S/2 for all k. If N,T — oo while
satisfying nST = O(N“+L), the expected loss Ep|L] is

ED[AC} -0 (32 (log(S/T))a/(a+1) (nST)—oz/(a+1) + SQD_1/2fa(N) + 54772T2D_1) (222)

with constant on O only depending on o and limsup((nST)Y @tV /N), with f. defined as in
Theorem 1. If D > NT? and D > T3, then all the error terms involving D are negligible.

Proof The error term regarding D can be obtained in the same way as Theorem 1, so we will let
D = oo for the rest of the proof. Also, we can let ng = 00, as we observed that it contributes at most
to the constant factor of the upper bound and does not change the scaling.

In the decomposition of Proposition 6, we always have
& = 0 (8* (1og(5/r)™ ) (yST) =/ (@¥1) (223)
and
6 = 0 ($2(nST)~/(*+V) (224)

holding regardless of N, so it only remains to consider .% + .#. If (nST)'/(®*1) < N, then
Ly + M is of size O (S%(nST) =/ e+ If (nST)/(@+D) > N, then N and (nST)'/ @+ has

same order, $0.% + .4 = £, = O(S?N~) is O (S*(nST)~/(>+1)). Thus in either cases we
have the desired bound. ]
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Theorem 3. (Lower bound for the time scaling law) Assume the following conditions: ngy > N and
0 < R(0) < S/2. If N,T — oo while satisfying (8¢ (o + 1)"'nST)Y/(@+1) < N, the expected
loss Ep[L] is

Ep|L] > kS?(nST)~/(e+D) L O (nflsTfl +S82D7Y2f (N) + S4n2T2D*1) (225)

for k and constant on O only depending on o, with f, defined as in Theorem 1. If D > NT? and
D > T3, then all the error terms involving D are negligible.

Proof The error term regarding D can be obtained in the same way as Theorem 1, so we will let
D = oo for the rest of the proof. We only show the lower bound for .#;, holding regardless of N and
ns. In Lemma 7 (Eq. (178)) we have

2 3 2 3
F(o) > & 27"’” - 87757Tz > % - 8"57T (226)
for z > 0, so if 2 < (4nST)~! then F(z) > S%/8 — 252/27 > S2/20. The condi-
tion Py(k) < (4nST)~! is equivalent to that k > (4¢(a 4+ 1)~ 'nST)Y/(@*+D In evaluating
L = SN Po(k)F (P4 (k)), we will only add over k in range of

(4¢(a 4+ 1) STV OFD) <« | < (8¢ (o + 1)~ LnsST) Y/ e+ D), (227)
From the assumption, this interval sits inside 1 < k£ < N. For such k we use upper bound of
F(Ps(k)) > S?/20. Then by using Proposition 5 we can obtain

A > > Py (k) (228)
(4¢(a+1)~1nST)H/ (a4 D) <k < (8¢ (a+1)~1nST)1/ (1)
_S5? ((Clat+ 1) tpST)e/letD)
20 a¢(a+1)

The possible effect of n on the main term is to multiply both the main term by and 7" by (1 4+ n; “),
so it increases the bound. |

(4—a/(o¢+l) _ 8—C¥/(a+1)) +0 ((nST)_1)> . (229)

The condition (8¢(a + 1)~ 'nST)Y/(@+1) < N is not absolutely necessary for lower bound. The
condition (nST)'/(@*1) = ©(N) and n, > 2N would suffice and one can formulate a similar
theorem, although the constant of lower bound might be much smaller if (7ST) 1/(a+1) /N is small.

