Lookback Prophet Inequalities

Ziyad Benomar Dorian Baudry
ENSAE, Ecole Polytechnique, Department of Statistics,
FairPlay joint team University of Oxford
ziyad.benomar@ensae.fr dorian.baudry@ox.ac.uk

Vianney Perchet
CREST, ENSAE, Criteo AI LAB
Fairplay joint team
vianney.perchet@normalesup.org

Abstract

Prophet inequalities are fundamental optimal stopping problems, where a decision-
maker observes sequentially items with values sampled independently from known
distributions, and must decide at each new observation to either stop and gain the
current value or reject it irrevocably and move to the next step. This model is
often too pessimistic and does not adequately represent real-world online selection
processes. Potentially, rejected items can be revisited and a fraction of their value
can be recovered. To analyze this problem, we consider general decay functions
Dy, Ds, ..., quantifying the value to be recovered from a rejected item, depending
on how far it has been observed in the past. We analyze how lookback improves, or
not, the competitive ratio in prophet inequalities in different order models. We show
that, under mild monotonicity assumptions on the decay functions, the problem
can be reduced to the case where all the decay functions are equal to the same
function x — vy, where v = inf,~¢ inf;>1 D;(z)/z. Consequently, we focus on
this setting and refine the analyses of the competitive ratios, with upper and lower
bounds expressed as increasing functions of +.

1 Introduction

Optimal stopping problems constitute a classical paradigm of decision-making under uncertainty
[Dynkin, [1963]] Typically, in online algorithms, these problems are formalized as variations of the
secretary problem [Lindleyl |1961]] or the prophet inequality [Krengel and Sucheston [1977]. In the
context of the prophet inequality, the decision-maker observes a finite sequence of items, each having
a value drawn independently from a known probability distribution. Upon encountering a new item,
the decision-maker faces the choice of either accepting it and concluding the selection process or
irreversibly rejecting it, with the objective of maximizing the value of the selected item. However,
while the prophet inequality problem is already used in scenarios such as posted-price mechanism
design [Hajiaghayi et al.,[2007]] or online auctions [Syrgkanis} 2017, it might present a pessimistic
model of real-world online selection problems. Indeed, it is in general possible in practice to revisit
previously rejected items and potentially recover them or at least recover a fraction of their value.

Consider for instance an individual navigating a city in search of a restaurant. When encountering
one, they have the choice to stop and dine at this place, continue their search, or revisit a previously
passed option, incurring a utility cost that is proportional to the distance of backtracking. In another
example drawn from the real estate market, homeowners receive offers from potential buyers. The
decision to accept or reject an offer can be revisited later, although buyer interest may have changed,
resulting in a potentially lower offer or even a lack of interest. Lastly, in the financial domain, an
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agent may choose to sell an asset at its current price or opt for a lookback put option, allowing them
to sell at the asset’s highest price over a specified future period. To make a meaningful comparison
between the two, one must account for factors such as discounting (time value of money) and the
cost of the option.

1.1 Formal problem and notation

To encompass diverse scenarios, we propose a general way to quantify the cost incurred by the
decision-maker for retrieving a previously rejected value.

Definition 1.1 (Decay functions). Let D = (D1, Da, . ..) be a sequence of non-negative functions
defined on [0, 00). It is a sequence of decay functions if

(i) Dy(z) < xforallx >0,
(ii) the sequence (Dj(x));>1 is non-increasing for all x > 0,
(iii) the function D; is non-decreasing for all j > 1.

In the context of decay functions D, if a value x is rejected, the algorithm can recover D; (x) after j
subsequent steps. The three conditions defining decay functions serve as fundamental prerequisites
for the problem. The first and second conditions ensure that the recoverable value of a rejected item
can only diminish over time, while the final condition implies that an increase in the observed value z
corresponds to an increase in the potential recovered value. Although the non-negativity of the decay
functions is non-essential, we retain it for convenience, as we can easily revert to this assumption by
considering that the algorithm has a reward of zero by not selecting any item.

The motivating examples that we introduced can be modeled respectively with decay functions
of the form D;(xz) = x — ¢; where (c;);>1 is a non-decreasing positive sequence, D;(z) = &z
with &; ~ B(p;) and (p;);>1 a non-increasing sequence of probabilities, and D;(z) = Mz with
A € [0,1]. In one of these examples (housing market), the natural model is to use random decay
functions: the buyer makes the same offer if they are still interested, and offers O otherwise. Definition
[I.T)can be easily extended to consider this case. However, to enhance the clarity of the presentation,
we only discuss the deterministic case in the rest of the paper. In Appendix [D} we explain how all the
proofs and theorems can be generalized to that case.

The D-prophet inequality. For any decay functions D, we define the D-prophet inequality problem,
where the decision maker, knowing D, observes sequentially the values X1, ..., X,,, with X; drawn
from a known distribution F; for all ¢ € [n]. If they decide to stop at some step 7, then instead of
gaining X, as in the classical prophet inequality, they can choose to select the current item X and
have its full value, or select any item X; with ¢+ < 7 among the rejected ones but only recover a
fraction D,_;(X;) < X, of its value. Therefore, if an algorithm ALG stops at step 7 its reward is

ALGP(X1,...,X,) = max{X,, D1(X;_1), Da(Xs_2), ..., Dr_1(X1)}
= dnax {Di(X;—i)}

with the convention Dy (x) = x. If the algorithm does not stop at any step before n, then its reward is
ALG” (X1,...,X,) = max <i<n{Di(Xr(n—i+1))}, which corresponds to 7 = n + 1.

Remark 1.1. As in the standard prophet inequality, an algorithm is defined by its stopping time, i.e.,
the rule set to decide whether to stop or not. Hence, if D and D’ are two different sequences of decay
functions, any algorithm for the D-prophet inequality, although its stopping time might depend on the
particular sequence of functions D, is also an algorithm for the D’-prophet inequality. Consider for
example an algorithm ALG with stopping time T(D) that depends on D. Its reward in the D’-prophet

inequality is ALGP (X1, ..., X,,) = maxo<i<r 1 {D}(Xrp)_i)}-

Observation order. Several variants of the prophet inequality problem have been studied, depending
on the order of observations. The standard model is the adversarial (or fixed) order: The instance
of the distributions F1, ..., F}, is chosen by an adversary, and the algorithm observes the samples
Xy ~ Fi,...,X, ~ F, in this order [Krengel and Sucheston, |1977, [1978|. In the random order
model, the adversary can again choose the distributions, but the algorithm observes the samples in a
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uniformly random order. Another setting in which the observation order is no longer important is the
IID model [Hill and Kertz, |1982} |(Correa et al., 202 1b], where all the values are sampled independently
from the same distribution F'. The D-prophet inequality is well-defined in each of these different
order models: if the items are observed in the order X (1), ..., Xy (,) with 7 a permutation of [n],

then the reward of the algorithm is ALGD(Xl, oy X)) = maxg<i<r—1{Di(Xr(r—i))}. In this
paper, we study the D-prophet inequality in the three models we presented, providing lower and
upper bounds in each of them.

Competitive ratio. In the D-prophet inequality, an input instance [ is a finite sequence of probability

distributions (Fy, .. ., F,). Thus, for any instance I, we denote by E[ALG” (I)] the expected reward
of ALG given I as input, and we denote by E[OPT(I)] the expected maximum of independent
random variables (X;);c[n], Where X; ~ F;. With these notations, we define the competitive ratio,
which will be used to measure the quality of the algorithms.

Definition 1.2 (Competitive ratio). Let D be a sequence of decay functions and ALG an algorithm.
We define the competitive ratio of ALG by

. E[ALG"(I)]
CR"(ALG) = inf B[OPT(I)]

with the infimum taken over the tuples of all sizes of non-negative distributions with finite expectation.

An algorithm is said to be a-competitive if its competitive ratio is at least «r, which means that for
any possible instance I, the algorithm guarantees a reward of at least oE[OPT(I)]. The notion
of competitive ratio is used more broadly in competitive analysis as a metric to evaluate online
algorithms [Borodin and EI-Yaniv, [2005]].

1.2 Contributions

It is trivial that non-zero decay functions D guarantee a better reward compared to the classical
prophet inequality. However, in general, this is not sufficient to conclude that the standard upper
bounds or the competitive ratio of a given algorithm can be improved. Hence, a first key question is:
what condition on D is necessary to surpass the conventional upper bounds of the classical prophet
inequality? Surprisingly, the answer hinges solely on the constant yp, defined as follows,

yp = inf inf {Dj(m)} . (H

z>0;5>1 x

In the adversarial order model, we demonstrate that the optimal competitive ratio achievable in the
D-prophet inequality is determined by the parameter vp alone. Additionally, in both the random
order and IID models, we demonstrate the essential requirement of yp > 0 for breaking the upper
bounds of the classical prophet inequality. In particular, this implies that no improvement can be
made with decay functions of the form D;(x) = z —c; with ¢; > 0, or Dj(z) = Mz with A € [0, 1).
Subsequently, we develop algorithms and provide upper bounds in the D-prophet inequality, uniquely
dependent on the parameter yp. We illustrate them in Figure[T} comparing them with the identity
function ~ +— =y, which is a trivial lower bound.

1.3 Related work

Prophet inequalities. The first prophet inequality was proven by Krengel and Sucheston [Krengel
and Sucheston, |1977,[1978] in the setting where the items are observed in a fixed order, demonstrating
that the dynamic programming algorithm has a competitive ratio of 1/2, which is the best possible.
It was shown later that the same guarantee can be obtained with simpler algorithms [Samuel-Cahnl
1984, Kleinberg and Weinberg, [2012], accepting the first value above a carefully chosen threshold.
For a more comprehensive and historical overview, we refer the interested reader to surveys on the
problem such as [Lucier, 2017, (Correa et al.,2019]. Prophet inequalities have immediate applications
in mechanism design [Hajiaghayi et al., 2007, Deng et al.,|2022| [Psomas et al., 2022, [Makur et al.,
2024], auctions [Syrgkanis, [2017| |Diitting et al.,[2020], resource management [Sinclair et al., 2023,
and online matching [[Cohen et al., 2019, |[Ezra et al., 2020} Jiang et al., [2021} |Papadimitriou et al.,
2021, Brubach et al.,|2021]]. Many variants and related problems have been studied, including, for
example, the matroid prophet inequality [Kleinberg and Weinberg, 2012 |[Feldman et al.| [2016]],
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Figure 1: Lower and upper bounds on the competitive ratio in the D-prophet inequality depending on
~p, in the adversarial order (Thm[4.3)), random order (Thm[4.4) and IID (Thm [4.6) models

prophet inequality with advice [Diakonikolas et al.,[2021]], and variants with fairness considerations
[Correa et al.,2021a,|Arsenis and Kleinberg, [2022].

Random order and IID models. |Esfandiari et al.| [2017] introduced the prophet secretary problem,
where items are observed in a uniformly random order, and they proved a (1 — %)-competitive
algorithm. [Correa et al|[2021c] showed later a competitive ratio of 0.669, and [Harb| [2024] enhanced
it to 0.6724, which currently stands as the best-known solution for the problem. They also proved
an upper bound of v/3 — 1 ~ 0.732, which was improved to 0.7254 in [Bubna and Chiplunkar,
2023]] then 0.723 in [Giambartolomei et al., [2023]]. Addressing the gap between the lower and upper
bound remains an engaging and actively pursued open question. On the other hand, the study of
prophet inequalities with IID random variables dates back to papers such as [Hill and Kertz| [1982|
Kertz, |1986], demonstrating guarantees on the dynamic programming algorithm. The problem was
completely solved in [[Correa et al.l 2021b]], where the authors show that the competitive ratio of the
dynamic programming algorithm is 0.745, thus it constitutes an upper bound on the competitive ratio
of any algorithm, and they give a simpler adaptive threshold algorithm matching it. Another setting
that we do not study in this paper, is the order selection model, where the decision-maker can choose
the order in which the items are observed, knowing their distributions [[Chawla et al.,[2010}, Beyhaghi
et al., 2021} |Peng and Tang, 2022].

Beyond the worst-case. In recent years, there has been increasing interest in exploring ways to
exceed the worst-case upper bounds of online algorithms by providing the decision-maker with
additional capabilities. A notable research avenue is learning-augmented algorithms [Lykouris
and Vassilvtiskii, 2018]], which equip the decision-maker with predictions or hints about unknown
variables of the problem. Multiple problems have been studied in this framework, such as scheduling
[Purohit et al.l 2018} [Lassota et al.,[2023| | Benomar and Perchet, [2024b], matching [Antoniadis et al.|
2020, Dinitz et al.} 2021} (Chen et al., [2022]], caching [[Antoniadis et al.| 2023| |Chlkedowski et al.|
2021}, [Christianson et al.,|2023]], the design of data structures [Kraska et al.,|2018, |Lin et al., [2022,
Benomar and Coester, 2024, and in particular, online selection problems [Diitting et al., 2021} Sun
et al., 2021, Benomar et al., 2023, |Benomar and Perchet, 2024a, |Diakonikolas et al., [2021]]. More
related to our setting, the ability to revisit items in online selection has been studied in problems
such as the multiple-choice prophet inequality, where the algorithm can select up to k items and its
reward is the maximum selected value [[Assaf and Samuel-Cahn, |[2000]]. This allows for revisiting
up to k items, chosen during the execution, for final acceptance or rejection decisions. Similarly, in
Pandora’s box problem [Weitzman, |1978| [Kleinberg et al., 2016| and its variants [Esfandiari et al.,
2019, |Gergatsouli and Tzamos| 2022, |Atsidakou et al.| 2024, |Gergatsouli and Tzamos)|, 2024} Berger
et al.,|2024], the decision maker decides the observation order of the items, but a cost ¢; is paid for
observing each value X;, with the gain being the maximum observed value minus the total opening
costs. A very recent work investigates a scenario closely related to the lookback prophet inequality
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[Ekbatani et al.l 2024] where, upon selecting a candidate X;, the decision-maker has the option to
discard it and choose a new value X; at any later step 7, at a buyback cost of fX;, where f > 0. The
authors present an optimal algorithm for the case when f > 1, although the problem remains open
for f € (0,1). Other problems were studied in similar settings, such as online matching [Ekbatani
et al.,[2022] and online resource allocation [[Ekbatani et al., 2023]].

2  From D-prophet to the D -prophet inequality

Let us consider a sequence D of decay functions. By Deﬁnition for any = € [0, o] the sequence
(Dj(x));>1 converges, since it is non-increasing and non-negative. Hence, there exists a mapping
D4 such that for any « > 0, lim;_, o D;j(2) = Do (). Furthermore, we can easily verify that D,
is non-decreasing and satisfies Do () € [0, 2] for all z > 0.

Thanks to these properties, we obtain that (D) j>1 also satisfies Definition and is hence a
valid sequence of decay functions. We thus refer to the corresponding problem as the D, -prophet
inequality. Since D; > Do, for any j > 1, it is straightforward that the stopping problem with the
decay functions D, would be less favorable to the decision-maker. More precisely, for any random
variables X1, ..., X,,, observation order , and algorithm ALG with stopping time 7, it holds that

ALG”(X1,... X,) 1= max{ Xy (r), max D i (Xn(y)} > max{Xs(r), max Do (Xr())}

which corresponds to the output of ALG (with the same decision rule) when all the decay functions
are equal to D,. Therefore, any guarantees established for algorithms in the D, -prophet inequality
naturally extend to the D-prophet inequality. However, it remains uncertain whether the D-prophet
inequality can yield improved competitive ratios compared to the D, -prophet inequality. In the
following, we prove that this is not the case, for all the order models presented in Section [T}

Theorem 2.1. Let D, be the pointwise limit of the sequence of decay functions D = (D;);>1. Then
Sfor any instance I = (F1, ..., F,) of non-negative distributions, it holds in the adversarial and the
random order models that

E[A”>(I)]

ALG: CRP(ALG) < sup —ra=—"to 2
where the supremum is taken over all the online algorithms A. In the IID model, the same inequality
holds with an additional O(n‘l/ 3) term, which depends only on the size n of the instance.

The main implication of Theorem [2.T]is the following corollary.

Corollary 2.1.1. In the adversarial order and the random order models, if Z\ioo is an optimal algorithm
for the D.-prophet inequality, i.e. with maximal competitive ratio, then A is also optimal for the
D-prophet inequality. Moreover, it holds that

CR"(As) = CR"~(A.) .

A direct consequence of this result is that, in the adversarial and the random order models, the
asymptotic decay D, entirely determines the competitive ratio that is achievable and the upper
bounds for the D-prophet inequality. Therefore, we can restrict our analysis to algorithms designed
for the problem with identical decay function. In the IID model, the same conclusion holds if the
worst-case instances are arbitrarily large, making the additional O(n~'/3) term vanish. This is the
case in particular in the classical IID prophet inequality [Hill and Kertz, |1982].

2.1 Sketch of the proof of Theorem 2.1]

While we use different techniques for each order model considered, all the proofs share the same
underlying idea. Given any instance I of non-negative distributions, we build an alternative instance
J such that the reward of any algorithm on I with decay functions D = (D;); is at most its reward
on J with decay functions all equal to D .. To do this, we essentially introduce an arbitrarily large
number of zero values between two successive observations drawn from distributions belonging to
I. Hence, under J, the algorithm cannot recover much more than a fraction D, (X) for any past
observation X collected from a distribution F' € I.
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In the adversarial case, implementing this idea is straightforward, since nature can build J by directly
inserting m zeros between each pair of consecutive values, and the result is obtained by making m
arbitrarily large. For the random order model, we use the same instance .J, but extra steps are needed
to prove that the number of steps between two non-zero values is very large with high probability.

Moving to the IID model, an instance [ is defined by a pair (F,n), where F is a non-negative
distribution, and n is the size of the instance. In this scenario, we consider an instance consisting of
m > n IID random variables (Y;);c[], each sampled from F' with probability n/m, and equal to
zero with the remaining probability. We again achieve the desired result by letting m be arbitrarily
large compared to n. However, the number of variables sampled from F' is not fixed; it follows a
Binomial distribution with parameters (m, n/m). We control this variability by using concentration

inequalities, which causes the additional term O(n~1/3).

3 From D -prophet to the yp-prophet inequality

As discussed in Section 2} Theorem[2.T|implies that, for either establishing upper bounds or guarantees
on the competitive ratios of algorithms, it is sufficient to study the D, -prophet inequality, where all
the decay functions are equal to D.,. The remaining question is then to determine which functions
D, allow to improve upon the upper bounds of the classical prophet inequality. Before tackling this
question, let us make some observations regarding algorithms in the D, -prophet inequality.

In the D -prophet inequality, it is always possible to have a reward of D (max;e[,,) X;) by rejecting
all the items and then selecting the maximum by the end. Thus, it is suboptimal to stop at a step ¢
where X; < Do, (max;<; X;). An algorithm respecting this decision rule is called rational.

Lemma 3.1. For any rational algorithm ALG in the D.-prophet inequality, if we denote by T its
stopping time, then for any instance I = (Fi,..., F,) and X; ~ F; for all i € [n] we have

ALGP=(Xy,...,X,) = ALG(X1,...,X,) + Doo(nel?ﬁXi)L:nH :

where ALG® denotes the reward of the algorithm in the standard prophet inequality. Moreover; the
optimal dynamic programming algorithm in the D ..-prophet inequality is rational.

The best competitive ratio in the D, -prophet inequality is achieved, possibly among others, by the
optimal dynamic programming algorithm, which is a rational algorithm by the previous Lemma.
Hence, it suffices to prove upper bounds on rational algorithms. We use this observation to prove the
next propositions.

Proposition 3.2. In the D, -prophet inequality, if inf,~¢ D“T(r) =
model, that

0, then it holds, in any order
VALG : CR”>(ALG) < sup CR’(A) , 3)
A

where the supremum is taken over all the online algorithms A, and CR’ denotes the competitive ratio
in the standard prophet inequality.

Proposition implies that if inf,~¢ = 0, then, in any order model, any upper bound on
the competitive ratios of all algorithms in the classical prophet inequality is also an upper bound on
the competitive ratios of all algorithm in the D, -prophet inequality. Consequently, for surpassing
the upper bounds of the classical prophet inequality, it is necessary to have, for some v > 0, that
Dy (x) > ~x for all z > 0. Furthermore, the next Proposition allows giving upper bounds in the
D .-prophet inequality that depend only on inf, < D""T(g”).

Proposition 3.3. Let v = inf,~o Doo(2) /2, and 0 < a < b. Consider an instance I of distributions
with support in {0, a, b}, then in any order model and for any algorithm ALG we have that

- E[A”(])]
CR™ (ALG) < sup groprpy

where E[A”(I)] is the reward of A if all the decay functions were equal to T > ~yz.

The core idea for proving this proposition is that rescaling an instance, i.e. considering (7X;);c[n)
instead of (X;);c[,), has no impact in the classical prophet inequality. However, in the D -prophet
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inequality, rescaling can be exploited to adjust the ratio D"‘;;m). By considering instances with

random variables taking values in {0, a, b} almost surely, where a < b, a reasonable algorithm facing
such an instance would never reject the value b. Consequently, the value it recovers from rejected
items is either D (0) = 0 or Do, (a). Rescaling this instance by a factor » = s/a and taking the
D (s)

S

ratio to the expected maximum, the term

to satisfy D%(S) — inf,s0 Di(m) = p.

appears, with s a free parameter that can be chosen

As a consequence, if inf,~¢ D = @) — 7, then any upper bound obtained in the y-prophet inequality

(when the decay functions are all equal to = — ) using instances of random variables (X1, ..., X,,)
satisfying X; € {0, a, b} a.s. for all 4, is also an upper bound in the D, -prophet inequality.