Lastly, we provide a simpler version of those results combined and discuss the special case where the
optimal compute C' = NT, or the given engineering budget, is specified.
Corollary 3. (Summary of the large data estimation) Assuming D > NT?,T° and ny > N'*¢
such that effects of ns and D are negligible, then for N, T — oo we have

EplL] = 0,5, (max(N—a, 7=/ (a“))) , (230)

where ©,, s, denotes that the implied constant depends on 1, S, a and r = minRy(0) > 0. In
particular, we have

Nt =0(T) = EplL]=0,5.(N"% (231)

and
T =0(N°tY) = EplL]=0,s, (T /D) (232)
Proof Apply Theorem 1 if N®T1 = o(T') and Theorem 2 and Theorem 3 if N®T1 > T. [ |

Corollary 4. (The ‘computationally optimal’ case) Denote C = NT and assume the conditions in
Corollary 3. Then we have

Ep|L] > ¢~/ (233)
When N = ©(CY(@*2) and T = ©(C@+N/(+2)) ype achieve Ep[L] = ©(C~/(2+2), (Its
implied constant may depend on implied constant for growth of N and T'.)

Proof The first part follows from
Ep[L] > max(N %, T~/(aF1) (234)
and
maX(Nia, Tfa/(a+1)) > (Nfoz)l/(a+2) (Tfa/(a+1))(a+1)/(a+2) _ (NT)fa/(a+2). (235)

The second part can be checked by substituting (N,7) = (C'/(a+2) Clat1)/(e+2)) (or their
constant multiples) to Corollary 3. ]
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J.5 Computing the constant for time scaling law

While we have found the time scaling law E[£] = O(T~*/(>*1) holding for T = O(N°*!),
bounds in Theorem 2 and Theorem 3 were chosen rather lazily and do not depict the correct picture.
We will find the constant using a more refined estimation, but we require additional assumptions
on parameters. We will focus on the setting where D and n, are large enough to be negligible,
Ri(0) = ris fixed, and T = O(N**1) with fixed constant such that time scaling law holds.

Theorem 4. (Constant for time scaling law) Denote L* as the loss when D,ns — oo so that their

effect is negligible:
N
SQ SQN—(x
L% =LX(T,N) = _Pu(k) + (236)
k=1 2 (1 +(E-1)7" 62ﬂ7’.<(’€)ST) 2a((a +1)
When T’y N — oo and lim N/(UST)l/(a‘H) — X for a fixed constant \ € (0, 00), the following limit
exists:
.A()\) = lim (nST)a/(a+1)£0° (T7 N) (237)
T,N—o0

The prefactor constant A as the a function of \ (when \ = oo then let \=® = \~(@+1) = 0) js

—1/(a+1) 2
AN = clatl) / w O VSg (u)du + Sixa, (238)
a+l A—(@+D) /¢ (a+1) 2a¢(a+ 1)
where
52
Do, (u) = - 5 (239)
2(1+ (E-1)"ex)
Proof We first observe
S2N—@
ZP )5, (NSTP,(k)) + ——. (240)

a(a+1)

We will seek to convert it into Riemann sum form of certain integral. We start by noting that

Ps(k) = (Ps(k) — Ps(k + 1)) ——(1+ O(k™")) (241)

a+1

o /(at1)
. +a1)+11 L Puk) = Pull+ DYP ) V(1 4 O )) (242)

Denote uy, = n.STP,(k), then the sum can be approximated to

ZP )P s (nSTPs(k)) (243)
~Z k+1)Pa(k) " @D g (nSTP, (k) (244)
:(nST)*a/W“) S (ur = wnrn)ug TV @ (ur) (245)

k

if we ignore small k. As ®g . is decreasing, this corresponds to Riemann sum taking minimum in the

interval [ug41, uk]. So integral provides an upper bound for this sum. Similarly, we can approximate

it with Riemann sum taking maximum in [ug, ug_1] if we use

(la+ 1) /e4)
a+1

Pu(k) = (Ps(k — 1) = Po(k))Ps(k — 1)~V + O(K™"))  (246)

instead. As ®g , shows exponential decay, we can ignore values at small &, so this shows

(nST)~ a/<a+1>zuk—uk+1) Vg (uy) ~ / w VNS (u)du  (247)
uN
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and from that

uy =nSTN~@H(a4+1)" =A@ (a+ 1)1 (248)
we obtain our desired result. ]
Theorem 4 basically tells that for N = \(nST)'/(®*+1) and D, n, large enough, we have

L~ AN (nST)~/(e+D) (249)

with A(\) given as Eq. (238), thus specifying the constant for time scaling law. For finite A, this
theorem covers the computationally optimal case of (N, T) = (A, C/(@+2) \,C(e+1)/(e+2)) for
some nonzero constant A1, A2. For A = oo, it describes the case T = o( N**1) where effect of NV is
negligible.