Implication Consider any sequence D of decay functions, and define

o = inf{Doo(”f)}:mf mf{w} .

>0 T z>05>1 T

For any x > 0 and j > 1 it holds that D;(z) > ~ypx, therefore, any guarantees on the competitive
ratio of an algorithm in the yp-prophet inequality are valid in the D-prophet inequality, under any
order model. Furthermore, combining Theorem and Proposition we obtain that for any
instance I of random variables taking values in a set {0, a, b} it holds that

E[A™ (1]

VALG : CRP(ALG) < sup ——~=— -

(ALG) < sup ZropT(7)] -

with an additional term of order O(n~'/?) in the IID model. In the particular case where yp = 0,
Proposition 3.3 with Theorem [2.T| give a stronger result, showing that no algorithm can surpass the
upper bounds of the classical prophet inequality. This is true also for the IID model since the instances
used to prove the tight upper bound of ~ 0.745 are of arbitrarily large size [Hill and Kertzl [1982].

Therefore, by studying the y-prophet inequality for v € [0, 1], we can prove upper bounds and lower
bounds on the D-prophet inequality for any sequence D of decay functions.

4 The ~-prophet inequality

We study in this section the vy-prophet inequality, where all the decay functions are equal to = — vz,
for some «y € [0, 1]. For any algorithm ALG with stopping time 7 and random variables X1, ..., X,
if the observation order is 7, we use the notation

ALG’Y<XV17 e ,Xn) = maX{X,T(T),'yXW(T,l), e >'7X7r(1)} .

and we denote by CR”(ALG) the competitive ratio of ALG in this setting. In the following, we
provide theoretical guarantees for the y-prophet inequality.

For each observation order, we first derive upper bounds on the competitive ratio of any algorithm,
depending on +, using only hard instances satisfying the condition of Proposition [3.3] This would
guarantee that the upper bounds extend to the D-prophet inequality if 7p = . Then, we design
single-threshold algorithms with well-chosen thresholds depending on « and the distributions, with
competitive ratios improving with . A crucial property of single-threshold algorithms, which we use
to estimate their competitive ratios, is that their reward satisfies

ALG"(X1,...,X,) = ALG"(X4,..., X,,) + (0% Xi) Lmax, x,<0) - 4)

The additional term appearing due to y depends only on max;e(,) X;, which is the reward of the
prophet against whom we compete. This property is not satisfied by more general class of algorithms
such as multiple-threshold algorithms, where each observation X ;) is compared with a threshold 6.

Remark 4.1. We only consider instances with continuous distributions in the proofs of lower bounds.
The thresholds 6 considered are such that Pr(max;c(n) X; > 0) = g(7,n, 7), with g depending on
v, the order model T and the size of the instance n. Such a threshold is always guaranteed to exist
when the distributions are continuous. However, as in the prophet inequality, the algorithms can
be easily adapted to non-continuous distributions by allowing stochastic tie-breaking. A detailed
strategy for doing this can be found for example in [|Correa et al.| 2021c|].
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Before delving into the study of the different models, we provide generic lower and upper bounds,
which depend solely on the bounds of the classical prophet inequality and ~y.

Proposition 4.2. In any order model, if « is a lower bound in the classical prophet inequality, and (3
an upper bound, then, in the ~y-prophet inequality

(i) there exists a trivial algorithm with a competitive ratio of at least max{~, a},

(ii) the competitive ratio of any algorithm is at most (1 — v)8 + .

4.1 Adversarial order

We first consider the adversarial order model, and prove the upper bound of ﬁ Then, we provide a
single-threshold algorithm with a competitive ratio matching this upper bound, hence fully solving
the y-prophet inequality in this adversarial order model.

Theorem 4.3. In the adversarial order model, the competitive ratio of any algorithm is at most

ﬁ. Furthermore, there exists a single threshold algorithm with a competitive ratio ﬁ given any
instance (Fy, ..., F,), this is achieved with the threshold 0 satisfying

1
Prx,~p,..x,~F, (MaXe[ X; < 0) = 57— .

The upper bound in the previous theorem is proved using instances satisfying the condition of
Proposition [3.3] Hence it extends to the Do then to the D-prophet inequality, with v = ~p, by
Proposition[3.3|and Theorem[2.1

4.2 Random order

Consider now that the items are observed in a uniformly random order Xy (1), ..., Xy(,), and
X* = max;cp,) X;. As for the adversarial model, we first prove an upper bound on the competitive
ratio as a function of ~, and then prove a lower bound for a single-threshold algorithm. However, for
this model, there is a gap between the two bounds, as illustrated in Figure[T}

We first prove an upper bound that depends on -y, matching the upper bound /3 — 1 of Correa et al.
[2021c]] when v = 0 and equal to 1 when v = 1. Our single-threshold algorithm has a competitive
ratio of at least (1 — é) when v = 0, which is the best competitive ratio of a single threshold algorithm
in the prophet inequality [Esfandiari et al.,[2017| |Correa et al., 2021c]], and equal to 1 for v = 1.

Theorem 4.4. The competitive ratio of any algorithm ALG in the y-prophet inequality with random

order satisfies
CRI(ALG) < (1-7)"(/3=7 = VT=7) +7.

Furthermore, denoting by p., is the unique solution to the equation 1 — (1 — v)p = _llggp, the

single-threshold algorithm ALGy with Prx, <, ... x,~F, (MaxX;cm X; < 0) = py satisfies
CR'(ALG) >1— (1 —7)py .

Similarly to the adversarial order model, we used instances satisfying the condition of Proposition
[3.3]to prove the upper bound, thus it extends to the D-prophet inequality with v = yp.

While the equation defining p., cannot be solved analytically, the solution can easily be computed
numerically for any € [0, 1]. Before moving to the IID case, we propose in the following a more
explicit lower bound derived from Theorem[4.4]

Corollary 4.4.1. In the random order model, the single threshold algorithm with a threshold 0

satisfying Pr(max;cp) Xi > 0) = % has a competitive ratio of at least 1 — 717(21_771)//:”

4.3 IID Random Variables
In the classical IID prophet inequality, [Hill and Kertz, [1982] showed that the competitive ratio of

any algorithm is at most ~ 0.745. The proof of this upper bound is hard to generalize for the IID
~-prophet inequality. As an alternative, we prove a weaker upper bound, which equals ~ 0.778
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for v = 0 and 1 for v = 1, and the proof relies on instances of arbitrarily large size satisfying the
condition of Proposition[3.3] hence the upper bound can be extended to the D-prophet inequality.

Subsequently, we present a single-threshold algorithm with the same competitive ratio as the random
order algorithm. However, the proof is different, leveraging the fact that the variables are identically
distributed. More precisely, we introduce a single-threshold algorithm with guarantees that depend
on the size n of the instance, then we show that its competitive ratio is at least that of the algorithm
presented in Theorem 4.4] with equality when n approaches infinity.

Although it might look surprising that the obtained competitive ratio in the IID model is not better
than that of the random-order model, the same behavior occurs in the classical prophet inequality.
Indeed, L1 et al.|[2022] established that no single-threshold algorithm can achieve a competitive ratio
better than 1 — 1/e in the standard prophet inequality with IID random variables, which is also the
best possible with a single-threshold algorithm in the random order. However, considering larger
classes of algorithms, the competitive ratios achieved in the IID model are better than those of the
random order model.

We describe the algorithm and give a first lower bound on its reward depending on the size of the
instance in the following lemma.

Lemma 4.5. Let a,, , be the unique solution of the equation (W — 1) (% — 1) = v, then for
any IID instance X1, . .., X, the algorithm with threshold 0 satisfying Pr(X; > 6) = G“TV has a

reward of at least
1 oy \ ™
—_— (1 — (1 _ Gnay ’7) )]E[maxXi] .
Qn n i€[n]

We can prove that the reward presented in the Lemma above is strictly better than that of the random
order model. However, both are asymptotically equal as we show in the following theorem.
Theorem 4.6. The competitive ratio of any algorithm in the IID ~y-prophet inequality is at most

e’log(3—v) = (2—1)
2(2¢2 —1) — (3e2 — 1)y

Ul) =1-(1-7)

4—log 3
2(2—1%)
single-threshold algorithm ALGy satisfying

CR'(ALGy) > 1—(1—7)py ,

In particular, U is increasing, U(0) = ~ 0.778 and U (1) = 1. Furthermore, there exists a

where p, is defined in Theorem.4|

To prove the upper bound, we used instances satisfying the condition of Proposition[3.3] guaranteeing
that it remains true in the D, -prophet inequality with v = yp. On the other hand, Theorem [2.1
ensures that the upper bound extends to the D-prophet inequality, but with an additional O(1/n'/3)
term. The latter does change the result, as we considered instances of arbitrarily large size n — oo.

5 Conclusion

In this paper, we addressed the D-prophet inequality problem, which models a very broad spectrum of
online selection scenarios, accommodating various observation order models and allowing to revisit
rejected candidates at a cost. The problem extends the classic prophet inequality, corresponding to
the special case where all decay functions are zero. The main result of the paper is a reduction from
the general D-prophet inequality to the y-prophet inequality, where all the decay functions equal to
x — vz for some constant v € [0, 1]. Subsequently, we provide algorithms and upper bounds for
the y-prophet inequality, which remain valid, by the previous reduction, in the D-prophet inequality.
Notably, the proved upper and lower bounds match each other for the adversarial order model, hence
completely solving the problem. Our analysis paves the way for more practical applications of
prophet inequalities, and advances efforts towards closing the gap between theory and practice in
online selection problems.
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Limitations and future work

Better upper bounds in the D -prophet inequality. Proposition[3.3]establishes that upper bounds
proved in the y-prophet inequality using instances of random variables with support in some set
{0, a, b} remain true in the D, -prophet inequality, hence in the D-prophet inequality by Theorem
[2.1] This is enough to establish a tight upper bound in the adversarial order model, but not in the
random order and IID models. An interesting question to explore is if more general upper bounds can
be extended, or not, from the ~- to the D-prophet inequality.

Algorithms for the y-prophet inequality. ~As explained in Section[d} our analysis of the competitive
ratio of single-threshold algorithms relies on the identity (@), which is not satisfied for instance by
multiple-threshold algorithms. In the adversarial order model, we proved that the optimal competitive
ratio 1/(2 — +y) can be achieved with a single-threshold algorithm. However, this is not the case in the
random order or IID models. An interesting research avenue is to study other classes of algorithms in
the «y-prophet inequality.
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A From D-prophet to the D, -prophet inequality

In this section, we prove the reduction from the D-prophet to the D, -prophet inequality problem in
the adversarial and random order models, and the reduction up to an additional O(n’l/ 3) term in the
IID model. First, we prove Corollary [2.1.1] which is the principal implication of Theorem 2.1}

A.1 Proof of Corollary

Proof. Letus denote A, - the algorithm taking optimal decisions for any instance in the Do, -prophet
inequality (obtained via dynamic programming). Then, by Theorem 2.1 we obtain for the adversarial
and random order models that

E[ACx ()]

] D e E[ADW(I)} . *,00
AR CRT(ALG) = nfsup o7 (1)) = ™ BlOPT(1)]

= CR"”>(A, o) = supCR”=(A) .
A

(&)
Since CR”(ALG) > CRD’“’j (ALG) for any algorithm, we deduce that (3) is an equality. If we
consider now any algorithm A, that is optimal for the D,-prophet inequality, not necessarily A, .
then Equation (3) provides

CRP(AL) > CRP~(A,) = sup CRP(ALG) .

The previous inequality is again an equality, and it implies that A is also optimal, in the sense of
the competitive ratio, for the D-prophet inequality, and

CRP(A.) = CRP~(A) .

A.2 Auxilary Lemma

The efficiency of the proof scheme introduced in Section [2.1]relies on the following key argument: if
(D,);>1 converges pointwise to D, then for any algorithm A and any instance I, the output of A
when all the decay functions are equal to D,,, converges to its output when all the decay functions are
equal to D,. If Xy,..., X, are the realizations of I observed by A and if ¢ is the order in which
they are observed, then denoting 7 the stopping time of A we can write that

E[A”" ()] — E[A”>(I)]
= ]E[maX{XU(T)7 Dy, (r?ng Xa(z))}] - E[maX{XU(T)a Do (I?éif_’( Xa(i))}]

< { Blmax{ Xz 0. Do m X)) = Bfnae{ X, Doslinax X 11}
qen

where S,, is the set of all permutations of [n]. The latter upper bound is independent of o and A. We
show in the following lemma that it converges to 0 when m — oo.

Lemma A.1. Let S, be the set of all permutations of [n]. For any fixed instance I = (Fy, ..., Fy,),
considering X; ~ F; for all i € [n), define for all m > 1

em(I) = max {]E[max{X,r(q),Dm(r?ggi Xﬂ(i))}] - E[maX{Xﬂ'(q)aDOO(I?BqXXW(i))}}} .

TES,

q€[n]
If E[max;cp,) X;] < oo, then lim e, (I) = 0.
m—r o0
Proof. Let us denote f1,..., f, the respective probability density functions of X;,...,X,. For
any ¢ € [n] and m € S, let us define for all m > 0 the function ;7 : [0,00)7 — [0,00) by
erd(xy, ..., 2q) = max{T,(q), Dm(max;cq Tr(;))} — max{z(q), Doo(Maxicq Tr(y)}. @9 is
positive because D,,, > D,. The sequence (¢7:?),, is non-increasing, converges to 0 pointwise,
and is dominated by (1, ...,4) = max;c[q ;, which is integrable with respect to the probability
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measure (21,...,2q) — [[1_; f ( ) Therefore using the dominated convergence theorem, we
deduce that lim,,, o E[ol:9( X1, ..., X,)] = 0. It follows that

. s T,q —
Agnooem(l)—n}gnoo(ﬁixﬂﬂ[ (Xl,...,Xq)D =0.
a€ln]

A.3 Proof of Theorem 2.1]

Proof of Theorem[2.1] We provide a separate proof for each of the adversarial order, random order
and IID models.

Adversarial order Let = (Fy,..., F,) be any instance and X; ~ F; for all i € [n]. Consider
the instance I,,, = (Y1,...,Ymn), where Yy, ~ Fy for any k € [n] and Y; = 0 a.s. for all
i ¢ {m,2m,...,mn}. Itis clear that no reasonable algorithm would stop at a zero value: if the

current observation is 0 it is preferable to wait for a non-null value, or it would have been preferable
to stop at the previous non-null value. Hence, 7 is a multiple of m: 7 = pm for some p € N*. Given
that D;(0) = O for all j and the sequence (D, ), is non-increasing, we have that

E[ALG” (1,,)] = E[max D, ()]
= ]E[YI?%};( D;_km (Ykm)]
= Bl Do (Xi)]
= E[max{X,, mi)f D p—iym(Xr)}]
< E[max{X,, maxD (Xr)H
fSEhmﬂ{XmgwxDukXMH‘¥%df%
<p
where €,,,(I) is defined in Lemma We can then use that the first right-hand term is the output
of some other algorithm that would choose a stopping time p when facing I in the context of the
D.-prophet inequality. More precisely, consider the algorithm A, which, given any instance

I = (Fy,...,F,), simulates the behavior of ALG facing the sequence I,,, where at each step
i € [mn]

o ifi ¢ {m,...,nm}: ALG observes Y; = 0,
* otherwise, if i = km for some k € [n]: A, observes X}, and ALG observes Yy, = X

* if ALG stops on Y,,,,, then A,,, also stops, and its reward is X ,.

A (X1,...,X,) stops at the same value as ALG(Y7,...,Y,,), their reward in the D,-prophet
inequality is the same, and since max;¢c[,) X; = mMaX;c[mp) Y; this yields to

EIALGY (1)) _ EIAL™ (D] +en(]) _  BAP~(D] | en(l)
E[OPT(I,)] =  E[OPT(1)] = aaio EOPT(I)] "~ E[OPT(I)]’

CRP(ALG) <
and taking the limit when m — oo gives the result, by making the second term vanish.

Random order Let I = (F},...,F,) be an instance of distributions and X; ~ F; for ¢ € [n].
Using the notation dy for the Dirac distribution in 0, we consider I,,, = (Fy,..., Fy,d0,...,00)
containing m copies of dg so that the observations from this instance always contain at least m null
values. Let Y7, ..., Y, be a realization of this instance. For simplicity, say that Y; = X for ¢ € [n],
and Y; = 0 fori > n.

We first show that when m — oo, since the observation order is drawn uniformly at random,
the algorithm observes a large number of zeros between every two random variables drawn from
(Fy,...,F,). Let us denote by 7 the uniformly random order in which the observations are received,
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i.e. the algorithms observes Y (1), Yz (2),. .., and let £ > 1 be some positive integer, and 1, . .., t,
be the increasing indices in which the variables Y7, ... Y, are observed, i.e. t; < ... < t,, and
{t1,...tn} = {7 1(1),...,7 ! (n)}. Therefore, any observation outside {Yy(¢,),- .., Yr(,)} is
zero. Using the notation L = min;ep,,—q) [ti+1 — |, we obtain that
Pr(L < ¢) = Pr(Up ] {tivg —t; < 1Y)
= Pr (Ui Uz {In (k) =71 () < €})

< @Pr(wl(n -7 (2) <0
_ wpr((uziin (7 ) =k n (2 € {k— b, k+ 0\ {k})
S@x(n—i—m)x nimx ’I’L+2T7f—1

n2¢

Taking ¢ = \/m, we find that Pr(L < ¢) < n?/\/m. Therefore, for any algorithm ALG, observing

that the reward of ALG” is at most max;c[,) X; a.s., and by independence of max;e[,) X; and L,
we deduce that

E[ALG" (I,,)] = E[ALG” (I,,)11¢] + E[ALG” (1,,)1 <]
< EALGY(In) | 1> ] + El(max Xi) 1<)
2

< E[ALGD(I,,) | L > {] + E[max X;| —— .
<E(ALG™(1,) | L > f] + Efmax X, 7

Let us denote 7 the stopping time of ALG and ¢, = max;¢[,,{t; : t; < 7} the last time when a
variable (X);cp,) Was observed by ALG. The sequence of functions (D;);>1 is non-increasing,

(6)

hence
E[ALG” (I,,) | L > €] = E[m?)]( Dr—i(Yewy) | L> 1]
€T
= E[r?gf( Dr—t;(Yagy)) | L > 1] (N
< E[r?g{ Dy, —t;(Yeyy) | L > 4] 3

= Efmax {Yr(,), max Dy, —; (Yary)) } | L > 4

< E[max {Yy,), max Dy(Yre)) } 5 )

Equation (7) holds because the only non-zero values up to step 7 are (Yr(;,))e[p)- Inequality (8) uses
that the sequence (Dj) j>1 1s non-increasing, and () uses, in addition to that, the independence of L
and (Yz(¢;))je[n)- We now argue that the term E[max {Yﬂ(tp), max; <, D(Yz(,;)) }] is the expected
reward of an algorithm in the Dy-inequality. Given that 7 is a uniform random permutation of [+ m]
and by definition of 1, . . ., t,, the application o : k € [n] — 7(t)) is a random permutation of [n].
Therefore we consider the algorithm A,,, that receives as input the instance I = (F1, ..., F},), then
considers the array w = (1,...,1,0,...,0) composed of n values equal to 1 and m zero values, and
a uniformly random permutation 7 of [n 4 m], then simulates ALG” (I,,,) as follows: at each step
Jj € n+m]

* if ur(;) = 0, then ALG observes the value Y (; = 0,
s if ur(;) = 1, then A,,, observes the next value X, 1), and ALG observes Yz (;) = Xo(x)»

» when ALG decides to stop, A,,, also stops, and its reward is the current value X ().

With this construction, (Y})e[n+m is indeed a realization of the instance I,,,, and A,,, stops on the
last value sampled from Fi, ..., F,, observed by ALG. Therefore, denoting p the stopping time of
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A, and €,(I) as defined in LemmalA.1] we have
E[ALGD(Im) | L > {] < E[max {Yﬂ.(tp), rjn<azc Dg(Yﬂ(tj))}]

= ]E[maX {Xg(p)a I?g‘;( DZ<XU(tJ))}]

= E[AD (D)

< EIAL= ()] + e(I)
< sup E[AP>(I)] 4 e(I) .

A:algo
Taking ¢ = /m and substituting into Equation (6), then observing that E[OPT(I)] = E[OPT(Z,,)],
gives that

E[ALGP(L,,) EAP~(D)] | eymll) w2
E[OPT(I,,)] — mam EOPT(1)] ' E[OPT(D)] v~

Finally, taking m — oo and using Lemma[A.T] we deduce that

> BA”~ (1)
CRALS) = 2P EoPT()

CRP(ALG) <

which completes the proof for the random order.

IID random variables For any probability distribution F' on [0, 00) and for any n > 1 we denote
E[OPT(F,n)] the expected maximum of n independent random variables drawn from F, and for any

algorithm ALG we denote E[ALGD(F, n)] its expected output when given n IID variable sampled
from F' as input. The proof of Theorem for this last model is much more technical than for
previous models, so we first prove several auxiliary results that we will later use to provide a concise
proof of the last part of the theorem.