Corollary 5. Denote L> as L as the loss when D,ns — oo same as Eq. (236). Denote C = NT
and suppose that

(N, 7ST) = (A(nSC)/ 2 A~ (s C) et D/ (a2 (250)
for a fixed constant 0 < A < oco. Then as C — oo, we have
£ = A (NEF/ (D) jollet) (5) =/ (1 4 o(1)) (251)

where A is given as Eq. (238) of Theorem 4.

Proof Aslim N/(nST)'/(e+1) = \(@+2)/(e+1) ynder above conditions, we can apply Theorem 4
and substituting Eq. (250) into Eq. (249) gives the desired result. |

Technically we can optimize £°° for a given fixed value of C' = NT by letting A as argument of
minimum of A (A(@F2)/(e+1)) \=a/(e+1) ‘although it seems almost impossible to obtain any form
of formula for such A.

Lastly, we provide the following estimate for the time scale constant (A(\)) when r is small,
especially the first term in Eq. (238).

Proposition 7. As r — 0, we have (A > 0 fixed)

00 S — a/(a+1) 91/(a+1) g2 1
/ w VDG (w)du ~ <1og 7") (@+1) (252)
A T 40z
Proof Denote M = (% — 1), and replace u by (log M )v. Then we have
oo 2 poo —1/(a+1)
/ u_l/(o‘+1)<1’s,7-(u)du = (log M)a/(a—’-l)s; / . dv2 (253)
A 2 Jajrognr (1 + M2v-1)
S2 o 7]71/(04+1)dv
= (log M a/<a+1>f/ Los A/ log M ———————. (254)
(log M) 2 J >A/1 gM(l n M2“—1)2
As M — oo, the integrand converges to
v~/ (@t gy /et if g < 1/2
li 1, _— = - 255
Moo VA log M (1+ M2v-1)? {0 ifv>1/2. (259)

The integrand is bounded by v~ /(@+1) if y < 1/2 and v=1/(@+e=2(2v=1) if 4y > 1/2, those of
which are all integrable. So we can apply Lebesgue’s dominated convergence theorem to show

) o0 v~/ (@t gy < v~ /@t gy
lim ﬁ = / lim 1,021\/ logMﬁ (256)
M=oo Jp/10g M (1 + M2v—1) 0 \M-oo (14 M2v-1)

1/2
= / vVt gy (257)
0

Thus we have

. —a/(a+l)  roo 2 pl/2
lim <10g 5 ’”) / w Ve (u)du = S v Vet gy (258)
r—0 r A ’ 2 0
91/(a+1) g2 1
_ S%(a+1) (259)
da
which can be observed to be equivalent to the desired expression of Eq. (252). |
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J.6 Estimates for large 7" and threshold between data/parameter scaling

The estimates for small D require different techniques from estimates for large D. We will consider
the situation 7' grows much faster than D and N, and discuss when data scaling law of £ =
O(D~/(@*+1) happens. We will consider a simpler setting of *ny = 00’ or equivalently that effects
of ng are negligible (ns = w(N) seems to suffice) and Ry (0) = r < S is fixed, although it won’t be
impossible to discuss their subtle effects.

First we single out effect of T' by comparing £(T") and £(c0). We remind

2
L(T) = 5 @7

2 (1 +(E-1)7" e2ndkST/D)2

and its limit when T" — oo is given as

. B if gy =
Ly(o0) = lim Ly(T) = {O 2 ;f d: N 8 (260)

Proposition 8. Suppose that Ry, (0) = r < S is fixed. For large T, we have
Ep[L(T)] — Ep|L(c0)] = O (S4r_2De_4"ST/D) . (261)

Proof As L;(T) is decreasing in T', we always have L;(T") > L, (c0) so therefore
Ep[L(T)] — Ep[L(c0)] = 0. (262)

So we only need to establish an upper bound for L (T) — L (c0). We note that Ly (T') — L (c0)
when d;. = 0, so one can write