Lemma A.2. For any probability distribution F and n > 1, A > 0, we have

E[OPT(F,n + A)] < (1 + j) E[OPT(F,n))] .

Proof. We first write
Pr(OPT(F,n+A) >z) =1~ F(z)"*4

_ F(x)A

_ (1 + P l;((x))n ) (1- F(e)")

_ P(x)A

= (1 + F(x)”ll_FF((x))n> Pr(OPT(F,n) > x) ,

and then use that
Fla)® = AP0 > 14 Alog(F(x) = 1~ = log(1/F(2)") 21— <1 F(Z()f)n) ,

so we directly obtain N

PO TR S

which gives that
A
Pr(OPT(F,n+ A) > z) < (1 + ) Pr(OPT(F,n) > x) .
n
As we consider non-negative random variables, it follows directly that

E[OPT(F,n + A)] < (1 + ﬁ) E[OPT(F,n)] .
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Lemma A.3. Let N ~ B(m,e) and let n := E[N]| = em, then we have

6
E[OPT(F, N)]lNZnJrnz/s} < W]E[OPT(F,H—F'ILQ/B)} ’

E[OPT(F,N)] < (1 + nf’/g> E[OPT(F,n +n?/%)] .

Proof. Let A,s > Osuchthat A <s. Forany k > 1let Wy, = [s + (k — 1)A, s + kA). (W)r>1
is a partition of [s, c0), thus we have

o0

E[OPT(F,N)ly>.] = E[OPT(F,N)lIycw,]

=
Il
—

o

E[OPT(F, s + kA)Lnew,]

=
I
—

o

E[OPT(F, s + kA)| Pr(N € Wy)

e
Il
=

M

(1 + kA) E[OPT(F, )| Pr(N € W)

>
Il
—

VR

Pr(N > 8) %i kPr(N € Wk)> E[OPT(F, s)],

where we used Lemma[A.2]in the penultimate inequality. Furthermore, observing that

oo k—1 oo e} oo
ZkPrNeWk SN Pr(NeW) =) > Pr(NeWy) =) Pr(N>s+(A),
k=1 k=1 £=0 {=0 k={(+1 =0

we obtain, given A < s, that

E[OPT(F, N)Lyss] < (Pr(N > 5) + % i Pr(N > s+ kA)) E[OPT(F,s)]  (10)
k=0

< <QZPI(N25+I<:A)> . (11)

k=0
N is a Binomial random variable with expectation n. Therefore, Chernoff’s inequality gives for any

6 > 0 that ) )
d°n min(d, 6%)n
> < — < _
Pr(N_(l+5)n)_exp( 2+6>_exp< 3 ) ,

where the second 1nequa11ty can be derived by treating separately 6 < 1 and 6 > 1. In particular, for
any k > 1, taking § = £2 such that A < n yields

272 . 2 2
Pr(N > n+kA) < exp <— mln(kA,gk A /n)) < exp <_kmm(A3,A/n)> = exp (—kgAn) .

Substituting this Inequality into (TT)) with s = n + A, we obtain

E[OPT(F, N)Iysnia] < <2 > Pr(N =n+ m)) E[OPT(F,n + A)]

k=1

(2 > exp ( A2>> E[OPT(F,n + A)]

_ exp(;)_llE[OPT(F, n+ A)]

IE[OPT(F, n+A)],

IN

I /\

P
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and taking A = n?/3 proves the first inequality of the lemma.

Let us move now to the second inequality. We have
E[OPT(F,N)ln<s] < E[OPT(F,s)ly<s] = E[OPT(F,s)|Pr(N < s),
and thus, using Inequality (T0), again with s = n + A and A = n?/3, it follows that
E[OPT(F,N)] = E[OPT(F, N)ly<;] + E[OPT(F,N)1y>]

(1 ZPr (N >s+ kA)> E[OPT(F, s)]

< (1 +) Pr(N>n+ k:A)) E[OPT(F, s)]
k=1
3
(1 + /) E[OPT(F,n+ A)] .
O
Lemma Ad. Let51,... 00 B(e), and N = 37" | ;. Denoting by n = E[N] =em, ifn > 4

then
E[N?OPT(F,N)] < (1 + :3> n*E[OPT(F,n 4+ n?/%)] .

Proof. For all k € [m], denote by N, = >, §;. We have that

2
N20PT(F,N) (Z ) OPT(F,N)

(252+2255 ) OPT(F,N),

1<)
and observing that 63 = ¢, for all 7, we obtain in expectation
E[N?OPT(F,N)] = mE[6;OPT(F, 8, + N3)] + m(m — 1)E[616:0PT(6; + 02 + N3)]

< mE[6;OPT(F, 1+ No)] + m(m — 1)E[016,0PT(2 + N3)]

= meE[OPT(F, 1+ Ny)] + m(m — 1)e*E[OPT(2 + N3)]

= meE[OPT(F, 1+ N,)] + m**E[OPT(2 + N3)] . (12)
For j € {1,2}, the proof of Lemma can be easily adjusted to prove an upper bound
on E[OPT(F,j + Nj41), by first boundmg E[OPT(F,j + Njy1)1n,,,>s] then E[OPT(F,j +
Njy1)1In,,,<s]. The concentration arguments remain the same, replacing m by m — j. The
expectation of N1 is e(m — j) = n — €j, hence we obtain

3 . )
= (14 G S ) BOPTUS )
< (1+ g BOPT(F 2 n 427

4
(L+1B>EDPWR2+n+ﬁ“n,

where we used respectively in the last inequalities that 5 < 2 and n > 4. Furthermore, Lemma
gives that

4 2
E[OPT(F,j + Nj11)] < <1+ 1/3) <1+ n+n2/3) E[OPT(F,n + n/%)]

6
(1 + 1/3) E[OPT(F,n +n*?)],
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where the last inequality is true for n > 4. Finally, substituting into[I2] yields

6
E[N2OPT(F, N)] < (m?c? 4+ me) (1 + nl/?’) E[OPT(F,n 4+ n?/?)]

6
n) (1 + W) E[OPT(F,n + n?/3)]
1 6 2 2/3
) n*E[OPT(F,n +n?/3)] .

O
Lemma A.5. Let 61,...,0m, iid B(e), N =" ,0;, n=E[N| =emand L = min;4;{]i — j| :
0; = 1,0; = 1}, then for any £ > 0 we have
E[OPT(F,N)1p</] < Tml*E[OPT(F,n + n??)] .

Proof. The random variables N and L are not independent, thus we need to adequately compute the
distribution of L conditional to N. For any ¢ > 0 and k > 2 we have

Pr(Lge,N:s):Pr(Lge,zmjék:s)
=1

=Pr ( ?;1 U;;inax(l,i—é) (51 = 5j =1, de _ S))
=1

<mlPr(6=6=1,% 6 =s5-2)
=3

—2
_ mf (m )Es(l _ E)m—s+27
S

Pr(L<{¢,N =35s)

Pr(N =s)
ml("7)es(1 —e)met?
NG
(1=2)

(%)
s(s—1)
m(m — 1)

therefore

Pr(L<{|N=s)=

mil

IN

=ml

(52
<=
m
Using this inequality and Lemma[A.4] we deduce that

E[OPT(F,N)11</] = E[OPT(F,N)Pr(L < ¢ | N,OPT(F,N))]
= E[OPT(F,N)Pr(L < £ | N)]
< ﬁE[NQOPT(F, N)]
m

8 \ In? 9
2 )= /3
< (1+n1/3> mE[OPT(F,n—i—n )]

/3

= Tmle®E[OPT(F, n + n?/?)] .

_ (1 + 8) mle2E[OPT(F, n + n®/3)
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where we used that 1 + % < 7forn > 4.

Using the previous lemmas, we can now prove the theorem. Letm >n > 1, A = n?2/ 3 e= n/m
and let () be the probability distribution of a random variable that is equal to 0 with probability 1 — ¢,
and drawn from F’ with probability €.

Let us consider m i.i.d. variables Y7,...,Y;, ~ @, and for each i € [m] we denote by ¢; the
indicator that Y; is drawn from F. Define N = }_!" | 6; ~ B(m, ) the number of random variables
Y, drawn from the distribution F'. In the following, we upper bound the competitive ratio of any
algorithm by analyzing its ratio on this particular instance. For this, we first provide a lower bound
on E[OPT(Q, m)] using Lemma[A.2] and obtain

E[OPT(F,n — A)] > H%AIE[OPT(F, n+A) > (1 - QnA) E[OPT(F,n+ A)],

n

thus we have

E[OPT(Q, m)] = E[OPT(F, N)]

[OPT(F,N)1n>n—a]

[OPT(F,n — A)1n>n—a]
(

=E[OPT(F,n — A)]Pr(N >n— A)

ARV
E &

> <1 2:) Pr(N > n — A)E[OPT(F,n + A)]
(1 - % ~Pr(N<n-— )> E[OPT(F,n + A)]
> (1 — 2073 exp(—nl/3 /2)) E[OPT(F,n + A)]

> (1 - 4n*1/3) E[OPT(F,n + A)] (13)

where, for the last three inequalities, we used respectively Bernoulli’s inequality, Chernoff bound,
thene ¥ < 1/y.

Then, we upper bound the reward of any algorithm given the instance (Q, m) as input. Let L =
min;»;{|¢ — j| : ; = 1,d; = 1} the smallest gap between two successive variables Y; drawn from
F,andlett; < ... < ty the indices for which ¢; = 1. We have for any algorithm ALG and positive
integer ¢ that

EIALGP(Q.m)] = EIALGP(Q.m)Lxsntacr red] + EALGD(Qum)ycnsarsd . (14)

Using Lemma[A.3]and Lemma[A.5] the first term can be bounded as follows

E[ALG” (Q, )1 N>nta o L] [OPT(F,N)IN>n+A or L<t)

[OPT(F, N)Ln>nt+a] +E[OPT(F,N)11</

IAIA

IN

E
E
(71?/3 + 7m€€2) E[OPT(F,n + n2/?)] .

Recalling that ¢ = m/n and taking £ = \/m, we obtain

6 n?
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Regarding the second term in Equation (T4)), let 7 be the stopping time of ALG and ¢, = max{j <
T : §; = 1} the last value sampled from F' and observed by ALG before it stops. We have

E[ALG”(Q, m)Iy<cnia.rse] <EALGP(Q,m) | N <n+ A, L > /]
= Elmax D,_;(Y;) | N <n+A,L> (]

1€[7]

=Emax D, (Y;) | N <n+A,L>{]
J€lpl

< E[m?[ﬂ](Dtp—tj (Yi) [N<n+A,L>{]
J€lp

= E[max {Ytp,mngtp_tj(Ytj)} [N <n+AL>/{
j<p

< E[max{Ytp,mngg(Ytj)} | N <n+A].
i<p

We then prove that the last term is the reward of an algorithm A,,, in the D,-prophet inequality. Let us

A, be the algorithm that takes as input an instance X7, ..., X,,+ A—1 of n+ A IID random variables,
then simulates ALG” (Q,m) | N < n + A as follows: let 8y, . .., K B(n/m) set Na = 0 and
for each i € [m)]

* if 5 = 0: ALG observes the value Y; = 0,
e if §; = 1: increment N, then A,,, observes the next value X}, and ALG observes Y; = X,

o if No = n+ A — 1 or ALG stops, then A,,, also stops.

When ALG decides to stop, the current value observed by A,,, is X,,: the last value Y;  observed by
ALG such that d;, = 0. Observe that stopping when Na = n + A + 1, is equivalent to letting ALG
observe zero values until the end, and stopping when ALG stops. Hence, the variables Y7, ...,Y,,
have the same distribution as m IID samples from ) conditional to N < n + A. Denoting p the
stopping time of A,, and €;(F,n + A) as defined in Lemmal[A.1] we deduce that

E[ALG”(Q,m) | N < n+ A, L > {] < E[max {Ytp,mngg(Ytj)} | N <n+A]
i<p

=E[AD (Fn+ A)]

E
= E[max {XP’I]II?;{D€<Xj)}]

E

E[AD=(F,n+ A)] + eo(F,n + A) . (16)
Substituting (T3)) and (16)) in (I4), with £ = \/m, yields

6 n n?
vm
and using Inequality [13] it follows that

E[ALGP(Q,m)] < (

<\-im >]E[OF’T(F,n—i—A)]—l—E[Aﬁ‘”(F,n—&—A)]—&—eﬁ(F,n—i—A) ,

D
<ﬁ+% E[AR>(Fyn+ A)] + e jm(F,n + A)
T l-—5 (1 — —%)E[OPT(F,n + A)]
<n%+%+ 1 ( esm(Fin+A) +sup E[AD‘X’(F,n+A)]>
= 1- e 1 1o \E[OPT(F,n+A)]  aug EOPT(Fn+A)] )~
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taking the limit m — oo and using Lemmal[A.T| gives

6 D

e 1 E[A™=(F,n+ A)]
RP(ALG) < —2Y :
CROALG) < 177 *1;;<$§E@ann+An

e

6 4 E[AP>=(F,n+ A)]

YR <1 iV 4) (i‘iﬁ’o EOPT(F,n 1 A)]
10 E[AP> (F,n + n*3)]

W74 a EOPT(F,n+ n23)] |

where the last inequality holds because E[A”>= (F,n + A)] < E[OPT(F,n + A)] for any algorithm
A. From here, the statement of the theorem can be deduced by observing that, for k = n + n2/3, we
have n > (n 4 n?/3)/2 = k/2, thus n/3 > k'/3 /2, and we obtain

CRP(ALG) + sup E[ADW( 1))

F.k
A:algo [OPT(F7 k)}
Do
SRR o (L)

< 20
S e

= sup

A:algo E[OPT(F7 k)] k1/3

B From D -prophet to the yp-prophet inequality

B.1 Proof of Lemma[3.1]

Proof. Let ALG be any rational algorithm in the D, -prophet inequality. If ALG stops at some step
T € [n], then by definition we have that X, > D, (max;, X;), and thus ALGP>(Xy,...,X,) =
ALG"(Xy,...,X,). Otherwise, if it stops at 7 = n + 1, then its reward is max;e,) Doo (X;) =
D (maxie[n] X;), because D-is non increasing.

On the other hand, let A, be the optimal dynamic programming algorithm for the D -prophet inequal-
ity. Atany step 4, if X; < Do (max;<; X;), then stopping at ¢ gives a reward of Do, (max;<; X;),
while by rejecting X;, the final reward is guaranteed to be at least D (max;; X;). Thus rejecting
X can only increase the reward, it is therefore the optimal decision. O

B.2  Proof of Proposition [3.2]
Doo (@)

T

Proof. Let us place ourselves in any order model, or in the IID model. Assume that inf,

Doo(sk) — O‘

0, then there exist a sequence (sj),>1 such that limy,_, o o

Let I = (Fi,...,F,) an instance of non-negative random variables with finite expectation, and
X; ~ F; forall i € [n]. Let ALG be a rational algorithm for the D, -prophet inequality and let us
denote T its stopping time. Denoting X™ := max;¢[,,) X; and using Lemma we have for any
constant C' > 0 that that

]E[ALGDOO (I)] E[ALGO(I)HTSR +E[DOO(X*)]17:71+1]
< E[ALG"(I)] + E[Doo(C)] + E[Dog (X)L 5]

sup E[A°(1)] + E[Doo(C)] + E[X*Lx-5c] - (17)

IA

Let k > 1 a positive integer, M a positive constant, and consider the instance I* of random
variables (X¥,..., X%) with XF ~ 2:X; forall i € [n]. We have that OPT(I*) = 2:OPT([)
and supp E[A’(I%)] = 35 supp E[A’(I)]. Therefore, using Inequality with I* instead of I and
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C = 2t then dividing by OPT(I*) gives that

E[ALG"~ (1")] < sup E[A°(1)] Do (sk) B[ X" 1x->u]
E[OPT(I")]  ~ "a E[OPT( )} [OP (D]~ FHEOPT(D)]

Mk
o (Sk) E[X*]]_)(*>M]
- sup OPT ( [OPT(I ) Sk E[OPT(I)]

and taking the limit £ — oo, we obtain

]\4’

CRP=(ALG) <

BIAY(D)] | BIX"Lyxoo
CRY~(ALG) < A IE[OPT( )] E[OP)'I{(I)J}4 ’

and since X * has finite expectation, taking the limit M — oo gives
E[A°(D)]
CR”>=(ALG L
(ALG) = s> 0T (D))
Finally, taking the infimum over all instances, we obtain that

CRP>(ALG) < supCR"(A) .
A

As in the proof of Corollary [2.1.1} permuting inf; and supy is possible because there is an algorithm
(dynamic programming) achieving the supremum for any instance. By Lemma[31] the inequality
above holds for in particular for the optimal dynamic programming algorithm, which has a maximal
competitive ratio. Therefore, the inequality remains true for any other algorithm A, not necessarily
rational. O

B.3 Proof of Proposition 3.3]

Proof. Let us place ourselves in any order model or in the IID model. Since 7 = inf,<g Do (w) ,
there exists a sequence (s),>1 of positive numbers such that limy,_, Dsiis’“) =".
For the random variables X7, ..., X,, taking values in {0, a, b} a.s., in any order model, it is clear

that the optimal decision when observing a zero value is to reject it, and when observing the value
b is to accept it. Let ALG be an algorithm satisfying this property and let 7 be its stopping time.
If 7 = n + 1 then necessarily max;¢(,) X; # b, and the reward of ALG in that case is Dy (a) if
max;c[,) X; and 0 otherwise. In particular, ALG is rational in the D.-prophet inequality and we

have by Lemma [3.1] that
E[ALG”>= (1] = E[ALG’(])] + E[Doc(m?v](Xi)]l-r:nJrl]
1€(n
= E[ALG’(I)] + Doo(a) Pr(r = n + 1, max Xi=a). (18)
1€|n

Consider now the instance I* of random variables (X¥,..., X¥) where X = £ X; forall i € [n].
I* satisfies the same assumptions as I with a* = s;, and b* = ‘%b, and we have E[OPT(I%)] =
S E[OPT(I)], E[ALG"(I¥)] < 2= sup, E[A°(I)] and (max;cf, XF = a¥) <= (maxcp, X; =
a). It follows that

E[ALG”> (I")] _ suppE[A’(Z)] Do (sk) _ _
EOPTIY] = EOPT] T sEoPT(D] U T T b X =a)
_sup E[A"(T)] Do (sk) a B B
- E[?)PT([)] * ( Sk . > EopT() CH Tt Lmax X = a).

Taking the limit k — oo gives
supp E[AY(I)] + va Pr(r = n + 1, max;ci,) X; = a)
E[OPT(J)]
sup (E[A°(1)] + E[y(max;e () X)) Lr—n+1])
E[OPT(1)] ’

CR”~(ALG) <

https://doi.org/10.52202/079017-1333 42146



ALG is also rational in the y-prophet inequality. Therefore, using Lemma 3.1} we deduce that
gl ¥
JEALGT(D) _EIA(D)]
E[OPT(I)] A E[OPT(I)]

This upper bound is true for the optimal dynamic programming algorithm, since it rejects all zeros
and accepts b, therefore the upper bound also holds for any other algorithm. O

CRP=(ALG)

C The vp-prophet inequality

C.1 Proof of Proposition 4.2

Proof. For the lower bound, it suffices to consider the following trivial algorithm: if & > ~ then run
A, and if v > « then observe all the items then select the one with maximum value.

For the upper bound, let [ = (F},..., F,) be an instance of the problem and X; ~ F; for all i,
and let 51 := supp %. Let A be any algorithm, 7 its stopping time, and Y, = max; <, Xr(;),
where 7 is the observation order. With the previous notations, we can write that E[A7(])] =

E[max(X(r),7Yr)]. Forany z,y > 0, the application v — max(z,yy) is convex on [0, 1], hence
it can be upper bounded by (1 — v)z + v max(x, y). Therefore

EIA(1)] < (1 = 7)E[Xx(r)] + 1E[max(Xo(r), ¥2)]
< (1 - 4)E[A’(I)] + yE[OPT(D)]
< ((1 —¥)Br + v)E[OPT(I)] .

Therefore, CR”(ALG) < ((1 — ~y)B3; + ~y). Taking the infimum over all the instances I gives the
result. Indeed, if we denote A, the optimal dynamic programming algorithm for the standard prophet
inequality, then

E[AL(D)]

EOPT(I)] CR’(A.) < 5.

1111f Br = Hjlf

C.2 Proofs for the adversarial order model

Proof. We first prove the upper bound, and then analyze the single threshold algorithm proposed in
the theorem.