ﬁk(T) — ,Ck(oo) = ldk>0£k(T) (263)

where 14, o denotes the characteristic function

1 ifdy >0
1 = 264
=0 {0 if dj, = 0. (264)
We use simple bound of
52 Ch

Li(T) < < SopT2em4ndkST/D, (265)

2((3 -y )’ 2
As dj, follows binomial distribution B(D, Ps(k)), considering its moment generating function gives
Eq, [e™15T/P] = (1= Py (k) + Py (k) 157/7) ’ (266)
so thus
Eq, [Lg,s o 4145T/P) = (1 — (k) + rps(k)674nST/D)D —(1- Py (k). (267)
Meanwhile, for 0 < u, v < 1 real numbers, we have

juP —vP| = ju —v|[uP ! +uP 20 4 - 40P < Dju — v (268)

so0, applying this inequality to above gives

Eq, [la,0e"5T/P] < DP,(k)e 4157/ P. (269)
Thus, we can deduce
Eg, [Lx(T)] — Eqa, [L1(00)] = Ea, [La, >0 Lx(T)] (270)
4,.—2
< 5 ; Eq, [1a,>oe 11deST/D] (271)
4,.,—2
< S%De“‘"ST/DPS(k) (272)
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and thus
547,.72 o)
0 <Ep[L(T)] — Epl[L(x)] < TD(;‘WST/D Zps(k)2 -0 (S4T72D€74nST/D) .
k=1

(273)
]

This provides an almost complete account for the effect of very large T'. We will let T' = oo from
this point. We have

(S —7)? ¢ b, S
Ep[L(c0)] = =~ Y Pu(k)(1 = Pu(k))” + 5 D Pulk). (274)
k=1 k=N+1
Applying Lemma 6 gives
o0 N_a
Py(k) = ———~ + O(N" 71 275
gNjﬂ ) = e FOW ™™ (275)

so it suffices to focus on the first sum. We will divide the range of k into two 1 < k < M and
M < k < N. For the sumover 1 < k < M, we will apply the following simple bound (in the last
part, weused 1 —x < e™ %)

M
0< > Pu(k)(1 = Po(k)” < (1= Po(M))P < e 7DD, (276)
k=1
For the sum over M < k < N, we will approximate the sum into some integral, which happens to be

incomplete gamma function.
Proposition 9. For 2 < M < N integers, we have

N
Y Pulk)(1—Py(k)” @77
k=M+1
~1/(ort1)
_ —a/(a+1) C(a + 1) ! @ _ L
D i T\ 557 PP(N) ) =T o DPo(M) (278)
L0 (D—<2a+1)/<a+1> n D—a/<a+1)M—1) . (279)

Here T denotes the incomplete gamma function
I'(s,x) = / y* e Vdy. (280)

Proof Consider the interval [Ps(N), Ps(M)] and its partition & = {Ps(N) < Ps(N —1) < -+ <
P,(M)}. For a function f(z) = =/ (@+1 (1 — )P, we will consider its upper and lower Darboux
sums with respect to P. As f is decreasing in (0, 1], its upper and lower Darboux sums are given
respectively as

=2

U(f,2) = (Ps(k) = Ps(k+1))Ps(k+ 1)~/ D1 — Pk +1))P  (281)
k=M
N—-1

L(f,2) =Y (Ps(k) — Ps(k + 1)) Py (k)= @D (1 — Py (k). (282)
k=M

and those give bound of the integral of f as

Ps (M)
L(f, ?) < / f(@)dz < U(f, 2). (283)
P(N)
Meanwhile, by noting that
~1/(a+1)
Py = SoF D (Pu(k) — Palk + 1))Ps (k)1 @+D (1 4 O(k—1)) (284)

a—+1
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one can show

N
> Puk)(1 - Ps(k))” (285)
k=M
(a1t - ~1/(a+1) D -1
= P k;/[(PS(k) — Ps(k +1))Ps(k) (1=Ps(k)" | A+ O0(M™7))
(286)
7<(OL+ 1)71/(044*1) 4
=~ L, )1+ O ). (287)
Applying a similar argument for upper Darboux sum gives
N ~1/(a+1)
S Pk - Pk = Dy a0 ) sy
k=M a+l
and from Eq. (283) it follows
N —1/(a+1) Ps(M)
Z rps(k)(l_rp (k))D _ C(Oé + 1) </ x—l/((x-‘rl)(l . x)Ddx> (1+O(M—1))
k=M atl Pu(N)

From now we will estimate the integral
Ps(M)
[
We replace x = y/D in the integral inside, then it becomes

Ps (M)
J.

(N)

—1/(a+1) (1 o x)Ddx

We want to approximate (1 —

Dlog(1—y/D) = —y — ka :

so if D > 2y then

o0

YT D kD2 T YT D 2 a2y

k=2
- y2 —y —y?
y(l—)<eyey/D (1

—y > Dlog(1 —y/D) =

SO

D
) -y
)

where we used the inequality 1 — z < e™*. As P,(M
(Ps(1) +Ps(2))/2 < 1/2), anyymthemterval [DPs(N), DPs(M
apply this approximation in every y. It follows that

DP, (M) D
—1/(a+1) (1 _ ﬂ)
/D’PS(N) Y p) ¥
DPs(M) DPs(M)
T e vo
DP,(N) DP,(N)
DP.(M)
/DP.(N)

=T D -T D D).
(55 0P =1 (S5 0P.0n ) + 00
Combining this with Eq. (289) and Eq. (291) gives the desired result.

DPs(M)
V@ (1 _ )Py = Dfa/(oz%»l)/ 1/ (@) (1 B
DP,(N)

1/(a+1) y2
—1/(a+ —vZ_ 4
Y € D Y

0

(289)

(290)

Y D
5) dy.  (291)

D , . . .
%) by e™¥, so we will estimate difference between them. We have

(292)

_ .

=v— 75 (293)
(294)

) < 1/2if M > 2 (obvious from P, (M) <
)] satisfies D > 2y. So, we can

(295)

(296)

(297)

(298)

We combine Proposition 8 and Proposition 9 together to obtain this final estimation result.
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Theorem 5. (Scaling laws for large time estimation) Suppose that N, D — oo and ng > N'7€ for
some € > 0 so that effect of ns is negligible. Suppose that Ry (0) = r forall1 < k < N.

1. (Parameter scaling law) If N = o(D/(®*1)), then we have

S2
E~L] = N—@ 2D—(x/(a+1) 2N—o¢—1 4 —2D —4nST /D )
ol = 5T +0(S +5 + 5% 2De )
(299)
2. (Data scaling law) If D = O(N°*1) and p = lim(D /N*+1) exists (it can be zero), then
Bp(£] = -/t ) (S — 7“)2C(04 + 1)—1/(a+1) a D SQ(D/Na+1)a/(oc+1)
P 2(a+ 1) a+ 1 Netif(a+1) 20 (a+ 1)
+0 (SQD—(2a+1)/(2a+2) + S4r—2De—4nST/D) (300)
Here I denotes the incomplete gamma function
[ (s,z) = / y e Vdy. (301)
In particular, if D = o( N®*1) such that 1 = 0, we have
_ S —7)2C(a+ 1)71/(0‘*1) «a
Ep[c] = Do/ r 1+o(1
pl£] 2(a+1) a+1 (1+o(1)
+0 (S‘*sze*‘“’ST/ D) . (302)

In either case, T > D(log D)'™< for some € > 0 implies that error terms involving T are negligible.

Proof Proposition 8 states

Ep|L(T)] — Ep|L(c0)] = O (54r*2De*4"ST/D) 261)

and we showed
Evicioo) = S S - mw? S S mw) @74

D - 9 s s 2 s
k=1 k=N+1
and
S N—o

s(k) = —— + O(N— 1), 275
k§+l7>() et TONTT (275)

For the sum of P, (k)(1 — Ps(k))P over 1 < k < N, we use the estimate (see Eq. (276)) of