Upper bound Lete € (0,1 —7), andleta = 1—(%&)7 (such that 1+ (1 —&)ya = a). Let X1, Xo
the two random variables defined by X; = a almost surely and

L wpe
XQ_{ 0 wp.1l—¢

Stopping at the first step gives a reward of a, while stopping at the second step gives
1
E[max(vya, X2)] =€ x - +(1-e)xya=1+(1—-¢e)ya=a,

hence the expected output of any algorithm is exactly equal to a. On the other hand
]E[maX(Xl,XQ)] =1+ (1 - 8)(1 y
and we deduce that, for any algorithm ALG for the ~y-prophet inequality, we have

EALG(X:, X5)] a
CR(ALG) < E[max(X1, X2)] 1+ (1—¢)a’

and this is true for any e € (0,1 — +), thus taking ¢ — 0 gives

1

1= 1
CR(ALG) < ——*  — .
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Lower bound Consider an algorithm with an acceptance threshold 6, i.e. that accepts the first value
larger than 6. Let I = (F},..., F,) be any instance, such that X; ~ F; for all 4, and let us define
X* = max;epn) X; and p = Pr(X* < 0). In the classical prophet inequality, if no value is larger
than 6 then the reward of the algorithm is zero, and we have the classical lower bound
EIALG(D)] > (1 — p)f + pE[(X* — 6),],
For the ~y-prophet, if no value is larger than 6 (i.e X* < 0), then the algorithm gains v.X * instead of
0. Therefore, it holds that
E[ALG"(I)] = E[ALG"(I)] 4+ E[X* 1 x- <]
> (1=p)0+pE[(X* —0)1] +yE[X " 1x+ <]

=(1—-p)0+pE[(X* —0)1x-sg] + VE[X Lx-<0]
= (1 =p)0 +p(E[X"1x+p] — (1 — p)0) + YE[X "1 x- <]
= (1—p)?0 + pE[X*1x-5q] + VE[X*Lx-<0] ,

and observing that
g El0Lx-<o] | E[X"1x-<o]
p p

we deduce the lower bound

E[ALG" (1)] > pE[X*1x-q] + (,Y + (1_pp)2> E[X™1x-<o]

s i+ 022 g

The right term is maximized for p satisfying p = v + %, that leads to

1—p)?
p:7+% = pP=p+l-2p+p?
— p= 1
b= 2~
Hence, by choosing a threshold 6 satisfying Pr(X* < ) = ﬁ we obtain a competitive ratio of at
least 5= O

C.3 Proofs for the random order model

We prove here the upper and lower bounds stated in Theorem [4.4]

C.3.1 Proof of Theorem 4.4

Proof. We first prove the upper bound, and then derive the analysis for single threshold algorithms.

Upper bound Let a > 0, and let X,..., X, 4+ be independent random variables such that
Xp41 =aas.andforl <7< n

o owp s
Xi { 0 wp.l-2%
Any reasonable algorithm skips zero values and stops when observing the value n. The only strategic
decision to make is thus to stop or not when observing X, +1 = a. By analyzing the dynamic
programming solution ALG, we obtain that the optimal decision rule is to skip a if it is observed
before a certain step j, and select it otherwise. The step j corresponds to the time when the expectation
of the future reward is less than a. Let 7 be the random order in which the variables are observed.
Then, if 7r*1(n + 1) < j, i.e. if the value a is observed before time j, X,,—; is not selected. The
output of this algorithm is hence n if at least one random variable equals n, and ya otherwise. This
leads to

EALG)(X) |7 ' (n+1)<jl=n (1 - (1 - ;)n) +7a (1 - ?112)”

<1+n9a,
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where we used the inequality (1 — %)n > 1 — 1. On the other hand, if 7='(n) > j, then a is
selected if the value n has not been observed before it, hence for any ¢ > 7 we have

EALGI(X) [ 7~ (n+1) =i] =n (1 - (1 - ;2)“> +a (1 - n12>i1

i—1
< +a,
we deduce that
i1
E[ALG)(X)] < (1 +~va)Pr(r t(n) <j—1) + Z (n + a) Pr(r(n) =)
i=j

A S R g:l i1y
o+l b n—i—ll,:j n “

-0l -5 (2) + g+ atow
<14 2va+(1—7)%*+0(1),

where the last inequality is obtained by maximizing over j/n. Finally, we directly obtain that

Efmax X _n<1_ <1—nl2>> +a<1_7112>n

=1+a+o0(1),
so for any algorithm ALG we obtain that
1+ 2ya + (1 —v)%a?
l1+a '

CR7(ALG) < CR"(ALG,) <

The function above is minimized for a = ‘;’:—j{ — 1, which translates to

CRY(ALG) < (1 - 7)*2(v/3= 7~ VTI=7) + 7.

Lower bound We still denote by I = (F1,. .., F),) the input instance and X; ~ F; for all i € [n].
Let ALG be the algorithm with single threshold 6, then it is direct that
ALG"(I) = ALG (1) + v X *T1x-<0 . (19)

We start by giving a lower bound on IE[ALGO]. We use from Correa et al.[[2021c] (Theorem 2.1) that
for any x < 6 it holds that

Pr(ALG"(I) > z) = Pr(ALG’(1) > 0) = Pr(X* >0) =1—p,
and for x > @ it holds that

Pr(ALGY(1) > ) > ~—L Pr(X* > z) |

from which we deduce that

E[ALG’(I)] = / h Pr(ALG’(I) > z)dz
0

> (1—p)o =P / Pr(X* > z)dz . (20)
—logp Jo

On the other hand, we obtain that

]E[X*]lX*<9]:/ Pr(X*]lX*de)dx:/ Pr(z < X* < 0)dx
0 0
0
:/ (Pr(X* > z) — Pr(X* > 0))dz
0

0
= / Pr(X* > z)dz — (1 —p)d. 1)
0
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Using (19), (20) and 1) we deduce that

_ 00 0
E[ALG™(I)] > (1 —p)0 + 110gp / Pr(X* > z)dx + 7/ Pr(X* > z)dx —v(1 — p)d
—108P Jo 0

0 1— oo
=(1-v(1-p) +’y/ Pr(X™* > z)dx + P / Pr(X* > z)dx
0 —logp Jo

0 _ oo
> (=0 =)+ [ P > e+ 2 [T R > s

2min{(1—’y)(1—p)—|—’y, 1-p } (/Oepr(x*z@dw/jm(x*z@m)

—logp

— min {1 —(1—9)p, jlogpp}E[x*] .

Finally, choosing p = p,, gives the result. O

C.3.2 Proof of Corollary

1/e

ProOf: FOrp: m

, we have immediately that

__(d=n9)/e
1-(1-1/e)y’
and p € [1/e, 1] for any v € [0,1]. Since the function x — (1 — z)/log(1/x) is concave, we can

lower bound it on [1/e, 1] by z +— 1 — 1/e + I;_lfe which is the line intersecting it in 1/e and 1.
Therefore we have

I-(1-yp=1

p-le | (=)

1—p
>1-1 -1 vl
A 1—(1—1/e)y

—logp —

Finally, using the previous theorem, this choice of p guarantees a competitive ratio of at least

1=p\ . (1—9)e
’logp}‘l = (= 1/e)y

min{l —(1=9)p

C.4 Proofs for the IID model

Proof of Lemma

Proof of Lemmad.5] Let F be the cumulative distribution function of X, @ > 0 and ALG the
algorithm with single threshold 6 such that 1 — F'(§) = £. We denote X* = max;c[,] X;. As in the
previous proofs, we will begin by lower bounding ALG’ (F, n). For any i € [n], ALG stops at step i
if and only if X; > 60 and all the previous items were rejected, i.e. X; < 6 for all j < 4. Thus we can
write
E[ALGY(F, n)] = E[Z(Xinxpg)nwzxjgg
i=1

=Y F(O)'E[Xilx;>0]

=1
_1-=F(@)"
=T Fo) F0) E[X11x,5¢]
= # x nE[X11x,>6] , (22)
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where the second equality is true by the independence of the random variables (X;),. On the other
hand, we can upper bound E[X*1 x| as follows

E[X"Lx-g] < Pr(X* > 0)0 + E[(X" — 0),]
< Pr(X* > 0)0 + E[Z(Xi - 9)4
i=1
= P]_"(‘Xw< > 9)9 + TL(E[XlI].X1>9] — PI'(X1 > 9)9)
=(1-FO)" —a)f+nE[X11x,50] -
Using the definition of 4, the independence of (X;); then Bernoulli’s inequality we have that

Pr(X*>9):1—F(9)":1—(1—%)n§1—(1—nx%):a,

and observing that § = ]E[(;]l();)*"ge] 2 E[X;élg’)‘li” , we deduce that

1—a

E[X*1x+sg] < — (1 — W

) E[X*]lx*ge} + n]E[Xl]lX1>9] .

by substituting into (22), we obtain

E[ALG(F,n)] > % (E[X*]lx*>9] + <1 - }17(9)a) ]E[X*Jlx*se]> :

Finally, the reward in the y-prophet inequality is
E[ALG (F,n)] = E[ALG’(F,n)] + vE[X* 1 x- <]

> %E[X*]lx»e] + <1 = 1:(9)” <1 - ;(9;> +7> E[X™1x+ <]
zmin{l_i(a)n, 1_1;(9)" (1—}17(_9;) +7}E[X*}.

The equation

171*;(0)71 . 1—I~:L(0)w (1 — %) + 7, is equivalent to

(= 1) (G1) = =

and for any n > 2 the function a — (W - 1) (% - 1) is decreasing on (0, 1] and goes from 1
to 0, thus Equation (23) admits a unique solution a,, -, and taking a = a,, 5 guarantees a reward of

l—ai(f)nE[X*] _ 1—(104—’:;:,,”Y n]E[X*] 0
Proof of Theorem [4.6]

Proof. We first prove the upper bound, and then we give the single-threshold algorithm satisfying the
lower bound.

Upper bound We consider an instance similar to the one used in the proof of Theorem[4.4] Let
a,x > 0,and let X1, ..., X, be IID random variables with the following the distribution F' defined
by

no Wp. o3
Xi~¢ a wp. >
0 wp.1-2-— n%

A reasonable algorithm would always reject the value 0 and accept the value n. However, if the
algorithm faces an item with value a, it must decide to either accept it, or reject it with a guarantee
of recovering ~ya at the end. By analyzing the dynamic programming algorithm ALG,, we find that
the optimal decision is to reject a if observed before a certain step j, and accept it otherwise. Let us
denote 7 the stopping time of ALG,. By convention, we write 7 = 1 + 1 to say that no value was
selected by the algorithm, in which case the reward is y max;e,,) X;.
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If 7 < j — 1 then necessarily X = n, because ALG, rejects the value « if it is met before step j,
and if 7 = n + 1 then max;¢[,) X; € {0, a}, because otherwise the algorithm would have selected
the value n and stopped earlier. It follows that the expected output of ALG, on this instance is

E[ALG](F,n)] =nPr(r < j) + > E[X; |7 =i Pr(r = i)
i=j
+yaPr(r=n+1,max X; =a) . (24)

i€[n]

Let us now compute the terms above one by one.