M
> PR (1 = Pu(k))” = O (e7P-00P) (303)
k=1

and the estimate of Proposition 9. Combining all those gives

Ep|[L] (304)
SQN—a
“2al(a+1) (09
_ S —r)2¢(a+ 1)Vt o a
p-o/ta+n r DPs(N) ) —T [ ——, DPy(M
* 2(a+1) a+1’ Ps(N) a+1’ P (M)
(306)
10 (SQ(D—(2a+1)/(a+l) 4+ De/lat) =1 4 na-1 e—PS(JVI)D) 4 S4T—28—4nST/D> .
(307)

We will prove our main statement by choosing appropriate M/ depending on size comparison between
D and N.
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1. If N = o(D'/(@*1)), then we let M = 3, and also regard all incomplete gamma function
values as O(1). Then it follows

SZN—«
- 2a(a+ 1)
and thus obtaining the parameter scaling law.
2. Suppose D = O(N**1) and p = lim(D/N2*1) exists. We want

_ —1/(a+1) 2 AT—
—a/(a+1) (S T)QC(Q+1) 1 o SN
D et D Mo PPM™) + socasy 9

to be our main term, and set M/ < N such that the term

Ep[L] +0 ($2D /4y g2N Tl g gl =2 STID ) (308)

2 y—a/(a+1) o
S°D F<a+1,DPS(M)> (310)

and error terms not depending on 7" given as
0 (52(D—(2a+1)/(a+1) 4+ pa/let) pr—1 4 a1 g e—PAM)D)) G11)

are all bounded by O(D~(e+1/(2a42)y = Get M = DV(22+2) Then P,(M) =
D=1/2/¢(a + 1), so applying the asymptotic T'(s, z) = O(z*~'e~*) gives

T (-2 DP,(M) :0(D*1/2<a+1>e*@/<<a+1>). (312)
a+1’
This term and e P-(MD  —  =VD/C(a+1) are less than D—o/(e+Dp—1  —

O(D~(@a+1)/(22+2)) "and obviously D~ (2¢+1)/(a+1) js Jess than D~ (22 +1)/(2a+2) Thys
it follows that

_ )2 1 —1/(a+1) D 2N«
Ep[L] = D~o/(at) (S=r)latl) - ) 1 >
2(a+1) a+1 Netld(a+1) 2a(a+1)
+0 (S2D—(2a+1)/(2a+2) + S4r—2De—4nST/D) ] (313)

Regarding the final statement regarding sufficient condition for large T, 7' > D(log D)'*¢ implies
De~11ST/D < pe=inStog D)™ . p-inSlos D) =K (314)

for any K > 0, showing that the error term O (S*r~2De~4757/P) is negligible compared to all
other error terms of Eq. (299) and Eq. (300). |

We also provide a summary of all large time estimation results.

Corollary 6. (Summary of large time estimation) Assuming T >> D(log D)'™¢ and n, > N1*¢
such that effects of ns and T are negligible, and R, (0) = r forall 1 < k < N. Then for D, N — oo,

we have
Ep|L] = 0,5, (maX(N_a, D—a/<a+1>)) , (315)
where ©,, g, denotes that the implied constant depends on 1, S, r and o. In particular, we have
N1 =0(D) = EplL] = 6,5, (N ") (316)
and
D=O0O(N*T) = Ep[L]=0,s, (D /D) (317)
Proof Just summarize the results of Theorem 5. |
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K Methods

In this section, we present the methods used in our experiments.

K.1 2-layer MLP

We trained a 2-layer fully connected neural network (MLP) with ReLU activations. All parameters
of the MLP were initialized with a Gaussian distribution with a standard deviation of 0.001. The
input dimension of the model was n; + n, = 5 + 32 where 7 is the length of control bits (number
of skills) and ny is the length of the skill bits. Each skill has m = 3 mutually exclusive sparse bits
that are used to express the skill function. The target scale was S = 5. The model was trained with
SGD without momentum and no weight decay (the exception is the parameter emergence experiment
where Adam with learning rate 0.001 and weight decay of 5 x 10~ was used to escape the local
minima).® For the data emergence experiment, the learning rate was halved every 50, 000 step.

The skill strength R (T") (Eq. (7)) was measured using 20, 000 i.i.d samples from the k4" skill.” For
the time emergence, the skill strengths were measured every 50 steps, while for other experiments,
they were measured after training. To mimic the infinite parameter N — oo, we used the model of
width 1000 (for the hidden layer). To mimic the infinite time T' — oo, we trained for 5 x 10° steps
(3 x 10% steps for time emergence) where each step had the batch size of 4000 (2000 for the data
emergence experiment). To mimic D — oo, we sampled new data points for every batch. The details
are given in the following table.

Name Values
width 1000
learning rate 0.05
initialization standard deviation 0.01
activation ReLLU
batch size 4000
steps 500,000
target scale 5
number of skill bits 32
number of skills 5

K.2 Transformer

This section outlines the transformer architecture used in Fig. 4. Data is encoded as for the 2-layer
MLP, but with one-hot positional encoding appended to the data. We use a basic decoder transformer
with 1 block, an initial embedding layer with output dimension 512, and a final linear layer. For the
attention mechanism, we used 4 attention heads. For non-linearity, we used ReLU. A batch size of
5000 was used with a target scale S = 1 and default Pytorch initialization. The model was trained
with SGD with a learning rate of 5 x 10~5, weight decay of 10~°, and momentum with 8 = 0.9. At
every 100 steps, the skill strength Ry (T) (Eq. (7)) was measured using 20, 000 i.i.d samples from
the k" skill.

K.3 Measurement of skill strength

The skill strength Ry, is a simple linear correlation between the learned function f — function
expressed by NN — and gy, for P, given I = k. We approximate the expectation over X by taking the
mean over 20, 000 i.i.d samples from P, for the k" skill:

20000
1

Riy = Ex[f(k, X)gi(k, X)) % 5ooes > f(k 29 gi(k, 27, (318)
j=1

SWe are free to choose any optimizer as long as it preserves the order in which the skills are learned.
Additionally, the parameter emergence experiment uses infinite data; we expect the same solution for Adam and
SGD.

"Note that except the data scaling law experiment, the training set size is infinite.
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where the notation (/) denotes the j** sample.

K.4 Details of the scaling law experiment

For the loss of the model (solid lines) in Fig. 2, we used the analytic equation for the model (Eq. (12))
under suitable assumptions such as sufficiently large n; (Table 2). For the scaling laws (dotted lines)
in Fig. 2, we used the exponents from Appendix E or Appendix J and the prefactor constants from
Theorem 4 (time scaling law), Theorem 5 (data scaling law), and Theorem 1 (parameter scaling law).
For the hyperparameters of the simulation, we used n, = 10° such that n, is large compared to other
resources; S = 1 and R (0) = 0.01 such that S — Ry (0) ~ S; and np = 1.

Time scaling law. The total loss as a function of 7" for D, N — oo (Fig. 2(a), solid) is

2 Ms 1

2 -1 2’
k=1 (1 4 (Rf(o) _ 1) 627]'P5(k)ST)

which follows by taking D — oo and N = ng on Eq. (12). The scaling law (Fig. 2(a), dotted) is

(319)

L= ApT—o/(etD) (320)

where the exponent is derived in Appendix E.1 or Theorems 2 and 3. The prefactor constant is

52 C(a+1)71/(a+1) S w1/ (a+1)
At - — / ) D)
0 (1 4 (% _ 1) eQu)

d 321
2 (o + 1)(nS)o/@+D) u (321)

which we obtained by taking D — oo on Eq. (238).

Data scaling law. The total loss as a function of D when N, T — oo (Fig. 2(b), solid) is

52 &=

5 2 (1= Pu(k)” Pulk), (322)

k=1

which follows from Eq. (58). The scaling law (Fig. 2(b), dotted) is

Ep [£]

L= ApD~®/(at1) (323)

where the exponent follows from Appendix E.2 or Theorem 5. The prefactor constant is

S? ((a + 1)~ (a+D) a
=2 r 24
Ap 2 a+1 (a+1> (324)

which we obtained by taking N — oo in Eq. (302).