. . 1\
PI‘(T<]):PI‘(HZE[]—1}:Xi:’n):1—(1—712) gﬁ,

where we used Bernoulli’s inequality (1 — 1/n?)7=1 > 1 — ]n;zl >1— 4. Fori € {j,...,n},
ALG, stops at i if X; € {a,n} and if it has not stopped before, i.e. X}, € 7{ZO, a} forall k < j and
X =0forallk € {j,...,i— 1}, hence

Pr(r=i)=Pr(Vk<j: Xy #nandVj <k <i—1:X,=0and X; #0)

i—1 i—j
_ (1_7112>J (1—2—732> jPr(XﬁéO)

(-5 Prxi£0),

the second equality is true by independence, and the last inequality holds because 1 — # < 1and
1—2z_ L <1— % By independence of the variables (X )k, we also have that

n n2
E[X;] 1+ax
EX;|r=4=E[X; | X; #0]= = .
X[ r =il =BX | X 200 = 5 =5y = e £0)
Finally, the event (7 = n + 1, max;c[,) X; = a) is equivalent (max;c[;_1) X; = a,Vk > j : X, =
0). In fact, the algorithm does not stop before n + 1 if and only if X}, # n forall k < j and X, =0
for all j < k < n, and under these conditions, it holds that max;cp] X; = max;c[j_1] X;. Therefore

Pr(r=n+1,maxX; =a) =Pr( max X; =a,Vk >j: X, =0)
1€[n] i€[j—1]

<Pr( max X; #0)Pr(Vk>j: X, =0)

i€lj—1]

(o(i) ) i)

=(1- e+ o(1)) (efor%j + 0(1))
= (e% —1)e " +0o(1) .
All in all, we obtain by substituting into [24] that

E[ALGY(F,n)] < % + <1 a a‘”) zn: (1 - %)H +yae" (e — 1) + o(1)

n n

i=j

' 1 1—(1- n—itl (e

=14 ( T aw) 1 -a/n) +yae " (e —1) +o(1)
n n x/n
j 1 ) zj

= % + <x + a> (1—e ™% +0(1)) + yae " (e —1) 4+ o(1)
] ej 1

=2 [+ -0 e 4~ a—qac +o()

IA
=
I

x {s - [(% +(1— 7)@)}6‘“‘“} + é + (1 —~ve ®)a+o(1)

—%(log(l +(1—7y)az)+1—z)+ % + (1 —~ve ™)a+o(1)

@
V

= —% log(14+ (1 —%)az) + 1+ (1 —~ve *)a+o(1) .
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On the other hand, we have that

Pr(max X; = n) = 1— (1 _ 1>n - % +o(1/n)

i€[n]
T 1 _
Pr(mz[au)](Xi:O) = <1> =e “+o(l),
1€(n

Pr(mz[u]cXZ- =a)=1- Pr(m?}](Xi =0) — Pr(m?}](Xi =n)=1-e"40(1),
1€(n 1en 1en

therefore, the expected maximum value is

E[max X;] = nPr(max X; = n) + a Pr(max X; = a)
i€[n] i1€[n] i€[n]

=1+ (1—-€e")a+o(1).

We deduce that
E[ALG] (F,n)] < —Llog(1+ (1 —7)az) + 1+ (1 —ve *)a (1)
E[max;epn X 14+ (1-e7)a
Llog(1+ (1 - —(1- -
B ) R Ty
1+ (1-e*)a

Consequently, for any a, x > 0 and for any algorithm ALG we have

CR(ALG) < CR(ALG,)
 E[ALG](F,n)
= nl;n;o E[maxie[n] Xi]
B log(1+ (1 —v)ax) — (1 —y)axze™™

=1 x—i—(l—e*f’”)ax

In particular, for x = 2 and a = 11%742 we find that

CR(ALG) <1 - 98B=7) = 2= 7)™

2+ 121 —e?)
e? log(3—7)—(2—7)
2(2e2 — 1) — y(3e2 — 1)

=1-(1-9)
=U()-

This proves the upper bound stated in the theorem, and we can verify that it is increasing, and satisfies
U(0) =123 U(1) =1

4—2/e?

Lower bound on the competitive ratio We will prove that the algorithm presented in Lemma
has a competitive ratio of at least (1 — (1 — )p, ), where p,, first introduced in Theorem [4.4] is the

unique solution of the equation (1—(1—+)p) = _11;5 L which is equivalent to (% — 1) (m — 1) =
.

Let a, = —log(p~). It follows from the definition of p., that a., is the unique solution of the equation
(e*—1)(2 —1) =~. Forany n > 2 and z > 0 we have that (1 —z/n)" < e, hence, by definition

of a,  and a,
1 1 1 1
-1 -1) < —5— -1 -1
e .y (1= T ny
:<_1 _1)<1_1>. 25)
e~ Ay
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Moreover, the function 2 — (e — 1)(1/a — 1) is decreasing on (0, 1). In fact its derivative at any
point z € (0,1) is

QU
SIS
| — |
N
)
|| =
3]
|
—
~__
N
SN
|
—
~__
_
Il
7N
S
|
—
~_
4
8
|
%
8
| |
—

1—e" "
T

It follows from (23) that a, < a,, . Finally, given that z —
deduce that

is non-increasing on (0, 1], we

1-(1— An, v \n 1 — e~ an.y 1—e @
Ay O,y Oy

We deduce that the competitive ratio of the algorithm described in Theorem 4.6|is at least 1=¢—" ’Z_M =
il
1—py

wgi/pyy = 1~ (L= )Py

D Random decay functions

While we only studied deterministic decay functions in the paper, it is also possible to have scenarios
with random decay functions. Consider for example that rejected items remain available after j steps
with a probability p;, this is modeled by D,(x) = &z with £; a Bernoulli random variable with
parameter p;. We explain in this section how the definitions and our results extend to this case.

Definition D.1 (Random process). Let X' is a non-empty set. A random process o X is a collection
of random variables {Z,} ,cx. Two random processes Z = {Zy}pex and Z2' = {Z] }pcxr are
independent if any finite sub-process of Z is independent of any sub-process of Z'. For simplicity, let
us say that the random processes {Z} e x1, ..., {Z™}zc xm are mutually independent if, for any
1 € X1, .., Ty € X, the random variables Z,,_, ..., Z;" are mutually independent.

Definition D.2 (Random decay functions). Let D = (Di, Da,...) be a sequence of mutually
independent random processes. We say that D is a sequence of random decay functions if

1. Pr(Dj(x) ¢ [0,z]) =0 forany x > 0and j > 1,
2. j € N>y = Pr(Dj(x) > a) is non-increasing for any x,a > 0,
3. > 0w Pr(D;(z) > a) is non-decreasing for any j € N>y and a > 0.

The second condition asserts that the random variable D;_1 (x) has first-order stochastic dominance
over D, (x). Along with the first condition, reflect that the distributions of the rejected values become
progressively smaller. The last condition indicates that for any integer j > 1 and non-negative real
numbers z < y, D;(y) has a first-order stochastic dominance over D, (x), which means that, as the
value of x increases, so does the potential recovered value after j steps.

The decision-maker In the D-prophet inequality with deterministic decay functions, we assumed
that the decision-maker has full knowledge of the functions D1, D> . ... In the randomized setting,
we assume instead that the decision-maker knows the distributions of the decay functions, i.e. knows
the distribution of the random variables D;(x) for all z > 0 and j > 1. However, they do not
observe their values until they decide to stop. The online selection process is therefore as follows: the
algorithm knows beforehand the distributions of the decay functions, then at each step, it observes
a new item with value X;, and decides to stop or continue. Once they decide to stop at some time
7, they observe the values D1(X,;_1),...,D,;(X1) and then they choose the maximal one. As a
consequence, the stopping time 7 is independent of the randomness induced by the decay functions.
As in the deterministic case, the expected reward of any algorithm ALG can be written as

E[ALG”(X1,...,X,)] = E[ max {D;(X._;)}].

0<i<t—1
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The limit decay A key result in our paper is the reduction of the problem to the case where all the
decay functions are identical, and we prove this reduction by considering the pointwise limit of the
decay functions. In the case of random decay functions, instead of the pointwise convergence, it holds
for all z > 0 that the random variables (D;(z)); converge in distribution to some random variable
Doo(z). In fact, for any > 0 and a > 0, the sequence (Pr(D;(x) > a));>1 is non-increasing
and non-negative, thus it converges to some constant G(x, a). Given that z +— Pr(D;(z) > a) is
non-decreasing for any j, we obtain by taking the limit j — oo that 2z — G(x, a) is non-increasing,
and with similar argument we obtain, for any « > 0, that G(x,a) = 1 forall a < 0 and G(z,a) =0
for all @ > x. Therefore, a — 1 — G(z, a) defined the cumulative distribution of a random variable
D such that

* >0~ Pr(Dy(x) > a) is non-decreasing for all a > 0,
* Pr(Doo(z) ¢ [0,2]) =0 foral z > 0.

D' = (D1, D3, ...) of mutually independent random processes such that D’ (z) ~ Doo(x) for
any 7 > 1 and x > 0 defines a sequence of decay functions. We say in this case that all
the decay functions are identically distributed as D.,. Moreover, it holds for all z > 0 that
E[Doo(2)] = lim; 00 E[D;(2)] = inf;>1 E[D;(2)]

From there, all the proofs of Section [2] can be easily generalized to the case of random decay
functions, and it follows that we can restrict ourselves to studying identically distributed decay
functions. Moreover, Proposition [3.2]can be generalized to the case of random decay functions, and
the necessary condition for surpassing 1/2 becomes inf,~¢ E[De (2)] °°("L)] > 0. Similarly, using that the
stopping time 7 of the algorithm is independent of randomness induced by D, Proposition [3.3]

remains true with v = inf - w.

Therefore, for all x > 0, Dy (x) is the limit in distribution of (D;(x));, hence a sequence

Lower bounds For establishing lower bounds, observe that, for any random decay functions D, if
we denote H;(x) = E[D;(z)] for all z, then X = (H,, Hs, .. .) defines a sequence of deterministic
decay functions. Furthermore, for any instance X1, ..., X,, and any algorithm ALG, it holds that

E[ALGD(Xl,...,Xn)]:]E[O max {D;(X._i)}]

<i<t—-1

max {D;(X,_ i)}|T7X17~-~»Xn]}

0<i<rT—1

[Di(Xr—) | 7'7X1,-~-,Xn]}]

[
[

O<I?<a7?( I{H )}}

= E[ALG™(X1,..., X,)].

It follows that lower bounds established for deterministic decay functions can be extended to random
decay functions by considering their expectations.

Implications With the previous observations, both the lower and upper bounds, depending on yp
that we proved in the deterministic D-prophet inequality can be generalized to the random D-prophet

inequality, by taking
E[D,
vp = inf inf M .

z>05>1 x
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either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: No experimental results.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: No experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: No experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:[NA]
Justification: No experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We have reviewed the Code of Ethics, and the paper conforms to it.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The contribution of the paper is theoretical. We do not feel there is major
societal impact that needs to be discussed.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The contribution of the paper is mainly theoretical.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We do not use any assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not provide any new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No such experiments are included in the paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No such studies are included in the paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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