Parameter scaling law. The total loss as a function of N when 7', D — oo (Fig. 2(c), solid) is

ng

52
L= > Pu(k), (325)

k=N+1

which follows from taking 7', D — oo on Eq. (12). The scaling law (Fig. 2(c), dotted) is

L=AyN"%, (326)
where the exponent follows from Theorem 1. The prefactor constant is
S2
Av =3 (327)

which we obtained by taking D, T — oo, N/n, — 0, and ((a + 1) =~ a~! in Eq. (217).
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Compute scaling law. The total loss as a function of 7" and N for D — oo (Fig. 3, solid) is
S2 N 1 Ns
£L=2"N"P,(k) s+ Y Puk), (328)

2 -1
k= s , k=
1 (1 n (Rk(O) _ 1) ezna(k)ST) N+1
which follows by taking D — oo in Eq. (12). In Fig. 3, we plotted for N €

{10, 20, 50, 70, 100, 200, 500, 700, 1000, 2000, 5000, 10000} and T" € [1, 1000] as examples of dif-
ferent tradeoff between 1" and N for fixed C.

The scaling law (Fig. 3, dotted) is

L=AC /et (329)

where the exponent is derived in Appendix E.4 or Corollary 4. Using Corollary 5, the prefactor
constant is
A=A ( A<a+2>/<a+1>> yo/ (1) (pg)y=e/ (@ +2) (330)

where A : R — R is defined in Eq. (238). We used the minimum value of A, for A € (0, oo].

K.5 Estimates of the compute use

On CPU, our emergence experiments on the 2-layer MLP (Fig. 1) take 2 ~ 5 hours for a single run
of time emergence experiments and 20 ~ 40 hours for a single run of other experiments depending
on the CPU. All experiments were repeated 10 times (except for parameter emergence where we
repeated the experiment 50 times). Each experiment requires memory of at most 5GB. The CPU
cluster in which we experimented contained the following CPUs: Intel(R) Core(TM) i5-7500, i7-
9700K, i7-8700; and Intel(R) Xeon(R) Silver 4214R, Gold 5220R, Silver 4310, Gold 6226R, E5-2650
v2, E5-2660 v3, E5-2640 v4, Gold 5120, Gold 6132. The transformer experiment (Fig. 4) takes
48 ~ 72 hours for each run; we used an RTX4090 with 24GB RAM, with 1 CPU from the list above.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims in the abstract and introduction accurately reflect the paper’s
contributions, as evidenced by the contribution list in the introduction section, which
references the sections presenting each result.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses the limitations of the multilinear model in Section 5.5
and the general limitations regarding the assumptions about the framework in Section 6
(Discussion and Conclusion). These sections address the robustness of the results and the
scope of the claims made.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results are accompanied by intuitive explanations in the main
text, with detailed derivations (Appendices C and E) and rigorous proofs (Appendix J) in
the supplemental material. In addition, an alternative derivation of the scaling laws via
stage-like training is given in Appendix D.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided details — architecture, initialization, learning setup, and
measurements — of our experiments in Appendix K including the details of NN for emergence
experiment (Fig. 1) in Appendix K.1, the details of scaling law experiment (Figs. 2 and 3) in
Appendix K .4, the details of the transformer experiment (Fig. 4) in Appendix K.2.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide a link to our source code in the main text.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We specify the details in Appendix K.1 (2-layer NN) and Fig. 4 (transformer).
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Yes, all our figures in the main text, which are not simulations (Figs. 1 and 4),
have 1-standard deviation error bars.

Guidelines:

* The answer NA means that the paper does not include experiments.
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8.

10.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide the compute resource details in Appendix K.5.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in this paper adheres to the principles outlined in the
NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
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Justification: This research aims to deepen the fundamental understanding of emergence
phenomena and scaling laws in deep learning. As our theoretical and empirical investigations
are conducted in a carefully controlled, idealized environment, we do not anticipate any
immediate societal consequences arising directly from the findings of this particular study.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The research presented in this paper does not involve the release of data or
models that pose a risk for misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use any existing assets from other sources.
Guidelines:

* The answer NA means that the paper does not use existing assets.
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* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This paper does not involve any crowdsourcing experiments or research with
human subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: No IRB approvals or equivalent reviews were required.
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Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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